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Abstract

We consider a Banach spaces-based mixed variational formulation recently proposed for the station-
ary p(I)-rheology model of granular materials, and develop the first reliable and efficient residual-
based a posteriori error estimator for its associated mixed finite element scheme in both 2D and
3D, considering PEERS and AFW-based discretizations. For the reliability analysis, and due to
the nonlinear nature of the problem, we employ the first-order Gateaux derivative of the global
operator involved in the problem, combined with appropriate small-data assumptions, a stable
Helmholtz decomposition in nonstandard Banach spaces, and local approximation properties of the
Raviart—Thomas and Clément interpolants. In turn, inverse inequalities, the localization technique
based on bubble functions in local LP-spaces, and known results from previous works are the main
tools yielding the efficiency estimate. Finally, several numerical examples confirming the theoretical
properties of the estimator and illustrating the performance of the associated adaptive algorithms
are reported. In particular, the case of fluid flow through a 2D cavity with two circular obstacles
is considered.

Keywords: granular flows, nonlinear viscosity, mixed finite elements, Banach spaces, a posteriori
error analysis, reliability, efficiency.
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1 Introduction

We recently introduced and analyzed in [12] a Banach spaces-based mixed variational formulation
for the regularized p(I)-rheology model of granular flows, which is described by a Navier—Stokes-like
equation where the equivalent viscosity depends nonlinearly on both the pressure and the Euclidean
norm of the symmetric part of the velocity gradient in R", with n € {2,3}. In that work, in addition
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to the velocity, pressure, and strain rate tensor, a modified stress tensor that includes the convective
term, and the skew-symmetric vorticity were introduced as additional unknowns, leading to a nonlinear
twofold saddle point-based mixed variational formulation in a Banach space framework. The pressure
is determined through an iterative postprocess suggested by the incompressibility condition of the
fluid, which allows us to express this unknown in terms of the aforementioned stress and velocity. A
fixed-point strategy, combined with a solvability result for a class of nonlinear twofold saddle point
operator equations in Banach spaces, is employed to show, along with the classical Banach fixed-point
theorem and suitable small data assumptions, the well-posedness of both the continuous and discrete
formulations. In particular, PEERS (resp. AFW) elements of order ¢ > 0 for the stress, velocity, and
skew-symmetric vorticity, along with piecewise polynomials of degree < ¢ + n (resp. < ¢+ 1) for the
strain rate, yield stable Galerkin schemes. Stability, convergence, and optimal a priori error estimates
were also derived in [12].

It is well known that adaptive algorithms based on a posteriori error estimates are particularly
effective in recovering the loss of convergence orders often observed in standard Galerkin procedures,
such as finite element and mixed finite element methods. This is especially true when these methods are
applied to nonlinear problems, where singularities or high gradients in the exact solutions are present.
In this context, the study of a posteriori error estimators for saddle-point problems has been widely
developed in the literature by various authors (see, e.g., [2], [10], [11], [34], [37], and references therein).
In particular, this powerful approach has been successfully applied to the Navier—Stokes equations,
both with constant and nonlinear viscosity, as well as to related models. We refer to pioneering works
such as [35], [40], and [38], as well as to [3, Section 9.3], where the first contributions to derive an a
posteriori error analysis for the incompressible Navier—Stokes problem in its classical velocity-pressure
formulation were introduced. Later, the a priori and a posteriori error analysis for the dual mixed
finite element method of the Navier—Stokes problem were proposed and developed in [23]. Additionally,
we mention [4], where the authors extend these contributions to the case of Dirac measures, and [33],
which provides an a posteriori error analysis for a Discontinuous Galerkin scheme that offers exactly
divergence-free approximations of the velocity. Meanwhile, adaptive methods for augmented-mixed
formulations for the Navier—Stokes problem with constant and variable viscosity were developed in [30]
and [9], respectively. We also refer to [14], where the authors developed an a posteriori error analysis for
a fully-mixed formulation of the Navier—Stokes/Darcy coupled problem with nonlinear viscosity. In this
work, a suitable first-order Gateaux derivative of the global operator involved is employed to derive the
corresponding reliability of the estimator. Furthermore, [8] is particularly notable for its a posteriori
error analysis of a momentum-conservative Banach spaces-based mixed finite element method for
the Navier—Stokes problem. In this work, standard duality-based arguments, a suitable Helmholtz
decomposition within Banach frameworks, and classical approximation properties are combined with
small data assumptions to establish the reliability of the estimators. Similar techniques have been
employed in [18] and [28] to develop reliable and efficient residual-based a posteriori error estimators
in both 2D and 3D for Banach spaces-based mixed finite element methods applied to the stationary
Boussinesq and Oberbeck-Boussinesq systems. Lastly, we refer to [13] for a recent a posteriori error
analysis of a Banach spaces-based mixed formulation for the coupled Brinkman—Forchheimer and
double-diffusion equations.

Building upon the previous discussion and extending the study initiated in [12] on a regularized
w(I)-rheology model for granular materials described by a Navier—Stokes-like equation, this paper
employs and adapts the a posteriori error analysis techniques developed in [14], [8], [28], and [13] for
mixed formulations in Hilbert and Banach spaces to the current p(I)-rheology model. We construct
a reliable and efficient residual-based a posteriori error estimator for the 2D and 3D versions of the
mixed finite element methods introduced in [12]. Specifically, we derive a global quantity © that is



formulated in terms of computable local indicators O, each associated with an element K of a given
triangulation Tp. This allows for the identification of error sources and the design of an adaptive
meshing algorithm to enhance computational efficiency. In this setting, the estimator © is considered
efficient (resp. reliable) if there exist positive constants Cess (resp. Crei1), independent of the mesh
sizes, such that

Cets © + h.ot. < |error| < Cre1© + ho.t.,

where h.o.t. represents one or more higher-order terms. To the best of the authors’ knowledge,
this work presents the first a posteriori error analysis of Banach spaces-based mixed finite element
methods for the stationary u(I)-rheology equations governing granular materials.

This paper is organized as follows. The remainder of this section introduces some standard notations
and functional spaces. In Section 2, we revisit the model problem from [12] along with its continuous
and discrete mixed variational formulations. Next, in Section 3, we provide a detailed derivation of a
reliable and efficient residual-based a posteriori error estimator for the 2D version of the problem. In
particular, the reliability analysis considers a suitable Helmholtz decomposition in a Banach spaces
setting, with its discrete version employing PEERS and AFW-based elements. Several numerical
results illustrating the reliability and efficiency of the estimator, the effectiveness of the associated
adaptive algorithm, and the recovery of optimal convergence rates are reported in Section 4. Finally,
additional properties required for the derivation of the reliability and efficiency estimates are provided
in Appendices A and B, respectively. In turn, the 3D version of the a posteriori error estimator,
building upon the results in Section 3, is established in Appendix C.

Preliminary notations

In what follows, Q@ < R", with n € {2,3}, denotes a bounded domain with Lipschitz-continuous
boundary I and outward unit normal vector v. Then, we adopt the usual notation for Lebesgue spaces
L}(Q) and Sobolev spaces W () and W§'(Q2), with I > 0 and ¢ € [1,+0), whose corresponding
norms, either for the scalar or vectorial case, are denoted by | - [ox0 and || - ||+, respectively. In
particular, W% (Q2) = L¥(Q), and when ¢ = 2 we write H'(Q) instead of W/2(Q), with the corresponding
norm and seminorm denoted by | - |, and | - |; o, respectively. In addition, given any generic scalar
function space M, we let M and M be its vectorial and tensorial counterparts, respectively, whereas

|/ ()|

M’ represents its dual space, whose norm is defined by | f|y := sup “——. Also, I stands for the
0£veM [[v]m

identity tensor in R™*™ and, besides denoting the absolute value in R, | - | stands for the Euclidean
norms in R™ and R™*™. In turn, for any vector fields v .= (v;);i=1, and w = (w;);—1,n, We set the
gradient, divergence, and tensor product operators, respectively, as

0v; LA
V L= 4 di L= -7 d - Wi =1 -
Vv <ax]>l7j_1’n 9 IV(V) J:l a[L‘J 5 al V®W (fU w]) i 17

On the other hand, for any tensor fields 7 = (74;)ij=1,n and ¢ = (Gij)ij=1,n, We let div(7) be the
divergence operator div acting along the rows of 7, and define the transpose, the matrix trace, the
tensor inner product operators, and the deviatoric tensor, respectively, as

n

n
1
Tt = (Tji)i,j=1,n7 tI‘(T) = Z Tii, T:(:= Z TijC’ij7 and 74:= 17— gtr(r)]l. (1.1)
i=1 =1

Furthermore, given t € (1, +00), we introduce the Banach space

H(divy; Q) = {T eLX(Q): div(r)e Lt(Q)}, (1.2)
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which is endowed with the natural norm defined by

ITlaivee == [Tloe + [div(T)one V7 e H(divy; Q).

Then, following [24, eq. (1.43), Section 1.3.4], one can easily verify that the following holds for each
cof (Lo) if m=2
[6/5,+0) if n=3"

v = |

{T :Vv + v div(r)} Y (7,v) € H(divy; Q) x HY(Q), (1.3)
Q

where (-, -) stands for the duality pairing between H='/2(T") and H'/2(T).

2 The mathematical model and its variational formulation

In this section, we recall from [12] the model problem, its mixed variational formulation, and the
associated mixed finite element methods.

2.1 The p(I)-rheology model of granular materials

In what follows, we consider the model analyzed in [12] (see also [32]), which describes the steady-state
flow of a granular material based on the p(I)-rheology approach. More precisely, given a source term
f, we focus on solving an incompressible Navier—Stokes-like equation, which requires determining a
velocity field u and a pressure field p such that

p(Vu)u = div(n(p,|D|)D) — Vp +f in Q, div(u) =0 in Q,

(2.1)
u=up on I', and fPZH,
Q

where p denotes the density, D := %(Vu + (Vu)t) represents the symmetric part of the velocity

gradient, satisfying
ID| = vD:D and tr(D) = div(u) = 0, (2.2)

Kk is a positive constant, and given 0 < e <« 1, n : RT x Rt — R™ is a regularized function (see [12,
eqs. (2.9)—(2.11) for details]) defined as

a o az o

v R xR 2.3
wHe  az\otasw+te (e,w) € % ’ (2:3)

n(o,w) :=

with positive coeflicients a;, 7 € {1, 2,3, 4}, given by

a] = \/5;15, ag := 2d(uqg — ps), as = pfl/QIQ, and a4 := V2d,

where the coeflicients ps and pg correspond, respectively, to the static and dynamic friction limits,
and [ is a positive reference (experimental) constant. Owing to the incompressibility of the fluid, the
datum up € HY?(T") must satisfy the compatibility condition

JFUD'V = 0. (2.4)



We observe that the internal friction coefficient of the granular continuum g (cf. [12, eq. (2.7)]) can
be computed by using the formula

~ V2d|D|

M(I):=MS+<’““1_“S>I with T
p/p

I+ 1

Next, in order to derive a mixed formulation for (2.1), in which the Dirichlet boundary condition
for the velocity becomes a natural one, we now proceed as in [12, Section 2] and introduce as a further
unknown a modified stress tensor o, which is defined by

o = 77(277 ’DDD - p]I - p(u®u)7 (25)

so that recalling that the overall density is constant, and noting that the incompressibility condition
allows us to show that div (u®u) = (Vu)u, we deduce that the momentum equation can be rewritten
as

divi(e) + £ =0 in 0.

Moreover, applying deviatoric operator (cf. (1.1)) to (2.5), and using the last equation in (2.2), which
obviously yields DY = D, we find that

ol := n(p,|D)D — p(u®u)? in Q. (2.6)

In turn, applying now matrix trace to (2.5), we obtain an explicit formula for the pressure p in terms
of o and u, namely

p = —%tr(a + p(u@u)). (2.7)

We remark here that (2.5) and the incompressibility condition given by the second equation in (2.1)
are jointly equivalent to (2.6)—(2.7). On the other hand, in order to perform the usual integration
by parts procedure required by a mixed formulation, which reduces to be able to test Vu, we now
decompose D as

D =Vu—+«, with =~ := %(Vu - (Vu)t>,

where ~ is an auxiliary known whose diagonal entries are all zero, while the off-diagonal ones contain
the components of the vorticity V x u. Summarizing, (2.1) can be equivalently reformulated as: Find
D, o, u, ~, and p in suitable spaces to be indicated below such that

D-—Vu+~v = 0 in Q,
np,D)D — o — pu®uw)? = 0 in Q,

divi(e) +f = 0 in Q,

1
p=——tr(c + p(u®u)) in Q, u = up on I', and jpz/i.
n Q

2.2 The mixed variational formulation

We first recall the following scalar and tensorial functional spaces from [12, Section 3] (cf. (1.2)):

12(Q) = {qeL2<Q): f

q = K, /<a>0},
Q



L2.(Q) = {EGLQ(Q): tr(E) = o},
L4(©Q) = {€eL2(@): € = —¢},

Ho(divy/3; Q) = {T € H(divy/s; Q) : j tr(r) = O},
Q

and observe that the following decomposition holds:
H(divy/3;2) = Ho(divys; Q) @ RIT. (2.9)
Next, for sake of clarity, we introduce the spaces
Hy o= L5(Q), Ho = Ho(divyQ), and Q := LY(Q) x L4 (Q), (2.10)

set the notations
i:=(u,7y), v:=(v,§e€Q,

and endow H1, Ho, and Q, respectively, with the norms:

[El3, = [Elog, [Tl := |7 ldivys0,  and  [|[V]o = [v]oae + [€loo-

Hence, proceeding as in [12, eq. (3.15)], that is, by multiplying the first three equations of (2.8) by
suitable test functions, using the integrating by parts formula (1.3), (2.4) and the Dirichlet boundary
condition for u, we arrive at the following mixed variational formulation of (2.8): Given p € L2(Q),
find (D, o, u) € H1 x Ha x Q such that:

[A,(D),E] +Bi(E,o) = Fu(E) VE € H1,
Bi1(D,T) + B(T,d) = gG(7) V7 eHs, (2.11)
B(o, V) = F(¥) VveQ,

where the nonlinear operator A, : H1 — H/, the bilinear forms By : H; xHs — Rand B: HaxQ — R,
and the functionals F, : H; — R, for each z € L*(Q), G : Hy — R, and F : Q — R, are defined by

[A4,(D),E] := Ln(p,yD\)D 'E  VYD,EcH,, (2.12)
B\(E,7) i _J T B V(E,7)eH x Ha, (2.13)
Q
B(t,v) := —va-div(T) —JQT € V(T,V) € Ha x Q, (2.14)
Fu(E) = pL(Z@Z):E VEe M, (2.15)
G(r) := —{(rv,upy V71e€eH, (2.16)
and
F(v) = J f-v Vv e Q. (2.17)
0

We recall from [12, Section 3] that, once the twofold saddle point-type problem (2.11) with the
nonlinear operator 4, is solved, the dependence on the given p requires updating the unknown pressure



according to the expression provided in the last row of (2.8). More precisely, noting that p € L2(9)
and that the stress tensor in that equation is given by o + co, I (cf. (2.9)), where o € Ho(divy/s; Q) is
part of the solution of (2.11), and ¢ is defined as

P
co = = trlu®@u),
" mf T~ w J, wwew

we find that the pressure needs to be updated as follows (see [12, eq. (4.3)] for details)

1
p = —ﬁtr(a—l—p(u@u)) + @ + W trlu®mu). (2.18)

The well-posedness of (2.11) is established in [12, Theorem 4.8], relying on a fixed-point strategy
and a recent result for a class of twofold saddle-point operator equations in Banach spaces (cf. [16,
Theorem 3.4]). More precisely, for a given ¢ > 0, setting

W(5) := {zeL4(Q); | < 5} and  S(3) := W(8) x L2(Q),

and using suitable assumptions on 7 (cf. [12, egs. (3.4), (4.7), and (4.8)]) along with smallness
conditions on the data, specifically those detailed in [12, egs. (4.17) and (4.33)], it is proved that an
operator mapping S(§) into itself has a unique fixed point (u,p). Equivalently, given this p € L2(Q),
the system (2.11) has a unique solution (D, o, d) := (D, o, (u,7)) € H1 x Ha x Q, with ue W(4) and
p satisfying (2.18).

2.3 The finite element methods

We let {ﬁl}h>0 be a regular family of triangulations of Q, which is made up of triangles K (when n = 2)
or tetrahedra (when n = 3) of diameter hx, and define the meshsize h := max{hg : K € T5}. In turn,
given an integer ¢ > 0 and K € T, we let Py(K) and f’g(K) be the spaces of polynomials of degree < /¢
and = ¢, respectively, defined on K, and denote its vector and tensor versions by Py(K) := [Py(K)]|"
and Py(K) = [Py(K)]"*", respectively. In addition, we let RTy(K) := Py(K)@®P,(K)x be the local
Raviart—Thomas space of order £ defined on K, where x stands for a generic vector in R"™. Also, we let
bx be the bubble function on K, which is defined as the product of its n 4+ 1 barycentric coordinates.
Then, we define the local bubble spaces of order £ as

Bi(K) := curl(bg Py(K)) if n=2, and B(K) := curl(bg P¢(K)) if n=3,

where curl(v) := (£, -2 ifp =2and v: K — R, and curl(v) := Vxvifn=3and v: K - R®.

8x2 6w1
The following global spaces are also needed

P,(Q) = {vheLQ(Q): vilw € Pu(K) VKeTh},

Py(Q) = {gheLZ(Q): &k € Po(K) VKEE},

RT(9) := {TheH(div;Q): il € RT(K) Vie{l,..n}, VKeTh},

and
By(2) := {Th e H(div; Q) :  Thilx € Be(K) Vie {1,...,n}, VK e 77L},

where 7, ; stands for the ith-row of 7.



Now, we recall from [12, Section 6.3] two examples of stable finite element spaces H1 p, 7‘727}“ Q1,1
and Qyj, satisfying the hypotheses required by the corresponding discrete analysis in [12, Section 5.2].
Indeed, the first example is based on the plane elasticity element with reduced symmetry (PEERS) of
order ¢ > 0, which, denoting C(Q2) := [C(Q)]"*", is given by

Hip = Prn(Q) 0 L2,(Q), Hop = RT(Q)@®B(Q), Qi := Pu(),
~ (2.19)
Oz = () P (@) LA, and Pri=Pro {5}

where Py, := P 7(2) NLE(2) and £ := max {{+n, 2¢}. The second example is the Arnold-Falk-Winther
(AFW)-based element of order ¢ > 0, defined as

Hip = Po1(Q) n L2(Q), Hop = Pri(Q) nH(div;Q), Qip := Py(Q),
R . (2.20)
Qo = Pe(Q) msz(Q), and Pp:=P;, @ {} ,
where Py, := Poy(Q) N L2(Q).

Thus, defining N
Hop i= Ho(divys; Q) nHap  and  Qpi= Q1 p x Qo

and letting pn, € Py be a given discrete approximation of the pressure p, the Galerking scheme for
(2.11) reads: Find (D, op,Uy) := (Dh,ah, (uh,'yh)) € Hin x Hap x Qp such that

[Ap,(Dp),Ep] 4+ Bi(Ep, o) = Fu,(Bn) VEpeHip,
Bi(Dp, 1) + B(Th,dn) = G(Th) V7neHan, (2.21)
B(O’h,\_l'h) = ‘F(Vh) V\7h S Qh.

We observe that, analogously to its continuous counterpart, the discrete pressure p; is updated by
following the discrete version of (2.18), that is:
ph = - tr(on+p(up@uy)) + o+~ | tr(uy, @ uy) (2.22)
n IQ! n|Qf Jo
The solvability analysis and a priori error bounds for (2.21) are established in [12, Theorems 5.2,
5.3, and 6.2], respectively, considering both discrete approaches, (2.19) and (2.20). Indeed, similarly
as remarked at the end of Section 2.2, and under the discrete analogues of the assumptions [12, egs.
(4.17) and (4.33)], which are detailed in [12, eqgs. (5.15) and (5.17)], given dq > 0, and setting

W(5d) = {Zh € Ql,h : HZh”()A;Q S 5d and S 5d = W(5d) X Ph,

it is proved that a suitable discrete operator mappmg S(d4) into itself, has a unique fixed point (up, pp,)
in it, which yields the unique solution (Dy,, op, Uy) = (Dh, on, (up, 'yh)) € Hipx Hap x Qp of (2.21),
with uy, € W(dq) and p satisfying (2.22).

3 A residual-based a posteriori error estimator

In this section, we derive a reliable and efficient residual-based a posteriori error estimator for the
two-dimensional version of the Galerkin scheme (2.21). The corresponding a posteriori error analysis



for the three-dimensional case, which follows from minor modifications of the analysis presented here,
will be addressed in Appendix C. Throughout this section, we employ the notations and results from
Appendix A.

Recalling that (Dh, o, (uh,'yh)) € Hin x Hap x Qp is the unique solution of the discrete problem
(2.21), and that pp, is computed from (2.22), we define the global a posteriori error estimator © as

3/4 1/2 1/4
0= { D @i‘{;} + { 3 eg,K} + { D @g{K} , (3.1)

KeTy, KeTy, KeTy,

where, for each K € 7Tj, the local error indicators @Ai‘/ ?(, @g’ x and @f%l, i are defined as

OV = [+ div(on)y s (3.2)
3 := [n(pn, IDR)Ds = s — plawn @ w) g o + lon = h];
+ hic [rot(Dp + ’Yh)H(Q),K + Y. he|[(Dn+n)s] H?)e (3.3)
eeEn(K)nE(N)
+ Z he HVuDs— (Dh —i—’yh)ng’e,

ee€p (K)nE(T)
and A

O3k = hic|Vu, — (Du +v4) losx + > he |up —up,

ee&p (K)nE(T)

Notice that the last term defining @%’K (cf. (3.3)) requires that (Vup s)|. € L%(e) for all e € &,(T),
which is guaranteed by simply assuming that up € H!(T'). Nevertheless, to be more precise, it suffices
to assume that Vup|r € L%(T), which holds if Vup|r coincides with the trace of the gradient of a
function in H!(Q) for some ¢ > 4/3. In any case, the Dirichlet data used in the numerical results
reported below in Section 4 satisfy the first-mentioned assumptions on up.

|é,4;e . (34)

From now on, we define
ID = Dpl3 := |D =Dpls, + |o—onllu, + [[U—drle,

where D := (D,a,ﬁ) €H :=H| x Ho x Q and ﬁh = (Dh,ah,ﬁh) € Hp, := Hipn x Hop x Qp denote
the unique solutions of (2.11) and (2.21), respectively. The main goal of this section is to establish,
under suitable assumptions, the existence of positive constants Cess and Cye1, independent of the
mesh sizes and the continuous and discrete solutions, such that

Cett© + hoot < [D—Dyly + [p—prog < Crar O, (3.5)

where h.o.t is a generic expression denoting one or several terms of higher order, whereas p and py, are
computed according to (2.18) and (2.22), respectively. The upper and lower bounds in (3.5), which
are known as the reliability and efficiency of ©, are derived below in Sections 3.1 and 3.2, respectively.

3.1 Reliability

The main result of this section is stated in the following theorem. To this end, and as done in [12, eq.
(5.19)], given 7 € L2(Q), we first note that we can define the operator E, : H — H’, which arises from
the left-hand side of the variational formulation (2.11) after summing all its rows, that is,

[2.(C),E] := [4,(C),E] + Bi(E,¢) + Bi(C,7) + B(T,w) + B((, V), (3.6)



for all C := (C,¢,w), E := (B, 7,V) € H, so that (2.11) can be rewritten as
[2,(D),E] = Fu(E)+G(r) + F(¥) VEeH. (3.7)

Thus, the smoothness of the regularized function 1 (cf. (2.3)) allows to show that for each r € L2(1Q),
the operator A, (cf. (2.12)), and hence E, as well, have first order Gateaux derivatives D(A,) €
L(H1,L(H1,H,)) and D(E,) € L(H,L(H,H')), respectively. Moreover, using [12, egs. (4.9) and
(4.10) in Lemma 4.2], one is able to prove (see, e.g. [27, Lemma 3.1]) that for each C € H;, the
operator D(A,)(C) € L(H1,H}) can be identified as a bounded and #;-elliptic bilinear form with
constants L4 and a4, respectively. It follows that for each r € L2(Q), and for each C € H, the
operator D(Z,)(C) € L(H,H') satisfies the hypotheses of the linear version of [12, Theorem 4.1], and
hence, there exists a positive constant az, depending only on L 4, a4, and the inf-sup constants of B
and B, namely E and 51 (cf. [12, egs. (4.12), (4.13)]), such that the following global inf-sup condition
holds:

—

D(E,)(C)(F,E)

az |[Flu < sup = VFeH. (3.8)
0+EeH IE 3
In addition, we let
Ciz = ozél n~ Y2 and Coz = aél p (2 n~1/2 L, + 1) , (3.9)

where az satisfies (3.8), and L,, denotes the Lipschitz continuity constant of n (cf. [12, eq. (4.8)]).

The aforementioned result is stated now.

Theorem 3.1. Assume that L, and the radii 0 and d4 are sufficiently small so that

1 1
CLE L77 < 5 and CQE n1/2 (5 + 5d) < 5 . (3.10)
Then, there exists a constant Cyre1 > 0, such that
|ID — Dyl + lp—pa 0,0 < Cre10. (3.11)

We begin the proof of Theorem 3.1 with a preliminary lemma. Specifically, proceeding analogously
to [13, Section 3.1] (see also [20, Section 1]), we first introduce the residual functional R : X — R,
given by

R(E) := Ri(E) + Rao(7) + R3(¥) VE = (B, 7,v) e H, (3.12)

where Rq: H1 — R, Ro: Ha — R, and R3: Q@ — R are given by

Rl(E) = fuh(E) — [Aph(Dh),E] — Bl(E, O'h) VE € 7‘[1, (313)
Ro(7) := G(1) — B1(Dp, ) — B(T,4y) YV7€H, (3.14)

and
R3(V) := F(V) — B(op, V) VveQ, (3.15)

respectively, which according to the discrete problem (2.21) satisfy
R1(Eh) =0 VEh € Hl,h7 RQ(T}L) =0 VTh € 7‘[2,}“ and Rg(vh) =0 V\_"h € Qh. (3.16)

We are now in a position to establish the following aforementioned preliminary a posteriori error
estimate.
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Lemma 3.2. Assume that L, and the radii § and 64 satisfy (3.10). Then, there exists a positive
constant C, independent of h, such that

|D =Dl + p—pn

00 < C{IRily + IRaliy + [Rslo}- (3.17)

Proof. We begin by proceeding analogously to the proof of [27, Theorem 3.3]. In fact, given p € L2(Q)
satisfying (2.18) and since D and Dy, belong to H, a straightforward application of the mean value
theorem yields the existence of a convex combination of D and Dy, say C;, € H, such that

— —

D(E,)(C1)(D — Dy, E) = [E,(D),E|] - [E,(Dy),E] VEeH. (3.18)

Then, by adding and subtracting [E,, (Dy,), E] and Fu, (E) on the right-hand side of (3.18), using (3.7),
and the definitions of 2, and R (cf. (3.6), (3.12)), along with straightforward algebraic manipulations,
we deduce that

D(E,)(C1)(D — Dy, E) = R(E) + (Fu — Fu, ) (E) — [4,(Dy) — A, (Dy),E] VEeH. (3.19)

In turn, applying (3.8) with r = p, C =Cj, and F = D — Dy, using (3.19) and the continuity of the
operator A, (cf. [12, eq. (4.11) in Lemma 4.2]), with the positive continuity constant L,, we get

ag D — Dyl < IRl + |Fa—Fuylag + Lalp —pallog- (3.20)

Next, we focus on bounding the last two terms on the right-hand side of (3.20). First, using the
definition of F, (cf. (2.15)) and applying the Cauchy—Schwarz inequality, we obtain

1Fa = Fu,llg < plu®@u—u,®@uploa, (3.21)

whereas, according to the expressions provided by (2.18) and (2.22), and proceeding similarly to [12,
eq. (5.31)], the last term in (3.20) can be bounded by

Ip=prloe < 072 {lo = onloa + 29 [u@u—ur @uslos} - (3.22)

Furthermore, subtracting and adding the term (u® uy), using Cauchy—Schwarz’s inequality and the
fact that u e W(0) and uy € W(dq), there holds

loa2) [u—upose < n''? (5+8) [u—uplose, (3.23)

[u®@u—w,@unlon < n'? (lufose + |uy

whence, combining (3.20) with (3.21), (3.22), and (3.23), and using the definition of the constants
Ci=,Co= (cf. (3.9)), we obtain

|D — Dau

A

1
oo IRl + CrgLyllo = anlon + Coz n'2(5 + 8a) [u — wpfoan - (3.24)

Thus, by employing (3.10) in (3.24) and the definition of the residual R (cf. (3.12)) in terms of R4,
Ra, and R3 (cf. (3.13), (3.14), (3.15)), we find that

2

IB—Bulse < — {IRilhg + [Ralsey + IRsllor} (3.25)

=
—_

so that the corresponding estimate for ||p — pjl|o,o follows from (3.22), (3.23), and (3.25), thus yielding
(3.17), which concludes the proof. O
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Throughout the rest of this section, we provide suitable upper bounds for each one of the terms on
the right-hand side of (3.17). We begin by establishing the corresponding estimates for [R1 3y and
IR3]lor (cf. (3.13) and (3.15)).

Lemma 3.3. There hold

IR, < |n(pn, Dr) Dp — oh — p (0 ® uh)d“();g (3.26)

and
. 1
IRslo < [+ le(Uh)HoA/:s;Q Ty lon = 071”0,9 : (3.27)

Proof. First, using the definition of the functionals and operators Ri, Fu,, Ap,, and By (cf. (3.13),
(2.15), (2.12), (2.13)), along with the fact that 74 : E = 7 : E, for all E € H; (cf. (2.10)), and
Cauchy—Schwarz’s inequality, we deduce that

Ra®) = |- [ (s DA D - o~ plur@u)?) < B

< [n(ph; [Dal) Dy — o — p (wr, @ un)| g [Efo

which yields (3.26). On the other hand, employing the definition of the functionals and bilinear form
Rs, F, and B (cf. (3.15), (2.17), (2.14)), in conjunction with the decomposition of the tensor o into

ahzé(ah+a}1)+%(ah—a%),

the fact that (o, + o) : € = 0, for all £ € L%, (Q), and the Cauchy—Schwarz and Hélder inequalities,

we obtain ,

IR3(V)| = L (£ +div(on) v + 5 L (oh— o) :5‘

. 1
< Hf + dlv(o-h)HOA/g;Q HVHOA;Q + 5 Ho-h - 01}31”079 HE 0,5

which implies (3.27) and ends the proof. O

We now turn to the derivation of the corresponding estimate for |[Rallz,. To that end, we first
recall from (3.16) that Ra(7p) = 0 for all 74, € Ha p, whence in the computation of

Ro(T
IRl = sup 27 (3.28)

ozrerts [T,

we can replace each term Ro(7) by Ro(7—74), with a suitable 7, € Haj, (cf. (2.19), (2.20)) depending
on the given T € Ho. Indeed, we first consider the Helmholtz decomposition (A.10) provided by Lemma
A.2, with p = 4/3, which says that for each T € Hy there exist ¢ € WH¥/3(Q) and &€ € H'(Q), such
that

T = C4ecurle) m Q and [¢

sz + 1€le < CaslTldiv, 0, (3.29)

with a positive constant Cy/3 independent of 7. Next, for simplicity of presentation, we focus on the
discrete approach (2.19), which relies on PEERS-based elements of order ¢ > 0. The AFW-based
discretization (2.20) can be handled analogously, using the BDM interpolation operator instead of the
Raviart-Thomas one. In fact, setting

T = IE(C) + curl(Z4(€)) + cl, (3.30)
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where l‘[i and Z;, denote the tensor and vector versions of the Raviart-Thomas (or BDM, in the case
of the AFW-based approach) and Clément interpolation operators, respectively (cf. Appendix A).
The constant ¢ is chosen so that tr(7,) has zero mean value, and hence 7, belongs to Hsp. Note

that TIF(¢) lies in RT,(Q) < ﬁz,h (cf. (2.19)). Also observe that 7 can be interpreted as a discrete
Helmholtz decomposition of 7. In this way, using the second equation of the Galerkin scheme (2.21),
together with the compatibility condition (2.4), we deduce that Ra(cI) = 0, so that denoting

(= ¢ - and &:= & —TIy(¢),
it follows from (3.29) and (3.30), that
Ra(T) = Ra(T —73) = Ra(C) + Ra(curl(€)), (3.31)

where, bearing in mind the definition of Ry (cf. (3.14), (2.16)), we find that

Ro(C) = L (Dh +73) : € + L -div(¢) — (Cv,up) (3.32)

and
Ro(curl@)) = fg (Dh +72) : curl (@) — (curl(®) v, up). (3.33)

The following lemma establishes the residual upper bound for [Rz|,.

Lemma 3.4. Assume that up € HY(T'). Then, there exists a positive constant C, independent of h,

such that
1/2 1/4
[Ralyy < C (Z @%) + (Z ®§,K> : (3.34)

KeTy, KeTy,
where O3 i is defined in (3.4), and

Ok = B [rotDn +v)|o + 2, he|[I(Dn+1)s1s,
6€Sh(K)

+ Z he “VUDS_ (Dh +7h)s||(2),e'
ee&p (K)néER(T)

Proof. We proceed as in [13, Lemma 3.6]. In fact, according to (3.31), we begin by estimating RQ(E)
Let us first observe that, for each e € &, the identity (A.3) and the fact that upl. € Py(e), yield

j 21/ -up = 0. Hence, locally integrating by parts the second term in (3.32), we readily obtain
e

:_ZJ Vuy, — Dh—l—"yh Z J uD—uh I/.

KeTy ecky F)

Thus, applying the Holder inequality along with the approximation properties of TI} (cf. (A.8)~(A.9)
in Lemma A.1) with p = 4/3 and | = 0, and the stability estimate from (3.29), we get

1/4

|7 divy - (3:35)

~

‘R2(E)| < G 2 hic |V, — (Dn + ’7h)H3,4;K
KeTy, ee&p(T)
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Next, we estimate Rg(curl(g)) (cf. (3.33)). In fact, regarding its second term, a suitable boundary
integration by parts formula (cf. [21, eq. (3.35) in Lemma 3.5]) yields

{curl(§)v,up)r = —(Vups,Er. (3.36)

In turn, locally integrating by parts the first term of Ro (curl(g)), we get

f (Dp + 1) : curl(€)
Q

— 2 f rot(Dy +7,,) - 2 J[[Dh+7h s]|- € — Z f Dp, +,)s 3

KeTp, eeER(Q) ee&p (T

which together with (3.36), the Cauchy—Schwarz inequality, the approximation properties of Zj, (cf.
Lemma A.3), and again the stability estimate from (3.29), implies

‘RQ curl( { Z h3 Hrot(Dh—i-'yh)HaK + Z he H[[(Dh-l-’)’h)S]]Hae

KeT, ee&n () (3.37)

1/2
Dyl Fums = (el

Finally, it is easy to see that (3.28), (3.29), (3.35), and (3.37) give (3.34), which ends the proof. [

We end this section by stressing that the reliability estimate (3.11) (cf. Theorem 3.1) follows by
bounding each one of the terms [Ri3, [R2[3y. and [Rsllor, in Lemma 3.2 by the corresponding
upper bounds derived in Lemmas 3.3 and 3.4, and considering the definition of the global estimator

O (cf. (3.1)).

3.2 Efficiency

We now aim to establish the efficiency estimate of © (cf. (3.1)). For this purpose, we will make
extensive use of the notations and results from Appendix B, and the original system of equations
given by (2.8), which is recovered from the mixed continuous formulation (2.11) by choosing suitable
test functions and integrating by parts backwardly the corresponding equations. The following theorem
is the main result of this section.

Theorem 3.5. There exists a positive constant Cese, independent of h, such that

Cots © + hoot < (338)

where h.o.t stands eventually for one or several terms of higher order.

Throughout this section we assume, without loss of generality, that up is piecewise polynomial.
Otherwise, if it is not, but it is sufficiently smooth, one proceeds similarly to [17, Section 6.2], so
that higher order terms given by the error arising from a suitable polynomial approximation of this
function appear in (3.38). This possibility explains the expression h.o.t. in (3.38).

We begin deriving the efficiency estimate (3.38) by first addressing ©1 g and the first two terms of
2,k (cf. (3.2), (3.3)).
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Lemma 3.6. For each K € 7T}, there hold

I+ div(on)|oasx < [div(e —on)|oasx (3.39)

lo.x < 2|l —onlox- (3.40)

and |op, — o,

In addition, there exists a positive constant C, independent of h, such that

[1(phs [D&]) D — ot = plun @ un)?,
(3.41)

< C{HD—Dh yO,K}.
Proof. First, in order to show (3.39) and (3.40), it suffices to recall that f = —div(o) and o = o' in
Q (cf. (2.8)). In turn, for the proof of (3.41), we first use the identity n(p, |D|)D - —p (u®@u)! =0
in Q (cf. (2.8)) and triangle inequality, to deduce

0.k + |lo—onlox + Ju—uplosrx + |[p—pn

[7(phs [D&]) D — ot = plun @ up)?,

(3.42)
< [n(p,ID)D = n(pn, D) D, 1 + o — o

0K +pllu®@u—u, ®ulox,

where, adding and subtracting n(p, |Dh|)Dh in the first term on the right-hand side of (3.42), and
using the Lipschitz continuity estimates [12, eqs. (4.8) and (4.11)], we find that there exists positive
constants L 4, L, such that

HU(P: |D|)D - n(pha ‘Dh’)DhHO,K

< |n(p, [D)D = n(p, Dal)Drly x + [{n(p: IDal) — n(pr, Drl) } Dl x (3.43)

< La|D—-Dy

lo,5c + Ly [p — prlo,x -

In turn, proceeding as in (3.23) in combination with the fact that |ufo4,x and |upo4,x are bounded
by [[ufo4:0 and ||upo4:0, respectively, with u e W(4) and up, € W(dq), there holds

lo.x < n'? (Ju

[u®@u—u,@uy, 0,4;K) [u—uy

0.4:5 + [[unl 0,4;K
(3.44)
<n'? (Jufose + [unloan) [u = unlosr <n'? (5 + 6a) |u—unfox -
Finally, replacing back (3.43) and (3.44) into (3.42) we obtain (3.41) and conclude the proof. O

We remark that the local efficiency estimates for the remaining terms in the definition of © (cf.
(3.1)) have already been established in the literature. These estimates are derived using the local-
ization technique based on triangle-bubble and edge-bubble functions (cf. (B.1) and Lemma B.1),
together with the local inverse inequality (cf. (B.2)) and the discrete trace inequality (cf. (B.3)). For
completeness, we state the following result.

Lemma 3.7. There ezist positive constants C;, i € {1,...,5}, all independent of h, such that
4
a) h%{’|vuh_(Dh+7h)”074;K < {Hu - uh”é,u( + h%{”D - Dh”é,K + h%{H’Y - ’Yh”é,K} VK €T,
b) helup —uplgae < C2 {lu—wlgsx, + bk, D —Dull g, + I, |7 — ¥l Vee &p(l)
eUD Rllo4;e = L2 hllo,4; K. K. hllo,x, 1Y = Ynllo, k. ACN)
2
¢) W Jrot(Dn +v4)s s < Cs {ID = Dol s + Iy = WilBic} YE<Th,
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d) he [[(Dn +v1)s]5, < Ca {|D—Dy

3,0.)8 + ”’Y - ’Yh”(%,we} Vee gh(Q> ’

2
e) he|[Vups— Dy +)sly, < G5 {ID = Duld, + v —vld,} Vee&ulD),
where K. is the triangle of Tp, having e as an edge, whereas w. denotes the union of the two elements
of Tn, sharing the edge e .

Proof. The estimate a) follows directly from the proof of [28, Lemma 3.15], replacing t; therein with
Dj, + 7}, while b) is given in [28, Lemma 3.16]. For ¢) and d), we refer to [6, Lemmas 4.3 and 4.4].
Finally, the proof of e) follows the same arguments as those in [29, Lemma 4.15]. O

We conclude this section by noting that the proof of (3.38) (cf. Theorem 3.5) follows directly from
Lemmas 3.6 and 3.7 and summing the local efficiency estimates over all K € Ty,. Further details are
omitted.

4 Numerical results

This section serves to illustrate the performance and accurancy of the proposed mixed finite element
scheme (2.21) along with the reliability and efficiency properties of the a posteriori error estimator ©
(cf. (3.1)) derived in Section 3. In what follows, we refer to the corresponding sets of finite element
subspaces generated by ¢ = {0,1} as simply PEERS, and AFW, based discretizations (cf. (2.19),
(2.20)). The numerical methods have been implemented using the open source finite element library
FEniCS [5]. Regarding the implementation of the Newton-type iterative method associated with (2.21)
(see [12, steps (1)-(3) in Section 7] for details), the iterations are terminated once the relative error
of the entire coefficient vectors between two consecutive iterates, namely coeff™ and coeff™*!, is
sufficiently small, that is,

lcoeff™ 1 — coeff™|por

|coeff™ | por
where | - ||por stands for the usual Euclidean norm in RP°F with DoF denoting the total number of

degrees of freedom defining the finite element subspaces H 3, ﬁzyh, Qi 4, and Qg p, (cf. (2.19), (2.20)),
and tol is a fixed tolerance chosen as tol = 1E — 06.

< tol,

The global error and the effectivity index associated to the global estimator © (cf. (3.1)) are
denoted, respectively, by

—,

e(t) e(D) +e(o) +e(u) +e(y) +e(p) and eff(O):= eg) ,

where
e(D) := |D - D,

0,0, €)= |lo—0oudivy0, e) = u—unfosn,

e(v) == v —llo, and e(p) := |lp—pulloq-

Moreover, using the fact that DoF~1/" ~ h, the respective experimental rates of convergence are

computed as
_, log(e(0)/6())
log(DoF /DoF)

r(o) = for each ¢ € {D, o, u,’y,p,f} )

where DoF and DoF denote the total degrees of freedom associated to two consecutive triangulations
with errors e(¢) and €(¢), respectively. We stress that, for the sake of simplicity and clarity of
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presentation, in the examples considered below we only report errors and rates of convergence for the
most physically relevant unknowns, namely o, u, p, and t = (ﬁ,p). We recall that the reliability
and efficiency of the global estimator © (cf. (3.11), (3.38)) are with respect to the full error in t, and
therefore we are particularly interested in the behavior of this error.

The examples to be considered in this section are described next, for which we consider the regular-
ized viscosity 7(o,w) defined by (2.3). In the first three examples, for the sake of simplicity, we take
s =01, ug =1, I =1,d=1and p = 1. In addition, it is easy to see for these examples that the
boundary data up := u|r satisfy the required regularity up € H!(T') since the given exact solutions
u are sufficiently regular. In turn, the null mean value of tr(o},) over Q is fixed via a real Lagrange
multiplier strategy.

Example 1 is used to corroborate the reliability and efficiency of the a posteriori error estimator
O, whereas Examples 2, 3 and 4 are utilized to illustrate the behavior of the associated adaptive
algorithm in 2D and 3D domains with and without manufactured solution, respectively, which applies
the following procedure from [39]:

(1) Start with a coarse mesh 7, of Q.
(2) Solve the Newton iterative method associated with (2.21) on the current mesh.
(3) Compute the local indicator © for each K € Ty, where

Ok = O1x +Oox + O3 (cf. (3.2), (3.3), (3.4)).

(4) Check the stopping criterion and decide whether to finish or go to the next step.

(5) Use Plaza and Carey’s algorithm [36] to refine each K’ € T}, satisfying

Ok = Cpe max{@K . Ke ﬁ} for some Cpc € (0,1).

(6) Define the resulting mesh as the current mesh, and go to step (2).

In particular, in the 2D Examples 2 and 4 below, we set Cpe = {0.25,0.1} for £ = {0, 1}, respectively,
while in the 3D Example 3, we set Cpc = 0.5.

Example 1: Accuracy assessment with a smooth solution in a square domain

We first focus on the accuracy of the mixed methods and the properties of the a posteriori error
estimator through the effectivity index eff(0) under a quasi-uniform refinement strategy. We consider
the square domain Q := (0,1)? and set the regularization parameter to ¢ = 1E — 08. The data f and
up are adjusted so that a manufactured solution of (2.8) is given by the following smooth functions

[ sin(xq)cos(x2) B
U(X) B (— cos(xl)sin(x2)> and p(x) — eXp(IIi‘l +.’E2)7

where p € L2(Q), with k = (exp(1) — 1)2. Tables 4.1 and 4.2 shows the convergence history for
a sequence of quasi-uniform mesh refinements for both PEERS, and AFW-based discretizations,
corresponding to £ = 0 and £ = 1, respectively. The results are consistent with the theoretical bounds
established in [12, Theorem 6.2]. In addition, we compute the global a posteriori error indicator ©
(cf. (3.1)) and assess its reliability and efficiency through the effectivity index. We observe that the
estimator remains uniformly bounded throughout the refinement process.
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PEERS/-based discretization with ¢ = 0 and quasi-uniform refinement
DoF | h [it]| e(d) [r@)] e(w) [rm)] ep [rlp) ]| et) [r®) ] © |eff(0)
3314 | 0.177 | 14 | 5.5e-01 - 3.7e-02 - 2.0e-01 - 1.0e-00 - 1.1e-00 | 0.911
16634 | 0.079 | 12 | 2.4e-01 | 1.05 | 1.6e-02 | 1.06 | 7.8e-02 | 1.13 | 4.3e-01 | 1.06 | 5.3e-01 | 0.827
29522 | 0.059 | 12 | 1.8e-01 | 1.03 | 1.2e-02 | 1.03 | 5.8e-02 | 1.08 | 3.2e-01 | 1.04 | 4.0e-01 | 0.812
73874 | 0.037 | 11 | 1.1e-01 | 1.02 | 7.4e-03 | 1.01 | 3.6e-02 | 1.05 | 2.0e-01 | 1.03 | 2.5e-01 | 0.797
209282 | 0.022 | 9 | 6.5e-02 | 1.01 | 4.4e-03 | 1.01 | 2.1e-02 | 1.02 | 1.2e-01 | 1.02 | 1.5e-01 | 0.787
510602 | 0.014 | 8 | 4.2e-02 | 1.01 | 2.8e-03 | 1.00 | 1.3e-02 | 1.01 | 7.5e-02 | 1.01 | 9.6e-02 | 0.782

AFW -based discretization with ¢ = 0 and quasi-uniform refinement
DoF \ h \ it \ e(o) \ r(o) \ e(u) \ r(u) \ e(p) \ r(p) \ e(g) \ r(E) \ ) \ eff(O)
2369 | 0.177 | 14 | 2.8e-01 - 3.5e-02 | — 1.6e-01 - | 5.4e-01 — | 5.4e-01 | 0.995
11809 | 0.079 | 11 | 1.2e-01 | 1.01 | 1.6e-02 | 1.01 | 7.3e-02 | 1.01 | 2.4e-01 | 1.01 | 2.4e-01 1.003
20929 | 0.059 | 10 | 9.3e-02 | 1.01 | 1.2e-02 | 1.01 | 5.5e-02 | 1.01 | 1.8e-01 | 1.01 | 1.8e-01 1.004
52289 | 0.037 | 9 | 5.9e-02 | 1.00 | 7.3e-03 | 1.00 | 3.4e-02 | 1.00 | 1.1e-01 | 1.00 | 1.1e-01 1.005
147969 | 0.022 | 7 | 3.5e-02 | 1.00 | 4.4e-03 | 1.00 | 2.0e-02 | 1.00 | 6.7e-02 | 1.00 | 6.7e-02 1.005
360801 | 0.014 | 6 | 2.2e-02 | 1.00 | 2.8e-03 | 1.00 | 1.3e-02 | 1.00 | 4.3e-02 | 1.00 | 4.3e-02 1.005

Table 4.1: [ Example 1, £ = 0] Number of degrees of freedom, meshsizes, Newton iteration count,
errors, rates of convergence, global estimator, and effectivity index for the mixed approximations.

PEERS-based discretization with ¢ = 1 and quasi-uniform refinement
DoF | h |it]| e(d) [rio)] e(w) [r(w)]| e [rlp) | et) [r®) | © [eff(0)
7010 [ 0177 [ 10 [ 1.2e-02 [ — [ 1.2e-03 | — [ 4.5e-03 | — | 26e-02 | - | 4.6e-02 | 0.559
35210 | 0.079 2.4e-03 | 1.99 | 2.3e-04 | 2.01 | 8.9e-04 | 2.02 | 5.5¢-03 | 1.93 | 9.5¢-03 | 0.572
62498 | 0.059 1.3e-03 | 1.99 | 1.3e-04 | 2.01 | 5.0e-04 | 2.00 | 3.1e-03 | 1.96 | 5.4e-03 | 0.575
156410 | 0.037 5.4e-04 | 1.99 | 5.1e-05 | 2.00 | 2.0e-05 | 2.00 | 1.3¢-03 | 1.97 | 2.2e-03 | 0.579
443138 | 0.022 1.9¢-04 | 1.99 | 1.8¢-05 | 2.00 | 7.0e-05 | 2.00 | 4.5e-04 | 1.98 | 7.7e-04 | 0.581
1081202 | 0.014 7.8¢-05 | 2.00 | 7.3e-06 | 2.00 | 2.9e-05 | 2.00 | 1.9¢-04 | 1.99 | 3.2¢-04 | 0.583

NN NN RN |

AFW -based discretization with ¢ = 1 and quasi-uniform refinement
DoF ‘ h ‘ it ‘ e(o) ‘ r(o) ‘ e(u) ‘ r(u) ‘ e(p) ‘ r(p) ‘ e(f) ‘ r(€) ‘ ) ‘ eff(0O)
5473 | 0.177 | 7 | 6.1e-03 - 1.2e-03 - 4.3e-03 - 1.3e-02 - 2.1e-02 | 0.600
27433 | 0.079 | 5 | 1.2e-03 | 2.02 | 2.3e-04 | 2.01 | 8.6e-04 | 2.01 | 2.5e-03 | 2.02 | 4.3e-03 | 0.591
48673 | 0.059 | 5 | 6.7e-04 | 2.01 | 1.3e-04 | 2.01 | 4.8e-04 | 2.01 | 1.4e-03 | 2.01 | 2.4e-03 | 0.590
121753 | 0.037 | 4 | 2.7e-04 | 2.01 | 5.1e-05 | 2.01 | 1.9e-04 | 2.01 | 5.7e-04 | 2.01 | 9.6e-04 | 0.587
344833 | 0.022 | 3 | 9.4e-05 | 2.01 | 1.8e-05 | 2.00 | 6.8e-05 | 2.00 | 2.0e-04 | 2.01 | 3.4e-04 | 0.585
841201 | 0.014 | 3 | 3.8e-05 | 2.00 | 7.3e-06 | 2.00 | 2.8e-05 | 2.00 | 8.2e-05 | 2.00 | 1.4e-04 | 0.585

Table 4.2: [Example 1, ¢ = 1] Number of degrees of freedom, meshsizes, Newton iteration count,
errors, rates of convergence, global estimator, and effectivity index for the mixed approximations.

Example 2: Adaptivity in a 2D L-shaped domain

The second example is aimed at testing the features of adaptive mesh refinement after the a posteriori
error estimator © (cf. (3.1)). We consider a 2D L-shaped domain © := (0,1)2\(0.5,1)? and the
regularization parameter as € = 1E — 08. The data f and up are chosen so that the exact solution is
given by

o)~ () e = 18- ().
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with 7(x) := (21 — 0.51)? + (2 — 0.51)%. Notice that the pressure field exhibits high gradients near the
vertex (0.5,0.5). Tables 4.3 and 4.4, together with Figure 4.1, summarize the convergence behavior
of the mixed methods applied to a sequence of quasi-uniform and adaptively refined triangulations
of the domain. Suboptimal convergence rates are observed in the quasi-uniform case. In contrast,
adaptive refinement guided by the a posteriori error indicator © leads to optimal rates and stable
effectivity indices for both PEERS, and AFW-based discretizations with ¢ = {0,1}. The adaptive
strategy significantly enhances the efficiency of the method, enabling high-quality approximations at
reduced computational cost. For £ = 0, solutions with improved accuracy in terms of e(f) are obtained
using approximately 60% of the degrees of freedom required by the final quasi-uniform mesh. This
reduction is significant, especially considering the challenges posed by the nonlinearities involved in the
model. This efficiency is further enhanced for ¢ = 1, where accurate solutions are obtained using only
approximately 10% of the degrees of freedom, highlighting the substantial advantage of the adaptive
approach in this case. Figure 4.2 displays the initial mesh and some approximate solutions computed
with the adaptive PEERS -based method, using ©, on a mesh with 706,301 degrees of freedom and
13,061 triangles. These results confirm that the pressure exhibits strong variations in the contraction
region. Additionally, Figure 4.3 shows examples of adapted meshes for the mixed methods when ¢ = 1.
As expected, the refinement is concentrated near the reentrant corner of the 2D L-shaped domain,
revealing the indicator’s ability to effectively localize the singularity.
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Figure 4.1: [Example 2] Log-log plot of e(t) vs. DoF for quasi-uniform/adaptive refinements for
PEERS; and AFW-based discretizations with ¢ = {0, 1} (top and bottom plots, respectively).
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PEERS/-based discretization with ¢ = 0 and quasi-uniform refinement

DoF | h |

ct

i

| elo) [r(o) | e(w) [r(w)] e(p)

[ 1) | e(®)

[ r(®) ]

© [ eff(0)

1028 | 0.280
4601 | 0.141
18491 | 0.071
67811 | 0.038
267785 | 0.019
752408 | 0.011

15 | 8.0e-00
18 | 4.9e-00
15 | 2.7e-00
13 | 1.7e-00
12 | 9.2e-01
11 | 5.2e-01

— 1.9e-01
0.64 | 9.0e-02
0.86 | 4.4e-02
0.71 | 2.3e-02
0.91 | 1.1e-02
1.12 | 6.8e-03

— 7.0e-01
0.97 | 3.4e-01
1.04 | 1.8e-01
0.99 | 9.8e-02
1.01 | 5.0e-02
1.00 | 2.9¢-02

0.97
0.94
0.91
0.96
1.06

9.9e-00 -

5.8e-00 | 0.72
3.1e-00 | 0.89
1.9e-00 | 0.74
1.0e-00 | 0.92
5.8e-01 | 1.11

9.8¢-00 | 1.009
5.7e-00 | 1.016
3.1e-00 | 1.022
1.9e-00 | 1.023
1.0e-00 | 1.020
5.7e-01 | 1.018

PEERS-based discretization with £ = 0 and adaptive refinement via ©

DoF | it | e(a) [r(a) ] em) [r(u) ] ep)

[ re) | e(®) | r(t) |

©

‘ eff(O)

1028 | 15
3857 | 17
o189 | 17
16997 | 14
47183 | 14
184580 | 13
710489 | 12

8.0e-00
5.1e-00
3.7e-00
2.2e-00
1.3e-00
6.6e-01

3.5e-01

0.68
2.11
0.90
1.03
0.98
0.94

1.9¢-01
1.0e-01
8.9e-02
5.0e-02
3.3e-02
1.6e-02
8.1e-03

0.90
0.92
0.98
0.82
1.03
1.03

7.0e-01
3.6e-01
2.7e-01
1.4e-01
8.6e-02
4.2e-02
2.2e-02

1.02
1.92
1.15
0.91
1.05
0.96

9.9¢-00 -
6.0e-00 | 0.77
4.5e-00 | 1.98
2.6e-00 | 0.94
1.5e-00 | 1.00
7.8e-01 | 1.00
4.1e-01 | 0.95

9.8e-00
6.0e-00
4.5e-00
2.6e-00
1.6e-00
8.1e-01
4.2e-01

1.009
0.999
0.979
0.967
0.967
0.962
0.966

AFW -based discretization with £ = 0 and quasi-uniform refinement

DoF | h

it | e(a) | ro) | ew) [rw) ]| e(p)

[ r(p) | e(®)

[ r(®) ]

© [ ef£(0)

745 | 0.280
3285 | 0.141
13117 | 0.071
47997 | 0.038
189285 | 0.019
531593 | 0.011

19 | 7.9e-00
19 | 4.7e-00
18 | 2.5e-00
17 | 1.6e-00
17 | 8.7e-01
16 | 4.9e-01

0.69
0.90
0.70
0.91

1.8e-01
9.0e-02
4.4e-02
2.3e-02
1.1e-02
1.12 | 6.8e-03

0.96

0.99

8.0e-01
3.3e-01
1.04 | 1.5e-01
8.1e-02
1.01 | 4.2e-02
1.00 | 2.4e-02

1.18
1.16
0.93
0.94
1.09

9.6e-00

5.5e-00 | 0.75
2.9e-00 | 0.93
1.8e-00 | 0.73
9.7e-01 | 0.92
5.4e-01 | 1.11

8.7e-00 | 1.106
5.2e-00 | 1.061
2.8e-00 | 1.039
1.8e-00 | 1.032
9.4e-01 | 1.030
5.3e-01 | 1.028

AFW -based discretization with £ = 0 and adaptive refinement via ©

DoF | it | e(o) [r(a) ] e(w) [r(w) ] e

=

) [ e®) [ r(® |

S)

| e££(O)

745 | 19
2685 | 19
3517 | 19

11729 | 18
30457 | 18
118453 | 17
462749 | 15

7.9¢-00
4.9¢-00
3.6e-00
2.1e-00
1.3e-00
6.8e-01

3.5e-01

0.74
2.32
0.91
0.98
0.96
0.96

1.8e-01
9.9e-02
9.1e-02
4.8e-02
3.3e-02
1.7e-02
8.3e-03

0.95
0.63
1.07
0.76
1.03
1.02

8.0e-01
3.6e-01
2.4e-01
1.0e-01
5.7e-02
2.9e-02
1.5e-02

1.25
2.83
1.46
1.20
1.02
0.98

9.6e-00 -

5.8e-00 | 0.80
4.3e-00 | 2.16
2.4e-00 | 0.96
1.5e-00 | 0.96
7.9e-01 | 0.97
4.1e-01 | 0.97

8.7e-00
5.4e-00
4.1e-00
2.4e-00
1.5e-00
7.8e-01
4.0e-01

1.106
1.064
1.052
1.026
1.015
1.016
1.017

Table 4.3: [Example 2, { = 0] Comparison of the mixed approximations with quasi-uniform and
adaptive refinements for the p(I)-rheology model.

Example 3: Adaptivity in a 3D L-shaped domain

Here, we replicate the Example 2 in a three-dimensional setting but now considering the 3D L-
shaped domain ©Q = (0,1) x (0,0.5) x (0,1)\(0.5,1) x (0,0.5) x (0.5,1), the regularization parameter
as € = 1E — 06, and the manufactured exact solutions given by

u(x) =

sin(z1) cos(z2) cos(zs)
—2 cos(x1) sin(z2) cos(x3)
cos(z1) cos(z2) sin(zs)

and p(x) = 80 — 40 exp <
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PEERS/-based discretization with ¢ = 1 and quasi-uniform refinement

DoF | h |it]| e(d) [rlo)] e(w) [r(w)]| e [rp) | et) [r®) ]| © [eff(0)
2171 | 0.280 | 16 | 3.4e-00 - 2.4e-02 - 2.4e-01 - 3.8e-00 - 3.9e-00 | 0.979
9734 | 0.141 | 14 | 1.9¢-00 | 0.75 | 5.6e-03 | 1.95 | 9.1e-02 | 1.28 | 2.1e-00 | 0.80 | 2.1e-00 | 1.021
39143 | 0.071 | 12 | 1.1e-00 | 0.77 | 1.3e-03 | 2.13 | 3.2e-02 | 1.50 | 1.2e-00 | 0.82 | 1.2e-00 | 1.028
143573 | 0.038 | 9 | 3.5e-01 | 1.80 | 3.5e-04 | 1.99 | 1.3e-02 | 1.39 | 3.7e-01 | 1.78 | 3.6e-01 | 1.032
567023 | 0.019 | 7 | 1.2e-01 | 1.53 | 8.8e-05 | 2.00 | 4.1e-03 | 1.66 | 1.3e-01 | 1.54 | 1.3e-01 | 1.034
1593242 | 0.011 | 5 | 3.9e-02 | 2.22 | 3.1e-05 | 2.00 | 1.3e-03 | 2.28 | 4.1e-02 | 2.22 | 4.0e-02 | 1.029

PEERS-based discretization with £ = 1 and adaptive refinement via ©
| elo) [ro) ] e) [r)]| e [rp) | e®) [r®) [ © [eff(0)
2171 | 16 | 3.4e-00 - 24e-02 | — | 2.4e-01 - | 3800 | - | 3.9e00| 0.979
8267 | 14 | 1.9¢-00 | 0.90 | 6.3e-03 | 2.00 | 9.7¢-02 | 1.32 | 2.0e-00 | 0.95 | 2.0e-00 | 1.024
10547 | 14 | 1.2e-00 | 4.04 | 6.2e-03 | 0.08 | 3.9e-02 | 7.56 | 1.2e-00 | 4.17 | 1.3e-00 | 0.965
14948 | 13 | 4.6e-01 | 5.25 | 5.4e-03 | 0.83 | 1.9e-02 | 4.17 | 5.1e-01 | 4.98 | 5.8e-01 | 0.880
57371 | 11 | 1.3e-01 | 1.87 | 1.4e-03 | 2.05 | 5.4e-03 | 1.85 | 1.5e-01 | 1.87 | 1.6e-01 | 0.891
179354 | 9 | 4.7e-02 | 1.80 | 3.6e-04 | 2.33 | 1.9e-03 | 1.87 | 5.2e-02 | 1.82 | 5.6e-02 | 0.918
706301 | 7 | 1.2e-02 | 2.00 | 9.1e-05 | 2.02 | 4.7e-04 | 2.01 | 1.3e-02 | 2.00 | 1.4e-02 | 0.916

DoF | i

ot

AFW-based discretization with ¢ = 1 and quasi-uniform refinement

DoF ‘ h ‘ it ‘ e(o) ‘ r(o) ‘ e(u) ‘ r(u) ‘ e(p) ‘ r(p) ‘ e(f) ‘ r(g) ‘ © ‘ eff(O)
1702 | 0.280 | 15 | 3.3e-00 — 2.4e-02 — 2.3e-01 - 3.6e-00 - 3.5e-00 1.027
7597 | 0.141 | 13 | 1.9e-00 | 0.76 | 5.5e-03 | 1.95 | 9.0e-02 | 1.27 | 2.0e-00 | 0.81 | 1.9e-00 | 1.035
30490 | 0.071 | 11 | 1.1e-00 | 0.73 | 1.3e-03 | 2.12 | 3.1e-02 | 1.56 | 1.2e-00 | 0.77 | 1.1e-00 1.033
111760 | 0.038 | 8 | 3.5e-01 | 1.82 | 3.5e-04 | 1.99 | 1.3e-02 | 1.37 | 3.6e-01 | 1.80 | 3.5e-01 1.033
441202 | 0.019 | 6 | 1.2e-01 | 1.54 | 8.8¢-05 | 2.01 | 4.0e-03 | 1.66 | 1.3e-01 | 1.54 | 1.2e-01 1.028
1239529 | 0.011 | 5 | 3.8e-02 | 2.23 | 3.1e-05 | 2.00 | 1.2e-03 | 2.30 | 3.9e-02 | 2.24 | 3.9¢-02 1.020

AFW -based discretization with £ = 1 and adaptive refinement via ©

DoF | it | e(o) [r(a) ] e(w) [r(m) ] e [rp ] et) [r®) | © [ef£(0)
1702 | 15 | 3.3e-00 — 2.4e-02 — 2.3e-01 — 3.6e-00 - 3.5e-00 1.027
5893 | 14 | 1.8e-00 | 0.96 | 7.4e-03 | 1.88 | 9.5e-02 | 1.45 | 1.9e-00 | 1.01 | 1.9e-00 1.020
7456 | 13 | 1.1e-00 | 3.98 | 7.3e-03 | 0.04 | 3.4e-02 | 8.73 | 1.2e-00 | 4.10 | 1.2e-00 0.967
12022 | 13 | 4.7e-01 | 3.72 | 5.6e-03 | 1.19 | 1.3e-02 | 4.06 | 5.0e-01 | 3.65 | 5.4e-01 0.931
43087 | 11 | 1.4e-01 | 1.91 | 1.5e-03 | 2.09 | 4.1e-03 | 1.81 | 1.5e-01 | 1.91 | 1.6e-01 0.934

137791 9 | 4.7e-02 | 1.84 | 3.9e-04 | 2.28 | 1.5e-03 | 1.69 | 5.1e-02 | 1.84 | 5.3e-02 0.951
534541 6 1.2e-02 | 1.98 | 9.7e-05 | 2.04 | 4.1e-04 | 1.96 | 1.3e-02 | 1.98 | 1.4e-02 0.954

Table 4.4: [Example 2, { = 1] Comparison of the mixed approximations with quasi-uniform and
adaptive refinements for the p(I)-rheology model.

with r(x) := (21 — 0.505)% + (23 — 0.505)2. The convergence history for a set of quasi-uniform and
adaptive mesh refinements using both PEERS; and AFWj-based discretizations is shown in Table
4.5, along with Figure 4.4. We observe a considerable increase in the number of degrees of freedom in
the PEERSg-based scheme compared to the AFWg one. For this reason, and due to computational
limitations, we report results for only four meshes in the case of the PEERSy-based discretization.
This is mainly explained by the fact that the symmetric part of the velocity gradient is approximated
using P3(Q) and P;(Q), respectively. Nevertheless, in both cases we observe disturbed convergence
under quasi-uniform refinement and optimal convergence rates when using adaptive refinement guided
by the a posteriori error estimator © (cf. (3.1)). The initial mesh and some approximate solutions
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Figure 4.2: [Example 2] Initial mesh, computed magnitude of the velocity and symmetric part of the
velocity gradient, and pressure field.

computed using the adaptive AFWy-based scheme (driven by ©), with 775,808 degrees of freedom
and 13,724 tetrahedra, are displayed in Figure 4.5. Snapshots of three meshes generated via © are
shown in Figure 4.6, where an incipient clustering of elements around the contraction region can be
observed.

Example 4: Fluid flow through a 2D cavity with two circular obstacles

Inspired by [12, Example 3 in Section 7], we finally focus on studying the behavior of the regularized
p(I)-rheology model for granular materials in fluid flow through a 2D cavity with two circular obstacles,
without employing a manufactured solution. More precisely, we consider the domain Q = (0,1)2\ €,
where

0, = {(xl,xg) L (21— 1/2)% + (22— 1/3)? < 0.12} U {(xl,@) D (21— 1/2)2 + (22 — 2/3)? < 0.12} ,

with boundary I', whose part around the circles is given by ', = 0€).. The model parameters are chosen
as s = 0.36,uq = 0.91,1y = 0.73,d = 0.05, p = 2500, and the regularization factor is ¢ = 1E — 03.
Notice that the relation between the diameter of the particles d and the width of the cavity is 1 : 20,
whereas the radius of both circular obstacles is double that of d. The mean value of p is fixed as
k = 100, no presence of gravity is assumed, that is, f = 0, and the boundaries conditions are

u=(02r3—-0.1,0 on I'l, and u=0 on TI..

In particular, we impose that flows cannot go in nor out through I'., whereas at the top and bottom
of the domain flows are faster in opposite direction. In Figure 4.7, we display the initial mesh, the
computed magnitude of the velocity and symmetric part of the velocity gradient, and pressure field,
which were built using the mixed PEERSg-based scheme on a mesh with 23,390 triangle elements
(actually representing 597, 375 DoF) obtained via © (cf. (3.1)). Similarly to [12, Example 3 in Section
7], we observe higher velocities along the top and bottom boundaries, moving rightward and leftward,
respectively, as anticipated. Additionally, a circulation phenomenon emerges near the lateral bound-
aries, driven by the fact that the fluid cannot enter or exit through the circular obstacles. Most of
the variations in both the pressure field and the magnitude of the symmetric part of the velocity
gradient tensor are concentrated around the circular obstacles. Notably, between the obstacles and in
some central regions of the domain, the magnitude of the symmetric part of the velocity gradient is
either zero or nearly so, indicating zones where the original viscosity n (cf. [12, eq. (2.9)]) becomes
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Figure 4.3: [Example 2] Three snapshots of adapted meshes according to the indicator © for PEERS;
and AFWj-based discretizations (top and bottom plots, respectively).

singular and the granular flow remains static. This behavior is consistent with the velocity field and
is properly handled by the mixed formulations using the regularized viscosity (2.3). The results align
with those reported in [12], now incorporating an adaptive mesh refinement strategy driven by the a
posteriori error indicator ©. Snapshots of some of the adapted meshes are shown in Figure 4.8, where
we can clearly observe refinement concentrated around the obstacles and in regions where the velocity
gradient vanishes or is nearly zero. This confirms that the indicator © successfully identifies both the
singular zones and the areas with large solution variations, as intended.

A Preliminaries for reliability

We begin by introducing useful notations to describe local information on elements and edges. For each
K € Tp, let £(K) denote its set of edges, and let &, be the set of all edges in T, with corresponding
diameters h.. We further decompose &, as &, = E,(2) U E(T), where E,(2) :={e € &, : e € Q} and
En(l) :={e € &, : e = T}. For each e € &,, we fix unit normal and tangential vectors, denoted by
ve = (v1,19)" and s, 1= (—va, 1), respectively. When no ambiguity arises, we will simply write v and
s. The usual jump operator [[-]] across an internal edge e € &£, () is defined for a piecewise continuous
tensor valued function ¢ as [[¢] := {|x — {|x’, where K and K’ are the elements of 7, sharing e.
Finally, for a scalar field ¢, a vector field v := (v1,v2)", and a matrix-valued field 7 := (7;;)2x2, We
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PEERS/-based discretization with ¢ = 0 and quasi-uniform refinement

=

DoF | h [it] e(d) [ro)] e [rw)] elp [rp) | e) [r®) ] © [eff(®)
32744 | 0.522 | 18 | 1.3e+01 - 9.8e-02 — 2.1e-00 - 1.6e+01 — 1.2e+01 | 1.271
296142 | 0.207 | 16 | 6.5e-00 | 0.97 | 4.1e-02 | 1.18 | 8.7e-01 | 1.19 | 7.5e-00 | 1.00 | 6.4e-00 1.181
605245 | 0.164 | 16 | 5.8e-00 | 0.49 | 3.2e-02 | 1.03 | 6.9e-01 | 0.98 | 6.6e-00 | 0.55 | 5.6e-00 1.168

1651385 | 0.114 | 16 | 5.2e-00 | 0.31 | 2.3e-02 | 1.03 | 4.9e-01 | 1.03 | 5.8e-00 | 0.39 | 5.0e-00 1.149

PEERS/-based discretization with ¢ = 0 and adaptive refinement via ©

DoF | it | e(a) [r(o) ] em) [rw) ] el [rlp) | et) [rt) | © |eff(0)
32744 | 18 | 1.3e+01 - 9.8e-02 - 2.1e-00 - 1.6e+01 - 1.2e+01 1.271
106606 | 17 | 7.2e-00 | 1.55 | 7.4e-02 | 0.70 | 9.8e-01 | 1.90 | 8.4e-00 | 1.59 | 7.2e-00 1.157
374390 | 17 | 5.2e-00 | 0.78 | 6.2e-02 | 0.43 | 4.7e-01 | 1.78 | 5.8e-00 | 0.88 | 5.3e-00 1.084
935833 | 17 | 3.8¢-00 | 1.05 | 4.1e-02 | 1.36 | 2.5e-01 | 2.08 | 4.1e-00 | 1.12 | 3.9¢-00 | 1.061

AFW/-based discretization with £ = 0 and quasi-uniform refinement
DoF ‘ h ‘ it ‘ e(o) ‘ r(o) ‘ e(u) ‘ r(u) ‘ e(p) ‘ r(p) ‘ e(’E) ‘ r(f) ‘ C) ‘ eff(O)
10911 | 0.522 | 11 | 1.3e+01 - 9.8e-02 - 2.0e-00 - 1.5e401 - 1.2e4+01 | 1.267
94997 | 0.207 | 10 | 6.4e-00 | 1.00 | 4.1e-02 | 1.20 | 8.6e-01 | 1.20 | 7.3e-00 | 1.03 | 6.3e-00 1.173
193678 | 0.164 | 10 | 5.7e-00 | 0.51 | 3.2e-02 | 1.04 | 6.8e-01 | 1.00 | 6.4e-00 | 0.57 | 5.5e-00 1.154
525096 | 0.114 | 10 | 5.1e-00 | 0.34 | 2.3e-02 | 1.04 | 4.8e-01 | 1.03 | 5.6e-00 | 0.41 | 5.0e-00 1.126
1595337 | 0.079 | 10 | 4.4e-00 | 0.39 | 1.6e-02 | 1.04 | 3.3e-01 | 1.05 | 4.7e-00 | 0.44 | 4.3e-00 1.105

AFW/-based discretization with ¢ = 0 and adaptive refinement via ©
DoF | it | e(o) [r(o) ] em) [rw) ] el [rp) | et) [r) | © |eff(0)
10911 | 11 | 1.3e+01 - 9.8e-02 - 2.0e-00 - 1.5e+01 1.2e+01 | 1.267
34300 | 11 | 7.0e-00 | 1.64 | 7.4e-02 | 0.72 | 9.7e-01 | 1.93 | 8.2e-00 | 1.66 | 7.2e-00 1.140
114721 | 11 | 5.0e-00 | 0.86 | 6.2e-02 | 0.44 | 4.6e-01 | 1.88 | 5.6e-00 | 0.96 | 5.3e-00 1.043
314569 | 10 | 3.6e-00 | 1.01 | 3.9¢-02 | 1.41 | 2.3e-01 | 2.02 | 3.9¢-00 | 1.09 | 3.8e-00 1.013
775808 | 10 | 2.6e-00 | 1.08 | 2.8¢-02 | 1.14 | 1.5e-01 | 1.40 | 2.8e-00 | 1.10 | 2.8e-00 1.002

Table 4.5: [Example 3, ¢ = 0] Comparison of the mixed approximations with quasi-uniform and
adaptive refinements for the p(I)-rheology model.

define: . t
curl(¢) := (&b’_&b> ., curl(v) := ( curl(v;) ) ’

3362 axl Curl(vz)t

__ Ou vy _ rot(111,712)
I'Ot(v) = aixQ 57551’ and I‘Ot(T) = ( I'Ot(7'21,7-22) )

where the derivatives involved are taken in the distributional sense.

Let us now recall the main properties of the Raviart—Thomas and Clément interpolation operators
(cf. [22], [19]). We begin by defining, for each p > 2n/(n + 2), the spaces

W,(Q) = {T e H(div,;Q): 7|k € WIP(K), VEKe Th} (A1)
and

RT,(Q) := {T e H(div,; Q) : 7|k € RT,(K), VKGE}. (A.2)
In addition, we let IT§ : W,(Q) — RT((Q) be the Raviart-Thomas interpolation operator, which is
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Figure 4.4: [Example 3] Log-log plot of e(t) vs. DoF for quasi-uniform/adaptive refinements for
PEERS( and AFWj-based discretizations (left and right plots, respectively).

Figure 4.5: [Example 3] Initial mesh, computed magnitude of the velocity and symmetric part of the
velocity gradient, and pressure field.

characterized for each 7 € W,(12) by the identities (see, e.g. [22, Section 1.2.7])

f (Hi(T) . 1/>§ = f (t-v)¢ VEePy(e), V edge or face e of Ty, (A.3)
when k > 0, and
fKHﬁ(r)-zp = L{T-zp VipeP i (K), YKeT, (A.4)
when k£ > 1. In turn, given ¢ > 1 such that 1/p+ 1/q = 1, we let
Py(Q) = {ve LIQ) :  vlx € Pu(K), VKen}, (A.5)
and recall from [22, Lemma 1.41] that there holds
div(ITj (1)) = Pp(div(r)), V7TeW,(Q), (A.6)

where Pf : L2(Q2) — P,(€2) denotes the standard orthogonal projector with respect to the L?()-inner
product. This operator satisfies the following error estimate (see [22, Proposition 1.135]): there exists

25



Figure 4.6: [Example 3] Three snapshots of adapted meshes according to the indicator © for the
AFWy-based discretization.

- 0 0.03 0.07 o1
[, | bl

Figure 4.7: [Example 4] Initial mesh, computed magnitude of the velocity and symmetric part of the
velocity gradient, and pressure field.

a positive constant Cy, independent of h, such that for 0 < I < ¢+ 1 and 1 < p < o0, the following
holds
Jw = Phw)lopa < Cob [wlipa  Ywe WH(Q). (A7)

We stress that Pf(w)|x = Pk (w|k)¥w e LP(Q), where P§ : LP(K) — P,(K) is the corresponding
local orthogonal projector. In addition, denoting by P,(2) the vector version of P;(€2) (cf. (A.5)), we
let P4, : L2(Q) — Py(Q) be the vector version of Py.

Next, we collect some approximation proprieties of Hfl.

Lemma A.1. Given p > 1, there exist positive constants C1, Co, independent of h, such that for
0<I1<¥, and for each K € Ty, there holds

|7 =5 (P)lopx < CLAR [Tlivipr Vre WHP(K) (A.8)

and

|r-v— Hﬁ(T) V]ope < C2 hi_l/p 7|1 VTe Wl’p(K) , Vee&y(K). (A.9)
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Figure 4.8: [Example 4] Three snapshots of adapted meshes according to the indicator © for PEERS,
and AFWy-based discretizations (top and bottom plots, respectively).

Proof. For the estimate (A.8) we refer to [28, Lemma 3.1, whereas the proof of (A.9) can be found
in [8, Lemma 4.2]. O

At this point, we emphasize that, since the Brezzi-Douglas—Marini (BDM) interpolation operator
satisfies properties analogous to (A.3), (A.4), and (A.6) (cf. [7, Sections III1.3]), it is also possible to
prove the approximation estimates (A.8) and (A.9) in Lemma A.1 for this operator. Consequently,
Lemma 3.4 can also be derived for the AFW-based approach (2.20).

Furthermore, denoting by W,(Q) and RT,(2) the tensorial versions of W,(2) (cf. (A.1)) and
RT,(Q) (cf. (A.2)), respectively, we let IIj : W,(Q) — RT,(Q) be the operator I acting row-wise.
Then, and similarly to decomposition (2.9), for each 7 € W,(Q2) there holds

eR

1

I (7) = T o(7) + col, with g = —— J b (T (+
’ n|Q| Jo

and Hfb,o(r) = I} (1) — co I € RT(Q) n Hy(divy; Q) ,

where Ho(div,; Q) := {7 € H(div,; Q) : 0 tr(r) = 0. Additional approximation properties of IT¢

and wa particularly those involving the div and div operators, can also be established using (A.6)
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and (A.7), along with their tensorial counterparts for Hfl and ’Pf;.

We now recall from [8, Lemma 4.4] a stable Helmholtz decomposition for the nonstandard Banach
space H(div,; (2), which will be used in the forthcoming analysis for the particular case p = 4/3. More
precisely, we state the following result:

Lemma A.2. Given p € (1,2), there exists a positive constant C, such that for each T € H(div,; Q)
there exist ¢ € WHP(Q) and &€ € HY(Q) satisfying

T =(+curl(§) in Q and ||

10+ 1€le < Cpl7laiv,o- (A.10)

On the other hand, let us define X, := {v, € C(Q) : vp|x € P1(K) VK € T} and denote by X, its
vector-valued counterpart. We consider the Clément interpolation operator Zj : H}(Q2) — Xj, and its
vector version Zj, : H'(Q) — Xj,. Some local properties of Z;,, and consequently of Zj, corresponding
to the particular case of [22, Lemma 1.127] with m = 2, p = 2, and ¢ = 1, are established in the
following lemma (cf. [19]).

Lemma A.3. There exist positive constants Cy and Co, such that for each v e H' () there hold

lv=Zh(v)lo.x < Crhx v

ham) YVEKeT,

and
[v = Zh(@)oe < Cohl?|vlhiae YK €&,

where A(K) := U{K' €T : K' nK # @} and Ae) := W{K' €T, : K' ne +# o}.

B Preliminaries for efficiency

For the efficiency analysis of © (cf. (3.1)), we proceed as in [6, 29, 26, 15, 28, 8, 13], and apply the
localization technique based on bubble functions, along with inverse and discrete trace inequalities.
For the former, given K € Ty, we let i be the usual element-bubble function (cf. [39, eq. (1.5)]),
satisfying

Y € P3(K), sup(¥g) < K, g =0 on 0K and 0< ¢g <1 in K. (B.1)

The specific properties of 1 are collected in the following lemma, for whose proof we refer to [39,
Lemma 3.3].

Lemma B.1. Let ¢ be a non-negative integer, and p,q € (1,4+00) conjugate to each other, that is, such
that 1/p+1/q =1, and let K € T;,. Then, there exist positive constants ci,ca, and cs, independent of
h and K, but depending on the shape-regularity of the triangulations (minimum angle condition) and
¢, such that for each w € Py(K) there hold

J UPKV
clufoprx < sup  HH——

< .
0#vePy(K) HU h HUHO@K

0,q,K

and

Cth(l (K0 0K S IV (¥rc w) HO,q;K < CSh;(l Y5 u 0,¢;K -

In turn, the aforementioned inverse inequality is stated as follows (cf. [22, Lemma 1.138]).
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Lemma B.2. Let ¢, | and m be non-negative integers such that m <1, and let r,s € [1,4+x], and
K € Ty. Then, there exists ¢ > 0, independent of h, K, r and s, but depending on £, I, m and the
shape-reqularity of the triangulations, such that

| < bW e Vo e Py(K) (B.2)

Finally, proceeding as in [1, Theorema 3. 10], that is employing the usual scaling ‘estimates with
respect to a fixed reference element K and applying the trace inequality in WP (K ) for a given
€ (1,+400), one is able to establish the following discrete trace inequality.

Lemma B.3. Let p e (1,4). Then, there exists ¢ > 0, depending only on the shape reqularity of the
triangulations, such that for each K € T, and e € E,(K), there holds

— 1
Be < c{hR 0l e + B 0 i o e WHP(K). (B.3)

v

C A posteriori error analysis: the 3D case

In this appendix, we extend the results from Section 3 to the three-dimensional version of (2.21).
Similarly to the previous section, given a tetrahedron K € 7j, we denote by Ex the set of its faces
and by &£ the set of all faces in the triangulation 7. We then define &, = &,(Q2) U &E,(I"), where
En(QQ) :={eec & e < Q}and E(T) := {e € &, : e = T'}. For each face e € &, we fix a unit normal
vector ve. Given T = (745)3x3 € L?(Q2) such that 7|k € C(K) for each K € Ty, we define [T x v.] as
the corresponding jump of the tangential trace across e. In other words, [T x v.] := (7|x —T|x) X Ve,
where K and K’ are the tetrahedra in 7, sharing e as a common face and

(T11, T12, T13) X Ve
T X Ve := | (721,722, T23) X Ve
(731, T32,T33) X Ve

From now on, when no confusion arises, we simply write v instead of v.. In the sequel we will also
make use of the following differential operators

(61}3 51}2 61}1 5113 81}2 81}1 )t

curl(v) =V x v :=

and .
curl(r1, 12, T13)

M(T) = curl(Tgl,ng,ng)t
curl(7s1, 732, T33)"

In turn, we will also use the tensor version of the tangential curl operator curlg, denoted by curl,,
which is defined component-wise by curl, (see [14, Section 3] for details).

We now set for each K € 7T}, the local estimator

03 i == [n(pn, DAl DA — o — p (wn @ wn)[ 1 + o — ah 2

+ Wy feurl(Dy + )5+ D) he|[IDn+s) x V5,
eeEn(K)nE(N)

Y hefeurly(up) — Dy + ) x 2,
eeEp(K)nEM)
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and the global a posterior: error estimator is defined as

3/4 1/2 1/4
KeTy, KeTy, KeTy,

where @1/ w and @g 5 are defined in (3.2) and (3.4), respectively. Accordingly, the corresponding
reliability and efﬁmency estimates, which represent the analogues of Theorems 3.1 and 3.5, are stated
as follows.

Theorem C.1. Assume that L, and the radii 6 and 64 satisfy (3.10). Then, there exist positive
constants Cess and Cye1, independent of h, such that

Ceff © + h.o.t < < Cre]_G.

The proof of Theorem C.1 follows closely the analysis in Section 3, except for a few aspects that
will be discussed below. Specifically, we first observe that the general a posteriori error estimate given
in Lemma 3.2, as well as the upper bounds for [R1[4; and |[Rs|o (cf. (3.26), (3.27)), remain valid
in 3D. Next, we follow [25, Theorem 3.2] to derive a 3D version of the Helmholtz decomposition for
arbitrary polyhedral domains, as provided by Lemma A.2, with p € [6/5,2) (cf. [8, Lemma 3.4]).
The corresponding discrete Helmholtz decomposition and the functional Ry are then established and
rewritten exactly as in (3.30) and (3.31). Furthermore, to derive the new upper bounds for |Ra|y
(cf. Lemma 3.4), we require the 3D analogue of the integration by parts formula on the boundary
given in (3.36). In fact, using the identities from [31, Chapter I, eq. (2.17), and Theorem 2.11], we
deduce that in this case, the following holds

(curl(§)v,0)r = —(curly(0),&)r, VEeH'(Q), VOeHY(T).

In addition, the integration by parts formula on each tetrahedron K € 7T, which is used in the proof
of the 3D analogues of Lemma 3.4, becomes (cf. [31, Chapter I, Theorem 2.11])

| cwli@:e - [ a:cul®) = xvom.  vaeHewko), veer(©),
K K

where (-, Yo denotes the duality pairing between H™/2(0K) and H'/2(0K). As usual, H(curl; Q) is
the space of tensor fields in IL?(2) whose curl belongs to L?(€2). We observe that, unlike the 2D case,
assuming up € H'(T') is not necessary for the reliability analysis, since curl, is defined in H'2(I).
Nevertheless, for computational purposes, in Section 4, we assume that up is sufficiently smooth, in
which case curl,(up) coincides with Vup x v.

Finally, to prove the efficiency of ©, we first observe that the term defining ©; / w (cf. (3.2)) and
the first two terms defining @27 (cf. (3.3)) are estimated exactly as in the 2D case, following Lemma
3.6. For the remaining terms, we establish the following lemma.

Lemma C.2. There exist positive constants C;, i € {1,...,5}, all independent of h, such that
a) héll(Hvuh_(Dth'Yh)HgA;K G {Hu g4 + P ID = Doll§ g + by — vallg, } VK eT,,
b) he lup —upf§ . < Co {llu — g4k, + i, D = Dall§ g, + P, |y — ’YhHé,Ke} Vee&(l),
) B Jewrd(Dy + 7)< O3 {ID~Duli i+ Iy ~mldx} VK €Th,
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Q) he |1y +74) x VI, < Co{ID = Duld, + Iy = Wil3a, | Ve e &),

) he |eurl,(up) = (D + %) x v, < Cs{ID=Dul . + Iy =Wl x|, Ve &),

where K. is the tetrahedron in Ty, having e as a face, whereas we denotes the union of the two elements
in Ty, that share the face e.

Proof. For a), we refer again to [28, Lemma 3.15] by using now the local inverse inequality (B.2) with
n = 3, whereas b) follows from [28, Lemma 3.16], (B.3) and the estimate in a). In addition, for the
proof of ¢), we refer to [6, Lemma 4.3], while the proof of d) follows from [6, Lemma 4.4]. Finally, e)
can be derived after a slight modification of the proof of [29, Lemma 4.15], along with the definition
of curl,. O
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