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A twofold perturbed saddle point-based fully mixed finite element
method for the coupled Brinkman—Forchheimer/Darcy problem*
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Abstract

We introduce and analyze a new mixed finite element method for the stationary model arising from
the coupling of the Brinkman-Forchheimer and Darcy equations. While the original unknowns are
given by the velocities and pressures of the more and less permeable porous media, our approach
is based on the introduction of the Brinkman—Forchheimer pseudostress as a further variable,
which allows us to eliminate the respective pressure. Needless to say, the latter can be recovered
later on by a postprocessing formula that depends only on the former. Next, aiming to perform a
proper treatment of the transmission conditions, the traces on the interface, of both the Brinkman-—
Forchheimer velocity and the Darcy pressure, are also incorporated as auxiliary unknowns. Thus,
the resulting fully-mixed variational formulation can be seen as a nonlinear perturbation of, in
turn, a twofold perturbed saddle point operator equation. Additionally, the diagonal feature of
some of the bilinear forms involved, facilitates the proof of their corresponding inf-sup conditions.
Then, the fixed-point strategy arising from a linearization of the Forchheimer term, along with
suitable abstract results exploiting the aforementioned structure, and the classical Banach theorem,
are employed to prove the well-posedness of the continuous and discrete schemes. In particular,
Raviart—Thomas and piecewise polynomial subspaces of the lowest degree for the domain unknowns,
as well as continuous piecewise linear polynomials for the interface ones, constitute a feasible
choice. Optimal error estimates and associated rates of convergence are established. Finally, several
numerical results illustrating the good performance of the method and confirming the theoretical
findings, are reported.

Key words: Brinkman—Forchheimer problem, Darcy problem, pseudostress-velocity formulation,
mixed finite element methods, a priori error analysis
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1 Introduction

The phenomenon of filtration of an incompressible fluid through a non-deformable saturated porous
medium with heterogeneous permeability has a wide range of applications, including processes in
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chemical, environmental, and petroleum engineering. For instance, in air filtration systems with
multiple layers, where one layer is more permeable than another, the differences in permeability
significantly influence the flow through each section. Similarly, in groundwater remediation and oil
and gas extraction, the flow can be fast near injection or production wells, especially if the aquifer
or reservoir is highly porous. Accurate modeling and simulation of such flows are crucial in these
fields to optimize processes, ensure safety, and minimize environmental impact. Mathematical models
have been developed to capture different aspects of these flows. In particular, when two distinct
regions are present in the porous medium, Darcy’s law [I§] is applicable in areas of low permeability
and Reynolds number, effectively describing fluid motion in these less permeable regions. However,
in regions where permeability is higher and flow rates rise, Darcy’s law becomes inadequate, and the
nonlinear Brinkman—Forchheimer model (see, e.g., [20], [12], [11]) is employed to account for the effects
of viscous forces and increased flow rates. Consequently, the combination of these models, along with
mass conservation and momentum continuity at the interface between the two regions, leads to the
coupled Brinkman—Forchheimer/Darcy problem.

Regarding the literature, and to the best of the authors’ knowledge, we begin by mentioning [7] as
the first work to propose and analyze the coupled Brinkman—Forchheimer/Darcy model. Specifically, a
standard mixed formulation was considered in the Brinkman—Forchheimer region, while a dual-mixed
formulation was used in the Darcy region, with the continuity of normal velocities enforced through the
introduction of a suitable Lagrange multiplier. For the discretization, Bernardi-Raugel and Raviart—
Thomas elements were used for the velocities, piecewise constant elements for the pressures, and
continuous piecewise linear elements for the Lagrange multiplier. Similar models have been explored
in [36], where the coupling of the Brinkman—Forchheimer, Darcy, and heat equations was proposed to
study the continuous dependence of the solution on variations in the heat source and the Forchheimer
coefficient.

On the other hand, several papers have been devoted to the design and analysis of numerical schemes
for simulating related coupled problems, such as the (Navier—)Stokes/Darcy(—Forchheimer) models
(see, e.g., [3], 127], [29], [30], [, [13], [17], [10], [8], and references therein). In particular, in [29], a
fully-mixed finite element method was proposed and analyzed for the Stokes—Darcy coupled problem,
where the Fredholm and Babuska—Brezzi theories were employed to derive sufficient conditions for
the unique solvability of the resulting continuous and discrete formulations. In [30], an extension
of [29] to the coupling of Stokes and nonlinear Darcy models was developed. Both a priori and a
posteriori error analyses were carried out in this work. Subsequently, a fully-mixed finite element
method was developed and analyzed for the coupling of the Stokes and Darcy—Forchheimer problems
in [I]. This new approach yields non-Hilbertian normed spaces and a twofold saddle point structure
for the corresponding operator equation, whose continuous and discrete solvabilities are analyzed
using a suitable abstract theory developed for this purpose. We also refer to [17] for the analysis
of a conforming mixed finite element method for the Navier—Stokes/Darcy problem. Given that this
coupled system is nonlinear (due to the convective term in the free fluid region), the analysis of the
continuous problem starts with the linearization of the Oseen problem in the free fluid domain. This
simplified model is then studied using the classical Babuska—Brezzi theory, similarly to how it was done
for the Stokes—Darcy coupling in [27]. Meanwhile, the coupling of a 2D reservoir model with a 1.5D
vertical wellbore model was investigated in [3] using the compressible Navier—Stokes equations coupled
with the Darcy—Forchheimer model. In [13], a penalization approach was introduced and analyzed for
the Navier—Stokes/Darcy—Forchheimer model in both 2D and 3D domains, motivated by the study
of internal ventilation in motorcycle helmets. In this work, the authors considered the velocity and
pressure throughout the entire domain as the main unknowns of the system, employing a Galerkin
approximation with piecewise quadratic elements for the velocity and linear elements for the pressure.



More recently, in [8], a primal-mixed formulation of the Navier—Stokes/Darcy—Forchheimer system
was analyzed using a fixed-point argument and classical results on nonlinear monotone operators.

The goal of the present paper is to develop and analyze a new mixed variational formulation for
the model introduced in [7]. Unlike [7] and similarly to [29], [1], this approach considers dual-mixed
formulations in both domains. Following the strategy in [29], we introduce the pseudostress ten-
sor as an auxiliary variable and eliminate the Brinkman—Forchheimer pressure unknown using the
incompressibility condition. The transmission conditions, which involve mass conservation and mo-
mentum continuity, are imposed weakly, leading to the inclusion of additional Lagrange multipliers:
the traces of the Brinkman—Forchheimer velocity and the Darcy pressure on the interface. The re-
sulting variational system is formulated within a Banach space framework due to the presence of the
Forchheimer nonlinear term and exhibits of both the continuous and discrete formulations using a
fixed-point argument, abstract results from [28] and [I5], the Banach—Ne¢as—Babuska theorem, small
data assumptions, and the Banach fixed-point theorem. Since the formulation shares a similar struc-
ture with those analyzed in [29], our analysis extends or leverages the corresponding results available
there, including the continuous and discrete inf-sup conditions. Additionally, by applying an ad hoc
Strang-type lemma for Banach spaces, which is a slight variant of its Hilbert space counterpart devel-
oped in [22], we derive the corresponding a priori error estimates. Finally, using Raviart—Thomas and
piecewise polynomial subspaces of the lowest degree for the domain unknowns, along with continuous
piecewise linear polynomials for the interface unknowns, we prove that the method converges with
optimal rates.

This work is organized as follows. The remainder of this section describes the standard notation and
functional spaces used throughout the paper. In Section [2| we introduce the model problem, followed
by the derivation of the fully-mixed variational formulation within a Banach space framework and the
establishment of the well-posedness of the continuous scheme in Section[3] The corresponding Galerkin
system is introduced and analyzed in Section [4, where the discrete analogue of the theory used in the
continuous case is applied to prove the existence and uniqueness of the solution. In Section [5] we
derive the a priori error estimate and establish the corresponding rates of convergence. Finally, the
performance of the method is studied in Section [6] with several numerical examples in 2D, including
cases with and without manufactured solutions, verifying the aforementioned rates of convergence, as
well as illustrating its flexibility to handle spatially varying parameters in complex geometries.

Preliminary notations

Given an arbitrary domain O C R", n € {2, 3}, with polyhedral boundary 00O, we adopt the standard
notation for Lebesgue spaces LY(O) and Sobolev spaces W*(0), with s € R and ¢t > 1, whose
corresponding norms, either for the scalar, vectorial, or tensorial case, are denoted by || - [|o.+.0 and
| - |ls.t:0, Tespectively. Note that actually WO¢(O) = L{(©0). In turn, when ¢t = 2, we simply write
H*(0) instead of W*2(0), and denote the corresponding norm by || - ||s0. In particular, when s = 1
we let H'/2(9O) be the space of traces of functions of H*(O) = HY(0), and H~/2(90) stands for its
dual. In addition, given any generic scalar functional space S, we let S and S be the corresponding
vectorial and tensorial counterparts, whereas || - ||, with no subscripts, will be employed for the norm
of any element or operator whenever there is no confusion about the space to which they belong. Also,
| -| denotes the Euclidean norm in both R™ and R"*", and as usual, I stands for the identity tensor in
R™ ™. Furthermore, for any vector field v = (v;)j=1,,, we set the gradient and divergence operators as

[ Ov . — 9v;
Vv = (axj>7;7j17n and div(v) = Z 9z,




whereas for any tensor fields 7 = (7i;)ij=1,n and ¢ = ((ij)ij=1,n, We let div(7) be the divergence
operator div acting along the rows of 7, and define the transpose, the trace, the deviatoric tensor, and
the tensor inner product, respectively, as

n n
1
0= (j)ijetn, tr(T) = g T, Tdi=7—=tr(r)I, and T:(:= E Tij Gij -
i=1

n ~
2,7=1
On the other hand, for each ¢ € [1,+00) we introduce the Banach spaces
H(divy; 0) = {n cL2(0): div(n) e Lt(O)} . and
H(divy; O) == {T cL2(0): div(r) € Lt((’))} , (1.1)
equipped with the natural norms
[nllaivi:0 = [Inllo.o + [[divin)lloso  Vn € H(divi; O),  and
[7llaiviio == lITlloo + [div(T)loso V7 € H(divy; O).
We notice that when ¢t = 2, we just write H(div; O), || - ||aiv;0, H(div;O), and | - |laiv;0 instead
of H(dive; O), || - |ldive;0, H(dive; O), and || - |ldive;0, respectively. Additionally, we recall that,
proceeding as in [24, eq. (1.43), Section 1.3.4] (see also [I4, Section 3.1]), one can prove that for
(1,+00] in R?,
te 6 . 3 there holds
[g,+0oc] in R?,
(n-v,v) = / {n -V + vdiv(n)} ¥ (n,v) € H(divy; 0) x HY(O), (1.2)
@]
and
(T, v) :/ {r : Vv+v~div(7')} Y (r,v) € H(divy; 0) x HY(O), (1.3)
O

where (-,-) denotes in (1.2) (resp. (L.3))) the duality pairing between H'/2(00) (resp. H/2(00O)) and
H=Y2(00) (resp. H~/2(00)).

2 The model problem

In order to describe the geometry of the coupled Brinkman—Forchheimer/Darcy model, we let Qp
and Qp be bounded and simply connected open polyhedral domains in R, n € {2,3}, such that
00NN =X # 0 and QN Qp = 0. Then, we let I'g := N \ 3, I'p := IQp \ ¥, and denote by n
the unit normal vector on the boundaries, which is chosen pointing outward from 2 := QpUXUSQp and
Qp (and hence inward to Qp when seen on ¥). A sketch of a 2D geometry is displayed in Figure
The mathematical model is defined by two separate groups of equations and by a set of coupling
terms. In the more permeable porous medium domain g, the governing equations are those of
the Brinkman—Forchheimer problem, which are written in the following pseudostress-velocity-pressure
formulation:

op=pVug—ppl in Qp, div(ug)=0 in Qp,
(2.1)

KgluB +Flug|’%up —div(op) =fg in Qp, up=0 on Ig,



where op is the pseudostress tensor, up is the fluid velocity, pp is the pressure, p is the kinematic
viscosity of the fluid, Kp is an invertible symmetric tensor in {2g, equal to the symmetric permeability
tensor scaled by the kinematic viscosity, F > 0 is the Forchheimer coefficient, p is a number in [3,4],
and fp is a given external force. In turn, in the less permeable porous medium domain 2p, we consider
the Darcy equations to approximate the velocity up and the pressure pp, which read

KgluD +Vpp=fp in Qp, div(uD) =¢gp in Qp, up-n=0 on Ip, (2.2)

where Kp is an invertible symmetric tensor in {)p, equal to the permeability tensor scaled by the
kinematic viscosity, and fp € L?(2p) and gp € L?(Qp) are sources terms. Finally, to couple the
Brinkman—Forchheimer and the Darcy models, we proceed as in [7] (see similar approaches in [21],
19, [36]), and consider transmission conditions that impose, respectively, the mass conservation and
continuity of momentum across the interface X:

ug'n = up-n and opn=-—-ppn on X. (2.3)
n
T g
Qg
>
ln
Qp

FD l n
Figure 2.1: Sketch of a 2D geometry of the coupled Brinkman—Forchheimer/Darcy model

Throughout the paper we assume that for each » € {B,D}, K,, K;! € L°°(€),) and there exists a
constant C'x, > 0 such that
w- K '(x)w > Ck, [w]?, (2.4)

for almost all x € 0, and for all w € R"™. In addition, according to the incompressibility of the fluid,
the boundary conditions on up and up, and the principle of mass conservation (cf. first equation in

(2.3), the datum gp must satisfy
/ gp = 0. (2.5)
Qp

3 The continuous formulation

In this section we proceed analogously to [29] (see also [30}, [10]) and derive a fully-mixed formulation
of the coupled problem given by (2.1]), (2.2)), and (2.3).
3.1 Preliminaries

We first observe, owing to the fact that tr(Vug) = div(ug) = 0, that the first two equations in ([2.1))
are equivalent to

1 .
o = uVug —pgl, pp= —;tr(aB) in O, (3.1)
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and hence, eliminating the pressure pp (which anyway can be approximated later on by the post-
processed formula suggested by the second equation of (3.1))), the Brinkman—Forchheimer problem

([2.1) can be rewritten as

1
fo'dB =Vug in Og, KgluB+F|uB|p_2uB—div(0'B) =fg in Q, ug=0 on Ip. (3.2)
i

Hence, gathering (3.2)), (2.2]), and (2.3]), the coupled Brinkman—Forchheimer/Darcy model, without

the pressure pg, can be summarized as follows

1
—a% = Vup in Qp,
KgluB +F \uB|p_2uB — diV(O’B) = fp in Qp,
Ky'lup+Vpp = fp in Qp, (3.3)
div(up) = ¢p in Qp,
up'n =up-n and opn = —ppn on X,
up-n=0 on I'p, ug = 0 on I'p.
We now provide further notations and definitions. Firstly, for each x € {B,D} we set
(P, qQ)s := / pq, (U,v),:= / u-v and (o,7)s:= / o:T. (3.4)
Q. . x
Next, denoting by Eo : HY/2(X) — L2(99,) the extension operator given by
L 1/1 on % 1/2
Bo.(4) = { oo n YeeHA®),
and proceeding as in [29] (see also [30, [10]), we define the space of traces
Mo’ (%) = {v € HYA() s Bou(e) € HY2(00,)}, (3.5)
which is endowed with the norm
1¥ll1/2,005 = [Box(®)ll1/2,00, - (3.6)

Note that actually says that HééQ(Z) can be defined in two different, but equivalent, ways,
namely by performing the extension by 0 to either I'g or I'n. Then, we let H(l)éQ(E) = [Hééz(E)]n,
denote the dual spaces of H(l)(/)Q(E) and H(l)(/)z(E) by Haol/ 2(2) and Hgol/ 2(2), respectively, and let
(+,-)n be the duality pairing for both cases. Since it is clear that Hééz(E) C HY2(%), there
holds H-1/2(%) C Haol/z(E), and analogously H~'/2(%) C H(;Ol/z(z). In addition, letting for
each x € {B,D}, (-,Yaq, be the duality pairing between H~1/2(99,) and HY/2(99,), and given any
n € H-1/2(99,), its restriction to ¥, denoted 7|y, is defined as

(s, )5 = (1 Eox(®)on, V4 € H) (D). (3.7)



Then, letting || - || ~1/2,00,;5 be the norm of both H501/2(Z) and Haol/Q(Z), it is easily seen from (3.6)
and (B7) that nls € Hy,”*(%), and that

Inlsll=1/2,005 < l7ll-1/2,00. -

Moreover, it can be proved (see, e.g. [23 Section 2]) that in the particular case in which n|p, is the
1/2(F*), there actually holds 7|y, € H*1/2(2)_

null functional of Hy,
Certainly, the above also holds for the corresponding vector versions of the spaces involved.

3.2 The Banach spaces-based fully-mixed variational formulation

We now proceed with the derivation of our Banach spaces-based fully-mixed variational formulation
for the coupled Brinkman-Forchheimer/Darcy problem. To this end, we test the first and second
equations of (3.3)) against functions 7 and vp associated with the unknowns o and ug, respectively,

whence, using the identity 0% 1TR = a'dB : T% and the notations from (3.4)), we formally get

1
E(U%,TdB)B — (Vup,7p) =0, (3.8)

(ve,div(op))s — (Kg'up, ve)s — F(lup|’ 2up, ve)s = —(fs,vB)B - (3.9)

Notice that the first term of (3.8) is well-defined for o, 75 € L?(Qp). In turn, applying the Holder
inequality twice, we find that the Forchheimer term, given by the third expression in (3.9), can be
bounded as

0,0;B HVBHO,p;QB ) (3.10)

which shows that it is well-defined for all wg, ug, vg € L”(Q). We stress here that the above
bounding is more general than the one employed for the related model studied in [6], which, involving
the usual convective term from the Navier-Stokes equations, is forced to require ug, vg € L*(Q), and
hence wg € L2P=2(Qp). In this way, using that 2(p — 2) < 4, [WBllo,2(p—2);05 is bounded in [6] by

_ —2
[(Iwgl”~?up, vB)B| < [IWBll§ .0y, IluB]

C ||lwgllo.4;05, Where C is the norm of the continuous injection from L*(Qp) into LQ(p_Q)(QB). Not
having that convective term in the present case, the estimate (3.10)) does not need to restrict to p = 4,
and it is actually valid not only for p € [3,4], but also for an even larger range of this exponent.

Furthermore, since Kg' € L>°(Q25) and L°(Qp) is certainly contained in L2(Qg), the second term
in does also make sense. Next, knowing the space in which vg is taken, we deduce that the source
term of is well-defined if fg belongs to L2(Qp), with ¢ the conjugate of p, that is o € [4/3,3/2]
and 1/p + 1/p = 1, which is assumed from now on, whereas the first term of makes sense if
div(op) lies in L¢(Qg) as well, and thus initially we look for og in the Banach space H(div,; Qg) (cf.
(1.1)). Moreover, choosing also H(div,;2g) as the space to which the test functions 75 belong, and
assuming originally that ug € H'(Qp), we can integrate by parts the second term in , so that,
using the Dirichlet boundary condition ug = 0 on I'g, and defining the auxiliary unknown

@ = —uply € Hy (D),
that equation becomes
1 . .
;(UdBaTdB)B +(TBn, @)y + (up,div(rp))p = 0 V7p € H(divy; Op), (3.11)

whereas, according to the previous discussion, (3.9) is tested against vg € L°(Qp).



In turn, as suggested by the boundary condition on up, we introduce the space
Hr, (div; Qp) = {VD € H(div;Qp): vp-n=0 on FD}.

Thus, similarly to the procedure employed in [29] and [7], we test the third and fourth equations
of against vp € Hrp (div;Qp) and gp € L?(fdp), respectively, and then impose weakly the
transmission conditions on ¥ (cf. fifth equation of ) In this way, introducing the additional
unknown

A= pply € H/A(D),

we arrive at

(Kp'up, vp)p — (vp -0, A)g — (pp,div(vp))p = (fo,vp)p Vvp € Hry(div; Qp),
(gp,div(up))p = (9p.qp)p Vb € L*(Qp),
(3.12)
—(p-n,&)y —(up-n,&)y, = 0 Ve e HYA(D),
(o, g)s + (Y 0Ny = 0 Vep € Hy)'(%).

We remark here that, being ¢ -n = 0 on I'g and up - n = 0 on I'p, it follows that both ¢ - n|y
and up - n|y, belong to H~'/2(X), which explains the fact that the third equation of is tested
against &€ € H/2(X). In turn, since opn € H~'/2(90p) and An € L?(0Qp) € H~Y/2(d0p), it is clear
that both opn|y and An|y belong to Hgol/ 2(2), which confirms the validity of the fourth equation of
B12).

Now, let us observe that if (op, up, ¢, up,pp, A) is a solution of , , and , then for
all c € R, (o — cl,up, p,up,pp + ¢, A + ¢) is also a solution. Then, we avoid the non-uniqueness of
solution by requiring from now on that pp € L3(Qp), where

L2(Qp) = {qD cL%(Qp): (g, 1)p = o}.

On the other hand, for convenience of the subsequent analysis, we consider the decomposition (see,
for instance, [5], [24])
H(divy; Q) = Hp(div,; Q) & R, (3.13)

where

Ho(div,y; QB) = {TB € H(div,; Q) @ (tr(rs), 1) = O} ,

and redefine the pseudostress tensor as op := o + ¢I, with the new unknowns op € Hy(div,; O2p)
and ¢ € R. In this way, (3.11)) and the fourth equation of (3.12) are rewritten, equivalently, as

1 . .
ﬁ(o'%/rdB)B + (TBN, )5, + (up,div(rg))s = 0 V7p € Hy(div,; 2p),

J<So -, 1)2 =0 VjyeR, (314)
(opm, )y + (10, Ny + (g m 1)y = 0 Ve € Heh (%),
so that the whole variational formulation reduces to (3.9)), the first three rows of (3.12), and (3.14]).
Note here that, due to (2.5) and the transmission and boundary conditions satisfied by up and ug,
the second row of (3.12)) is equivalently tested against gp € L3(2p).

Now, it is clear that there are many different ways of ordering the aforementioned equations, but for
the sake of the subsequent analysis, we proceed closely to [28] (see also [30] and [10] for similar works),



and adopt one leading to a nonlinear perturbation of a twofold perturbed saddle point problem in a
Banach spaces framework, namely: Find (o-B,uD,cp, /\,uB,pD,Z) € Hoy(divy; 2B) x Hry (div; Qp) X

Htl)éQ( ¥) x HY/2(2) x LP(Qp) x L2(p) x R, such that

l(0'13,7'13)13 TN, ¢)s +(up, div(7s))s = 0
(Kp'up, vp)p —(vpn, )y —(pp, div(vp))p = (fo,vp)p
—(opn,YP)y — (¥ -n, Ny (Y -n 1)y = 0
(up ', &)y, + {p-n, &y = 0
(vB,div(op))s 7(K§1uB,VB)B —F(Jup|’2ug, ve)p = —(fs,vB)B
—(¢p,div(up))p = —(gp.a0)p
—J{¢-n, 1)y = 0
(3.15)
for all (75, vp, ¥, &, VB, qp, 7) € Ho(div,; Qp) x Hr, (div; Qp) x Hiy 2 (3) x HY2(5) x LA () x L2(Qp) x

R. According to , we introduce the spaces

H, = Ho(div,; Qp) x Hp, (div;Qp), Hy := Hi/*(%) x H/2(D),

H:=H; xHy, and Q:=L°(Qp) x L3(Op) xR,

and set the following notations for the unknowns and corresponding test functions

¢ = (op,up) € H1, @:=(p,\) €Hy, u:=(up,pp.’)€Q,
7= (tp,vp) €Hy, = (¥,&) eHy, ¥ := (vg,qn.J)€Q, (3.16)
¢:=(pz) EH, ¢:=(¢0) €My, 7= (zp,7p,5) €Q,
so that Hy, Hs, H, and Q are endowed with the norms

1Flm, = [I7Bllaivees + VD llaivias V7 :=(7B,vD) € Hi,
1|, = %111 /2,005 + 111 /2,5 V= (9, f) € Hy,
IF D)l = [Flla, + 1], V(F,9) €
Vllq = llvellopes +ll VVi= (VB7QD,J) €Q.
Hence, the mixed formulation can be rewritten as: Find ((cr, B), ﬁ) € H x Q such that

B((‘i‘ﬁ)ﬁ) — Cug (ﬁ,G) = G(g) 7 (3.17)

for all ((*7',1,73),\7’) € H x Q, where the bilinear forms A : Hx H — R, B: Hx Q — R, and
Cws : Q X Q — R, for each wp € L”(Qp), and the linear functionals F : H — R and G : Q — R, are
defined in what follows. Indeed, there holds

A((ga (B)’(’Fa 175)) = a(g’ F) + bl(?a &;) + b2(67/‘2;) - C(‘Z;,J’)a (318)
with )
a((,7) = ;(CB/TB)B + (Kg'zp,vp)p V¢, 7 e Hy,
bi(7,9%) = (rgn,¥)y — (vp-n,&)y V(F,9%) € H:=H; x Hy, o)
bo(7,4) = —(tpn,¢)s + (vp-n,&)x  V(F,9) € H:= H; x Hy,
(¢, %) = (Y nd)s — (¢ ns V(1) € Hy x Hy,
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whereas

B((7,4),¥) := (v,div(Ts))s — (gp,div(vp))p — (¢ -n,1)s V((#,9),¥) e Hx Q, (3.20)

Cwy (7, V) := (Kg'zp, ve)s + F(lwp|’ ?zp,ve)s V(Z,V)€Qx Q. (3.21)
In turn,
F((7,4)) == (fo,vp)p  V(7,€) €Q,
and
G(V) :== —(fs,ve)B — (9D,9D)D YveQ.

Equivalently, letting Ay, : (H X Q) X (H X Q) — R be the bilinear form defined by
Aws (€, 0),2), (7,9),9)) = A((C, ), (7. 4)) + B((7.¢),2)
+ B((E7 (5)7‘_;) - CWB(Z> ‘_;) )
we deduce that can be stated, equivalently, as: Find ((5’, B, ﬁ) € H x Q, such that
Aus (((8,9),8), (7,9).¥)) = F(#,4),¥))  V(#4), V) eHxQ, (3.23)
where 7 : H x Q — R is defined by the addition of F and G, that is
F(((7,%),¥)) := (fo,vD)p — (£, vB)B — (90, 9D)D ¥ ((F,9),¥) € Hx Q.

It is readily seen, particularly according to (3.18)) and (3.19)), that a matrix representation of the
bilinear form Ay, is given by

(3.22)

a b1
A ::<A B ): by | © |, (3.24)
B —Cu, BT
wp

from which its twofold perturbed saddle point structure is evident. On the other hand, for further use
throughout the rest of the paper, we remark that by = —b; and c(¢,4) = 0 for all ¢ € Hy, which,

along with (2.4]), yields

N S oL 1 _
A((Tv¢)7 (Ta¢)) - a(TaT) = ;HTBH%,QB + (KDlvavD)D

. (3.25)
> ;HTB”%;QB + Ckpllvolit, =0 V(F.9) € H.

In addition, besides being clearly symmetric, we notice that Cy,, is positive semi-definite as well since,
according to (3.21]), and employing again ([2.4]), it follows that

Cwy (V,¥) := (Kg've,ve)p + F(lwp|’ *vB, vB)B 3.26)
3.26
> Ckgllvell§.a, + F(Iwsl” 2, [ve]*)s > 0 VV € Q.

a|b . e .
Furthermore, we notice that A := ! ) is invertible in a determined space, say the kernel of

b2 —C
B, and hence satisfy global inf-sup conditions there, if and only if

A b 3.27
'_<b—6> Sl



is invertible, where b = by and ¢ = —c¢. Note that A arises from A after multiplying by —1 the
second row of the later, and that obviously the resulting ¢ also satisfies the aforementioned property
of ¢, that is

¢, ) =0 Vi eH,. (3.28)

Finally, it is interesting to observe that the bilinear forms b; (and hence by) as well as B have diagonal
structures, whence proving the corresponding inf-sup conditions reduces, basically, to showing this
property for each one of their diagonal components.

We end this section with the stability properties of the bilinear forms and functionals involved
in . In fact, direct applications of the Cauchy-Schwarz and Holder inequalities, along with
the boundedness of the normal trace on H(div,;Qg) and H(div; Qp), yield the existence of positive
constants, denoted and given as:

lal| = max {7, [Kp'llosion > b1l = b2 == max {1,[li,]},
el :== 2, [A] = |la|| + 2[bil| + [c|, [B] =3, (3.29)
and || F[| == [fbllo;ap + [IfBll0,0;05 + llgDl0s02p 5

where ||i,| is the norm of the continuous injection i, of H'() into L”(f2), such that there hold

a(¢, )| < llall 1€l 176, V¢, F e Hi,

[bi(7,4)| < [Ibill |7]lex, [14 11 V(#,4) € H,

|C(<75q )| < ||qu| 2]/ ||¢||Hi ) ) chi, 1% € HzL (3.30)
A ), (7)) < A Dllull(F ) e V(D). (7,4) € H,

B((7,4). )] < IBIII(7, %) ¥]q V((7,4),¥) eHxQ, and

IF((74),9)] < IFII((F %), ¥) [xq V((7,4),7) eHx Q.
In turn, employing (3.10)), we readily find that for each wg € L”(Q2p) there holds (cf. (3.16))
- -2
F(lwsl”?zp, vB)B| < FIWsIl{ 0y 1280005 [1VBll0,p05
< Flwslf o, 7la [¥la  v7,¥ € Q,

and thus, in virtue of the definition of Cy,, (cf. (3.21))), and using again Holder’s inequality, we get

[Cuy (2,9)] < {IICI| +Fllws

(s} Q¥ V7.9 € Q. (3.31)
with

IC| = Q27 K5 | scsrs, (3.32)
3.3 Some abstract results on perturbed saddle point problems

In this section we collect two abstract theorems in Banach spaces that are employed later on to analyze
the solvability of (3.23)) (equivalently (3.17)). The first one, taken from [28, Theorem 3.2] and stated
next, constitutes a slight improvement of the original result provided in [I5, Theorem 3.4].

Theorem 3.1 Let H and Q be reflexive Banach spaces, and leta: H X H — R, b: H xQ — R, and
c:Q xQ — R be given bounded bilinear forms. In addition, let B : H — Q' be the bounded linear
operator induced by b, and let KK = N(B) be the respective null space. Assume that:
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i) a and c are positive semi-definite, that is
a(t,7) >0 Vr € H and c(v,v) >0 Vv e Q,
and that ¢ is symmetric.

ii) there exists a constant a > 0 such that

a(¢,7)

sup
rek |I7|la
T7#0

> alCllg V¢CeK, and

o 4T

cex lICllu
(0

> allrlg VT eEK,

ili) and there exists a constant 8 > 0 such that

b(t,v)
sup
et ||7]lH
T#0

> Blvllg Yv € Q.

Then, for each pair (F,G) € H' x Q' there exists a unique (o,u) € H x Q such that

a(o,7) +b(r,u) = F(1) V1t e H,

(3.33)
b(o,v) — c(u,v) = G(v) Yo e Q.
Moreover, there exists a constant C' > 0, depending only on ||a||, ||c||, o, and B, such that
I w)lixq < C{IFlar + Gl } - (3.34)

We remark here that (3.34)) is equivalent to a global inf-sup condition for the bilinear form A that
arises by summing up the equations in (3.33)), namely

(S NCD)

(ro)eixq (T 0)lrxq
(7.0)0

Z CH(C7w)HHXQ V(C,’U}) € H x Q?

where
A((¢,w), (1,v)) == a((,T) + b(T,w) + b(¢,v) — c(w,v).

Now, we present a variation of Theorem in which the symmetry of the perturbation c¢ is dropped
but the bilinear form a is required to be elliptic in the whole space.

Theorem 3.2 Let H and Q be reflexive Banach spaces, and let a : Hx H — R, b: Hx Q — R,
and ¢ : Q x Q — R be bounded bilinear forms with boundedness constants denoted ||a||, ||b]|, and |||,
respectively. Assume that:

i) ¢ is positive semidefinite, that is c(v,v) > 0 for allv € Q.
ii) a is H-elliptic, that is there exists a positive constant o > 0 such that

a(t,7) > a4 VYr e H, and
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iii) b verifies the inf-sup condition, that is there exists a positive constant 3 such that

b(T,v)

sup
rett ||I7llH
7#0

> Blvlle YveQ,

Then, for each pair (F,G) € H' x Q' there exists a unique (o,u) € H x Q such that

a(o,7)+b(r,u) = F(7) VT e H,

(3.35)
b(o,v) — c(u,v) = G(v) Vo e Q.
Moreover, there exists a positive constant C, depending only on ||a||, ||b||, ., and 3, such that
ol +llullq < € {IFlw + IGlq |- (3.36)

Proof. The proof proceeds as a natural simplification of the corresponding analysis developed in [I,
Section 3] for a nonlinear version of . We begin by establishing existence of solution, for which
we first observe, thanks to ii) and the Banach-Necas-Babuska theorem (cf. [22, Theorem 2.6]), that
there exists a unique oy € H such that

a(og,7) = F(7) VreH, (3.37)

and that for each w € Q) there exists a unique o,, € H such that
a(oy,7) = —b(T,w) VreH. (3.38)

The corresponding a priori estimates are given, respectively, by
foolls < 1l and Jowl < 10 jullq  vweqQ. (339)

Next, employing iii) and (3.38) we get for each w € Q

b(r,w a(oy, T
Bllullg < sup A=) — gup UwT)
ren [Tl cen [I7lln
T7#0 7#0
from which it readily follows
B

Now, noting from ([3.38) that o,, depends linearly on w, we can introduce the bilinear form
O(w,v) = c(w,v) — b(oyw,v) Yw, v € Q,

which is clearly bounded due to the same property of ¢ and b, and the second estimate in (3.39). In
addition, according to (3.38)), i), ii), and (3.40)), we deduce that for each v € Q there holds

af?

O(v,v) = c(v,v) = bow,v) = c(v,v) +alov,00) 2> allou|lf = Tal2 Bl

which shows that © is Q-elliptic. Thus, applying again the Banach-Necas-Babuska theorem, we
conclude that there exists a unique u € Q such that

O(u,v) = b(op,v) — G(v) VoeQ,
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that is
c(u,v) — b(oy,v) = blog,v) — G(v) VoeQ,

which can be rearranged as
b(oog + oy, v) — c(u,v) = G(v) Voeq@. (3.41)
Now, letting o := o¢ + 0, € H, it follows from and that
a(o,7) = a(og,7) + a(oy,7) = F(1) — b(1,u),

that is
a(o,7) + b(t,u) = F(7) VreH,

which, along with (3.41]), shows that (o, u) € H x Q is solution of (3.35)). In turn, the a priori estimate
for u reads

fula < L8 Lol oula + 1610}
— a/@? )
which, using the first inequality in (3.39)), becomes
lal|* ][0l lal®
ullq < Ta2p2 [ F[lw + e 1Gllqr (3.42)
whereas, employing both estimates in (3.39), and (3.42)), we find that
1 ][> [15]]? lal* [[o]]
< — | 14+———| ||F|lw —— |G|or - 3.43
ot < 5 (14 B0 i + 1R e (3.43)

Having proved the existence of a solution (o, u) of (3.35)) satisfying (3.42)) and (3.43)), it only remains
to show the uniqueness, for which we let (o,u) € H x Q be such that

a(o,7)+b(r,u) = 0 V7 e H,

_ - (3.44)
b(g,v) —c(u,v) = 0 Vv eQ.

Then, taking 7 = ¢ and v = w in (3.44]), and then subtracting the resulting equations and using ii),
we get
0=a(3,5) + c(u,u) > oo,

from which ¢ = 0. In addition, it is clear from the first row of (3.44)) and (3.38)) that ; = &, which,
invoking ([3.40), yields u = 0, thus confirming the uniqueness of solution for (3.35)). Finally, (3.42]) and
(3.43) imply (3.36)) and complete the proof. O
3.4 Solvability analysis

In this section we adopt a fixed-point strategy (see, e.g. [6], [28] and some references therein) to
address the solvability of the variational formulation (3.23]) (equivalently, that of (3.17))). To this end,
we introduce the operator T : LP(Qp) — LP(Qp) defined by

T(WB) = up Vwg € Lp(QB), (3.45)

where ((6’, @), fi) € H x Q, with 4 := (up, pp, ¥) € Q, is the unique solution (to be confirmed later)
of the linear problem arising from (3.23|) when Ay, is replaced by Ay, that is

A (((7,9),9), (7.9),9)) = F(7.9).9))  ¥(79).9) eHxQ. (3.46)
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It follows that (3.23]) can be rewritten as the fixed-point equation: Find up € L?(Qp) such that

T(up) = up. (3.47)

Now, as suggested by the matrix representation of Ay, (cf. ), we plan to apply Theorem
to prove the well-posedness of , thus confirming that T is well-defined. To this end, we
first recall that the stability properties of all the forms involved in were established in
and . Next, and due to the diagonal structure of B, we realize that its kernel V reduces to
V =V, x Vy, where

Vi = {? .= (rp,vp) €H; : div(rg) =0 in Qp and div(vD)ePo(QD)}, and  (3.48)

—

Vy = {¢ = (h,€) €Hy:  (1h-m, 1)y = 0}. (3.49)
Hereafter, we refer to the null space of the bounded linear operator induced by a bilinear form as the

a b ) in V, which, as

kernel of the latter. Then, in order to prove the invertibility of A = ( b c
5 —

said in Section is equivalent to that of A = < z _be, ), we proceed in what follows to show that
A satisfy the hypotheses of Theorem M We begin with the V-ellipticity of a.
Lemma 3.3 There exists a positive constant aa, depending only on p and Ck,, (cf. (2.4), such that

a(7,7) > aa |7, VT eV,

Proof. Given 7 := (1p,vp) € Vi, and thanks to (2.4) and the divergence free property of g, we
obtain

Lo 1 1
a(®,7) = “lrs 305 + Crollvollio, = EHTBH?ﬁvg;QB + CkollvollS ap - (3.50)

In turn, since div(vp) € Po(2p), it follows from [29, Lemma 3.2] that there exists a positive constant
c such that
Ivbllo,op = cllvplldiviap (3.51)

which, along with (3.50)), conclude the proof. O

Next, the required inf-sup condition for b = by is stated as follows.

Lemma 3.4 There exists a positive constant B, depending only on Qg and Qp, such that

b(7, ¥ . -
sup 2V S Bl VP e Vo (3.52)
Fevy ||THH1
740

Proof. As remarked in Section (see also the matrix structure in (3.15))), we now take advantage of
the diagonal structure of b to facilitate the derivation of (3.52). Indeed, given ¥ = (¢,£) € V3, and
bearing in mind (3.48]), it is easily seen that

Riw) + Raf€) = sup > S (Riw) + Ra(®)) (3:53)



where

TN Vp -1
Ri(y) = sup M , and Ra(&) := sup M , (3.54)
TR EHg (dive;2p)\{0} TBHleQ;QB vp EHp (divi2p)\{0} HVDHdIV;QD
div(Tp)=0 div(vp)€Po(2p)

and hence, in order to prove (3.52)), it suffices to suitably bound from below the above suprema. We
begin with R1(%) by reasoning as in the proof of [30, Lemma 3.3] (see, also [4, Theorem 2.1]), that is,

by taking n € H801/2(Z) and defining T7p := Vzp —dp I, where zg € H!(Qp) is the unique solution of
—Azg =0 in Q, zg=0 on I'y, Vzgn=1n on X, (3.55)

and fB € R is choseE such that [, tr(Tg) = 0, that is dp := m Jo, tr(Vzg). It follows that
div(Tp) = 0 in Qp, Tgn = n — dpn on X, and, thanks to the a priori estimate for the solution of
(3.55)), there exists a constant Cp > 0, depending only on Qp, such that

ITBlldiveos = ITBllo.0s < CBl1l-1/2,00:5 -
Thus, recalling from (3.49)) that (3 - n, 1)5, = 0, we deduce that
<%Bl’l,'l,b>2 _ <’r]a¢>2 > 1 <77,’l,b>2

Ri(y) > —= = = >
HTBHdivg;QB HTBHdivg;QB Cs HWH—l/Q,oo;z
from which, taking supremum over n € Hgol/ 2(2), n # 0, we get
Ri(¥) = Bil¥lli/2,005 - (3.56)

with 8y := Cgl. We proceed similarly with Ro(&). In fact, given n € H_l/Q(Z), we extend it by zero
to I'p by defining 77 € H~1/2(dQp) as

T Boay = (n,¢ls)s Vo e HY/2(90p). (3.57)

In fact, by exchanging the roles of ¥ and I'p in (3.7), which means extending by 0 from I'p to %, it

is easily seen, according to (3.57)), that 1j|r, becomes the null functional of Haol/ 2(FD), and hence, as
stated at the end of Section 7y can be identified with a functional in H~1/2(X), namely

@ P)s = (@, Ep(¥))oa, VYo € HYA(D), (3.58)

where Ep : HY/2(X) — HY2(0Qp) is any bounded linear extension operator. In this way, it is clear

from and that
I)e = () Vi e HY2(D). (3.59)

In addition, it is not difficult to show (see, e.g. [23, Section 2]) that there exists a constant ¢p > 0,
depending only on {2p, such that

171 -1/2,00, < e lnll-i/25 - (3.60)
Having established the above, we now set vp := Vzp, where zp € H'(Qp) is the unique solution of
—AZD = — T <77, 1>5QD in QD, VZD n = 7] on GQD, / ZD = 0. (3.61)

€| o

Note that the right hand sides of the first and second equalities in (3.61]) satisfy the compatibility
condition required by this Neumann boundary value problem. It follows that div(vp) € Po(Qp), and
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vp -n = 7 on J{dp, so that, in particular, vp - n|p, = 77|1~D = 0. In addition, the a priori estimate
for the solution of (3.61] - ensures the existence of a constant Cp > 0, depending only on p, such that

llzpll1,0 < Co |7l - 1/2,00n and thus, invoking (3 and (3.60), we find that

IWplldivier, < ¢ ¥pllon = ¢ lzplie < ¢ Collill-1/2.00, < Cb lnll-1/25, (3.62)

with Cp := ¢ Cp ép. Consequently, employing (3.59) and (3.62), we deduce that
Vo n &y _ W8y W&y 1 (s

Wpllaves — I¥pllaves — I¥pllaves ~ Cb nll-yex”

Ra(§) >

from which, taking supremum over n € H'/2(X), 5 # 0, we obtain

R2(&) = B2 lléllijzs - (3.63)
with By := C]Sl. Finally, (3.53)), (3.56]), and (3.63|) lead to (3.52)) with g := % min {ﬁl,ﬁg}. O

Bearing in mind (3.28), along with Lemmas and we conclude that A (cf. (3-27)) satisfies
the hypotheses of Theorem whence this matrix operator, and thus A as well, is invertible in V.
Moreover, it is readily seen that the same holds by exchanging the roles of b; and by in A, so that
we can finally establish the following result.

Lemma 3.5 There exists a positive constant aa, depending only on ||a|, ||b]| = |[bi|| = [|b2]|, aa,
and B, such that

and

We continue the analysis by proving the continuous inf-sup condition for B.
Lemma 3.6 There exists a positive constant 3 such that

wp BEDLY)

e |(7,9)|n
(7,)#0

> BlVile YV e Q. (3.64)

Proof. We begin by noticing that, given Vv := (v, ¢p,7) € Q, the diagonal structure of B (cf. (3.20))
allows to show that

B((7, ), v 1
$1v8) +S:(ap) +850) = swp DI L (5 vg) 4 Syap) + 8500)) . (3.69)
(79)eH (7)) |lu
(T2h)#0
where
vp,div(T ,div(v
Si(ve) = sup (ve ( B))B, Sa2(qp) = sup M7 (3.66)
TREHo (divy;0B) ||7'B”divg;QB vp€H, (diviQp) HVDHdiv;QD
TB#0 vp#0

17



and

J ¢ -1, 1
S3(y) == sup g, (3.67)
’l/JGHé(/)z(E) Hd)Hfl/ZOO;E
P#0

so that, similarly to the proof of Lemma the rest of the proof reduces to bounding from below
the above suprema. Indeed, we begin with S; by letting, as in [I6], Section 4.2.1], v, = |vp|*~2vg,
which is easily seen to belong to L¢(Qp) and satisfy

[ veve = Ivnlogay Ivaloss (3.68)

B

Then, we let wp be the unique element in H}(2p) such that
VWB:VZ:—/VQ~Z Vz € Hi(OQB),
Qp Q

which is guaranteed by the Lax-Milgram lemma, and notice, thanks to the corresponding a priori
estimate, that |[wgl1,o < % Vollo,e:0- Hereafter, i, stands for the continuous injection from

H'(Op) into LP(Qp), and cp is the positive constant establishing cp || - 1,05 < |- |1.05 in H3(OB).
Next, defining ¢ := Vwg, we readily see that div(¢) = v, in Qp, so that

. i
¢ € H(divy Q) and  [Cllaiv,0n < (1+”c;”) 1Vollo,o - (3.69)

Thus, letting ¢ be the Hp(div,; 2g)-component of ¢, we observe that div(¢,) = v,, whence bounding
S1(v) by below with 75 = ¢, noting that ||{olldiv,0s < [|€lldiv,:05, and employing (3.68)) and
(3.69), we deduce that

(ve,div({y))B B /QB VB Ve

Si(vp) > =
€0 lldiv,:0mn ICollaiv,:0n

2 /61 HVBHO,p;QB Y (370)

. In turn, regarding Sy(gp), we let z be the unique element in HY(Qp) :=

with B = (1 + ||ip||)

cp

{v € H'(Qp) : fQD v= 0}, whose existence follows from the Lax-Milgram lemma as well, such that

Vz Vo = —/ gv  YveH(Qp), (3.71)
QD QD

and define wp := Vz. The fact that gp € LZ(Qp) implies that (3.71) is equivalent to requiring
it for all v € H'(Q2p), from which it is easy to see that div(wp) = ¢p in Qp and wp -n = 0 on
0Qp. It follows that wp € Hr,(div;Qp), and that there exists a positive constant Cp such that
WD |ldiv:op < Cb |lgpllo,0p- In this way, bounding Sa(gp) by below with vp = wp, we find that

(div(wp), ¢p)D

Sa(qp) >
) 2 e T

> /62 HQDHO,QD ) (372)

with 3, = C’Bl. In turn, following the remark right after the proof of [30, Lemma 3.2, which is

actually taken from the last part of the proof of [29, Lemma 3.6], we can construct ¥, € H(l)(/)Q(E) such
that (¢ - n, 1)y, # 0. Thus, we readily find that

S3(7) = Bsll, (3.73)
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with B3 := m Actually, it is easy to see that the existence of such 1 is equivalent to proving

(3.73). Finally, employing (3.70), (3.72), and (3.73) back into (3.65), we reach (3.64) with

B = %min{ﬁlaﬂwﬁs}

O
We are now in position to prove the well-posedness of ([3.46)), equivalently that T is well-defined.

Lemma 3.7 Given r > 0, we let wg € L°(Qp) be such that |wgllop:0s < 7. Then, there exists a
unique solution ((6",(0’),1_1') € H x Q of (3.46), with U := (up,pp,¥) € Q, and hence one can define
T(wg) = up. In addition, there exists a positive constant Ct, depending on ||All (c¢f. (3.29) -

3.30)). ICIl (cf. (3.32)), F, 7, p, aa, and B, such that

||T(WB)H0,/J;QB = HUBHO,p;QB < H(( )HHXQ CT{ "‘HQDHOQD}- (3.74)

Proof. We begin by remarking that the bilinear forms A (cf. (3.18)) and Cyw,, (cf. (3.21))) satisfy the
hypothesis i) of Theorem In particular, the semi-positiveness of them was established by
and (3.26). In addition, Lemmas and provide the respective assumptions ii) and iii). In this
way, bearing in mind the structure described by , and applying the aforementioned abstract
result, we conclude the unique solvability of (3.46]), which, according to the estimate for || F|| provided
by , satisfies with a positive constant Cr, depending on [|A ||, ||[Cwg]|, @a, and 3. Finally,
it is clear from that we can take ||Cyy || = ||C|| + Fr?~2, which completes the proof. O

Having established the above lemma, and realizing that an analogue result is attained if we consider
the transpose of Ay, which simply reduces to exchange the bilinear forms b; and by in , we
conclude that global inf-sup conditions are satisfied by A, with respect to both components. More
precisely, there exists a positive constant « 4, which depends only on C, and hence on ||A[], ||C|, F,
r, p, @A, and B, such that for each wg € L?(Q2) with ||wgl|o, 05 < 7, there holds

- - —

o 2ell&@ D (EAT) (@ d D) V(@7 eHx Q. (375
((%).9)€HxQ (7. 4), V) [xq
((F,2),¥)#0
and
wp  2el02D (DD 5 2 5 Dl V(D) cHx Q. 376)
(€.3)7)cHxQ 1((¢. @), 2)l1xq
((¢,9),2)#0

In what follows, we apply the well-known Banach fixed-point theorem to prove the unique solvability
of (3.47). To this end, given r > 0, we first introduce the closed ball in L”(2g) centered at the origin
with radius r, namely

W, = {wB eLP(Qg) : |wellopo, < r}, (3.77)
and notice that, under the assumption

Cr {Ifollogn + fallo.c0m + lgnllocn } < 7 (3.78)
the a priori estimate (3.74]) guarantees that T maps W, into itself.

Our next goal is to prove the Lipschitz continuity of the operator T (cf. (3.45))), for which we need
the slight generalization of [0, Lemma 4.4] given by the following result.
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Lemma 3.8 For each p € [3,4] there exists a positive constant C(p), depending only on p, such that

|((lwsl~? — |ws|"~?)zB, vB) 5]
p—3 (3.79)
< C(p) {llWBHo,p;QB + ||V~VB||0,p;QB} we — wallo,p:05 1ZBll0,0:08 [ VBIlo,p08

for each wg, wg, zg, v € L”(Qp).

Proof. We begin by recalling from the first half of the proof of [6], Lemma 4.4], which, in turn, makes
use of the key estimate provided by [32, Lemma 5.3], that there holds (cf. first inequality right after
6, cq. (4.36))

_ _ -3

(sl = hwsl? )2, vs) | <€) [ (twsl + fws))” ™ [ws — wol lon - vsl . (3:50)
Qp

Next, applying Hélder’s inequality with conjugate indexes t = —£5 and t' = £ to the right hand side

of (3.80)), and then Cauchy-Schwarz’s inequality to the resulting second factor, we obtain

-3
[ (wl + hwo)" [wa — wal2n - va|
Qp

(3.81)

IN

—3
I(ws| + lws|)”™ [ws — wa| llot:05 128 - VBllowos

IN

-3
I(ws] + lwel)"" [ws — ws| o0 28]l0.p05 [VBlomas -
which, along with (3.80]), easily yields (3.79) for p = 3. In turn, when p € (3, 4], the first factor above

is bounded by employing Hélder’s inequality again, but now with conjugate indexes r = g%g and

r’ = p—2. In this way, noting in this case that tr = p—fg and tr’ = p, and using the triangle inequality
in the last step, we are led to

-3 -3
I(wsl + lws))” " we — wal losos < [(Iwel + [ws[)" “llo,_2 05 [IWs — wallo,p0p

-3
= | |ws| + [ws] HS,p;QB Iws — wallo,p0

)7

< (HWB”QP%QB + ||V~VBH0,/J;QB |lws — wB ‘07p;QB )

which, jointly with (3.81]) and (3.80)), imply (3.79) and complete the proof. O

We are now in position to establish the announced result on T.

Lemma 3.9 There exists a positive constant L, depending only on ay, F, p, r, and Ct, such that

|T(ws) — T(ws)llo,p05 < LT {llfDllo,QD + [IfBll0,e:05 + Hnglo,QD} [we —wallopas,  (3.82)
for all wg, wg € W,..

Proof. Given wg, wg € W,, let T(wg) := up and T(wg) := ug, where ((¢,8),u) € H x Q
and ((g:", (,B),ﬁ) € H x Q are the corresponding unique solutions of , with 4 := (up,pp,?) and
u = (QBTBD,@. Then, according to the definitions of the forms Cy, and Aw, (cf. (3:21)), (3:22)),
and bearing in mind , we find

AWB(((&7¢)7ﬁ) - ((Q:v §>7ﬁ)7 ((?7 12’);‘7)) = (CWB - C‘EB)(Q7‘7)
= F((lwsl”? - |ws|"?) uB, vB)y
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for all ((7, 1;),\_7’) € H x Q, from which, invoking (3.79) and the fact that both ||wglo 0y and
lwBllo,p:05 are bounded by r, we deduce that

-AWB ((( Ha ‘ﬁ)’ ﬁ) - ((éa 9:0:)7 g)v ((?7&)7‘7))

(3.83)
< FC(p)(2r)" % ||lwp — ws

0,028 HEBHO,/J;QB HVBHO,p;QB .

Hence, applying the inf-sup condition (3.75)) to ((5, (5),2’) = ((5, B), ﬁ) - ((Q, @), Q), and then using
(3.83)), we readily get

IT(wg) — T(ws)llop0s = [lus — usllopes < H((&7¢)7ﬁ) - ((é’g)’ﬁ)HHxQ
-1 ‘AWB(((&a ‘)B) ﬁ) - ((Q:a @)7@)7 ((7_-‘7’(2)7‘_;))
S oy sup - (3.84)
((7,).9)€HxQ 1((7,4),V)|luxq
((F,4),¥)#£0
1

< a;'FC(p) 27)" % |ugllopos IWe — Wallo,p0s -

Finally, bounding in (3.84) |lug|lo,p:05 = IT(WB)l0,p:05 by (3.74) instead of directly by 7, we obtain
(3.82) with the constant

Ly = oz;ll FC(p)(2r)* 3 Crp,
thus concluding the proof. O

The main result concerning the solvability of the fixed-point equation (3.47), equivalently, that of
(3.23) (or (3.17))), is stated as follows.

Theorem 3.10 Assume that the data satisfy (3.78)) and

L {Ifolloc + Ifsllo.oon + lonllog, } < 1- (3.85)

Then, the operator T has a unique fized-point ug € W,. Equivalently, (3.23)) has a unique solution
((6,4,5),&) = ((a’B,uD,go,)\), (uB,pD,E)) € H x Q with ug € W,.. Moreover, there holds

1((5,8), @llxa < Cr {Ifoln + 1fslo.00n + 90l |- (3.56)

Proof. Tt is clear from Lemma and the assumptions (3.78) and (3.85)) that T is a contraction that
maps W, into itself. Hence, a straightforward application of the classical Banach fixed-point theorem
implies the existence of a unique fixed point ug € W, of T, and therefore the solvability of (3.23]).

Finally, the a priori estimate (3.86) follows from ((3.74)). O

4 The Galerkin scheme

Here, we introduce a generic Galerkin scheme for the problem (equivalently ), and, under
suitable sufficient conditions on the finite element subspaces involved, establish its well-posedness and
derive the associated Céa estimate. In particular, the respective solvability analysis is carried out
by means of a discrete version of the fixed-point strategy from Section [3.4, which, in turn, employs
the discrete versions of Theorems (cf. [28, Theorem 4.1]) and to analyze the corresponding

Galerkin scheme of ((3.46]).
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4.1 The discrete problem

Let us consider arbitrary finite element subspaces

Hy,(Qp) C H(div,; Qp), Hy(Qp) € H(div;Qp), ABE) C HY(®),

AP(Z) € HY2(S), Ly(Qs) € LP(Q8), and L,(Qp) € L3(Qp), )
and define
Hy, () = Hy(Qp) NHy(divy; Qp), Hiu(Qp) := Hy,(Qp) N Hry (div; Qp),
AP(D) == [AB(®)]", and Lp(Qp) := Lp(Qp) NLE(Op).
Then, we introduce the global finite element spaces
Hy o= H,(0p) x Hy(Qp), Hyo = AR(Z) x AR(D), w2

Hh = Hh71 X Hh’g, and Qh = Lh(QB) X Lh(QD) X R,
and set the unknowns and test functions as

oy = (B, upy) EHy1, @)= (@psAn) € Hyo, Uy := (uBp, poasn) € Qn s
Th = (T VD) € Hpy ¥y = (Y4, &) € Hyo, Vi = (VB @D A I0) € Qn,s
Ch = (Cprzpn) €Hpuy, &y = (Pp, 1) € Hpo, Zn = (2B, "D,hs kn) € Qn -

Hence, the Galerkin scheme of (3.23|) reads: Find ((&, @},), Urn) € Hy, x Qp, such that:

Aug, ((Gry B1), ), (Fron), ¥0)) = F(Fra¥), V) Y (Fro ). ¥0) €Hy x Qpy, (4.3)
where Ay, is defined as in (3.22)) with wg, instead of wg.

Note that throughout this section, h stands just for the index of each subspace. Later one, it will
be utilized to refer also to the sizes of triangulations of Qg and p.

In order to analyze the solvability of (4.3, and analogously to the continuous formulation, we realize
that this problem can be rewritten equivalently as the fixed-point equation: Find ugj; € Ly (Qp) such
that

Th(uppy) = upp, (4.4)

where T}, : L, (Q2p) — L (Qp) is the discrete version of T (cf. (3.45))), that is, given wgj, € Ly (0B),
Ty (Wg,,) = upy, where ((&'h,{o'h),ﬁh) € Hy x Qp, with 6, := (up .y, pp,h: lh) € Qp, is the unique
solution (to be confirmed below) of the linearized version of (4.3]), namely

—

Awry i (G B1)sTn), (R 1), ¥0)) = F((Fro 1), ¥0)) YV (FnotPn), Vi) € Hy x Qi (4:5)

4.2 Solvability analysis

In this section we address the solvability of (4.3), equivalently of (4.4]), for which we previously need
to focus on that of (4.5)). For this purpose, and as the respective discussion progresses, we introduce
suitable hypotheses on the finite element subspaces (4.2)), which facilitate the corresponding analysis.
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We begin by noticing, similarly as done in Section for the continuous case, that the kernel Vy, of
Blu, xq, reduces to Vi, := V1 x V9, where

Vi1 = {'Fh = (TBh, VvDh) €EHp1: (VB div(Tea))B =0 Vv, € Ly(Qp)
(4.6)

and (gpp,div(vpp))p =0 Ygpy € Lh(QD)} ;

and .
Vg = {q,z;h €Hpo: (1, n 1)y = o}.
Next, we introduce the first hypotheses on the finite element subspaces, namely
.1) Hy, () contains the multiplies of the identity tensor I,
2) Po(p) < Ln(Qp),
.3) le(Hh(QB)) C L;(92B), and
4 -

Note that, as a consequence of (H.1) and the decomposition (3.13)), the subspace Hp,(25) (cf. .
can be redefined as

Hy, (QB) = {TB,h - (1/ tr(TB,h))]I : TBKE IFHh(QB)} ,
n|Qs| Jay,
while it readily follows from (H.2) that there holds the decomposition
Li(Qp) = Lu(Qp) & Po(p).
In addition, thanks to (H.3) and (H.4), it follows from that
Vi = {%h = (Tpa VD) €EHpp: div(rg,) =0 in Qg
and div(vpy) € Po(Qp) in QD},

so that V1 C Vi (cf. (3.48)), and hence Lemma is also valid in the discrete setting, which means
that, denoting a, q := «a, there holds

a(’7_"h,‘l_"h) > Qad ”Fh”%‘h VT, € Vh71 .

Now, in order to apply Theorem to Alv, xv,, we add the remaining assumption iii) of that
result, which is the discrete counterpart of Lemma as the following hypothesis:

(H.5) there exists a positive constant B4, independent of h, such that

b(F4, P . -
sup POmYR) 5 5 1Tl Ya € Vi
‘l_"hEVhyl HThH
E

Analogously as remarked in the proof of Lemma and due again to the diagonal structure of
b, we find it important to remark here that (H.5) is equivalent to the existence of positive constants
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Bid, independent of h, such that the discrete counterparts of R; (cf. (3.54)), i € {1, 2}, satisfy the
corresponding discrete inf-sup conditions, that is for each J)h = (¢¥1,,&n) € Vi 2 there hold

(TR, Yp)x

Rin(ty) = sup > BrallYnllieoos (4.7)
8,1, €Hy (2p)\{0} 178, ldives0n
div(7g,,)=0
nd < &)
VD -1, Ep)y
Ron(én) = sup 2> Bad l€nlliy2s - (4.8)

vp,h€HR (2p)\{0} ”VD,h Hdiv;QD
div(vp,n)€Po (D)

Next, noting that certainly there holds (cf. (3.19)) c(Py,, ;) = 0 for all ), € V2, we deduce,
as a straightforward application of Theorem that Alv, xv, satisfies the discrete counterpart of
Lemma that is, there exists a positive constant ap q, depending only on ||al|, ||b]|, ®aq, and A4,
and hence independent of A, such that

sup A((Eh?éh)? (?ha’(z;h))

(Fhvilj_}‘i)EVh ‘|(¥hawh)‘|H
(Th¥)#0

> anallCh bl Y (Chbr) € Vi (4.9)

The inf-sup condition with respect to the second component of A, being equivalent to (4.9)), and with
the same constant aa 4, is omitted.

Finally, and aiming to apply the discrete version of Theorem (cf. [28, Theorem 4.1]) to conclude
the well-posedness of (4.5)), equivalently that T}, (cf. (4.4)) is well-defined, we assume the remaining
assumption as the following hypothesis:

(H.6) there exists a positive constant 3y, independent of h, such that

B

—~
—~

sup Th,'l,bh),Vh)

(?h,TZ’lL)GHh H(F}H’wh)HH
(Th,%R)#0

> BallVrllg VVh € Qn.

Similarly as observed for (H.5), and due again to the diagonal structure of B exploited in the
proof of Lemma we stress here that (H.6) is equivalent to the existence of positive constants 3, 4,
independent of h, such that the discrete counterparts of S; (cf. (3.66)), ), 1€ {1,2,3}, satisfy
the corresponding discrete inf-sup conditions, that is for each v}, := (VB ., qp h,Jn) € Qp there hold

(VB div(Tn))B

Sin(vep) = sup > Bralveallopmas - (4.10)
TBthHh(QB) ||TB,h||din;QB
TB,n 70
qp,n, div(vpa))p
So.n(qpp) = sup ( ( ) > Bsa llgp.ullosop ; (4.11)
vorcHL(@p)  IIVDRlldiviap
vp,n#0
e W, m,1)
Jh -1,
Syn(on) = sup mo——E > By (4.12)
wneabx) 1¥nlliz00s
P #0
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1
Hence, proceeding as in the proof of Lemma we readily find that 84 = 3 min {51@: Ba.q ,637d}.

In addition to the above discussion, we observe here, thanks to and , that Alm, xH,
and Cwy ,|Q,xQ, are certainly positive semi-definite, besides the obvious fact that Cwy ,|Q,xQ, s
symmetric as well. Hence, as a straightforward application of |28, Theorem 4.1}, and making use again
of the estimate for ||F|| provided in (3.29), we are led to the discrete counterpart of Lemma[3.7, which
is stated as follows.

Lemma 4.1 Given r >0, we let wg, € Ly(Q) be such that |wWgpllo,p.0p < 7. Then, there exists a

unique solution ((&'h,cféh),ﬁh) € Hy x Qp, of (4.5), with Uy, := (uBn, pph, ln) € Qn, and hence one

can define Ty(wpp) = upy. In addition, there exists a positive constant Crq, depending only on
Al (cf. (3:29) - (3-30)), [|C|| (cf. (3-32)), F, 7, p, aa,a, and By, such that
ITh(we.m)llop0s = luBnlops < [|((Fn &) ) [4.q

(4.13)
< Cra{lifolo.cn + Ifloes + lgplloan } -

As a consequence of Lemma we conclude the discrete versions of (3.75]) and (3.76)), which means
that there exists a positive constant a4 4, depending only on ||A|[, ||C||, F, 7, p, ®a 4, and By, and
hence independent of h, such that for each wgy, € L,(QB) with [|[Wgp||o,p05 < 7, there holds

AW ¢ 9 b 72 9 7_: ) ) 7‘_; e e —
sup B’h(((Chﬂd)hZ hl (Fn, $0), %)) > axdll((Ch @n) Zn) % (4.14)
((Fp$p),VR)EH X Qp, | ((Th’ Pn); Vh) lxQ

(Fr,¥n),V1)#0

for all ((Cy, dp),Zn) € Hy, x Q. Similarly as for Alv,xv, (cf. (&9)), the inf-sup condition with
respect to the second component of AwB’h, being equivalent to (4.14), and with the same constant
A4, is omitted.

We now aim to apply the Banach fixed-point theorem to establish the unique solvability of (4.4]).
Indeed, given the same r > 0 as before, we first introduce the discrete ball

W, = {WB,h eLn(QB):  [[waallopas < 7“}7 (4.15)
and observe from (4.13)) that, under the assumption
Cra {00 + 13

there holds T\ (W, ;) € W, p.

N
<

0,0 T HQD”O,QD} S (4.16)

Furthermore, employing now the discrete global inf-sup condition along with the property
provided by Lemma [3.8] and following analogue arguments to those utilized in the proof of Lemma
we are able to prove the discrete counterpart of this latter result. More precisely, the Lipschitz-
continuity of T}, is stated as follows.

Lemma 4.2 There exists a positive constant Lt q, depending only on apq, F, p, v, and Cr q, such
that

|Th(we,n) — Th(wsn)llo,e0s

< Lra {Ifollogs + Ifllocas + lgnllosn b Iwsn = weallopas

for all wg p, wan € Wy p.
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We are now in position to state the main result of this section.

Theorem 4.3 Assume that the data satisfy (4.16|) and
Lra{llfllogs + Ifsllo.eon + llgnlogy } < 1.
Then, the operator T}, has a unique fized-point ug, € W, . Equivalently, (4.3) has a unique solution

((&h, 1), 1n) == ((oBp UD A Phs ML), (UB L, DDA, R)) € Hy x Qp with ugy, € W,.;. Moreover,
there holds

(& 1), )| guq < CT,d{HfD 0.0p + [If8llop0s + HQDHO;QD}-

Proof. It proceeds analogously to the proof of Theorem [3.10 (]

4.3 A priori error analysis

In this section, we derive the a priori error estimate for the Galerkin scheme (4.3)) with arbitrary finite
element subspaces satisfying the hypotheses (H.1)-(H.6) from Section In other words, our main
goal is to establish the Céa estimate for the global error

1((,8), 1) — ((Fn, @n), Un)lExqQ

where ((6,$),1d) € Hx Q and ((6r, ¥},), Up) € Hy x Qp, are the unique solutions of and (4.3),
respectively, with ug € W, (cf. ) and ugp € W, p, (cf. ) Hereafter, given a subspace Xy,
of a generic Banach space (X, || - ||x), we set as usual dist (z, Xp) := x;g(h |lx — zp||x for all z € X.

We begin by recalling from Sections and that, given r > 0, and thanks to the global inf-sup
conditions provided by , , and , the bilinear forms Ay, and Ayg,, with ugp € W,
and upp € W, , satisfy the hypotheses of the Banach-Necas-Babuska theorem (cf. [22, Theorem
2.6]) on H x Q and Hj, x Qp, respectively. Thus, applying a slight variant of the first Strang Lemma
(cf. [22, Lemma 2.27]) to the context given by and ([4.3)), we deduce the existence of a positive
constant C 4, depending only on ||A||, |B|, ||C||, F, r, p, and @44, and hence independent of h, such
that

13, @),8) — (Gr @), @) lxq < Ca {dist (7, 8), @), Hy x Q)

o (4.17)
1 (A — Aus,) (6 8), 8, )l xauy b
where the consistency term from (4.17) is defined as
H (’AUB - AuB,h) (((6:7 95)7 ﬁ)? ) H(Hthh)’
_ sup (-AuB - AuB,h)(((&)SB)?ﬁ)? ((Fha{b‘h)?‘_}h)) (418)
(Fho%p)%p)EHL X Qy, H((i:fh Ilph)7‘_’)h)||H><Q

(Frabn) Vi) #0

We point out here that the aforementioned variant (see, e.g. [9, Lemma 5.1]) is motivated in this
case by the fact that Ay, can be evaluated in the exact solution ((&',$),d) as well. Hence, after
subtracting and adding the latter in the first component of both Ay, and Ayg,, the respective
consistency term from [22, Lemma 2.27] becomes separated from the infimum defining the distance to
the subspaces involved, thus yielding the resulting simplified estimate (4.17)). Then, bearing in mind

the definitions of A, (cf. (3.22))) and Cy,, (cf. (3.21)), and employing Lemma and the fact that
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both |lug||o,p:05 and ||upllo,p:0p are bounded by 7, as well as the upper bound for ||ug||o,p:0; given
by Theorem it readily follows from (4.18)) that

H (‘AUB - AuB,h) (((6:’ QB), ﬁ)’ ) H(HhXQh)’ < H(CUB - CuB,h)(ﬁ7 )”th

< La {HfDllo,QD + [IfBllo,g:08 + Hgnllo;QD} lug — ug,nllo,p0p - o
with L4 := FC(p) (2r)P~3 Cr.
We are now in position to establish the required a priori error estimate.
Theorem 4.4 Assume that the data satisfy
CaLa{lfollon + [fslo.0s + loploo, } < 5. (1.20)
Then, there holds
1((&,@),d) — ((Gn, &), Un)lHxq < 2Cadist (((6,4), 1), Hy x Qp) . (4.21)
Proof. 1t suffices to replace back into and then use the assumption (4.20)). (]

5 A particular choice of finite element subspaces

In this section we proceed similarly to [2] and [29] (see also [30]), and specify a concrete example of
finite element subspaces satisfying the hypotheses (H.1) - (H.6). The approximation properties of
them and the consequent rates of convergence of the resulting Galerkin scheme are also established.

5.1 Preliminaries

We begin by letting 7;LB and ’771D be triangulations of the domains 25 and €)p, respectively, formed by
shape-regular triangles (in R?) or tetrahedra (in R3) of diameter hr, which are assumed to match in
Y. In particular, we may think of ¥ as a polygonal curve in R? (resp. a polyhedral region in R?). In
this way, being 7;LB U 7;1D a triangulation of Q1 UX U)p, we denote by Xp the partition of ¥ inherited
either from 7,2 or T,°. Also, we define h, := max{hy : T € T/} (x € {B,D}) and h := max{hg, hp}.
In addition, for each T € 7713 U 77LD we let Po(T") be the space of polynomials on T of degree = 0,
and, according to the notation introduced in Section |1, we put Po(T") := [Po(7)]". Then, we set the
vector and tensor local Raviart-Thomas spaces of order 0 as

RT((T) :=Po(T) @ Po(T)x, and RTy(T):= {T€L2(T): TiERTO(T)ViG{l,...,n}},

where x := (21, ..., z,)" is a generic vector of R™, and 7; stands for the i-th row of the tensor 7. Next,
we introduce the discrete domain subspaces in (4.1):

Hy(0) = {7 € H(div,; Q) Toulr € RTo(T) VT e TP}
Hy(Qp) = {th € H(div;Qp) 1 vpalr € RTo(T) VT € 7;?} ,

{VBh eL?(Qr): vt € Po(T) VTGThB}, and
= {th eL*(p):  gpulr € Po(T) VTEED},
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whereas, denoting by 9% the extreme points of X in 2D, or the polygonal boundary of ¥ in 3D, the
discrete interface subspaces in (4.1]) are initially defined as:

AB(®) = {wh : 3 — R continuous : Y. € P1(e) Vedge/face e € Xy,  plox = 0} 52)
5.2
and AP(X) := {fh : 3 — R continuous :  &|e € Pi(e) V edge/face e € Eh} .

5.2 Verification of the assumptions

We first notice that, under the choice of finite element subspaces defined by (5.1)), (H.1) up to (H.4)
are clearly satisfied.

Now, we jump to (H.6) and stress first that follows from a simple extension of the vector
version of it provided by [26, Lemma 4.8] for any p > 2. Alternatively, the proof of proceeds
almost verbatim to that for the particular case p = 4 given by [14, Lemma 5.5]. In turn, while most of
the main aspects regarding the proof of are available in the literature, for sake of completeness
we provide next a full proof of it. To this end, we resort to some properties of the Raviart-Thomas
interpolation operator IT} : H(2p) — Hy(Q2p), which are collected, for instance, in [2, Section 4.2.2,
items (a), (b), (c), and (d)] (see also [29, Section 5.2, items a), b), c¢), and d)]).

Lemma 5.1 There exists a positive constant (B3 4, independent of h, such that
Sonlap,n) = Boallaoplloor  Vapn € Ln(€p).

Proof. We proceed analogously to the proof of (3.72)), the continuous version of (4.11). Indeed, given
gp,n € Lp(Qp), we now let z be the unique element in H'(Qp), such that

Vz-Vu = —/ qD,R v Vv e HY(Qp), (5.3)
ap p

for which there exists a constant ¢p 4 > 0, depending only on Qp, such that ||z][1,0, < ¢p.all¢p.allo.0p-
Being a particular case of with ¢p p, instead of gp, it is clear that div(Vz) = ¢p, in Qp
and Vz-n = 0 on 0Qp. In addition, the corresponding elliptic regularity result (cf. [33], [34])
establishes the existence of 6 > 0 and another constant cpgq > 0, such that, actually, z € H'*(Qp)
and ||z]l116.0p < cpallgp.nlloqp, from which it follows that Vz € H(Qp) and

IVzllsop < l2lli+s00 < cpa llapnlloop - (5.4)
Then, bearing in mind [2, Section 4.2.2, items (a), (b), and (c)] we can define wpj, = IIP(Vz2) €
H,,(Qp), which satisfies div(wp ) = ¢pp in Qp and wpp, - n = 0 on dQp, so that, in particular
wp -1 =0 on I'p, and hence wp j, € Hy(2p). Additionally, using the a priori estimate for ||2||1 0y,
we readily obtain

Iwpalloon = IR (V) logs < IV2 =1 (V)0 + [V2logp 55)

IN

IV2 =117 (V) llo.0p + p.a lapllosn -

In turn, employing the interpolation error estimate from [2, Section 4.2.2, item (d)], and invoking

(5.4)), we find that
Ve IR(V2)Ea, = 30 IV2=TRVEr < € 30 1 {7213z + [av(T2)l5r )
TeT, TeTP

o 3
<o Y {IValr + llaoaldr} < ChE {IV2I3a, + laoalda, |
TeT,?

< Ch¥ (c?ld +1) lap s g ap -
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which, along with (5.5) and the identity satisfied by div(wp ), yields

(5.6)

||WD7h”diV§QD >

with a positive constant Cp,q, depending only on ¢pg, C, |p|, §, and cpg. In this way, from the
definition of 83 4(gp,n) (cf. - ) and (| ., we conclude that

(gp,h, div(Wp p))D lg.nll3 0
Son(qp,n) = ’ : = -
aop) 2 = [Wo v

> Baa llap.nllosop

with By 4 = CISL, thus ending the proof. O

On the other hand, similarly as for the proof of (3.73)), if we assume that there exists ¢ 4 € Hl/ 2(E)
such that 1,4 € AB(®) for all h > 0, and (o4 -, 1)2 # 0, then it is easy to show that there holds

(4.12)) with Bsq = M In this regard, and as noticed at the beginning of [29 Section 5. 3]

l00.all1 /2,00,
the existence of such 1 4 is guaranteed, in particular, if the sequence of subspaces {Ah } o |
nested. In this case, and as already mentioned in the proof of (| - ¥ q can be constructed, for
instance, as indicated in the last part of the proof of [29, Lemma 3.6].

In what follows we focus on the verification of (H.5), which reduces to proving and (4.8). To
this end, and proceeding as in [24] Section 4.4] (which collects the results from [29 Sectlon 5]), and
[2, Section 4.2], we assume from now that 7;33 and 7;LD are quasi-uniform around X, which means that
there exists a Lipschitz-continuous open neighborhood 1y of 3, such that the elements of ’7;LB and 7;LD
intersecting that region are roughly of the same size. More precisely, defining

Ths = {TGEBUED: TNy ﬂ)},
there exists a positive constant ¢, independent of h, such that

max hpr < c¢ min hrp.
TeTh,s TeTh,s

Then, defining the subspaces of H=/2(X) and H~/2(X) given, respectively, by
() = {¢h €LXS):  ¢ple € Pole) V edge/face e € zh} and  ®;,(3) == [0,(D)]",

one can show (cf. [24, Theorem 4.1] and [2, Lemma 4.4] for the 2D and 3D cases, respectively)
that there exist £ € L£(®,(X), H,(Qp)) and B ¢ L(®,(X),H,(Qp)), with norms [|EP|| and IER]
independent of h, such that

div(ER(dn)) € Po(2p) and EP(dp) - m = ¢, on = Ve, € ®p(D), (5.7)

div(E(¢,)) =0 in Qp and E(¢y)n=¢, on T v¢he<1>h(2). (5.8)

In this way, having these so-called discrete lifting operators 5}3 and 8 satisfying ((5.7) and ., it is
not difficult to prove (cf. [24, Lemma 4.9] or [29, Lemma 4.2], and [2] proof of Lemma 4.6] for the 2D
and 3D cases, respectively) that and are equivalent to the existence of positive constants
71,4 and g g4, respectively, such that

sup <¢h7 ¢h>

> vial¥nllijz00s Vb, € AP(E) such that (¢, -n, 1)y =0, (5.9)
one®, (N0} 1Pnll-1/2,5
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and

sup  APWEWD S ey YE € AD(). (5.10)
snednm\{0} 1Pnll—1/2,x

For the 2D case there are several ways of yielding the verification of and , which usually
involve suitable modifications of the original mesh ¥ when defining AP(X) and AP (X) (cf. (5.2)). In
particular, three options are described in [29, Section 5.3] (see also [24, Section 4.4] for two of them),
so that, being the third one the easiest to implement, here we stay with it. Its definition is based
on the assumption that the number of edges of ¥, is even. Then, we let X9, be the partition of X
that arises by joining pairs of adjacent edges of ¥y, denote the resulting edges still by e, and define
hy := max{he: e € 3g,}. If the number of edges of ¥}, were odd, we first reduce it to the even case
by joining any pair of two adjacent elements, construct Yo, from this reduced partition, and define
hy, as indicated above. In this way, redefining AE(Z) and AE(Z) in with Yy, instead of Xy, the
proofs of and follow directly from [29, Lemma 5.2] (see also [24, Lemma 4.12]).

For the 3D case, and up to the authors’ knowledge, there is no approach similar to the above one

available in the literature. Instead of it, we introduce now a partition 3 of 3, which is independent of
31, and which is formed by triangles € of diameter hg, so that we set A := max {hg ;. ee€ ZE}' Then,
denoting hy, = max{h.: e € X}, and redefining AB(Z) and AP (Z) in with ¥+ instead of ¥p,
it is possible to prove that, under a suitable relationship between h and hy;, the required inequalities
hold. More precisely, it is shown in [2, Lemma 4.5] (see also [25, Lemma 7.5]) that there exists a

positive constant Cj such that whenever hy < Cyh, (5.9) and (5.10|) are satisfied.

According to the different 2D and 3D notations for the meshsize in the interface, we now unify them
hs in 2D

by deﬁningﬁ = ~ .
v { h in 3D

5.3 Rates of convergence

The approximation properties of the finite element subspaces involved, which are named after the
unknowns to which they are applied on, are collected next (cf. [22], [24], [31]):

(APZB) there exists a positive constant C, independent of h, such that for each s € (0,1], and for
each T € H*(Qp) N Hy(div,; Qp) with div(Tg) € W*¢(Qp), there holds

dist (75, H1(2)) < C* {|7n]ls05 + [div(rs) s 0}

(APED) there exists a positive constant C', independent of h, such that for each s € (0, 1], and for
each vp € H*(Qp) N Hr, (div; Qp) with div(vp) € H*(2p), there holds

dist (vp, Hy () < CB* {|[vpllsan + Idiv(vp)lsas |

(APf) there exists a positive constant ', independent of A and Ez, such that for each s € [0, 1], and

for each 1 € HY/2+5(X) N HééQ(E), there holds

dist (1, AP) < Ch3 9]l /210
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(AP%) there exists a positive constant C, independent of A and %E, such that for each s € [0, 1], and
for each ¢ € HY/2+5(%), there holds

dist (&,AF) < Ch3: [|€llj2re5 -

(APEB) there exists a positive constant C, independent of h, such that for each s € [0,1], and for
each vg € W*(Qp), there holds

dist (VB,Lh(QB)) < Ch||vBlls,pos »

(API}DLD) there exists a positive constant C, independent of h, such that for each s € [0,1], and for
each gp € H¥(Qp) NL3(p), there holds

dist (qD, Lh(QD)) <Chw HQDHS;QD :

Hence, we are now in position to provide the rates of convergence of the Galerkin scheme (4.3) with
the finite element subspaces defined throughout this section.

Theorem 5.2 In addition to the hypotheses of the Theorems and [£4), assume that there
ezists s € (0,1] such that o € H*(Qp) N Hy(div,; QOB), div(es) € W*(Qp), up € H*(p) N
Hr, (div; Qp), div(up) € HY(Qp), ¢ € HY25(2) N HYA(D), A € HY/2H5(S), ug € W(Qg), and
pp € H¥(Qp) NLE(Qp). Then, there exists a positive constant C, independent of h and Ez, such that

1(G.8),6) = (&, @ n)lmxq < C{h* (loslonn + ldivion)lo0 + [uplsan
+ [ldiv(up)ln + lunllopon + Ipollsan ) + 55 (llelhzess + M 2ies) }-

Proof. 1t follows straightforwardly from the Céa estimate and the approximation properties
(AP7®), (AP,P), (APY), (APy), (AP}®), and (APP). O

6 Numerical results

In this section we present three examples illustrating the performance of the mixed finite element
scheme on a set of quasi-uniform triangulations of the respective domains, and considering the
finite element subspaces defined by — (cf. Section . The implementation of the numerical
method is based on a FreeFem++ code [35]. A Newton-Raphson algorithm with a fixed tolerance
tol = 1K —6 is used for the resolution of the nonlinear problem . As usual, the iterative method is
finished when the relative error between two consecutive iterations of the complete coefficient vector,
namely coeff”™ and coeff™"!, is sufficiently small, that is,

fF L — coeff™ ||,

Hcoeﬁ'm‘"1 || 2

||coe

< tol,

where ||+ ||g2 is the standard ¢2-norm in RP°F, with DoF denoting the total number of degrees of freedom
defining the finite element subspaces Hy, 1, Hp, 2, and Qp, (cf. (4.2) and (5.1)-(5.2)).

31



We now introduce some additional notation. The individual errors are denoted by

e(o) = |los — oBulldiv,05, €(uB) = |lup —uBnlopos, e@s):=|lpB —PBAlloos

e(up) := |lup —uppllaiviop s  e(@p) == |lpp — Pp.KI0.OD:
e(p) =l —enllijzoos, eA) =IIA=Anlli2s,

with p € [3,4] and ¢ € [4/3,3/2] satisfying 1/p + 1/0 = 1, to be specified in the examples below.
In turn, ppj stands for the post-processed Brinkman-Forchheimer pressure suggested by the second
formula in (3.1)) and the decomposition (3.13)), that is

1 .
pB,h = _E tr(aBﬁ) —Eh m QB .
Notice that, for ease of computation, the interface norm ||A—Ap||1 /2,5 will be replaced by [|A—Axl[(0,1),5
with ; ;
1/2 1 01/2
IElon s = gl €y V&€ H(D),
owing to the fact that H'/2(X) is the interpolation space with index 1/2 between H(X) and L?(X).

Similarly, the interface norm |l — ¢ |l1/2,00,;x Will be replaced by [l¢ — ¢ |l(0,1),5n- Furthermore, the
respective experimental rates of convergence are computed as

(o) i l0B(e(0)/E(0)
"~ log(h/h)

where h and h denote two consecutive mesh sizes, taken accordingly from h € {hp, hp, hx}, with their
respective errors e and €.

for each ¢ € {O'B, ugs, PB, UD, PD, P, /\} )

The examples considered in this section are described below. In all cases, we use uOBﬂh = (0,1E—6)"
as the initial guess. Additionally, the conditions (tr(egy),1)s = 0 and (pp,1)p = 0 are imposed
using a penalization strategy.

Example 1: 2D convex domain with varying u,F, and Ky parameters

In the first example, inspired by [7, Example 1 in Section 5], we validate the rates of convergence
in a two-dimensional convex domain and also study the performance of the numerical method with
respect to the number of Newton iterations when different values of the parameters u, F, and Kp are
considered. More precisely, we consider a semi-disk-shaped porous domain coupled with a porous unit
square, i.e.,

Op = {(xl,xg) 224 (22— 0.5)2 < 0.52, 2 > 0.5} and Qp = (—0.5,0.5)2,

with interface ¥ := (—0.5,0.5) x {0.5}. We consider the model parameters p = 3, o = 3/2, u = 1,
F=10, Kg =1, and Kp = 107" 1. The data fg, fp, and gp are chosen such that the exact solution
in the tombstone-shaped porous domain 2 = Qg U 3 U Qp is given by the smooth functions

o < cos(m1 ) sin(ms) ) o < cos(m1) exp(z) >

— sin(mz ) cos(mxe) exp(z1) cos(mza)
Py i=sin(mxy)sin(rze) in Q,, with x € {B,D}.
Note that this solution satisfies mass conservation on the interface, i.e., ug-n = up -n on . However,

the continuity of momentum (cf. the second transmission condition in ([2.3))) is not met. Additionally,
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DoF | hp || e(op) [ r(op) | e(up) [r(up) | elps) [r(n) [ hs [ elp) [ r(y)
197 | 0.330 || 1.8E-00 — 1.5E-01 - 1.8E-01 — 1/2 2.5E-01 —
733 | 0.191 || 9.5E-01 | 1.162 | 7.9E-02 | 1.188 | 9.3E-02 | 1.209 1/4 9.3E-02 | 1.415
2736 | 0.091 || 4.6E-01 | 0.976 | 3.8E-02 | 0.989 | 3.9E-02 | 1.161 1/8 3.3E-02 | 1.506
10718 | 0.049 || 2.3E-01 | 1.112 | 1.9E-02 | 1.112 | 1.9E-02 | 1.145 || 1/16 || 1.2E-02 | 1.512
42915 | 0.024 || 1.1E-01 | 1.013 | 9.4E-03 | 1.009 | 1.0E-02 | 0.937 || 1/32 || 4.1E-03 | 1.503
170305 | 0.013 || 5.8E-02 | 1.156 | 4.7E-03 | 1.159 | 4.9E-03 | 1.219 || 1/64 || 1.4E-03 | 1.506

ho || e(up) [r(up) [ e(pp) [rlp) [[ hx || eV [ r(N) || iter
0.373 7.3E-01 - 1.3E-01 - 1/2 4.9E-01 - 4
0.190 || 3.2E-01 | 1.217 | 7.5E-02 | 0.842 1/4 2.0E-01 | 1.275 4
0.095 || 1.6E-01 | 0.963 | 3.0E-02 | 1.330 1/8 5.1E-02 | 1.969 4
0.054 8.4E-02 | 1.168 | 1.5E-02 | 1.196 1/16 1.7E-02 | 1.568 4
0.025 4.2E-02 | 0.908 | 7.5E-03 | 0.911 1/32 6.2E-03 | 1.478 4
0.014 || 2.1E-02 | 1.290 | 3.7E-03 | 1.291 1/64 || 2.2E-03 | 1.528 4

Table 6.1: [EXAMPLE 1] Degrees of freedom, mesh sizes, errors, convergence history, and Newton
iteration count for the approximation of the coupled Brinkman—Forchheimer/Darcy problem with
p=3,nu=1 Kg=1I Kp=10"'I and F = 10.

the Dirichlet boundary condition for the Brinkman—Forchheimer velocity on I'g and the Neumann
boundary condition for the Darcy velocity on I'p are both non-homogeneous, leading to extra contri-
butions on the right-hand side of the resulting system. The results reported in Table are consistent
with the theoretical optimal convergence rate of O(h), as stated in Theorem The domain config-
uration and some components of the numerical solution are shown in Figure [6.1] computed using the
fully-mixed approximation with a mesh size of h = 0.014 and 53,511 triangular elements (correspond-
ing to 170,305DoF). We observe that the continuity of the normal component of the velocities on ¥
is maintained, as the second components of ug and up match on ¥, as expected. It can also be noted
that the pressure remains continuous throughout the domain and retains its sinusoidal pattern.

Table presents the number of Newton iterations as a function of the parameters p, F, and
Kp = kpl, with Kg = I and different mesh sizes h. It can be observed that Newton’s method
remains robust with respect to both A and Kp. However, the number of iterations increases for
smaller values of 1 and larger values of F, respectively. This dependence aligns with the theoretical
rate of convergence of the mixed approach (cf. Theorem . In particular, the behavior of the
iterative method with varying Forchheimer numbers F € {1, 10,102,103, 10*} is justified by the greater
influence of the nonlinear term F|ug|up in the Brinkman—Forchheimer model.

Example 2: Accuracy assessment in a 2D non-convex domain

In the second example, we test the fully-mixed scheme (4.3)) in a 2D non-convex domain. Specifically,
we consider the 2D helmet-shaped domain defined by 2 = Qp U ¥ U Qp, where

Qp == (—1,1) x (0,1.25)\(—0.75,0.75) x (0.25,1.25), Qp := (—1,1) x (—=0.5,0),

and ¥ := (—1,1) x {0} (see the first plot of Figure [6.2] below). We use the model parameters p = 7/2,
0="T/5 = 107, F =10, Kg = 1071, and Kp = 10721. The data fg, fp, and gp are adjusted so
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p | F | kp [[R=0373]h=0191] h=0.095] h=0.054 [ h=0.025 [ h = 0.014
1 10 [ 1071 4 4 4 4 4 4
1 10 | 102 4 4 4 4 4 4
1 10 | 1073 4 4 4 4 4 4
1 10 | 10~* 4 4 4 4 4 4
10T [ 10 [ 10T 6 6 6 6 6 6
1072 | 10 | 10! 8 7 7 7 7 7
1073 | 10 | 107! 8 9 9 9 9 9
1074 | 10 | 107! 9 9 9 10 10 10
1 1 [ 1071 4 4 4 4 4 4
1 102 | 107! 6 6 6 6 6 6
1 10% | 107! 9 10 9 9 9 9
1 10* | 10! 13 13 13 13 13 13

Table 6.2: [EXAMPLE 1] Number of Newton iterations for different values of u, F, and Kp = kp L.

[uB,h] 2

[y

I'p

-001 054 1.1 1.6

-1 -0.33  0.33 1
[y ] i DDy e s

Figure 6.1: [EXAMPLE 1] Domain configuration, computed velocity field and magnitude of its second
component, and pressure field in the whole domain.

that the exact solution in the 2D helmet-shaped domain 2 is given by the smooth functions

up = —sin(7xy) C(‘)S(ﬂ'fL‘g) n Op up— sm(27rx1)‘exp(x2) n Op,
cos(mx) sin(mze) exp(x1) sin(2mwxy)

ps = sin(mxy) exp(zz) in €, with x € {B,D}.

The model problem is then complemented with the appropriate boundary conditions. Some com-
ponents of the numerical solution are displayed in Figure which were obtained using the mixed
approximation with a mesh size of h = 0.007 and 284,356 triangular elements (representing a
total of 1,072,673 DoF).

The convergence history for a series of quasi-uniform mesh refinements using the particular discrete
spaces ([5.1))—(5.2)) is presented in Table Once again, the mixed finite element method exhibits
optimal convergence with an order of O(h), as established by Theorem
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DoF | hg || e(op) | r(oB) | e(us) [ r(u) | e(s) [rlps) || hs [ ele) | r(p)
1137 | 0.188 1.3E-00 — 1.2E-01 — 6.6E-01 — 1/4 2.4FE-01 —
4578 | 0.100 || 4.4E-01 1.717 | 5.7E-02 | 1.251 | 2.1E-01 | 1.796 1/8 9.6E-02 | 1.299
17075 | 0.050 1.4E-01 1.616 | 2.7E-02 | 1.062 | 5.8E-02 | 1.895 1/16 3.4E-02 | 1.518
68304 | 0.026 5.6E-02 | 1.421 1.3E-02 | 1.069 | 1.8E-02 | 1.742 1/32 1.2E-02 | 1.490
267557 | 0.014 || 2.6E-02 | 1.325 | 6.7E-03 | 1.190 | 7.6E-03 | 1.487 1/64 4.2E-03 | 1.515
1072673 | 0.007 1.2E-02 | 0.974 | 3.3E-03 | 0.932 | 3.5E-03 | 1.047 1/128 1.5E-03 | 1.518

hp [ e(up) [r(up) | elpp) |r(p) [[ ks [ eV [ r() || iter
0.200 1.3E-00 - 2.7E-01 - 1/4 1.1E-00 -
0.095 || 6.2E-01 | 0.983 | 6.1E-02 | 2.009 1/8 4.1E-01 | 1.351
0.049 || 3.2E-01 | 1.036 | 1.9E-02 | 1.805 1/16 1.6E-01 | 1.411
0.026 1.6E-01 | 1.082 | 7.3E-03 | 1.483 1/32 5.6E-02 | 1.467
0.013 || 7.9E-02 | 0.967 | 3.3E-03 | 1.093 1/64 1.9E-02 | 1.534
0.007 || 4.0E-02 | 1.205 | 1.6E-03 | 1.253 1/128 || 6.1E-03 | 1.670

Ut Ov Ot Ot Ut

Table 6.3: [EXAMPLE 2] Degrees of freedom, mesh sizes, errors, convergence history, and Newton
iteration count for the approximation of the coupled Brinkman—Forchheimer/Darcy problem with
p="7/2, u=10"1, Kg =107, Kp = 10721, and F = 10.

I'y

Figure 6.2: [EXAMPLE 2] Domain configuration, computed velocity field and magnitude of its second
component, and pressure field in the whole domain.

Example 3: Flow through a heterogeneous porous media

In the final example, we examine the behavior of the numerical method for different values of F with
p = 4, in order to model the higher-order inertial correction F |ug|?up discussed in [7, Example 2 in
Section 5]. We consider the rectangular domain Q = Qp U X U Qp, where

Qp :=(0,2) x (0,1), X:=(0,2) x {0}, and p:=(0,2) x (-1,0),

with boundaries I'g = I'g jeft UI'B top UI'B right and I'p = I'p jeft UI'D bottom U LD right, Tespectively. The
problem parameters are u = 1, Kg = 107! T and Kp = 1073 1. The right-hand side data fg, fp, and
gp are chosen as zero, and the boundary conditions are

t
ug = (—10x2 (2 —1),0)" on I'plerr, ug=0 on I'pip, on=0 on I'pight,

pp =0 on Ippottom, Up N =0 on I'pjer UI'D ight -
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In Figure [6.3] we plot the magnitude of the second component of the velocity across the entire
domain for F € {0,10%, 102, 104}, computed using the mixed approximation (4.3)) with a mesh size of
h = 0.027 and 37,238 triangular elements (corresponding to 141,032DoF). The number of Newton
iterations for the different values of F is {1, 5,6, 9}, respectively, indicating an increase as F becomes
larger, which is consistent with the observations from Example 1. Note that when F = 0, the problem
becomes linear, requiring only one Newton iteration. As expected, we observe that most of the flow
moves from left to right within the more permeable Brinkman—Forchheimer domain, while part of it
is diverted into the less permeable Darcy medium due to the zero pressure condition at the bottom of
the domain. For all considered values of F, the continuity of the normal velocity across the interface is
preserved, illustrating mass conservation on Y. Finally, we observe that as F increases, the magnitude
of the vertical component of the velocity decreases at the interface. This behavior illustrates the role
of the inertial term F |ug|?up in correcting the potential overestimation of fluid flow between the more
and less permeable porous media when using the Brinkman/Darcy model (i.e., when F = 0).

[B,h]Z [B,hb [B,h]2 )

) uB,h] L

I

0.2

0.6 —033 —0.0é7 .2 -0.6 033 —0.067 02 K 0.2 0.6 —033 ’ -0.067
Upply et e [Upplo et i [Up o bbb e [Upn)o e e

0.6 -0.33 '0‘067

Figure 6.3: [EXAMPLE 3] From left to right: magnitude of the second component of the velocity in
the whole domain for F € {0, 10!, 102, 10%}.
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