UNIVERSIDAD DE CONCEPCION

CENTRO DE INVESTIGACION EN
INGENIERIA MATEMATICA (CT°MA)

A

Centro de Investigacion en Ingenieria Matematica

A second-order nonstandard finite difference scheme for
eco-epidemiological predator-prey models

ABRAHAM J. ARENAS, JUAN BARAJAS-CALONGE,
GILBERTO GONZALEZ-PARRA, LUIS M. VILLADA

PREPRINT 2025-12

SERIE DE PRE-PUBLICACIONES







A second-order nonstandard finite difference scheme for eco-epidemiological
predator-prey models

Abraham J. Arenas?®, Juan Barajas—Calongeb’*, Gilberto Gonzalez-Parra®, Luis Miguel VilladaPd

“Departamento de Matemdticas y Estadistica, Universidad de Cérdoba, Carrera 6 No. 77 - 305, Monteria, Colombia
”GlMNAP—Departament() de Matemditica, Universidad del Bio-Bio, Avenida Collao 1202, Concepcion, Chile
¢Department of Mathematics, New Mexico Tech, 801 Leroy PI, Socorro, 87801, USA
dCIEMA, Universidad de Concepcion, Casilla 160-C, Concepcion, Chile

Abstract

In this work, we construct a dynamically consistent second-order nonstandard finite difference (NSFD) scheme to
numerically solve a generalized eco-epidemiological predator-prey model. We prove that the proposed scheme pre-
serves some essential qualitative features of the generalized model. These features are equilibrium points, stability,
and positivity of populations, which are satisfied regardless of the time step size, i.e., the method is unconditionally
stable, making this scheme a very attractive numerical method. The design of the scheme relies on the usual nonlocal
approximation of the right-hand side function while the nonstandard denominator functions are defined depending
not only on the time step size but also on the state variables. We prove that the NSFD scheme is convergent with the
desired order. The proposed methodology can be used to design other second-order NSFD numerical schemes for
other mathematical models similar to the prey-predator model presented in this paper. Finally, we present numerical
examples that support the mathematical analysis and show the advantages of the constructed NSFD schemes.

Keywords: nonstandard finite difference methods, second order, eco-epidemiological models, qualitative dynamics
preserving numerical scheme, positivity, stability

1. Introduction

1.1. Scope

Many predator-prey mathematical models have been proposed in the scientific literature. In particular, there has
been a recent increase in interest in eco-epidemiological predator-prey models. These eco-epidemiological predator-
prey models integrate ecological interactions between predators and prey with the dynamics of infectious diseases
affecting one or both populations [1, 2, 3, 4]. These models are in some way extensions of the classical predator-prey
frameworks, such as the Lotka—Volterra equations, where disease transmission is incorporated into the model. Of-
tentimes, the prey population is divided into susceptible and infected subgroups. Depending on the disease, the prey
infected population becomes more vulnerable to predation or has a reduced reproductive rate due to the disease. Anal-
ogously, some mathematical models have considered the possibility that predators may contract the disease through
the consumption of infected prey. Incorporation of a disease into the prey-predator models can affect the dynamics
of the prey and predator populations [5, 6, 3]. Thus, these mathematical models that incorporate a disease are crucial
for understanding the complex feedback between disease ecology and food web dynamics. In addition, these math-
ematical models can better approximate the real-world situation. Analysis of these models can also provide relevant
information for wildlife management, conservation, and zoonotic disease prevention by highlighting how epidemics
might influence the coexistence or extinction of species [7, 8, 9].
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Most of the eco-epidemiological predator-prey models are nonlinear and based on differential equations. Their
analytical solutions cannot be obtained. Thus, we need to rely on numerical schemes to numerically solve these
models. Numerical schemes are essential for solving mathematical models based on ordinary differential equations
(ODEs), especially nonlinear models, since most of them cannot be solved analytically. These schemes provide
approximate solutions that enable us to simulate complex dynamical systems such as population dynamics in different
fields [10, 11]. Numerical solutions allow us to validate theoretical predictions, perform sensitivity analyses, and
guide decision-making in real-world problems where analytical solutions are unavailable or intractable. In this work,
we construct nonstandard finite difference (NSFD) schemes to numerically solve a generalized eco-epidemiological
predator-prey model.

NSFD schemes are numerical methods designed to preserve the essential qualitative features of mathematical
models based on differential equations [12]. Oftentimes, these features are equilibrium points, stability, positivity
of populations, conservation laws, and boundedness [13, 12, 14, 15]. More importantly, these features are satisfied
regardless of the time step size, making the NSFD schemes a very attractive numerical method. For example, the
positivity of populations is especially important in epidemic models such as SIR and SEIR models, where negative
population values are biologically unrealistic. Oftentimes, the NSFD schemes use nonlocal approximations or mod-
ified denominator functions to ensure that the features of the continuous models are also satisfied by the discrete
model or numerical solution. Thus, NSFD methods are highly suitable for long-term simulations, particularly for stiff
mathematical models where classical finite difference schemes, such as Euler and Runge—Kutta methods, may fail
[12, 16, 17, 18]. Thus, with NSFD methods, we can obtain an accurate solution using larger time steps and capture
the processes described by the continuous models.

1.2. Related work

In this work, we adopt similar ideas of Kojouharov et. al. [19, 20] and Hoang et. al. [21, 14, 22] to develop
second-order NSFD schemes for different generalized eco-epidemiological predator-prey models. In particular, we
implement these NSFD schemes for two specific models in order to show their reliability and accuracy. Moreover,
these NSFD schemes are designed to always generate positive solutions, since the models deal with populations that
must be non-negative [23, 17]. Numerical schemes that generate positive solutions are critically important when
modeling real-world phenomena where the variables must remain non-negative, such as population sizes or financial
quantities [16, 24, 25]. Ensuring positivity preserves the integrity and realism of the simulation, especially over
long time intervals or in systems sensitive to initial conditions. Standard numerical methods may fail to guarantee
positivity, particularly for stiff problems, which can cause numerical instabilities or spurious solutions [13, 12, 26].
Therefore, designing schemes that inherently preserve positivity, such as NSFD methods or specially adapted Runge-
Kutta schemes, is essential to maintain the qualitative features of the original ODE model and to ensure reliable and
meaningful solutions [27, 28].

1.3. Outline of the paper

This article is structured as follows. In Section 2, we present the generalized eco-epidemiological predator-prey
mathematical model with some preliminary results that are useful for the construction of the NSFD schemes. Section 3
is devoted to the design of a second-order NSFD scheme for the general model, the proof of results about preservation
of positivity and equilibria, and a proof of convergence of the method. In Section 4, we present the stability analysis
of the NSFD scheme for two particular models with respect to their equilibrium points. Section 5 is devoted to
the numerical results that support the theoretical results and show the reliability of the constructed NSFD schemes.
Finally, in Section 6, we present the conclusions of our research and potential future work.

2. Generalized eco-epidemiological predator-prey model

Let us consider a predator-prey ecosystem where X denotes the population of the prey and Y the population of
the predators. We assume that an infection exists within the prey population; thus, we divide this population into two
subpopulations: susceptible and infected, denoted by S and I, respectively. Thus, at any arbitrary time ¢ we have



X(@) = S(») + I(r). We suppose that the prey population has a logistic growth in the absence of infected prey. The
ordinary differential equation system that describes the ecosystem is

das S+1

<=1 (1 - )—/ISI—W(S,Y)S,

dl

o = AST =G = ul, @.1)
dy

i Y(R(S)-F(S,1,Y)),

which are defined on Q = {(S,1,Y) e R?: S > 0,1 > 0,Y > 0} with initial conditions
S§0) =S80, 10)=1, Y(O) =Y. (2.2)

Here, r is an intrinsic birth rate constant, k is the carrying ca@city_ of the system, A is the diseas_e trzglsmi_ssion
coeflicient, u the per capita death rate of infected prey, and H,G:R, xR, > R,R:R; »> R,and ¥ : R, xR, xR, —
R, where R, = [0, +c0), are functional responses that satisfy the following assumptions.

Assumption 2.1. The functional responses satisfy the following assumptions
(A1) H(S, V)20, GU,Y)=20,R(S)=0,7(S,1,Y) =20, forall (S,1,Y) € Q.
(A2) H,G,R,F are of class C*.

Models that can be represented in the form (2.1) can be found in [29, 30, 31]; however, in this work, we will apply
our discretization method to the following cases:

o A predator—prey model with linear response functions proposed by Bairagi et. al. in [32] with

H(S,Y) = asf, R(S) = 6as,

GUY)=pI, F(S,1,Y)=6+6BI, 2.3)

where « is the attack rate, § is the attack rate on infected prey, 6 is the conversion efficiency of predators, and ¢
is the predator mortality.

e A Leslie—Gower predator—prey model with disease in prey incorporating a prey refuge studied by S. Sharma
and G.P. Samanta in [33], with

H(S,Y) =0, R(S) =6,
_a(l-vY Y (2.4)
Q(I’Y)_a+(l—v)l’ FEILD = o

where a is the half saturation constant for infected prey population in absence of refuge, v/ is the capacity of a
refuge at time ¢, where 0 < v < 1. This leaves (1 — v)I of the infected prey available to the predator. Finally, n
is the density-dependent mortality of the predator.

We will point out a few basic yet significant properties of the solutions for system (2.1), with R, G, H, F given by
(2.3) or (2.4) under Assumption 2.1. Since the right-hand side of the system (2.1) is completely continuous and locally
Lipschitzian, the solution of (2.1) with initial conditions (2.2) exists and is unique in a maximal interval J = [0, w.).
We introduce the solution Z(r) = (S (¢), I(¢), Y(¢)) defined on J. According to Theorem 3.1 in [32] and Lemma 3.1
in [33], the solutions of (2.1) are uniformly bounded with the response functions given by (2.3) and (2.4). Since the
vector field associated with system (2.1) is of class C*, and following the ideas in the proof of Proposition 3.1 in [34],
one can establish the following result.

Theorem 1. The flow of (2.1) is positively complete, i.e., w, = oo.

In addition, it is easy to check that the solutions of the continuous model remain in Q for every initial data in Q,
as explained in the following Theorem.



Theorem 2. The set Q is positively invariant under the flow of (2.1).

Proof. Lett € J be given and Z(0) = (S, lp, Yo) € Q. Integrating on the system (2.1) and using the fact that
So, 1o, Yo = 0, we get

S() =Soexp [f ( ( S(6)+I(9)) AO) — H(S (6), Y(H)))d@] >0

1(r) = Ip exp [f (A8 (0) — G(6), Y(6)) —M)d(?] >0
0

Y(1) = Yoexp [ f (R(S(0) — F(S(0),1(0), Y(6))) dH] >0
0

thus Z(#) € Q, which completes the proof. O

3. Design of a second-order NSFD scheme

When we study biological models, one fundamental characteristic that we must guarantee is the positivity of
the solutions, but normally this is challenging and generally, the classical numerical schemes to solve differential
equations such as Euler and Runge-Kutta 4 method do not preserve these properties and sometimes fail and generate
oscillations, bifurcations, chaos, and incorrect stable states [35]. One of the modern techniques to avoid the problems
mentioned above is using the nonstandard finite difference schemes (NSFD) proposed by Ronald Mickens [36, 13, 12].
This NSFD methodology designs numerical schemes that preserve important properties, such as the positivity and
stability of equilibrium points, while being unconditionally stable. We start by discussing the design and construction
of these schemes.

3.1. Discretization

To describe the NSFD discretization approach, let us consider a general Cauchy problem of the form

dx .
- = f(x), in[0,T] (3.1

x(tp) = xo,

where T is a positive real number, x = (x1, x2,...,xy)" : [0,T] — R", and the function f = (fi, f,..., f)' : RN —
RY is differentiable at xo € R". First, we discretlze the computational domain [0, T'] by partitioning t* = nAt, where
At = T/M is the step size, and M is a fixed positive integer. A numerical scheme with step size At that approximates
the solution x(#") of the system (3.1) can be written as

Dpi(x,) = FAt(f; X)), (3.2)

where, D (x,) = x, ~ x(t"), and F(f; x,) approximate the right side of the system (3.1).

dt =

Definition 1. The numerical scheme given by (3.2) is called a NonStandard Finite Difference (NSFD) scheme if at
least one of the following conditions is satisfied,

Xnyl — Xp

1. Dar(xy) = 2D

, where ¢ is a non-negative real valued function which satisfies,

O(A) = At + O(AP).

Some examples of this kind of functions are:

_ —AAt

o(Af) = 1+ >0, g(Ar) = € — 1, see [13]. (3.3)
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2. Fpalf;x,) = G(xy, Xp11, AL), where G(x,, X,11, At) is a non-local approximation of the right side of the system

(3.1).
Remark 1. The Definition 1 suggests that the denominator function ¢ should be the same for all components of
Da(x,); however, one can choose different functions ; for eachi = 1,..., N and still have stable numerical schemes.

Now, by using the definition (1) we design a numerical scheme to approximate numerically the solutions of the
system (2.1). We denote by S”, I" and Y” the approximations S ("), I(¢"), and Y (") respectively, for n = 0, 1,2... and
by f = (fi, f», 5)T the right-hand side function in (2.1). We proceed as follows:

1. Implement the non-local approximations on the right-hand side of (2.1) with weights w; [21]:
fi(S,1,Y) ~ rS" - %(S" +IMS™ —AS™ P - H(S, YS! 4w ST — w ST

fZ(S,I, Y) ~ 1S — g(ln’ Yn)1n+l —/Jln+1 + ngn _ W21n+1, (34)
F(S, 1Y) =~ R(SMHY" = F(S", I", YY" 4 w3 Y™ —wi Y™

2. The first order derivatives of the system (2.1) are approximate by:

ds N Sn+1 —_sn
dr ~ @i(An, 8™ I Y
n+l _ yn
ar,_ Im-r (3.5)
dt (A, S 1Y)
dY N Yn+1 —y"
dr = @3(At, Sm I Y
where the denominator functions ¢; for i = 1,2, 3 are specified later.
Hence, the system (2.1) can be discretized as
Sn+1 _Sn =rsn_ K(Sn+111)sn+1 _/lsn+lln_(]_{(sn YI‘I)S}’L+1 +W1S}’L_W1Sn+l
@1(AL, S™ I, Y™ k ’ ’
1n+1 - +1 +1 +1
———— = AS"I" -G, YOI =yl + wolt — wr I 3.6
¢2(BL, ST, 17, Y GUL YOI =l 2wl = 30
Yn+1 —y"

= R(SHY" — Sn’In’ " Yn+1 + Y" — Yn+1.
PR T I Wyt mws
Remark 2. It is well known that the choice of denominator functions like (3.3) leads to first-order schemes [37].
Notice in (3.5) that the denominator functions depend not only on At but also on the approximations of the state
variables: S",I", Y". This modification allows us to obtain a higher order of convergence in the NSFD method, which
will be described in the next subsection.

3.2. Properties of the numerical scheme

Theorem 3 (Positivity). Let wi, w,, w3 € R and satisfy wi,wy, ws > 0. Then, the NSFD method (3.6) is dynamically
consistent with respect to the positivity of the model (2.1) for all the values of the step size At, that is, S",I",Y" > 0
for all n > 1 whenever SO 70y > 0.

Proof. We proceed by induction on n. By hypothesis S, 1%, ¥Y° > 0, so let us assume that S”, I", Y > 0. Rearranging
the scheme (3.6) in explicit form we obtain that,

S"+re (A, ST T, YDHS™ + wip (AL, S, T Y™ST

n+l _
ST 1+ @i(AL, S, I, Y")(%(S" + M) + A"+ H(S™, V) + wl)’
gt I A (AL S™ I YOS I 4 waa (A S I YOI an
L+ @a(AL, S, 1, Y)(GU, Y™) +  + )
el _ Y @s(AL ST YORSMY" + wags (AL S™ I YY"

L+ @3(AL S, 1, Y (F (ST, 17, Y™) + ws)
5



Therefore, using the non-negativity of the functions H,G, R, ¥, and ¢;, we deduce that S"*!, /*+1 y"*! > 0. This
concludes the proof. O

Theorem 4 (Equilibrium points). Let wi,w,, w3z € R and satisfy wi,wy,w3 > 0. Then, the NSFD method (3.6) is

dynamically consistent with respect to the equilibrium points of the model (2.1) for all the values of the step size
At > 0.

Proof. In order to find the equilibrium points of the NSFD scheme (3.6), we need to solve the system §™+! = §7, ! =
I", Y™ = Y". First, we start by expressing the system (3.7) in the form
S = 8"+ g (AL S" I Y Ai(S" I YT,
' =T (AL ST LY AT YT, (3.8)
Y=Y+ g3 (AL S T Y A(ST T Y,
where,
e1(A, S, 1Y)
1+ @i(Ar, S™, I, Y")(%(S" £+ A+ HEST Y +wy)
@2 (AL, S", 1M, Y™
1+ @a(AL S, 11, Y")(GU, Y7) + 1+ wa)
@3(At, S, 1M, YT
1+ @3(AL S, 1, Yn)(F(S™, 1, Y") + ws)

gi(ALS™ I Y") =

(A, S", 1", Y")

(3.9)

g(ALS" I Y")

Then, in light of (3.8) we get
gi(AL U I YWY AS™, I, Y") =0,

(AL S TN YN AHES™, 1Y) =0, (3.10)
S(ALS", I Y (S 10, Y") = 0.
Considering the positivity of functions g;(At,S",I",Y") for i = 1,2, 3, it follows that f;(S",I",Y") = 0fori = 1,2,3.
Therefore, the NSFD method (3.6) and the continuous-time model (2.1) have the same sets of equilibria. O

In order to simplify the notation in the proof of the following theorem, let us introduce the following auxiliary
functions appearing in the denominators of expressions in the right-hand side of (3.7):

Ui(S,1,Y) = %(S + 1)+ AL+ H(S, V) +wy,
Ua(S. 1Y) := G Y) + 1 + o, 3.11)
‘7[’3(S’I9Y) = T(S,I, Y)+W3,

defined for all (S,7,Y) € Q. With all of this set, we can follow the ideas of Appendix B. in [37] and Theorem 5 in
[21] to show that the proposed NSFD scheme is convergent with order 2.

Theorem 5 (Convergence). Let ¢ 1(At,S,1,Y), 02(At,S,1,Y), and ¢3(At, S, 1, Y) be functions satisfying the following
conditions

e _ 0fi(S,LY) Ofi(S,LY) f(S,L.Y) 0fi(S,1Y) f3(S,1,Y)
aan OS5 LD =W LD+ =g T e Y T oY AS.LY)
P B Af(S,LY) fi(S, 1Y) 0f(S,LY) 0f(S,LY) f5(S,1,Y)
W(O,S,I, Y) = ZWQ(S,I, Y) + 9 fz(S,I, Y) + ol + Y fz(S,I, Y), (312)
3 _ 0f3(S, 1Y) fi(S,1,Y) 0f3(S,LY) fo(S,1,Y) 0f3(S,1,Y)
aan OS5 LN =S LD+ = Ty Y T e ASLY) T ar

forall (§,1,Y) e Qand f;(S,1,Y) #0, i = 1,2,3. Then, NSFD method (3.6) is convergent of order 2.
6



Proof. First, we apply Taylor’s theorem to the components of the solution S (¢), 1(¢), and Y(¢) to obtain

n+1 n 1o4n Atz 1"en n
S = (") + AS' (") + S (1") + 7

l‘2 aAfi(S (), I(t"), Y (")) )
ot 5

=S@") + Atfi(S (), 1), Y(I") +

1Y) = 1) + A (2" + AT["(;") + 74

= 1) + AL (), 107, Y (™) + M 0HEE), ;:;n) SGRN o
Y™ = Y + AtY' (") + %Y”(:”) + 77
= Y(") + Atfs(S ("), I(t"), Y (") + — Atz AECIG ;t(tn) ) +70,
where
= — AC &S — (" + 05An), 7} = AL Ll — (" + A1), T = t3d3—Y(t” + Oy At), (3.14)

6 dr 6 di 6 dr

with g, 0;, 8y € [0, 1], are the local truncation errors. If 7" = (r5, 77, T';,)T, then the norm of the local truncation error

}.

By Assumptions 2.1, we have that the right-hand side functions are of class C2([0,T],R?), so it follows that the
solution is of class C3([0, T'], R?) with bounded derivatives over [0, T']. Therefore, we have the following bound for
the local truncation error:

AP d*S
"l = sup{‘ T —({" + 05 Ar)|, (t + Oy At)

AP 1
Ll 2

6 dr

1
7" leo < EMAP. (3.15)

We now employ the notation (F(Atf,S", I",Y"), Fo(At, S™, 1", Y"), F5(At, S", I", Y")T for the right-hand side of the
scheme (3.7). It follows from (3.8) that

Fi(0,S,1,Y)=S, F»0,S,1,Y)=1, F5(0,S,1,Y) =Y. (3.16)

In addition, we observe that the first partial derivative of F; with respect to At is given by

OF(AL,S, 1Y) 8
B [&p.(m,s,l, Y) ( 1
("3 t’SaI’Y)
AL Y1 (S, 1Y)
(1 +@i1(ALS, LYW (S, 1, )

+1(A1L S, 1Y)

fS,LY).

Then, taking into account that ¢;(0,S,7,Y) = 0 and ‘9‘”(2’# =1, it follows that

dF1(0,S,1,Y)

o = £i(S,LY). (3.18)

Following the same lines, one gets the following result:

0F»(0,S,1,Y) 0F3(0,S,1,Y)

AT = f2(S,1,7Y), AT = f3(S,L7Y). (3.19)



Now, from (3.17) we can compute the second derivative of F'| by

O*Fi(AL, S, 1Y) [0*¢i(AL,S, 1Y) 1
OAP2 a AP 1+ @ (ALS, LYW (S,1,Y)
00148, 1Y) ¥1(S,1,Y)
OAt (1 +@i(ALS, LYW (S, 1,Y))?
doi(AL,S,1,Y
_G @S LD s 1y

0 OAt
At, S, 1,Y)—
e )aAf (1 +@1(AL S, L Y)Y (S, 1,Y))?

Si(S,LY).

Again we use the facts ¢;(0,S,7,Y) = 0 and (’W = 1, to obtain

9*F1(0,5,1,Y) [0°¢1(0,8,1,Y)

AL = fi(S,L.Y) AL —201(S,1,Y)|. (3.20)

By employing the same arguments, we can prove that

8*F»(0,5,1,Y) [0%¢,(0,5,1,Y)
_— = l1L.Y))|———=
OAP A6, LY) OAP

PF3(0,S,1,Y) (30,5, 1,Y)
- = lL.y)y|l——— 7
OAr? 561 )> OAr?

— (S, 1Y)
! (3.21)

- 2y3(S,1,Y)|.

Using the Taylor expansion and combining (3.16)-(3.21), we obtain that

OF (0,8, 1", Y™ N A_tzazFl(O,S”,I”, VD)
OAt 2 OAP?

0%¢1(0,8", 1", Y™)
OAr?

OF,(0,8",I", Y™ N AP 8Fy(0,8", 1", Y")
OAt 2 OAr?

8%¢y(0,8™, I, Y")
OA??

OF3(0,8",I", Y™ N AP §°F5(0,8", 1", Y")
At 2 N

0%03(0,8", 1", Y™
OA??

S"™ = Fl(0,8", 1", Y") + At +O(AP)

+O(AP),

AP
= Sn + Atfl(Sn’In’ Yn) + Tfl(sn9ln’ Yn)|: - 2W1(Sn71”5 Yn)

™ = Fy0,8", 1", Y") + At +O(AP)

(3.22)
+O(AP),

AP
="+ Af(S™ I Y + S (8" 1Y) [ — (8", 1", Y")

Y™ = F5(0,8", 1, Y") + At +O(AP)

A 2
=YY"+ Arfs(S", 1M Y + %f3(S”,I", Y™ [ = 258", I Y| + O(At3).

Now, if X* = (S™, I", Y")T and X(") = (S ("), I("), Y(#"))T, then from (3.12), (3.13), (3.15), and (3.22) we infer that
the difference equation for the error ™! := X"*1 — X(¢"*!) is

S IY") = A(SE),IE. YA 2 %(S”,I”, ") - %(S @), 1), Y (1))

= ¢+ At| HST T YY) — HS A, 1), Y () |+ - 53—’;2(5",]”, Y" - ?—?(S(t"), I, Y(") | + MAP,
SHE" LYY = S @), 10"), Y()) 2SI Y - %(S @), I(t"), Y (1))

for some constant M > 0 independent of At. Then, if L = max(Ls, L;, Ly) and L = max(Ls, Ly, Ly), where L; and L;,

are the Lipschitz constants for f; and 0, f;, for j € {S, I, Y}, respectively, then we get the following bound for the local

truncation error

AP . - AP . .
lle" oo < lle"llo + (AtL + 7L) lle"llco + MAF = (1 + AL + 7L) lle"]leo + MAL. (3.23)

8



Then, by applying the discrete Gronwall inequality (see Lemma 2, in Appendix A) we arrive at

el < en(LAH%i)”eo”oo + en(LAH%i)(nMAﬁ) < e(LT+§Z)”eo”OO + e(LT+¥Z)MTAt2. (3.24)
Hence we conclude that,

X" = Xl < LT EIX0 = X(O)lw + LTHEDTHA? < O(IXO — X(O)]lw) + OAR). (3.25)
Thus, the scheme (3.7) is convergent of order 2. O

Remark 3. Let us define

0f1(S,1,Y) N 0fi(S, 1Y) fo(S,1.Y) N 0f1(S, 1Y) f3(S, 1Y)
S ol fi(S,1Y) Y  fS.LY)
0f2(S, 1Y) fi(S,1,Y) N 0f2(S,1,Y) N 0f(S, 1Y) f3(S,1,Y)
S H(S,1LY) ol Y  HGS,LY)
0f3(S, 1Y) fi(S, 1Y) N 0f3(S, 1Y) fo(S,1.Y) N 0f3(S,1,Y)
S f(S,LY) ol f(S.LY) ay

T1(S,1,Y) =2y (S,L.Y) +

(S, 1Y) :=2yn(S, 1Y) +

(3.26)

73(S, 1Y) :=2y3(S, 1Y) +

forall (S,1,Y) € Q, where yy; are those defined in (3.11). Therefore the denominator functions can be chosen as
eI _

TSIV ] iSyI;Y O
‘Pi(At,S,I, Y): T[(S,I, Y) lfT( );ﬁ
Aty if 7i(S.1.Y) = 0.

(3.27)

The functions (3.27) satisfies not only (3.12) but ¢;(At,S,1,Y) = A? + O(AP), as At — 0 and ¢i(At,S,1,Y) > 0, for
all At > 0and (S,1,Y) € Q.

4. Stability of equilibrium points

There are several mathematical models that can be put in the form of (2.1). To fix ideas, we will focus on the
two specific eco-epidemiological prey-predator models with functional responses given by (2.3) and (2.4). The main
difference between these models is the choice of the functional responses, in the sense that for the first model these
functional responses are linear, while for the second they are nonlinear. In addition to the dynamical properties
preserved by the NSFD scheme (3.7) obtained in Theorem 3.2, we can analytically show the consistency of the NSFD
scheme with the continuous model in terms of the local stability of certain equilibrium points.

4.1. NSFD scheme for Bairagi et. al. model [32]
The scaled version of the system of ODEs modeling the ecosystem is as follows,

ds

= =bS(1—=(S+0D)-SI-mSY,

dI

— =S8SI-dIY —el, 4.1
dt

dy

i —6dIY — gY + 6m,SY,

with equilibrium points given by
(@) The trivial equilibrium &j = (0, 0, 0).
(i) The axial equilibrium &; = (1,0, 0).

(iii) The planar equilibria &, = (e b-e) 0) and &; = (i 0, M).

> b+l om; ° Gm%
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. : : 1Tl * P * s _ bdO+meb+bg+g g+ _ m0S*—g x _ S*—e
(iv) The interior equilibrium & = (S*, I*,Y*), where S* = b +2mz),1 == ,and Y* = .

Remark 4. The equilibria &y and &, exist for all parameter values, the equilibrium &, exists if e < 1, the equilibrium
&Es exists if my > % and the interior equilibrium &, exists if

“4.2)

+df
g )<S*<g—
mp

e<l1, m1>§, max (e, — .
% 0 Om; +d

The final form of the NSFD scheme for this model is described by the following algorithm:

Algorithm 1 Second Order NSFD scheme for Model (4.1)
Input: b,m,e,d, 0,8 wi,ws, w3, T,At, S, I°,Y°
ST S0 "0 Y Y°
M —TE]
forn=1,....,.M—-1do
compute @;(At,S", I",Y"), i = 1,2,3 from (3.27) given At, S",I", Y"
g+l S" + b1 (AL, S™, I", Y)S" + wip (A, S", ", Y")S"
1+ ¢1(At, S", 17, Y”)(b(S" FI)+ I+ m Y + wl)
I" + o (AL, S™, I, Y)S ' + wap (AL, S™, I, Y)I"

L+ @a(AL, S, 1%, Y7)(dY" + € + w)
Y + @3(AL S, I, YN0m S Y™ + waps(AL, S", I, YY"

L+ @3(A, S7, 17, Yy (6dI" + g + w3)

In+1 —

Yn+1 —

end for
Output: {(S',1',Y"),...,(SM M YM))

Now, we address the stability of the equilibrium points of this discrete system.

Theorem 6. Let w, wy, w3 € R satisfying wy > 0, wy > 1 and w3 > 0m,. Then, the NSFD method given by Algorithm
1 is dynamically consistent with respect to the local stability of the equilibrium &;, i = 0,...,4 of model (4.1) for all
the values of the step size At, that is:

(i) The trivial equilibrium & is unstable.

(i) The axial equilibrium &, is locally asymptotically stable if e > 1 and m; < %.

(iii) The disease-free equilibrium &, is locally asymptotically stable if e < 1 and m; < é[g + %].
(iv) The predator-free equilibrium &; is locally asymptotically stable if m; > f—g orm; > % according as e < 1 or
e>1.

(v) The interior equilibrium &, is unstable.

Proof. Let us use the notation ¢; ((Af) := ¢;(At,Er), where i = 1,2,3,and £ = 0, . .., 4, for denoting the evaluation of
the functions ¢; at the equilibrium points &,. We discuss the stability of each equilibrium point:
(i) The Jacobian matrix of the system (4.1) at & is

b 0 O
JE)={0 - 0
0 0 -g
Then by Lemma 3, in Appendix A we get
byp10(An)
1+ L+p10(ADW, 0 @) 0
D _ €$20
T (&) = 0 I = e 0
0 0 _ 8¢30(AD)

1+¢p30(AD)(g+w3)

10



Clearly, &) = 1 + % > 1 is an eigenvalue of JP(&p). Thus, by Lemma 4, in Appendix A it follows that & is

unstable for the discrete system. (if) The Jacobian matrix of the system (4.1) at &; is

_ be11(AD) __(+b)e1i(An __ mgi(A)
L+p11(AD(b+wr) ]L‘Ftﬁl.(lge)f()](ﬁ"'wi) L+ (AD(b+wr)
D _ $2,1 w2
J7(&) = 0 T5es (AN (er ) 0
0 0 1+ 2 (A)(Omi—g)

L+3,1(AD)(g+w3)

The characteristic polynomial of J D(&,) can be written as

by, 1 (At 1+ AD(1 + AH(Om; —
Pe,(6) = (1 _e- ¢1,1(A7) )(_ L 1+ @21 (AN Wz))(l _ gy paaADEm —g) )
1+ @11(AD(D + w) 1+ p2.1(An)(e + wa) 1+ ¢3.1(AD(g + ws3)
Thus, the eigenvalues of T°(&;) are
U be1(A) W _ 1@ ADd +wa) oy _ |- ©3.1(AD)(g — Omy)
! L+ i(ANGB+wi) 72 1T+ @ (An(e +wy) 73 1+ @31(AD(g +ws3)
Clearly, we have that 0 < fgl) < 1. The condition e > 1 implies that 0 < g—‘;l) < 1 and the condition m; < g, ieg>mo
produces 0 < %1) < 1. Therefore, all the eigenvalues of JP(&;) belong to the open unit disk. In light of Lemma 4,

in Appendix A we have that the axial equilibrium &, is locally asymptotically stable if e > 1 and m; < £. (iii) The

]
Jacobian matrix of system (4.1) at &, is

__ begia(An __(+bepia(A) __empia(d)
o) Tepa@iein L2
D _ —e)pan —e)pa2(AL
J7(&) = | Tonxtrpmaanerms 1 D) (17922 (AN (e+12)
O 0 (1+b)(1+tp3,2(AI)(€€ml+W3)

(1+b)(1+8p3 2 (AD)+p32(A)(bdO(1-e)+(1+b)w3)
The characteristic polynomial of JP(&,) can be written as

(1 + D) + p32(At)(ebm; + w3) B f)
(1 + )1 + gp32(AN) + 32(AN(bAO(1 - €) + (1 + b)ws3) ’

Pg,(§) = O, (£) (

(2)

where Qg, is a second-order polynomial of the form Qg, (¢) = &2 + a(l”g +a, , where
Ao beg »(At) . be(1l — e)p12(At)p; 5 (A1)
0 L+ @i2(ADB +wi) - (1+@12ANGB +w))(1 + @a2(At)(e +w2))’
@ begp; 5 (A1)

R PV S S

‘We notice that

£9 = (I +b)(A + 32(Ar)(ebmy + w3)
b (4D + g@32(AD) + @32(AD(bAO(] — €) + (1 + b)ws)’

is an eigenvalue of J2(&,). The condition e < 1 implies that gﬁz) > 0. We rewrite 6(12) as

U 1+ b+ @3a(AD((b + Dg + bdO(1 — e) + (1 + b)ws)’

In this way we can see that condition m; < e—l(,[g + %], i.e (1+b)efm; < (b+1)g+bdo(1 — e) implies that fiz) <1.

Now let us analyze the second order polynomial Qg,. We claim that the roots 532) and ggz) of Qg, are in the unit
disk. To prove this, we check all the conditions of Lemma 5, in Appendix A. First, the condition ¢ < 1 implies
agz) > 0. In addition, as w, > 1, we get

be(1 — €)1 2(At)pr »(Af) - be(1 — €)1 2(AD)p2 (A1) - begi2(Ar)
(I +@12A0B +w))(A + @22(AN(e +w2)) (1 +@12(ADD +wi))22(ADWwy 1+ @12(AND + wi)
11




Hence
<o beyp) 2(Ar) bep) 2(A1)

“o L+@AD0b +wy) 1+ @12(A00b +wy) -

So we have |a(()2)| < 1. On the other hand, we observe

1+ a(z) pC be(1 — e)p1 2(At)pa2(Af)
0
(I +@12(A00b + w))(1 + p22(Af)(e + w2))
and
1— ( )1 4@ = 2(2 B beg: »(At) N be(1 — e)p1 2(At)pa 2 (Al)
0 L+ @aADb +wi)) (1 +@12A00B + w1 + p22(At)(e + wr))

Therefore, from the analysis above we get that |§§.2)| < 1, for j = 1,2,3. By using Lemma 4, in Appendix A we

conclude that the disease-free equilibrium &; is locally asymptotically stable if e < 1 and m; < [g + 2 dZ(Jrl1 e)] @)
The Jacobian matrix of system (4.1) at &5 is

1 — - bsea@n ___U+bgeisdn ____sps(a)
I+¢@13(AD)(b+w1) Omy (1+¢13(AD(D+wy)) 0(1+¢1 3(AD(D+w1))
D(g )= 0 mi (gp23(AN+mi8(1+¢2 3(ANws)) 0
J" (&) = —bdgps 3(At)+6my (bdpa 3 (AD)+my (1+(e+w2)p2 3(A1)))
b3 3(A1)(Om1-g) bdeps 3(A1)(g—6m,) 1
mi(1+¢33(Ar)(g+w3)) mi(1+¢33(An)(g+w3))

The characteristic polynomial of JP(E3) can be written as

my(ge23 (A1) + mi6(1 + 2 3(AHwy)) B «f)

Pe,€) = 0e,€) (—bdgso2,3<Az> + 0my (bdgy 3(AD) + my (1 + (¢ + w2)@23(AD)))

where Qg, is a second order polynomial of the form Qg (&) = £ + a(3 )g + a(3) where

O bgp1 3(A)ps 3(At) B bgp15(Ar)
0 (1 + @i 3(ADMD + w))L + 33(AN(Eg +w3))  Omi(1 + @1 3(ADD + wi))(L + ¢33(AD(g + w3))
2bg*p1.5(ANps 3(AD) bgp13(ADps 3(At)ws
- Omi (1 + @1 3(ADD + wi))(1 + @33(A1)(g + w3)) N Omy (1 + @ 3(AD (D + w))(1 + @33(AN(g + w3))
& = bge13(A1) bg*¢13(AD33(A1)

Omi (1 + @1 3(ADD + wi))(1 + @3 3(An)(g + Ws)) Omi(1 + @1 3(ADD + wi))(1 + @3 3(AD)(g + ws3))
bgp1 3(AD@s 3(AHws
9"11(1 +@13(ADGB + w))(1 + @33(AN(g + w3))

After some algebraic manipulations, one gets that

0@ = b1 3(AN(1 + @33(AD(2g + w3))(Omy — g) + Om (1 + @1 3(Aw (1 + 3 3(A1)(g + W%))
0 Omi (1 + @1 3(ADD + wi))(1 + @3 3(AD)(g + ws3))

So, the condition m; > % or my > g according as e < 1 or e > 1, implies in any case that 6m; — g > 0 and therefore

we get that a(3) > (. In addition, by using the restriction over the weight w3 > 6m; we observe that
(3) <1+ bgp 3(A)ps 3(At) _ bgp 3(ADps 3(A)ws
(1 + @1 3(ADD + wi))L + @33(AD(g +w3))  Omi(1 + @1 3(ADD + wi))(1 + ¢33(A1(g + w3))
- 1- bgp13(An)ps 3(Ar) ( ws l) <1
L+ @13(ANb + w))(1 + ¢33(AN(g + w3)) \Om, '

In this way we see that Iag)l < 1. On the other hand, after some computations and by using again the condition
Om; — g > 0 one gets that

+ad® = bgp13(A) @3 3(AN(Om; — g)
O (1 + @1 3(ADD + w))(1 + @33(A1)(g + Ws))
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(3)

1 +a,



Finally, we observe that

L—d® 4 g = bgp13(AN2 + 383 3(A1) + 2wsp3 3(AD)(Omy — g) + 20m1 (2 + b1 3(AD) + wig13(AD)( + gg33(A1) + w33 3(AD))
! 0 Omi(1 + @1 3(ADD + wi))(L + @33(AN(g + w3))

> 0.

Therefore all the conditions of Lemma 5, in Appendix A are fulfilled, so we get that |§;.2)| < 1,for j=1,2,3. By using
Lemma 4, Appendix A we conclude that the disease-free equilibrium &; is locally asymptotically stable if m; > £ or

el
mp > g according as e < 1 or e > 1. (v) The Jacobian matrix of system (4.1) at &, is TP(&;) = (16(64))?,1':1’ where

b1 4(AD)(g(b + 1) + bdO + eOmy)

D
InE =1 Gad+ @+ bymnyi + @14(AD (D +w1))’
TDE = (1 + b)o1.4(AD)(g(b + 1) + bd6 + ebmy)
2T T 00d + 2+ bym )1 + @1 a(AD B +wy))’
5103(84) _ myp14(A(g(b + 1) + bdO + ebm,) ’
) 0(bd + (2 + bym))(1 + @1 4(AD(D + w1))
D ©2.4(At)(m 1 (ebmy + bdf — g) — bdg)
I8 = d(b + 1)g@a 4(A) + bdO(1 + @3 4(A1)) + bdOWr @y 4(ADOM1 (2 + b + e 4(AL) + (b + 2)2.4(ADW?)’
InEy) =1,
D _ 24(AN)(bdg + m (g — bdBebm,))
T ) = ) g0ma@0) + b1 + gas(B0)0 + bdwalgaa(A0) + 0mi (2 + b + egaa(AD) + (b + Dwagaa(AD)
b @3.4(ADm (1 + b)g — bd(e — 1)6 — (b + 1)efm,)
J51(84) = d(bd + my(2 + b + @3 4(A1)(g + bg + bd + e6my)) + 3 4(At)(bd + (b + 2)m;)ws)’
b ©34(AD(=(b + 1)g + bd(e — 1)0 + (1 + b)ebm,)
T8 = bd + my(2 + b + @3 4(At)(g + bg + bd + ebmy)) + w33 4(At)(bd + (b + 2)m;)’
THE) = 1.

The characteristic polynomial of J”(&E,) can be written as a third order polynomial Pg,(¢) = & + a(24)§2 + a(14)§ +

aff), where the coefficients are long expressions that can be found in detail in Appendix B. After many algebraic

“4) “)

manipulations, one can show that the term A := 1 + ag‘) +a,” +a, canbe expressed as

A=((1+b)g—bde—1)0-(1+b)ebm;)(bdg +m(g — bdo — eﬁml))A~

— 4.3
= ((1 +b)(g — eOmy) + bd(1 — e)0)(bd(g — Omy) + m (g — eOmy))A, )

where A is a positive constant depending only on the parameters of the model and the denominator functions ¢;. From
the existence conditions for &, given by (4.2) in Remark 4 we have that,

S*>e, S'> i,
m19
which are equivalent to,
(1 +b)(g — eOmy) + bdO(1 —e) >0, bd(Om; — g) + mi(efm; — g) > 0. “4.4)

In the light of (4.3) and (4.4), we get that A < 0. In this way, we see that the first condition in Lemma 6, in Appendix
A is violated and hence we have that there is a root & of polynomial Pg, such that |£y| > 1, i.e. &4 is unstable. O
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4.2. NSFD scheme for Sharma-Samanta model [33]
The system of ODEs modeling the ecosystem with the incorporation of a prey refuge reads

das S+1

= oS- -as1

dr ’S( k) ST,

dl a(l —v)YI

i ¥\ i Sl el

o AS praTE—y ul, 4.5)

dy nY
—=Y|[6-——F—],
dt ( a+(1—v)1)

We will focus on two equilibrium points which have interest from the biological point of view; these are the
predator-free equilibrium and the disease-free equilibrium. In [33] it is shown that these points are given by

(i) & =(S1.11,0), where S| = 4, I} = 5% with b = r/k.

(i) & =(82,0,Y2), where S5 = 7, Y2 = “7‘5,

respectively.

Remark 5. The equilibria &, exist for all parameter values and the equilibrium &, exists if r > 1;—5.
The final form of the NSFD scheme for this model is described by the following algorithm:

Algorithm 2 Second-order NSFD scheme for Model (4.5)
Input: b, A, u,v,a,a,n,wi, wy,ws, T, At, S0, 1°, Y0
ST SO, I — ]0, Y" YO
M —TET
forn=1,.... M—1do
compute ¢;(At,S", I",Y"), i = 1,2,3 from (3.27) given At, S", 1", Y"
g+l S+ b1 (AL, S", ", YHS" + wipi(At, S, I", Y™)S"
L+ @i (AL S™, 1%, Y (B(S™ + 1) + AI" + )
o I" + @ (AL, S, I, YHAS' T + wopp (AL, S™, I, YOI

L+ @a(AL, S, 17, Y (S0 4 4+ wn)

Y' + o3(AL, S", I, Y™)OY" + waps(At, S, I, YY"

1+ @3(AL S, 17, Y + )

Yn+1 —

end for
Output: {(S',I',Y"),...,(SM, M yM))

If what follows, we show that our numerical scheme preserves the stability conditions for these two equilibria.

Theorem 7. Let wi,wy, w3 € R satisfying wi,wp, w3 > 0. Then, the NSFD given by Algorithm 2 is dynamically

consistent with respect to the stability of the equilibrium &;, i = 1,2 of the model (2.1) for all the values of the step
size At, that is:

(i) The predator-free equilibrium &, exists if r > % and it is unstable.
p q 1

(ii) The disease-free equilibrium &, exists if r <

W and is locally asymptotically stable.

Proof. Let us use the notation ¢; ((At) := ¢;(At,E¢), where i = 1,2,3, and £ = 1,2, for denoting the evaluation of
functions ¢; at the equilibrium points &;.
(i) The Jacobian matrix of system (4.5) at &; is

—bS\ —(b+ DS, 0
l—V)Il
‘E@n=| u _el-nh
T &) : 0 a+(-wI
0 0 5
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By employing Lemma 3, in Appendix A and after some algebraic manipulations we get that 7°(&,) = (jllj) (& ))3

where b (A1) -

» L e, (At

In@n) =1 A + @11 (AD(r + wr))’
R D)

Jn&) = A(1+ o11(AD(r + Wl))’

THED =0,
. B ©2.1(AL)(Ar — by)

In&) = b+ D)1+ @21 (AD) (u+wr))’

InEn =1,

T2 < a(l = v)go 1 (At)(Ar — bu)
23 =

(1 + @21 (A + W) (@d(b + ) + (1 = v)(Ar — b))’
JhE =0,
NEICHEI)

j?,Dg,((Sl) = 1 + 6§03,1(At)

@3 1(ADws + 17

The characteristic polynomial of J(&;) can be written as

) A
P51(§)=Qsl(§)(1+ pa(Ar) )

w31(ADws + 1
where Qg, is a second order polynomial of the form Qg, (¢) = &2 + b(ll)f + b, where

11 (A1) (2bpuga, (A1) + by 1 (ADw + b — A, 1 (AD)r)
Ap11(ADr + @1 1 (AW + 1) (U2, 1 (A1) + @21 (ADws + 1)

 _ buep 1 (At)

A+ 211 (ADF + Ay (ADwy

1) _
b =1

Hence we have that §; = 1 + % > 1 is an eigenvalue of JP(&). Therefore, by Lemma 4, in Appendix A it

follows that &; is unstable for the NSFD system given by Algorithm 2. (i) By employing Lemma 3, in Appendix A
and after some algebraic manipulations we get

__ en@nr R ) 0
e12(AD)(r+wy)+1 (b((p]_z(At)rﬂpl‘z(At)wl+1%
D (D22 (AW +b+Ap 2 (AD)r
&) = : .
J7&) 0 b(n+aa 2 (A)(E—0v)+1ue2 2 (A +11022 (At 0
0 5 (1=v)g32(AD) _ 0p32(An)
n+np32(AD)(6+ws3) 32(AD(0+w3)+1

The characteristic polynomial of J2(&;) can be written as Pg, () = (£1 — £)(& — £)(& — &), where

C ewnr
90]’2(A1‘) (r + Wl) +1 ’

B 632(A1) = (bp22(AD)w + b + A2 2(AD)r)
@32(AN) (G +w3) + 1 b+ ap22(AN(S(L = V) + 1 + 1w2))”

&1=1 &H=1

Therefore, the eigenvalues of J D(&,) are &,i=1,2,3. Now we need to check that |&;] < 1, whenever r < W,

for i = 1,2, 3. To this end, we first observe that £;,& < 1, and & > 0, as v < 1. In addition,

1—g = p12(ADr p12(ADr _
; pi2AD) (r+w)) +1 @ a(ADr
| 0p32(A1) 0p32(A1)
— §2 - —

= < =
@32(A) (6 +w3) +1  Op32(AL)
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s0 &1,& > 0. Moreover, we notice

abé(1-v)+b:
22 (A@D(G = 6) + by + qA(=r))  1Agaa(An) (T — 1)
b+ apa2(ADG(L = v) + qu+nwa)) b (17 + @@ 2(ANS(1 = v) + 1 + w))
bnu+a(1-v)bd

1-&=

and by using r < and 0 < v < 1 we getthat 1 — &; > 0, 1i.e. & < 1. From all of the above we have that
|&] < 1, fori = 1,2,3. Thus, &; is locally asymptotically stable. O

We can also establish that the NSFD scheme (3.7) preserves the global stability of the disease-free equilibria of
the Sharma—Samanta model (4.5). To this end, we first prove the following lemma concerning the boundedness of the
sequence S".

Lemma 1. Let wi, wy, w3 € R satisfying wi, wp, ws > 0. Then the sequence of susceptible prey {S"} is bounded above
by k, that is
limsup S” < k. (4.6)
Proof. Let us use the following notations g% := gi(S",I",Y"), fI' = fi(S§",I",Y"), ¢} = @i(At,S",I",Y"), for i =
1,2,3. We consider the two following cases for S 0 namely, S 0<kand SO > k.
Cases 1: S° < k. We proceed by induction on n. Suppose that " < k, then from second equation in (3.7) we have
that

gnil o A +ef(r+w)sS*

< =Y,
1+¢7(£S" +wp) 5%

1+¢" .
where ¥Y(z) := % Notice that,
1Nk

A+ +w))d + ¢zt w) — A+ G+ w)ale () _ (4@ +w))d +¢hwi)

P’ =
@ (+ gzt W) L+ @zt w)?

4.7

Thus, ¥ is an increasing function. So, it follows that §"*! < W(S") < W(k) = k. Therefore, we can conclude that
S" <k, foralln > 0.
Cases 2: S° > k. We consider two sub-cases:

e Cases 1.1: There exists N € N such that SV < k. In this case we can proceed by induction on n > N as in Case
I,togetS" <k, foralln > N.

o Cases 1.2: S > k, for every k € N. From first equation in (3.8) we obtain,
ST+ I

Sn
Sl = 8"+ gl fr =S”+g’f(rS”(1 - )—/LS'"I") SS”+g'1’rS”(1 - 7)

As g" > 0and S" > k, it follows that S"*! < §", for all n > 0.

From all of the above cases we can conclude that lim sup,_,, S" < k. O

Theorem 8. Let wi,wy,ws € R and satisfying wy,wa,w3 > 0. Then, the NSFD method given by Algorithm 2 is
dynamically consistent with respect to the global stability of the equilibrium &, of the model (4.5) for all the values of
the step size At, that is, if r < % then &, exists and is globally asymptotically stable.

Proof. To simplify the notation during the proof, let us use the notation ¢; = ¢;(Az, S™, I",Y"), for i = 1,2, 3. We first
consider the Lyapunov function £;(n) := I", then by using Lemma 1 we notice from (3.6) that

AL(n) = Li(n+ 1) = Li(n) = " = 1" = 3 (AS™I" = GU", YY" = "™ 4w " — woI ™)
< @AD" = pI"™" = wr ALy (n))
< @l = pl"™" = wrALy(n))
< —@a(u+wr)AL(n),
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from which we get AL;(n) < 0. Therefore, lim /" = 0. This allows us to study the reduced system,

n—oo

nl _ ST+ rS"+ wS”
1+¢1(£S”+w1) @8
yr+l = Y"+9035Y"+‘P3W3Y”. ’
1+ (p3(ZYn + W3>
Following the proof of Lemma 1 we can establish that,
0
limsup ¥" < 22 4.9)
n—oo )7
Let us define the Lyapunov function
S Y
Lo(n) = SZ‘P(S—Z) + YZ‘P(Y—i), (4.10)

where ¥(x) = x — 1 — In(x), x € R*. Then by using the inequality In x < x — 1, (3.6), (4.6), and (4.9) we have

n

Yn+1

S
ALy(n) = (S™ - 8™ + Szln(Sn+1

)+(Y"+1 - Y”)+S21n(£)

n

S "
n+l n n+1 n
<(S~+_g)+g2(m_1)+()/+_y)_'_yz(m_l)

S Y:
_ (on+l n 2 n+1 n 2
(g+_g)(1_ n+1)+(Y+_Y)(1_W)

rs" s s sY" ym! Y
- 1-— (1 - )+ 1-—= (1 - )
1+w k Sn+l 1+wp (%) yn+l

bsnsn+1 S2 2 (g)ynym-l Y2 2
B 1+w, ( _S”+l) B 1+w, ( _Y"H)

We have Lr(n + 1) — Lr(n) <0, for every n > 0. Then {£,(n)} is a monotone decreasing sequence. Being £,(n) > 0,
we know that there exists a limit lim,,_,o, £>(n) > 0. Thus, lim,,_,.(Lo(n + 1) — L>(n)) = 0, from which it follows that
lim,e S™1 = S, and lim, e Y"*! = V5.

By the analysis above, we can conclude that &; is globally asymptotically stable if r < h/l—” O

5. Numerical examples

This section is devoted to the numerical results that support the theoretical results. In addition, numerical examples
show the advantages of the constructed second-order NSFD schemes (NSFD-2) given in Algorithm 1 for mathematical
model (4.1), and Algorithm 2 for mathematical model (4.5). We compare the numerical approximations with respect
to the approximations obtained with a classical first-order NSFD scheme (NSFD-1) with denominator functions given
by ¢i(Af) = At, i = 1,2,3 and the classical first-order Euler scheme and second-order Runge-Kutta scheme (RK-2).

5.1. Example 1. Convergence tests.

To evaluate the accuracy of the constructed second-order numerical schemes, we compute the absolute error and
the convergence rate at the final time 7 of each numerical example. To do so, we consider the following sequence
of nodes M, = 2¢ - 10, which defines a sequence of time-steps Aty = T/My, £ = 0,...,5. To compare the accuracy
of the solutions, we compute a reference solution using a classical fourth-order Runge-Kutta (RK-4) scheme with

Mes := 28 - 10 = 2560 nodes. At each level ¢, we compute the £~ norm between the solution vector (S7, 17, ¥ T

and the interpolated reference solution in the grid of level ¢, denoted by (S :’ef P Ir"ef o anef {,)T, n=0,...,M, ie. we
compute the £*-error in [0, 7] by using the following expression
errory(T) := max(max IS} =S |, max |I} —IT; |, max Y} — Yfe“,|) , £=0,...,5, 5D
nEZMK ’ nEZM( ’ ’ nEZM[ ’
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and the convergence rates were calculated with the formula

0; :=log,(error,_; /errory), €=1,...,5. 5.2)

5.1.1. Test 1. Accuracy test for Model (4.1).

In this test, we consider an example proposed in [32] to examine the local stability of the disease-free equilibrium
&, of model (4.1). We use the following values of the parameters » = 3,k = 45,a = 15, = 0.004,1 = 0.003,8 =
0.05,v = 0.24,60 = 0.4,6 = 0.09, with the initial condition S = 30,7° = 10, Y° = 15. The weights of the second-
order scheme are chosen according to the analysis performed in Theorem 6 for the equilibrium &;. In particular, we
set wo = 1. As there are no restrictions for the other weights with respect to the stability of equilibrium of &,, we fix
wp = w3 = 0.

In Table 1 we show the approximate error at the simulation time 7 = 1 for different discretizations M, = 2¢ - 10
with £ = 0,1,...,5. In addition, we compute and show the convergence rate. Numerical results confirm the second-
order accuracy of the NSFD-2 scheme in contrast to the first-order of the Euler and NSFD-1 schemes. In particular,
the performance of the NSFD-2 is compared with the RK-2 scheme, which can be observed in Figure 1 (left), while in
Figure 1 (right) we display the £*-error errore(¢) for O < ¢ < 10. It can be observed that the NSFD-2 scheme converges
to the equilibrium point faster than the NSFD-1 or Euler schemes.

Table 1: Example 1. Test 1: Comparison of £{*-error, convergence rate 6y, and CPU time [s] at simulation time 7" = 1 for different discretizations
Mg =2C-10with¢=0,1,...,5.

M, errory(T) O cpu [s] errory(T) 6 cpu [s] errore(T) 6 cpu [s] errory(T) ¢ cpu [s]
NSFD-1 Euler NSFD-2 RK-2

10 8.65e-02 * 1.19e-04  2.11e-02 * 1.20e-04 6.07e-04 * 2.39e-04 7.45e-05 * 1.88e-04
20 4.34e-02 0995 1.24e-04 1.05e-02 1.004 1.81e-04 1.51e-04 2.007 4.16e-04 1.84e-05 2.016 3.02e-04
40  2.17e-02 0997 1.75e-04 5.27e-03 1.002 2.89e-04 3.76e-05 2.004 7.11e-04 4.57e-06 2.008 5.62e-04
80 1.08e-02 0.998 3.23e-04 2.63e-03 1.001 6.27e-04 9.40e-06 2.002 1.54e-03 1.14e-06 2.004 1.03e-03
160 5.43e-03 0.999 5.66e-04 1.31e-03 1.000 1.08e-03 2.34e-06 2.001 2.87e-03 2.84e-07 2.002 2.23e-03
320 2.72e-03 1.000 1.19e-03 6.58e-04 1.000 2.03e-03 5.86e-07 2.000 5.81e-03 7.11e-08 2.001 4.44e-03

0.14 . . . .
=4+ Euler
0.12 —u—NSFD-1 |1
i - e RK2
—p—NSFD-2
0.1 |
008 ]
3 P
3
b
0.06 |
E 0.04 - —t—F
—+ Euler s -
—5—NSFD-1 S~ 0.02 B
- o RK2
8 —p—NSFD-2
107« ‘2 ‘3 = 0
10 10 0 2 4 6 8 10
M, Time (t)

Figure 1: Example 1. Test 1. Plot of the error;(T') against M, = 2010 with ¢ = 0,1,...,5, for each schemes tested as function of M (left). Plot of
errorg(t) for 0 < ¢ < 10 (right).
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5.1.2. Test 2. Accuracy test for Model (4.5).

In this test, we consider an example proposed in [33] to examine the local stability of the disease-free equilibrium
&, of the Model (4.5), with parameters r = 1,b = 03,4 = 0.09,a = 1.4,u = 0.6,6 = 0.2, = 0.4,v =042,a = 0.2
with initial condition S° = 10, 1° = 5, Y% = 3. According to the analysis performed in Theorem 7 for the equilibrium
&,, there are no restrictions (must be nonnegative) for the weights with respect to the stability of equilibrium of &,.
Thus, we fix w; = wp = w3z =0.

In Table 2 we show the approximate error at the simulation time 7' = 1 for different discretizations M, = 2¢-10 with
¢=0,1,...,5. In addition, we show the convergence rate. Numerical results confirm the second-order approximation
of the NSFD-2 method in contrast with the first-order of Euler and NSFD-1 numerical schemes. Figure 2 (left) shows
the performance of the NSFD-2 and RK-2 numerical schemes. Figure 2 (right) depicts the £*-error errorg(t) for
0 <t <10, where we can observe that the NSFD-2 scheme converges to the equilibrium point faster than the NSFD-1
or Euler schemes.

Table 2: Example 1. Test 2: Comparison of {*-error, convergence rate 6y, and CPU time [s] at simulation time 7' = 1 for different discretizations
M, =20-10with£=0,1,...,5.

M, errory Or cpu [s] errory Or cpu [s] errory O cpu [s] errory Or cpu [s]

NSFD-1 Euler NSFD-2 RK-2

10 4.63e-02 * 1.11e-04 7.95e-02 * 1.53e-04 1.64e-04 % 2.37e-04 1.64e-03 * 1.88e-04
20 2.32e-02 0994 1.63e-04 3.93e-03 1.017 2.33e-04 4.03e-05 2.003 4.36e-04 4.0le-04 2.033 3.08e-04
40 1.16e-02 0.996 1.80e-04 1.95e-02 1.008 2.96e-04 9.96e-06 2.015 7.24e-04 9.91e-05 2.016 5.68e-04
80 5.84e-02 0.998 3.22e-04 9.74e-03 1.004 5.67e-04 2.47e-06 2.007 1.41e-03 2.46e-06 2.008 1.10e-03
160 2.92e-03 0.999 6.13e-04 4.86e-03 1.002 1.09e-03 6.17e-07 2.003 2.78e-03 6.14e-06 2.004 2.18e-03
320 1.46e-03 1.000 1.23e-03 2.43e-03 1.001 2.44e-03 1.54e-07 2.002 5.67e-03 1.53e-06 2.002 4.82e-03

0.14
—4— b b A b e b m A A —dm b bk — b —h— = o
012!
1 -+ Euler
3 1 —¢—NSFD-1
1 -+ RK2
0.1h ——NSFD-2 |1
1
1
A 0.08 ! .
pang S © 1
S . 4 5 V%
5107 ¢ 4 I |
(5] 5] Il
0.06 f
I
I
~o 0.04 1
\\
-6 .
107 E|=+ Euler 3
—g—NSFD-1 0.02 B
-« RK2
—»—NSFD-2
N L 0 a4l alir-S-al-ir-dal-ali-dian -l -l el
10? 10° 0 2 4 6 8 10
M, Time (t)

Figure 2: Example 1, Test 2. Plot of error;(7T) against My = 2010 with £ = 0,1,...,5, for each schemes tested as function of M (left). Plot of
¢ -error errorg(f) for 0 < ¢ < 10 (right).

5.2. Example 2. Stability with respect to the time step size At

In this numerical test, we study the stability of the proposed second-order NSFD scheme with respect to the time
step size At. To this end, we consider the model (4.5) with a numerical example proposed in [33] where the solution
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converges to the interior equilibrium

8*:(S*,I*,Y*):(a(l—v)6+77# rdn = ble(1 -v)é+nu 6 +b(1—v)(a/(1—,u)6+;w))).

7 ’ (b + ) "\ b+ )

The proof of the stability of this point with respect to the NSFD-2 scheme given by Algorithm 2 can be done following
the lines of (iv) in Theorem 6 and using Lemma 6 in the Appendix A. For the test, we set r = 5.5, v = 0.15 and the
rest of the parameters and initial condition are the same as in Test 2 of Example 1.

Figure 3 displays the numerical solutions of model (4.5) for each component S (¢), I(f) and Y(¢) for 0 < r < 100
computed with NSFD-2, Euler, and RK-2 schemes for different step sizes Ar € {0.1,0.5,1}. For Ar = 0.1, we
can observe in Figure 3 (left column) that all the numerical schemes describe the correct dynamics. However, for
At € {0.5,1} we can observe in Figure 3 (middle and right columns, respectively) some spurious oscillations in the
numerical solutions obtained with the Euler and RK-2 schemes. These results corroborate the unconditional stability
of the proposed NSFD-2 numerical scheme. Figure 4 shows the numerical solutions of model (4.5) using different
phase portraits for the components S (¢), I(f) and Y(¢) for 0 < ¢ < 100 computed with the Euler and NSFD-2 schemes
for different step sizes Ar € {0.1,0.5}. For Ar = 0.1, we can observe in Figure 4 (left column) that both numerical
schemes describe the correct dynamics. However, for Ar = 0.5, we can observe in Figure 4 (right column) some
spurious oscillations in the numerical solution obtained with the Euler numerical scheme.

| Euler RK-2 NSFD-2 |
At =0.1 At =0.5 At =1
20 25 25
20
20
15 15
S 15 10
0
5 5
0 50 100 0 50 100 0 50 100
10 10 10
15 5 °
0
0 0
0 50 100 0 50 100 0 50 100
3 3 3
2 2 2
Y
1 1 1
0 0 0
0 50 100 0 50 100 0 50 100
t t t

Figure 3: Example 2: Numerical solutions for the three populations S (¢), I(f) and Y(¢) for model (4.5), with 0 < ¢ < 100 computed with Euler,
RK-2 and NSFD-2 numerical schemes with step sizes At € {0.1,0.5, 1}.
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2
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3
2
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1
o ! .
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3
2
Y
1
0
0 2 4 6 8 10
i
3
2
1
0
10
20
5 0 15
0
1 s

Figure 4: Example 2. Comparison of the numerical solutions (different phase portraits) of model (4.5) generated by Euler and the second-order
NSFD numerical schemes with Ar = 0.1 (left column) and At = 0.5 (right column).

6. Conclusions

The main contribution of this paper is the design and construction of an unconditionally-stable, dynamically con-
sistent second-order nonstandard finite difference (NSFD) scheme to numerically solve a generalized eco-epidemiological
predator-prey model. We have proved that the proposed scheme preserves some essential qualitative features of the
generalized model, which are described in Theorem 3, Theorem 4 and Theorem 5. There are several mathematical
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models that can be put in the form of the studied generalized eco-epidemiological predator-prey model. In particular,
in this work, we have considered two specific models studied in [32] and [33], for which we have constructed the
corresponding second-order NSFD schemes detailed in Algorithm 1 and Algorithm 2, respectively. In both cases,
in Section 4 we have studied the consistency of these numerical schemes with respect to the local stability of the
continuous models. The constructed numerical scheme and mathematical approach could be applied to a wide range
of eco-epidemiological models of the form (2.1). For instance, for the mathematical models presented in [29, 30, 31].
The numerical results presented in this work support the mathematical analysis and show, in several numerical tests,
the advantages of the constructed NSFD schemes. Future works in this direction aim to extend our results to high-order
nonstandard finite difference schemes and to address convection-diffusion-reaction systems.
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Appendix A. Additional results.
Lemma 2 (Gronwall inequality). Let {u,} be a sequence of real numbers such that
Upt1 < (1 + a’)“n + bn+la Yn> 07 (Al)

where a > 0 and {b,} is a sequence of positive real numbers. Then
n
u, < e"uy + " Z by, Yn>=0. (A.2)
k=1

Proof. See [38], p. 229. O

Lemma 3. Let & € R3 be an equilibrium point, and JP(E) the Jacobian matrix evaluated at & for the discrete system.
Then, the following identity holds
T5E) = 6;j + 8iET (8. (A3)

for all i, j, where J€ () is the Jacobian matrix of the continuous problem evaluated at &.

Proof. If € is an equilibrium point, then f;(&) = 0, fori = 1,2, 3. So, from equations (3.8) we obtain

af; agi
THE) = 6ij + gi(S)—f & + 2 (&) (&) = 6ij + g(EVTS(E),
6xj (9)(?]' J

where we have used the notation x; = S, x, = I, x3 = Y. This concludes the proof. O

Lemma 4. Consider the nonlinear system X,.1 = ¥Y(X,), where ¥ : R" — R" is a C'-diffeomorphism with a
fixed point, Xy. Then a steady-state equilibrium, Xy, is locally asymptotically stable if and only if the moduli of all
eigenvalues of the Jacobian matrix, TP (Xy), are smaller than one.

Proof. See [39]. O

Lemma 5 (Jury’s criterion). The solutions of the quadratic equation x* — ax + b = 0 satisfy |x;| < 1,i = 1,2 if and
only if all of the following conditions are fulfilled:

1. bl < 1,
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2. 1+a+b>0,
3. 1-a+b>0.
Proof. See [40] O

Lemma 6. The solutions of the cubic equation x> + bx> + cx +d = 0 satisfy |x;| < 1,i = 1,2, 3 if and only if all of the
following conditions are fulfilled:

1. a;>0i=0,...,3
2. apay > azay,
whereazs=1+b+c+d,ay=3+b—-c—-3d,a=3-b-c—-3d,andap=1-b—-c+d.
Proof. 1f p(x) = x> + bx* + cx + d, then the result is a direct consequence of applying Routh-Hurwitz criterion to the

polynomial

q(x):(x—1)3p(ii)=(1+b+c+d)x3+(3+b—c—3d)x2+(3—b—c—3d)x+(1—b—c+d).
o

Appendix B. Coefficients of polynomial Pg, in Theorem 6.

“4)

To simplify the notation, let us set ¢; := ¢;(At, &), i = 1,2,3. Then the polynomial Pg,(£) = & +a(24)§-‘2 +a(14) &+a,

in Theorem 6 has coefficients given by:

o by (bg + g + bd0 + eomy )
O 7 0(bd+ @ +2m) ) (bey +wyep +1)

(b+ )¢ @3 (bg + g+ bdo + eomy ) (m) (~g + b0 + em, ) - bdg)

T (bd + b +2ymy ) (bpy +wy@p +1)((b+ gy +bdowyey + bd(py + 10+ 0my (b+epy + (b +2)py w3 +2))

¢|<p3m% (bg + g+ bdo + eomy ) (b + 1)g = bd(e = 1O = (b + Detmy )

- do(bd + (b +2ymy ) (bey +wigy +1)(bd +my (¢3b +dp36b+ b+ g3 + ep30my +2) + @3 (bd + (b + 2my ) w3)

@203 (~((b+ 1)9) + bd(e = 1) + (b + Detmy ) (bdg +my (g - bdt) — etmy ))

+
((b+ D)gga + bdowogy + bd(py + 1)0+0my (b+ egy + (b +2ppwy +2)) (bd +my (g93b + dip36b + b + gp3 + ep30my +2) + o3 (bd + (b +2ymy ) w3)

by @203 (bg + g + b0 + eomy ) (b + 1)g) + bd(e = 1) + (b + 1)etmy ) (bdg + my (g - bdt) — etmy ))

- 0(bd + (b +2my ) (bey +wyp +1)((b+ Dgpy + bdowygy +bd(gy + 10+ 0my (b+ ey + (b +2)pawy +2))(bd +my (gp3b+dp30b + b+ gp3 + ep3omy +2) + 3 (bd + (b +2my ) w3)

@19203my (bg + g+ bd + eomy ) (b + 1)g) + bd(e = 1)0 + (b + Vetmy ) (my (=g + bd6 + etimy ) - bdg)
* d0(bd + (b +2my ) (bey +wy ey +1)((b+ Dgey + bdowypy + bd(py + 10+ my (b+egy + (b + 29wy +2)) (bd +my (ew3b+ dg30b + b + gp3 + ep30my +2) + @3 (bd + (b + 2m) ) w3)

(b+ Dgygap3my (bg + g+ bd0 + eomy ) (b + 1)g = bd(e = 1)6 = (b + Detmy ) (bdg + my (g - bd6 - ebmy )
* d0(bd + (b +2my ) (bey +wypp +1)((b+ Dgey +bdowypy + bd(py + 1O+ my (b+egy + (b +2)pywy +2)) (bd +my (ew3b + d360b + b + gp3 + ep30my +2) + @3 (bd + (b + 2m) ) w3)

@) (=b = 1)py 9 (b0 + bg + ebmy +g) (my (bdo + ebmy - g) - bdg)

7419(bd+(b+2)m|)(h¢| +gywy +1)(bdb(ey + 1)+ bdBgywy +6my ((b+2)eawy +b+ ey +2) + (b + 1ggy)

mfgcl @3 (b0 + bg + eOmy + g) (~bd(e = 1)0 = (b + Demy + (b + 1)g) 20| (bd6 +bg + eomy +g)

* d0(bd + (b +2omy ) (bey +@ywy + 1) (my (bd6s + bggs + b+ eOmy g3 + gp3 +2) + o3w3 (bd + (b +2my) + bd) — 6(bd + (b +2)my ) (bpy +@ywy +1)

@23 (bd(e = 1)0 + (b + Dem) - (b + 1)) (my (~bd6 - comy + g) + bdg) R
- +3
(bdtpy + 1) + bdegywy + 0my ((b+ 2gpwy + b+ ey +2) + (b + gy ) (my (bdogs +bggs + b+ ebmy g3 + 8¢5 +2) + p3w3 (bd + (b + 2my ) + bd)

@__ e (b6 + bg + eom + g)
27 g(bd+ b +2my) (bey +opwy +1)
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