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Abstract

We propose and analyze a new mixed formulation for an Oseen linearization of the Kelvin—Voigt—
Brinkman—Forchheimer equations, which model viscoelastic flows at higher velocities in highly
porous media. Besides the velocity field, our approach introduces the velocity gradient and the vis-
coelastic pseudostress tensors as auxiliary unknowns, thereby allowing the pressure to be eliminated
from the system while still being recoverable through a simple postprocess. This leads to a three-
field mixed variational formulation within a Banach space framework, where the aforementioned
variables constitute the main unknowns, exploiting the skew-symmetric structure of one of the
operators involved. Existence and uniqueness of a solution to the weak formulation are established,
and the corresponding stability bounds are derived by employing classical results on nonlinear
monotone operators. A semidiscrete continuous-in-time approximation is then introduced, based
on Raviart-Thomas finite elements of degree k > 0 for the viscoelastic pseudostress tensor and
discontinuous piecewise polynomials of degree k for the velocity and velocity gradient fields. Fur-
thermore, by applying a backward Euler time discretization, a fully discrete finite element scheme
is obtained. Well-posedness is established, and stability bounds together with the corresponding a
priori error estimates are derived for both schemes. Several numerical experiments involving both
manufactured and non-manufactured solutions are presented, confirming the theoretical conver-
gence rates and illustrating the capability of the proposed method to handle challenging geometries
with strong contrasts in physical parameters such as permeability and elasticity.
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1 Introduction
High-speed fluid flows through porous media occur in many industrial applications, such as in en-

vironmental, chemical, and petroleum engineering. For instance, in groundwater remediation and
oil and gas extraction, the flow may become fast near injection or production wells, or when the
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aquifer or reservoir is highly porous. Accurate modeling and simulation of these flows are essential in
these fields to optimize processes, ensure safety, and minimize environmental impact. Mathematical
models have been developed to address different aspects of such flows. The Forchheimer model [22]
accounts for the nonlinearities inherent in high-velocity porous flow regimes. The Brinkman model [§]
incorporates both viscous and permeability effects, allowing accurate simulations of fluid motion in
various environments, including highly porous media. In turn, many applications of interest involve
the flow of viscoelastic fluids through porous media, such as polymer and foam injection in oil and
gas recovery, blood perfusion through biological tissues, and industrial filtration. The Kelvin—Voigt
model [25] provides a fundamental framework for describing the viscoelastic behavior of fluids, as it
captures both viscosity and elasticity. The Kelvin—Voigt—Brinkman-Forchheimer (KVBF) model [33],
which generalizes and combines the advantages of the three models, is suitable for fast viscoelastic
flows in highly porous media.

Regarding the literature, several works are devoted to the mathematical analysis of the KVBF
equations (see, for instance, [33], [32], [29], [16], [4] and the references therein). In [33], the exis-
tence of a weak solution to the KVBF problem in its velocity-pressure formulation is proved using
the Faedo—Galerkin method. Moreover, the existence, uniqueness, and stability of a stationary so-
lution are established when the external force is time-independent and sufficiently small. Later, in
[32], the KVBF model with continuous delay is analyzed. In particular, the authors show that, after
establishing pullback-D-type absorbing sets for the continuous solution process, the asymptotic com-
pactness obtained through the decomposition method leads to the existence of pullback-D attractors.
Furthermore, in [29], the existence and uniqueness of a strong solution to the KVBF equations are
obtained by means of an approximation preserving the m-accretive property of the linear and nonlin-
ear operators. The existence of an exponential attractor is also established, and the inviscid limit of
the 3D KVBF equations towards the 3D Navier—Stokes—Voigt system and, subsequently, towards the
simplified Bardina model is discussed. In [16], the authors propose a mixed variational formulation
of the KVBF problem introducing vorticity as an additional variable, thus leading to a mixed formu-
lation in terms of vorticity, velocity, and pressure. The existence and uniqueness of a weak solution
are proved, and stability estimates are derived by means of a fixed-point strategy combined with the
theory of monotone operators and Schauder’s theorem. In addition, a semidiscrete-in-time approxi-
mation is introduced, employing stable Stokes elements for velocity and pressure, and continuous or
discontinuous piecewise polynomial spaces for vorticity. Finally, a backward Euler scheme is used for
time discretization, yielding a fully discrete system. More recently, in [4], the well-posedness of an
initial-boundary value problem for the KVBF equations with memory and variable viscosity under
non-homogeneous Dirichlet boundary conditions has been investigated. In that work, the authors
proved the global-in-time existence and uniqueness of a strong solution by employing an operator-
based technique relying on an abstract theorem on the local uniqueness of solutions in Banach spaces.
This result broadens the existing analytical frameworks for the mathematical study of non-Newtonian
fluid models in porous media.

On the other hand, several papers have been devoted to the design and analysis of numerical
schemes for the simulation of the Brinkman—Forchheimer equations (see, for instance [27], [28], [26],
[17],[15], [34], [3], and the references therein). In [27], the authors introduce and analyze a perturbed
compressible system that serves as an approximation of the Brinkman—Forchheimer equations. They
also develop a numerical method for this perturbed system based on a semi-implicit Euler scheme for
time discretization and the use of lowest-order Raviart—Thomas elements for spatial discretization. In
[28], a finite element method with pressure stabilization is developed. In [26], a time-discrete scheme
is applied to a Brinkman—Forchheimer model with variable porosity to simulate the propagation of
dissolution wormbholes. In [17], a mixed formulation based on the pseudostress tensor and velocity is



analyzed, with a fully discrete scheme and suboptimal error estimates. These estimates are improved
in [15], where a three-field formulation including the velocity gradient is developed and analyzed.
In [34], a Discontinuous Galerkin (DG) method is developed for a velocity-velocity gradient-pressure
formulation of the unsteady Brinkman—Forchheimer problem. Well-posedness and error analyses are
presented for both semidiscrete and fully discrete schemes. The method is robust with respect to
the Brinkman parameter. More recently, in [3], a mixed variational formulation based on vorticity is
analyzed, where the main unknowns are velocity, vorticity, and pressure, proving existence, uniqueness,
stability, and optimal convergence rates for both semidiscrete and fully discrete schemes.

The aim of this work is to take a first step toward the development and analysis of a new mixed
variational formulation for the KVBF model, based on the viscoelastic pseudostress and velocity
gradient tensors. Motivated by [19, 18, 14, 15, 10] and in contrast with previous works on KVBF such
as [16], we consider an Oseen-type linearization of the KVBF model and incorporate these tensors as
additional unknowns alongside the velocity field. This approach offers several advantages, including
direct and accurate approximations of the velocity gradient and the viscoelastic pseudostress tensor.
Moreover, it yields optimal theoretical convergence rates without requiring small data assumptions or
mesh quasi-uniformity, and provides an adequate postprocessing formula for the pressure. Another
relevant contribution of this work is the generalization of the model studied in [15] by incorporating an
Oseen-type linearized convective term and an additional time-derivative term, thereby extending the
analysis to viscoelastic flows. We establish existence and uniqueness of a solution to the continuous
weak formulation by employing techniques from [31] and [15], combined with the classical monotone
operator theory in a Banach space setting and an abstract result from [14]. We also emphasize that
our formulation exploits the skew-symmetric structure of a bilinear form involving the convective
term, which allows us to avoid small data assumptions. Stability for the weak solution is established
by means of an energy estimate. Regarding the semidiscrete continuous-in-time scheme, we employ
Raviart—Thomas finite elements for the viscoelastic pseudostress tensor and piecewise discontinuous
polynomial elements for both the velocity and the velocity gradient tensor. For time discretization,
the backward Euler method is used. Furthermore, by adapting the tools employed for the analysis of
the continuous problem, we prove well-posedness of the discrete schemes and derive the corresponding
stability estimates. We also carry out an error analysis for both the semidiscrete continuous-in-time
scheme and the fully discrete scheme, obtaining optimal convergence rates in space and time.

We have organized the content of this article as follows. In the remainder of this section, we intro-
duce the standard notation and the necessary function spaces. In Section 2, we describe the model
problem of interest and develop the variational velocity-velocity gradient-pseudostress formulation. In
Section 3, we establish the well-posedness of the problem using an abstract result for parabolic prob-
lems together with the theory of monotone operators. Next, in Section 4, we present the semidiscrete
continuous-in-time approximation, provide a particular family of stable finite elements, and obtain
error estimates for the proposed method. Section 5 is devoted to the fully discrete approximation.
The performance of the method is examined in Section 6 through several two- and three-dimensional
numerical examples, both with and without manufactured solutions, confirming the expected con-
vergence rates and illustrating its flexibility in handling spatially varying parameters within complex
geometries. The paper ends with conclusions in Section 7.

In the remainder of this section we introduce some standard notation and needed functional spaces.
Let Q ¢ R?, d € {2,3}, denote a domain with Lipschitz boundary I'. For s > 0 and p € [1,40oq],
we denote by LP(Q2) and W*P(Q) the usual Lebesgue and Sobolev spaces endowed with the norms
| - lle) and [ - lwsr(q), respectively. Note that WOP(Q) = LP(Q). If p = 2, we write H*(2) in
place of W*2(Q), and denote the corresponding norm by || - |ts()- By H and H we will denote the
corresponding vector and tensor counterparts of a generic scalar functional space H. The L?(2) inner



product for scalar, vector, or tensor valued functions is denoted by (-, -)q. The L2(T') inner product or
duality pairing is denoted by (-,-)p. Moreover, given a separable Banach space V endowed with the
norm || - |lv, and p € [1,+o0], we let LP(0,7; V) be the space of classes of functions f : (0,7) — V
that are Bochner measurable and such that || f|lre,7;v) < o0, with

T
1 1e 0.7 ° /Ollf(t)H%dt if pe[l,400), and |fllr=(rv) :ZGSﬁgl%?!\f(t)Hv if p=+o0.
te|0,

Similarly, we let (cf. [21, Section 5.9.2])

WLP(0, T, V) = {feLP(o,T;V): f’eLp(o,T;V)}, (1.1)
with norm
Hf”wl P(0,13V) HfHLp 0,7:V) + Hf/HEp(o,T;v) if p€ [1,400), and
HfHWLoo(o,T;V) = ||f||Loo(o,T;V) + Hf/HLOO(O,T;V) if p=+o0.

When p = 2 we simply use the notation H*(0,7; V). Here, f’ € LP(0,T;V) means that there exists
g € LP(0,T; V) such that

T T
/0 FA0) () dt = — /0 Flg() gttt ¥(F.g) € V' x C(0,T).

In this way, g := f’ is the distributional Bochner derivative of f and || f'||lLe0,7v) = ll9llLeo,r;vy- In
turn, for any vector fields v := (v;)i=1,4 and W := (w;);j=1,4, we define the gradient, divergence, and
tensor product operators, as

Vv = <8’U@> , le Z g;] , and vw:= (inj)i,jzl,d .
i,j=1,d J

Furthermore, for any tensor fields © = (T,-j)m:l’d and ¢ = ((ij)i,j=1d, we let div(7) be the diver-
gence operator div acting along the rows of 7, and define the tensor inner product, and the transpose,
trace, and deviatoric operators, respectively, as

d d
1
T:(:= Z 7iiCij, T = (Tji)ij=14, tr(T) = ZTZ'Z', and 7d:= T - gtr('r)]l,
2,0 =1 =1
where I stands for the identity matrix in R4, In what follows, when no confusion arises, | - | denotes

the Euclidean norm in R% or R%*?. In addition, in the sequel we will make use of the well-known
Holder inequality given by

. 1 1
/Q\fgf <[ fllwr) lgllLagy Y f € LP(Q), Vg € LY(Q), with = + q- L,

and Young’s inequality, for a,b > 0, and ¢ > 0,

§p/2 b 1 q
ab < 5 a +q5q/2b. (1.2)

Finally, we recall the continuous injection i, of H!(Q) into LP(Q2) for p > 1 if d = 2 or p € [1,6] if
d = 3. More precisely, we have the following inequality

[wllie@) < llipll lwllme) Yw e HY(Q),

with ||ip|| > 0 depending only on |©2| and p (see [30, Theorem 1.3.4]). We will denote by i}, the vector
version of ip. In particular, the injection iy : H!(2) — L*(€2) is frequently used along the paper.



2 The model problem and its continuous formulation

In this section we introduce the model problem and derive the corresponding weak formulation.

2.1 The model problem

We are interested in an Oseen-type linearization of the Kelvin—Voigt—Brinkman—Forchheimer model
(see, for instance, [33, 32, 29, 16]). More precisely, given the body force f : Q x [0,T] — R, the
steady-state convective velocity field x : @ — R?, and a suitable initial datum ug : Q@ — R?, and
denoting from now on 0y := %, the aforementioned system of equations is given by

oru — div (FJ2 8tVu+l/Vu) +(Vu)x +Du+Fluff?u+Vp=Ff in Qx(0,7T],
div(u) =0 in Qx (0,77, (2.1)
u=0 on I'x(0,7], u0)=wvw in 2, (p,l)o=0 in (0,77,

where the unknowns are the velocity field u and the scalar pressure p. In addition, the constant x > 0
is a length scale parameter characterizing the elasticity of the fluid, v > 0 is the Brinkman coefficient
(or the effective viscosity), D > 0 is the Darcy coefficient, F > 0 is the Forchheimer coefficient, and
p € [3,4] is a given number. For simplicity, x is assumed to be time-independent and solenoidal, that
is, div(x) = 0 in . The extension to the case x = u in Q x (0,7] in (2.1), corresponding to the
original Kelvin—Voigt-Brinkman—-Forchheimer model, will be addressed in future work.

Now, in order to derive our weak formulation, we first rewrite (2.1) as an equivalent first-order set of
equations. To that end, unlike [16] and inspired by [19], [18], [14], and [10], we introduce the velocity
gradient and viscoelastic pseudostress tensors as further unknowns, that is

¥ := Vu, a::n28t19+1/19—%(u®x)—p1[ in Qx(0,7T]. (2.2)

In this way, applying the matrix trace to ¥ and o, and utilizing the incompressibility condition
div(u) =0 in 2 x (0,7, one arrives at tr(?¥) = 0 in Q x (0,7] and

p = —étr(o') — %tr(u@ x) in Qx(0,7]. (2.3)

In turn, using the solenoidal property of x, we easily deduce that
diviu® x) = (Vu)x +div(x)u = (Vu)x in Qx (0,7]. (2.4)

Hence, applying deviatoric operator ¢ to the second equation of (2.2), and using (2.4) when taking the
divergence of o, we find that the model problem (2.1) can be equivalently rewritten as the following
system of equations with unknowns u, ¥, and o

1
9 = Vu, ad:/<528t19+1/19—§(u®x)d in Qx (0,17,
1
du+Du+F|uff%u+ 5 Ix —div(e) = f in Qx (0,77, (2.5)
1
u=0 on I'x(0,7], u(0) =uy in Q, (tr(a)+§tr(u®x),1)g):0 in (0,77.

At this point, we stress that, as suggested by (2.3), the pressure p is eliminated from the formulation
(2.5) and subsequently recovered in terms of o, u, and x by means of identity (2.3). This fact justifies



the last equation in (2.5), which is equivalent to imposing (p, 1)q = 0 in (0,77]. We also note that the
present formulation involves the time derivative of the new unknown 1. Consequently, a compatible
initial condition ¥(0) = ¥¢ in 2 is required, where 1 is consistent with system (2.5). Such an initial
datum will be constructed in Lemma 3.7 (cf. Section 3.3).

2.2 The skew-symmetry-based mixed formulation

In this section we derive a three-field Banach mixed variational formulation for the system (2.5). To
that end, we proceed as in [10, Section 3.1] (see also [19, 12, 18, 11, 14] for similar approaches) and
extend the analysis derived there to our current unsteady regime. In fact, multiplying the first, second
and third equations of (2.5) by suitable test functions 7, &, and v, respectively, integrating by parts,
and using the Dirichlet boundary condition u = 0 on I' x (0, 7], we get

(¢, 7)q + (u,div(T))q =0, (2.6)
52 8t(19(t)7 €)Q +v (19’ 5)9 - % ((u ® X)dv 5)9 - (Ud7 6)9 = 07 (27)
By(u(t), v)a +D (u,v)a +F (Jul’~2u, v)q + % @, (v®x))a — (div(e),v)e = (£,v)a,  (2.8)

for all (7,&,v) in X x Q x M, where X, Q and M are spaces to be defined below. Notice that for the
fourth term in (2.8) we have used the identity (¥x)-v =19 : (v® x). In turn, we stress that the first
terms of (2.7) and (2.8) are written in that way to emphasize that the time derivative only applies to
the first component of the inner product (-, -)q.

We begin by noting that the first and second terms in (2.7) are well defined for 9, ¢ € L2(Q), but due
to the incompressibility condition div(u) = tr(¢) = 0, it makes sense to look for ¥, and consequently
for the test function & in

Q = {5 cL2(Q): tr(€)=0 in Q} (2.9)
This implies that (2.7) can be rewritten equivalently as
R 0(1). E)a + v (9,€)0 — 5 (0& X))o~ (0,6} = 0 VEEQ. (210)

In addition, we note that the first and fourth terms in (2.6) and (2.10) (or (2.7)), respectively, are
well defined if o, 7 € L2(Q). In turn, assuming x € L*(€2), applying the Holder and Cauchy-Schwarz
inequalities, and the Sobolev embedding of L*(Q) into L2(~2) with p € [3,4], we find that the
Forchheimer and Oseen convective terms, given by the third expressions in (2.8) and (2.10), and the
fourth term in (2.8), can be bounded, respectively, as

[(ul2u, v)a| < 90427 fullg ) V) - (2.11)

(u®@x),&al < llulls@o) IxllLi@) IllL2@) (2.12)
and

(9, (v@x))al < 19L2o) IxllLi@) IVILi) (2.13)

which shows that they are well-defined for all u,v € L*(Q2) and for all 9, & € Q. Note that x could be
assumed to be more regular so as to ensure that u,v € L(Q), with p € [3,4], due to the natural norm
induced by the Forchheimer term. However, in order to extend the analysis developed for the present
approach to the case x = u, we have adopted this choice. Next, knowing the space to which u and v



belong, the last terms in (2.6) and (2.8) force div(7) and div(e), respectively, to live in L*3(€2). In
turn, the fact that L*(f2) is certainly contained in L?(f2) guarantees that the first and second terms
in (2.8) are clearly well defined. According to the above discussion, we introduce the Banach space

H(divy,s; Q) = {T cL2(Q): div(r) € L4/3(Q)},
equipped with the norm

7 lm(divy 50 = ITllL2@) + 1div(T)[[Lass )

and deduce that the equations (2.6), (2.8) and (2.10) are well defined if, besides setting Q as in (2.9),
we choose
M = LY(Q) and X := H(divys;Q),
with their respective norms: | - [l == | - 2, I+ g = | - lacoys and |-l = [ - liscatvs -
Now, for convenience of the subsequent analysis and similarly as in [11] (see also [23, 18, 14, 10])

we consider the decomposition
X =Xg®RI,

where

Xp = {T € H(divys; Q) :  (tr(r), 1)g = o} ,

and R is its topological supplement with respect to X. More precisely, each 7 € X can be decomposed
uniquely as

1
T=7+el with T€X and &:= g (ir(r). o €R.

1
In particular, using from the last equation in (2.5) that (tr(e),1)q = —§(tr(u ®x),1)qa, we obtain

o=0+cl with & ¢€Hy(divys;Q2) and ¢=— (tr(lu® x), 1)a- (2.14)

1
249
In this way, knowing explicitly ¢ in terms of u and yx, it remains to find the Xg-component & of o
to fully determine it. In this regard, using the fact that div(e) = div(g) and o : £ = 7 : &, for
all € € Q, we deduce that (2.8) and (2.10) remain unchanged if o is replaced there by &, which, for
simplicity, is still named o. In turn, since 7 := I vanishes the left-hand side of (2.6), it follows that
testing this equation against 7 € X is equivalent to doing it against 7 € Xy. Next, in order to write
the above formulation in a more suitable way for the analysis to be developed below, we now set the
notations

u:=(ud), v:=(v§eMxQ,

with corresponding norm given by
vl == lIvilm + [€lle VveMxQ.

Hence, the weak formulation associated with the Oseen-type linearized Kelvin—Voigt—Brinkman—
Forchheimer system (2.5) reads: Given f : [0,7] — L%(Q), x € M, and (ug,99) € M x Q, find
(u,0):[0,7] - (M x Q) x X, such that u(0) := (u(0),9(0)) = (ug, o) and, for a.e. t € (0,7,

X[ (u(t),v] + [A(x)(u(t)),v] + [B*(o(t),v] = [F(t),v] VveMxQ, 0.15)
— [B(u(t)), 7] — 0 VreXo, '



where the operators £, A(x) : (M x Q) — (M x Q)’, for the given x € M, and B : (M x Q) — X{ are
defined, respectively, as

[E(u),v] == (u,v)q + (9, €)q, (2.16)
[A(x) (), v] == [a(u), V] + [e(x)(u),V], (2.17)
[a(u),v] := D(u,v)o +F (Jul” 2u,v)o + v (9, )a (2.18)
0@, ] = 2 {@.(vax)a -~ (€ @ex)n}, (219)
[B(v), 7] := —(v,div(T))q — (&, T)a, (2.20)

and F' is the bounded linear functional given by
[F,v] = (f,v)q.

In all the terms above, [-,-] denotes the duality pairing induced by the corresponding operators. In
addition, we let B* : Xg — (M x Q), be the operator defined by [B*(7),v]| = [B(v), 7] for all v € MxQ
and T € Xo. Note that the adjoint operator B € L(X{, (M x Q)’) and B* are related by means of the
identity B* = B’ o Jy, where Jy : Xg — X[ is the bijection characterizing the reflexivity of Xo.

3 Well-posedness of the model

In this section, we establish the solvability of (2.15). To this end, we first collect some preliminary
results that will be used in the forthcoming analysis.

3.1 Preliminary results

We begin by recalling a key result, which will be used to establish the existence of a solution to (2.15).
In what follows, an operator © from a real vector space E to its algebraic dual E* is symmetric and
monotone if, respectively,

[@(:r),y]:[@(y),x] vx?@/eE: and [@(w)—@(y),x—y]zo Vl’,yGE.

In addition, let us denote by R(©) the range of ©. We also recall that the dual of a seminormed space
is the space of all linear functionals that are continuous with respect to the seminorm. The following
result is a slight simplification of [31, Theorem IV.6.1(b)], which will be used to establish the existence
of a solution to (2.15).

Theorem 3.1 Let the linear, symmetric and monotone operator N be given from the real vector
space E to its algebraic dual E*, and let E; be the Hilbert space which is the topological dual of the
seminormed space (E,| - |p), where

z|, = N(z),2]"/? VzeE. (3.1)

Let M : E — Ej be an operator with domain D = {x e E: M(x) e El’)} Assume that M s

monotone and R(N + M) = Ej. Then, for each f € WH(0,T; E}) (cf. (1.1)) and for each ug € D,
there is a solution u : [0,T] — E of

(N (u(t)) + M(u(t)) = f(t) forae 0<t<T, (3.2)



with
N(u) e W0, T;E), wut)eD forall 0<t<T, and N(u(0)) =N (up).

For the proof of the range condition in Theorem 3.1, we will require the following abstract result
[14, Theorem 3.1], which in turn, is a modification of [13, Theorem 3.1].

Theorem 3.2 Let X1, Xo and Y be separable and reflexive Banach spaces, being X1 and Xo uniformly
convez, and set X := X1 x Xo. Let A: X — X' be a nonlinear operator, B € L(X,Y"), and let V be

the kernel of B, that is,
V= {v: (vi,v2) € X B(v) :0}.

Assume that

(i) there exist constants Ly > 0 and p1,p2 > 2, such that
2 2
A~ A < La 32 {llws = villx, + (ol + oille) ™ s — il }
i=1
for all uw = (uy,uz),v = (v1,v2) € X.

(ii) the family of operators {A( +2): V>V ze€ X} 1s uniformly strongly monotone, that is
there exists v > 0, such that

[A(u+2) = A(v+ 2),u =] > v lu—v[%,
for all z € X, and for all u,v € V, and

(ili) there exists 5 > 0 such that

B(v),q
sup B 5 gyo), ey
0#£veEX vl x

Then, for each (F,G) € X' x Y’ there exists a unique (u,p) € X XY such that
[A(uw),v] + [B(v),p] = [F,v] VveX,
[B(u),q] = [G.q] VgeY.
Next, we establish the stability properties of the operators involved in (2.15). We begin by noting

that the operators £, B and the functional F' are linear. Furthermore, given x € M, from (2.16),
(2.17), (2.18), (2.19), and (2.20), and using (2.12)—(2.13), (2.11), and the Holder and Cauchy-Schwarz

inequalities, it follows that

[[B),7]| < ¥ll7lx V(v,7) e (MxQ)x X, (3.3)

[Fv]| < Iflle vtz < (Y4 Elz@ollv] Yy eMxQ, (3.4)

e (@), v]| < lIxlmlulllv] Yu,veMxQ, (3.5)

[a(u), v]| < DIQM? lullm vl + FIQI2 4 [ullR " [vIim + vl19]lo 1€]lo (3.6)



and
[E@),v]| < (1% + 5% Jull |v]| VYu,veMxQ, (3.7)

which implies that B, F', c(x), a and £ are bounded and continuous. In addition, there holds
[E),v] = [IVlfeiq) + #°lIEIE > 0 VyeMxQ, (3.8)

which says that £, being linear, is monotone. On the other hand, given x € M, it is readily seen,
employing the Cauchy-Schwarz inequality, (3.5) and (3.6), that the nonlinear operator A(x) (cf.
(2.17)) satisfies

I[AM) (), v]| < [[a(), v]| + [[e(x) (), V]|

(3.9)
-1
< Ca{llull + Il + Ixnllll flvl Yu,veMxQ,

where C4 := max {D Q|12 + v, F |Q|4-P)/4, 1}, which shows that A(x)(u) does belong to (M x (@)/,
thus proving that A(x) is well-defined. In addition, using similar arguments to (2.12) and (3.5), it is
not difficult to see that the operator c(x) (cf. (2.19)) satisfies

1
ey — ), v]| < S {IvImlixInal91 = Dl + Il = wallnalixlimlillo )
(3.10)

< Ixlmllay —wllllvll Yu; = (u;,9:) (i € {1,2}), ve M x Q.

In turn, observe from the definition of the operator c(x) (cf. (2.19)) that, for any x € M, the following
skew-symmetry property holds

[cx)(¥),v] =0 VveMxQ. (3.11)
Finally, given the steady-state convective velocity x € M and recalling the definitions of the oper-

ators &£, A(x), and B (cf. (2.16), (2.17), (2.20)), we observe that problem (2.15) can be written in the
form of (3.2) with

E::(MXQ)XXO, u::<2>, /\/::(5 g),

)

(3.12)

Let Ej be the Hilbert space that is the dual of E with the semi-norm induced by the operator N/ (cf.
(3.1), (3.12), (2.16)), which thanks to the fact that x > 0, is given by

(v, M)y = (IVIIE2 + HQ||£||H%2(Q))1/2 = VllLo@) + [1€ll2) Vv, 7)€ (M x Q) x Xo.
Then we define the spaces
Ej = (L3(Q) x L2(Q)) x {0}, D := {(g,a) cE: Muo)e E,’,}. (3.13)
In the next two sections, we verify the hypotheses of Theorem 3.1 and thereby establish the main

result of this section, namely the well-posedness of (2.15).
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3.2 Range condition

We begin with the verification of the range condition in Theorem 3.1. Let us consider the resolvent
system associated with (2.15): Given x € M, find (u,0) € (M x Q) x X such that

(€ + A(x)) (), v] + [BS(0),v] = [F,v] YveMxQ,
(3.14)
[B(u), 7] -~ 0 VreX,

where F e L?(Q) x L*(2) € M’ x Q' is a functional given by [F,v] = (f1,v)a + (f2,&)q for some
f; € L2(Q) and f, € L?(©2). We will apply Theorem 3.2 to ensure solvability of (3.14). Indeed,
we first observe that, thanks to the reflexivity, uniform convexity and separability of L?(Q) for p €
(1,400), the spaces M, Q, and X, are also reflexive, uniformly convex, and separable. Next, we
establish a continuity property of the nonlinear operator £ 4+ A(x) that corresponds to hypothesis (i)
of Theorem 3.2, with p; = p € [3,4] and py = 2.

Lemma 3.3 Let p € [3,4] and let x € M be given. Then there exists a constant Lgy > 0, depending
only on || x|lm, v, F, p, D, k and |Q|, such that

(€ + AG)) () = (€ + AC)) W)
» (3.15)
< Ly {lhu = vive + (lallva + vl a = vl + (19 - €llg} -

forallu = (u,9), v = (v,£) e M x Q.

Proof. Given x € M, let u = (u,9), v = (v,€) € M x Q. Then, according to the definitions of the
operators £ and A(x) (cf. (2.16)-(2.19)), and proceeding analogously to the boundedness estimates
in (3.7) and (3.9), while using (3.10) together with the Sobolev embedding of L*(Q) into L?(Q2), with
embedding constant |Q](4_p)/ (4r) " as well as the Holder and Cauchy-Schwarz inequalities, we obtain
that
(€ +AGO) @) — (€ + AGO) ] < (9124 DI0]2) [~ Vil
(3.16)
+ F Q4P |l — v Vo) + (52 +2) [9 = €llo + lIxliv lu— v,
with o € [4/3,3/2] and 1/p+ 1/p = 1. In turn, applying [5, Lemma 2.1, eq. (2.1a)] to bound the
second term on the right-hand side of (3.16), using again the Sobolev embedding of L*(£2) into L”(Q),
and simple algebraic computations, we deduce that there exists ¢, > 0, depending only on || and p,
such that )
[ul’~?u - |V|p_2V”LQ(Q) < ¢ (o) + IVlLe)” " lu=vlLe)

) (3.17)
< QAT (fuflng + [[v]ina)” = v
Then, replacing (3.17) into (3.16), and after simple computations, we obtain (3.15) with
Ly = (1+ lxln) max {92 4D |02, Fe, |04/ k2 4,1},
which completes the proof. O

We continue our analysis by proving hypothesis (ii) of Theorem 3.2, namely, the strong monotonicity
of £+ A(x) (cf. (2.16)—(2.19)) for a given x € M on the kernel K of the operator B (cf. (2.20)). To
this end, we first note that, proceeding similarly to [18, eq. (3.34)], K can be characterized as

K:{g:(v,E)EMxQ: Vv =¢ andvEH(l)(Q)}. (3.18)
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Lemma 3.4 Let p € [3,4] and let x € M be given. Then the family of operators given by
{(5+A(x))<.+g) K K: ze Mx@}

1s uniformly strongly monotone, that is, there exists a constant vy > 0, depending only on D, k, v,
and ||i4||, such that

[(E+AMX)(u+2) - (E+ANX) (¥ +2),u—v] > v llu—v[?, (3.19)
forallz = (z,%) e M x Q and for allu = (u,¥9), v = (v,§) € K.

Proof. Let x e M,z = (z,¥) e M xQ and u = (u,9), v = (v,£) € K. Then, according to the
definition of the operators €& and A(x) (cf. (2.16)—(2.19)), and using, thanks to the skew-symmetry
property (3.11), that there holds [c(x)(u — v),u — v] = 0, we first obtain

—~

[(E+AX))(u+2z) — (E+AX) (¥ +2),u—v] = (1+D)u—-v|fzq 5.20)
£ (21 0) 10— €3 + F(lut 2Pt 2) — v+ 2P 2(v +2),u— v)g. |

Next, noting from the definition of K (cf. (3.18)) that 9 — ¢ = V(u—v) in Q and u — v € H}(Q),

we can write

(k2 +v)
2

In turn, employing [5, Lemma 2.1, eq. (2.1b)], we deduce that there exists C > 0, depending only on

||, p, and F, such that the last term in (3.20) is bounded below as

(k2 + 1)

(k? +v) |0~ €lG = 9= &lg + = lu =Vl (3.21)

F(lu+zlf?(u+z)—|v+z/ ?(v+z),u—v)g > 6”“‘"”’{,;)(9) > 0. (3.22)

Thus, replacing (3.21) and (3.22) back into (3.20), and using the continuous injection iy of H!(£2) into
M := L4(Q), we arrive at (3.19) with the constant

/4;2+u

Yy ‘= min {1 + D,

}min{l,Hi4H2}.

O

We end the verification of the hypotheses of Theorem 3.2, with the corresponding inf-sup condition
for the operator B.

Lemma 3.5 There exists a constant 5 > 0 such that

[B(v), 7]

sup ———— > [BI7|lx V7T eXp. (3.23)
vemxq v
v#£0
Proof. We refer the reader to [18, eq. (3.44), Lemma 3.3] for further details. O

Now, we are in a position of establishing the solvability of the resolvent system (3.14).

Lemma 3.6 Given x € M and (fy, ?2) € L3(Q) x L2(Q), there exists a unique (u,0) = ((0,9),0) €
(M x Q) x Xy solution of the resolvent system (3.14).

Proof. Having established Lemmas 3.3, 3.4, and 3.5, the proof follows from a straightforward applica-
tion of Theorem 3.2. ]
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3.3 Construction of compatible initial data

We now derive suitable initial data for (2.15), which are necessary for the corresponding application
of Theorem 3.1.

Lemma 3.7 Assume that ug € H, where
H:= {v cH)(Q): VvelYQ) and div(v)=0 in Q} (3.24)

Define
Yo :=Vuy, o9:=0, and uy := (ug, V). (3.25)

Then, (uy,00) € (M X Q) x Xo and, for a given x € M,

0o

t
< AX) B ) < Yo ) € (L2(Q) x L2(Q)) x {0}. (3.26)

-B 0
Proof. Given ug € H, the embedding i, : H'(2) — L*(Q) guarantees that ug € M. In turn, for 9
as defined in (3.25), there holds tr(d¥g) = div(ug) = 0 in 2, whence ¥y € Q and hence (up,¥y) € K

(cf. (3.18)). In addition, it trivially follows that o9 = 0 € Xy. Thus, given x € M, it follows from the
definition of A(x) (cf. (2.17)—(2.19)) and by integrating by parts the first identity in (3.25) that

M) (), v] + [B*(a0),v] = [Fo,v] YveMxQ,
(3.27)
— [B(uyg), 7] = 0 V7 € Xo,
where, Fy := A(x)(ug) and
[A(X) (p), v] = (Dug + F [u|* *up, v)o + v (Vug, &)
1 (3.28)
+ 3 {(Vao, vex))e — (e x).&af,
so that applying the Cauchy—Schwarz and Holder inequalities, we obtain
[AG) @), 9] < Co{lluollma) + lMollZat g
(3.29)

+ Iline (1 Vol + luollna) }1I(v, €)llez(@)xr2) -

1
for all v.€e M x Q, with 2(p — 1) € [4,6] and Cp := max {D,F,I/, 5} In this way, Fp := A(x)(ug)

can be uniquely identified with an element of L2(Q) x L2(2), and, from the second row of (3.27), its
right-hand side is the null functional, thus proving (3.26). O

We stress that the assumption on the initial condition ug € H is more restrictive than the one
employed in [16, Lemma 3.8] for the analysis of the Kelvin—Voigt—Brinkman—Forchheimer problem,
since it additionally requires Vug € L*(Q).

3.4 Main result

We now establish the well-posedness of problem (2.15).
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Theorem 3.8 For each compatible initial data (uy,o0) = ((ug,90),0) constructed in Lemma 3.7,
and for each £ € WH(0, T; L%(Q)) and x € M, there exists a unique solution (u,o) = ((u,9),0) :
[0,T] = (MxQ) xXg to (2.15), such that (u,d) € H'(0,T; M)x Wh>(0, T; L?(Q)) and (u(0),9(0)) =
(U(],ﬁo) = (uo, VLI()) e K (Cf (3.18)).

Proof. Similarly as in [16, Theorem 3.9], the proof reduces to show first that (2.15) fits the abstract
context of Theorem 3.1, with the definitions (3.12) and (3.13). In fact, operator N is clearly linear,
symmetric, and monotone (cf. (2.16), (3.8)). Moreover, according to the definition of a (cf. (2.18))
and the inequality (3.22), with z = 0, it readily follows that

[a(u) —a(v),u—v] > Dlu—v|i:q + v 19— &g (3.30)

for all u := (u,9), v := (v,&) € M x Q. Hence, given the time-independent convective velocity
X € M, we deduce from the definition of A(x) (cf. (2.17)) and the skew-symmetry property of c(x)
(cf. (3.11)), that

[A(x) (1) — A(x)(v),u - v] = [a(u) — a(v),u—v], (3.31)

which, together with (3.30), shows that A(x) is monotone and, consequently, that M (cf. (3.12)) is
also monotone. In turn, we know from Lemma 3.6 that, given x € M and ((fi,f),0) € Ej, there
exists a unique (u,0) € (M x Q) x Xg such that ((f1,£2),0) = (M + M)(u, o), thus proving that
RN + M) = E;. Finally, given ug € H, a direct application of Lemma 3.7 ensures the existence
of 99 € Q and o9 = 0 € Xq for any x € M such that (uy,o0) = ((ug,9),0) € D (cf. (3.13),
(3.26)). Therefore, applying Theorem 3.1 in our setting, we conclude that, given x € M and for each
f ¢ WH1(0,T;L2(€)), there exists a solution (u,o) = ((u,9),0) to problem (2.15), with (u,9) €
WLoo(0, T; L2(£2)) x Whee(0, T;1L2(£2)), satisfying (u(0),9(0)) = (ug, o) = (ug, Vug) € K. Next, we
prove that u € H*(0,7;M). Indeed, since the second row of (2.15) implies that (u,d) : (0,7] — K
and iy : H'(Q) < M is a continuous embedding, we first observe that

e < Hial® el oy = Bial® (o) + 191220 )- (3:32)

In turn, knowing that d;u € L2(Q) and 9,9 € L?(Q), and noting that 9,9 = 9;Vu = V(d;u) in the
distributional sense, we deduce that d;u € H!(Q2), which yields in particular d;u € M := L*(Q2) with

18 wllXg < [liall® 100 ullfr gy = [liall? (Hat ufe) + H&:ﬁ\\im)) ; (3.33)

and thus du = (9pu, 0¢9) : (0, 7] — K. In this way, integrating (3.32) and (3.33) over (0,7, we get

”uH%Il(O,T;M) = HuH%?(QT;M) + HatuH%ﬁ(QT;M) < ||i4||2(HUHQHl(o,T;L%Q)) + H79H2H1(0,T;L2(Q))) )

which, together with the regularity of the solution (u,d9) € WH>°(0,T;L3(Q)) x WL°(0, T;1L2(Q))
implies that u € H*(0,7;M). We now prove the uniqueness of (2.15). To this end, let x € M be
given, and let (u;,0;) = ((u;,9:), o), with ¢ € {1,2}, be two solutions of (2.15) corresponding to the
same data. We recall that the external time derivative in (2.15) acts only on the first component of
&, which, in particular, yields

H[E(v(D),¥] = (Bv(t),V)a + K (DE(t), §)a = %at(uvu%z(m + r2€l13) (3.34)

for all v = (v,€) : [0,7] - M x Q. Thus, taking v=u; —uy, € M xQ and 7 = 1 — 02 € Xy,
subtracting the corresponding problems in (2.15), using (3.34) and the monotonicity property of A(x)
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(cf. (3.30)—(3.31)), we find

1
5 0 (lus = wal[Faq) + #2010 = D2113) + D s — w20 + v [0 — D2}
< €y —uy), 1y — uy] + [A(x) (1) — A(x)(1g),1; —uy] = 0.

Integrating the latter inequality in time from 0 to ¢ € (0,7], and using that (u;(0),9:(0)) =
(u2(0),92(0)), we deduce that

t
Wdﬂ—m@ﬁam+ﬁmﬁw—ﬂAM@+24(NMrﬂu@mﬁWW%—%%ﬁﬁéo'@%)

Therefore, it follows from (3.35) that ui(t) = ua(t) and 91(t) = 92(t) for all ¢ € (0,7]. Next, from
the inf-sup condition of the operator B (cf. (3.23)) and the first equation of (2.15), we get

[B* (01 — 02), V]

Bllor —o2llx < sup

veEMxQ H!H
70 (3.36)
— — sup [E(a; —uy), v] + [Alx) (1) — Alx)(ug),v] 0
veMxQ HXH 7
v#£0
which implies that o1 (t) = o2(t) for all ¢ € (0,77, and therefore (2.15) has a unique solution. O

We conclude this section with the corresponding stability bounds for the solution of (2.15).

Theorem 3.9 Let p € [3,4]. Assume that £ € W0, T;L2(Q2)) N L2(0,T; L3(Q)), x € M, and
ug € H satisfying (3.26). Then there exists a constant Cxyy > 0, depending only on v,D, k, and ||ia||,
such that

[alle 0,7;m) + 19Lee0,750) + allizo,mmv) + 192 0,750
(3.37)
< Ckvu (HfHLz(o,T;m(Q)) + ||u0HH1(Q)> :

In addition, there ezists a constant Ckye > 0, depending only on ||x||m, |2, v, D, F, p, B, k and ||i4]|,
such that

jf
ooz < Cor { 3 (Ilxorae + luolow)  + ol - 639
j€{2,0}

Proof. We first derive the stability bound (3.37). For this purpose, we proceed as for the derivation
of (3.35), testing (2.15) against (v, T) = (u, o), invoking the definition of A(x) (cf. (2.17)) along with
the skew-symmetry property (3.11), the identity (3.34), and then applying the Cauchy—Schwarz and
Young inequalities, to find that

Or(IlaliFeqqy + #2119113) + 2D ulfq) + 2F [ullf,q) + 2v 1913
(3.39)
= 2(f,u)o < 2|f(lL2q) lullLz@) < *HfH%ﬂ(Q + DH“H%Q(Q)

Simplifying D ||u|]i2(ﬂ) at the end of (3.39), dropping 2F ||u|]Lp(Q and then integrating the remaining
terms from 0 to ¢t € (0,77, we get

t
[a(®le + 2 190G + | (Dlula + 201913)ds
0 (3.40)

1 t
< Oz + #2191 + 5 [ 1612y
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Next, recalling from the second row of (2.15) that (u,d) : (0,7] — K (cf. (3.18)), we infer that the
first two terms in (3.40) are bounded from below as follows:

2
. K
la(®)|Z20) + &2 19E)IF = min {1, 5} (lu(t) o+ 19()13)

(3.41)
> 0 (InOIRe + 190)13).

with v, := min {1, %2} min {1, [lis|~2}. Similarly, the terms in the time integral on the left-hand
side of (3.40) can be bounded as

D [ulaq) + 201913 = o (uls + 1913) (3.42)

with 4p, := min{D, v} min {1, [|is||7}. Thus, replacing (3.41) and (3.42) back into (3.40), we get

%0wma+ww%%vmﬁwm&+W%Ws
(3.43)

1 t
< — | IR 0)ds + [u0)[F2q) + &% 1900)]F
> J, (@) (@)

which, together with the fact that (u(0),9(0)) = (ug, o) = (up, Vup), yields (3.37) with Ckyy > 0
depending only on v,D, x and |[/is||. We now employ the inf-sup condition satisfied by B (cf. (3.23))
to deduce (3.38). Indeed, given x € M, using the first equation of (2.15), and the stability bounds of
F, &, and A(x) (cf. (3.4), (3.7), and (3.9)), we first observe that

Bloly < sup Y= [0EW) ¥ - AKX (W), V]

veEMXQ vl

v#0 (3.44)
< & {Elleaqey + N0l + g + (1 + lxlina) (lullna + [9l1e) }

with a positive constant C; depending on ||, %, and C4 (cf. (3.9)). Then, taking square in (3.44),
integrating from 0 to t € (0,7, and rearranging the resulting terms, we deduce that there exists a
positive constant C', depending only on C and [, such that

t t
[ atas < e { [ (1810 + (104 IR0 (Hulks + [913) )

t
2(p—1
+/Qw$>+mmﬂ@}
0

In turn, to bound the last term in (3.45), we differentiate in time the second equation of (2.15) and test
it with (v, 7) = (0iu, o), where Oiu := (0¢u,0:9) : (0,7] — K (cf. (3.33)). Using arguments similar
to those leading to (3.41), together with (3.5) and the Cauchy—Schwarz and Young inequalities, we
obtain

(3.45)

l\’)\»—t

F
01 (0 [z ) + pr&mn+%0%)+%M@mP
< (1214l + v (Il + [9]10) ) [9eal (3.46)

Tk
C (IF132(0) + IxIRa(lulis + 19113) ) + 2 a2,

IN
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with 7, as in (3.41) and Cy > 0 depending only on |Q|, ||i4]|, and . Thus, integrating (3.46) from 0
to t € (0,T], we obtain

2F t
D ) oy + 5 IOy + #1900+ 2 [ [0

SDHU(O)Hm() 2/)%( Mg + v IIBO)I (3.47)

t
20, { /0 (1120 + IxIRa (lulis + 19113)) ds} -

Thus, dropping the first three terms on the left-hand side of (3.47) and combining the resulting
inequality with (3.45) yields

t t
[letzas < e { [ (||fuiz<m+(1+Hxn%a)(nuuﬁﬁuﬂué))ds

(3.48)
1O o) + Oy + 9O+ [ Il Vs,
with C3 > 0 depending only on v,D,F, k, and ||i4||, so that, using again the fact that (u(0),9(0)) =
(ug, ¥9) = (up, Vuy), recalling that x is time-independent and therefore ||x|/nm can be taken outside
the integral, and performing some algebraic manipulations, in particular noting that

t t
2(p—1
e s = [ e iiads < g [ Ileds
we find that
¢ 2 ! 2 2
[ 1ds < ca{ [ 18120y ds + ol oy + ol
(3.49)
# el [ (o 191) ds-+ R g [ Tuliads}
Finally, by combining (3.49) with (3.37), we obtain (3.38), thus concluding the proof. O

We find it important to remark that the analysis developed here can be extended to the problem
(2.5) with a nonhomogeneous Dirichlet boundary condition u = up on I" x (0, T]. To that end, (2.15)
has to be rewritten as follows: Given f : [0,T] — L3(Q), x € M, up € HY?(I') and up € M N H
(cf. (3.24)), find (u,o) : [0,7] — (M x Q) x X, such that (u(0),9(0)) = (ug, Vug) and, for a.e.

€ (0,7),

AUl (1)), v] + [AG)(().v) + [B*(e().v] = [F().v] YveMxQ,
~ [Blu(t)). 7] — [Gr] VreXo,

where the functional G € Xj is given by [G, T] = (tTn,up)p with (-, ) denoting the duality between
H~Y/2(I') and HY2(I"). We refer the reader to [11, Lemma 3.5] for the proof that 7n € H~Y/2(T") for
all 7 € Xy. Then, we reformulate the problem as a parabolic problem for (u, ), and proceed as in [1,
eq. (4.14), Section 4.1].

On the other hand, we end this section by noting in advance that (3.37) will be employed later on
to handle the nonlinear terms associated with the operator A(x) (cf. (2.17)), which is necessary to
obtain the corresponding error estimate.
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4 Semidiscrete continuous-in-time approximation

In this section we introduce and analyze the semidiscrete continuous-in-time approximation of (2.15).

4.1 Discrete in space setting

Let T, be a shape-regular triangulation of € consisting of triangles K (when d = 2) or tetrahedra K
(when d = 3) of diameter hg, and define the mesh-size h := max {hx : K € T,}. In turn, given

an integer £ > 0 and a subset S of R%, we denote by Py(S) (resp. P¢(S)) the space of polynomials of
total degree at most ¢ (resp. = ¢) defined on S. In addition, according to the convention in Section 1
we set Py(9) := [Pe(9)]? and Py(S) := [P¢(S)]?*?, and define the Raviart-Thomas space of order £ as

RT(S) := Py(S) ® Py(S) x

where x := (z1,...,z4)" is a generic vector of R?. Next, given a fixed integer k > 0, we introduce the
finite element subspaces

M, = {thM: vilk € Pr(K) VKE'E},
Qp = {EheQ: £, € Pu(K) VKeTh}, (4.1)
Xh::{ThEX: Thilk € RTW(K) Vie {1,....d}, VKeTh},
Xon =X N Xp,
where 7}, ; denotes the ith-row of 7. Then, denoting from now on

u, = (up, %), vy = (Vh, &) € My x Qp,

the semidiscrete continuous-in-time problem associated with (2.15) reads: Given f : [0,7] — L2(9),
x € M, and (uh 0,’l9h 0) € My, xQy, find (gh, O'h) : [O,T] — (Mh XQh) XXOJL, such that (uh( ) ’19]1(0))

= (up,0,Yn0) and, for a.e. t € (0,7),
O[E (uy, (1)), v] + [A(X) (0, (1)), w4 ] + [BY(on(t), v] = [F(t),vs] Vv, € My x Qu,

[ (uh(t)) ] =0 V15, € XO,h-

(4.2)

The well-posedness of (4.2) will be established in the next section. For completeness, we note in
advance that it follows analogously to its continuous counterpart given in Theorem 3.8. More precisely,
we apply Theorem 3.1 to problem (4.2), which requires the solvability of a resolvent system associated
with (4.2) and the construction of appropriate discrete initial data (uy,,on) = ((Wh0,9n0),00n) €
(M}, x Qp) x X0 that are compatible in the sense of Lemma 3.7. To that end, we begin by introducing
K, the discrete kernel of B (cf. (2.20)), that is,

K; = {yh = (v, &p) EMp X Qu i (Vi div(Th))o + (€, Th)a =0 V7p € Xﬂ,h} : (4.3)

We continue the discussion by recalling from [6, Section 4.3] (see also [18, Section 5]) two properties
that will be needed in the sequel. The first one is the discrete inf-sup condition for B, while the second
is an auxiliary result which, given x € M, will be used to establish the discrete strong monotonicity
of A(x). For the corresponding proof, we refer the reader to [6, Lemma 4.2].
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Lemma 4.1 There exist positive constants Bq and Cq such that

B(vy), T
sup BT S gl Vrn € Xon, (4.4)
v, eMyxQ, ¥l
v, #0
and
[€nlle = Callvallm Yy, == (vh, &) € Ki. (4.5)

4.2 Solvability Analysis

We first verify the range condition associated with (4.2) by applying the Theorem 3.2. More precisely,
we now consider the resolvent system associated with (4.2), which is the discrete version of (3.14),
that is: Given x € M and (fi,f;) € L?(Q) x L*(Q), find (uy,,04) € (My, x Q) x Xq 4, such that

(€ + A (W), v4] + [BS(0n), v4] = [Fh,vy] Vvj, € My x Qy, (46)
[B(uy,), 7h] =0 V1reXopn,
where ﬁh € (Mh X Qh)/ is the functional defined as
[ﬁhalh] = (/f\lth)Q + (/f\27€h)§l Vv, = (v, &) € My x Q. (4.7)

The discrete versions of Lemmas 3.3 and 3.4, which state the strong monotonicity and continuity
of £ + A(x), are summarized as follows.

Lemma 4.2 Let p € [3,4] and let x € M be given. Then the family of operators given by
{(€+A00)(+2,) : Kn > Kj,: 2, MxQ}

s uniformly strongly monotone, that is, there exists a constant ~gya > 0, depending only on K, v, and
Cq (cf. (4.5)), such that

[(€+AX) (0, +2,) — (E+AX)) (¥ +21), wy, — vy, > xvallwy, — vy |17, (4.8)

for all zj, = (zn, ) € My, x Qp, and for all uy, = (up, ), vy, = (vi, &) € Ki. In addition, the
operator € + A(x) is continuous, exactly as stated in (3.15), and with the same constant Lgy.

Proof. Let x € M, z;, = (zp,¥;,) € My, x Qp and w;, = (up, %), vi, = (vi, €,) € Kp. Then, using
the same arguments that yield (3.20) (cf. the proof of Lemma 3.4) and (3.22), we readily obtain that

[(€+ A0 (W, +24) = (€ + AD(¥h +20), W, = vp] = (5 +v)[[90 — &l
Thus, using (4.5) for (up — vy, 9, — &;,) € Ky, we deduce

H2+V
2

[(€ + ACO) (W, +24) = (€ + AX)) (vn +2), Wy — vy)] > (G2l = valRe + 198 — €4l13)

which yields (4.8) with the constant kya := @min{Cg, 1}. Furthermore, since no additional
arguments or estimates beyond the inequalities (3.16)—(3.17) are required in this discrete setting, the

continuity of €& + A(x) : (Mh x Qpn) — (Mh x Qp)" follows directly from (3.15). O

The aforementioned well-posedness of the resolvent system (4.6), which follows straightforwardly
from Theorem 3.2, Lemma 4.2, and the discrete inf-sup condition of B (cf. (4.4)), is now stated.
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Lemma 4.3 Given x € M and (?1,?2) € L*(Q) x L*(Q), there exists a unique (uy,, op) € (M, x
Qn) x Xo,, solution of the resolvent system (4.6).

We now provide appropriate initial data (uy, o, on,0) € (Mp x Qp) X Xg 5 for (4.2), which are taken
as the Galerkin approximation of the solution (ug,0) of (3.27), that is, such that

[AX) (), ¥p] + [B*(0h0),vi] = [AX)(wg),v,] Vv, € My x Qp,

(4.9)
—[B(up ), Thl =0 V7€ Xon,

where A(x)(ug) is defined by (3.28). This choice is necessary to guarantee that the discrete initial
datum is compatible in the sense of Lemma 3.7, which is needed for the application of Theorem 3.1. No-
tice that the well-posedness of problem (4.9) follows from similar arguments to the proof of Lemma 4.3.
More precisely, proceeding as in the proof of (4.8) we are able to deduce for all z, = (zp, ;) € My xQy,
and for all u;, = (up,9yp), vj, = (v, &),) € Ky, the strong monotonicity property:

[A(x) (w, + 2,) — AX) (¥, + 23) 0y, — v3,] > o [y, — [, (4.10)

with vkvo == § min{C%,1}. In turn, following the steps of the proof of (3.15), we deduce that for all
u;, = (up, ¥y) and vy, = (vp, &) € My, X Qp, the following continuity property holds:

MG (a,) = Ax) (v

(4.11)
—2
< Livo {lwn = vall + (lunlive + 1va i)~ lfwn = villng + 195~ €nlla}

with
Lyvo = (1 + ||XHM) max {D |Q]1/2,Fcp |Q](4*p)/4,y, 1}.

Thus, the properties (4.10) and (4.11) of the operator A(x), in conjunction with the discrete inf-
sup condition of B (cf. (4.4)) and Theorem 3.2, imply the existence and uniqueness of a solution
(up, 0,0h0) € (Mp x Qn) x Xgp to (4.9). In addition, taking (v, Ts) = (u,, o) in (4.9), we deduce
from the definition of the operator A(x) (cf. (2.17)), the skew-symmetric property of ¢(x) (cf. (3.11)),
and the continuity bound of A(x)(u,) (cf. (3.29)) that, there exists a constant Cy > 0, depending
only on v,D, and F, and hence independent of h, such that

lanolfza) + unollfyq) + 19n0l%
(4.12)

-~ 2(p—1
< Co { Ihuoll3as @) + IxIRe (1 V00021 gy + l1uollZa) + luoll; %) ) -

We are now in a position to establish the semi-discrete continuous in time analogue of Theorems 3.8
and 3.9.

Theorem 4.4 For each compatible initial data (uy, o, 0h,0) = (W0, 9n0), Tho) satisfying (4.9), and
for each £ € WHH(0, T; L2(2)) and x € M, there exists a unique solution (u,,,0) = ((up, 94),0%)
[0,T] = (M, x Q) x Xo, to (4.2), such that (uy,9,) € H'(0,T; M) x Wh(0,T;Qp) and (u,(0),
94(0)) = (un0,9n0) € K (cf. (4.3)). Moreover, assuming f € L2(0,T; L?(Q)), there exists a constant
aKVg > 0, depending only on ||x|m, Ca,v,D,F, and k, such that

[unllLee 0,70 + 190 llLee 0,750) + [anllLzo,rny + 1902 0,m0)

R ) (4.13)
< Cxvu (||fHL2(O,T;L2(Q)) +[[uo e (o) + [[VuollLae) + [[uollm + ||U0||£2<1,)_1)(Q)) :
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In addition, there exists a constant Crvo > 0, depending only on ||x|m, ||, Ca, v, D, F, k, and B4
such that R
lonlzorx < Chvoe Y {Hf||L2(o,T;L2(Q))+ om0
i€{2.p} , (4.14)

1 J=
+ 190 (0 + ollna + 10llf a1y }

Proof. Similarly as the proof of Theorem 3.8, we first show that (4.2) fits the abstract framework
of Theorem 3.1 with the discrete counterparts of the definitions (3.12) and (3.13). Indeed, being the
present operator A the discrete counterpart of the one defined in (3.12), it is clearly linear, symmetric,
and monotone (cf. (3.7)—(3.8)). In addition, since A(x) is monotone for each x € M (cf. (3.30)—(3.31)),
it follows that the present operator M is certainly monotone. In turn, we know from Lemma 4.3 that,
given x € M and (fi, f2) € L?(Q) x L?(Q), there exists a unique (uy, o) € (M, x Qp) x Xq 4 such
that (N +M)(uy,, o) = (ﬁh‘thth 0) (cf. (4.7)), which constitutes the required discrete range con-
dition. In this way, considering as initial data (w5, 04,0) = ((Wh0,9h0), Tho) € (My x Q) x Xop,
which satisfies (4.9), we can apply Theorem 3.1 to our setting and conclude the existence of a solution
(uy,,01) = ((up,94),04) to problem (4.2) with (uy,9,) € WH2(0,T; M) x WH2(0,T;Qy,), and
satisfying (u(0),94(0)) = (up0,Pn,0) € K, (cf. second row of (4.9)). In addition, observing that
M, is finite dimensional and that u, € WH%(0,T;My), we readily obtain that u; € H'(0,T; Mj,).
The proof of uniqueness follows straightforwardly from its continuous counterpart by mimicking the
estimates (3.34)—(3.36). We now derive the stability bounds (4.13) and (4.14) by proceeding anal-
ogously to the proof of Theorem 3.9. In fact, given x € M, and testing equation (4.2) against
(vp,, Th) = (uy,, o), we readily obtain the discrete analogue of (3.40), namely

t
lan (D12 + 57 19603 + / (0 lhunlzqoy + 2 [94]13 ) ds
0 (4.15)

1 t
< [ Oy + 12 198O+ 5 [ 1812y

Next, noting from the second row of (4.2) that (up,9) : (0,7] — K, (cf. (4.3)), and using (4.5)
together with some algebraic manipulations, we deduce from (4.15) the discrete analogue of (3.43),
that is,

t
e (ln(OlR + 190(01) +ma [ (lunliis + [91)ds
t 0 (4.16)
< 1/ €132y ds + [un(0)l[72(0) + K% 194(0) 12
=D/ @ L2(Q) hilQ>
with yeq = %Qmin {03,1} and “Ypyq = v min {03,1}. Thus, (4.16) together with the fact that
(ur(0),9,(0)) = (upp,9n0) and (4.12), yield (4.13). Finally, we derive (4.14), which follows closely
the arguments of its continuous counterpart (3.38). We provide the main steps for completeness. In
fact, using the discrete inf-sup condition of B (cf. (4.4)), the first equation of (4.2), the stability

bounds of F', £, and A(x) (cf. (3.4), (3.7), (3.9)), and integrating from 0 to ¢t € (0,7}, along with
some algebraic manipulations, we deduce the discrete analogue of (3.45), that is

t t
[ onlizas < & { [ (1810 + (15 o) Qe + 1941 s

t
2(p—1
[ (ranlRe + o ) s}
0
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with C; > 0 depending on |2, k,D,F, v, and 4. In addition, in order to bound the last term in (4.17),
we first observe that 9;v,, : (0,T] — K, for each v;,(¢) € K, (cf. (4.3)). In fact, given vy, : (0,7] — K,
simple algebraic computations lead to

[B(atzh)v Thj| = at ( [B(Xh)a Th]) - [B(Xh)) 815}7-h:| = 0 ) (418)
where, the latter is obtained by using the fact that 0,7, = 0. It follows that O;u,;, € K, since u;, € Kj,.
Next, we differentiate in time the second equation of (4.2), choose (v}, 71,) = (0w, o1,), and use (3.5)

and (4.5), together with the Cauchy—Schwarz and Young inequalities, to arrive at the discrete version
of (3.46), that is

00 (Dllonla)+ 2l Iy + 71981) + 00
(4.19)

~ Ve
< 02(||f\|i2m) o Il (Ihnl R+ 192 13) ) + 252 90 1

with 7.q as in (4.16) and Cs > 0 depending only on ||, Cq4, and k. Thus, integrating (4.19) from 0 to
€ (0,T], we deduce a simplified discrete version of (3.47), namely

/ 10y |*ds < D un(0)[f2 +*Iluh( s + 7 19:(0)]%

+28a { [ (1917500 + Il + Hﬂhu:@)) s}

Thus, replacing back (4.20) into (4.17), proceeding as in its continuous counterparts (3.48)—(3.49),
and using again the fact that (uy(0),9,(0)) = (up0,9n0), yields

t t
/0 lowllds < cs{ / 181220

+ (1+ IxIe) / (Ihanl3e + 192 13) ds + 11l 72 o pny / uuhuMds}

(4.20)

(4.21)

with C5 > 0 depending on ||, Cy4, k,D,F,v, and 4. Thus, employing the estimates (4.12) and (4.13)
to bound the right-hand side of (4.21), we conclude (4.14). O

4.3 Error analysis

In this section we derive suitable error estimates for the semidiscrete scheme (4.2). To this end, we first
recall that the discrete inf-sup condition B (cf. (4.4)), along with a classical result on mixed methods
(see, e.g., [23, eq. (2.89) in Theorem 2.6]), ensure the existence of a constant C' > 0, independent of
h, such that

f < C  inf — vl 4.22
b lu—vy < €0 b = (4.22)

4.3.1 Approximation properties

In order to obtain the theoretical rates of convergence for the discrete scheme (4.2), we state next the
approximation properties of the finite element subspaces My, Qp, and X, (cf. (4.1)), which can be
found in [7], [20], [23], and [12, Section 3.1] (see also [18, Section 5]).
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(AP}) There exists a positive constant C, independent of h, such that for each s € [0,k + 1] and for
each v.€ W*4(Q), there holds

3 f — < ChS s, .
vhléthHv viallm < [V Ilwsa @)

(AP?) There exists a positive constant C, independent of h, such that for each s € [0,k + 1] and for
each € € H*(Q2) N Q, there holds

1 f — < Chs s .
g,}lel@hHE Enllo < [1€]]m=(02)

(AP{) There exists a positive constant C, independent of h, such that for each s € (0, k + 1] and for
each 7 € H*(Q) N Xo, with div(r) € W*%/3(Q), there holds

inf =7l < Ch* {lIrlas) + 1AV () lwesss | -

ThEXQ’h

Owing to (4.22), (APY), (AP?), and (APY), it follows that, under extra regularity assumptions
on the exact solution, there exist constants C'(u), C(9u), and C(o), depending on u, ¥, and o,
respectively, such that

inf |lu—v,| < Clu)h®, inf [|6u— v, || < C(Bu)h?,
o u— [l < C(u) ok [0 — v || < C(Ou)
(4.23)

and inf |lo—T1nllx < C(o)R®.
Th€Xo,h

4.3.2 Preliminary computations

In this section we perform several preliminary computations aiming to derive later on the a priori
error estimates and obtain the associated rates of convergence. In this regard, and in order to simplify
the subsequent analysis, we first write ey = (ey,e9) = (u —uy, ¥ —9), and e, = 0 — o}, In this
way, given arbitrary v, := (Vh,gh) 0 (0,T)] = Ky, (cf. (4.3)) and 7y, : (0,7] — X, we decompose
the errors into

ey =0y + M, and e; =05+17,, (4.24)
with R
Oy = (0u,0y) = u—v, = (u—vp,9-¢,), 0 =0 —T},
~ (4.25)
Ny = M M) = ¥, — 1y, = (Vi —up, &, — ), Ne =Th — Oh.

Hence, by subtracting the continuous and discrete problems (2.15) and (4.2), respectively, we obtain
the following error system

a[E(ew), vi] + [Alx) () — A(x) (1), vp] + [B(vy), el = 0 Vv, € My, x Qp,

[B(eg)a’rh] = 0 VT}LEXO,}Z.

(4.26)

In what follows we proceed as in [15, Theorem 4.6]. Indeed, taking v, = n, = (Mg, Mg) : (0,7] —
K, (cf. (4.3)) in the first equation of (4.26), and using that 1, € K}, which yields [B(n,),n,] = 0,
we get ; ;

O[€(en), mul + [A(x)(0) — A(x) (), 1] + [B(14),05] = 0. (4.27)
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In turn, according to the definition of A(x) (cf. (2.17), (2.18), (2.19)), adding and subtracting the
term A(x)(V},), we have

[A(x) () — A(x) (uy), nul = [AX) (Y1) — A (W), 1]

R (4.28)
+ A () = AX) (V) M)
whereas, invoking the definition of £ (cf. (2.16)) and (4.25), we can write,
1
8t[5(eg)a772] = 58t<||77u“%2(9) + K:2 ||I’719HQ) at ualr,u Qt+ K (81561977719)9' (429)

In addition, bearing in mind the definition of A(x) (cf. (2.17)), recalling from (4.25) that n,, = ¥V, —uy,
and employing (3.22) and the skew-symmetry property of ¢ (cf. (3.11)), we obtain

LA @r) — AC) (Wr), ] 2 DlInglfzq) + v 717 - (4.30)

In this way, replacing (4.28) and (4.29) back into (4.27), and then using (4.30), we arrive at

50 (ImallZaq0) + 2mol3) + D ImalZa ay + v lmol3
< — (@b ma)a — K (D89, mp)a — A W) — ACO @), m] — [B1), 86).

Next, using the Cauchy—Schwarz and Holder inequalities, invoking the definition of A(x) (cf. (2.17))
along with (3.17), and then employing the continuity property of B (cf. (3.3)), the terms on the
right-hand side of (4.31) can be bounded as follows

(4.31)

|(@0um0)e + #°(0d9. )| < 1902 (10:8ullm Inullv + #2108l Il (4.32)

A (W) = ACO @) myl| < DIV [8ullm Imallve + v1Idsla Inslo (4.33)
+ Fep ([8ullme + 2[[allne)” [0ulina lmallve + v 18]l [yl

and
B(n4): 951 < (Inulm + lmslla) [10a]x - (4.34)

Replacing (4.32), (4.33), and (4.34) back into (4.31) and performing some algebraic manipulations,
we find that

Or(IImalaoy + 52 Imol3) + lmallZay + Insli3
—1 —2
< 1 { (I9ullve + 10ullng + 18§ + Il I8ullng + [l 18wl + 18511 ) v

+ (I28olla + 18slle + Ixlv 18ull + 18411x ) Imola }
(4.35)
where ¢; is a positive constant depending on ||, D, k, F, p, and v. Integrating (4.35) from 0 to
€ (0,77, using the fact that n, = (n,,ny) € Kp, which yields Cq |[n,]lm < |Ingllo (cf. (4.5)),
applying Young inequality (cf. (1.2)), and recalling that [l (0,7:m) is bounded by data (cf. (3.37)),
we deduce that

t
7 ()220 + 0 (O34 + [ (D13 + /0 (a2 + Imal3ae + Imoll3 ) ds
(4.36)

2
<o { / (1200l + 180l + 18513 + 16ulRE ) ds + 1 (0) 1320 + Hnﬂ(O)llé},
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with a positive constant ¢y depending on ||, D, &, F, p, v, Cq, ||is||, and data. On the other hand,
in order to estimate ||es||r.2(0,r;x), We observe from the discrete inf-sup condition of B (cf. (4.4)), the
first equation of (4.26), and the continuity bounds of B, £, and A(x) (cf. (3.3), (3.7), (3.15)), that
there holds

— (1€ (ew), w4l + [AGO () — A (wy), vi] + [B(x,), 8]
Ballnellx < sup

X;LGMhXQh ”XhH
X;ﬁéo

-2 -2
< ep { (14 Iule® + e + Ixlna ) leallna

+ [9reallna + [9reallo + (1 + xilna ) lesllo + 191l }

with a positive constant c3 depending on ||, D, F, v, p, and k. Then, taking square in the above
inequality, and integrating from 0 to t € (0,7, we obtain

t t t
[l < eod [ (10wl + 16012} ds-+ (14 Icle) [ lleolis

t
2 2)
(L Il + Tual} o + IxIR0) /0 \|eu\i4ds},

where ¢4 is a positive constant depending on ||, D, F, v, p, k, and B4. In turn, using the fact that
a1 0,7;m) and [[ugl[1,0c0,7;m) are bounded by data (cf. (3.37), (4.13)), and employing (4.36), we
conclude from the foregoing inequality that

t
[l < s / (196812 + 18l + 18112 + 18ulR¢ ) ds

t (4.37)
n /0 10mall? ds + [ ()20 + ||nﬂ<o>|ré} ,

with a positive constant ¢5 depending on |2, D, k, F, p, v, Cy4, B4, ||is||, and data.

4.3.3 A priori error estimates and rates of convergence

We now are in position to establish the main result of this section, namely, the theoretical rate of
convergences of the discrete scheme (4.2). Note that optimal rates are obtained for all the unknowns.

Theorem 4.5 Let (u,0) : [0,7] - (M x Q) x Xy and (u,,04) : [0,7] = (Mp x Q) x Xop,
with (u,9) € HY(0,T; M) x Wh>(0,T;1L2(Q)) and (uy,9;,) € HY(0,T; My,) x WH(0,T;Qy,), be the
unique solutions of the continuous and semidiscrete problems (2.15) and (4.2), respectively. Assume
further that there exits s € (0,k + 1], such that u(t) € W4(Q),9(t) € H*(Q),o(t) € H*(R), and
div(o)(t) € W*3(Q), for each t € [0,T]. Then, there ezists C(u,o) > 0 depending only on C(u),
C(0), C(o), |9, D, F, p, v, K, Ba, Ca, ||i4]|, and data, such that

leullreo,r;v) + llesllLeo,m0) + leullL2o,rm) + llesllr2 0,0
(4.38)
+ lleallzora < Clu,a) (b 42D,
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Proof. We begin by bounding the term ||0;n,,|| in (4.37). For this purpose, we choose v;, = 9n, =
(Oimy, Omyg) € Ky (cf. (4.18)) in the first equation of (4.26), which, using that [B(dny,),n,] = 0,
yields

5 0 (Dlmalay + vImgll3) + 10maliZae) + 5 10molh = ~(@18, dim )
-k (81551978”719)9 —D (5111 8tnu)Q -V (679? 8157719)9 - [B(atng)v 50’]

F (Jul""u — [up|"*up, Oy )e — [e(x) (1 — un), dny] -

In turn, by applying the Cauchy—Schwarz and Hoélder inequalities, together with (3.10), using the
estimate (4.5), and arguing in a similar way as in (4.19), we deduce that

S0 (DIl aey + 7 ImolR) + 10l 22 + e N0mall® < s (10:8ullna + 108l )
4.39

—2 -2
+ [10ullv + lldslle + 0% + (lxllv + [[allfg” + lunllyg ) lu - uh\lm)H@mgll,

with v.q asin (4.16) and a positive constant cg depending on 2|, x, D, v, F, ¢,, and p. Thus, integrating
(4.39) from 0 to t € (0, 7], and employing again the estimate (4.5), the Young inequality, and the fact
that [[ul|pec(o,7;m) and [[upl[rec0,7;m) are bounded by data (cf. (4.13), (3.37)), we arrive at

t
7a(D)1E2() + I (@)IRa + 79 ()15 +/ |18my|[*ds
0 (4.40)

t
< c7{ /0 (1001 + 16wl + 185 11% + Imallis ) ds + I7(0) 20 + H%(O)Ilé},

with a positive constant ¢; depending on ||, x,D, v, F, p, Cy, ||i4||, and data. Then, combining estimates
(4.36), (4.37), and (4.40), and performing some algebraic manipulations, we deduce that

t
a3 + s (D113 + / (10mul? + g I + Imu 20 + ImalRa + o3 ) ds
(4.41)

< c8{ / (10wl + 18l + 164 11% + 1ulR~ ”)ds+|rnu<o>ui2<m+Hnﬂ<o>ua},

with a positive constant cg depending on |Q|, k,D, v, F, p, Cq, B4, ||i4]|, and data. Finally, in order to
bound the last two terms in (4.41), we deduce from the first row in (4.9), the error equation

A (wg) = A(X) (Wp,0)s ¥u] = [B(¥p); o0l = 0 Vv, € My X Qp. (4.42)

Similarly to (4.25), we now denote 8y, = (duy,d9,) = (U0 — Vn(0),90 — Eh(o)) with arbitrary
(Vr(0),€,(0)) € Kj, € My, x Q. Then, testing (4.42) with v;, = (1,(0), 75(0)) € K}, and proceeding
as in (4.35), recalling from Theorems 3.8 and 4.4 that (u(0),9(0)) = (ug,¥o) and (uz(0),9,(0)) =
(up,0, Uh,0), respectively, and using that [B(1,(0),n4(0)), oh0] =0, we get

I7a(0) 220 + (O3 + 75011 < o (118w, |2 + 1duslI3f ™) . (4.43)

where ¢y is a positive constant depending on ||, D, F, Cq, p, v, |[ug|lm and ||x|m. Thus, combining
(4.41) with (4.43), and using the error decomposition (4.24), it follows that

t
lew(®ls + lea®ls + | (leulRs+llealls + lles | )ds < cw¥imo).  (444)
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with .
W) o= [8ult)]? + [ (100l + 18l + 1851 + 18] ) s

+ 18,17 + 1184, 7771

where ¢19 denotes a positive constant depending on ||, s, D, v, F, p, Cq, B4, ||is]|, and data. Finally,
using the fact that v, € Kj, and T, € X are arbitrary, taking infimum in (4.44) over the corre-
sponding discrete subespaces Kj, and Xy, and applying the estimates provided in (4.23), we derive
(4.38) and conclude the proof. O

We end this section by observing that, based on (4.41), (4.38) can be expanded to include a bound
on HategHw(o,T;MxQ) and HeuHL2(0,T;L2(Q))-

5 Fully discrete approximation

In this section we introduce and analyze a fully discrete approximation of (4.2). To this end, and
in order to employ the backward Euler method in the time discretization, we now consider N € N,
let At := % be the time step, and set ¢, := nAt, n € {O,l,...,N}. In addition, we define the
first order (backward) discrete time derivative dyu” := (At)~!(u" — u" 1), where u" := u(t,). Then
the fully discrete method reads: given x € M and (u%,0%) = ((un0,910), oho) satisfying (4.9), find
(up,o}) € (My, x Qp) x Xop, n € {1, .. .,N}, such that

dilE(up), v, + [ADD(ap), vi] + [B%(op) v = [F"v,] Vv, € My x Qp, 5)
—~ [B(a}), 7] — 0 Vi € Xon, '
where [F",v;] = (f",vp)q and f" := f(¢,). In what follows, given a separable Banach space V
endowed with the norm || - ||y/, we make use of the following discrete in time norms
N
Hu||§2(0,T;V) = At; ™3 and  [|ullpo o7y = ohax, [|u" [y . (5.2)
We also recall the well-known identity
(g i) = Sl o) + 3A¢ i [Facy (53)

which follows from the definition of the discrete time derivative d;u; and the polarization identity

1
(a —b,a) = §(la|2 — [b]* + |a — b]*), applied to @ = u} and b= u}"".

Next, we state the main result for the fully discrete scheme (5.1).

T;aeorem 5.1 For each (u),of) := ((uhyo,’ﬂhp.),(fh’o) s.atz'sfymg proble:z (Zi9) and fzr egch fl” €
L*(Q), n € {1,...,N}, and x € M, there exists a unique solution (u}l,o}) := ((u},9}),0%) €
(My, x Qp) x Xop, to (5.1), with n € {1, . ,N}. Moreover, there exists a positive constant éxmy
depending only on ||x||m, Ca, v, D, F, and k, such that

[unlle0,:nm) + 19 leee0,750) + l[Wnllez0,m0) + 1902 0,7,0)

_ B (5.4)
< Cxvu {||f||é2(0,T;L2(Q)) + [[uo g1 (@) + IVuollLao) + [[uollm + ||110H£2<1p_1>(9)} :
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and there exists another positive constant Cxye, depending only on lIxlIn, 12|, Ca, v, D, F, p, Kk, and
B4, such that

lonleors < Cae 3 {IEleorwem) + ol
je{2p} ‘ (5.5)
p—1 i1
+ IV oa(ey + uolln + 900201y | -

Proof. The well-posedness of the fully discrete problem (5.1) at each time step t,, n € 1,..., N,
can be demonstrated using arguments similar to those employed in the proof of Lemma 4.3. The
derivation of estimates (5.4) and (5.5) proceeds in a similar manner to that presented in the proof
of Theorem 4.4. Indeed, by choosing (v;,Tp) = (up,o}) in (5.1), and employing the identity (5.3),
the definition of the operator A(x) (see (2.17)), the skew-symmetry property (3.11), as well as the
classical Cauchy—Schwarz and Young inequalities (cf. (1.2)), we obtain

(g oy + 5210 H@)+ SOl o) + #2313

1
4D

(5.6)

+ D[ uhllEe () + Fluplif ) + vI9h1E < = IE 1E2@) + DIublizao

Thus, summing up over the time index n € {1, e ,m}, with m € {1, . ,N}, in (5.6), multiplying by
At, and proceeding similarly to (4.15)—(4.16), we deduce the discrete version of (3.43), namely

a (I g + 1977113 ) + ea (A0 D (i |3y + 93 3)
=t (5.7)
t n
Fma Ay (It Be + [9R1R) < o D N7 ey + IafllEe(qy + 2 19313
n=1

n=1

with 7.4 and vp,q as in (4.16). Notice that, in order to simplify the stability bound, we have neglected
the term HuﬁH’["p(Q) on the left-hand side of (5.6). Thus, analogously to (4.16), and using the estimate

(4.12) in (5.7), we deduce the stability bound (5.4). Unlike its continuous counterpart (3.37), however,
the constant Ckyy in (5.4) depends on F and Cy due to the use of (4.12) and (4.5). On the other hand,
from the discrete inf-sup condition of B (cf. (4.4)) and the first equation of (5.1) related to v;, we
deduce the discrete version of (3.44), that is

Ballotll < E{ 1€ ke + Idefll + uglfe" + (1+ Ixdna) (lofllna + [931Q) . (5:8)

with a positive constant ¢, depending on ||, k, and C4 (cf. (3.9)). Then, squaring (5.8), summing
up over the time index n € {1,...,m}, with m € {1, e ,N}, and mutiplying by At, we deduce
analogously to (3.45), that there exists ¢; > 0, depending on |€2|, k, D, F, v, and f4, such that

At Zuahux <q {Atz (Hf"HLz(g (1+ IxIRe) (g 1R + 19712) )
+ Atz (g™ + Hdtu’ﬁHQ)} -

Next, in order to bound the last term in (5.9), we choose (v;,,7) = ((de(u}!), d¢(97),oF) in (5.1),
apply some algebraic manipulation, use the identity (5.3), the estimate (4.5), and the Cauchy—Schwarz

(5.9)
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and Young inequalities, to obtain the discrete version of (3.46) (cf. (4.19))

1 n n
*dt(D HuhHL2 +;/Hﬂ HQ> + F(Jup|P~ 2uh,dtuh)ﬂ+*At<DHdtuhHi2(Q +v||dy hH%}) (5.10)

N 7 d
+ Y | dewf|* < & (Hf”lliz + IxlRa(larlje + 197 HQ)) 5 ldeay ]|

with 7,4 as in (4.19), and a positive constant ¢ depending on ||, Cy4, and k. In turn, employing the
Holder and Young inequalities, we are able to deduce (cf. [15, eq. (5.13)]):

(o= e > 2= (0 — 1 ) = 5 del oy (51D)

Thus, combining (5.10) with (5.11), using Young’s inequality, summing up over the time index n €
{1, e ,m}, with m € {1, .. .,N}, and multiplying by At, we obtain

m
R 10y + v ORI + e A [l
n=1
m
< 2686 (1820 + IlRa (i e + 19713))
n=1
2F
+ 0wl + |

L 2F
D fJuj? I (o) + -

(5.12)

|uhHLP(Q tv ||192”@2Q ,

with 7.q as in (4.16). Combining (5.12) with (5.9), and using the fact that (u9,9}) = (us0,9n0), W
deduce that

m m
ALY [loplE < @ {Atz 1711220y + [n0llZay + T0n0lf0q) + [1950l3

» " (5.13)
(1 e At Y (g + 19713 ) + Ianlf o At S HuZH%A} ,
n=1

n=1

with m € {1, e ,N} and ¢3 a positive constant depending on |Q2|, Cy, k, D, F, v, p, and 343. Then,
using (5.4) and (4.12) to bound the terms on the right-hand side of (5.13), we obtain (5.5). O

Finally, we derive the rates of convergence for the fully discrete scheme (5.1). For this purpose, we
subtract this latter from the continuous counterparts (2.15) at each time step n € {1, .., N }, thus
obtaining the following error system

di[€(eq), vi] + [A(x) (u") — A(x)(up), v,] + [B(vy), eq] [rn(u),v,] Vv, € My x Qp,

[B(ey), Tl =0 Ve Xon,

where
[rn(u),vp] i= (ra(w),vi)a + & (ra(8),&)a,
and 7, denotes the difference between the time derivative and its discrete analogue, that is
rn(u) = (rp(u), ra(9)),
with
Tn(ll) == dtlln — 8tll(tn) and T’n(’l9) == dt’l9n — aﬂ?(tn) .
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In addition, we recall from [9, Lemma 4] that, if u = (u,9) € H2(0, T; L2(2)) x H%(0, T'; Q), then there
exists a positive constant C', independent of At, such that

N
ALY lra@)l? < € (10ullizgo razy + 109z g ) (A0 (5.14)
n=1

Therefore, the proof of the theoretical rate of convergence of the fully discrete scheme (5.1) follows the
structure of the proof of Theorem 4.5, using discrete-in-time arguments, as in the proof of Theorem
5.1, and the estimate (5.14) (see [15, Theorem 5.4] for a similar approach). We summarize the above
in the following result.

Theorem 5.2 Let s € (0,k + 1] such that the assumptions of Theorem 4.5 hold. Then, for the
solution of the fully discrete problem (5.1) there exists a positive constant C(u, o), depending only on
C(E)7 C(atg)v C(attg)} C(U)v ’Q|’ D,F, PV, R, /Bda Cd7 ”i4H7 and da’ta; such that

leullee o, vy + lleslleer0) + lleulleormy + lleslleoro

+ lleallzors < Clu,o) (h* +a*¢70 + At).

6 Numerical results

In this section, we present three numerical results that illustrate the performance of the fully discrete
method (5.1). The implementation is based on a FreeFEM code [24]. We use quasi-uniform trian-
gulations and the finite element subespaces detailed in Section 4.1 (cf. (4.1)). In what follows, we
refer to the corresponding sets of finite element subspaces generated by k = 0 and k = 1, as simply
Py—Py—RTy and Py —P; — RTy, respectively. The nonlinearity is handled using a Newton—Raphson
algorithm with a fixed tolerance of tol = 1E—06. The iterative process at each time step is terminated
when the relative error between two consecutive iterates of the complete coefficient vector, namely
coeff™ and coeff™ !, is sufficiently small, i.e.,

|coeff™ 1 — coeff™||por < tol
< to
lcoeff™ ™ ||por ’

where || - ||por stands for the usual Euclidean norm in RP°F| with DoF denoting the total number of

degrees of freedom defined by the finite element subspaces My, Qp, and Xg 5, (cf. (4.1)).

We stress that, according to the notation used for the fully discrete norm (5.2), and besides the
unknowns u, 1, and o, we are also able to compute the pressure error:

N 1/2
lepllez (0,02 (0) = {Atz [p" —pm’?ﬁ(g)} ,
n=1

where for each n = 1,..., N, p} stands for the post-processed pressure suggested by the identity (2.3)
and (2.14), that is

1 1
py =—=tr(oy) — —tr(up @ x) — ¢, with ¢, = tr(u ® x),1)a- (6.1)

;(
d 2d 2d |9

The examples considered in this section are described next. In the first two examples, and for
the sake of simplicity, we choose v = 1, D = 1, F = 10, and x = 1. In addition, the condition
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(tr(o}),1)o = 0 is implemented using a scalar Lagrange multiplier (adding one row and one column
to the matrix system that solves (5.1) for u}, ¥ and o}}).

Examples 1 and 2 are used to corroborate the rate of convergence in two and three dimensional
domains, respectively. The total simulation time for these examples is 7' = 0.01 and the time step is
At = 1073, The time step is sufficiently small, so that time discretization error does not affect the
convergence rates. On the other hand, Example 3 is used to analyze the method’s behavior under
various scenarios, considering different Darcy and Forchheimer coefficients, as well as varying values
of the elasticity parameter k. For these cases, the total simulation time and the time step are chosen
as T =1 and At = 1072, respectively.

Example 1: Two-dimensional smooth exact solution

In this test, we study the convergence of the space discretization using an analytical solution. The
domain is the square Q = (0,1)2. We consider p = 3 and choose the datum f so that the steady-state
convective velocity x and the exact solution of (2.5) is given by the following smooth functions:

= ( sin(7x) cos(ry)

— cos(mz) sin(my)

) , u=sin(nt)x, and p=exp(t)cos(mx)sin (%@/) .

Notice that the given exact solution u is non-homogeneous on the boundary so that the right-hand
side must be adjusted properly as described by the end of Section 3.4.

In Figure 6.1, we display the solution obtained with the mixed P; — P; — RT; approximation,
using a mesh with size h = 0.0127 and 39, 146 triangular elements, which results in 979,674 DoF, at
time 7' = 0.01. Note that this approach allows us to compute not only the original unknowns but
also the pressure field through formula (6.1). Tables 6.1 and 6.2 show the convergence history for a
sequence of quasi-uniform mesh refinements, including the average number of Newton iterations. The
results illustrate that the optimal spatial convergence rates O(h**+1) predicted by Theorem 5.2 (see
also Theorem 4.5) are attained for k = 0, 1.

| |0 001 002 003 9. | 0 008 009 014 ,  -10 -67 -33 0 -1 034 034 1
U, | it o U5 | b 12,5 b i Pp ettt

Figure 6.1: [Example 1]: Computed magnitude of the velocity and velocity gradient, viscoelastic
pseudostress tensor component, and pressure field.

Example 2: Three-dimensional smooth exact solution

In the second example, we consider the cubic domain Q = (0,1) and p = 3.5. Similarly to the first
example, the right-hand side function f is computed from (2.5) using the following time-independent
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leull e (0.7:) les|le0,7:0) leullezo.rm)
DoF h error rate error rate error rate

304 | 0.3726 || 7.78E-03 - 2.81E-02 - 4.83E-04 -
1,248 | 0.1964 || 3.41E-03 1.2873 | 1.38E-02 1.1096 | 2.12E-04 1.2873
4,896 | 0.0970 || 1.71E-03 0.9785 | 6.96E-03 0.9762 | 1.06E-04 0.9785
19,456 | 0.0478 || 8.26E-04 1.0288 | 3.53E-03 0.9573 | 5.13E-05 1.0288
77,648 | 0.0245 || 4.20E-04 1.0114 | 1.76E-03 1.0438 | 2.61E-05 1.0114
313,680 | 0.0127 || 2.08E-04 1.0768 | 8.70E-04 1.0792 | 1.29E-05 1.0769

e le(0.1:0) lec lle2(0,7:x) lepllez0,7:12(0)
error rate error rate error rate iter
1.75E-03 — 1.13E+400 — 1.03E-01 — 2.1

8.59E-04 1.1096 | 4.89E-01 1.3013 | 4.43E-02 1.3197 || 2.1
4.32E-04 0.9762 | 2.44E-01 0.9853 | 2.12E-02 1.0452 || 2.1
2.19E-04 0.9573 | 1.19E-01 1.0129 | 1.02E-02 1.0381 || 2.1
1.09E-04 1.0438 | 6.02E-02 1.0228 | 5.29E-03 0.9750 || 2.1
5.40E-05 1.0792 | 2.98E-02 1.0760 | 2.55E-03 1.1170 || 2.1

Table 6.1: [Example 1] Number of degrees of freedom, mesh sizes, errors, rates of convergences, and
average number of Newton iterations for the Py — Pg — RTy approximation of the Oseen-type Kelvin—
Voigt—Brinkman—Forchheimer model with p=3, v =1,D=1,F =10, and k = 1.

convective velocity x and a manufactured solution:

sin(mx) cos(my) cos(mz)
X = | —2cos(nz) sin(wy) cos(wz) | , u=sin(xt)x, and p=exp(t)(z —0.5)%sin(y + 2).
cos(mx) cos(my) sin(mz)

The model is complemented with appropriate Dirichlet boundary condition and consistent initial data.

The numerical solutions at time 7" = 0.01 are shown in Figure 6.2. They were built using the fully-
mixed Py—Po—RTy approximation with mesh size h = 0.0642 and 118, 098 tetrahedral elements, which
correspond to 2,020,788 DoF. The convergence history for a set of quasi-uniform mesh refinements
using k = 0 is shown in Table 6.3. Again, the mixed finite element method converges optimally with
order O(h) for all the unknowns, as it was proved by Theorem 5.2 (see also Theorem 4.5).

Example 3: Flow through porous media with fracture network

In the last example, inspired by [2, Section 5.2.5], we focus on flows through porous media with a
fracture network. We consider the square domain 2 = (—1,1)?, containing an internal network of thin
fractures (denoted by §2f) that intersect at sharp angles, as shown in the first plot of Figure 6.3. We
study numerically the case where x is time-dependent and satisfies x = u in (2.5), that is, the original
Kelvin—Voigt—Brinkman—Forchheimer model posed on the entire domain €2 x [0, 7). For this problem,
a suitable modification of Newton’s method for (5.1), accounting for the nonlinearity of the convective
term, is developed. The parameters are chosen as p = 4, v = 1, and k = 1, but with different values
of D and F inside and outside the fractures, namely:

1 in Q 10 in Q
D= A and F= A (6.2)
1000 in Q\Qf 1 in Q\Q
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leull e (0.7:) les|le0,7:0) leullezo.rm)
DoF h error rate error rate error rate

932 | 0.3726 || 8.38E-04 - 4.77E-03 - 5.20E-05 -
3,864 | 0.1964 || 2.10E-04 2.1629 | 8.93E-04 2.6158 | 1.30E-05 2.1629
15,228 | 0.0970 || 5.25E-05 1.9635 | 2.22E-04 1.9734 | 3.26E-06 1.9635
60,656 | 0.0478 || 1.36E-05 1.9133 | 5.26E-05 2.0341 | 8.41E-07 1.9131
242,362 | 0.0245 || 3.40E-06 2.0703 | 1.36E-05 2.0270 | 2.11E-07 2.0708
979,674 | 0.0127 || 8.53E-07 2.1180 | 3.59E-06 2.0417 | 5.23E-08 2.1363

e ”e?(o,T;@) les He?(o,T;X) HepHﬁ(O,T;U(Q))
error rate error rate error rate iter
2.96E-04 — 1.26E-01 — 1.22E-02 - 2.1

0.54E-05 2.6158 | 3.13E-02 2.1741 | 2.47E-03 2.4898 || 2.1
1.38E-05 1.9734 | 7.93E-03 1.9488 | 6.34E-04 1.9277 || 2.1
3.27E-06 2.0343 | 2.03E-03 1.9258 | 1.51E-04 2.0235 || 2.1
8.42E-07 2.0294 | 5.08E-04 2.0725 | 3.88E-05 2.0385 || 2.1
2.17E-07 2.0783 | 1.26E-04 2.1391 | 1.05E-05 1.9965 || 2.1

Table 6.2: [Example 1] Number of degrees of freedom, mesh sizes, errors, rates of convergences, and
average number of Newton iterations for the Py —P; — RT; approximation of the Oseen-type Kelvin—
Voigt—Brinkman—Forchheimer model with p=3, v =1,D=1,F =10, and k = 1.

In turn, the body force term is f = 0, the initial condition is zero, and the boundaries conditions are
—-0.5(y — 1),0 r

on = ( (y=1),0) on D, on=(0,0) on Iight UTltop, (6.3)
(0, —05(.%' — 1)) on Fbottoma

which drives the flow in a diagonal direction from the left-bottom corner to the right-top corner of the
square domain §2.

In Figure 6.3 we display the computed magnitude of the velocity, the velocity gradient tensor, and
the viscoelastic pseudostress tensor at times 7' = 0.01, 0.2, and 1. These results were obtained using
the fully-mixed P; — P; — RT; approximation on a mesh with 48,891 triangular elements, which
correspond to 1,222,690DoF. We note that the velocity in the fractures is higher that the velocity
in the porous medium, due to smaller fractures thickness and the parameter setting (6.2). Also, the
velocity is higher in branches of the network where the fluid enters from the left-bottom corner and
decreases toward the right-top corner of the domain. In addition, we observe a sharp velocity gradient
across the interfaces between the fractures and the porous medium. The viscoelastic pseudostress
is consistent with the boundary conditions (6.3) and is more diffused since it includes the pressure
field. This example illustrates the ability of the method to provide accurate resolution and numerically
stable results for heterogeneous inclusions with high aspect ratio and complex geometry, as presented
in the network of thin fractures. We further investigated the robustness of the method with respect
to the elasticity parameter x. In Figure 6.4, we show the computed magnitudes of the velocity,
the velocity gradient tensor, and the viscoelastic pseudostress tensor for the parameters in (6.2),
considering x € {3,2,1,1072,107*}. We observe that the elasticity parameter x has a dissipative
effect: as k decreases, the velocity in the fractures increases and the velocity gradient across the
fracture becomes more pronounced, while the viscoelastic pseudostress remains consistent throughout
this variation. This study shows that the method produces stable and physically meaningful results
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Figure 6.2: [Example 2]: Computed magnitudes of the velocity and velocity gradient, viscoelastic

pseudostress tensor component, and pressure field.

over a wide range of parameters, such as D, F, and x. Furthermore, we observe that the method is
robust with respect to small values of x, such as 107%. Notice that, in the limit case x = 0, the classical
convective Brinkman—Forchheimer model is recovered.

7 Conclusions

In this paper, we presented a new velocity-velocity gradient-pseudostress formulation for an Oseen-type
linearization of the Kelvin—Voigt—Brinkman—Forchheimer (KVBF) system together with its mixed fi-
nite element approximation. The system models fast and unsteady viscoelastic flows in highly porous
media. The formulation offers several advantages, among which we first highlight the fact that no
small-data assumptions are required. In addition, it provides a well-posed setting for large data, achiev-
ing optimal convergence rates, and directly approximating two physical variables of interest, namely
the velocity gradient and the viscoelastic pseudostress tensors, while also recovering the pressure field
through a simple postprocessing step. We establish the well-posedness of the weak formulation, as well
as stability and error estimates for the semidiscrete and fully discrete mixed finite element approxima-
tions. The numerical results confirm the effectiveness and stability of the method in highly demanding
scenarios. In particular, the example involving an internal network of thin fractures demonstrates the
ability of the formulation to accurately resolve heterogeneous media with large contrasts in the param-
eters D and F, correctly reproducing the concentration and deviation of the flow along the fractures
and its diagonal propagation induced by the boundary conditions. The simulations show significantly
higher velocities inside the fractures than in the surrounding porous matrix, along with sharp velocity
gradients across the interfaces. Moreover, the viscoelastic pseudostress remains consistent with the
boundary conditions and exhibits a smoothed behavior due to the contribution of the pressure field.
Finally, the robustness analysis with respect to the elasticity parameter x shows that the method
produces stable and physically meaningful results over a wide range of values, maintaining a consis-
tent pseudostress pattern and accurately capturing the dissipative effect associated with decreasing k.
Overall, these experiments validate the numerical robustness of the proposed scheme and its capability
to resolve viscoelastic flows in complex geometries with strong material discontinuities. In particular,
the final numerical example suggests that the skew-symmetric approach can be extended to the orig-
inal KVBF model and highlights the importance of mesh refinement around the fracture network, as
illustrated in Figure 6.3. This observation motivates future work on establishing the well-posedness

34



lleulleo (0,7;n) lesleo0,7;0) leulle20,7;n)
DoF h error rate error rate error rate
888 | 0.8660 || 1.80E-02 - 8.07E-02 — 1.12E-03 —
6,816 | 0.4330 || 9.45E-03 0.9280 | 4.34E-02 0.8963 | 5.86E-04 0.9280
53,376 | 0.2165 || 4.86E-03 0.9590 | 2.21E-02 0.9734 | 3.02E-04 0.9590
422,400 | 0.1083 || 2.45E-03 0.9894 | 1.11E-02 0.9933 | 1.52E-04 0.9894
2,020,788 | 0.0642 || 1.45E-03 0.9969 | 6.58E-03 0.9981 | 9.01E-05 0.9969

leslle(0,1:0) leolle2(0,7:%) lepllez0,7:12(02))
error rate error rate error rate iter
5.01E-03 — 3.78 E+00 — 1.51E-01 — 2.1

2.69E-03 0.8963 | 2.01E400 0.9139 | 8.39E-02 0.8483 || 2.1
1.37E-03 0.9734 | 1.02E+00 0.9795 | 4.30E-02 0.9633 || 2.1
6.89E-04 0.9933 | 5.11E-01 0.9951 | 2.16E-02 0.9918 || 2.1
4.08E-04 0.9981 | 3.03E-01 0.9986 | 1.28E-02 0.9986 || 2.1

Table 6.3: [Example 2] Number of degrees of freedom, mesh sizes, errors, rates of convergences, and
average number of Newton iterations for the Py — Pg — RTy approximation of the Oseen-type Kelvin—
Voigt—Brinkman—Forchheimer model with p =3.5, v =1,D=1,F =10, and x = 1.

and error estimates for a skew-symmetry-based mixed formulation of the KVBF model, as well as
developing an a posteriori error analysis for the proposed method, which could then guide adaptive
mesh refinement and yield more accurate approximations for this class of problems.
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