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Abstract

In this work we analyze a mixed finite element method for the stationary incompressible
magneto-hydrodynamic problem providing an exactly divergence-free approximation of the
magnetic field and a direct approximation of the electric field. The method is based on the
introduction of the electric field as a further unknown leading to a mixed formulation where
the primary magnetic variables consist of the electric and the magnetic fields, and a Lagrange
multiplier included to enforce the divergence-free constraint of the magnetic field, whereas
the hydrodynamic unknowns are the velocity and pressure. Then the associated Galerkin
scheme can be defined by employing Nédélec and Raviart-Thomas elements of lowest order
for the electric and magnetic fields, respectively, discontinuous piecewise constants for the
Lagrange multiplier and any inf-sup stable pair of elements for the velocity and pressure,
such as the Mini-element. The analysis of the continuous and discrete problems are carried
out by means of the Banach—Nec¢as—Babuska theorem and the Banach fixed-point theorem,
under a sufficiently small data assumption and quasi-uniformity of the mesh, the latter for
the discrete scheme. Finally, we derive the corresponding Cea’s estimate and provide the
theoretical rate of convergence.

Key words: Incompressible magnetohydrodynamics, mixed finite element method, Banach
spaces, Raviart—Thomas elements, Nédélec elements, exactly divergence-free magnetic field.
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1 Introduction

Magnetohydrodynamics (MHD) is a field that studies the dynamics of electrically conducting
fluids in the presence of magnetic fields. This interdisciplinary area merges principles from both
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fluid dynamics and electromagnetism, with wide-ranging applications in engineering and physics,
such as in astrophysical phenomena, nuclear fusion reactors, and industrial processes involving
liquid metals.

The stationary MHD problem, focusing on the steady-state behavior of these conducting
fluids, is of particular interest due to its implications in the design and optimization of various
technological systems. Unlike its transient counterpart, the stationary MHD problem involves
time-independent equations, simplifying the analysis while still capturing essential physical be-
haviors. However, solving these equations presents significant challenges due to their nonlinear
and coupled nature.

To begin the bibliographical discussion, we start by mentioning one of the first works de-
voted to the analysis of finite element methods (FEM) for MHD by Gunzburger et al. [19].
In this foundational work, the authors developed the well-posedness and convergence analysis
for a conforming FEM for MHD, considering inf-sup stable velocity-pressure elements for the
hydrodynamic variables and standard nodal finite elements, i.e., H'-conforming elements, for
the magnetic field. An extension to this work can be found in Gerbeau [17], where a stabilized
method for the three-field formulation considered in [19] is proposed. Both contributions assume
the magnetic field is in H'(Q)?3, which is feasible only if the domain is convex.

To address the limitations in non-convex domains, Hasler, Schneebeli, and Schétzau [20] in-
troduced a mixed finite element method based on weighted regularization for the incompressible
MHD system, which can be used even in non-convex domains (see also Costabel and Dauge
[10]). Another approach to circumvent this problem is presented by Schotzau [28], where the
author imposes the divergence-free condition of the magnetic field weakly through the intro-
duction of a Lagrange multiplier. This allows the magnetic field to be approximated by curl-
conforming Nédélec elements, eliminating the need for a convex domain assumption. Later,
Houston, Schétzau, and Wei [23] introduced a fully discontinuous Galerkin (DG) method for a
linearized incompressible MHD model problem based on the mixed method from [28]. While this
approach uses discontinuous finite element spaces for all variables, it requires a large number
of degrees of freedom. This drawback is addressed by Greif, Li, Schotzau, and Wei [18], who
introduced a finite element discretization using divergence-conforming Brezzi-Douglas-Marini
(BDM) elements for the velocity and curl-conforming Nédélec elements for the magnetic field,
reducing the number of degrees of freedom required. More recently, Camano et al. [6] introduced
a new mixed finite element discretization for MHD that enables the approximation of additional
fluid variables of interest, such as the fluid gradient and fluid vorticity, by postprocessing the
primary unknowns of the system,. without using numerical differentiation, thereby eliminating
extra sources of error. The approach employs the pseudostress-based method introduced in [5]
for the fluid variables, while for the magnetic variables, it follows the approach described in [28].
Similar to [5], the fluid variables are sought in nonstandard Banach spaces, which allows for the
derivation of optimal rates of convergence.

Recently, various works have focused on developing new numerical methods that exactly
satisfy the divergence-free constraint of the magnetic field at the discrete level. For instance,
Hiptmair et al. [22] proposed a numerical scheme to preserve the divergence-free constraint for
both the velocity and the magnetic field. Similarly, Hu, Ma, and Xu [24] achieved the divergence-
free condition for the magnetic field by introducing the electric field as an additional, allowing
the magnetic field to be sought in the space H(div). These contributions do not concentrate on
error analysis.

Later, Hu and Xu [25] developed a similar method to approximate the solution of the sta-



tionary MHD problem, ensuring an exactly divergence-free magnetic field. Their approach
introduces the volume current density as an additional unknown and includes an extra unknown
to manage the curl of the volume current density. The discrete system is proven to be well-posed
and the corresponding error estimate is achieved under the assumption of quasi-uniformity of
the mesh, with constants that depend on the L°°-norm of the velocity.

While each of these methods has contributed significantly to solving the MHD equations,
challenges remain in achieving accurate, stable, and efficient solutions. This paper builds on
these advancements by proposing a mixed finite element method tailored for the stationary
incompressible MHD problem, aiming to provide an exactly divergence-free approximation of
the magnetic field and a direct approximation of the electric field with rigorous theoretical
support.

Unlike the previously mentioned contributions, our approach introduces the electric field as
an additional unknown. This leads to a mixed formulation where the primary magnetic variables
are the electric and magnetic fields, and a Lagrange multiplier to enforce the divergence-free
constraint, whereas the hydrodynamic unknowns are the velocity and pressure.

The associated Galerkin scheme employs Nédélec and Raviart-Thomas elements of the lowest
order for the electric and magnetic fields, respectively, discontinuous piecewise constants for the
Lagrange multiplier, and any inf-sup stable pair of elements for the velocity and pressure, such
as the Mini-element. The analysis of both the continuous and discrete problems is carried
out using the Banach—Necas—Babuska theorem and the Banach fixed-point theorem, under the
assumptions of sufficiently small data and quasi-uniformity of the mesh for the discrete scheme.
This rigorous mathematical framework, based on the introduction of suitable Banach spaces
(see [5, 6, 7]) where the unknowns and test functions naturally belong, ensures the stability and
optimal convergence of the method, where the constants in the corresponding estimates depend
solely on the problem data. The most challenging part of the analysis, which we believe can be
applied or adapted to other contexts, is deriving the inf-sup conditions for the bilinear forms
involving the curl operator. This requires, among other technical results, the application of
LP-theory for vector potentials on non-smooth domains.

The rest of this paper is organized as follows. In Section 2 we present the main aspects
of the continuous problem. We reformulate the problem as an equivalent set of equations and
derive the mixed variational formulation. In Section 3 we introduce the fixed—point strategy
and apply, firstly, the classical Banach—Necas—Babuska theorem, and secondly, the Banach’s
fixed—point theorems, to prove that the associated fixed—point operator is well defined and that
the continuous problem is uniquely solvable, respectively. Next, in Section 4 we introduce and
analyze the associated Galerkin scheme by mimicking the theory developed for the continuous
problem. In Section 5 we establish the corresponding Cea’s estimate and prove optimal conver-
gence of the method. Finally, in Section 6 we present numerical results for a test problem with
a smooth solution to corroborate the theoretical rate of convergence of the method.

We conclude this section by noting that in the following discussions, we will utilize C' and
¢, with or without subscripts, bars, tildes, or hats, to represent generic positive constants in-
dependent to represent generic positive constants independent of the discretization parameters.
These constants may assume varying values at different locations within our analysis.



2 Continuous problem

In this section we present the model problem and derive the variational formulation. We begin
by introducing some notations and definitions.

2.1 Preliminaries

Let us denote by Q C R? a given bounded domain with polyhedral boundary I'. Then, for any
p € [1,00] and r > 0 we let LP(§2) and W "P(Q) be the well-known Lebesgue and Sobolev spaces,
respectively, endowed with the respective norms || - [|»(q) and || - ||y r.e(q). Note that W 2P(Q) =
LP(Q) and if p = 2, we write H"(2) in place of W™2(Q2), with the corresponding Lebesgue and
Sobolev norms denoted by || - [lo,o and || - ||,,, respectively. We also write | - |, o for the H"-
seminorm. In addition, we will denote by H'/2(T') the trace space of H'(Q) and by H~V/2(I) its
dual. With (-,-) we denote the corresponding product of duality between H'/2(I") and H-1/2(I").
In the sequel, for a generic scalar functional space S, we will denote the corresponding vectorial
and tensorial counterparts by S and S, respectively, and 0 will denote a generic null vector.
When no confusion arises, we will also denote by ||(u,v)| := |[(u,v)[luxv := |Jully + ||v||v the
norm on the product space U x V and | - | will denote the Euclidean norm in R? or R3*3

For any vector fields v = (v;)i=1,3 and w = (w;);=13 we set the cross product and the curl,
gradient and divergence operators, respectively, as

WwoUV3 — W3V
2U3 302 8%‘

3
. ij
wXVv:i=| wgvy —wivs |, curlv:=V xv, Vv:= 3 , divv:= —
L5/ ij=1.2,3 j

81‘j '

W1V2 — WaV1 =1

For any tensor fields T = (745)s,j=1,3 and ¢ = ({ij)i,j=1,3, we also define the tensor inner product

as
3

T : C = Z Tijgij.

ij=1

For simplicity, in what follows we denote

(v, w)a :=/va, (v, W)o :=/Qv-w, (v, w)r ‘:/F“‘V and  (7,C)0 ::/Qrzc.

Furthermore, for given p,q > 1 we define the Banach spaces H?(div; Q) and H(curl ;; ), as
HP(div; Q) := {v € L’(Q) : divv € L*(Q)} and H(curly; Q) := {¢ € L*(Q) : curl¢ € LI(Q)},

endowed, respectively, with the norms

) 1/2 1/2
IVlpaive = (IVIEs@) + Idiv vIde) "~ and [ $leuno = (6lFa + llewl $Zoq)) -

For the particular case p = ¢ = 2, we simply denote H(div; Q) = H2(div; ) and H(curl; Q) =
H(curly; ), and for the forthcoming analysis we define the subspace

H?(div%; Q) := {d € HP(div; Q) : divd =0 in Q},

for p > 1.



In addition, in the sequel we will make use of the well-known Holder and Poincaré inequalities,
given respectively by

. 1 1
I(f, 9ol < Iflle@llgllia Ve LP(Q),Vg € LI(Q), with » + P L, (2.1)
Cpllvllio <lvlfo  YveHy(9Q) (2.2)
Finally, we recall that H(Q) is continuously embedded into L%(Q) for q € [1, 6]. More precisely,
the following inequality holds
[wllLag@) < Csap(@)wlhe — Yw e HY(Q), (2.3)

with Cgep(q) a positive constant depending only on |2 and ¢ (see [27, Theorem 1.3.4]).

2.2 The stationary incompressible MHD problem and its variational formu-
lation

Let Q C R? be a bounded domain with Lipschitz boundary I'. For simplicity, we assume that 2
is simply-connected and that its boundary I" is connected. We consider the following stationary
incompressible magneto-hydrodynamic model (see, e.g. [18, 25, 28]):

—vAu+ (u-V)u+Vp—Se(curl b) xb = f in Q,
Scvmeurl (curl b) + Vr — Sceurl (u x b) g in
divu = 0 in £, (2.4)
divb = 0 in €,
(p,1)o = 0,

where, u and p represent the velocity and pressure, respectively, of a viscous incompressible
fluid occupying 2, exposed to a magnetic field b, r is a Lagrange multiplier associated with
the divergence constraint on the magnetic field b and f and g are given source terms. These
equations are characterized by three dimensionless parameters: the hydrodynamic Reynolds
number R, = v~!, the magnetic Reynolds number R,, = v,,!, and the coupling number S.. In
addition, we consider the following boundary conditions:

u=0 on T, nxb=0 on I' and »r=0 on T,

where n is the outward unit normal vector on I'. Notice that if divg = 0, then from the second
equation of (2.4) and the boundary condition » = 0 on T', it follows that » = 0 in .

In order to introduce a finite element scheme providing an exactly divergence-free approxi-
mation of the magnetic field b, similarly to [24] we introduce the electric field as an additional
unknown, namely

€:=vpcurlb —uxb in Q,



and rewrite the MHD system (2.4) as

—vAu+ (u-V)u+Vp— S, le xb- S, (uxb)xb = f in Q,
€ — vpcurlb + uxb = 0 in
Sceurl € 4+ Vr g in
(2.5)
divau = 0 in
divb = 0 in Q
(p,)o = 0.

In what follows we employ the latter system to derive the associated variational formulation.
To that end we multiply the first equation of (2.5) by v € H}(Q), integrate by parts, and make
use of the identity [(u x b) x b] - v = —(u x b) - (v x b), to obtain

v(Vu, Vv)g—{—((u-V)u,v)Q—i—i (uxb,vxb),—(p,div V)Q—i(EXb,V)Q = (f,v)a, (2.6)

Um Um

for all v € H(Q). In turn, multiplying the second equation of (2.5) by ¢ € ®, where ® is
a Banach space to be specified next, integrating by parts and using the boundary condition
n x b =0 on I and the fact that (u x b) - ¢ = —(¢ x b) - u, we arrive at

Sevt(e,0)q — Se(b,curlg)g — Sev,,' (¢ x b),u)y =0 V¢ € ®. (2.7)

In addition, we multiply the third equation of (2.5) by d € C (to be specified next), integrate
by parts and employ the boundary condition » = 0 on I'; to obtain

Sc(curle,d)q — (r,divd)g = (g,d)q, VdeC. (2.8)
Finally, the fourth and fifth equations of (2.5) are imposed weakly as follows:
(divu,q)o =0 VgeL3(Q) and (divb,s)o=0 Vse L*(Q). (2.9)

In this way, and according to the above, we arrive at the weak problem: Find u € H(l)(Q), pE P,
b e C, peL(Q) and r € L3(Q), such that (2.6)—(2.9) hold.

Now we turn to specify the spaces C and ®. We begin by observing that the second equation
of (2.9) is well defined if divb € L*(Q). In turn, the third term at the left-hand side of (2.6)
is well-defined if u x b and v x b belong to L?(). However, since u,v € H}(2), according
to the Sobolev embedding H'(Q2) — L*(Q), with A € [1,6], we conclude that the third term
at the left-hand side of (2.6) is well-defined if b € L#((2), with p > 3 satisfying § + i =1
Consequently, from now on we choose A = 6, which yields © = 3 , and set

C = H3(div; Q).

With this choice for C we also observe that the last terms at the left-hand side of (2.6) and (2.7)
are well defined if € and ¢ are both in L?(Q2). Nevertheless, since b,d € L3(2), the second and
first terms of (2.7) and (2.8), respectively, force curle and curl ¢ to be in L%(Q) In this way, a

suitable choice for the space ® is
® = H(curlz; Q).
2
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According to the above, defining the following global unknowns and their corresponding

spaces:
o = (u,e,b) € H :=H}(Q) x H(curl%; Q) x H3(div; Q),

p:=(p,r) € Q:=L3(Q) x L2(Q),
the system of equations (2.6)—(2.7) can be written as the following nonlinear dual-mixed problem:
Find o = (u,e,b) € H and p = (p,r) € Q, such that

Aupn(o,7)+ B(t,p) =F(1) VT eH,
B(o,q) =0 VqeQ,

where for fixed w € H}(Q) and ¢ € H3(div;(2), the bilinear forms Awc : H x H — R and
B :H x Q@ — R, are given by

Aweclo,T) = Awc((u,e),(v,¢)) + B((u,e),d) + B((v,¢),b),
B(Tvq) = _((Ldiv V)Q + (Svdiv d)Qa

(2.10)

(2.11)

for all ¢ = (u,e,b), 7 = (v,¢,d) € H and q = (¢, s) € Q, with
Awec(( ), (v,9)) == v(Vu,Vv)g + (W V)u,v)g + Sevt (ux e, v x ¢)q
+ Sevt (e, @) — Sevint(e X €, v)a — Sevp! ((@ x €),u)g,  (2.12)
B((v,¢),d) = —5S.(d,curlg)g,
and the linear functional F is given by

F(r):=(f,v)o—(g,d)o, V7=(v,0,d)ecH.

3 Analysis of the continuous problem

In this section, we undertake the well-posedness analysis of (2.10) by means of a fixed-point
strategy. More precisely, we let J be the operator defined by

J - HY(Q) x H3(div; Q) — HL(Q) x H3(div;Q), (w,c) = J(w,c):= (u,b), (3.1)

where, u and b are the first and last components of the solution of the linearized version of
problem (2.10): Find o = (u,e,b) € H and p € Q, such that

Aweclo,T)+B(t,p) =F(tr) VT eH,
B(o,q) =0 VqeQ,

and observe that proving that (2.10) is well-posed is equivalent to prove existence and uniqueness
of solution of the following fixed-point problem: Find (u,b) € H{(Q) x H3(div; ), such that

J(u,b) = (u,b).

(3.2)

According to the above, in the subsequent sections, our focus will be on deriving suitable con-
ditions under which the operator J possesses a unique fixed-point. However, before delving
into that, we must first establish the well-definiteness of the fixed-point operator . This is
established next.



3.1 Well-definiteness of J

Based on the definition of J (as shown in (3.1)), it is evident that in order to establish the
well-defined nature of operator 7, it is sufficient to demonstrate the well-posedness of problem
(3.2) for given (w,c) € H}(Q) x H3(div; Q). Consequently, considering the mixed structure of
(3.2), in what follows we employ the Banach—Nec¢as—Babuska theorem and the Babuska—Brezzi
theory to prove its well-posedness (eg. [13, Theorem 2.6 and Theorem 2.34]). We begin by
establishing the stability properties of the forms involved.

Let us start by observing that the bilinear forms Aw ¢, B, Aw,c, B and the functional F,
satisfy the following estimates:

[Awe((u,€), (v, )] < Cay (W e)ll(v. B)ll, V¥ (u,e), (v, $) € Hy(Q) x Hcurls; Q), (3.3)

1B((v,¢),d)| < Sclldsaivll(v. #)ll, ¥((v,¢),d) € Hy() x H(curls; Q) x H(div; ), (3.4)

[Awe(o, 7)< Cag cllolulrlln, Vo, e, (3.5)
1B(r,q)| < [I7lullalle, VTeH, VqeQ, (3.6)

FT) < (Ifllog + gl g ) Tl V7 e, (3.7)

where Cy,, . and Cy4,, . are given by
Cawe = C (v + Sevp' + Wil + Seviy el aivie + Sevin' llellz aivie) , (3.8)

and
Cawe = Cayc + 25, (3.9)

with C' > 0, independent of the physical parameters.
Next, we establish the inf-sup condition of the bilinear form B through the following lemma:

Lemma 3.1 The exists 8 > 0, independent of the physical parameters, such that

B(t,q)
sup
0#£TEH 7|2

> Bllalle, VaeQ. (3.10)

Proof. Owing to the surjectivity of the operator div : H}(€2) — L3(2), we have that there exists

c1 > 0, such that

(q,divv)

sup 2> cillgllon VaeL3(Q). (3.11)

0£vEH(Q) [vlle

In turn, given s € L2(Q2) and O C R3 an open ball satisfying Q@ C O, we let p € H}(O) N H?*(0)
be the unique weak solution of the boundary value problem

. . —s in €,
—-Ap=K(s) in O, =0 on 00, with K(s)= { 0 in O\Q
It is well known that the solution satisfies
lellz,o < el K(s)llo,0 = cllsllo.g; (3.12)




with ¢ > 0. Then, we let d= Vola € HY(Q) — L3(Q) and observe that divd = s € L(Q),
which implies that d € H3(div; Q). In addition, from (2.3) and (3.12), we obtain

1d]lLs @) < Csap(3)l[d][1,0 < cllpllzo < éllsllo.a,
which combined with the fact that s = divd, implies ||&|y 3.divio < €||s]jo,n. Consequently, from

the above it is easy to see that the following estimate holds:

(s.divd)a _ (s,div d)o

<1
sup > = > ¢ lsllo,q- (3.13)
0£derd(divi) | dl3.aivie — ||d||3.div:0
In this way, combining (3.11) and (3.13) we readily obtain the desired result. O

Now, we let K be the null space of the bilinear form B, that is
K:={reHt:B(r,q =0 Vqe 9}, (3.14)
which, in accordance with the definition of B, becomes:
K=NxM,

with
N = {(v,¢) € H}(Q) x H(curlg;Q) cdivv =0 in Q},

M := H3(div? Q).

Now we turn to prove that for suitable choices of w € H}(2) and ¢ € H?(div; ), the bilinear
form Ay, ¢ satisfies the Banach-Necas-Babuska conditions on /C (see [13, Theorem 2.6]):

AW7C(C7 T)

sup ———=>7|¢|lx, V¢eK. (3.15)
ozrek  ITllx
and
sup Awe(T,() >0, V¢ek, (#0. (3.16)

0#T€eK

However, since Ay ¢ has itself a mixed structure (see (2.11)), according to [13, Proposition 2.36],
to prove (3.15) and (3.16), it suffices to prove that there exist 51 > 0 and «; > 0, such that

B d
. ((v.9).d)
ostvyen TVIe + [@lleunyo

> fildllps), vVdeM, (3.17)

and

AoV, 6), (v, ) > (Hvuig n udpuiuﬂ?,@) v (v,4) € Ko,

with
Ko:= {(v.¢) e N :B((v,¢),d) =0 Vde M}
= {(v,¢) € H}(Q) x H(curl%;ﬂ) cdivv=0 in Q and (d,curl¢),=0 Vde M}



Notice that, owing to the fact that
(Vw,curl p)g =0 Yw e Wy?(Q) and ¢ € H(Curlg; Q),
and the Helmholtz decomposition (see [15, Theorem 11.2]):
L3(Q) = VW, (Q) @ H(div %; Q),

Ko becomes

Ko = {(v, ) € H}(Q) x H(curly;Q) : divv =0 and culg¢ =0 in Q}. (3.18)
We begin by proving the ellipticity of Aw ¢ on Ky.
Lemma 3.2 Let (w,c) € H}(Q) x H3(div?; Q) be such that divw =0 in Q and

Se

UmV

CL()lellf g < 1, (3.19)

where C1(Q) is a positive constant, independent of physical parameters, as defined in (3.21).
Then, there exists oy > 0 such that

Awe((v,8), (v, 9)) 2 <||V||f,n + ||¢||zur13;9> v (v, ) € Ko. (3.20)

2
Proof. Given (v, ¢) € Ko, from the definition of Ay ¢, estimates (2.1), (2.2) and the fact that
((w-V)v,v)q =0, we have
Awel(v.9), (v.9) = vivE o+ St (Iv x eld g + 18113.0) = 2571 (¢ x €, V)
vOpIVIEa+ St (I x el + 18l20) + 2501 (v x ¢ o,

> VCp|VIE o+ St (Iv x eld g + 130 — 21V x cloalidlon)

Y

b2
Then, using the inequality 2ab < 2a? + 5} for all a, b > 0, and employing estimates (2.1) and

3
(2.3), the latter with g = o e obtain

~ 1
Awe((v:8): (v, 8) 2 vCpIVIi o = Sevin' IV < ell o + Sevi 518116 05

vCp|vI[i g = Ser' Co,(3) IV

v

41
‘cHg,div;Q + SCVm1§||¢H(2J,Qa

2
1,0

S. C1 () .1
= v0p (1= 25 O el g ) IV o + Sev 51915 0
where . 3
2C% (s
C1(Q) := M. (3.21)

Cp
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Then, from (3.19) and recalling that curl ¢ = 0 in 2, we obtain (3.20) with
1 . 71
a1 := 5 min {vCp, Sev;,'}. (3.22)

O
Now we turn to prove the inf-sup condition (3.17). To that end, we first introduce the
following preliminary result.

Lemma 3.3 Lett € (% —&,3+4¢€), where € > 0 represents a positive constant that depends on
Q, as specified in [15, Corollary 9.3]. Then, for any function u in H!(div?; Q) there exists a
vector potential 1 € WHH(Q), such that

u=curlyy in Q and divyp =0 in Q. (3.23)
Moreover, there exists C > 0, such that
[Y[lwrio) < CllullLq), (3.24)
Conversely, for any function ¥ € W(Q), the function u = curlp belongs to H'(div?; Q).

Proof. Given't € (% —£,3+¢), we let u € H'(div?; Q), and define © C R? an open ball satisfying
Q C O. Then, according to [15, Corollary 9.3], there exists a unique x € WHH(O\ ), up to an
additive constant, such that

Ax =0 in 0\Q, Vx-n=u-n on T, Vx-n=0 on 00, (3.25)

and
IVXllLeong < Cllulliyg)-

Then we let & : HY(div; ) — H!(div; O) be the extension operator defined by

u in £,
&i(u) := { Vy in O\ (3.26)
Observe that & and satisfies
[€(0) ]|t o) < CllullLi), divé(u)=0 in O and &(u)-n=0 on J0.

In addition, since O has boundary of class C'', owing to [3, Lemma 4.1], it follows that there
exists a vector potential 1, € W1(0), such that

E(u) =curlyyy in O, divepg=0 in O and |[[Pgllwrio) < CllE()||Lioy, (3.27)

with C' > 0 depending only on ¢ and €. In this way, it is clear that ¥ := 1|q € W(Q)
satisfies (3.23) and (3.24).

Conversely, if u = curlp, with » € WH{(Q), it readily follows that u € H!(div?; ), which
concludes the proof. O
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Remark 3.4 Let s,t € (3/2 —¢,3 +¢) with s < t, and u € H!(div’;Q). Observing that
H!(div% Q) C H5(div®; Q) and WHH(O\ Q) € WhS(O \ Q), we first note that the function x
satisfying (3.25) also belongs to WH3(O\ Q) and satisfies

IVXIlLs o) < CllullLe(o)-
Then, E(u) defined by (3.26) satisfies
E(w) €L (0) and &) o) < Cllulloey Vs <1,
implying that b, satisfying (3.27) is in WH5(O) and satisfies
%ollwrs o) < cll&(u)l|Lsoy < Ellullus@) Vs <t

Given the above, the vector potential ¥ = 1yl satisfying (3.23) also belongs to WL5(Q) and
satisfies
[Yllwrs@) < élullps) Vs <t

Now we are in position of establishing the inf-sup condition of B.
Lemma 3.5 There exists 51 > 0, such that (3.17) holds.
Proof. Given d € M = H3(div?;Q), we let f(d) := d|d| and notice that
3

(f(d)]Z,1)a = (14, 1)q < +oo,

which implies that f(d) € L%(Q) and
()3 gy = 14050 (3.28)

On the other hand, since the Helmholtz decomposition

3 1,2 3

L2(Q) = VIV, *(Q) © H2(div’; Q),
3

holds true and is stable (see, [15, Theorem 11.2]), it follows that there exist x € VVO1 2 (€2) and
z € H%(divo; ), such that

Fd)=Vx+z and Vg0 + a2l g g < CIE@I 3 0

(3.29)
In turn, owing to Lemma 3.3, we known that there exists a vector potential ¥ € Wl’%(Q),
satisfying

z=curly in Q and H@bHWL )§C||z||L%(Q).

e

Then, recalling that WI%(Q) is continuously embedded into L2(§2) (see [13, Corollary B.43]),
form the latter we deduce that (3.29) becomes

f(d) = Vx+ewlyy  and [Vl o + Wl < CIEI (330

(@)
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In this way, from (3.30) and (3.28) we obtain

B((v,¢),d) B((0,%),d)  Sc(d,curly)q
sup > =
0#£(v,p)eN ||V||1,Q + Hd’”curl%;fl Hd’”cuﬂ%;ﬂ ”w”cuﬂ%;@

_ 5 (df(d) ~ Vi)o _ 5. (d.f(d))g

& M@l € IR

which implies (3.17), with 8, = S./C. O

Finally, we establish suitable hypotheses under which the bilinear form Ay (cf. (2.11))
satisfies (3.15) and (3.16).

Lemma 3.6 Let w € H}(Q) satisfying divw = 0 in Q and let ¢ € H3(div;Q) be such that
estimate (3.19) holds. Then, estimates (3.15) and (3.16) hold true, the former with v given by

V(W) = (71 (w) 4+ y2(w)) 1,

where y1 (W) and 2 (W) are positive constants that depend on v, vy, and S¢, as given below in
(3.33).

Proof. Owing to Lemmas 3.2, 3.5 and [13, Proposition 2.36] it readily follows that (3.15) and
(3.16) hold. In particular, to deduce (3.15) and characterize -, we firstly observe that from (3.8)
and (3.19), there holds

Cawe < Ca,, =C(k(V,vm, Sc) + [|[Wl1.0), (3.31)

w,c —

with
KV, Um, Se) i= v + Sevnt + Sy 12, (3.32)

and C' > 0, independent of the physical parameters. Then, given ((u,€),b) € K, proceeding
analogously to the proof of [13, Proposition 2.36] it is possible to obtain

Awc(((u,€),b), 7) Awc(((u,€),b), 7)

71(wW) sup > [[(u,e)]| and ~2(w) sup 2 [IbllL3 @y,
0#rek (EeallEY 0£rek 17112
with
1
mn(w) = (14 B1+Ca,) >0 and (W) := ——5 (@181 + Ca, (a1 + p1 + Ca,,)) > 0,
a1 o i

(3.33)

which combined yield (3.15). O

Remark 3.7 We notice that, from to (3.31) and (3.33), given w € H}(Q), v1(w) and ~2(w)
can be bounded in terms of ||w|1,o as follows

n(w) <er (S +art + ST BV v, Se) + [Wlla)
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and
Yo(W) < e2St (L4 k(v v, Se) + a7 1 ST R (v, vy Se)

+(L+ £, v, Se) Wl + a7 ST wlig) |

where c1,co > 0 are positive constants independent of the physical parameters. In this way,
combining the estimates above, we deduce that

Y W) = 1(W) 4+ 72(w) < 61+ S| wll1a + 03] wliF g (3.34)
where 01, 0o and d3 are positive constants that depend on v, v, and S..
Now we are in position of establishing the well-definiteness of operator J.

Theorem 3.8 Let w € H}(Q) satisfying divw = 0 in Q and let ¢ € H3(div; Q) be such that
estimate (3.19) holds. Then, there exists a unique (u,b) € H}(Q) x H3(div;Q), such that
J(w,c) = (u,b). In addition, the following estimate holds:

17 (w, )l < (81 + 82| wll1e + d5[[wllF o) (HfHo,Q + llel (3.35)

L%(Q)> ’
where 61, 62 and 03 are the positive constants satisfying (3.34).

Proof. Let w € H}(2) and ¢ € H3(div; Q) satisfying divw = 0 in Q and (3.19), respectively.
Then, we apply Lemmas 3.6, 3.1, and the Babuska—Brezzi theory in Banach spaces ([13, Theorem
2.34]) to deduce that there exists a unique (o, p) = ((u,&,b), p) € HxQ, solution to (3.2). Then,
according to the definition of 7 (cf.(3.1)), (u,b) is the unique element in H}(Q2) x H3(div; )

satisfying J(w, c) = (u, b), which implies that J is well-defined.
Now, to deduce (3.35) we first observe that from the first equation of (3.2), there holds

Awelo,7)=F(T) VT ek,
where K is the kernel of B (cf. (3.14)). Then, employing (3.7) and (3.15), we obtain that
17 (w, )| = [I(w,b)|| < llollz = l[(u, &, D)l <7~ (w)([fllog + gl 2), (3.36)

which together with (3.34) implies (3.35). O

3.2 Well-posedness of the continuous problem

In what follows we prove that, under suitable hypotheses on the data, problem (2.4) is well-posed.
This result is established in the next theorem.

UmV

C1(Q)S.
t € (0,ty), and assume that £ and g satisfy

1/2
Theorem 3.9 Given ty < ( ) , with C1(QY) being the positive defined in (3.21), let

t
0,0+ I8l 3 (3.37)

f D —
If] L2(Q) = &1 + 0ot + 3t2’
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where 01, 02 and d3 are the positive constants satisfying (3.34). Assume further that t satisfies
Co ()t (81 + dat + 03t3) (1 + Sov, (t + 1)) < 1, (3.38)

where Co(§2) is the positive constant satisfying (3.44). Then, there exists a unique (o, p) € Hx Q
solution to (2.10). In addition, the solution satisfies

Il < (81 + 8ot + 85t%) (€0 + gl 4 ) (3.39)

Ipllo < C (1+ (k(v, v, Se) + Se +t) (01 + dat + 53152)) (HfHo@ + gl (3.40)

L%(Q)> ’
with C > 0, independet of the physical parameters.

Proof. According to the definition of J (cf. (3.1)), to prove the well-posedness of (2.10), in
what follows we prove equivalently that there exists a unique fixed-point for 7. To that end,
we let t € (0,%9) and define the convex and bounded set

K :— {(v,b) cHL(Q) x H3(div; Q) : divv = 0 in Q and
IV, DI < (61 + ot + 85) (IElo.c + gl g ) }-

Notice that owing to (3.35), it is clear that J(K) C K. Then, we let (wy,c1), (wWe,c2) € K,
and observe from assumption (3.37) that

lwiel <t and [|(wa,co)] <t (3.41)

which in particular implies that c¢; and cy satisfy the inequality in (3.19). Hence, employing
Theorem 3.8 we obtain that there exist uniques (u, by), (uz,ba) € H}(Q) x H3(div; Q), such
that

(ul, bl) = J(Wl, Cl) and (UQ, b2) = J(Wg, 02),

which according to the definition of 7 implies that for each ¢ = 1,2, there exist uniques €; €
H(curls; Q) and p; := (p;,r;) € Q, such that (o, p;) = ((w, €5, b;),pi) € H x Q, satisfies
2

Aw, c;(0i,7)+ B(T,pi) =F(1), Y7 =(v,0,d) €H,
B(oi,q) =6(q), Ya=(gs)e€Q.
Then, we subtract both systems and add and subtract suitable terms to obtain
Awici(01 —02, 7))+ B(T,p1 = P2) = Awscn(02,T) — Ay, c1 (02, T), VT =(v,0,d) €H,

B(o1—02,q9) =0, Va=(g¢s)€Q.
(3.42)
Now, for the right-hand side of the first equation in (3.42), it becomes evident that by applying
the definitions of Ay (cf. (2.11)) and Ay (cf. (2.12)), and by adding and subtracting
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appropriate terms, we can establish the following relationship
AW27C2 (027 T) - AW17C1 (0-27 T) = AWQ,CQ((uQ? 62)7 (V7 d))) - AWl,Cl ((u27 52)7 (Va ¢’))
= (((wa —w1) - V)ug, v)g — Scvp! (U2 X €2, v x (€1 — €2))gq
—Scuﬂ_@1 (ug x (c1 —€2),V X €1)q
—Serp, (€2 % (€2 — €1), V)a — Sy, (@ X (2 — €1)), u2)g -
(3.43)
Hence, noticing that (3.34), (3.36), (3.37) and the fact that ||w;|1.o < ¢, for i € {1,2}, imply
lus 1.0 + Hez'chrI%,Q + [|bil[3,aiv.0 < 1,

from (2.3) and (3.41), (3.43) and the Hoélder’s inequality, we readily obtain

|‘AW27C2 (0'27 T) - AWl,Cl (027 T)|

< (Jlwr = walLalluzllie + Sevp bzl ellez s givialler — c2lls divio

+ScVn_11 H us

Loller — c2lls.aiviallct s divio + SCV;LIHE:Qchrl%;QHcl - C2H3,div;Q) [v][1,0
+ C2ScV7711 HCI - C2H3,diV;QHu2||1,Q||¢||cur1%;Q
< e (twi —wallio + Sevy't(2t + Dller — eall3.aive) VIl
+ CQSCV;zltHCI - C2”3,div;QH¢chr1%;Q-;
which implies
AW27C2 (0'27 T) - AW1701 (0'27 T)
(3.44)
< Co(N(1 + Sevy, (¢ + 1)) (IIwr — wal[1,0 + [[e1 — c2llz.aivi0) 7|3,

with C2(€2) > 0, independent of the physical parameters. In this way, from (3.15), (3.34), (3.42)
and (3.44) , and recalling that ||w||;,o <, it follows that

AW1,01 (Ul — 02, T)

|7 (w1, 1) — T (Wa,c2)|| = [|(u1 — ug, by — ba)|| <y '(w1) sup
0#(7T,q)ek H(T7q)”

< CQ(Q)t((Sl + 09t + (Sgtz)(l + ScV;Ll (t + 1))”(W1 — Wg,C1 — CQ)H.

This, together with assumption (3.38), implies that J is a contraction mapping. Therefore,
applying Banach’s fixed-point Theorem, we conclude that there exists a unique (u, b) € K, such
that (u,b) = J((u,b)). In this way, using the definition of 7, we obtain that there exist unique
€€ H(curlg;ﬂ) and p := (p,r) € Q, such that (o,p) = ((u,e,b),p) € H x Q, is the unique
solution of (2.10).

Now, we proceed to demonstrate that (o, p) satisfies estimate (3.39)-(3.40). To establish
this, we first observe that (u,b) = J(u,b) € K. This, together with (3.36) and (3.37), implies
that:

[ufl1,0 + [[bll3,aiv.0 < t. (3.45)
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In particular, b satisfies (3.19). Consequently, the inf-sup condition (3.15) holds true for (w,c) =
(u,b). Furthermore, as o satisfies the second equation of (2.10), we have o € K. This, and the
first equation of (2.10), imply:

lol < v (w) sup 2wk a0

<~y Nu)(|f
otrek  |ITIn o£rek || T|ln

o+ Il )

which together with (3.34) and (3.45), implies (3.39). Moreover, from (3.5), (3.7), (3.10), and
the first equation of (2.10), we obtain:

||p”Q < 571 sup B(Tap) _ Bfl sup |*7:(T) _Au,b(o-a’r”’
ozren |ITn 0£TEN [ IE¥
<67 (Elo + gl g o) + B Ctuullolhe (3.46)

Hence, since b satisfies (3.19), which implies that C 4, (cf. (3.9)) can be bounded using (3.31)
as follows

Cagp = Cayy +25.<C (K(Vy Um, Se) + Se + [Jul|1,0) < C(k(V,vm, Sc) + Sec + t) .

with C' > 0 independent of the physical parameters, we combine (3.39) and (3.46) to deduce
(3.40), which concludes the proof. O

4 Galerkin scheme

In this section we introduce the Galerkin scheme associated to problem (2.10), analyze its
solvability by employing a discrete version of the fixed point strategy developed in Section 3,
and finally prove its convergence and derive the corresponding theoretical rate of convergence.
We begin by introducing the Galerkin scheme.

4.1 Discrete scheme

Let T, be a regular family of triangulations of the polyhedral region  made up of tetrahedrons
T in R? of diameter hr such that Q = U{T : T € T} and define h := max{hy : T € Tj,}. Given
an integer [ > 0 and a subset S of R3, we denote by P,(S) the space of polynomials of total
degree at most [ defined on S. Hence, for each T € T}, we define the local Raviart-Thomas and
Nédélec elements of lowest order (see for instance [4] and [26]), respectively by

RT()(T) = Po(T> D Po(T)X and NO(T) = PO(T) 37, PQ(T) X X,

where x := (11, 22,73)" is a generic vector of R?. In addition, for each T € Ty, we define the
local MINI-element space

B(T) := P1(T) @ ({p1020304})° ,
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where {1, 2, @3, p4} are the baricentric coordinates of T'. Then, we let
H, ={v,eH(Q) : wyr €B(T), VT €T}, Hy o :=H, N H{(Q),
Qn ={ameC) : qulr € A(T), VT €T}, Qno = QrN L),
C, ={dy € H3(div; Q) : dp|r € RTo(T), VT €Tn}, C}:=C,nH*(div’Q),
Sy ={sn: Q=R : splp e P(T), VT €T},

P, = {th S H(curlg;ﬂ) s ¢nlr € No(T), VT € E} )

and define the global spaces
Hh = Hh,O X (I)h X Ch and Qh = Qh,() X Sh, (4.1)

to propose the following Galerkin scheme for (2.10): Find o) = (up,en, brp) € Hp and py, =
(pn,TH) € Qp, such that

B(on,an) =6G(an) Van e Qp,

(4.2)

where, for given z;, € Hy, ¢ and cj, € Cy, .A}Zlh,ch is defined by

A}zl,“ch((uha €h, bh)7 (Vh7 ¢h7 dh)) = A}zlmch((uh; Eh)a (Vh, ¢h))+B((uh7 sh)v dh)+B((Vha ¢h)7 bh)a
(4.3)

for all (up, en, br), (Vh, ¢, dn) € Hp, with B being the bilinear form defined in (2.12) and A]Zlh,ch

is given by

1, ..
A}zlh,ch((uhv Eh)v (Vha d)h)) = AZh,Ch((uhv sh)v (Vha d)h)) + §(dlv Zp, Up - Vh)v (4'4>
where A, ¢, is also defined in (2.12).

Remark 4.1 It is well-established that the pair (Hp o, Qno) is inf-sup stable, meaning that
the discrete counterpart of the inf-sup condition (3.11) holds. This condition is the primary
criterion for selecting the discrete spaces for velocity and pressure. However, it’s worth noting
that other pairs that fulfill the inf-sup stability requirement can also be used to approximate these
unknowns. For instance, both the Taylor—Hood element and the Bernardi—Raugel element are
viable alternatives, and the subsequent analysis remains applicable.

On the other hand, the inclusion of the term 5(div zy, uy, - v) in the bilinear form Alzlmch is
motivated by the fact that the pair (Hyp o, Qpno) does not exactly yield divergence-free velocities.
As in [29], this term is introduced to enable us to derive the discrete counterpart of the estimate
presented in (3.20). Alternatively, we could adopt the approach introduced in [11] to approzimate
the fluid variables and adapt the subsequent analysis to study a fully divergence-free finite element
method, similar to the one presented in [22]. This will be addressed in a forthcoming contribution.

Finally, noticing that Cy, is nothing but the classical lowest order Raviart—Thomas space
for H(div; Q) (see, e.g., [4, 16]), we note that an alternative approach could involve using the
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methods proposed in [1, 2] to approzimate the magnetic field directly in C?L by employing suitable
divergence-free basis functions within C?L. This approach would eliminate the need to introduce
the discrete Lagrange multiplier ry,. However, we keep the Lagrange multiplier in the scheme
(4.2) since the numerical results presented in Section 6 are implemented in FreeFem++, where
the aforementioned divergence-free basis functions are mot yet available. The computational
implementation of the method considering the magnetic field in C% is subject for future work.

In the following section we address the unique solvability of (4.2) by adapting the fixed-
point strategy developed in Section 3. To that end, and analogously to the continuous case,
we introduce the operator Jp, : Hyp o x Cp, = Hp o x Cp,  (Wp,cp) = Tn(Wh,cp) = (up, by),
where, u;, and by, are the first and last components of the solution of the linearized version of
problem (4.2): Find o}, = (up, ex, bp) € Hy, and pp € Qp, such that

Al o (@hTh) + B(Th,pr) = F(T1h) Y7h € Ha,
B(on,an) =6G(an) Yau e Q.

In this way, to prove the well-posedness of (4.2), in what follows we prove equivalently the
existence of a unique (up,by) € Hy g x Cp, such that Jp(up, bp) = (up, by) by means of the
Banach-fixed point theorem. Before doing that, as for the continuous case we begin by proving
that Jp, is well-defined.

(4.5)

4.2 Well-definiteness of 7,

To establish the well-definiteness of 7}, we proceed analogously to the continuous case and first
establish the stability properties of the forms involved. We start by noticing that the estimates
(3.4), (3.6) and (3.7) are also valid in our discrete setting with the same constants. In turn,
according to the definitions in (4.3) and (4.4), and proceeding similarly to (3.3) and (3.5), it is
easy to see that

A c(,€), (v, )] < Cay ()l (v, ), ¥ (u,e), (v.h) € Hug x Cp,

and
AL (0, 7)] < Cagllolnlltlly, Vo, T eHy, (4.6)

where Ca,, . and Cy4,, . are given by

~

CAw,c =C (V + Sch?zl + HW”LQ + ScVn_ml”C”?’,,div;Q + SCV;LIHC

3,div;Q) 5 (47)

and R R
CAW,C = CtAw,(: + 25’67 (48)

with C' > 0, independent of the physical parameters.
Now, we let K}, be the discrete kernel of the bilinear form B, that is:

Kn:={mnh€Hp : B(Th,an) =0 Va € Qn}.

Thanks to the definition of B (cf. (2.11)) and the choice of the discrete spaces (cf. (4.1)), it is
clear that X, can be decomposed as

/Ch :Nh X Mh,
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with
Nipi= {(vh, ¢p) €Hpo x @ 2 (divvy,qn) = 0 Yau € Qnol,
Mh = ng{dh S Ch : dinh =0 in Q}
In what follows we establish suitable hypotheses under which, for given wj; € Hj, the

bilinear form Ay, ¢, (-,-) induces an invertible operator in Kp, which in a finite dimensional
setting, is equivalent to prove that the following inf-sup condition holds:

(4.9)

Al T
sup e CnTh) v, € K (4.10)
0£7,EK), l7n

with 4 a positive constant independent of A (to be specified below). To do that, and according
to the saddle-point structure of Ay, ¢, (+,) in the sequel we prove that Ah , and B and satisfy

Wp,C
the discrete versions of the estimates (3.20) and (3.17), respectively. To that end, we need to

define the discrete version of Ky (cf. (3.18)), that is
Kno = {(vhd1) € Ni  B((vabp)odi) =0 Vd € My}
= {(vh,@p) EHpo x @y : (divvy,qr) =0 Van € Qno
and (dp,curlgy)g =0 Vd, € Mp}.

Notice that for a given (vp, ;) € Kpp, it follows that curl ¢, € My, and (dj,curl ¢y) = 0,
Vd; € My, which implies that particularly ¢, satisfies curl¢, = 0 in Q. According to this,
Kh can be characterized as follows

Kno={(vh, @) € Hyo x ®p, : (divvy,qn) =0 Vg, € Qno and curlgp, =0 in Q}.

The following result establishes suitable conditions under which, for given wy, and cy, Ai}vh,ch
is elliptic on K . The proof, which is analogous to the proof of Lemma 3.6, is omitted.

Lemma 4.2 Let (wy,cp) € Hyp g x Cp,, and assume that ¢y, satisfies (3.19). Then, there holds

Al (Vi ®y), (Va, @) = o (thH%,Q + H¢hH<2;ur1%;Q> Y (Vh, ¢n) € Kn o,

with a; > 0 given by (3.22).

Now we turn to prove the counterpart of estimate (3.17). To that end, we let &, be the set
of faces of Tp, whose corresponding diameters are denoted h., and define

En(Q):={e€&:eCQ} and & () :={ec & :eCT}.

We also let [-] be the usual jump operator across internal faces defined for piecewise continuous
functions v, by

[v] = (U‘T+)‘e - (v’T_)‘e with e = 0T} NIoT_,

where T, and T_ are the elements of 7, having e as a common face. Then, we introduce the
well-known Crouzeix—Raviart space:

CRy, = {Uh Q>R Uh|T€P1(T),VT€77L, /th]] =0, Veeé’h(ﬂ)

and /thO, V(iEgh(F)} .

e
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We recall from [30, Theorem 4.9] that the following orthogonal decomposition holds:
Sy = [Su)® = curl (®1,) @ VCRy, (4.11)

where
VCRy, = {sp € Sy, : vy € CRy, such that sp|p = V(vp|r), VT € Th}.

Notice also that this decomposition is stable, in particular, in L%(Q), in the sense that there
exists C' > 0, such that for any s;, € Sy, ¢;, € ® and x;, € CRy, satisfying s, = curl ), + Vxp,
there holds

leurlnll g g, + 1930053 gy < Clistl g o

L3 ()

Now, given T' € Tp, s > 1/2 and p > 2, we let N(T') := {w € H*(T) : curl(w) € L?(T)}
and denote by Iz : N(T) — No(T) and Ig7r : HY(T) — RTo(T) the local Nédélec and
Raviart-Thomas interpolation operators, respectively.

Let us recall from [26, Theorem 5.4.1], that for all ' € 7j, and 0 < § < 1/2, In 7 satisfies
the local approximation property

Iw = Tnr(W)llor < € (> I Wllggo v + brlleur wlo ) | (4.12)

for all w € HY2+%(T), such that curl w € RTo(T). In addition, both Iy and Ig p satisfy the
following relations (see [13, Lemma 1.44] and [5, Section 4.2.1]):

Iz r(curlw) = curl (Iyr(w)), (4.13)
for all w € N(T'), such that curlw € HY(T), and
div(Ig7(d)) = Pr(divd), vde HY(T), (4.14)
where Pr : L*(T) — Py(T) is the L?-projection.
On the other hand, the Raviart-Thomas operator satisfies the following local estimates (see
for instance [5, Lemma 4.1])
|d — I (d)|wmrr) < cthy ™dlwiry, d€WH(T), r>1,me{0,1}, (4.15)
and
|divd — div (Ig,p(d))|wmr(r) < c2bip "dlwrrry, d€ WH(T), r>1,me {0,1}.
In particular, employing (4.15), it is possible to obtain the following estimate:

Lemma 4.3 There exists C > 0, independent of h, such that
|d = Irr(d)llser) < Chy*ldhr, deH'(T). (4.16)

Proof. Similarly to the proof of [9, Lemma 5.4/1\], given T' € Ty, we denote by Br the square

matrix of the local affine transformation Jr : T — T and recall that |det(Br)| = O(h3.) and
|| Br|| < chy. Then, denoting by v := vo Jp for any sufficiently smooth function v, and applying
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the Denny-Lions Lemma [13, Lemma B.67], the scaling estimates given in [13, Lemma 1.101],
the Sobolev embedding (2.3) with ¢ = 3, and estimate (4.15), we deduce that for all d € H(Q),

ld = Irr(d) Ly < cldet(Br)|Y3|d — 1, #(d)]l, 7

< cldet(Br)[* (|l — T #(@d) g 7+ 14— Ty 7(d)], 7)
< c|det(Br)|~Y% (|d — Irr(d)|lo,r + | Brllld — Igz(d)|ir),
< chi/*|dy.1.

O
In the sequel we will also employ the global Nédélec and Raviart-Thomas interpolation
operators, denoted respectively by Iy and I, which satisfy In|7 = Ingr and Ig|7 = Ig 7, for
all T € Tp,.
Finally, we recall that for all piece-wise polynomial functions v, the following local inverse
inequality holds

< chy'/? VT € Th,

o Joll 5

(T)’
and assuming further that 7, is a quasi-uniform mesh, the latter implies the following global
inverse inequality

ollog < ch™2[lv]] 5

30 (4.17)

Now, we are in position of establishing the discrete inf-sup condition of B.

Lemma 4.4 Let T;, be a regular familily of quasi-uniform meshes. Then, there exists Bl > 0,
independent of h, such that

sup B((vh, ), dp)

0£ (Vi )eN: VRl + ”¢h||curl37§2 2 Billdnlls@),  Vdn € Ma.
Proof. Given d;, € My, we first observe that, since divdy, = 0 in 2, according to [16, Theorem
3.3], dj is a piece-wise constant vector field, that is, dj, € Sp (cf. (4.11)). Then, we let
f(dy) := dp|dn| € Si and owing to the decomposition (4.11), let ¢;, € ®; and x;, € CRy, be
such that

f(dy) = curl gy, + Vixp, (4.18)

and

lewlenll g o) + 1VXRILg ) < CLIE(R)] g

L3 () = C1[dnlEs (- (4.19)

In turn, noticing that curly, € C% C H(div%; Q) (cf. (4.9)), we apply Lemma 3.3 and let
¥ € H(Q2) be such that

curlyp =curly, in Q, divyp=0 in Q and |¢]i0 < Cocurle,lon, (4.20)

and since curl¢,;, € L%(Q), from Remark 3.4 we additionally deduce that 1 also belongs to
ng(Q) and satisfies

I < Cllewl gyl 3 (4.21)

w3 ()
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Hence, since curl¢;, € CY, from (4.12), (4.17) and (4.20), we deduce that

I =In@)5e = D ¥ —Inr@)3r < Co Y (h7lelir + hilcurle|f )

T€TH TeTh
< Cih? (113 + llewrl @yl ) < Coh?llcurl gyl o < Cohlleurl oy g

9

(©)
which implies that

I~ I @)llo < Cr ey g ) (1.22)
In this way, we define @, := In (7)) and utilize (4.13) to obtain
curl g, = curl (In(v)) =Ig (curley) = Ig (curlg;,) = curl ¢,. (4.23)

Notice that estimates (4.21) and (4.22), the triangle inequality and the Sobolev embedding
WI%(Q) into L2(Q), imply that @, satisfies

1@nllog < Il = In()log + I¥lloq < Cra'2(leurl g, g o T Csllll

< C7h1/2||CUT1<Ph||Lg

3
wbhz(Q)

@ T CsCslcurl <Ph||Lg(Q < C'9||C111"1 enll 3

which together with (4.19) and (4.23), implies

L3(Q)’

1/2
Ballamg.o = (Iulo+ el @2y ) < (o Difeutlenlg g,
< (09+1)C1||dh||%3(9)

(4.24)

Moreover, making use of the decomposition (4.18), integrating by parts, and using the fact that
/5 = 0Ve € &(T), divdy, = 0, in ©Q and dj, - n|. € Py(e) Ve € &, ('), from (4.23) we easily
oﬁtain
(dp, curl @) = (dp, curly)o = (dn, £(dn) = Vxn)a = [|dnlls)- (4.25)
According to the above, from (4.24) and (4.25), we finally obtain

B((vh, ¢n), dh) ~> B((0, ¢p), dn)

sup

0F#(Vh,91,)ENL ||9~0h||cur1%;§2
S.(dy, curl | h||L3
= (~h Pn)o > Bl 51HthL3(Q
H‘Ph”curlg;ﬂ Hd H
with 31 := S./((Cy + 1)C1). O

Given the above discussion, we can now confirm that the inf-sup condition (4.10) is satisfied,
ensuring the invertibility of A, c,(,-) on Kp. The proof of this result is provided in the
following Lemma, which follows a similar argument to that of Lemma 3.6, and hence is omitted.
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Lemma 4.5 Let Tj, be a reqular familily of quasi-uniform meshes and let (wp, cp) € Hp g x Cp,
with ¢y, satisfying (3.19). Then, estimate (4.10) holds with 7 given by

F(wn) = (Gu(wn) +F2(wn)) ",

where Y1 (wy) and Y2(wy) are defined by

~ 1 ~ . 1 ~ ~ A
N (Wp) = —= <a1 + B+ CAW,L) and  7p(Wp) 1= —= (041/31 + Ca,, (1 + f1 + CAwh)) :
aifB a1
Above, 6Awh is a positive constant that bounds (4.7) as follows
Cituyep < Ctn, = C (s(,vm, S0) + [Wnll.0)

w

with k being the positive constant defined in (3.32) and Ca positive constant independent of h
and the physical parameters.

Remark 4.6 As in the continuous case, given wy, € Hy o, 71(wp) and Y2(wp) can be bounded
in terms of [|[wp|1,0 as follows

M(wp) <& (Sc_l +art + ST oy (v, vm, Se) + [whll1,0)
and

Ao(wp) < @St (14 k(v v, Se) + a7 1 ST R (Y, v, Se)

+(1+ KV, vm, Se)) [walle + a1 ST Wl ) |

where €1, ¢ > 0 are positive constants independent of the physical parameters. Then ¥~ '(wy,) =
Y1 (wr) +Y2(wp), can be bounded as follows

7 (wh) = F1(wr) + F2(wh) < 01 + 02| w1 + 05l|whll3 0, (4.26)
where 31, 52 and gg are positive constants that depend on v, v, and S..
Finally, we establish the discrete version of Lemma 3.1.
Lemma 4.7 There exists ﬁ > 0, independent of h, such that

sup B(Th,qn)

> Bllanlle,  Yan € Q. (4.27)
0#AT,EHy, | Tall

Proof. Given qp, = (qn, sn) € Qp, we first recall that the pair (Hj o, Qp o) is inf-sup stable, thus

Jdivvy)a
sup MZQH%HO,Q- (4.28)

0#v,eHy, o th

1,0

On the other hand, similarly to the proof of Lemma 3.1, given O C R? an open ball satisfying
Q C O, welet ¢ € Hi(O) N H?(O) be the unique weak solution of the boundary value problem

—Ap=K(sp) in O, =0 on 00, with K(sp) —{ (;Shin m(?\% ,
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which satisfies
ell2,0 <l K(sn)

with ¢ > 0, independent of h. Then, we let d = Vola € HY(Q) <= L3(Q), which clearly satisfies

lo,0 = cl|snllo,0;

divd=s, in Q and ||d||Ls) < Csw(3)]d

10 < cllollzo < éllshlloo-
Then, we let ah = IR(a) € Cy, and observe from the latter, estimate (4.16) and the subadditivity

2/3
inequality (Z ai> < Z a?/ 3 , that there holds

1/3
Idnlla) < lldn = dllLs) + lldllLae) < Y Ilda —dliEsq + éllsnllo.
TeTh
1/3 1/2
3 ~
< ed Y hpldlig s +elsilloa <eq Do hrldir gy +élsallon
TeTy TeTh
< ch'ldli0 + éllsnllo < @V +&)|snllon,
which together with the fact that divd = sp, in €2, implies
Idnlls.ai0 < Cllsallog- (4.29)
In turn, using (4.14) it is clear that
divd, =divd =s, in Q. (4.30)
Hence, combining (4.29) and (4.30) we readily obtain
divd divd .
sup (s, divd)q > (5, divda)o > O Y|spllo.q- (4.31)

ozdecy, ldllsdivie ~ [|dys.aive

In this way, from (4.28) and (4.31), we readily obtain (4.27), which concludes the proof. O

Similarly to the continuous case, Lemmas 4.5 and 4.7 guarantee the well-definedness of 7.
This conclusion is summarized in the following theorem, the proof of which is omitted due to
its similarity to that of Theorem 3.8.

Theorem 4.8 Let T}, be a regular familily of quasi-uniform meshes and let (wp,cp) € Hy g X

Cy, with ¢y, satisfying (3.19). Then, there exists a unique (up,by) € Hy o x Cp, such that
J(wp,cp) = (ap, br). In addition, the following estimate holds:

2a) (Ifloa+ gl q,)

where 31, 3\2 and ;5\3 are the positive constants satisfying (4.26).

1T (Wi en)ll < (81 + Ballwalls.o + dslwy,
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4.3 Well-posedness of the Galerkin scheme

1/2
Theorem 4.9 Let Ty, be a regular familily of quasi-uniform meshes. Given tyg < <CV(76§S> ’
1 c
with C1(§2) being the positive defined in (3.21), let t € (0,t9), and assume that £ and g satisfy
t
[1£]lo, + [lgll (4.32)

3 S == =
L2(Q) ™ §) + 6at + 03t2
where :5\1, 3\2 and 3\3 are the positive constants satisfying (4.26). Assume further that t satisfies

Co()E (81 + 0ot + 05t2) (1 + Sev Mt + 1)) < 1, (4.33)

with 6’2(9) > 0, independent of the physical parameters. Then, there exists a unique (op,pp) €
Hp, x Qp solution to (4.2). In addition,

lonllse < (81 + 82t + 35t2) (Illo.c + gl (4.34)

L%(Q)) :

Ipalle < € (1 -+ (5(r, w1, S0) + Se+ ) (51 + 3ot +358%) ) (IEllo + lgll 3 ) (4:39)

with C > 0, independet of the physical parameters.

Proof. Analogously to the proof of Theorem 3.9, we let t € (0, tg), define the convex and bounded
set

Ky := {(vabn) € Hio x G ¢ | (Vi bu) | < (31 + 32t +05t2) (1€l + gl 3 ) }-
let (w1,c1), (We,c2) € Kj,, and observe from assumption (4.32) that
[(wi,e)[[ <t and  [[(wg, e2)|| <,

which implies that ¢; and cy satisfy (3.19). Then we let (u1, b1), (uz,b2) € Hj o x Cy, be such
that
(u1,b1) = Jn(wi,c1) and (uz,bs) = Jp(wo,c2),

and proceed as in the proof of Theorem 3.9, to deduce that there exists 6’2(9) > 0, independent
of the physical parameters, such that

1Tn (W1, €1) — T (wa, 2)|| < Co(Q)t(01 + 0t + 5t2) (1 + Ser 21 (t + 1))|| (W1 — wa, €1 — €2)]|.

The latter and (4.33) imply that there exists a unique (up,bp) € Ky, such that (up,bp) =
Jn(uap, by), which in turn implies that there exist uniques e, € ®p and py := (pp,7h) € Qp,
such that (o, pr) = ((up, €n,br), Pr) € Hp X Qp, is the unique solution of (4.2). In addition,
proceeding analogously to the proof of Theorem 3.9, we can also deduce that (o, pp) satisfies
(4.34)—(4.35), which concludes the proof. O
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5 Cea’s estimate and theoretical rate of convergence

In this section we study the convergence of the Galerkin scheme (4.2). More precisely, we first
deduce that the error satisfies a Cea’s-type estimate and later on, under an extra regularity
assumption of the exact solution, and employing the approximation properties of the discrete
spaces introduced in (4.1), we derive the theoretical rate of convergence. To do that, and for
the sake of simplicity, we define the errors:

€y =0 —Op, €p:=D—Dp
and for any (Tp,qp) € Hp X Qp, we write

€q5 = €a+Xo'7 €p = €P+XP
where
£ =0 —Th, Xo:=Th—0h &p:=P—0dr, Xp:=dh — P (5.1)

The following result establishes the aforementioned Cea’s estimate.

1/2
Theorem 5.1 Let Ty, be a reqular familily of quasi-uniform meshes. Given ty < <C’V(Tg;5> ,
1 c

with C1(Q2) being the positive defined in (3.21), let t € (0,tp), and assume that f and g satisfy
(3.37) and (4.32). Assume further that t satisfies (3.38) and (4.33), and the estimate

~ o~ ~ 1
At (1+ 28, t + 2S00 ) (61 + dat + 63t2) < 5 (5.2)
where A is the parameter—free positive constant satisfying (5.7) below. Let (o,p) € H x Q and
(h,Pr) € Hip x Qp be the unique solutions of problems (2.10) and (4.2), respectively. Then,
there exists a positive constant Ceeq, independent of h, such that

e + e <C, inf |lo—T1 + inf - .
lonlc+ epllo < Coea {_int, o = mallu+ _inf 1o~ aslle}

Proof. Let (o,p) = ((u,e,b),p) € H x Q and (o, pr) = ((up,en, br), pPr) € Hp X Qp be the
unique solutions of problems (2.10) and (4.2), and observe that from (3.37), (3.39), (4.32) and
(4.34), there hold

HuHLQ <t, HbHS,diV;Q <t, H€|’cur1§;9 <t,
: (5.3)
[unlle <t [[bullsave <t ||€h||cur1%;§2 <t

On the other hand, recalling that the exact velocity u € H}(Q2) satisfies divu = 0 in €, we
observe that Aﬁ’b (cf. (4.3)), satisfies

Amb(O',Th) = ./4{;710(0',‘7'}1)7 VTh € Hy,.

Then, subtracting equations (2.10) and (4.2), the former with 7}, € H},, adding and subtracting
suitable terms and using the decompositions (5.1), we deduce that (x,,Xxp) € Hp X Qp, satisfies

Alhlh,bh (Xo’: Th) + B(Th7 Xp) = £1 (Th>7 v7-h S Hh,
B(Xo'a qh) = LQ(qh)v vqh € Qha
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with
El (Th) = Aﬁh,bh (0-7 Th) - Aﬁ,b(a-7 Th) - Aﬁ}“bh (50’ Th) - B(Tha £p)a

Lo(an) = —B(&s:an)-

Then, recalling that Ay, b, and B satisfy the hypotheses of [13, Theorem 2.34], namely estimates
(4.10) and (4.27), we observe that (4.8), (4.26) and (5.3), imply

(5.4)

7 (up) < 61 + ot + 5t
and R ~
Chny v, < C1i=C (v + Se + Sevy! +1 4 Sevp, 82 + Sevy ') (5.5)
and employ [13, eq. (2.30)], to obtain

ol < B1+ Ot + 3t) [ Lallag, + B (1+Co (01 + 3at + 3a2) ) |I£2llgy,

HXpHQ < ,/8\_1 <1 +C (;5\1 + ggt + ggﬂ)) ”‘ClHH;L + B_zT (1 +C (8\1 + ggt + ggt2>> HﬁQHQL,
(5.6)
where T > 0 is independent of h and the physical parameters.

Now we turn to bound |[£1]3;; and |[£2[|g; . We begin by proceeding similarly as for estimate
(3.44), to deduce that

’Aﬁh,bh (o, 7h) — Aﬁ,b(av )|

< et ([lu—upllrellullie + Sevpt lullnalblls.divellb — ballsdive

+Sevp lullLelb = brllz.ivelbhlls v + Sc%lH€||cur1%;QHb - bh”3,div;9> Vel
+caSevy, b — bh||3,div;Q||u||1,Q||¢h||curl%;ﬂa

< e (tu—upllig + 2805, 2]|b = bylls divia + Sevp b — balls.divia ) [[Vallie

+ CQSCVnzltHb — bh’

3,div;Q”¢hHCllr1%§Q’
which implies that
A, (0, 71) = A (o, )] < A(E+ 280,182 + 280,11 lea sl il (5.7)

for all 7, = (vp, @y, dp) € Hp, with A > 0 independent of h and the physical parameters. In
turn, using (5.5), from (4.6), we deduce that

[Auw, b1, (Eor Tr)| < Cull€o Il Tnlln, (5.8)

whereas from (3.6) we get
1B(Th,&p)| < ITnllnlépllo- (5.9)
In this way, from (5.4), (5.7) and (5.8) and (5.9), we obtain

1Li(Th)] < A (1+ 25y, t + 250, ) o llmllTalle + Co(l€olln + 1€pll)ITalln

[Laan)] = By an)l < €ollnllanlle < €5 lnllanlle;
(5.10)
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with Co > 0 a positive constant that depends on v, v,,, S. and t.

Having derived the corresponding estimates for £1 and Ly, now we proceed to bound ||x ||
and ||xpllg. We start by noticing that from the first estimate in (5.6) and (5.10), we easily
deduce that

Ixoll2 < At (142 tt + 25t ) (61 + dat + 038%) [ xo |l + Ca(ll€q 12 + 1€l ),
which together with assumption (5.2) implies
Ixo 17 < 2C3(1€q 1 + 1€l 0), (5.11)

with C3 > 0 independent of h. Finally, from (5.10), (5.11) and the second estimate in (5.6), we
obtain

Ixpllo < Calll€allr + [1€pll0)- (5.12)
We conclude the proof by observing that the desired result follows from (5.11), (5.12), the
triangle inequality and the fact that (Tp,qp) € Hp X Qp is arbitrary. O

We end this section by providing the theoretical rate of convergence for the numerical method
studied in this work. We begin by recalling the approximation properties of the numerical spaces
introduced in Section 4.1:

inf ||v—villLo < Ch||v|aq, YveHQ), (5.13)
VhEHh,()
. 2

S 6= Gy 0 < Oh (I@lan + leml @l g ). Vo EHAQ). (5.0

such that curl¢ € Wl’%(Q),
dire% |ld — dp|3,divi0 < Ch (||d||W1,3(Q) + ||div d”l’Q) . Vd e Wh3(Q), (5.15)

h h

such that divd € H'(Q),

inf g —anlloo < Chllglie, q¢€H' (D), (5.16)
ah€QR,0
inf ”S — ShHU,Q < ChHSHLQ’ Vse Hl(Q) (5.17)
SHhESH

For (5.13), (5.16) and (5.17) we refer the reader to [13, Proposition 1.134, Section 1.6.3].
In turn, (5.14) and (5.15) can be easily deduced from [14, Section 16.2] and [5, Lemma 4.1],
respectively.

The following result establishes the theoretical rate of convergence associated to the Galerkin
scheme (4.2).

Theorem 5.2 Assume that the hypotheses of Theorem 5.1 hold and let (o,p) € H x Q and
(oh,Pn) € Hp X Qp be the unique solutions of problems (2.10) and (4.2), respectively. Assume
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further that u € H2(Q), € € H*(Q), with curle € WH3/2(Q), b € W3(Q), with divb € H'(Q)
and p, r € HY(Q). Then there exists C > 0, independent of h, such that

lecll + lleplle < Ch(llllllz,ﬂ + llellzo + llewrlellwisz o) + [bllwse)

+|[divblie + [Pl + Her)-

Proof. The result is a straightforward application of Theorem 5.1 and estimates (5.13)—(5.17).
O

6 Numerical results

In this section, we present computed errors and orders of convergence for a three-dimensional
MHD problem (2.4) with a smooth solution. Our goal is to confirm the convergence rates in
Theorem 5.2. Our implementation is based on the FreeFem++ finite element library (see [21]),
in conjunction with the direct linear solver UMFPACK (see [12]).

In our test, the computational domain is taken as 2 = (0,1)3, and we consider a sequence
of uniformly refined tetrahedral meshes {7 }n>0 of mesh size reported in Table 6.1. We take
v =vm,m =S, =1, and prescribe boundary data and additional right-hand sides so that the test
solution is given by the smooth functions:

u(z,y,z) = b(z,y, 2) := curl (sin?(rz)sin®(ry) sin®(72)(1,1,1)") ,
p(z,y,z) =yzsin(rz) and r(z,y,z) = sin(rz)sin(7y) sin(7z).

On each mesh, we simply take (wp,cp) = (0,0) as initial guess and solve iteratively the
linearized problem (4.5) until the relative error of the entire coefficient vectors between two
consecutive iterates is sufficiently small, i.e.,

|coeff™ ™ — coeff™|

ﬁ'm+1’ = t0l7

|coe

where tol= le-6 and | - | is the standard euclidean norm RY, with N denoting the total number
of degrees of freedom defining the finite element subspaces Hjp and Q.
We now introduce some additional notations. The individual errors are denoted as:

ew = |[lu—upll10, ec:=|e— EthurI%;Qa ep = ||b — by||3.div:,
ep = |lp = pullog, e = I[r —rulloq-
and we let R(u), R(e), R(b), R(p) and R(r) be the experimental rates of convergence given by

():M ()-:M ().:M
log(h/h) log(h/h') ’ log(h/R)

 log(ep/e)) . log(e,/e})
B> = Sogtmmy © B0 Togtagm)

where h and A’ denote two consecutive meshsizes with errors e and e’.
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The computed errors and convergence rates for all the unknowns are listed in Table 6.1. From
the table, it can be seen that the H'-norm errors for u, the H3(div)-norm errors for b, and the
H(curls )-norm errors for € converge at an order of O(h), in agreement with Theorem 5.2. A
similar behavior is observed for the Lagrange multiplier r, where for coarser meshes the order
of convergence is higher and quickly approaches O(h). In Table 6.1 we also observe that for
the pressure, optimal rates of order O(h%) are observed (although this is not corroborated by
our theoretical results). In [8], the same phenomenon has been observed for the Mini-element
approximation of the Stokes problem. In addition, the property that the approximate magnetic
fields are exactly divergence-free is verified by evaluating ||div by||; for each case. Finally, for
the sake of completeness, Table 6.2 reports the number of degrees of freedom used on each mesh
and the number of iterations required for the fixed-point scheme to converge.

FLUID VARIABLES
h | e(w) | Rw) | e | Rp)

0,1101 || 8,4220 - 11,5698 —

0,0550 || 4,1758 | 1,0121 || 3,8657 | 1,5816
0,0367 || 2,7678 | 1,0143 || 2,0534 | 1,5603
0,0275 || 2,0690 | 1,0115 || 1,3000 | 1,5890
0,0220 || 1,6518 | 1,0093 || 0,9148 | 1,5746
0,0183 || 1,3745 | 1,0078 || 0,6881 | 1,5619

MAGNETIC VARIABLES

e(e) | r(e) | ed) | Rd) || e(r) | R(r) || |divh]p
69,1574 — 0,8011 — 0,4706 — 3,1974e-14
35,9918 | 0,9422 || 0,4058 | 0,9813 || 0,0953 | 2,3038 || 6,3949e-14
24,1753 | 0,9815 || 0,2715 | 0,9914 || 0,0430 | 1,9622 || 1,0658e-13
18,1795 | 0,9908 || 0,2039 | 0,9954 || 0,0267 | 1,6514 || 1,7053e-13
14,5617 | 0,9944 || 0,1632 | 0,9972 || 0,0194 | 1,4511 || 2,1316e-13
12,1428 | 0,9963 || 0,1360 | 0,9981 || 0,0152 | 1,3250 || 2,5580e-13

Table 6.1: Mesh size, errors, rates of convergence and [°°—norm of div b for the mixed approxi-
mation of the MHD problem.

N 6.629 | 49.854 | 164.929 | 387.104 | 751.629 | 1.293.754
# Iterations 6 8 8 7 7 8

Table 6.2: Degrees of freedom and corresponding number of iterations for the fixed-point method
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