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Abstract

The aim of this work is to propose a transient eddy current model that incorporates input current
intensities. We extend the classical A,V —A potential formulation from the time-harmonic setting
to the transient regime with nonlocal source conditions. We prove the existence and uniqueness
of the solution to the corresponding continuous variational problem. Furthermore, we develop a
fully discrete scheme based on the backward Euler method for time discretization and nodal finite
elements for spatial approximation. The resulting discrete problem is shown to be well-posed, and
optimal error estimates are derived. Numerical experiments are presented to validate our theoretical
findings.

Mathematics Subject Classifications (1991): 65N30; 35K65; 78M10
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1 Introduction

The eddy current model, widely used in science and engineering, is derived from Maxwell’s equations by
neglecting the displacement current term [9]. The well-known magnetic vector potential formulation,
including the A and V — A approaches, has been extensively studied in the time-harmonic regime [11].
Potential-based formulations for eddy current problems have been proven effective in practice, and are
widely used in commercial software [7]. More recently, in [3], a time-harmonic formulation based on
the magnetic vector potential has been studied under voltage and current excitations. One approach
incorporates a scalar electric potential in the conductor, while another relies solely on the vector



potential, enforced through Coulomb-type gauge conditions. However, the transient counterpart of
this formulation, particularly with current source excitation, remains relatively unexplored.

Several transient eddy current formulations have been proposed in recent years to address voltage
and current excitation problems. These include magnetic field formulations where the input current
is imposed via Lagrange multipliers [5], mixed formulation using the primitive of the electric field and
a Lagrange multiplier, allowing current or voltage excitation without magnetic scalar potentials [6],
and approaches based on a current vector representation [12, 8.

In this paper, we consider two potentials: a magnetic vector potential A for the magnetic field, and
a scalar function v, representing the time primitive of the electric scalar potential in the conducting
domain. We introduce a variational formulation that exhibits the structure of a degenerate parabolic
problem [13, Chapter 3|, and we prove that the Garding inequality holds, thereby ensuring the well-
posedness of the continuous formulation. A fully discrete scheme is then proposed, combining the
backward Euler method for time discretization with nodal finite elements for spatial approximation.
Following ideas proposed in [2], we show that this scheme admits a unique solution at each time step
of the resulting elliptic problem. Projection operators onto the discrete finite element subspaces are
defined, and quasi-optimal error estimates are derived. Finally, by choosing a sufficiently small time
step At, we confirm the convergence of the method at each mesh step, along with the expected orders
of convergence.

The outline of the paper is as follows. In Section 2, we introduce the eddy current problem with
input current intensities. Section 3 presents the potential formulation under consideration. In Section
4, we derive the corresponding variational problem and prove its well-posedness. In Section 5, we
establish error estimates for a standard finite element method used to solve the problem numerically.
Finally, in Section 6, we present numerical results that confirm the theoretical findings.

2 Statement of the problem

Let Q. C R? be the space occupied by the conductor material with boundary I, Let Q C R3 be a
computational domain with boundary I', which is an open and bounded set such that Q. C . We
suppose that both, ) and €. are Lipschitz domains and we denote by n and n. the outward unit
normal vectors to 2 and €, respectively. Let Qg := Q \ Q¢ be the domain occupied by the dielectric
material, which includes the support of the source current Jj. The transient eddy current model reads
(see, for instance, [9])

curlH =cE in Qx[0,T], 8(';:{) +curlE=0 in Q. x[0,7], (1)
curlH =J; in Q4 x[0,7], div(uH)=0 inQx[0,7], H(z,0)=Hy(x) inQ, (2)
H|o, xn.=H|g, xn, inT x[0,7], Hxn=0 inT x|[0,T], (3)

where we have used standard notations in electromagnetism: H is the magnetic field, J the current
density, B the magnetic induction and FE is the electric field. The magnetic permeability p and
conductivity o are bounded functions satisfying:

o1 >0(x)>09>0 ae. in and o(x) =0 ae. in Qyq,

(4)

1 > p(x) > pp >0 ae. in and u(x) = po  a.e. in Q4.



In a similar manner as in [6] we consider sources provided by external circuits, namely input
current intensities. For that reason it is necessary to assume two types of the conductor domain:
internal conductors and inductors. An internal conductor QF satisfies 9Q N 9NQF = (). On the other
hand, an inductor domain 7" goes through the boundary of €, its boundary I'[" is not empty, and it

is split as I = IT" U™, where I'T" and I']" are respectively the current input surface and the current
exit surface of the inductor domain €2*. We assume that there are M inductor domains {QT}%:I,

which are connected and mutually disjoint, and set I'; := U%ZII‘}”, I, = U%Zlf‘];”. The internal
conductors will be {Qg”}%: Av41- Thus, Q. = U%zl Q" is the conductor region , while the insulator
region is defined by Q4 := Q\ Q.. (see Figure 1 M = 2; M = 3). We impose the intensities of the

Figure 1: Sketch of the domain

input current as follows

/ oE-n=1I1, in [0,T], m=1,---,M (5)
Fm
J

where I, is the current intensity through the surface I with m = 1,--- , M. Following the lines of
[10] to complete the model, it is necessary to consider the following boundary conditions

Exn=0o0n[0,T)xI;, Exn=00n[0,T]xI, and pH-n=0o0n0,7]x0Q. (6)

3 A potential formulation

We are going to start this section by recalling a (strong) classical formulation of the eddy current
problem in terms of two potentials: a magnetic vector potential A and an electric scalar potential V.
We refer to [7] for a more detailed discussion. Next, we will introduce a variational formulation in the
presence of electric ports, based in the strong problem.

It is well-known that from (2), we can find a unique vector potential function A : [0,7] x Q — R3
satisfying

pH =curlA, divA=0 in[0,7]xQ; A-n=0 on [0,7] xI'. (7)
We also use equation (1) and look for a scalar potential V : Q. x [0,T] — R? satisfying
0A v )
E—a"‘Va mn [O,T]XQC. (8)



where v = fot V(z, s)ds. From the first two conditions of (6) and the last condition of (7) we obtain
Viv=nxvxn=-nxExn=0 on I UI,,

which implies that v must be constant on each connected component of I'; and I, Without loss of
generality we suppose that v = 0 on each I'; and constant on each I',.

We impose the gauge condition (divergence-free) by adding a penalization term v*, which is a
suitable average of v in € (see [11]). Consequently, the original eddy current equations (see (1)-(3))
in terms of potentials A and v can read as follows:

<a%? + 0V2¥> + curl <; curl A) —vgraddivA =0 in [0,7] x Q, 9)
A
div <ga@t + UV(;:> =0 in [0,7] x 4, (10)
1
curl ( curl A> —v* graddivA = Jy in [0,7] x Q4q, (11)
©
and satisfying
A-n=0 on [0,7] x T, (12)
0A ov "o~ n
<Uat+gv8t> ‘n.=0 on [0, 7] x T\ (L NT)") n=1,--- M, (13)
A -
(Jaat—kavgj)-ncz() on (0,7 xI,, n=M+1,---,M, (14)
1 1
( cur1A> o X Me = < curlA) |Qd X T on [0,7] x I, (15)
[ e [
/ ocE-n=1I1, in [0,T], m=1,---,M, (16)
F’ITL
J
A‘Qc XnC:A|Qd X T on I, x [0,7], (17)
A‘Qc -nC:A‘Qd-nC on I'. x [0,7], (18)
A(z,0) = Ao(x) a.e.x € (), (19)
v(x,0) =0 a.e.x € Q, (20)
1
—curlAxn=0 on I' x [0,T. (21)
o
We introduce the following spaces
X = H(curl; Q) N Hy(div; )
Hé(QC) = {u € H%E(QC) : u]me =constant m=1,..., M u=0, m:MJrl,...,M}
o

The space X is endowed with the graph standard norm

1Z]x == (|2 )12

6.0+ ldiv Z|§ o + || curl Z|[f o
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Furthermore, it is well-known that as a consequence of the generalized Poincaré inequality the semi-
norm |1 (q,) = [[V(:)[lo,0c is @ norm on Hé(Qc) which is equivalent to the H'(Q.)-norm.

By using standard arguments of integration by parts, we can obtain the following variational
formulation: Given Jy € L2(0,T;L%(Q)) and I,, € H2(0,T) n = 1,...,n, find (A,v) € L2(0,T; X x
Hé(QC)) NHY(0,T5L2(Q)3 x H%(QC)) such that

M

d

S(A+ V0, Z + V), + A4, Z) = /QJd 2= 3 wlenlnlt)  ¥(Zow) € X x HY(QL),
m=1

(22)
A(-,0) = Ap in Q, v(-,0) =0 in Q,

where the following notations have been used

1
A(A, Z) :/ curlA-curlZ+V*/(divA)(din) and (u,w)q0. ::/ ou - w.
QM Q c

Next result will be useful

Lemma 1 There exists C1 > 0, such that

/|Z|2§(Jl{/ |curlZ|2+/ divz2} VZ € X. (23)
Q Q Q

Moreover, there holds

1
1+Cy

1Z]% < [[eurl Z|[§o + [|div Z|[§o < || Z]% VZeX.

Proof. We refer to [4, Corollary 3.16]. O

Remark 2 Taking into account properties of u and o, we can ensure the existence of two positive
constants Ko, k1, independent of the physical parameters, such that

KO

TCl”Z”‘%f < o ([[eurl Z|[§ o + || div Z[[§ o) < A(Z,Z) < s (||eurl Z|[§ o + || div Z[[§ o) < mllZ]%

for any Z € X. We can check that ko = min{u; ', v*}, and k1 = max{ug*,v*}.
Theorem 3 The problem (22) admits a unique solution.

Proof. First, we notice that the problem (22) is a degenerate parabolic problem. Therefore, in order
to establish its existence and uniqueness, we need to show the conditions given in [13, Proposition
II1.3.2 and II11.3.3]. We only verify the Garding-type inequality holds true for (Z,w) € X x H;(QC),
since the other assumptions are verified straightforwardly. First of all, for any Z € X and w € Hé (Q)
we have, after taking into account Remark 2

Ko

(Z+Vw,Z+ V), o + AZ,2) Zao/ 1Z + YVl + 1Z11% . (24)
s éc Qc 1+Cl




Now, setting C' := min{oy, lJ’:—OCl}, we obtain

(Z +Vw,Z + V), o+ AZ,Z)

1 1
ZC[/ Z+Vw’2+/|Z|2+HZH,2X}
Qe 2 Ja 2

C
2[/ z+w2+/ yz%nzn%}
2 o, Qe
Having in mind that

/yz+w|2+/ yzyz’:z/ |Z|2+2/ Z-Vw+/ Vul?
QC Qc Qc QC QC

and invoking Young’s inequality
97 .V < 2|Z||Vu| < % ZP2+5([Vul? W50,
it follows that
(Z+ YV, Z+ V), o + AZ,Z) > % [<2 - ;) /Q ZP4(1— 5)/Q Tl + ||z||§(} . (25)

Consequently, by taking 1/2 < d < 1, the proof is established. O

4 A fully discrete scheme

In what follows we assume that € and . are Lipschitz polyhedra (we recall that Q is simply-
connected). Let {73}, be a regular family of tetrahedral meshes of Q such that each element K € T
is contained either in . or in 4. As usual, h stands for the largest diameter of tetrahedra K in 7p,.
We consider the following finite element spaces:

Xn:={2,€X: Zy|, €P1(K)’ VK € T with K C Q},
My, = {wp € H{(Qc) : wy|, € P1(K) VK € T with K C Qc} .

We consider a uniform partition {t, :=nAt: n=0,...,N} of [0,T] with a step size At := L.
For any finite sequence {6" : n=0,--- , N}, let
_ " — enfl
0" = ——— =1,2,...,N.
At ) n ) ) )
The fully-discrete version of Problem (22) reads as follows:
Find (A}, v}!) € X, x Mp, n=1,2,..., N such that for any (Zy,wp) € Xp, x Mp:
M
(OA}, + Vv, Zy + V), o+ A(AL Z3) = (Ja(tn), Zn)g o —At > whlrm In (t) (26)
m=1
A) =Agp, V) =0, (27)



where Ay j, € X} is a suitable approximation of Ag to obtain optimal error estimates.
In order to prove that Problem (26)—(27) has a unique solution, we first notice that at each iteration
step we need to find (A}, v}') € X} x My, such that for any (Zy,wp,) € Xp, x M),

(A + Vg, Zn + Vuwp), o, + At A(AY, Zy) = Fu(Zn, wh), (28)
where
M
Fo(Zy,wy,) = At/ Ja(tn) - Zn — ALY whlrm I (tn) + (A7~ + Vo™ Zy + Vaoy) -
Q m=1 o

If At is sufficiently small the bilinear form given by (A} + Vvy,Z + Vuwy), o + At A(A}, Z) is
coercive on X, X Mj. Thus, invoking Lax-Milgram’s theorem, the problem (28) has a unique solution
at each time step.

5 Error estimates

In this section we will prove error estimates for our fully-discrete scheme. To this end, we consider
the projection operators P, : X — X}, and Qy, : Hé(ﬂc) — M)y, defined as follows

Given Z € X : PoZ € Xy, : (PhZ—Z,Y)XZO VY € X,

and
given u € Hé(QC) : Qpu € My, : (VQpru — Vu, Vw)a’QC =0 YweM,.

We remark that P, and @y, are well defined. Besides, we have the following estimates
Lemma 4 There exist positive constants C1 and Cs, independent of h:

1Z - PnZ|x < Ch Y}%g{h 1Z - Yllx  VZeX,

le = Qnullay @y < €2 inf fJu—whlluyq,) — Vue H; ().

Now, in order to derive a priori error, we introduce the following notations:

p? = A(tn) — PhA(tn), {L = PhA(tn) — Z, Tln = 5A(tn) — ékA(tn)
Py =0(ty) — Qru(tn), 065 :=Qpu(ty) — vy, 19 = 5v(tn) — O(ty).

and
el = A(ty,) — Ay, €5 :=v(ty) —vyp. (29)

Besides, for sufficiently smooth A and v there holds

N
> ol
n=1

T N T
20 < A /0 10n AWM. dt, 3 (V20 < At / 10uV ()2, bt (30)

n=1 0

From here on we assume that At is small enough, for example At <

N



Lemma 5 There exists a positive constant C, independent of h and At, such that for each n =
1,...,N

187 1% + 1103 12 ) + A D6t + ALY (967 + VOsEG o,
k=1 k=1

n
<c {er — Aol + 1815 + o8 1% + ¢ S 180813 + Itk + 19651 o) + IR0, + IV 7E IR } .
k=1
(31)

Proof. The proof of the lemma follows from standard arguments applied for degenerate parabolic
problems (see, for instance, [1, Lemma 1]). For completeness purposes, we describe it. Let 1 <n < N
and 1 < k < n. It is straightforward to show that

(98 + V065, Z + Vw), a. + AT, Z)

32
(@t + VO, Z + V), — Alph, Z) + (7F + VL Z 4 Vo 32)

for any (Z,w) € Xj, x Mjy,.
Step 1: Taking (Z,w) = (6},65) in (32) and applying Cauchy-Schwarz inequality, as well as the
following estimate

(967 + V003, 87 + V5. )o 0. > 51 [Hé’“+V62HUQ — 15 + Va2,

we can obtain

_ _ 1
o (18 + Vo2, — 188+ Ve 20, ] + SAE o)

IA l>‘
DO | =

185 + V85120, + 110 + VOph|2 0. + ITF + VT2 0. + A(pl,pl)

Next, after summing from k& =1 to k = n, we have

13+ VT (83 AGH8) < 187+ T8,

n

2(A) ) [ 187 + Vo530, + 10T + VIR5 |2 0, + 171 + V75|50, + A(Pum) (33)
k=1

1
Since At < 3 we deduce

n

fuén + V5|2 0, + (A8 Y A(SF,87) < (|60 + V3|12 g,

k=1
n—1 n
1
+ (At) Z 167 + Vo5 150, + (2A¢) Z [I(?pl + Vapzlla 0. F I+ Vv [ QA(P’f, pi)|  (34)
k=1 k=1



Now, after invoking discrete Gronwall’s Lemma, we establish for each n € {1,..., N'}

1
S8 + Ve312g,

1
< exp(2T) (Ha 20, + (280" 190t + VO 0, + It + Vet + 2A<p'f,p’f>]>
k=1

(35)

Using (35), we infer that

n

(At)Y A8, 67)
k=1

1
< (2T exp(2T) +1) (né? 820, + (2803 196t + VO 20, + 1 + Vet + 2A<p’f,p'f>]>

(36)

k=1

Step 2: Now we take (Z,w) := (96%,065) in (32) and obtain, after invoking Cauchy-Schwarz’ and
Young’s inequalities,

1085 + V&317 o, + A(8Y,007) < [10p + VIps

g—,QC + 7+ V|2 QT ||651 + VS5 |2 Qe — A(ph,067)
(37)

Taking into account the relations

1 = _
<7 [Alpl.0F) — Al 88| — A0k, 81,

1 _ _
A(3F,081) > 3 | AT, o) — At a1 Y]

A(pl ) adk)

(37) yields to

,||65k+v552||ggc [,4(5 5k)_,4(af—1,5ff—1>}

1
2A¢
+ | +VT§HUQC

1 gk = & = 1 1 gk
A}, 1) - a8 Y]+ S AGpk B0b) + JAGE 6. (38)

< ||9p% + VOps|2

1
At
Now, summing from k =1 to k = n in (38), we obtain

(At) Z 108F + Vsk||1Z . + [A(ST, 8T) — A(87,89)] < —2[A(pT},87) — A(p}, 89)]

k=1

+2(80 Y [196% + VOgIZ o, + It + Vb2 o, + A@0t,0p}) + AGF 0] (39)
k=1



Now, thanks to Young’s inequality, we have
1
—A(p1,01) = AlpY, p1) + AT, 07),

1
which helps us, together with the assumption At < 3 to infer from (39)

. - 1
(A1) D087 + V33|70, + 5 A(ST,87) < 2A(p}, 87) + A(87, 07)
k=1

+2(80) Y [100% + VORIE o, + It + Tk |2, + A}, 0p}) + AGE 85| . (40)
k=1

Invoking (36), to bound the sum involving A(8%, %) on the right hand side in (40), we deduce for
each n € {1,...,N}

- 3 3 1 n o sn
(A1) Y 11087 + VAG|I7 0, + 5 AT, 87) < 2A(p}, 87) + A(8Y, 87)
k=1

+2(80) Y 196k + VOhIZ g, + It + Vrf|Z g, + A(Opt,00)]
k=1
+2(2T exp(2T) + 1) <||5? + V92 o, + (288> [Haplf + Voph
k=1

1
b+ b2+ et )] )
(41)
Finally, noticing that
1891% = IPaA(to) — Aonlk < 2( 651 + 1140 — Aonllk) .

(31) is established, after combining (35), (36) and (41), and invoking Lemma 1, Remark 2, as well as
Garding inequality (25).
(|

Theorem 6 If A € H'(0,7; X) N H?*(0,T;L*(Q)) and v € H'(0, T; H} () NH(0,T;L*(Qc)), then
there exists a constant C > 0, independent of h and At, such that

N N
| ax, [He’fll%c + Hesuzﬂé(gcﬂ + ALY etk + At |9e} + Vaes |3 o,
- n=1

= n=1

2 . 2 . 2
< {140~ AoalBe + e | ing 14w - 20+ inf o(ea) - iy |
N T
A inf ||A(t,) — Z||3 inf ||0,A(t) — Z|5
F A ot 1At = 2+ [t 19.40) - 215 o

T T
b [t 1o~ wlly g, |+ 302 [ (106 A@ R, + 1065 DI 0] dt |
0 we My, grioe 0

10



Proof. Taking into account the definition for the errors given in (29), and after applying triangle
inequality, we obtain

N N
Jax {He?\@( + Heguilé(ﬁc)} + ALY [lefx + ALY [|0e} + Ve |5 q.
- n=1 n=1

N
<c {HAO — Aol + mas [Io 1% + 16813 o, | + A0S 10681 (42)

n=1

oI + 106512 0 + IR 0. + IV 7 R 0, } .

Besides, 0; (P, A(t)) = Py, (0:A(t)) and 0 (Qnv(t)) = Qn (Opv(t)). On the other hand, we have

N C T N C T
A, .ni2 <7 : _ 2 A nj2 <7 : o 2 .
Sl < i [ | jnt 1A~ 213 . S0 e < g [ [ i, 100 iy |

ue My,
(43)

Finally, the result follows from using the last inequalities, Lemma 4 and (30). O

Corollary 7 Let’s assume that A € HY(0,T; XNH!T$(Q)>)NH2(0, T; L2(2)) and v € H'(0, T} H;(Qc)ﬂ
H$ () NH2(0, T; L2(2)), for some 0 < s < 1. If Ay = I, (Ag), where IL, : X NHIT(Q)3 — X,
is the Lagrange interpolant, then there exists a positive constant C, independent of h and At, such
that

N N

n|(2 n|(2 n2 a,mn 5, 1|2

1322{1\/”61 1% + 1235\,”62 ||Hé(QC) + At 21”61 1% + Atzln&‘ﬁ + Voes |5 q,
n= n=

T T
éch%(max VAW Baso + max [o(t)2en, + /0 10, A0 odt + /0 H@v(t)\\is,gcdt)

0<n<N 1<n<N

+ C(At)? </0T||c’)ttA(t)]

T
St | |attv<v<t>>u%,gcdt) -

Proof. Let IIj, : Hé(QC) NH*$(Q.) — M}, be the standard scalar finite element Lagrange interpolant.
The result is a direct consequence of the well-known approximation properties of I, I, and Theorem

6. g

Remark 8 At each time step t = tx_we can approzimate the eddy current E(x,t;) and the magnetic
field H(zx,ty,) by means of EF = —oaAZ — O’@V'U}li and ,uH}’f = curl AZ. Thus, the Corollary 7 yields
the following error estimates

N
ALY " |oB(ty) — (—0dA} — 00VVR) [[§ o, < OB + (At)?)
n=1

N
H(t,) — curl A?||? At H(t,) — curl A?||2 5 < O(h% + (At)?).
max [[1H (t,) — curl A7{f5 o + nZlHM (tn) — curl AR5 o < O(h* + (At)?)

11



6 Numerical result

In this section, we present numerical results obtained using a MATLAB code that implements a
problem with a known analytical solution. Specifically, we approximate the solution of the following
source problem

<88? + Vg:) + curl (curl A) — graddiv A = f in [0,7] x Q, (44)
. (0A ov .
div (({% + Vat> = f2 mn [O,T] X Qd, (45)
A n=0 v=0 on [0,T] x T, (46)
0A v
<8t + V@t) *Ne =g - N on [O,T] X FC (47)
(curl A) }Qc X n. = (curl A) |Qd X N on [0,7] x I, (48)
A‘QC ><nC:A|Qd X M on I'. x [0,7], (49)
A‘QC-nC:A‘Qd-nC on I, x [0,T], (50)
curlAxn=f3 xn on I' x [0,T]. (51)

In this case, we consider Q = (0,1)%, Q. = (0.2,0.8)3, and Qq = 2\ Q.. The data f1,f2, g and f3
have been chosen so that the analytical solution is

0
A(xy, xo, x3,t) = sin(nt) | me™ cos(mxs) sin(mwza) v(xy, 9, 23, ) = tsin(x1) sin(z2) sin(z3).
—me”™! cos(mxy) sin(mxs)

In this example, we used to corroborate the convergence rate in the three-dimensional domain. Thus,
we take T = 0.5s and the time-step At = 1073s. The time step is sufficiently small, so that the time
discretization error is not affected.

The convergence for a set of quasi-uniform mesh refinements is shown in Table 1. The method
achieves optimal convergence with order O(h), confirming the theoretical optimal rates provided by
Corollary 7.
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Table 1: Mesh sizes, percentage errors and rates of convergences for source problem (44)-(51).

1/2
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