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A note on the generalized Babuska-Brezzi theory: revisiting
the proof of the associated Strang error estimates®

GABRIEL N. GATICAT

Abstract

In this note we simplify the derivation of the error estimates for the generalized Babuska-Brezzi
theory with Galerkin schemes defined in terms of approximate bilinear forms and functionals. More
precisely, we provide a straight proof that makes no use of any translated continuous or discrete
kernel nor of the distance between them, but of suitable upper bounds of the distances of each
component of the Galerkin solution to any other member of the respective finite element subspace.
In this way, the Strang error estimates are obtained simply by applying the aforementioned bounds
along with the triangle inequality, so that they become cleaner and with fully explicit constants.
The case in which the discrete bilinear forms can be evaluated at the continuous solution is also
considered, which yields the consistency terms to appear separately from the distances to the
subspaces, thus allowing the former to be handled independently from the latter.
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1 Introduction

The generalized Babuska-Brezzi theory establishes necessary and sufficient conditions for the well-
posedness of problems of the type: Find (o,u) € Xy x Mj such that

a(o,7) + bi(r,u) = F(7) V1 e Xy

(1.1)
ba(o,v) = G(v) Vv € My,

where (Xo, || - ||x,), (M1, -|lar), (X1, || |lx,), and (Ma, -||as,) are real Banach spaces, a : X9 x X1 — R
and b; : X; X M; — R, i € {1,2}, are bounded bilinear forms, and F' : X1 — R and G : My — R are
bounded linear functionals. The corresponding result reads as follows (cf. [1]).

Theorem 1.1. Let (Xo,| - |lx,), (M1,-llary), (X1,|| - |lx,), and (Ma,-||ar,) be real Banach spaces,
such that My, X1, and My are reflexive, and let a : X9 x X3 — R and b; : X; x M; — R, i €
{1, 2}, be bounded bilinear forms with induced operators given by A € L(X2, X{) and B; € L(X;, M]),
respectively. In addition, for each i € {1, 2} let

K; = N(B;) = {T €Xi: bir,w)=0 Yve M,-} : (1.2)
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and assume that

i) one of the following equivalent pairs of hypotheses on a is satisfied

i-1) sup a(r,{) > 0 V7eK\{0}, i-1)” sup a(7,¢) > 0 V(e Ki\{0},
Ceky TEK
i-2) there exists o > 0 such that i-2)’ there exists a > 0 such that
sup alr, Q) > all¢]] Y¢eKs, sup alr, ) > allr|| VreKs,
recy |I7] cexy  |IC]]
T#£0 ¢#£0

ii) for each i€ {1, 2} there exists a constant 3; > 0 such that

b;
sup (T, )

rex; 7l

7#0

> Billvl|  Vve M.

Then, for each pair (F,G) € X| x M)} there exists a unique (o,u) € Xo x Mj solution to problem
(1.1), and there hold the following a priori bounds:

ol < 201 + - (1+ 2D, (13)
full < 5 (1+ ey + 22 (2 ey (14)

Moreover, the hypotheses i) and ii) are also necessary.

Proof. See [1l, Section 2.1, Theorem 2.1, Corollary 2.1].
O]

On the other hand, in order to introduce a general Galerkin scheme associated with , we Now
let {ngh}h>0, {Ml,h}h>0a {leh}h>0, and {Mlh}h>0 be families of finite dimensional subspaces of
Xo, My, X1, and Ms, respectively, and let ay, : Xop X X1 — Rand b;p, : Xsp x M;p, — R, € {1, 2},
be bounded bilinear forms approximating a and b;, with induced operators Ay € L£(Xa 5, X] ;) and
Bin € L(X;n, M],), respectively. Then, given Fj, € X, and G), € M}, approximating F and G,
respectively, we consider the discrete system: Find (op, u7h) € Xop X M177h such that

an(on, Th) + b1u(Thyun) = Fu(mn) V7 € Xy L5)
ba.n(on, vp) = Gu(vp) Yo € Moy

Thus, as a direct application of Theorem to the present discrete context, the well-posedness of
(1.5)) reads as follows (see also [Il Section 2.2]).

Theorem 1.2. In addition to the previous notations and definitions, for each i € {1, 2} let
Ici,h = N(B“Z) = {Th S Xi,h : biyh(Th,vh) =0 V’Uh S Mi,h}a (1.6)

and assume that:



i) one of the following equivalent pairs of hypotheses on ay, is satisfied

i-1) sup ap(th,Cn) > 0 i-1)’  sup ap(mh,Cn) > 0
ChEK ThEK2
V1, € Kop\{0}, V¢, € Kip\{0},
i-2)  there exists ag > 0 such that i-2)"  there exists ag > 0 such that
, an(Th, Ch
sup an(7h ) > aq [|Cull V' Ch € K, sup an{Th Ch) > ag[|mhll V7 € Ko,
ThEKS K ||Th|| CheK1,n ||<h||
Th#0 ¢h#0

ii) for each i € {1, 2} there exists a constant B; 4 > 0 such that

b.
sup BRI o g ol Vo € Mo

mexon Il
T 7#0

Then, for each pair (Fy,Gp) € X{,h X Mih there exists a unique (op,up) € Xop X My solution to
problem (1.5)), and there hold the following a priori bounds:

! 1y Il
< Fpll + 1+ Gall, 1.7
lonll < o E+ (1 E )Gl (17)
1y I Al 1]
< 1+ Fy|l + 1+ Gl - 1.8
funll < g (L FE Il + 5 (1 Gl (18)

Moreover, the hypotheses i) and ii) are also necessary.

We remark here that in the case that dim (lCLh) = dim (ICgﬂh), the Fredholm alternative in finite
dimensional spaces allows us to conclude that in Theorem the assumptions i-1) and i-1)’ are
redundant with respect to i-2) and i-2)’, respectively, and hence the former can be dropped.

Furthermore, the a priori estimates for the Galerkin error ||c — o] + ||u — up|| were originally
established in [Il Section 2.3] by introducing the translated continuous and discrete kernels K2 (G) and
ICon(G}) defined, respectively, by

Ka(G) = {TeXQ; ba(r,v) = G(v) Yov e MQ} and

Kon(Gr) = {Th € Xop: bop(mh,vn) = Gr(vp) Vo, € Mz,h},

and by previously estimating dist(7, Ko,(Gp)) for each 7 € K2(G). Hereafter, given a subspace S of
a generic Banach space (X, | - [|x), we set dist(z,S) := ing |z — s||x for all z € X. Note from the
se

second equations of ([1.1) and (1.5) that, in particular, o € Ko(G) and o}, € Ko ;,(Gh), which explains
the dependence on dist (a, ICth(Gh)) of the Strang error estimates provided in [, Section 2.3].

At this point, we find it important to stress that the aforementioned results from [I] extend those
established in [3], where Hilbert spaces were considered, the same bilinear forms and linear functionals
were utilized for introducing the continuous and Galerkin formulations, and only the sufficiency of the
hypotheses was proved.



The main purpose of this note, to be addressed in the next section, is to provide a more direct proof
of the a priori error estimates arising from and . To this end, and instead of employing any
translated kernel, we base our analysis on the derivation of suitable upper bounds of ||o}, — 7| and
||up, — v || for each (14, vy) € Xap x My . To some extent, our approach can be seen as a generalization
of the technique employed in the proof of [2, Lemma 2.44], where the particular case in which X9 = X},
My = M, and the continuous and discrete bilinear forms and functionals coincide, was considered.

2 The a priori error estimates

We begin with the following two lemmas establishing the results referred to at the end of Section

Lemma 2.1. Assume the hypotheses of Theorems and and let (o,u) € Xox M and (op,up) €
Xop X My p, be the unique solutions of (1.1) and (L.5), respectively. Then, for each (1h,vy) € Xap X
M, 1, there holds

B
o=l < (A1 (14 1) BBy 5

Qg d /32,d
Ay, 1 1
(0 ) = b g, + o 0 @)
g ﬁZ,d 2,h g 1,h
(2.1)
b BB v = b))l
(0%:] Q4 ’ Lh
1 [Anlly 1
— | F — Fy||lx 1 — |G -G /
£ =Rl + (14198 16 - Gl
where the consistency terms in (2.1)) are defined as
(b2 — bap)(Th, wh)
[(b2 = b2,p) (T, )lary, == sup ; (2.2)
’ wp €My p, [|ws |
wp#0
(@ — an)(Th, Cn)
(@ —an) (7, ky, == sup , (2.3)
’ CheEK1 R HChH
Cn#0
(b1 — b1,n)(Ch> vn)
[(01 = brp) (s vn)llxcy , = sup : (2.4)
’ CheEK1 R HChH
Cn#0
F — F]
|F = Fylli;, = sup w, and (2.5)
’ CheK1,n ||Ch||
Crn#0
(G — Gp)(wn)
G—Gpllay = sup ~—— MR 2.6
H HMQ,h wh €My p ||wh|| ( )
wp#0

Proof. We first notice, thanks to the obvious reflexivity of M, j, that the inf-sup condition for by j, (cf.
ii)) is equivalent to stating

1By 1 (Gr)Il = Ba.a

IGrll Y Gn e My,



Hence, applying the converse of [2, Lemma A.42], we deduce that for each G € Mé’h there exists
Tn € Xop, such that

~ ~ ~ 1 =

Bon(Th) = Gn and  |[|T]l < —— |Gallagg, - (2.7)
B2,a ’

In particular, given 75, € Xy p,, there exists 7, € Xa, such that

Bon(Th) = bon(th, ) — Gr € Myy,,

that is, such that

bo b (Th, wp) = bop(h, wp) — Gp(wp)  Ywp, € My, (2.8)
and | 1 bo (s wp) — G ()
#l < bon(hs ) — Cillay 1= —— sup 2T Wh)— TAAOR) 2.9
17nll < Baa 162, (7h; ) hHMM Baa wh@%h [ (2.9)
wp#0

Now, using from the second equation of (1.1)) that ba(o, wy) = G(wy,), and then subtracting and adding
7, in the first component of by (o, wy,), we find

bon(Th, wn) — Gr(wn) = —b2(0 — T, wn) + (bap — b2)(Th, wn) + (G — Gp)(wn),

which, replaced back into (2.9), yields

~ || Ba ||
17l < idHJ—

1 1
mll 4 g2 = b)) (7 Mlary, + 5= 1G = Gallary - (2.10)

5 )

In turn, it is clear from (2.8 and the second equation of (1.5 that o, — (7, — 7)) € Kgp, whence,
according to i-2)’ from Theorem we have

_ ap(on — (th — 71), Ch
aallon— (m—7) < sup 2 1)
ChER1R ||Ch||
Cn#0

(2.11)

Then, employing the first rows of (L.5) and (L.1)), we obtain for each (5 € Ky,

an(on — (Th = Th),Ch) = Fu(Ch) — an(h — T, Cn) + alo, p) + b1(Chyuw) — F(Ch)
= a(o —7,C) + (a—an)(Th, Cn) + an(Th, Cn) (2.12)
+ b1(Chyu—vp) + (by = b1p)(Chyvn) — (F — Fr)(Ch),

where we have subtracted and added an arbitrary v, € M in the second component of by ((p,u).
We remark here that there is no reason to assume in general that Ky, is contained in Ky, but if this
were the case, then b;((p,u) would vanish, there would be no need to consider the aforementioned
vp, € My, and the final estimate (2.1) would not include its third row. We will go back to this
remark later on. Also, note that while by ,((p, vs) is certainly null, we maintain it in the writing of
the foregoing equation in order to emphasize that (by — by )(Ch, vp) is a consistency term. In this way,
replacing back into , and performing the corresponding bounding procedures, we arrive

at
- A 1 Anll i~
lon— =7l < 2o — i+ L= an)mm Y+ 2y
a e T Qe (2.13)

1B 1 1
t [lu — wnl| + o 1(br = b1.p) (s on)llkey, + o 1E = Fhllxy, -

5



Therefore, as a consequence of the triangle inequality and (2.13) we get

1A 1 ”AhH ~
lon = mull < 7 llo =l + — (@ = an)(mm. iy, + 1+ 7
d d (2.14)

HBlH 1 1
[l — vnll + o 1(br = b1.p) (5 on)llier, + o I1F — Fh“/c'l’h ,
which, along with the estimate (2.10]), leads to (2.1) and concludes the proof.
[

Lemma 2.2. Assume the hypotheses of Theorems and and let (o,u) € Xox My and (op,up) €
Xop x M p, be the unique solutions of (1.1)) and (L.5)), respectively. Then, denoting

1
Cy = ( ”Ahn) (2.15)
Bia’
for each (Th,vn) € Xop X My, there holds
Al |1B
fun =l < Ca (1A + E By 1oy
B2,a
[ — -
+Ca (T5 02 = b))y, + e = @) lxg,
2,d (2.16)
+ Ca (1B = will + b2 = bra)Covn)lx, )
A
+ Cy <uF—FhHX1,h 6 Gy, )

where the consistency terms in are defined as in the statement of Lemman cf. . . ),
except that in (2.3]) - (2.5) ICLh is replaced by X1 p.

Proof. We first observe from the inf-sup condition for b; ;, (cf. ii) in Theorem that

b _
ﬁl,d Huh — 'UhH < sup 1ah(Ch7 Up 'Uh)
Ch€X1n ¢l
Ch#0

(2.17)

Then, according to the first equations of (1.5 and (1.1)), we obtain
b1n(Chyun —vn) = Fn(Cr) — an(on, Cu) — b1,u(Chyvn)
= (Fn— F)(Ch) + a(o,Cn) + b1(Ch, w) — an(on, Ch) — bin(Chsvn)

from which, subtracting and adding 7, € Xz, (resp. v, € Miy) in the first component of a(o, (p)
(resp. second component of by (Cp,u)), we get

b1y (Chyun —vn) = (Fi — F)(Cn) + alo — 7, ¢n) + (@ — an) (T, Cn)

— ap(on — T, C) + b1(Chsw — vi) + (b1 — b1p) (Ch,r V) -

(2.18)



Thus, replacing (2.18)) back into (2.17)), and proceeding similarly to the proof of Lemma we readily
deduce that

1 [[An||
+ —||(@ — ap)(Th, A O — Th
o=, + 5 o,

lun —vall <

|B1 1 1
Bra lu—wnll + Bia [(br = brp) (s on)llxy, + Bia I1F' = Fullx;,

Finally, employing (2.1)) (cf. Lemma in the foregoing inequality, performing minor algebraic
manipulations, and bounding |[(a — an)(7h; *)llx; , , [[(br = b1,p) (- vn)llkr , , and [[F — FhHIC’ by the
terms [|(a — an)(7h, )l x; , [1(br = b1p) (- vn)l x; , » and || — Fh”X’ respectlvely, we arrive at (2-16)
and conclude the proof.

A
A 5
1a (2.19)

O]

We are now in position to state the main result of this section.

Theorem 2.1. Assume the hypotheses of Theorems and and let (o,u) € X9 x My and
(on,up) € Xop x My p be the unique solutions of (1.1)) and (L.5)), respectively. Then, there holds

A A B
lo —onl| < inf {<1+H’+<1+ | h”) I 2”) o — 7|
Th€X2n Qg Qg Ba

An|\ 1 L
o (1l h”)||<b2—b2,h><m,->uMé,h+ad||<a—ah><m->cha,h}

Q4 52,«1
B (2.20)
inf q 1 b — b)) (- ,
it o e - e, |
1 ||-/4h” 1
— || F — Fp||xr 1+—— | —||G-G /
+ =Bl + (141980 216 - Gl
and, with the constant Cyq from (2.15)),
. [[ AR 15’2H>
u—upl| < Cy inf Al + ———
o=l < _ing {141+ 2D 1oy
|| An||
+ 1(b2 = b, ) (Ths lars, + (@ = an)(7h: )lxy,
d (2.21)
inf {(1 ) _ by — by p)(-, , }
T + Ca|[Bu| ) [lu = wall + Call(br = bin) (5 vn)llx
[ AR
#Ca (17 =Rl + 52016~ Gl )
Proof. Applying the triangle inequality we have
lo—onll < llo =7l + lon =7l  V7n € Xop,
and
lu—unll < [lu—=wopll + llup —onll  Von € M1,h,,

which, along with the estimates for ||oj, — || and ||up — vy, || provided by (2.1) and (2.16)), respectively,
and after taking infimum with respect to both 7, € X5 ;, and vy, € My p, leads to - and -

O



As announced within the proof of Lemma we now stress that when Ky, C Ky, the Strang

estimate ([2.20) reduces to

A A B
lo—onl < inf {<1+H+<1+r hn)u 2“)\\ o
ThE€EX2n o4 o4 Ba

; <1 . ”““h”) b = ban) Mg, + o @ = an) )l } (2:22)
2.d ’ Q4 ’

Qg

1 ||“ lh” 1
+ —||F—F o+ 1l+— ) —||G-G /
a || hHICLh < g 52,d ” hHMz,h’

whereas (2.21)) remains unaltered.

On the other hand, a significant simplification arises when ay (o, (p), b1 4(Ch,w), and by j (o, wy) are
computable for all (¢, wp) € X1 X May. Indeed, in this case it is possible to show that, instead of

(2.10)), (2.13]), and (2.19)), there hold, respectively

11B2,nll

Il < 5t

1 1
o—1hll + =— [|(b2 — bap) (o, o + — |G = Grllar 2.23
o — 7l Bra 1(b2 = b2,n) (0 ) la Bra I nllazg , (2.23)

lon — (7n — 7))l <

1 | ARl | ~
H+ad (@ = an)(o,)llk;, + - 72|

4 1Bl Ju = vpll + — ||(b1 —bip) (5wl + L IF = Fyllgr , o
Qg (a7} ’ Lh g Lh
and
lun — vl < Hgtlfld' lo = 7l + 5117(1 (@ —an)(o,)lIx;, + %ZH llon = 7all 025)
# Bl v 4 S0 bl + 5 P - Bl

As a consequence of the foregoing estimates we obtain the following result, in which the new con-
sistency terms appear separately from the respective infima, and hence can be handled independently
from them.

Theorem 2.2. Assume the hypotheses of Theorems and and let (o,u) € Xo x M; and
(on,up) € Xop x My be the unique solutions of (1.1) and (1.5)), respectively. In addition, assume
that ap(o,Ch), bin(Ch,u), and by p(o,wy) are computable for all (Ch,wp) € X1 X Mayp. Then, there

holds A B
fo—onl = (1 FEE) (1 P i )
(0%] 182(1
+ I OZLH dist (u, My ) _|_ - ||(bl —bip)(u )”IC’lh

" 1 : (2.26)
4+ <1 4 7R ) — |I(b2 — ba,n)(o, ')HMé’h + o [(a —an)(o, ')H’C’l,h

Q4 52,d

1 [Anl) 1
b S F=Fulle + (142220 e el
o I nllcr < ca ) Boa | nllag



and

B
o=l < Calaul (1412220 dis(o X2
d

+ (14 CallBual ) dist(u, Myp) + Callbr = bia)(5u)llx,

4] .
+ Cy4 ( Bra (b2 — ba.1,) (0, ')HMé,h + ||(a — ap)(o, ')’X{,h>
[
+ Cq4 (HF — FhHXLh + E |G — Gh”Mé,h _
Proof. 1t follows analogously to the proof of Theorem by utilizing now the estimates for ||op, — 7|
and ||u, — vy arising from (2.23), (2.24), and (2.25). 4
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