UNIVERSIDAD DE CONCEPCION

CENTRO DE INVESTIGACION EN
INGENIERIA MATEMATICA (CT°MA)

A

Centro de Investigacion en Ingenieria Matematica

Well-posedness of a nonlocal upstream-downstream traffic
model

HAROLD D. CONTRERAS, PAOLA (GOATIN,
Luis M. VILLADA

PREPRINT 2025-19

SERIE DE PRE-PUBLICACIONES







Well-posedness of a nonlocal upstream-downstream traffic model

Harold Deivi Contreras®*, Paola Goatin®, Luis-Miguel Villada®4

“Facultad de Ingenieria, Universidad San Sebastidan, Lientur 1457, 4080871, Concepcién, Chile
b Université Céte d’Azur, Inria, CNRS, LJAD, 2004 route des Lucioles - BP 93, 06902, Sophia Antipolis
Cedex, France
¢ GIMNAP-Departamento de Matematicas, Universidad del Bio Bio, Avenida Collao 1202, 4051381,
Concepcion Chile
1CP MA-Universidad de Concepcidn, Casilla 160-C, 4070386, Concepcidn, Chile.

Abstract

In this work we propose and analyze the well-posedness a new class of macroscopic vehicular
traffic model described by a scalar nonlocal conservation law that simultaneously incorpo-
rates both upstream and downstream effects in the flow dynamics. Unlike nonlocal models
previously described in the literature, which only account for downstream density averages
(look-ahead behavior), the proposed model introduces an additional term depending on an
upstream average (look-behind), allowing for a more realistic representation of anticipatory
driver behavior under high-density conditions. Inspired by the multiplicative flux proposed
in [I. Karafyllis, D. Theodosis, and M. Papageorgiou. Analysis and control of a non-local pde
traffic flow model. International Journal of Control, 95(3):660-678, 2022, our model general-
izes and adapts such ideas to an entropy weak solution framework, allowing for the presence
of discontinuities and shock waves. The considered flux takes the form pg(p) W(Rs) V(R,),
where the nonlocal terms R and R, represent backward- and forward-looking spatial aver-
ages of the density, respectively, and the functions W and V encode the drivers’ responses
to these observations. The main novelty of this work lies in establishing the existence and
uniqueness theory for entropy weak solutions, together with a rigorous proof of Lipschitz con-
tinuous dependence of solutions not only on the initial data, but also on the kernel functions,
under reasonable structural assumptions on the flux components. The proofs are achieved
through the design of a conservative numerical scheme that preserves key structural proper-
ties of the continuous model, such as maximum principle, mass conservation, BV estimates,
and L!-stability. Finally, we present numerical experiments that illustrate the behavior of
solutions and the qualitative impact of nonlocal terms on traffic dynamics.

Keywords: Macroscopic traffic flow, nonlocal flux, upstream-downstream traffic model,
nudging effect, finite volume method.

*Corresponding author
Email addresses: harold.contreras@uss.cl (Harold Deivi Contreras), paola.goatin@inria.fr (Paola
Goatin), 1villada@ubiobio.cl (Luis-Miguel Villada)

September 26, 2025


LMVILLADA


1. Introduction

1.1. Scope

We are interested in proving the existence and uniqueness of entropy weak solutions for
nonlocal conservation laws of the following type

Ouplt, @) + 0, (p(t 2)g(p(t, @)W (Rs(t, @)V (Ry(t,2))) =0, (1) € (RF,R) (1)
p(O,x) = Po(«T); (2)

with initial condition pg € LYNBV(R; [0, pmax]) and where Rs and R,, correspond to nonlocal
terms defined as

Rifta) = (prao)ta) = [ plt)ina— )y Q
xx—HI
Ry(t.) = (prwn)to) = [ plty)egly — o)y, @

When p represents the density of cars, Eq (1) is a generalization of the nonlocal LWR traffic
model [3, 9, 10, 14, 18, 20|, where V(R,;) corresponds to the mean speed downstream and
the term W(R(s) corresponds to the mean speed upstream, w;(-), wy(-) are kernel functions
detailed later. The presence of W introduces an additional behavioral mechanism whereby
drivers also take into account the density of vehicles behind them. This upstream depen-
dence, often referred to as a nudging effect [19], has been recently introduced in the literature
to enhance the realism and stability of macroscopic traffic models [13]. The vehicle nudg-
ing behavior suggests that vehicles in the traffic flow may induce a ‘pushing effect’ on their
preceding vehicles. In other words, while the traditional vehicle-following behavior results
in look-ahead interaction, the nudging behavior may result in look-behind interaction: the
combination of the two effects would thus result in bidirectional inter-vehicle interactions [17].

1.2. Related work

Most of the nonlocal traffic flow models existing in the literature [2, 3, 9, 10, 14] account
exclusively on downstream information, ignoring the possible impact of upstream traffic on
drivers’ behavior. Recent studies have shown that this type of influence is especially relevant
in dense congestion scenarios. In particular, Karafyllis et al. [13] demonstrated that the
introduction of upstream terms can stabilize traffic flow on ring roads, proposing control
mechanisms based on specific feedback design problems. In addition, in that work, the authors
provided conditions that guarantee the existence and uniqueness of classical solutions for their
model on a ring road. On the other hand, in [12] the authors identify a threshold condition
for shock formation for traffic flow models with Arrhenius look-ahead-behind dynamics with

concave-convex flux of the form f(u,u,%) = u(l — u)Ye %% with v > 1 and e %, e? called
T+Ya
the Arrhenius-type slow-down and nudging factors, respectively; u(t, z) = / Kqu(t,y)dy

x
T

and 4 = Kyu(t,y)dy, where v, and ~, are the horizon ahead and behind of drivers,
=

respectively, and K,, K} represent constant proportional to positive interaction strengths.

In the same work, to perform the analysis, the authors consider v, = v = K, = K; =



1 and v = 2. Likewise, in [16] the authors propose a traffic flow model with look-ahead
relaxation and look-behind intensification by inserting look-ahead intensification dynamics to
the flux. Finite-time shock formation conditions with various types of interaction potentials
are identified in the proposed model.

Although the present work and [13] share the general structure of a nonlocal macroscopic
model with a multiplicative flux depending on both upstream and downstream density av-
erages, there are substantial differences in their objectives, theoretical framework, and scope
of results. In [13], the analysis is carried out on a periodic domain (ring road) and focuses
on sufficiently regular classical solutions (WW%°), with the main goal of establishing local
exponential stability conditions around equilibrium states through Lyapunov techniques and
control theory. In that setting, the upstream term is primarily interpreted as a feedback (nudg-
ing) mechanism for the design of control strategies aimed at mitigating congestion waves. In
contrast, the present work addresses entropy weak solutions in L*NBYV, allowing for the
presence of discontinuities and shock waves, and establishes results on existence, uniqueness,
and Lipschitz continuous dependence of solutions with respect to both the initial data and
the kernel functions, without assuming proximity to an equilibrium state. Furthermore, while
in [13] the numerical experiments are mainly used to illustrate stabilization scenarios under
active control, in the present work conservative numerical schemes are developed to preserve
structural properties of the continuous model and are employed to investigate the qualitative
influence of bidirectional upstream—downstream interactions on the formation and mitigation
of traffic waves in more general settings.

1.3. Outline of the paper

This work is organized as follows: In Section 2 we present the necessary assumptions on
the parameters of the studied problem as well as the main results. In Section 3 we introduce
the numerical scheme and derive some of its important properties such as the maximum
principle, BV and L'-Lipschitz continuity in time estimates. These imply the convergence
of the proposed scheme, which in turn covers the existence part of the well-posedness of the
governing equation. Afterwards, Lipschitz continuous dependence of solutions to the problem
on initial data, and kernels w;,, @5 is proved in Section 4 using Kruzkov’s doubling of variables
technique. Finally, in Section 5 we present some numerical tests, analyzing the L' error of
approximate solutions of the problem studied. In Appendix we collects the derivation of some
estimates necessary throughout the paper.

2. Main results

Throughout the paper, we will denote Z(r, s) := [min{r, s}, max{r, s}], for any r,s € R,
[ llLr@y = || - llpr and also || - |[peo) = || - |- In addition, we will require the following
assumptions to hold:

Assumptions 2.1. The nonlocal conservation law (1) is studied under the following assump-
tions:

i) V € C2([0, pmax); RT), with 0 <V (p) < Vinax, V'(p) <0, p € [0, pmax);
”) W € Cz([oapmax];RJr)’ Wlth 1 S W(p) S WmaX7 W/(p) 2 07 p € [prmax];

i) g € Cl([oapmaX]SRJr)a with g/(/)) <0, forp € [OapmaX] and g(pmaX) =0;



) wy € C2([0,n]; RY) with wy(z) <0, [ wy(z)dz =1, ¥n >0,
v) &5 € C2([0,8);RT) with &f(x) <0, [P ds(x)dz =1, ¥6 > 0.
The solutions of problem (1)-(2) are intended in the following sense.

Definition 1. Let pg € (L1 NBV)(R; [0, pmax]). A function p € C([0,T]; LY(R; [0, pmax))),
with p(t,-) € BV(R; [0, pmax]) fort € [0,T] is an entropy weak solution to Eq. (1) with initial
datum po if and only if for all o € CL([0, T[xR;R,) and k € R

T
/0 /ROP — k|owp + sgn(p — k) (pg(p) — kg(k))W (Rs)V (R,)Oatp

— sgnlp — k)kg(k)0, (W (Rs)V (Ry))ip ) da
+ /R‘po(:c) — k|e(0, ) dz > 0.

The following theorem, which states the well-posedness of the model (1)-(2), is the main
result of this paper.

Theorem 1. Let pg € BV(R; [0, pmax]) and Assumptions 2.1 hold, then for all T > 0 there
ezists a unique entropy weak solution p € (LY NL>®NBV)([0,T] x R; [0, pmax]))) of (1)-(2) in
the sense of Definition 1.

The proof of Theorem 1 is standard, existence is based on a construction of a converging
sequence of approximate solutions defined by means of a numerical scheme based on the finite
volume method, and uniqueness is proved by means of Lipschitz continuous dependence of
weak entropy solutions, not only on initial data (Theorem 2), but also on the kernel functions
wy and @5 (Theorem 3).

3. Existence of solutions for model (1)-(2)

In this section, we construct approximate solution of the model (1)-(2), derive uniform
bounds on these, and provide a discrete entropy weak inequality. These ingredients allow us,
by means of the Helly’s Compactness Theorem, to guarantee convergence and existence of
entropy weak solutions of (1)-(2).

3.1. Numerical discretization

We consider a uniform space mesh with cell sizes Az > 0. For any j € Z, let x1/ =
(j + 1/2)Ax be the cell interfaces and x; = jAxz the center of the cell C :=|z;_1/2,Tj11/2]-
Next, we take a time step At > 0 subject to a Courant-Friedrichs-Levy (CFL) condition,
which will be specified later. For a fixed time horizon T" > 0, we set Ny € N such that
NrAt < T < (Np + 1)At and we define the time mesh as t" = nAt, for n = 0,..., Np.
Finally, we set A\ := At/Awx.

We approximate the initial datum (2) as

0 1 [raie )
p; = / po(z)dz, JEZ,
Ax i1/



and we construct a finite volume approximate solution for Eq (1) as a piecewise constant
function defined as
A
p=(t,z) = pf, (t,z) € [t", 1" [xC;.

In order to approximate the nonlocal terms (3) and (4) in the flux function of Eq (1), if
Ws and wy, satisfy Assumption 2.1-(iv,v), first we define

R(s(t,.%) = [pA * “Aj5] (ta x)v Rn(t7$) = [pA * wﬁ} (t,.%’),

and next we choose N, := [n/Az| € N, N5 := |§/Az| € N, and use a first order quadrature
formula to approach these nonlocal terms in the cell interfaces x i+l for all j € Z,
2

Ny—1
— k —
mit12 = Az kzo WnPitk+1, Where Rn(t”,xﬂ%) = RZ,H% + O(Ax) (5)
Ny—1
. Tk . .
Ry 10 == Az Z W5pj_g_1, Where Rg(t",xj+%) = RgL,jJré + O(Ax), (6)
k=0

where we define

. 1 (k‘+1)A:E
“n T Am/kmc wy(y)dy, k=0,1,..., Ny —1,

. 1 (k+1)Ax
vy = —— " d k=0,1,...,Ns— 1.
Ws Az /kA;t w5(y) Y, y Ly y LV

In this way, we can define the following Hilliges-Weidlich (HW)-type numerical scheme
4, 5, 11]

At =g =N (e = Fllap),  J€Z (7)

where the numerical flux F7

e is defined as

FjTZA/z = P?Q?HW]ZUszZ-l/W (8)

> n

with g ; = g(p},;) and the nonlocal terms denoted by W)= W(R?,jﬂ/z) and V1%, | » i=

Now, we are going to prove that the sequence of approximate solutions pA(t, x) satisfies
the assumptions of Helly’s compactness Theorem.

3.2. Uniform bounds
Lemma 3.1 (Maximum principle). If Assumptions 2.1 and the following CFL condition hold,

Ax

At < ,
W (lglIVIE+ pmax (L' NIV I+ AzwfllgHV7]1)

9)

then if po(x) € [0, pmax]), for © € R, the approzimate solutions satisfy

0<pj < pmax, forallj€Zandn=1,...,Nr. (10)



Proof. The proof is done by induction and follows the same idea of [4]. We assume that

0 < p% < pmax, for all j € Zand n=1,..., Ny, and we prove 0 < pg‘H < Pmax- Indeed,

+1
o = = A WV — g W2V
< ,0? + )\Pmaxg?W]n_l/gv;‘n_l/g
< ,0? + Apmameax.g;‘LV;'n_l/Q,
now, we denote G(p?,p?+1,...,p?+Nn_1) = pmaXWmanJ’-‘V;.’il/Q and note that because of

Assumptions 2.1 iii) we have

G(pmax; Pj41s - - - 7P?+Nn—1) = Pmameaxg(Pmax)Vﬂlm =0

and also by means of Assumptions 2.1 7), G is a non-increasing function with respect to each
of its variable, indeed

oG = pmameax<g§'an1/2+ng/(RZ’j1/2)81RZJ1/2)

= pmameax (g;v;n_l/Q + ng,(Rg,j—l/Q)AxWEr)]) < 0,
and for e =2,..., N, — 1

0;,G = pmaXWmangLV'(RZJ_l/Q)Amw; <0.
Thus, taking into account these facts we get

Pt <+ NG} s P en—1) = Glpmass Pt Plen—1))
pj = AG(V})(pmax — pj)
= (1 + )\8167(1/?)) ,0? - ABlG(V?)pmaX

Pmax

IN

for v € Z((p}. pi1s- - Piin—1))s (Pmax; PJs1s- - Pjin—1)). Observe that due to the CFL
condition (9)

1L+ XG(v)) > 0.
On the other hand, for computing the lower bound in Eq (10), we consider again the numerical

scheme Eq (7) and Assumption 2.1 iii), so for all j € Z, n = 1,..., Np, we obtain the following
estimate

AR T RS SVAYARYE
= 0+ A (P79 ma) Wi V12 = P9 W2V o)
= ) F MWy oV 29 (€) (Pmax — Pj41)
> (1AW oV (Opma) £
> 0.

In the previous estimates, we take ( € 7 (p? 115 Pmax) Which is obtained by means of the Mean
Value theorem (used in the third line) and we have used the CFL condition (9) in the second
to last line. O



Lemma 3.2 (L!-bound). Consider pg € LY(R;[0, pmax]). If Assumptions 2.1 and CFL
condition (9) hold, then the approximate solutions satisfy the following property

loa(t,Mea = llpollia,  for all ¢ > 0. (11)

Proof. By induction, assume that (11) hold for ¢ = nAt, then because of the positivity
property proved in Lemma 3.1 and the conservative form of the numerical scheme (7), we
have the following estimates for the L' norm of the approximate solutions

lpa@ ) = 1"l

— szpn—&-l
JEZ

- A$Z (p? —A (p?g?-i-lw +1/2V+1/2 p?—lg?W]n_l/Qv}n_l/g))
JEZL

= Az Z pj — At Z P79 W12Vt e + At Z P19 Wil oVita
JEZL JEZ JEZ

= Az Z p.? — At Z p?g;arlw +1/2V]+1/2 + Atz p] g]+1W +1/2V7+1/2
JEZ JEZ JEZ

= Aw) of,
JEZL

now by means of an iterative argument, we get the desired result (11). O

Lemma 3.3 (BV estimate in space). Let Assumptions 2.1 and CFL (9) hold, and consider
po € (LY NBV)(R; [0, pmax]), then the numerical solutions constructed by means of the nu-

merical scheme (7) satisfy the following estimate, for alln =0, ..., N,
Ha
D_1Pfr =Rl < e D Iy = Al + e 1) (12)
JET JET

with H1, Ha positive constants depending on model parameters, which are defined as below,
Hi o= (IWIIVIE+ VW) (lgll + pmaxllg'l]) + gl omeax V[ | max{wy, &5},

Ha = |lgll [2HW||||V”H’C? + 2| VWIS + [V (IW [ KC1Ke + [WIKCs)
HIWIV KA, + [VIIKa | 10" e,

and K1, Ko, K3, K4, computed in the Appendiz section, defined as follows

Ki = lwylllo"lLs + 20maxwy,
Ky = [&5ll" e + 2omaxs,
Ks = Hw”HIIPHLl+2pmawa§7H,
Ka = [@5llllpllue + 2pmaxlles]-



Proof. Let us first recall the following inequalities, which will be useful for getting the desired
result (12); those estimates are computed in the Appendix (Section 7),
1Rz = Byjoayel < AzKy,
| ]+1—R§L| SQA:B’Cl,
‘Rg,jJrl/Q - R?,jq/z‘ < Azky, (13)
2 0
R a0 = 2y + Byl < (8P -+ Aol — g
RS j15/2 — 2R6,j+1/2 + Ry i1/l < (Az)*Ky + Azdf|plfyy — P}l
In addition, we have the following estimates, which can be proven by following the proof of

[8, Lemma 3.1] and using the fact that the total integral of kernel functions is unitary, as
established in Assumption 2.1 iv) — v),

Z ‘Rn,j+1/2 - Rn,j—1/2| < Z ’p?+1 - p?|7 (14)
JET j€L
D R a2 — Rajorpel <15 — o}l (15)
JET jez

The proof of Lemma 3.3 follows the ideas in [4, Lemma 4.3]. Based on the numerical

scheme (7), we can write ,o?_tll as

1

P = P = AP gl e W va2Vitase = P95 Wik 2 Vit e s (16)

and now computing the difference p?_tll - ,0;”1 we obtain
i = At = Aj - AB)
where
Af = P — e — A {P?+19;L+2W +3/2V+3/2 P?9?+1W+1/2V+1/2 P?9?+1W+3/2 j+3/2
+'0§L—1g?W]Z-1/2V+1/2}

Bj = P?Q?HW +3/2VJ+3/2 Pj Q?HW +1/2Vg+1/2 + pj_19j W 1/2V 1/2 P?719§1Wﬁ1/2v}11/2~

Consider first the term A?, adding and subtracting the terms pgﬂg;glv 3 /2 f Y /2 and
p?ggl‘/;’il /QWJ’."Zrl /20 and doing straightforward computations on .A?, allows us to rewrite this
term as follows

-’4? = (p?-i-l - P?) - )\(P}lﬂg/(§?+3/2)V]'13/2Wgn+3/2(P?+2 - p_?—i—l) + g?+1v+3/2W]n+3/2<P?+1
n /! n n n n n n
—P; 9 (§j+1/2)Vj+1/2W+1/2(PJ+1 :Oj) —9g; V]‘+1/2W +1/2( Pj—1)>

= (1 —A (g}lHW Mea2 Vs — P?gl(£§l+1/2)wjn+1/2v+1/2)> (P11 — 07)
—\oji1g' (§J+ W2 SVn (P}ﬁz = 011) AW oV e (0 = Pf1)

—0})

(17)



where &7, 5 € Z(p}, pj41) and &7 T3 € Z(p}41, Pj42)- Note that all terms on the right hand
side in (17) are positive, in particular the first term is positive because of the CFL condition
(9), and in this way if we take absolute value and sum over all j € Z in (17), we get the
following estimate

SOIAN <D It — pfl- (18)

JEZ. JEZ

On the other hand, doing some computations on B;l, we can rewrite this term as follows

Bj = p?gl(éy—l—l/Q) (W +3/2V/( J+1) (Rgﬂj+3/2 N RZJH/?)

Vi W (R} ) ( 5+3/2 R3j+1/2>> (Pfe1 = 2f)

0} (Wi (R30) (B sy — B jiage)

+ ﬁi—l/QW/(R?-f—l) (jo+3/2 - R?,j-i—lﬂ)) (0} = Pj1)

+Pj-19] |:W]+3/2V (Rj+1/2) (Rg,j+3/2 - RZ,J'+1/2> (R?H - R?)
Vi, W (R o) (R§j+3/2 - R?,jﬂm) (Rfr — BY)
+V'(RY) (W (Rf1) <R3j+3/2 - R§j+1/2) ( ng+3/2 = Rg,j+1/2>
AW (Rg,j+3/2 2Ry e T R%—l/z))

+W'(R}) <V/(R§L ) ( ni+1/2 R?fm) (R31+3/2 - Rg,jﬂ/z)

Vit (jo+3/2 — 2R+ R‘?’j‘”Q)) } ’

where RI € Z(R2._ . R' .\ o), R € T(RY, 0, B2 o) R € Z(RYR2,,) and

R]+1/2 € I(

J

R R;‘_H) Now we take absolute value on both sides of the previous equality,

then we replacmg the inequalities (13), (14), (15) and summing over all j € Z we get

AY_IB;] <

JEZ

IN

Atpanaxllg'[| IW NIV I+ IVIIWIK2) Y 1051 — #5]
JEL
ALl (W IV I+ VI IK2) D 165 = ol
JEZ

Atllg]l [2HWH IV7IKCE + 2V WIS

IV (W 11K + ([W1ICs) + W V1K + uvum] Az > [l
JEZL
+ At penax g1V | W max{w, @5} 3 [0y — 7]
JEZ

AHLY |01 — Pl + At (19)
JEZ



Therefore, collecting the terms in (18) and (19) we obtain the following estimates

ST = o < (1 AR S [l — 03] + At
JEL jez

A standard iterative procedure provides the desired result (12).

O]

Lemma 3.4 (BV estimate in space and time). Let pg € (L1NBV)(R; [0, pmax]), Assumptions
2.1 and the CFL condition (9) hold, then for all T > 0, the numerical solutions constructed

by means of the numerical scheme (7) satisfy the following estimate, for alln =1,..., Np,
Np—1 Np—1

SN AR = pF 4+ (T = NeAD) Y i = X+ D0 Y Al — o < TQ(T),(20)
n=0 jeZ. JEL n=0 jeZ

where

QT) = TV(p)+M(T),

Ho
M(T) = (prmaxllg I + Igll) IVITW ™D 10950 — 05101 + E(QT —1)

JEZ
+A gl (VI + VWKL) [ e
Proof. By means of (12) we obtain

Np—1

N- N
0 AU = P A+ (T = NpAY Y il = p) [ < T S 00y = pf

n=0 j€Z JEZ JEZ

On the other hand, by means of the scheme (7), adding and subtracting appropriate terms,

we have

n+1 n

|Pj - Pﬁ = ’/\P;'Lg/(§?+1/2)W]n+1/2vj+1/2(P;LH - P?) + AP?Q?V}Zlm (an+1/2 -

AT Wil (‘/ﬁl/z - Vfl—1/2> FAGWI1 Vi (P = P?—l)‘

< Mol NIV NIV 052 — 031+ A g IV I | B 02— B3
WV [By 12 = By o] + MglIWIIVI 5 = o5
< Mowaxllg NIWIIVIllG1 = 71+ MgllV W KAz

AWV K Azpf + MgllW IV |5 — 25

now multiplying by Az and summing over all j € Z in the previous inequality, we get

Az =03 < At (pmaxlg' I + lgl) IVIIWI . [pf1 = 5]
JEZ JEZ
+A gl (VI + [V IIWIK) [[p™ [l

n+1
Pj

< At (pmaxllgl| + lgll) VIVl { > 16510 — 651 +
JEZL
A gl (VI + [V W) [l [

— AtM(T).

10

Ho

Hi

(eTHI

Wity /2)

_:U

.(21)



Next, summing over n € {0,..., Ny — 1} we get

Np—1
SO Ax|phtt = pf| < NpAtM(T). (23)
n=0 jcZ

Finally, collecting (21) and (23) obtain the desired estimate (20). O

3.3. Discrete entropy inequalities

Next we derive a discrete entropy inequality for the approximate solutions obtained by
means of the scheme (7). This discrete entropy inequality is used in order to prove that the
limit of numerical solutions is indeed a weak entropy solution in the sense of Definition (1).
First, we denote

G;%fm(a, b) = Fiyp(aVkbVk)—Fly p(ankbAk),

where a V b := max{a, b}, a A b:= min{a, b} and .7:]7‘+1/2(a, b) = ag(b)WjﬁH/sz’fH/Q.

Proposition 3.1. Let Assumptions 2.1 and the CFL condition (9) hold, then the approximate
solution computed by means of (7) satisfies the discrete entropy inequality

1 n n,k n o n K n on
P}H_ - k‘ - ‘Pj - k‘ + A (Gj+1/2(pj7pj+1) - G;Zq/Q(Pjan-s-l))
Fasgn(pp ! = k)kg(k) (W jaViiass = WiajaViiays) <0, (24)
forallj€eZ, n=0,...,Npr—1 and k € R.
Proof. The proof follows [1, 6] with the appropriate change in the numerical flux. We define
H} (.9, 2) = p = M (F1ja(pr2) = Fiy o)) (25)

Observe that H7' is monotone non-decreasing with with respect to each variable, indeed we
have

C )\Q(p)ij1/2ijl/2 > 0,
o = 1—A <g(z)Wj+1/2Vj+1/2 —ug (p)Wj—1/2Vj—1/2> > 0, by the CFL condition (9),
8H}1 / n n
5, = WV 20
Observe that we can write the numerical scheme (7) as p}”l = H}(p}_1, 0}, pjy1) and note
also that for k& € R, H]n(k:,k,k) =k — Mkg(k) <I/V]T‘+1/2Vj"+1/2 — W]n—l/Qan—l/2>’ and further-

more, we have the identity
H]n(p?—l v kvp;b v k:ﬂ?—i—l \ k) - H]n(p?—l N kap? A k?ﬂ?—i—l N k)

=|pj — k= A [G?fm(ﬂjvpjﬂ) - G?ﬁ/z(ﬂj—hﬂj)] ; (26)

11



and on the other hand, by monotonicity of the H} map we get

Hi (pf 1V K, pf V K, pfy V k) = Hi (pfy N K, pf NE, plfy AK)

> Hi'(p_1:p}spj1) vV H (k. k, k) — H (pj—1, pjs pj+1) N Hj (ks ke, k)

= !H}?(p?_l,p?,p?ﬂ) - Hjn(k'a k»k)‘

= sgn(H} (pj_1, 0}, 1) — H (k, k, k) < (HF (pf_1, P}, Pjsa) — H (K, k, k)
= sgu(H;' (pj_1, 0}, Pj41) — k + Mg (k) (W] +1/2er-l+1/2 - Wn—1/2V'n—1/2)) X

X (H 1, 2 1) = K+ Mg (R (W1 0V o = W0V o)
> sl H 2. ) = 0 ¢ (30 ) —

FAEG(R) (W o Vi o = Wity Vit 1/2))

= ’Hn qu 17P§LaP§L+1 - k’
+Asgn(H. (Pg 1an’P]+1) k)kg(k)(wjn+l/2v+1/2 Wn—1/2v'n—1/2)

P?H k‘—l—)\sgn( I — k)kg(k)( 12V = Wit aVity e, (27)

so, by means of the equations (26) and (27) we get the desired result (24). O

4. L-stability of the entropy weak solutions

The following theorem states the L!-Lipschitz continuous dependence of solutions to (1)
on the initial data.

Theorem 2. Let Assumptions (2.1) hold and let p, o be two entropy solutions to Eq (1) with
initial data pg, g, respectively, then for any T > 0 there holds

||p(T7) _U(Ta‘)HLl < eCTHpo_O-OHLl ) (28)
where C is a positive constant depending on the model parameters.

Proof. The proof of Theorem 2 is quite standard and is adapted from [6, Theorem 2.1] with
the appropriate changes in the flux function. O

We want to highlight the fact that if we increase the regularity of the parameters in
Assumptions 2.1, as in [7]:

Assumptions 4.1.
i’) V€ (C2NW2®)(R;R), with 0 <V (p) < Vinax, V'(p) <0, p€ER;
ii’) W € (CZNW22)(R;R), with 1< W(p) < Wiax, W (p) >0, p € R;

w’) wy € (C2NWHINW2)(R;R) with wy(x) <0, [ wy(z)dz =1, ¥n>0.

v’) &5 € (C2NWHE N W2)(R; R) with &f(z) <0, [ @s(x)dz =1, V§ >0,

%\%\
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we get the following result.

Theorem 3. Let Assumptions (4.1) hold and let p, o be two entropy solutions to (1) with
initial data po, og respectively, and kernels w}7, w? d)g, wg, then for any T > 0 there holds

')7’
Ip(T,-) = (T, )Iga < (oo = gollps + Cro(T) (lwy — wyllwrr + €5 — @5 lwr)) €T, (29)
with Cy and C10(T') defined in Eq (33), Eq (34), respectively.

Proof. Let p(t,z) and o(t,z) be a weak entropy solutions of the following equations

{ plt x) + 0u(f(p(t, ) U (¢, 2))) = 0 { Oro(t,x) + 0u(f (0(t,2))U (¢, 2))) = 0
p(O, 1’) = p(](x)v U(Ov .%') = UO($)7
respectively, where we have denoted

flp) = pglp), U(t,z) = W(t,2)V(t, z), Ut,z) = W(t,2)V(t, ),

with W(t,z) = W((p+ 2})(t,2)), V(t,2) == V{(p + wb)(t,2)), W(t,2) = W((o % &2)(t,)
and V(t,z) := V((o * w%)(t,x)). First, we use the classical doubling techniques introduced
by Kruzkov [15] to obtain the following inequality

T T
(T = o) < Inle) = 0@ + [ [ Sitajaodi+ [* [ so(e.pamar. (30)

where we have denoted Si(t,x) := |U||0zp(t, 2)||f'(p(t, )], S2(t, x) := [0:U||f(p(t,x))| and
U:=U(t,x) —U(t,z). Next, we have the following estimates derived in Appendix 7:

T T
/ / 81(t, 2)dadt < €, / ot ) — ot ) lpad + Ca(T) (w2 — wohllwra + 62 — &} waa ) (31)
0 R 0

T T
| [ Seltaaode < s [ lt) = ott,)llad + Co(T)f ~ whllwas + Cr(D)]F - & s (32)
0 R 0

where C;, Cg are positive constants depending on the parameters of the model (1) and Co(T),
Ce(T), C7(T) also depend on T. These terms are computed in the appendix section. Now, if
we replace (31) and (32) in (30) we get,

16T, ) — o(T. ) s < lloola) — o0(@)llgs + Cao(T) (o — whflwaa + 02 — & lwwaa)
T
G /0 lo(t, ) — o(t, ) padt,

where we are denoting

Co = C1+Cg (33)
Clo(T) = max{Cg(T) + CG(T),CQ(T) + C7(T)} (34)

Finally, by applying Gronwall’s lemma we get (11) and for po(x) = og(z), the uniqueness of
entropy solutions. O

13



Proof of Theorem 1

Existence of solutions to the problem (1)-(2) follow from the results in Section 3. Indeed,
Lemma 3.1 and Lemma 3.4, allow us to apply Helly’s compactness theorem, by which we can
guarantee the existence of a subsequence of approximate solutions p® that converges in L'
to a function p € L>=([0,T] x R;R*"). Following a Lax-Wendroff-type argument, we can show
that the limit function p is a weak entropy solution of (1)-(2) in the sense of Definition 1.
Uniqueness is ensured by the Lipschitz continuous dependence of solutions to Eq(1) on initial
data (Theorem 2) and also on kernel functions w,,, &s (Theorem 3), see Section 4.

5. Numerical Examples

In the following tests, we solve the nonlocal problem (1) numerically for z € [0, 10] within
a time horizon T' > 0 and periodic boundary conditions, using the numerical scheme (7)-
(8) with a fixed discretization of M = 800 cells of length Az = 1/200 and a time step At
satisfying the CFL condition (9). We consider the function g(p) = (pmax — p), with maximum
speed Vinax = 1 and maximum density pmax = 1. The other parameters are specified in each
subsection.

In order to observe the “look-behind-ahead effect”, we refer to Model 1 for (1) with a
non-constant functions V' and W, and to Model 2 to the “look-ahead” model with W (p) = 1.

5.1. Example 1

Inspired by the numerical examples in [13], we consider the speed functions

V(=p) 1
V :Vmaxl_ 5 Vmale, W = ]{j+1 —_—, k:77 35
(p) (1—p) (p) = (k+1) V() 5 (39)
and the kernel functions and supports given by
1 R —x
Wn(x) = Ev n=1, ws(z) = 5 6 >0,

and initial condition

po(z) = 0.8x[1,3 () +0.5x58(x), = € [0,10].

In Figure 1 (a-c), we display the numerical approximation at different simulation times,
T =3.15,T =9.75 and T = 18. In each plot, we compare pa(+,T") for Model 1 with 6 = 0.1,
6 = 0.5 and § = 1, with respect to Model 2. We can observe that the density p moves faster
in the “look-behind-ahead” model than in the “look-ahead” model as § increases. In Figure 1
(d), we show the TV (p?(t,-)) for 0 < t < 18, where we can observe that the total variation
is smaller and decays faster for Model 1.

5.2. Example 2: Limit 0,n — 0
In this test we consider wy () and ws(z) as in Example 1 with n = 26, and initial condition

po(@) = 0.8xq(x) +0.1, = €0,10].

We investigate numerically the limit 6 N\, 0. In Figure 2, we display the numerical approxi-
mations corresponding to § = 0.5, § = 0.1 and § = 0.05, compared to the numerical solution
of the local problem with flux function f(p) = pg(p)V (p)W (p).

14
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Figure 1: Example 1: Comparison of the “look-behind-ahead” model with &(z) = 56_—21 and § =1, 5 = 0.5 and

6 = 0.1 with respect to the “look-ahead” model at different simulation times, and their total variation decay.

—— Local Model

—o= Model 1, §=0.5
Model 1, 6=0.1 |4

——Model 1, §=0.05
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Figure 2: Example 2: Limit d,7 — 0 in Model 1.
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Figure 3: Example 3: Comparison Arrhenius look-ahead-behind model with respect to LWR traffic model.

5.8. Example 8: Arrhenius look-ahead-behind model

In this numerical test we consider the Arrhenius look-ahead-behind model studied in [12]
where

glp) =1 —=p), Vip)=e", W(p)=¢e,

and nonlocal terms

1 T+Ya 1 x
(p * w’}’a)(ta $> = fyf / Kap(t7 Z)dZ, (10 * w'yb)(ta IE) = % / Kbp(t7 Z)dZ, (36)
a Jx =Y

where 7, and -y, are positive constant proportional to the look-ahead and behind distances,
respectively, and K, and K} represent constants proportional to positive interaction strengths.
Observe that functions g,V and W satisfies Assumptions 2.1 (¢ — ¢i7) for p € [0, 1], however
for K, # 1 and K}, # 1, kernel functions does not satisfies Assumptions 2.1 (iv — v). The
main intention in this Example is to use the numerical scheme (7)-(8) to observe the effect
of blow-up in p, at finite time. According with [12], the higher values of K} increase the
blow-up, whereas the higher values of ~y, and =, suppress the blow-up.

6. Conclusions

This work has introduced and analyzed a macroscopic traffic flow model described by
a nonlocal scalar conservation law whose flux combines, in a multiplicative manner, both
downstream and upstream averaged densities. The proposed formulation is based on the
nonlocal model of bidirectional flux introduced in [13], but extends it by establishing a well-
posedness theory for entropy weak solutions and by allowing for discontinuities and shock
waves. This bidirectional structure enables the simultaneous representation of the influence
of traffic conditions ahead and behind each driver, thus offering a more complete and realistic
description of vehicular dynamics than unidirectional nonlocal models previously studied in
the literature.

From a theoretical perspective, we have proved the existence and uniqueness of entropy
weak solutions, along with Lipschitz continuous dependence of the solutions on both the

16



initial data and the convolution kernel functions. These results ensure the robustness of the
model with respect to perturbations in the data and parameters, and broaden the analytical
framework beyond the smooth solution setting considered in [13].

On the numerical side, we have developed a conservative finite volume scheme that pre-
serves key structural properties of the continuous model, such as mass conservation, positiv-
ity, and Ll-stability. Numerical experiments show that the inclusion of the upstream and
downstream nonlocal terms qualitatively affects traffic dynamics, providing a more realistic
framework for analyzing phenomena such as shock formation and propagation.

Overall, the results presented in this paper provide a solid mathematical and computa-
tional framework for the study of nonlocal conservation laws with bidirectional interactions,
with clear potential for applications in the design and assessment of traffic control strategies
in realistic settings.
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7. Appendix: Technical estimates

Estimates in Lemma 3.3

For the discretized downstream convolution term we have the following estimates,

N-—1 N-—1
n n _ k n _ k n
Ry 2 = Rn,jfl/Z‘ = Az ) wppl — Az ) widlyy,
k=0 k=0

N N—-1
_ k—1 n k n
= |Az an Pj+k — Z WnPj+k
k=1 k=0

N-—1
= |Az (Z (wh™ = k) P+ wn ey — w53ﬂ?> ‘
k=0

< Azfwyllllplles + 28pmaxery
= A:Elcl,

A

where we denote K1 = ||wy [[[[0"[|Lr + 2pmaxwg. Now for 0 <0, 1 <1, we have

PN PN
‘ i1~ B

= OB} jyspo+ (L= OV 50y o — pBRy 50y — (L= )Ry 5

= OB jrape = By jrye) + (By o = By joaje) = BBy o — By o)

= 0By jias0 = By jirye) + (U= ) (B i1 p = By joo)

< |Rzyj+3/2 - RZ,j+1/2| + |RZ,j+1/2 - RZ,J*_1/2|
< 2Awa;7H ol + 4Axpmaxw2
= 2A$’C1,
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also, we compute the following estimates
> > ~0
Ry = B3yoags| = Awlpllplie + 280 pmat
= AQ?/CQ,
and for 0 < «, B < 1 we have

‘R.?Jrl - Rﬂ < 2A$Hw:§‘|||p”L1 + 4Axpmaxw((5)
= 2A:L’IC2.

0

where Co = ||w§l|[|p"lL1 + 2pmaxws. On the other hand, we have the following estimates

‘Rm+3/2 2R77]+1/2+R77J 1/2‘

N-1 N-1 N—-1
k k k
= |Az (Z Wy Pkt = 2 Z WP+l T Z wﬁp?-‘rk) ‘

k=0 k=0

= |Ax

k—1 n n
wn Pitk+1 — 2 Z WPkt T Z wy pj+k+1>
-1 k=—1

|
B>
2

N—1 _ k+1
w 2w77 +wy

2 n
(Az)? Pj+k+1

= |Ax

k— k
x< (“’n P 2w w +1) Plirar Wy PN — 2w P + Wl Wty —w PJ+N)‘
=0

k=

o

1,0
w, — W N— N
(0] — pfa) + A$p;z+l77Tx77 +wy TP N — Wy P?+N)‘
~—
=0
N-1
= ‘Aaj <(Aaz)2 g

k=0

k=1 _ o ko k+1
Wy 2wy + wy n
(Az)? Pjt+k+1

tw (P — Pjy1) + Aa?PJHT + Ax T Ar Pi+N+1
< (Ax)?|lwpllllplle + Azwlpfiy = pF1 + 2(A2)° prmax |y |

(Az)? K + Azwl|pfyy — o).

In a similar way, we get the following estimates for the discretized upstream convolution term

R?+3/2 2R 12 T R _1/2] = (Ax)2HWgHHPHL1 + Amdjg\p;ﬁrl - Pﬂ + 2(Ax)2pmax||wg”
= (Ax)* Ky + Awdf|pfy — p}l.
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Estimates in Theorem 3.

In this part of the work, we derive upper bounds for /T / S1(t, z)dxdt and /T / So(t, z)dxdt
in Eq. (30). First, we compute || in S; as follows, o "
U = WV -wv|
= WV -V)+ (W -W)V|
< AWV = VI+ VW - W]

= WV =VI+ VW - w| (37)
Now we compute each term on the right-hand side of inequality (37).
V-V = |V (o = wfl) - Vip *w}?)|
= !V(o * wg) —Vipx w%) + Vi(px* w%) —Vipx w%)‘
= V(&) (0 = p) =) + V(&) (0 * (w; — wy))|
< VI (lwilllle = ollea + llolllw; = wylles) . (38)

where & € Z(o * wn,p * W ) and & € Z(p *wn,p* w ) In a similar way, we get
W= w| < W1 (183lllo = ollue + lplla3 - @lws) (39)
Thus, replacing (38) and (39) in (37) we obtain the following bound for ||,
< (IWIIV kgl + VIV IEEN) Tl = ollee + lloll (g = wpllie + 10F — @5llea)
< (W ezl + VW IGEN) e = ollea + ol (g = wpllwea + 105 = G5llwaa)

then, with this estimate, we can compute a bound for (30),

/ /Slt:cdxdt

-/ / U0upllF (ot ) d

T
‘WHHV,H”WQH+HV|HW,||||‘;)5H)/O IIP(t,-)—U(tw)HLl/RIaxp(t,x)llf’(p(t,w))ldxdt

+Tlpll (lwy — wyllwra + 103 —@J%val,l)/ |0xp(t, 2|1 (p(t, 2))|dadt

< (IWIHIV ez |+ IV ITIRZ) ellsv o 1 (e H/ lp(t, ) = ot )l
tel0

T (rpva sup || f"(p(t, -))II) (g — wyllwra + [l6F — @5 llwra)

t€[0,T]
<C Ip(t,) = o(t,)lLe + Ca(T) (|lwp — willwrr + [|0F — & [lwar)
>~ L1 0 p\L, ’ L1 2 n nlIW1 ) S IIW1, ’
where

Coo= < (IWIHIV kgl + IVIIW 31 IIPIIthsE(l)pT}||f’(p(t,-))||
€10,

C(T) = T(\pHHp!Bv sup Hf’(p(t,-))\l)

te[0,7
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Next, we bound 9, |U| in Sa(t, x),

O Ul = |0:U(t,z) — 0,9(t, x)|
= |0,(WV) = 0,(WV)|
< N0V = V] + |V][|0:W — 0:W | + |[W||[8:V — 8,V | + |8,V [|W — W], (40)

and bounded every term on the right-hand side of inequality (40). For first term,

10, W| = |0, W (0 *&?)]
= |[W'(0 % @32)(0 * 0,038)|
< [Wlllollp[|0-05]|. (41)

Now, for the second term on the right hand side of (40), we have the following estimates,
|0, W — 8, W|
= [0, W (0 % ©3) — 0. W (p*&})

— W (0 #@2) (0 % 0:03) — W' (p # o} (0 + Dus})

— (W/(O' * @g) — W/(p * (IJ;)) (0 * 896(2)(%) + W/(p * d)g) (a * 895&(% — px* 896(2};) ‘

= [W7(€3)(0 63 — p# 0§) (0 % DuoB) + W' (p 03) (0  0a23 — p x Buod)

= |W"(&) (0 — p) % ©0F + p* (0F — &})) (0 * Do}

W (p + &5) ((U —p) * xa)g) + p* (0uf — Du5)

IN

HVV”HHUHLllax@5H<H@5!Hp—-UHLl-%HpHHwa-@@HL1>
+WW<WMNM—ﬂu+WM%ﬁ—®%h0, (42)

where &3 € Z(o * (,Z;g, p* d)%) Following an analogous process, we can bound the third term in
(40), getting the following estimate,

0.7 ~0v] < 1V lolualion?l (Il = ollus + ol - w3l )
VI (103l ~ ol + lollons? - 0l ). (49

and for the last term in (40) we have,

0V = [0V (p* W}y)‘
V' (p o wp) (p # wp)|
IV Il ol 182y - (44)

A
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Now, replacing (38), (39), (41), (42), (43) and (44) in (40) and doing some straightforward
computations, we get an upper bound for |0,U| as follows,

0:U| < [maX{HPHle ||0||L1}<max{||5x@5\|, 1005 1} max{ ]|, lles I3 W1V

where

Cs

Cy

Cs

HIVI L+ VTV + HV’HHW’Hlaxw,HO

FUVIIIVAL+ VIV max{ || 0x051), Haxwill}] lp = ol

+lpll [(HUHLl max{[| Qa3 |, 1|0z |3 WV + WV + HWIIIIV’H) lw, — wyllwa
+<maX{HOIIL1H@z%II= ol @z IV NI+ 1V W)

+HVH\W’H) a2 - %HWU]

Csllp — ollus + Callwy — wyllwaa +Csllof — &gllwaa, (45)

max{||pl|pz, ||0||L1}<max{||3x@§ll, 1005 1} max{ |3, lley I W71V

HIVIIV I+ WV + !V’HIW’IIH@xw%II>
VWL + WV max]|0x3]1, [ dawp 1},

ol <||U||L1 max{]|0x@3 |, | oo I} IW IV + WV + IWIIIV’||>

Il <maX{HUIIL1|!8zw5II, ol @z IV NI+ 1V IHIWL) + HVHIW'II)-
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Finally,

T
/ / So(t, z)dxdt
0o JR

T
- /0 /R 0aU (¢, 2) || £ (p(t )|z dt
T
< [ (€allott.) = a9l + Cll = wllwna +Csll63 = adllwna ) £ (ott )l
0 R
T
< ¢y /}R F(plt, 2))dz /0 lo(t, ) — ok, ) [gadt + TC, /R (ot 2)) w2 — o} s da
TCs / F(p(t, 2162 — 23w da
R
T
< sup (ot )]ea (cs / ot ) — o(t, )l dt
t€[0,T] 0

+TC4||OJ% — w717”wl,1 + TC5‘|@§ — @%”W1,1>

T
= CB/O lp(t,-) = o (t, )Ladt + Co(T)|lwy — wyllwra + Co(T)|&F — @5 llwra,

where we denote Cs(T") := TCyq sup ||f(p(t,"))|lLr, C7(T) := TCs sup ||f(p(t,-))|lLr and

Cs :=C3 sup [ f(p(t,-))[lLr-

te[0,T] t€[0,T]

t€[0,T
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