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Abstract

In this work, we study a coupled Navier—Stokes/convectiondiffusion model arising in the
description of reverse osmosis membrane processes. The model accounts for the incompress-
ible viscous flow of a saline solution and the transport of solute concentration, including ap-
propriate interface conditions that capture the membrane permeability and rejection effects.
We propose and analyze a variational formulation of the stationary problem, establishing ex-
istence, uniqueness, and positivity of solutions under suitable assumptions on the data. To
approximate the problem numerically, we introduce a conforming finite element discretiza-
tion and prove discrete stability estimates, as well as the well-posedness of the resulting
nonlinear system. Furthermore, we develop a fixed-point strategy to handle the nonlinear
coupling and provide error estimates for the discrete scheme. Numerical experiments are
presented to confirm the theoretical results and to illustrate the performance of the method
in relevant test cases for desalination applications.
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tion; finite element method; variational formulation; well-posedness; positivity of concentration;
numerical analysis; error estimates
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1 Introduction

Reverse osmosis (RO) is one of the most widely used technologies for seawater desalination and
freshwater production, owing to its efficiency, modularity, and ability to deliver high-quality
permeate. The operation of RO membranes involves complex coupled phenomena, including
incompressible fluid flow through narrow channels, solute transport driven by advection and
diffusion, and nonlinear permeation across semipermeable boundaries. The accurate numerical
modeling of such processes is crucial not only for understanding the fundamental mechanisms
governing membrane performance, but also for guiding the optimization of RO modules and the
design of next-generation desalination systems.
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Recent years have seen a growing interest in the numerical modeling of reverse osmosis
(RO) processes, which are currently the dominant technology in large-scale desalination plants
worldwide, accounting for nearly 70% of the installed capacity due to their lower energy con-
sumption compared with thermal methods such as multi-stage flash [18,[13]. Most mathematical
models are based on the Navier—Stokes and convection—diffusion equations although in some sit-
uations Brinkman-type equations have also been employed. From the numerical point of view,
the majority of studies have focused on single-channel simulations, mainly because of the high
computational cost of treating multiple channels. Classical approaches have relied on finite dif-
ferences or finite volumes, whereas finite element simulations have often been carried out with
commercial packages without a rigorous mathematical framework.

A significant advance was achieved in [6], where the authors proposed a coupled Navier—
Stokes/transport model with nonlinear interface conditions, formulated a mixed variational
problem with Lagrange multipliers to capture concentration traces, and proved well-posedness
using Banachs fixed-point theorem together with the Banach—Necas—Babuska theory. On the
discrete level, they developed a stable mixed finite element scheme based on Raviart—Thomas
spaces for auxiliary flux variables and piecewise polynomial approximations for velocity, pressure,
and concentration. They also derived optimal a priori error estimates, which were confirmed by
numerical experiments, demonstrating the robustness and accuracy of the method in realistic
RO configurations.

In parallel, more recent work has focused on incorporating osmotic effects into finite element
models. In [§8], the authors developed a finite element formulation to investigate concentration
polarization and osmotic phenomena in RO membranes. Their model couples the incompress-
ible Navier—Stokes equations with an advection—diffusion equation for the salt concentration and
integrates nonlinear interface conditions to represent the membrane transport. This approach
captures both hydrodynamic and osmotic contributions to the transmembrane flux, allowing for
detailed analysis of concentration polarization under realistic operating conditions. The numer-
ical experiments reported in [8] illustrate how membrane selectivity and operational parameters
affect solute buildup and flux decline, highlighting the importance of rigorous mathematical
modeling in predicting the performance of RO modules.

Mathematical modeling of RO processes typically leads to coupled systems of partial differ-
ential equations (PDEs) of Navier—Stokes type for the hydrodynamics, coupled with convection—
diffusion equations for the solute concentration. These equations are further linked by nonlinear
boundary conditions at the membrane interfaces, which reflect the selective transport of water
and salt. The resulting models pose significant analytical and computational challenges due to
their nonlinearity, the interaction of boundary conditions with the interior flow, and the need
to preserve key physical properties such as mass conservation and non-negativity of the solute
concentration.

In this work we study a three-field formulation of the RO model studied in [6, [§], where the
unknowns are the velocity, pressure, and solute concentration. At the continuous level, we derive
the weak formulation of the coupled NavierStokesconvectiondiffusion system and establish its
well-posedness by means of fixed-point arguments. A key feature of our analysis is the proof
of positivity of the concentration under suitable conditions on the data, ensuring the physical
consistency of the model. Furthermore, we introduce an equivalent reduced formulation that
allows us to simplify the study of existence and uniqueness of solutions.

Building upon the continuous theory, we then propose and analyze a conforming finite el-
ement method for the numerical approximation of the model. The scheme employs standard



inf-sup stable velocitypressure elements combined with continuous piecewise linear approxima-
tions for the concentration. We prove that the discrete problem inherits the stability properties
of the continuous one, and we derive error estimates that guarantee optimal rates of convergence.
Finally, we present a series of numerical experiments that confirm the theoretical findings and
illustrate the performance of the proposed method in realistic test configurations.

1.1 Preliminaries

Let © C R? be a bounded domain with polyhedral boundary I'.  Throughout the paper we
use standard notation for Sobolev spaces WP(Q), where p € [1,00] and m > 0, and for
the Lebesgue spaces LP(Q) := W %?(Q), equipped with the norms || - [[wm.r) and || - [[Le(q),
respectively.

When p = 2, we write H™(€2) instead of W ™2(Q), and for simplicity, for H™(Q2), H™(Q) :=
[H™(Q)]?, and H™(Q) := [H™(Q)]?>*2, the corresponding norms and seminorms will be denoted
by [ . amd | - I

For any vector fields v = (v, v9)! and w = (w1, ws), we define the gradient, divergence, and
tensor product operators as

31)1‘ (9113
Vv = <3xj> " . divv := Z 8% VROW:= (inj)i,j:1,2'

Similarly, for any tensor fields S = (.5j;); j=1,2 and R = (R;j); j=1,2, their tensor inner product

is given by
2

S:R:= Y SRy,
ij=1

where the superscript ! denotes transposition.
Next, we let 7o : HY(Q) — L2(T") be the well-known trace operator, satisfying

(€2), (1.1)
with Cr > 0 and define the trace space of H!(2) as
HY2(T) == 70 (H'(9)), (1.2)
endowed with the norm
111y, = inf {[Jwllg : w € H(Q), yo(w) =9} . (1.3)

Alternatively, as stated in [20, Remark 4.2.3], an equivalent norm for the space H!/2 (T") is given

by
> Ju(x) — uy)*\
|Mmpmz(ﬁm|+//‘ u_mg ) . (1.4)

In the sequel, the dual space of H'/?(I) is denoted by H~'/2(T') and we employ (-,-)r to
denote the duality pairing on H~1/2(I") x HY/2(T"), which coincides with the L?(T')-inner product
when applied to functions in L?(T'). The vector-valued counterparts are denoted by H'/2(I")
and H~/2(T"), corresponding to H/2(I") and H~'/2(I"), respectively.



It is well known that N
H'(Q) = Hy(Q) @ [Hy()] .

where H}(€2) is the kernel of 7, and [H(l)(Q)]J‘ denotes its orthogonal complement (see, e.g.,
[17, Theorem 1.3-1]). Then, defining the linear, bounded, bijective operator 7y := L, it

follows that

0l ()

13 (@) l1,0 = [¥lljar Vo € HYA(D). (1.5)

In what follows, we use a vector-valued version of 7y, denoted by g, which is defined
componentwise by 5. Furthermore, by the Sobolev embedding H'/?(T") < L4(T"), we have

[¥llawy < Crllellijor Vo € HYA(T), (1.6)

with Cr > 0.
On the other hand, for 0 < v < 1 and following [I5] 20], we define the Holder boundary
space on I' by

COr) = {g € C°(D) : |g(x) — g(y)| < Mz —y|", M > 0},

endowed with the norm

1/2
lullgonry = (lullZoy + lulgonwy ) (1.7)
™) )

where

l9(z) — g(y)|
u||cory := sup [u(xz)| and |g|co. = sup )
|| ||C ) z€F| ( )| | |C () el |x_y|7

TFy

The following technical result will be employed in the forthcoming analysis.

Lemma 1.1 Let Q be a Lipschitz domain with boundary T = 9Q and let f € HY/2(I), g €
COY(T) with 0 < v < 1. Then fg € HY2(T'), and there exists c; > 0, such that

I fgll1/2.r < eillgllcor @yl flli2,r- (1.8)

Proof. Given f € HY/?(T), g € C%(T') with 0 < 4 < 1, we start by noticing that from the
definition of the norms |||, o and || - |co~(r) (see (1.4) and (1.7)), it is clear that

/F!f2!9!2 < llglEocy IR jor < 9120y I 2 - (1.9)

In turn, since f(z)g(z) — f(y)g(y) = (f(z) — f(y)g(z) + (9(z) — g(y)) f(y) for all z,y € T,
employing ab < 2a® + 2b2 for all a,b € R, we easily obtain:

flx 9(w)l?
[ [ =IIIOE < oy gy A1 o + 2ol TN - (110)

From the inequalities ((1.9) and (1.10)), we readily obtain:

19I5 2 < ellgliconmy IR o0 < +oo, (1.11)



with ¢ > 0, which implies that fg € HY2(I'). In addition, since || - l1/2,r and |||l o r are
equivalent, (|1.8) follows straightforwardly from ([1.11). O

We now recall some definitions and technical results on extension operators (see, e.g., [12]
16]). To that end, we let I' C T be a proper subset of I" (i.e., I' # I'), denote by I'“ its complement
in I' and let ~

By : HY/*(T) - LX(I)

be the extension operator given by

€ onl. e
Eof(f) = _ V¢ e H/A(T).
0 on I

We then introduce the space
1/2 /¢ ~
Hy) (D) := {€ € HY(D) : Eyz(6) € HY2(T)},
endowed with the norm

1€l /2,000 = 1 Eo,5 €)1 jo.r (1.12)
where || - ||;/2,r is the norm defined in (L.3).
We also define the extension operator
B : HYA(T) — HYA(T), €+ Ex(€) := 2r,
where z € H!(Q) is the unique solution of the boundary value problem
—Az=01in , z=¢onT, Vz-n=0onT"
This operator satisfies
IE& (12,0 < ClIEN jo 5 (1.13)
where C > 0 is a constant independent of &.

In addition, we denote let

1 1 1 1 2
Hx(Q) = {veH(Q):v]p =0} and H: () = [Hf(Q)] .

Throughout the paper, the norm || - || without subscripts denotes the natural norm of an
element or operator in the corresponding product functional space. Moreover, the notations
a <band a = bmeans a < Cb and a = Cb, respectively, for a constant C' > 0 independent
of the mesh size and physical parameters. The symbol 0 stands for a generic null vector, and,

when no ambiguity arises, | - | denotes the absolute value in R and the Euclidean norm in R? or
R2*2. Finally, for any scalar function ¢, we define its positive and negative parts by
ot =500 +1¢l), o =5(0—10l), (1.14)
so that
p=¢"+¢. (1.15)



1.2 Model problem

To introduce the model problem, we consider the rectangular domain Q := (0,a) x (0,b) C R?,
where a,b > 0 are fixed constants, and denote by I' its boundary. We partition I' into the
disjoint subsets I'in, Tout, I'ypts = € T, such that

I'= fin U fm"' U Fm_ U fouta
with
L;NT; =0 for all i # j in {in, out,m™, m™}.

In addition, we assume B B L
I,+Nnl,-= 0 and FinNTout = @7

and we set I'y, :=T',,,+ UT,,,—. Along the boundary I', we denote by n := (n1,n2)! the unit outer
normal vector field and by t := (—ng,n1)? the associated counterclockwise tangential vector
field, as illustrated in Figure

)
t n=
l‘+ — 1—‘m I 1

T - m
: . r 1 . ( 701>
Figure 1.1: Sketch of the computational domain.

In this work we are concerned with approximating the solution of the stationary Navier—
Stokes system
—div(2vVu —pl) + pdiv(u®u) =0 in Q, divu=0 in £,
u=1u, on I, u-n:A(AP—iRTgo), u-t=0 on Iy, (1.16)

(QVVu — pI)n = g(u ‘n)"u on gy,
coupled with the convection-diffusion equation

—kAp+u-Vo=0 in © = on I,
(gou—nVap)~n:B<p on I'y, ¢>0 on Iy, (1.17)

KV -n= %(u ‘n)" ¢ on Doy,
where I denotes the identity matrix in R?*2,

In the formulation above, the unknowns are the velocity u, the pressure p, and the salt
concentration ¢ of the fluid occupying the domain ). The given data are the fluid viscosity v > 0,
the permeate diffusivity of salt in water x > 0, the inlet velocity wi, = (U1 in, ug,in)t c H/? (Tin),
and the inlet salt concentration i, € R*. The physical parameters A, i, R, T, AP, and B are



assumed to be positive constants; their specific values are reported in Table For convenience,
we introduce the shorthand

a1 := AAP, as := AiRT, a3 = B, a:= (a1,a2,as).

We also set B B B B
{7} =T NT,,-, {x7} =T N,

In what follows we assume that the inlet velocity uy, € HY/ 2(I‘m) satisfies the compatibility
conditions

lim uj,(x) -t = :l:(a1 — aggoin), x € Dy, (1.18)
r—axt
and
utin € HY? (Tin). (1.19)
In particular, if
a1 — asp;
win(,y) = T2 (2y —b),  V(w,y) € T,

b

then wy, clearly satisfies (1.18) for any uii, € HééQ(Fin). The reasoning behind the conditions
(1.18) and (1.19) will become clear in the next section, where we introduce the associated
variational formulation.

2 Continuous weak formulation and its well-posedness

Based on the model equations introduced above, we now derive the continuous weak formulation
of the problem and analyze its well-posedness.

2.1 Weak formulation

To derive the variational formulation associated with the coupled system ((1.16)-(1.17]), we begin
by multiplying the first equation of (1.16) by a test function v € Hi. (Q), where 'S, :=
Iy Uy, integrating by parts, and using the last boundary condition in (1.16)) to obtain

QV/Vu:VV—p/ (u-n)_u-v+p/(u~V)u~v—/pdivv:O Vv € Hie (9). (2.1)
Q 2 Jrout Q Q out

In turn, the incompressibility constraint, given by the second equation of ((1.16)), is imposed
weakly as

/ gdiva =0 Vg € L2(Q). (2.2)
Q

Finally, multiplying the first equation of (1.17)) by a test function ¢ € H%m(Q), integrating by
parts, and using the boundary conditions on I'y, and Iy in (1.17)), we arrive at

1
| wvevuias [ out [ @ [ pumm—) [ wmen=0  went @

(2.3)
According to the above derivations, the variational formulation of the coupled system ((1.16])(1.17])
reads: Find (u, p,p) € HY(Q) x L2(Q) x H'(Q) such that

u=upn(p) onlgy, — ©=¢n onli,



and
ap(u,v)+ Op(u;u,v) + bp(v,p) =0 Vve H%gut(ﬂ),

br(u,q) =0 VqeL*(Q), (2.4)
ac(p,¥) + Oc(u,,9) =0 Vi € Hf (Q),

where ar, by and ac are given by

ap(u,v) = QV/Vu:VV, br(v,q) ::—/ gdivv, ac(e,v) ::/HVLp-Vw—i-ag,/ oY,
Q Q Q T'm

whereas the nonlinear forms are defined by

Orp(w;u,v) 2:p/(W'V)U‘V—p/ (W-n) u-v,
Q 2 Fout

Oc(w,p,9) = /Q<w-w>w— W(W'n)—;/ (W -n)"pih.

Fm 1—‘ou.t

Above, for any ¢ € H(Q) satisfying ¢|r
Uin (@) is defined by

= (in, the concentration-dependent boundary function

in

Uin on [y,
Uin (@) 1= (2.5)

(a1 — a2¢+)n on I'y,.

Notice that, thanks to (T.18)), (T.19), and [19, Theorem 1.5.2.3], we have @, (¢) € H/2(T¢,,),
which justifies the introduction of conditions (|1.18) and ((1.19)).

2.2 Well-posedness

We now turn to the analysis of the variational formulation (2.4]). Our first step is to establish
the stability properties of the forms involved.

2.2.1 Stability Properties

We begin by observing that, after simple computations, it can be proved that the bilinear forms
ar, ac and b are bounded:
ar(u,v)] S vluliallvie, Ya,v e HE (),

lac (e, )| £ (k+ an)llellalllie, Y, v € HE (Q), (2.6)
br(v.0)] < lalloslvline vv € . (@),q € L2(Q),

Recalling the continuous Sobolev embedding H!(Q) < L*(2) holds (see |25, Theorem 1.3.4]),
we obtain
IViaa S lvle Vv e HY(Q), (2.7)

which together with (1.6)), imply

Or(w;u,v)[ S pllwlliellulielviiie,  [Oc(w, ¢, )l S [Iwlhielelieldlhe. (2.8)



In addition, from the well-known Poincaré inequality, we deduce that
ap(v,v) Z V|Vl q Vv €Hr. (), (2.9)

ac(,¥) 2 Kl g+ asllvlir, 2 slvlie Yo € Hy, (Q). (2.10)

Now, we proceed to establish the corresponding inf-sup condition for bg, which is crucial for
ensuring the well-posedness and stability of problem (2.4)).

Lemma 2.1 There exists 5 > 0, such that

b
sup  1EV D] Vg € L2(Q). (2.11)
veHl, (Q) ||VH17Q
Fout
v#£60

Proof. The result follows from the surjectivity of the operator div : H{(Q) — L3(Q) := {q €
L2(Q) : g = 0}, the orthogonal decomposition L?(£2) = L3(€2) ® R and the fact that Hj(Q) C
HL. t(Q) We omit further details. O

Finally, by applying integration by parts, we obtain the following identities, which will be
used later:

Op(w;v,v) = ( [ a4 [ - o sy,

Oc(with, ) = /w%hv /¢2w n) / <w-n>¢2—1/ (w )92,
for all w,v € HY(Q) and ¢ € H(Q).

2.2.2 Positivity of the concentration

Before proving the well-posedness of (2.4)) we first establish that if (u, p, ¢) is a solution of ([2.4)),
then the concentration ¢ is positive in 2 under suitable assumptions on the data. This result
can be deduced from the following lemma.

Lemma 2.2 Let @iy, a1,a3 € R, such that (13—%(11 > 0. Then, for any (w,¢) € H'(Q)xH' (Q)
such that ¢|r.. = Pin, ¢ >0 on Ty, w = Tin(¢) on TSy, and divw = 0, the solution ¢ € HY(Q)
to the problem: Find ¢ € HY(Q) such that ¢ = @i on Iy, and

ac(p, ) + Oc(w,p,¥) =0 Vi € Hf (Q), (2.13)

satisfies
p>0ae inQ and >0 a.e. only. (2.14)

Proof. We start by choosing any sequence G,, € (0, ¢j,) such that lim G, = 0 (for instance,

n—o0

Gn = ). Clearly ¢ip — G >0, Vn € N, and since p|r,, = @i, it follows that ¢ — Gy, >0 on
[y, Vn € N, which implies (¢ — Gp)~ =0 on Iy, Vn € N.

Now, since (¢ — G,,) € HY(Q), Vn € N, similarly to [I, Lemma 5.2.24], one can show that
(p—Gp)~ € H%in(ﬂ), Vn € N. Then, using the fact that divw = 0, integrating by parts we can

deduce that )

== W - n — *2. .
fowvare-co =5 [ wemle-cu] (215)

9



Then, from (2.13)) with ¢ = (p — G,,)~, employing (2.15)) and using the fact that £~¢ = (£7)2,

for any function £, we obtain:

0= GC((P, (SO - Gn>_) + OC(Wv ®, (90 - G'fl)_)

= x [V G P ras [ et -Gty [ (wemliie -G
by [ el -G [ et - G

— | (w-n)p(p—-Gp)~, VneN

Tr m

Then, by (2.10) and the Dominated Convergence Theorem (see, e.g., [3, Lemma 3.31]), we can
pass to the limit as n — oo and obtain that

_ _ 1 _ 1 _
Wl Bo+as [ ooty [ emle Py [ wemle P
I'm r Cout

m

1 _ _
5 [ e - [ e <0,
1—‘out

m

which implies
— 112 — 1 -2 1 712 <
el +as [ pp” =5 [ (wen)lp [T +3 (w-n)"[p" |7 0.
Fm Fm Fout

In this way, recalling that w - n = a1 — as¢™ on I'y,, from the latter we obtain:

ax _ as _ 1 _
tat (w-5) [ WP+Z [ oty [ remtle P S0
2 1—‘lm 2 1—‘lm 2 I‘out

which clearly implies the result. O

We end this section by observing that, as previously noted, if (u, p, ¢) is a solution of ,
then (w, ¢) := (u, p) clearly satisfies the hypotheses of Lemma from which it follows that
the concentration ¢ satisfies , provided that ag — %al > 0.

Kl

2.2.3 An equivalent reduced problem

To simplify the well-posedness analysis of problem , we now introduce an equivalent reduced
formulation. For this purpose, we first define a suitable lifting operator that extends the Dirichlet
datum i, (¢) € HY/2(T¢,,). The construction of such an operator, together with the derivation
of its key properties, is established in the following lemma.

Lemma 2.3 Let gy, € RT, a = (a1,a2,a3) € ]R:i and uy, € H1/2(Fin) satisfying (1.18)) and
(1.19). Then, for each ¢g € Hll“m(Q) such that ¢o + pin > 0 on Ty, there exists ui(po) € HY(Q)
satisfying the identities

uy (¢o) re . ﬁin(¢0 + (pin), and div (u1(¢0)) =0 in €, (2.16)
where Wy, is defined in (2.5). In addition, there holds
lui(¢o)ll1,0 S Cla, Win, vin) + az||doll1a, Vo € Hr, (), (2.17)

10



and
a1 (o) — wi(do)llne S azlléo — dollie, Vo, do € HE (), (2.18)

where

C(a, in, pin) = (||Ul,m||1/2,00,1“in + [|az(a, win, @in)||1/2,1“gut)a (2.19)

with iz (A, Win, o) € HY2(TS,) in @.17) being the extension of ug i, given by:
U2in on DI
t2(a, Win, Yin) = a1 — agpin on I+ (2.20)
—(a1 — agpim) on T, —.
Proof. Given ¢¢ € H%in(Q) such that ¢ + @i > 0 on Ty, we start by defining z;(¢o) € HY()
given by
z1(¢0) := o ' (Ere,, (Gin(d0 + @in))); (2.21)

and zo(¢o) € Hl. t(Q) being the first component of the solution of the Stokes problem: Find
(zo(¢0), (o)) € Hie t(Q) x L2(€2), such that

/ Vzo(¢o) : Vv + / r(¢o)divv = —/ Vzi(¢g) : Vv, Vv e H%gut(Q),
@ - @ (2.22)

/qdivz0(¢0)——/qdivz1(¢0), Vq e L(9Q).
Q Q

Then we simply define
ui (¢o) == zo(do) + z1(¢o), (2.23)
and observe, from ([2.21)), the fact that zo(¢o)|. =0, and the second equation of (2.22)), that
out

u; (¢o) satisfies (2.16]).
Now, to deduce ([2.17]) we first recall that the solution of ([2.22]) satisfies

1zo(¢0) I + [I7(¢0)llo.0 S [[@in(¢o + #in)ll1/2,re,, - (2.24)
Then, from the latter, ((1.5) and ([1.13]), it follows that
[u1(do)ll1,0 < [[8in(do + in)ll1/2re,, - (2.25)

Next, we let g € C%7(T) be such that g =1on I',,+ and g = —1 on I',,,~ and define

s(¢0) = (Bor,, (utin),  Bre,, (ii2(a, um, o)) — azyo(¢o)g)’ € HYA(D), (2.26)

out

after simple computations it is not difficult to see that
s(¢o)lp,, =um on T and  s(¢o)lr, = (a1 —az(¢o +wim)")n on D, (2.27)
that is s(¢o) = Qin(¢o + ¢in) on ISy In this way, from (L.I), (L.8), (1.12), (L.13), and (2.25)),

we deduce that

lui(¢o)lln.o S in(do + @in)ll1 2,0, = lIs(d0)llij2re,, S C(@ Win, pin) + azlldolla,  (2:28)

out out ™~

thus, (2.17) holds. Finally, we let ¢, do € Hll“m(Q)’ and apply again Lemma together with
the inequality in (1.1]) to conclude that

Is(¢0) — s(0)ll1/2.r < azllv0(¢0 — G0)gll1/2r < azealldo — doll1.0
for some constant co > 0, which, due to (2.22]), implies (2.18)). a

11



Remark 2.4 Notice that if ¢ € H'TO(Q) N H%in(ﬂ), with § > 0, then the solution of (2.22)
satisfies zo(¢o) € H!TO(Q) N Hi. () and r(¢0) € H(Q) (see [§, [26]). This regularity result
will be used in Section [4)

Now, we let V be the kernel of the bilinear form bp, that is
V ={veHi (Q):bp(v,q) =0 VgeL*(Q)}={veHt (Q):divv=0}, (2.29)

Then the aforementioned equivalent reduced problem associated to (2.4) reads: Find (up, ¢o) €
V x H%m (€2), such that

ar(ug +ui(po), v) + Op(ug + ui(po);uo + ui(po),v) = 0  VveV,

2.30
ac(po + @i, ) + Oc(ug +u1(wo), Yo + Pin, ¥) = 0 V¢eHp (9), (2:30)

where uf® is the lifting introduced in Lemma with ¢g = g € H%in(ﬂ).
The following Lemma establishes the equivalence between problems ([2.4) and ([2.30]).

Lemma 2.5 If (u,p,¢) € HY(Q) x L2(Q2) x HY(Q), with u = @y, (¢) on TSy, and ¢ = iy on
Tin, is a solution of , then (ug, o) € V X Hll“m(Q)’ with ug = u—uy(p) € V and ¢y =
©—Qin € H%m (Q), is a solution of ([2.30). Conversely, if (ug, o) € V x Hll“m(Q) is a solution of
([2-30), then there exists p € L?(Q) such that (ug+uy (o), p, po+ i) € HY(Q) x L2(2) x HY(Q)
s a solution of .

Proof. The proof follows from the definition of the lifting u;(¢p) in Lemma and the inf-sup
condition (2.I). We omit further details and refer the reader to [24, Lemma 2.1] for a similar
result. g

From this point forward, our attention will be directed towards establishing the well-posedness
of the problem by means of a suitable fixed-point strategy. To that end, we first introduce
an associated fixed-point operator.

2.2.4 The fixed-point operator

Here, we follow a similar approach to that in [2] and describe the fixed-point strategy that will be
used to prove the well-posedness of (2.30). We start by defining the following auxiliary operator
L:V x H%m (Q) — H%m (Q2) given by

L(wo, o) := o,

with g € Hll“in (Q) being the unique solution (to be confirmed below) of the linearized problem:
Find ¢o € H%in (), such that

ac(po + ¢in, 1) + Oc(wo + ui(do), wo + @i, ¥) =0 V¢ € Hp (), (2.31)

where u;(¢g) € HY(Q) is the lifting defined in Lemma
In addition we let S : V x Hf, (€2) — V be the operator given by

S(Wo,(ﬁo) = Uy, (2.32)
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with up € V being the unique solution (to be confirmed below) of problem: Find ug € V such
that

ap(ug+uy(¢o),v) + Op(wo +ui(gp);ug + uy(¢g),v) = 0 Vve ngut(Q). (2.33)
Thus, we let J : V x H () = V x Hf. (Q) be the operator defined by
I (Wo, ¢0) := (S(Wo, ¢0), L(S(Wo, ¢0), d0)) ¥(Wo,¢0) € V x Hf. (), (2.34)

and realize that analyzing the well-posedness of problem (2.30)) is equivalent study the unique
solvability of the fixed point problem : Find (ug, ¢9) € V x H%m(Q), such that

J (o, o) = (uo, ¥o). (2.35)

According to the above, in what follows we focus on analyzing the fixed-point problem ([2.35)).
Before doing that we first establish the well-definiteness of operator 7. This is addressed in the
following subsection.

2.2.5 Well-definiteness of J

Since the operator J is defined in terms of £ and S (cf. (2.34))), to prove that J is well defined
it suffices to show that £ and S are themselves well defined, which is equivalent to establishing
the well-posedness of problems ([2.31) and (2.33)), respectively. We begin with the analysis of

problem ([2.31)).
Lemma 2.6 Let a = (aj,a3,a3) € Ri’_ satisfying az — %al > 0 and let (wo,¢p) € V X Hll“m(Q)
with ¢o + ¢in > 0 on T'y,. There exists a unique po := L(Wg, o) € H%m(Q) solution to ([2.31]),
satisfying

@0+ @in =0 on I'y,. (236)

In addition, the following estimate holds:

I1£(wo, ¢0)|l1,0 S & i (a3 + azpin + a1 + azl|dolli,o + [[woll1e + [[ui(do)l1,e) . (2.37)

Proof. We begin by noting that, given (wq, ¢g) € V X H%in(Q), problem (2.31) can be reformu-
lated as: find ¢q € H%in(Q), such that

ac(po, ) + Oc(Wo +u1 (o), 00, V) = Gwoe(¥)  V1p € Hp (Q), (2.38)
where the linear functional G on the right-hand side is given by
GW0,¢0 (¢) = _aC’(‘Pina ¢) - OC(WO + u1(¢0)7 Pin, 77/}) (2'39>

Thus, to prove the well-posedness of (2.38)), it suffices, by the Lax—Milgram lemma, to show that
the bilinear form on the left-hand side is elliptic on H%in(ﬂ) and G, ¢, is a bounded functional.

Indeed, using ([2.16)), the second identity in (2.12)), and the fact that u;(¢g) = a1 —az(do + in) "

on I'y, and wo = 0 on I'S ;, we obtain

Ocwo-+wi(on). ) =5 [ (weo) mo?+5 [ ((wo+ wieo)) - m)* o2
> [+ 2 [ e et (2.40)
al 2
Z _5 me )
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for all ¢ € H%in(Q). Then, from the definition of a¢, (2.40|), (2.10)) and the fact that as— %al >0,
we conclude that

ac(th, ) + Oc(wo + (o), ¥,0) = wlvlig + (as = 3 ) 613,
Zalvlie Vo eHb (9. (2.41)

Now, for the boundedness of Gy, 4, We use again that ui(do) = a1 — a2(¢o + ¢in)™ on Iy,

and wo = 0 on I'¢ ;, to obtain

Gwo,p0 (V) = —%(Pm/F Y+ SOin/F Y(ar — az(do + o)) + 2 Y((wo +ui(dp)) -n)~

2 Cout
— (s +azeh) [ 0+ [ vl — o)+ 50 [ i+ wa(on)) w)
Fm Fm I—‘out

(2.42)
The latter combined with (1.1f) imply

|Gwo.p0 (V)] S pin (a3 + azpin + a1 + azf|doll1.0 + [wollno + [wi (o)1) [[PllLe. (243)

In this way, from (2.41), (2.43) and the Lax-Milgram Lemma we readily deduce the well-

posedness of problem ([2.38) and estimate (2.37)). Finally, (2.36] follows from Lemma
]

Now we turn to prove the well-definiteness of S.

Lemma 2.7 Given (wg, ¢p) € V X H%ill(Q), there exists a unique ug := S(wq, ¢g) € V solution

to problem (2.33)), satisfying
IS(wo, do)llne S v (v + plwollie + pllui(¢o)l1,.0) [ (do)l1.0- (2.44)

Proof. Given (wg, ¢g) € V X H%in(Q) similary to the proof of Lemma we begin by noting
that problem ([2.33) can be equivalently rewritten as: Find ug € V, such that

ar(ug,v) + Op(wo +ui(do);up,v) = Fype(v) VveV, (2.45)
where the linear functional Fy,, 4, : V — R is defined as
Fwo,¢o (V) = aF(ul((bO)a V) - OF(WO + u1(¢0); u1(¢0)7 V)

_ QV/QVul(qbo) Vv — p/Q(Vul(sbo))(Wo +ui(¢o)) - v (2.46)
+5 /pouj(wO +u1(¢o)) - m) "wi (o) - v,

for all v e V.
Now, using the second identity in (2.16)), the first identity in (2.12)), we deduce that

Op(wo +ui(do); v, v) = g/rom((wo +uy (o)) - n)|[v]* — g/rout((wo +uy(¢o)) -m) " |v/?

- g/pom((wo +ui(go)) - m)F[v[P >0 VveV.
(2.47)
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Hence, combining (2.47)) and ([2.9), we get
ap(v,v)+ Op(wo+ui(gg);v,v) 2 cFHvH%Q VveV. (2.48)
On the other hand, from (1.1)), (1.6), (2.7) and (2.46)), we readily obtain

| Fwo,i0 (V)| S vlai(eo)llnellvliie + pllwo + ui(po)ll1,ellui(do)l1,ellvie
+ pllwo + w1 (d0)l0,Lou 11 (0) |4 (Tue) 1 VIILA (Towe) (2.49)
S (v + pllwoll1,a + pllui(éo)l1,0) [[ui (o) ll1.ellv

1,95

for all v € V. In this way, from , and the Lax-Milgram Lemma (see, e.g., [14]
Lemma 2.2]) we deduce the well-posedness of problem and estimate (2.44). O

Having analyzed the well-definiteness of £ and S, now we are in position of establishing that
J is well defined.

Lemma 2.8 Let a = (a1,a2,a3) € R} satisfying az — a1 > 0 and let (wo, ¢g) € V X H%in (Q),
with ¢o + pin > 0 on T'y,. There exists a unique (ug, ) € V X H%m (Q), such that

J(wo, ¢o) = (w0, p0) and o + ¢in >0 on I'. (2.50)
In addition, the following estimate holds

17 (wo, ¢o)|| < Bi(data) + Ba(data)||¢oll10 + Ba(data)[[wo|[1,0

(2.51)
+Ba(data)|[wol[1,all¢oll1,0 + Bs(data)¢oll; .
where
Bi(data) := k 'pin(a1 + azgin + a3) + (14 £ o) C(a, Win, @in),
+V_1,0(1 + ﬁ_lcpin)CQ(a, Win, Pin)
By (data) := (1 + Ffl(ﬁin)a%
(2.52)
Bs(data) := v 1p(1 + k1 pin)C(a, Win, Pin),
By(data) := v~ !p(1 + x Lpm)as,
Bs(data) :== v 1p(1 + K tpin)a3.

Proof. Recalling the definition of J (cf. (2.34), the proof of well-definiteness of J is a direct
consequence of Lemmas and In addition, after simple computations, from ([2.37) and

(2.44), it follows that
| T (wo, d0)| S £ Lo (a1 + aspin + as) + £ Lasgi|doll1.0 + (1 + £ om) a1 (do)]1.0
+ v p(1+ £ i) [[wollnellui(@o) 1,0 + v~ p(1 + £ i) w1 (¢0) |17 o-

This inequality and (2.17)) imply (2.51), which concludes the proof. O
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2.2.6 Well-posedness of the continuous problem

Having proved the well-definiteness of operator J, now we turn our attention to proving that
J admits a fixed point. To that end, given A > 0, we first introduce the following non-empty,
closed subset of Hi. t(Q) X H%in(Q):

W = {(wo, d9) € V x Hllﬂm(Q) : 0+ @in > 0 on Iy, [(wo, do)|| < A} (2.53)
Under suitable assumptions on the data, it can be proved that J(W,) C W . This is establishes

in the following result.

Lemma 2.9 Let a = (aj,a9,a3) € Rij_ satisfying az — %al >0 and let (wg, ¢p) € V X H%in (Q),
with ¢g + win > 0 on I'y,. For given A > 0, assume further that

B (data) + (By(data) + Bs(data))\ + (By(data) + Bs(data))\? < ), (2.54)
with By, 1 = 1,...,5 defined in (2.52)). Then there holds J(W)) C W.

Proof. The follows straightforwardly from (2.51]) and assumption (2.54)). We omit further details.
O

We now turn to the proof of a Lipschitz continuity property for [J. As a first step, we
establish the following intermediate result, which shows that £ is Lipschitz continuous.

Lemma 2.10 Let a = (a1,a2,a3) € RY satisfying a3 — a1 > 0 and let (wo, o) € V x H%in (Q),
with ¢g + @in > 0 on T'y. For given X > 0, assume further that (2.54) holds. Then, for all

(wo, 00), (Wo, po) € W, there holds
I1£(wo, do) — L(Wo, do)l| < Crll(wo, do) — (Wo, b0l (2.55)

where Cr > 0 is given by:
Cr =k 'O\ + o)1 + az). (2.56)

Proof. Given (wyq, ¢o), (\izo,q;o) € W, we let pg = L(wog, ¢o) and @9 = £(v~\70,<;~50). According
the definition of £ (cf. (2.31))), it follows that

ac (o, V) + Oc(wo + u1(¢o), o, ¥) = Gwy,ge (V) Vb € Hp, (), (2.57)

and
ac (@0, ¥) + Oc(Wo + wi(¢o), Po, ) = Gy, 5, () Vo € HE, (), (2.58)

with the functionals G, ¢, and vao o defined as in (2.39). In addition, from Lemma we
know that
[eolle <A and  [[Gofle < A (2.59)

Then, subtracting equations (2.57) and ([2.58]), we have that
ac (o — $0,¥) + Oc(Wo + i (o), 0, %) — Oc(Wo + w1(d0), B0s %) = Gwo.ge (%) — Gy 5, (),

and adding and subtracting suitable terms, from the latter we arrive at

ac(po — Bo,%) + Oc(wo + i (o), po — Po, 1) = — Oc(wWo — Wo + w1 (do) — ui(do), Po, ¥)

+ Gw0,¢0 (¢) - GV~V0,(£0 (17[}) Vw € H%‘m (Q)v
(2.60)
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where

Gwo,g0 (V) = Gy 5, (V) :% P([(wo + w1 (o)) - 1]~ — [(Wo + ui (o)) - n] )
Fout (2.61)

- @ina2/r ¥(¢o — do) Vb € HE (Q).

Then in particular for ¢ = g — @p in (2.60), from (1.1]), the second estimate in (2.8)) and the
Cauchy Schwarz inequality, we deduce that

’“@||800—s50||%,9 Sllwo — Wo + g (¢o) — wi (o) %o lvo — Poll1,
+ @inllvo — Gollellwo — Wo + a1 (o) — ui(do) 1,0
+ @inazllvo — Goll1.lldo — doll1.0
which together with and , yield

oo — Goll.e S KA+ @) [wo — Woll1,0 + & az(X + @in)l|do — doll1,0,

1,0 1,0

which implies the result. ]

Now, we provide a Lipschitz continuity result for S.

Lemma 2.11 Let a = (a1, a2,a3) € R‘:’_ satisfying ag — %al > 0 and let (wo, ¢p) € V X H%in (Q),
with ¢g + @in > 0 on I'y,. For given X > 0, assume further that (2.54) holds. Then, for all

(wo, 00), (Wo, po) € W, there holds
1S (wo, ¢0) — S(Wo, d0) | S Csll(wo, do) — (%o, $o) I, (2.62)
where Cs > 0 is given by
Cs = v az(v + p(C(a, wip, o) + (ag + 1)N)). (2.63)

Proof. Given (wyq, ¢p), (Wo,qgo) € W,, we set ug := S(wg, ¢p) and 1y := S(Vvo,&o), which
satisfy

aF(uo, V) + OF (Wo + ul(¢0); uo,v) = FW0,¢>0 (V) Vv e V, (2.64)
and .
aF(flo,V) + Op (Wo + U1(¢0); flo,V) = F\7V07¢~>0 (V) Vv eV, (2.65)

where the functionals on the right-hand sides are defined as in ([2.46]). According to Lemma
we recall that

A - A
luglli,0 < B and |[agll1,0 < 5 (2.66)

Similarly to the proof of Lemma we subtract the equations (2.45) and (2.65]), and add and
subtract suitable terms, to deduce that

aF(uo — 1~10, V) + OF(WO + U1(¢0); ug — ﬁo, V) = FW07¢0 (V), Vv e V, (267)
where

Fug,p0(v) == — ap(u1(¢o) — u1(do), v) — Op(wo + ui(¢o); u1(do) — i (o), v)

) o ’ (2.68)
— Op(wo — Wo + ui(¢o) — ui(¢o); i + ui(eo), v).
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In particular, taking v = ug — 1y above, and applying the first estimates in (2.6 and (2.8)), we
deduce that

vlug — olf; o < vlai(de) — wi(o)ll1elluo — folhq
+ pllwo + i (o) l1,llui (do) — i (o) l1.0lluo — Goll1.0 (2.69)
+ pllwo — Wo + w1 (¢o) — wi(¢o)[l1,0llfo + i (o) |l1.0lue — oll10,
which together with , and , imply
v[ug — toll1,0 < az(v + p(Cla, Win, in) + (az + 1)A)) [ do — dollie

1,0

(2.70)
+p(C(a, Win, ‘Pin) + (aQ + 1)/\) ”WO - V~VOHlQ )

which readily implies the result. O
Now we are in position of establishing the Lipschitz continuity of 7.

Lemma 2.12 Let a = (a1, a2,a3) € RY satisfying a3 — a1 > 0 and let (wo, o) € V x Hp (),
with ¢o + pin > 0 on T'y,. For given X\ > 0, assume further that (2.54) holds. Then, for each

(Wo, ¢0), (Wo, ¢0) € W there holds

17 (Wo, ¢0) = T (Wo, d0) || S Czl(Wo, o) — (Wo, o), (2.71)
where C 7 is given by

Cg = ((1+Cr)Cs + Cp), (2.72)

with Cr and Cs being the positive constants defined in (2.56) and (2.63)), respectively.
Proof. Recalling the definition of (2.34)), from (2.55) and ({2.62), we deduce that for each (wo, ¢o),
(Wo, ¢o), there holds
17 (wo, ¢0) — T (Wo, do)|| < (14 Cr)|IS(Wo, ¢0) — S(Wo, o) 1.0 + Crlléo — dollLa

S (14 Cr)Csllwo — Woll1,0 + (1 + C)Cs + Ce)lldo — doll1.0,

which implies the result. O
Finally, we introduce the main result of this section, namely, the well-posedness of problem
(12.30)).

(2.73)

Theorem 2.13 Leta = (a1,a2,a3) € R} satisfying ag—%al > 0 and let (wg, ¢o) € V><H11ﬂin (Q),
with ¢g+ i > 0 on I'y,. For given A > 0, assume further that holds. In addition, assume
that

Cr=((1+Cr)Cs+Cr) <1, (2.74)
where Cr and Cs are the constants defined in (2.56) and (2.63)), respectively. Then, there
exists a unique (ug,pg) € Wy, such that (ug, o) = J(ug, o). Equivalently, there exists a

unique (0,p, ) = (up + u1(po), p, o + ¢m) € HY(Q) x L2(Q) x HY(Q) solution to ([2.4), with
(uo, po) € W and

Iplloe S vA(L+ a2) + A*(1 + a3) + vC(a, Win, ¢in) + C*(a, Win, Pin)- (2.75)

Proof. Now, for (2.75)) we make use of the inf-sup condition ([2.11)), the first equation of (2.4
and the first estimates in (2.6)and (2.8]), to deduce that

Ipllo.e S vluo +ui(wo)ll1e + w0 +ui(po)lfi q.
which together with (2.17]) and the fact that ||ug||1,o < A, imply (2.75). O
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3 Conforming finite element approach

In this section, we introduce and analyze a conforming finite element scheme for approximating
the solution of problem . We begin by presenting the Galerkin scheme and reviewing the
discrete stability properties of the associated bilinear forms. As will be shown in the following
subsections, the analysis of the discrete scheme closely parallels that of problem , which
was used to study the continuous problem .

3.1 Preliminaries

We begin by taking arbitrary piece-wise polynomial finite element subspaces
Hy,, ¥, CHYQ), Hj,:=[H,)% Q,CL*Q). (3.1)
We also define the finite element subspaces Hy; and W3 given by
Hop:={vheHp:v,=00nT5,}, Yop:={¢pe¥y:¢,=0o0nTi}, (3.2)

which clearly satisfy Hyj C Hll“Sut(Q) and W p C H%in(Q).

Above, h stands for the size of a regular triangulation 7 of Q made up of triangles K (when
n = 2) of diameter hg, that is h := max{hg : K € T, }.

For the subsequent analysis, from now on we assume that the pair (Hp, Qp,) is inf-sup stable,
namely: There exists a constant B r > 0, independent of A, such that

br(Vh, qn)
sup _—

v, €H,NH)(Q) [vallie
Vh7é0

> Brllanlloe  Van € Qn NLE(). (3.3)

In addition, we let P1(K) be the space of polynomials on K of degree less than or equal to 1,
and assume TP}IL C Hj,, where

Ph = {n € C(Q) : Ynlg €PI(K), VK €Th}.
In turn, for any T C T, and g € H1/2(f) we define,
T3%(9) = [(Z" o Fo~" © Ep)(9)]l5s (3-4)
where ZpZ : H!(Q2) — H}, denotes the Scott-Zhang interpolant (see, e.g., [27]), satisfying

||ISZ(¢) — 9l < Chl_l”d’”l,g Vo e H(Q), 1<I<2. (3.5)

SZ

In what follows, we also employ the vector versions of IEZ and I}SLZI;, denoted by IEZ and Z P

respectively. .
Using (3.5)) is possible to obtain an approximation property on I'. This result is established
in the following Lemma.

Lemma 3.1 For any function ¢ € H(Q) we have that

IZ5%(6l5) — dlellor S WM ello, 1<i<2. (3.6)
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Proof. Given | € {1,2}, we notice that [’70_1(Ef(¢\f))]’f = ¢|r, and apply (L.1) and (3.5), to

obtain
IZ4(le) = Slellor < IZR4 (0~ (Br(9))) =0~ (B(@) o,
S 1T 6o (B () — 0 (B (@Dl o
SE AT B (9) e,
S 6l
which concludes the proof. U

As observed in , the pair (Hp, Qp,) is selected as a stable finite element pair for the
Stokes problem. Nevertheless, it is well known that this choice does not, in general, guarantee
divergence-free velocity fields. Consequently, at the discrete level, the second equation in the
first line of may not be necessarily satisfied. In view of this, we will consider discrete
versions of the convective terms Or and O¢, denoted respectively by O% and Og, both of which
are linear in the last two components. More precisely, in what follows we consider the well-known
skew-symmetric forms (see, e.g., [28]), given by

O?; (Whsup,vy) = p/Q (W - V)uy] - vy +g/ﬂ(divwh) uy - v

Fout

Ok twniontn) = [ (o onin -+ [ (@ivwn) nun
_;/r (Wh‘n)¢h¢h_/ (Wh - 1) ©pbn.

m

We observe that, given wy, € Hy, by applying integration by parts, the following properties
for O% and Og can be readily derived:

O (Wnivp,vi) >0, Vv, € Hyp, (3.8)

O (W3 Vps tp) > —;/ (Wp )Y,  Vaby € Yo (3.9)

m

Furthermore, we note that the discrete forms O% and Og are consistent in the following sense:

Given w € V (cf. (2.29))), there hold
Of(wiu,v) = Op(wiu,v) and  Of(w:¢,v) = Oc(w; ¢, ), (3.10)

for all u,v € HY(Q2) and ¢, € H(Q).
Then, the Galerkin scheme associated with (2.4]) reads: Find (up, pn,on) € Hp X Qp X ¥y,
such that uj, = Qinp(@n) on ISy, @n = @in on iy, and

ar(up, v) + O%(up;up, vi) + br(vi,pp) = 0 Vvy, € Hop,
br(un, qn) = 0 Vg, € Qp, (3.11)
ac(en, ¥n) + Ok (up, on, ¥n) = 0 VY € Yy,

where the bilinear forms ar, bp, and ac are defined as in (2.4]), and for any ¢ € H%m (©) such
that @|r,, = ¢in, and the function i, ,(¢) is defined by

Y% (uy) on T
o R V4 ~ _ h,Ti, \Uin in
lhn,h(qs) = Ih,l—‘gut (uln(¢)) - { (al _ GZIE%‘IH<¢+))H on Fm ) (312)
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where 0, is defined in .

We notice that, since in the definition of w;, appears the positive part of ¢y, namely ¢, G,
does not belong to the trace space of Hy, even if ¢ € Wy,. This forces us to interpolate @, (¢)
to define ujy 4.

3.2 Analysis of the discrete problem

We now address the unique solvability of (3.11]) by adapting the arguments of the continuous
setting to the discrete framework. As a first step, we establish the discrete counterparts of the
stability estimates introduced in Section [2.2.1

3.2.1 Stability properties

First we observe that under assumption (3.1)), the bilinear forms ap, ac, and bp are bounded
with the same constants as in the continuous case:

lar(up, vi)| S vlanliellvellie,  Yap, vi € Hop,
lac(en, ¥n)| S (5 +as)llenlliellvnllie,  Ven, vn € Yop, (3.13)
br(Vhy an)| S llanlloellvallie,  Vvia € Hop, Yan € Qu,
As in the continuous setting, we also have the following ellipticity properties of the bilinear
forms ar and ac:
ap(Va,vi) 2 vilvilliq, Vva € Hop. (3.14)

ac(n,¥n) Z Ellvnlliq + asllvnll§r, 2 cllvnlia.  Vin € Yo (3.15)

Moreover, it is straightforward to verify that, for each wj, € Hg y,, the bilinear forms O% (Wh; )
and Og(wh; -,-) are bounded. More precisely, the following estimates hold:

O (wisup, vi)| S plwrliollunliellvelie, ¥ wh,un, vi, € Hop, (3.16)

l1,0, Vwy, € Hop, YVoon,n € Yoy, (3.17)

1,0 1,0

08 (Wi on ¥n)| S [[Walluallenlliollvn
Finally, Now we present the discrete counterpart of (2.11]).

Lemma 3.2 Let (Hp, Qp,) be the pair satisfying (3.3). Then the following estimate holds

/qhdiVVh
sup 12

vih€Ho p ”VhHLQ
v #0

2 lanlloe Yan € Qn. (3.18)

Proof. The result follows from the orthogonal decomposition Q = (Q; NLE(Q)) © R, estimate
(3-3) and the fact that Hy, N H{(Q2) € Hy . We omit further details. O
3.2.2 Equivalent reduced discrete problem

Similarly to the continuous case, we prove well-posedness of problem (3.11)) by means of a
reduced equivalent version of problem (3.11). To that end we first introduce a suitable lifting
for Qin 4, (¢n). This result is stated in the following lemma.
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Lemma 3.3 Let i, € R and uy, € HY2(Iy,) satisfying (T18) and (1.19). Then, for each
oo € H%in(ﬂ), there exists uy p(¢o) € Hy, satisfying

uy (o)

re = Wina(do + ¢in) and / gr divuy p(¢o) =0 V qn € Qp, (3.19)
ou Q
where Qin h (G0 p + @in) s given as in (3.12). In addition, the following estimate holds

Ju,n(do)ll1,a S Cla, win, oin) + azlldollio Vo € HE (Q),

[urn(do) = urn(o)lle S azlldo — dollia Vo, ¢ € HE (9), (520
with C(a, Win, pin) defined in (2.19).
Proof. Given ¢ € Hf. (), we define uy 5(¢o) by
uy (o) = zon(do) + z1,n(¢0), (3.21)
where z1 ;,(¢0) € Hy, is defined as
21,1 (o) = I5"(2z1(¢)) € Hy, (3.22)

with z1(¢o) given in (2.21)), and zo 4 (¢o) € Ho, is the first component of the unique solution of
the discrete Stokes problem: Find (2o n(¢0),7r(¢0)) € Hon x Qp, such that

/ Vzon(¢o) : Vv + / Th(¢o) div vy = —/ Vzin(do) : Vvh, Vv, € Hop,
@ @ « (3.23)

/QSh div ZO,h(d’O) = _/QSh diVZl’h((ﬁo), VSh (S Qh.
From (2:21), (34), (B-12), (21) and (3:22), we deduce that
uy (o) re = T3 (z1(0))

which establishes the first identity in . In turn, the second identity in can be easily
deduced from the second equation of .

Now, for we first recall that the inf-sup stability property of the pair (Ho , QnNL3(£2))
and the Babuska—Brezzi theory (see [14]) ensure that the solution of satisfies

1Zo,n(¢0) L2 + lIra(o)lloe < llZ1,n(d0)ll10-
From this estimate, (3.21)), estimate (3.1)) with [ = 1 and the triangle inequality, we deduce that
lu i (@)l S ll21,1(¢0) 10 = 1Z3%(21(¢0) 1.0 S l121(¢0)]l1,0-

In this way, combining the latter with the definition of z;(¢p) in (2.21]), and proceeding analo-
gously to (2.28)), we obtain

urn(0)ll1,0 S 121 (do)llne < [tin(do + @in)lli2re . S Cla, Win, vin) + a2||doll1,0-

out ™~

Lout - IiSL,ZFgut (ﬁin(gbo + Soin)) = ﬁin,h (¢0 + %Oin)’

We end the proof by noticing that the proof of the second estimate in (3.20) follows analo-
gously as in Lemma [2.3 O
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Now we let
Vi, = {v, € Hyp, : bp(vp,qn) =0 for all ¢, € Qp}, (3.24)

and observe that uy (@0 ) € Vj, for all ¢g € Vg . Then, according to the above definitions,
now we introduce the following reduced version of problem (3.11): Find (ug 4, ¢o.n) € Vi X o p,
such that

ar(ugp +ayp(pon), ve) + Ok(uop +uin(@on);uon +win(eon),ve) = 0 Y vy, € Vy,
ac (o + @ins ¥n) + O&(uop + 11 (Pok); Pon + Pins ¥n) = 0 VYV €Yy,
(3.25)

where uy ,(¢o,4) is the discrete lifting introduced in Lemma with ¢g = o, € ¥o,4, and Vy,
given by:
The following Lemma establishes the equivalence between problems (3.11]) and (3.25]).

Lemma 3.4 If (up,pp,pn) € Hy X Qp X Wy with up, = in(ep) on 'S, ©n = @in on Ly,
is a solution of , then (o, pon) € Vi x Wop, with ugy, = up — uyp(en) € Vi, and
©0,h = Ph—Pin € Yo 18 a solution of . Conversely, if (o p, po.n) € VXV, is a solution
of , then there exists p, € Qp, such that (ug p + 1 4(90.h)s Phs Po.n + Pin) € Hp X Qp x Wy,
s a solution of .

Proof. The proof follows from the definition of the lifting u; ;(¢o,,) in Lemma the inf-sup
condition and the definition of V. We omit further details and refer the reader to [24]
Lemma 2.1] for a similar result. g

From this point forward, our attention will be directed towards establishing the well-posedness
of the problem . To that end, and analogously to the continuous case, now we introduce
an equivalent fixed-point problem associated to ([3.25]).

3.2.3 The discrete fixed-point operator

To prove the well-posedness of problem , we proceed analogously to the continuous case by
using a fixed-point approach. We start by defining the auxiliary operator £y, : Vi, x Wg , — Wg
given by

Ln(Wo,hs Po,n) 7= P0,h (3.26)

with ¢g, € Yo, being the unique solution (to be confirmed below) of the linearized problem:
Find ¢o , € ¥ p, such that

ac(@on + @in, ¥n) + Ob(Won + a1 (bon), Pop + Pin,Un) =0 Vb € Tgp. (3.27)
In addition we let Sy, : Vi, x W5, — Vj,, the operator given by
Sn(Wo,ns Go.n) == o, (3.28)

with ug , € Vj, being the unique solution (to be confirmed below) of problem: Find ugy € Vj,
such that

ar(Uop + a1 n(Pon) Vi) + OR(Won + i n(don);ton + win(don),ve) = 0 Vv, €V,
(3.29)
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Thus, we let J : Vi, Xx ¥g, — V5, X ¥g ), the operator given by

TIn(Wo n, do.n) = (Sh(Wo h, D0.1)s Lb(Sh(Wo n, Po.n)s Pon)) V(Won, ¢on) € Vi X ¥op, (3.30)

and realize that solving problem ((3.25)) is equivalent to seeking a unique solution of the fixed
point problem: Find (ug s, ¢o.n) € Vi, X g p, such that

In(Qon; o,n) = (W0 s oh)- (3.31)
According to the above, in what follows we focus on proving that (3.31)), has a unique solution.
Before doing that, as in the continuous case we first prove that 73, is well defined.
3.2.4 Welldefiniteness of 7},

Since Jp, is defined in terms of operators £, and Sy, which in turn are associated to the uncoupled
problems (3.27)) and (|3.29)), respectively, the well-definiteness of J, reduces, as in the continuous
case, to proving the well-posedness of (3.27) and (3.29). We begin with the analysis of the

discrete problem ((3.27)).

Lemma 3.5 Leta € Ri satisfying as — %al >0 and (Wopn, ¢o,n) € Vi, X Wop, be such that

azl[¢o.n + einlli0 S k. (3.32)

Then there exists a unique o = Ln(Won, ¢on) € Vo solution of (3.27). In addition, the
following estimate holds

1Lh(Won, don)l1a S K Yom (as + a1 + K + [wonlla + [as(don)ie) - (3.33)

Proof. We begin by noting that, given (w5, ¢or) € Vi x ¥ 5, problem ({3.27)) can be reformu-
lated as: Find ¢q 4 € Yo 4, such that

ac(o,n, n) + O&(Won + u1n(bon); Con ¥n) = Gwepdon(Un)  Yu € Top, (3.34)

where the linear functional Gy, , 4,, on the right-hand side is given by

Gwo don (Un) = —ac(@in, Y1) — Of(Wopn + 1 n(Bon), Pin, Un)- (3.35)

Thus, to prove the well-posedness of (3.34)), it suffices, by the Lax—Milgram Lemma, to show
that the bilinear form on the left-hand side and the functional on the left-hand side are coercive
and bounded, respectively, on ¥y .

First, using (3.9), (3.12) and the first identity in (3.19)) we obtain the following inequality:

Ot (wo s, + ur (o), n, ) > —;/ (a1 — a2, ((Po.n + @) )07

m

a a a
= 21/1“ Vi + 22/1“ (¢o.n + o) U] + 22/ (Zi%,, (Pop + @) ™) = (Do + o) Y7,
" " " (3.36)
for all ¥y, € ¥qp,. In turn, using Lemma with [ = 1, we deduce that
as ~ a
EZCIQ‘HIS,ZFHI((QSOJL + ¢in) ") = (on + @in) o S ;”cﬁo,h + ¢inll1,0- (3.37)
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Then, from (1.1}, (1.6, (3.15), (3.36)), (3.37), and the Cauchy—Schwarz inequality, we con-

clude that
ac (Y, n) + Ok (Won 4wy 1 (bo.n), Vny ¥n)

1 as
2 wlldnlt + (@ = gonlnlr, + % [ o+ om) o
m (3.38)
az
- EHIS,ZFm(((ﬁO,h +@in) ") = (Go.n + @) oo 10l T4,y
az
> kllnllia - ?C”%,h + @illLellvnliq-
This estimate and (3.32)) imply
ac(¥n, ¥n) + O&(Wop +urn(bon) Y, Un) 2 6lvnllia,  Vibn € Top. (3.39)

On the other hand, from (3.12]) and the first identity in (3.19)), we obtain

Gwo,nson (¥n) = —awin/F Yn + SOin/F Yn(ar — axZR% ((don + o) T))

Pin

+5 Yr((Won +urn(gon)) - n)~.
I‘out
The latter, together with (1.1]), the first identity in (1.14)), (3.5) and [27, Corollary 4.1], imply
|G o (¥0)] < Crgin (a3 + a1 + £ + [wonlie + [[ui(don)ll1,.0) ¢l 0 (3.40)
In this way, from (3.39)), (3.40) and the Lax-Milgram Lemma, we obtain the well-posedness of
problem (3.34)) and estimate ((3.33]). O

In analogy with the continuous setting, we next examine the solvability of the discrete
problem (3.29). For the sake of simplicity, we omit further technical details, as the arguments
follow closely those already employed in the continuous case.

Lemma 3.6 Let (Wop,¢0n) € Vi X Vo Then, there exists a unique solution ugp, € Vy, to

problem (3.29), given by

U, 1= Sp(Wo,h, P0,n);
and satisfying the estimate
ISh(wo1s don) 10 < Cov ™" (v + plwo sl + pllaa(dop) l10) [wn(don)lie,  (3.41)
where Cy > 0 is a constant independent of the data.

Proof. As in the continuous case, problem ([3.29)) can be reformulated as follows: Find ugj € Vy,
such that

ar(op, vi) + Ob(wWon + u1n(o.n)i Uon, Vi) = Fwg g0, (Ve)  VVa € Vi, (3.42)
where the linear functional Fy, , ¢, , on the right-hand side is defined by

Fuwgndon (Vi) = —ap(uip(éon), vi) — Ob(won + urp(don); ura(bon), vi). (3.43)
Then, following the same arguments as in Lemma we obtain (3.41]). O

We now establish the solvability of (3.25)) by analyzing the equivalent fixed-point equation
(3.31)). To this end, we verify the conditions of Brouwer’s fixed-point theorem, stated as follows
(see, e.g., [10, Theorem 9.9-2]).

25



Theorem 3.7 Let W be a compact and convex subset of a finite-dimensional Banach space X,
and let T : W — W be continuous. Then T admits at least one fized point.

Accordingly, for Ay > 0, we consider the closed ball in V}, x ¥ 5, defined by :
Wi(Ad) := {(Won, do.n) € Vi X Yot [[(Wo,n, don)ll < Ad}- (3.44)

The following result provides the discrete analogue of Lemma (?7?), showing that, under
appropriate assumptions on the data, J,(Wp(Ag)) € Wr(\g).

Lemma 3.8 Let Cy, be defined as in (2.19) and a € Ri satisfying az — %al > 0. Given \g > 0,
and Wp(Ag) defined as in (3.44). We assume that the data satisfy the following conditions:

asCAg + a2¢inC|Q’1/2 < Cpk, (3.45)
~ A
Cromk 'Ry max{1l, \g} < ?d, (3.46)
A
Co(Rs + agv ™ + agpr™' + pv ™1 Cyp, + pr1a3) max{1, \g, N3} < 2d (3.47)

2
where C1,Cy > 0 are constants independent of the data. Then it follows that

In(Wh(Ad)) € Wi(Ag). (3.48)

Proof. Given (won,¢0n) € Wh(Ag), by the definition and the triangle inequality, we
obtain

a2C|pon + Pinllio < a2aCAg + azCpin QY2
which, in view of , ensures that condition is satisfied. This implies that there exists
a unique

o, = Ln(Wo,n, do,n) € Yo

solving . Moreover, from , inequality , the continuous dependence estimate
, together with and the triangle inequality, we deduce that there exists a constant
C1 > 0, independent of (wq p, ¢o,p), such that

| Ln(Wo,n, don)ll1,0 < 51<pinlfl(ﬁc + aslldonllio + [wonrllie) (3.49)
< Cromk (R + agha + Ag) (3.50)
< Crpipk ! (ﬁg + a9 + 1) max{1, \s} (3.51)
<M (3.52)
where R
R, =a3+a;+ K+ Ciy. (3.53)

Next, from (3.46)), (3.20), and the continuous dependence estimate (3.41f), there exists a
constant Cy > 0, also independent of (wq p, ¢o.), and h such that

|Sh(Wo,n, do.n) 1,0 < Co (Rs + aov o nll,0 + azpr [ wonll1all¢onlli0

+ o Cunllwollie + o a3l b0 3 0 )

< Co (R + agv g + azpr 122 + prLCinAg + pr1a2A2) (3.54)
< Cy (RS -+ agz/_l + agpy_l + pV_lcin + ,OV_la%) max{l, g, )\3}

A
<X
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where

Rs = Cin(1 + pyilcin)' (355)

Finally, from the definition of the operator J;, (cf. (3.30))), together with (3.49), (3.51)),
(3.54)), and (3.47]), we obtain

| Tn(Wo,n, do.n)ll1,0 < ISk (Wo,ns Go.n)ll1,0 + LA (Sh(Wo,hs Po,n), Po.n) |10

< %+ Crmn (Re + azllgonlle + 1Sk (wos do.)l1.0)
A+ Crgmt (Re + azdg + %)
2 4 Crpmk ™ (Re + ag + 1) max{1, \g}

A A
¥y =i

IAN A IA

which concludes the proof of . ]

Next, we present the discrete analogues of Lemmas [2.10] and Since their proofs are
either analogous or closely related to the continuous case, they are omitted. We only remark
that Lemma [3.9]is established almost verbatim from Lemma while Lemma follows by

similar arguments; hence, we refrain from giving further details.

Lemma 3.9 Let Ay > 0, and Wy (Ag) as in (3.44). Assume that a € ]R:j’r satisfies az — %al > 0.
Then Ly, is a Lipschitz operator. That is, for all (wWop, don), (Wo n, (]307;1) € Wy (A\g) it satisfies

L1 (Wo,s Bo.n) — L (Wo,h, dop)|| < ECLI(Wo s Pon) — (Won, G, (3.56)

where 0[2: s given by:
Cr = £ (A + ¢in + a20in), (3.57)

and ¢1 being a positive constant with does not depend on data.

Lemma 3.10 Let A\g >0, and Wy(X\g) as in (3.44). Then Sy, is a Lipschitz operator. That is,
for all (wWo.n, ¢0.n), (Won, don) € Wr(Ag), it satisfies

|Sh(Wo, ¢0) — Sh(Won, o) || < E2Cs|(Won, Go.n) — (Wo . Pon)ll, (3.58)

where Cg 1is given by
Cs =ag + Vﬁlp (2a2 + 1) (Cin + Mg+ CLQ)\d) (3.59)

with ¢y being a positive constant which does not depend on the data.

As a direct consequence of the preceding lemmas, we now establish the continuity of the
operator Jp.

Lemma 3.11 Let Ay > 0, and Wy(\g) as in (3.44)). Assume that a € R} satisfies az—aq > 0.
Then Jy, is a Lipschitz operator. That is, for all (wop, ¢on), (Won, Pon) € Wr(Ag), it satisfies

|0 (Wo hs G0.1) — Tn(Wo.ns Go.) || < SC7|[(Won, bon) — (Wou, don)l, (3.60)

where 0?7 s given by
C% =(1+C%)Cs+C3 + (1+ C3)C3 (3.61)

with ¢3 being a positive constant which does not depend on the data C, and Cs depending on

the data are defined in (3.57)) and (3.59)) respectively.
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We are now in a position to establish the existence of a fixed point of the operator 7;,. Under
suitable assumptions on the data, this follows from Brouwer’s fixed-point theorem (cf. , and
is formalized in the following result.

Theorem 3.12 Let \g > 0, and let Wy ()\q) be defined as in (3.44). Assume that a € R}
satisfies ag — %al > 0. Furthermore, suppose that the data satisfy

~ A
Croms ™ H(Re + az + 1) max{1, \g} < ?d, (3.62)
A
Co(Rs + agv ™ + agpr™' + pr ™1 Cyp, + pr~ta3) max{1, \g, N3} < ?d, (3.63)

with Cy,Cy > 0 being constants with does not depend on data. Then, problem (3.25) has a
unique solution (g, pon) € Vi X W p, with (g p, o.n) € Wh(Ag). Moreover, there hold

”SOO,hH%,Q < Cl@inﬁfl(ﬁg + ag + 1) max{1, \g},
HuO,hH%,Q < Cy(Rs +agv ™t + agpr™ + pr ' Ciy + pra3) max{1, Ay, A3}

Furthermore, by imposing stronger conditions on the data to guarantee that 7}, is a contrac-
tion mapping, we derive the ensuing existence and uniqueness theorem for problem ([3.25|).

Theorem 3.13 Let Ay > 0, and let Wp(A\g) be as in (3.44). In addition to the assumptions of
Theorem [3.13, suppose that the data satisfy

G1+C3Cs+C2+(1+C3)0% < 1. (3.64)

Then, problem (3.25) admits a unique solution (ugp,von) € Vi x Yoy, with (ugp,pon) €
Wi, (A\g). Moreover, the same a priori estimates as in Theorem hold.

Proof. The result follows directly from Theorem together with assumption ([3.64) and the
Banach fixed-point theorem. O

4 A priori error analysis

In this section we derive an a priori error estimate for our Galerkin scheme with arbitrary
finite element subspaces satisfying the hypotheses stated in Section More precisely, given
(u,p, ) € HY(Q) x L2(Q) x HY(Q) and (up, pn, ¢n) € Hy x Qp, x ¥y, solutions of the continuous
and discrete problems and , respectively, we are interested in obtaining an upper
bound for

”(u7p7 90) - (uhvp}u QOh)H

For this purpose, in what follows we set (u,p, ¢) = (ug + ui(po), p, Yo + @in), with (ug, @o,p) €
H}. t(Q) x L2(Q) x H%m (Q) satisfying

ZL\F(UO,V) + bF(va) = Fuo,sﬁo (V)v Vv e ngut (Q)’
br(uo, q) = Hy(q), Vq e L*(Q), (4.1)
aC(‘POa 7/}) = Gu0,<P0 (77/})7 Vi e H%‘in (Q)a
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with
ap(w,v) :=ap(w,v) + Op(ug + ui(pg); w, v), Hyo(q) = —br(ui(eo), q),
aC(¢7 w) = aC(d)v ¢) + OC(uO + ul((P(]), d)a w)a

where Fyg 4, and Gy, are defined in (2.46]) and (2.39)) respectively.

Similarly, we set (wp,pn,on) = (Won + Wi n(wok)s Phy, Pon + Pin)s With (o p, Dhs on) €
Hy j, x Qn x ¥y, satisfying

(4.2)

ab(uop, va) + br(Va,p) = Fugppon(Vh), Vvp € Hop,
br(uon, qn) Hg, , (an), Van € Qn, (4.3)
a(po,ns ¥n) Gugipon(Pn)s Vo € ¥op,

with

Al (Wh, vi) == ac(Wh, vi) + Of(aop + 1 p(@op)s Why Vi), Heg , (an) = —br(uyn(@on), an),
Al (o, ) = ac(on, ¥n) + Oc(ug +ui(eo), dn, ¥n),

where Fug, 0o, and Gug ¢, are defined as in (3.43) and (3.35)), respectively.
Since the first two equations in (4.1) and (4.3]) share the same structure as the Strang-type

estimate in Lemma, and the last equations in and correspond to the structure
in Lemma for the error analysis of our problem we recall two abstract results from [9]
Theorem 26.1] and [9, Theorem 11.2], which will be employed in the subsequent analysis.

The first is the standard Strang Lemma for elliptic variational problems, which will be
directly applied to the last equation in together with the last equation in . The
second is a generalized Strang-type estimate for saddle-point problems, where the continuous
and discrete schemes differ only in the functionals involved, as is the case for the first two
equations in and .

We are now in a position to introduce the aforementioned abstract results, which will play
a central role in the subsequent error analysis.

(4.4)

Lemma 4.1 Let H be a Hilbert space, F € H', and a : H x H — R a bounded and H-elliptic
bilinear form. In addition, let {Hp}p~0 be a sequence of finite dimensional subspaces of H, and
for each h > 0 consider a bounded bilinear form ap, : Hy, x H, — R and a functional Fy, € Hj.
Assume that the family {ap}n>o is uniformly elliptic, that is, there exists a constant & > 0,
independent of h, such that

an(vp,vp) > alloplly Yo, € Hy, Yh > 0.
In turn, let w € H and up € Hy, be such that
a(u,v) = F(v) YveH, and ap(un,vy) = Fp(vy) Yu, € Hy.
Then, for each h > 0 there holds

wyeH), |wh ||
wp7#0

F(wy) — Fp(w
’u_uhHHSCST{ sup | ( h) h( h)|

(4.5)

. a(vp, wp) — ap(vy, w
+ inf (Hu—vhHH+ sup [ (vn, wn) = an(vn h)|)},

c€H w
on €k unett, l|wn 1
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where Cgr = & ' max{1, ||al|}.

Lemma 4.2 Let H and Q be Hilbert spaces, F € H, G € @', and let a : Hx H — R and
b: H x@Q — R be bounded bilinear forms satisfying the hypotheses of the Babuka-Brezzi theory.
Furthermore, let {Hp}p~0 and {Qp}trso be sequences of finite dimensional subspaces of H and
Q, respectively, and for each h > 0 consider functionals Fy, € Hj and Gy, € Q). In addition,
assume that ap and b satisfy the hypotheses of the discrete Babuka-Brezzi theory uniformly on
Hy, and Qy,, that is, there exist positive constants M, & and [, independent of h, such that,
denoting by Vi, the discrete kernel of b, there holds

an(@n, Yn) < llan||llenllallvnlla Von, ¥y € Hp, (4.6)
and
b , -
an(vn,vn) > apllonlli Yon € Vi and  sup b0n, &n) > Blénllq V& € Qn. (4.7)
Y €Hp, HwhHH

Y #0
In turn, let (p,w) € H x Q and (pp,wr) € Hy x Qp, such that
ale ) +b(bw) = F(¥) Vel
b(p, &) = G(¢) V¢ € Q,

and
an(n, ¥n) + b(¥n, wn) = Fa(¥n) Vipy, € Hp,
b(en, &n) = Gn(&n) Vén € Q.
Then, for each h > 0 there holds

Hw—wﬂm+ﬂw—ﬂwMQ§CET{¢Eg Qw»—mmH+ sup “¢“m”““¢“”“>
h h

nn€Hp ||77h||H
. F — F
+ inf |lw—pllg + sup [ E'(11n) = Fn (1)
HrEQn nn€Hp thHH
G -G
v osup 1G00) = Gr(v)] (4.8)
vREQH HUhHQ

where Cg7 is a positive constant depending only on |la||, |||, |lax||, @ and 3.

Lemma 4.3 Let (u,p, ) € HY(Q)xL2(Q) xHY(Q) and (un, pp, on) € Hy x Qp x ¥y, be solutions
of the continuous and discrete problems (2.4) and (3.11)), respectively. Assume that

e1(Cin+ (2 + p)Ma) < 3. (4.9)

Then, the following estimate holds:

luo —uonllio+lp—pulloe <a  inf |lug—wplio+e inf [[p—anlon
wrEHg 5, an€QR

(4.10)
+ 2(Cin + (a2 + p)Ag + A + az(A + Ag) + v)|[ui(wo) — urn(eon) |10,

where c1 and co are positive constants independent of h.
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Proof. From the definitions of ap and a’; in and , together with the inequalities in
and , we conclude that the bilinear forms ap and Ei’]? are both bounded and elliptic,
with the same ellipticity constant given in . Moreover, Fy, o, and Fy, , 4, , are bounded
linear functionals. Therefore, a direct application of Lemma to the context and
yields

~ /\h

. ap(Wh,Vp) — AQpn(Wh, V}

lug —wonllio+ [P —pulloe <Cq  inf lup — w10+ sup (Wh, vh) = @ (Wn, Vi)
wrE€Hg 1, vp€Hg p, HVhHH

|FUO;4PO (Vh) - Fuo,h,Lpo,h (Vh)|
1,0

00 t+ sup

+ inf |p—pn
€Qn VhEHoﬂh th

Hh

(4.11)

+ sup |H900(Qh) _HSOO,h(q}Z”
meEQn lanllo.0

We now proceed to estimate each term appearing on the right-hand side of the foregoing in-
equality.

From the definitions of the functionals Hy, and Hy,, in and , respectively, we
readily deduce that

|Hy, (an) — Hy, ), (qn)| - |br(ur(po) —urn(@on), an)l

sup Slhai(eo) — 111,h(900,h)”1,9-
an€Qp, llanllo, aneQn llanllo,0
qn#0 qn#0

(4.12)
On the other hand, from the definitions of the functionals Fy, 4, and Fy, ¢, , in (2.46) and

(3.43|), we readily deduce that

| Fugo0 (Vi) —=Fug .00 (Vi) < lar(ui(eo) — urn(@on), vi)l

(4.13)
+10p(ug + a1 (0); u1(¢o), vi) — Ok (uon + uip(on) i a(won), Vi)l

In what follows, we will bound (4.13]). We start by estimating the first term in (4.13)). To this
end, we observe that, by applying the first inequality in (3.13)), it follows that

lar(ui(wo) —urn(won) vi)l S vlui(eo) — urn(won)llellvallie: (4.14)

Now, to bound the second term on the right-hand side of (4.13)), we add and subtract suitable
terms, we apply (2.17]), Theorem and (3.20) to deduce that

|OF (1o + w1 (0); ui (o), via)—Ok(ug p + urn(@on); wra(@on), Vi)

< 0% (ug + a1 (o) w1 (o) — wi (o), va)l
+ |0 (up — ug + i (o) — urn(@on): i a(@on), va)l

S(A 4 Cin + a2)[[ui(eo) — urn(pon) 1,0llvallie (4.15)
+ (Cin + a2Aa)[[uo — wopll1.0llvelie
+ (Cin + azAq)|[u1 (o) — urn(eon)velie

S+ Cin + az(A + Ag))l[ui(po) — ur n(po,n)
+ (Cin + azAg)|[uo — ug ull1,0llvallio-

Lallvelie
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Consequently, combining (4.13)), (4.14), (4.15), and taking the supremum over Hyy, it follows
that

sup |Fu0,tﬂo (Vh) - FuO,hvSOO,h (Vh)‘ 5(

VhEH()’h ||VhH17Q
v #0

A+ Cin + a2(A + Ag) + v)[[ui(po) — win(@on) |0

+ (Cin + a2Aq)|[ug — ug ull1,0-
(4.16)
Now, from the definitions of G and @% in (4.2) and (4.4), together with (3.16]), we also obtain
that

G (wh, vi) — @p (W, vi)| =|O% (1o — ug, + u1(po) — a1 p(on); Wi, Vi)l
S pllao —aopllrallwalliallvallie (4.17)
+ pllui(eo) — urnlvon)llnallwe

1.0llvall1,0;

which implies that

~ ~h
sup |ap(Wh, vi) — ah(Wh, Vi)

VhEHO,h ||Vh||1,Q
Vh7£0

S p(l[uo —agpll1,0 + [[ui(wo) — arn(eon)llno)llWall1,o-

(4.18)
Then, from the hypothesis (4.9)), (4.11]), the inequalities (4.12)), (4.16]) and (4.18)), we obtain that

1
§||110 —uonllrotlp = prlloo

< e inf |u—wallio+c inf |p—opullia
ahE€Qn

WhGHoyh

+¢1(Cin + (az + p)Aa + A + az(A + Xa) + v)[[ur(po) — urn(@on) 1,0

(4.19)
which in turn implies the inequality in (4.10)). O

Lemma 4.4 Let (u,p,p) € HYQ) x L2(Q) x HY(Q) and (up, pr,on) € Hy x Qp x Uy, be
solutions of the continuous and discrete problems (2.4) and (3.11), respectively. Assume that
the data satisfy (4.9)). Then, the following estimate holds:

_ <3 inf o — (o + Ag)  inf -
lleo—w0,n 19 < ¢ inf oo — dnllia + (e + Aa) inf ’hHuo will1,0

0,h wpEHg
+c3(pin +Ag) inf ||p—prlloo
an<€Qn

+ €3(¢in + Ad)(Cin + (a2 + p)Aa + A + a2(A + Ag) + v + 1) |Jui(po) — ui p(won) 1.0
(4.20)

Proof. From the definitions of @ and /a\g in (4.2) and (4.4), together with the inequalities in
(2:6) and (2-§), we conclude that the bilinear forms @r and @’ are both bounded and elliptic,
with the same ellipticity constant a given in (2.41). Moreover, Gy, 4, and Gu ,, 4, , are bounded
linear functionals. Therefore, a direct application of Lemma (4.1]) to the context (4.1)) and (4.3)
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yields

H(po o (po hHH < CST Sup |Gu0:<P0 (¢h) - GUO,h7‘PO,h (’llz)h)‘

Yrn€Ho p Hwh”l,ﬂ

70 (4.21)

- _-n
+ it ("w0_¢h|’H+ sup |ac(én, vn) ac(¢ha¢h)|>},

H Yullu
2 eh, [

where Cgr = a !max{1,]||dc||}. We now proceed to estimate each term appearing on the

right-hand side of the foregoing inequality.
From the definitions of the functionals Gy, and Gug, 4, in (2.39) and (3.35)), together
with (3.17)), we readily deduce that

|Guoeo (V) = Gug ppon (¥n)] =|0% (10 — g 1, + u1(0) — U1 (Lo n); Pin, ¥n)|

Sei(l[uo —ugpll1,0 + [[wi(wo) — urn(eon)llo)llvnle,

which implies that
‘Guwpo (@Z)h) - Guo,h:S@O,h (¢h)|

whs;g)m ln |10 S einlluo — uonllie + einllui(eo) — uin(eon)l e
b #0
(4.22)
Now, from the definitions of ac and @% in ({2 and ([@-4)), together with (3.17)
we also have that
Qe (dn, n) — @ (S, ¥n)| =|O& (w0 — o, + i (00) — w1k (von); DnsUn)]
S(lwo —uonllie + [[ui(eo) — urn(won)llio)llénllellvnle,
(4.23)

which implies that
|ac(dn: ¥n) — a&(n ¥n)|

sup (Jluo — ug,nll1,0 + [[ur(wo) —urn(won)llre)lléno-

Yn€To,n [¥nll1.0 ~
Y70
This later, inequality (4.21]) and (4.22)) implies

leo —wonllie < e inf  [lwo — dnll1,0 + (e + Ad)|luo — ug |10
€Yo, n

(4.24)
+C3(¢in + Aa) w1 (o) — arn(eon)le;

wich together with (4.10) and (4.21) implies (4.20]). O

From now on we assume that the finite element subspaces introduced in (3.1) and (3.2))

satisfies the following approximation properties: There exists C' > 0, independent of h, such
that for each u € H!™$(Q2), p € H'(Q) and p € H¥(Q) with s > 0.

(AP1) inf flu—wylli,0 < CR®|ufs410, (4.25)
wrE€Hp,p,

(AP2) inf |l = onllie < CR°[lollsi1,0, (4.26)
o€V, n

(AP3) inf [|p — qnllk,0 < CR° [|p|ls,0- (4.27)
ah€Qn
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Lemma 4.5 Let pg € H10(Q), with § > 0 given in Remark and let zo(po), m(¢0), 2z1(¥0),
and z1 1 (o) be defined in (2.21), (2.22), (3.22), and (3.23), respectively. Then the following
estimate holds:

las(e0) = walon)lie < R (Jzo(@lhsn + Ir(eolsa + lor(eolhasa) o

+ a2C|wo — woull,0-

Proof. We start by noticing that, from the triangle inequality it readly follow that

lui (o) — urn(@on)llie < [lui(eo) —urn(eo)lle + lun(eo) — uin(von)lio: (4.29)

Then, we bound each term on the right-hand side of . For the first term, we recall that
a regularity result for the Stokes problem implies that zo(wo) € H'(Q) and r(ypg) €
H%(Q2) (see Remark , and noticing that, according to the definition of z;(yg) in
and the fact that o € H™(Q), we have that z;(po) € H'™(Q). In turn, using standard
results on Sobolev space interpolation (see [7, Chapter 14]) and , we obtain the following
approximation property of IEZ.

16 = Zp%(9) e < CR[[¢lli1s0, Vo € HF(Q). (4.30)

Then applying Lemma[4.2)to the context (2.22)) and (3.23), the inequalities (4.25), (4.27), (4.30)
and the definition of z; ; (o) in (3.22)) we deduce that

lui(po) —ain(po)llie S inf  [lZo(o) = wally o+ inf [lr(0) = anllo g
wrE€Hg p, ’ an€QR ’

+ |1z1(v0) — z1,1(v0) 1,0
= inf z - W + inf ||r — 4.31
v Nlz0(e0) =wallo + inf (o) = anlloq (4.31)

+ llz1(w0) — T3 (21(90)) 1.0
< CR°(|lzo(p0) l1+50 + lIr(wo)lls + 121 (v0) 115.0)-
Now, for the second term in (4.29)), we apply (??) to deduce that

a1,k (00) = wr (o)l S azllpo — wonllo- (4.32)
Then from (4.29), (4.31) and (4.32)), we deduce the desired estimate (4.28]). O

Theorem 4.6 Let (u,p,p) € HY(Q) x L2(Q) x HY(Q) and (un,ph, ¢n) € Hy x Qp x ¥y, be the
solutions of the continuous and discrete problems (2.4)) and (3.11)), respectively. Suppose that

e(Cin + (a2 + p)Aa+ A+ as(A+ Ag) + v+ 1) (gin + Mg+ D)ag < 3, (4.33)

and also that
w € H¥(Q), peHI(Q), e H(Q), (4.34)

for some 0 < 6 < 1. Then there exists a constant C' > 0, independent of the mesh size h, such
that

lu— w10+ llp — alloe + le — enllia < Ch5(||u0\|1+6,ﬂ + [Ipllsa + lleolli+sn

+lzo(vo)ll1+6.0 + [I7(po)llso + HZl(@o)Hst,ﬂ)-

(4.35)
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Proof. Applying the fact that u = g + ui(go), ¥ = 9o + ¢in, Up = o + urn(po,n) and
©n = Yo,n + P, the triangle inequality yields

lu—wapfre < lluo —uonllre+[wi(po) — i n(eon)lhe; (4.36)
which together with (4.10)) implies that

[u—unll1,0 + llp — prllo < [luo —wonllie + llp — pullog + [ui(vo) — urn(pon) e

DR - .
S [up — wrll10 + nf P = anllo (4.37)
Ch [lus (o) — wa a(on)ll1,0,
with
C1 = (Cin + (a2 + p)Ag + A+ as(A + Ag) + v+ 1). (4.38)

Then, from this latter, the fact that ¢ — ¢ = @0 — o, and (4.20) we deduce that

lu—wuplli0+llp—pullogo + e —enllio

< inf — inf —
S, [uo — wall10 + ont [P = anllo,n

+ 61(@in +Aa+ 1) [lui(po) — uLh(SDO,h)HLQ (4.39)
+ (in + A inf uyg— w + inf —
(o +30)((ing Jwo=wilha+ inf o~ ailos)

+¢s inf — .
3¢h€%‘h||900 bnll10

Then from this latter, the hypothesis (4.33), (4.28) and (4.38) we deduce that

Lo+lp —prllog + 3lle — enllie

lu —uy

+¢3 inf -
0,9) 3, nf lleo — onll0

0,h

§6 inf u) — w + inf -
o n Jwo=wila+ inf lp—a

wreHon

+ C1 (i + M + DR (| zo(wo) 1460 + [7(90)lsa + |121(20) l1150)-

(4.40)
with R
C2 = ¢in + Ad.
Finally, combining the estimate (4.40) with the standard interpolation properties of the finite
element spaces (AP1), (AP2) and (AP3), we deduce (4.35). O

5 Computational results

In this section, we present a series of experiments to assess the accuracy and robustness of the
proposed method in Section [3] The section is divided into two parts, each addressing a different
scenario. In the first scenario, we investigate the convergence and stability of the scheme. To this
end, unstructured meshes with uniform refinement are employed, and the asymptotic behavior
is analyzed for £ > 1. In the second scenario, we consider a typical reverse osmosis system
represented on a membrane channel with fully developed parabolic flow and permeable walls.
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Unstructured graded meshes with refinement towards the membrane are used to enhance the
resolution of the behavior near I'y,.

The fixed point iterations are performed until the error of two consecutive vector of coeffi-
cients U7 and U7*! satisfy the following criteria:

jU - Uiy
o =

where || - ||2 is the usual euclidean 2-norm. All the experiments consider u{ = 0, ¢9 = 0 as initial
guess.

5.0.1 Convergence and stability test

In order to study the convergence and stability, let us consider the unit square domain € :=
(0,1)? whose boundary conditions are distributed in the same manner as the geometry sketch
presented in Figure We now introduce some additional notations that are useful trougouht
this section. The errors are denoted by

e(w): lu—wunllie,  lp—rpullog,  elp) =y —¢nlia
Given two consecutive mesh sizes h and h’, the experimental convergence order is computed as

0 o l8(e()) ~los(e())
T log(h) ~log(i)

where e and e’ are two consecutive errors associated with the mesh sizes h and h/, respectively.
From the results presented in Table we consider a manufacture solution

= ( cos(me) 51n(.7ry) > , p=-cos(mx)exp(y), and ¢ = (1—2y)(—cos(my)sin(rz))+ 1,
— cos(my) sin(mz)
and we observe that optimal convergence rates are achieved for the selected finite elements. More
precisely, when using Taylor-Hood+P, elements, we obtain a convergence rate of O(h**1) for the
velocity and concentration approximations, and a rate of O(hk) for the pressure, with £ =1, 2.
In the case of the MINI element+P;, the expected asymptotic rate is O(h) for all variables, with
a superconvergent rate of O(h!-®) for the pressure. This particular behavior was already studied
n [I1]. For computational efficiency, the mini element is the perfect choice, with a tradeoff in
precision. For efficiency vs. accuracy tradeoff, the Taylor-Hood+Ps configuration offers optimal
convergence with moderate DoFs. If maximum accuracy is needed and computational resources
permit then the higher order Taylor-Hood combination P3 — Py — P53 is the best choice. In all ex-
periments, the fixed-point iteration reached the prescribed tolerance of 10~7 within 13 iterations.

5.0.2 Study of a membrane channel

This experiment aims to test the scheme when we face a membrane channel unit whose length
is defined by a subsection of the channel that allows a full parabolic flow development. The
domain is defined as  := (0,a) x (0,b), where a = 20mm and b = 2mm. Within this domain,
we consider the existence of a circular spacer of radius r = 0.4mm located initially at the
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Table 5.1: Example Convergence history of the three-field scheme in the square domain
using different finite element families.

h | DoFs | e(u) r(u) e(p) r(p) e() r(p) | IT
Pip—P1—Py

0.0707 | 1241 | 2.3538e-01 1.00 5.4039e-02 1.50 1.6831e-01 0.99 | 13
0.0471 | 2761 | 1.5669e-01 1.00 2.9357e-02 1.50 1.1255e-01 1.00 | 13
0.0354 | 4881 | 1.1741e-01 1.00 1.9044e-02 1.50 8.4506e-02 1.00 | 13
0.0283 | 7601 | 9.3874e-02 1.00 1.3612e-02 1.50 6.7640e-02 1.00 | 13
Py —P; — Py
0.0707 | 1681 | 7.6142e-03 2.00 1.3670e-03 2.03 6.2578e-03 1.99 | 13
0.0471 | 3721 | 3.3897e-03 2.00 5.9921e-04 2.02 2.7950e-03 1.99 | 13
0.0354 | 6561 | 1.9080e-03 2.00 3.3535e-04 2.01 1.5757e-03 1.99 | 13
0.0283 | 10201 | 1.2216e-03 2.00 2.1411e-04 2.01 1.0097e-03 2.00 | 13
Py — Py — Pg
0.0707 | 3721 | 1.0367e-04 3.01 3.4282e-05 3.12 1.0788e-04 3.00 | 13
0.0471 | 8281 | 3.0563e-05 3.01 9.6635e-06 3.09 3.2023e-05 3.00 | 13
0.0354 | 14641 | 1.2861e-05 3.01 3.9709e-06 3.07 1.3523e-05 3.00 | 13
0.0283 | 22801 | 6.5754e-06 3.00 2.0028e-06 3.04 6.9279e-06 3.00 | 13

channel center (zg,yr) =(10mm, 1.0mm), which generates an inner boundary denoted by T'y.
This boundary is impermeable, meaning that there is no fluid flow or salt penetration through
it. More precisely, we impose the following boundary conditions:

u=0, (pu—kKVyp) -n=0, only.

As stated at the beginning of this section, we consider graded meshes towards I'y, in order to
maximize the recovery of information at the membrane and to improve stability (see for example
[211 22]).

The physical parameters are in inspired in [23] and summarized in Table In particular,
we consider the inlet velocity

[uo _ %%1 _ Wm)} [1.5(1 — A2)] [1 _ 5(2 _7a2 o 7>\4)]

(a1 — asim) [0.5)\(3 Ny %/\(2 S >\6)]
where A = 2y/b — 1 and up € {30,60,120} mm/s. This choice of velocity profile is such that
we have a fully developed fluid at the entrance of the channel that satisfies the conditions of a
permeable channel fluid, where the maximum permeability is concentrated at {x~} and {zT}.
In that sense, we observe that the compatibility conditions (1.18]) and (1.19)) are satisfied. This
choice is inspired by Berman-type flows (see for example [5]).

Furthermore, we move the spacer by increments of 0.2mm towards the bottom membrane,
until the spacer center is located at a height y = 0.4 mm from the bottom membrane, which
allow us to study the effects on salt accumulation, water recovery, and the formation of recircu-
lation zones along the membrane.
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We begin by plotting in Figure the velocity behavior along the lower membrane, located
at y = 0. The permeate velocity reflects the amount of fluid passing through the membrane at
each axial location. In particular, the presence of the circular hole perturbs the velocity field
and acts as a local recirculation zone generator, thereby modifying the overall flow behavior.
All curves exhibit a steady, slight decrease in permeate velocity along the channel. For the
first configuration (yy = 1.0 mm), higher inlet velocities result in increased permeate velocities
throughout the channel, which is consistent with the expected rise in transmembrane pressure.
When the hole is located at yz = 0.8 mm, a mild drop in permeate velocity appears, especially
pronounced in the central region of the domain (between 10-15 mm), and particularly for ug =
120 mm/s. This suggests that the hole introduces a stronger flow perturbation at this height,
likely due to interaction with the developing boundary layer or enhanced mixing. When the hole
is further lowered to y = 0.6 mm, we observe a local nonzero minimum in permeate velocity.
This minimum likely corresponds to the axial location where the disruption of the flow is most
significant, owing to the hole’s close proximity to the membrane. The resulting disturbance
may locally reduce the pressure drop across the membrane or introduce recirculation zones.
Moreover, for the highest inlet velocity (up = 120 mm/s), these effects are more pronounced
compared to the other inlet profiles, indicating a stronger sensitivity of the flow to geometric
perturbations under higher convective forcing.

For the second set of figures, Figure which illustrates the pressure distribution for each
hole configuration, we observe that higher inlet velocities ug result in higher overall pressure
levels, as expected. However, the pattern of pressure drop along the channel varies depending
on the vertical position of the hole, indicating differences in flow resistance and the presence
of localized recirculation regions. The base case, corresponding to the configuration with the
hole furthest from the membrane, exhibits the highest pressure throughout the channel. This
configuration likely provides the greatest filtration driving force. In contrast, when the hole is
positioned closer to the membrane, the pressure gradient becomes smoother, potentially reducing
the risk of membrane fouling due to less severe pressure fluctuations. Nevertheless, this smoother
gradient may come at the cost of a lower permeate flow rate, as the driving force for filtration
is diminished in the region near the membrane.

Finally, we compare the previous results with the concentration profiles along the bottom
membrane of the channel, as shown in Figure These profiles help us evaluate solute accumu-
lation and potential fouling risks. When comparing with the corresponding velocity and pressure
behaviors, we observe that the cases with hole positions at yyy = 1.0mm and yg = 0.8 mm are
quite similar in terms of their influence just downstream of the spacer, exhibiting a slight concen-
tration perturbation after the 10 mm mark. The configuration with the hole at the channel center
provides the most favorable conditions for permeation due to higher transmembrane pressure,
but it may also increase the risk of membrane fouling due to higher solute accumulation near
the surface. In contrast, shifting the spacer 0.2 mm closer to the membrane (i.e., yg = 0.8 mm)
yields moderate permeation with some lateral flow redistribution and a mild increase in solute
concentration. The most critical case occurs when the hole is positioned even closer to the
membrane, at yg = 0.6 mm, where we observe a tenfold increase in solute concentration near
the spacer. This sharp rise, especially between 11 mm and 15 mm, suggests the presence of a
recirculation zone that promotes solute accumulation while potentially reducing fouling by lim-
iting direct membrane contact. However, this configuration might also result in underutilized
membrane area, excessive flow bypass, or suboptimal separation performance.

We conclude this experiment by presenting in Figures the velocity streamlines, pres-
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sure distribution, and solute concentration profiles near the spacer, under the condition of an
inlet velocity profile of uy = 120mm/s. Two spacer configurations are considered: one located
at the channel center (yy = 1.0mm) and another placed 0.4 mm from the bottom membrane
(yg = 0.6 mm). In Figure we observe that when the spacer is centered, the velocity stream-
lines remain symmetric, ensuring uniform membrane utilization across both walls. Conversely,
when the spacer is closer to the membrane, the flow is deflected upwards over the hole, resulting
in reduced interaction with the bottom membrane and uneven velocity distribution. Figure [5.5)
confirms this behavior, showing a lower pressure drop for the off-center case (yy = 0.6 mm).
This reduction correlates with diminished membrane utilization and smaller permeate velocity,
as previously discussed. Finally, the concentration fields shown in Figure reveal a clear accu-
mulation of solute downstream of the hole in the yyz = 0.6 mm case. A localized concentration
peak appears between 11.5mm and 16.5mm from the channel inlet, with the top membrane
underutilized downstream of the spacer. This configuration leads to a 22% increase in maxi-
mum concentration compared to the centered case. The thick, high-concentration region near
the bottom membrane suggests a local fouling risk and potential mass transport limitations. In
summary, the centered spacer configuration yields more uniform flow and pressure fields, pro-
moting higher membrane utilization and maximum flux. This makes it a favorable option for
short-term, high-efficiency operation, though it may require careful fouling monitoring on both
membranes. In contrast, the off-center configuration exhibits flow bypass and localized con-
centration buildup due to recirculation, which may compromise long-term performance unless
mitigated by additional design features such as baffles. This observation opens up a direction
for future research and optimization studies.

Table 5.2: Test Physical parameters considered for the membrane channel.

Parameter Meaning Approximate value Units

A Membrane water permeability 3.75 x 1076 mm s~ !

AP Hydrostatic transmembrane pressure 5572.875 kg mm~! s72
i Number of ions from salt solvation 2 —

R Ideal gas constant 8.314 x10° kg m? s~2 mol~t K~!
T System temperature 298.0 K?

v Fluid dynamic viscosity 8.9 x 1077 mm? s kg™!
p Fluid density 1027.2 x 107 mm? s~}

K Diffusivity of salt in water 1.611 x 1073 kg mm~! st
B Membrane salt permeability 5.56 x 1076

i Inlet velocity profile 30 — 120 mm s

Pin Inlet salt molar concentration 600 x 1077 mol mm ™3
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Figure 5.2: Example Comparison of pressure drop at y = Omm for different inlet velocity
profiles, with the spacer center located at different heights yz from the bottom membrane.
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