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Abstract

In this work, we propose and analyze a new pseudostress—stream function dual-mixed varia-
tional formulation for the stationary Navier—Stokes problem in two dimensions with nonho-
mogeneous Dirichlet boundary conditions. More precisely, after rewriting the Navier—Stokes
system in terms of the pseudostress tensor and the velocity field, the latter is decomposed
by means of a Helmholtz—Weyl decomposition in L?(2), which leads to a three-field formu-
lation in which the pseudostress, the stream function, and a Lagrange multiplier associated
with momentum conservation are the primary unknowns. The associated Galerkin scheme
is defined using lowest-order Raviart—Thomas elements for the pseudostress tensor, contin-
uous piecewise linear elements for the stream function, and Crouzeix—Raviart elements for
the Lagrange multiplier. We prove the well-posedness of both the continuous and discrete
formulations by means of the Banach—Necas—Babuska theorem and Banach’s fixed-point
theorem, under a sufficiently small data assumption. In addition, we derive a priori error
estimates and establish the optimal rate of convergence. Finally, numerical experiments are
provided to validate the theoretical results and to demonstrate the efficiency and accuracy
of the proposed method. The present contribution retains the main advantages of classical
pseudostress-based formulations, such as the capability to recover additional variables of
interest and to ensure momentum conservation, while introducing new features, including
exactly divergence-free velocity approximations and a direct approximation of the stream
function.
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1 Introduction

The numerical approximation of incompressible fluid flow remains a central topic in scientific
computing, with applications ranging from engineering and geophysical flows to biological sys-
tems. In this context, the stationary Navier—Stokes equations constitute a fundamental model,
describing the balance of momentum and mass conservation in viscous incompressible fluids.

A major challenge in the numerical treatment of this system lies in the incompressibility
constraint, which couples the velocity and pressure fields and gives rise to the well-known inf-
sup stability condition. Over the past decades, a wide variety of approaches have been developed
to address this difficulty, including mixed finite element methods, stabilized formulations and
discontinuous Galerkin (DG) schemes (see, e.g., [17, 18, 27, 28, 30, 32, 37] and the references
therein).

Among these approaches, mixed formulations based on pseudostress variables have attracted
considerable attention, as they allow for the direct approximation of physically relevant quanti-
ties while ensuring local conservation properties (see e.g. [8, 9, 10, 11, 12, 14, 16]). In particular,
the introduction of the pseudostress tensor enables the reformulation of the momentum equation
into a first-order system, leading to stable and momentum-conservative discretizations (see, e.g.,
[11, 12, 25]).

An alternative approach to enforcing mass conservation at the discrete level for the Navier—
Stokes equations is provided by so-called stream function-based methods, which ensure the
incompressibility constraint exactly by construction. More precisely, by expressing the velocity
field as the curl of a scalar potential in two dimensions (or a vector potential in three dimen-
sions), one obtains a fourth-order variational formulation in which the primary unknown is the
corresponding stream function (see, e.g., [26, Sections 1.5.2 and 1.5.3]). In this framework, the
velocity field is recovered by applying the curl operator to the stream function, thereby yielding
an exactly divergence-free approximation. This approach has led to a variety of discretization
strategies, including C! conforming finite elements, DG methods, and Virtual Element Methods
(see, e.g., [1, 2, 4, 21, 36, 39] and the references therein).

In this work, we combine the pseudostress framework with the stream function approach to
propose a new dual-mixed finite element method for the two-dimensional Navier—Stokes prob-
lem. The resulting scheme delivers an exactly divergence-free approximation of the velocity
while retaining the main advantages of pseudostress formulations, such as momentum conserva-
tion and the capability to approximate several additional variables of interest. More precisely,
starting from a reformulation of the pseudostress—velocity formulation introduced in [12], we
proceed similarly to [14, 15, 34] and apply a Helmholtz—Weyl decomposition to the velocity
field to derive a new three-field formulation in which the pseudostress, the stream function,
and a Lagrange multiplier enforcing momentum conservation are the primary unknowns. This
multiplier can be shown a posteriori to vanish identically. The analysis of both the continuous
and discrete problems is carried out using the Banach—Necas—-Babuska theorem and Banach’s
fixed-point theorem, under the assumption of sufficiently small data. In addition, we derive
the corresponding Céa estimate and prove the optimal convergence of the method, which is
confirmed by numerical experiments.

We emphasize that, unlike previous works on stream function formulations, our approach
avoids the resolution of a fourth-order system for the stream function. In addition, most stream
function formulations available in the literature are restricted to the Stokes problem, and only
a few extend the analysis to the Navier—Stokes equations. In contrast, the present approach



allows us to treat the full Navier—Stokes problem within a mixed framework while preserving
exact mass conservation and avoiding higher-order operators.

The remainder of this paper is organized as follows. In Section 2, we present the main as-
pects of the continuous problem. In particular, we introduce the pseudostress—stream function
formulation and analyze its well-posedness by means of a fixed-point strategy combined with
the classical Banach—Nectas—Babugka theorem and Banach’s fixed-point theorem. Next, in Sec-
tion 3, we introduce and analyze the associated Galerkin scheme, following closely the analysis
developed for the continuous problem. We also establish the corresponding a priori error esti-
mate and prove the optimal convergence of the method. Finally, in Section 4, we present several
numerical experiments illustrating the good performance of the scheme.

2 The model problem and its mixed formulation

In this section we present the model problem and derive the variational formulation. We begin
by introducing some notations and definitions.

2.1 Preliminaries

Let Q C R? be a bounded domain with a polygonal connected boundary I', and let n be the
outward unit normal vector on I". We will use standard notations for the Lebesgue spaces LP(£2),
with p > 1 and the Sobolev spaces WP (§2) with » > 0, endowed with the norms and seminorms
I Nlops || lrps | [rpi2s Tespectively. Note that WOP(Q) = LP(Q2) and if p = 2, we write H"(Q)
instead of W"2(2), with the corresponding Lebesgue and Sobolev norms, denoted by || - [lo.o
and || - ||, respectively. We also write |- |, o for the H"-seminorm. On the other hand, Wy”(Q)
denotes the closure in W™P(Q) of all distribution with compact support in € which belongs to
WP(2). In addition, H'/?(T") denotes the trace space of H'(Q), and H~'/3(T") stands for its
dual. The duality pairing between H'/2(T") and H~'/2(I") is denoted by (-, -)r and, for sufficiently
smooth functions, it coincides with the L?(T") inner product. Furthermore, we will denote by
S and S the corresponding vectorial and tensorial counterparts of the generic scalar functional
space S. Unless otherwise stated, given any pair (-,-) in a product space X x Y, we denote
N =1 + - Iy

For convenience, for arbitrary scalar fields v and w, vector fields v = (v;)i=1,2 and w =
(w;)i=1,2, and tensor fields T = (735);,j=1,2 and ¢ = ((;j)i j=1,2, we shall use the notation

@wm:éwathzévw,wdh@mzérc

and we also recall the Holder inequality:

. 1 1
(£, 9)ol < [ fllopeliglloge V. feLXQ), Vg eLi(Q), with —+ o =1.

Now we recall from [38, Theorem 1.3.4] the following Sobolev embedding estimate:
|wlloro < C@)||wllia YweH(Q), for all r > 1, (2.1)

where C(r) > 0 depends only on r and 2. In addition, it is easy to see from [22, Lemma B.63]
that the following Poincaré-type inequalities hold:

a@wlhirmo < [whieme, Ywe Wy (Q),  forallr>1, (2.2)



and
() w10 < w0, Ywe WLT(Q), for all » > 1, (2.3)

where
W (Q) := {6 € W'"(Q) : (6,1)q = 0},

and ¢1(€2), c2(©2) > 0 depend only on .
For any two vector fields v = (v;)j=1,2 and w = (w;);=1,2, we define the gradient, divergence,
and tensor product operators, as follows

2

Ovs v

Vv = ( U’) , divv:= Z ﬁ, and v W := (vwj)i =12
Ox; ij=1,2 = Ox;

For arbitrary tensor fields 7 = (75)ij=1,2 and ¢ = ((ij)ij=1,2, we also define divT as the
divergence operator div acting row-wise on 7. In addition, the transpose, trace, tensor inner
product, and deviatoric part are given, respectively, by

2

2
1
= (hi)jime, t(T) =) T, TiC= ) wGy, and Ti=T - g (mL
i=1 i,j=1

where I denotes the identity tensor in R?*2. Moreover, for any scalar field 8, we define the
operator curl by

curlf := (aaxi, —;i)t.

Next, given p > 1, we proceed as in [13] and introduce the Banach space
H(div,; Q) := {v € L*(Q) : divv € L’(Q)},

endowed with the norm

. 1/2
1V lldivy0 = { V1[50 + 1div vI[§ o}

In the particular case p = 2, we omit the subscript and write H(div; 2) = H(divg;2). We also

set
H(divp; Q) := {v € H(div; Q) : divv=0 in Q}.

We further define the tensor-valued counterpart of H(div,; ) by
H(div,; Q) := {T € L*(Q) : divT € L?(Q)},

and introduce
Ho(divy/s; Q) := {7 € H(divy/3;Q) : (tr(7),1)q = 0}.

Moreover, we recall from [12, Section 2.3] that the decomposition
H(divy/s; Q) = Ho(divy/s3; Q) © Po(Q)T,

holds, where Py(£2) denotes the space of constant polynomials on Q2. In particular, on Hy(div/3; ()
we recall from [12, Lemma 3.1] (see also [24, Lemma 2.3] for the Hilbert case) that

COITIIEe < 7980+ Idiv Tl s V7 € Ho(divys; ), (2.4)

4



where C'(Q2) depends only on €.

Finally, throughout the rest of the paper, we use 0 to denote a generic null vector (or tensor),
and the symbols C and ¢, with or without subscripts, bars, tildes, or hats, to denote generic
positive constants independent of the discretization parameters and of v, not necessarily the
same at each occurrence. The symbols < and 2 are used to indicate inequalities that hold up
to such constants.

2.2 Strong equations

We consider the stationary Navier—Stokes equations:

—vAu+ (u-Vju+Vp=f in Q,
divu=0 in €,
(2.5)
u=up on I
(pa 1)Q =0,

where the unknowns are the velocity field u := (uy,us)! and the pressure p of a fluid occupying
the region 2. The given data are v > 0 denoting the fluid viscosity, an external force f acting on
Q, and the boundary velocity up on I'. Note that up must satisfy the compatibility condition

(up -m,1)p =0, (2.6)

which follows from the incompressibility constraint. Moreover, the last condition in (2.5) is
imposed to ensure uniqueness of the pressure.

Now, in order to derive our mixed approach, we begin by introducing the following reformu-
lation of the pseudostress tensor employed in [16]

o =Vu-—vt(u®u)+vilcl-vipl in Q (2.7)

1
with ¢y = m(tr (u®u),l)g € R.
Then, noticing that owing to the incompressibility condition tr (Vu) = divu = 0 in Q, the

following identity holds:

1
p= —gtr (o) — itr (u®u)+cy in Q, (2.8)

we can proceed analogously to [16] to rewrite equations (2.5) as the following first-order:

cl=Vu—-rvltueou! in Q —dive=rv'f in Q, (2.9)
u=up on I, (tr(o),1)q=0. '

Above, the unknowns are the velocity u and the tensor o, and the pressure can be easily
recovered from (2.8). Notice that in view of (2.8), the condition ensuring uniqueness of the
pressure is now imposed through the last equation of (2.9).



2.3 Variational formulation

We now proceed to derive the variational formulation associated with (2.9) that will allow

us to obtain the desired momentum- and mass-conservative mixed scheme. We begin follow-

ing [12, Section 2.3] to deduce from (2.9) the following variational problem: Find (o,u) €
Ho(divy/s; Q) x L*(Q) such that

(04, 7N q + (divT,u)g + l(u ou,7)q = (rn,up)p, Vre Ho(divys; ),

v . (2.10)

(dive,v)q = —;(f,v)g, Vv e LYQ).

We note that (2.10) does not coincide exactly with the variational formulation introduced in
[12], since the tensor o used here is a reformulation of the one considered in [12]. Nevertheless,
the well-posedness of (2.10) follows straightforwardly from [12, Theorem 3.8]. More precisely,
we have the following result, whose proof is omitted.

Theorem 2.1 Let f € L*3(Q) and up € H'/?(T), such that

C (v Huplhjer + v £l

04/3:0) <1,

where C' > 0 only depends on . Then, there exists a unique (o, 1) € Ho(divy/s; Q) x L4(Q)
solution to (2.10). In addition, the following estimate holds:

H0'||div4/3,§2 +luflogn S ”uDH1/2,F + V_1||f 0,4/3;0-

Now, according to [35, Theorem 1.1 and Proposition 2.2], and recalling that 2 C R? is simply
connected, which in particular implies that its first Betti number vanishes, there exists ¢ > 0,
depending only on I', such that, for every p € (4/3 — ¢, 4 + €), the following Helmholtz—Weyl
decomposition holds and is stable:

LP(Q) = curl W'P(Q) & VW P(). (2.11)
More precisely, for each z € LP(€2), there exist unique £ € WP(Q) and ¢ € Wé’p (Q) such that

z=curl§{ +Vy and |§|1,p;9 + |¢|1,p;9 S ||Z||0,p;Q' (2.12)

Then, if u € L(Q) is the velocity solution of (2.10), we employ (2.11) with p = 4, to deduce
that there exists w € W4(Q) and ¢ € Wé’4(Q), such that

u = curlw + V. (2.13)

Based on this decomposition, we now propose the following equivalent variational formulation:
Find (o, (w, ¢)) € Ho(divys; Q) x (WH(Q) x Wy*(Q)), such that:

(04, 7q + (div T, curlw + V)g + v (curlw @ curlw, 74)q = (rn, up)r,
(dive,curl 0 + Vi)g = —v (£, curl 6 + Vib)q,
(2.14)
for all (7, (6,v)) € Ho(div,/s; Q) x (WH(Q) x W5 ().
Using (2.11), it can be proved that (2.14) is indeed equivalent to (2.10). To that end, we
first introduce the following preliminary result.



Lemma 2.2 Let € > 0 be the constant given in [35, Proposition 2.2/, let p € (4/3 —¢€, 4+ ¢€) be
such that the decomposition (2.11) holds, and let ¢ € R be the conjugate exponent of p, that is,
1/p4+1/q=1. Then there exists a constant By > 0 such that
Vi, V)a
sip OV 5010 e Vo € WHI(Q), (215)
0£YEWP(Q) [U]1p0

Proof. Given ¢ € Wé’q(Q), we first observe that

(chp|q*2v<p i ) 1)9 = (\Vﬂqa 1)9 < +09,

which implies that |[V¢|972Vp € LP(Q2). Then, from (2.11), we deduce that there exist unique
€ e WhP(Q) and x € WP(Q), such that

|V|T2Vp = curl € + Vx (2.16)
and also, since the sum is direct and topological, the following estimate holds

13

Then, using (2.16), integration by parts and (2.17), we obtain

- -1
Lp T [X[pe S Vel Vo 0,p;2 = |90|({,q;(2- (2.17)

sp V8V o (VX Vela _ (Ve Ve — cul), Vp)o
0pEW! P(9) WVhipa — IxXlipo IX|1,p:02
o (V" 2Vp, V)o — (curl¢, Vp)a _ [#lig0
~ q—1 T e
’¢|17Q;Q |()0|17q;Q
which completes the proof. O

We now prove the equivalence between problems (2.10) and (2.14).

Lemma 2.3 If (o,u) € Hy(div,/3; Q) x L4(Q) is a solution to (2.10), then u = curlw for some
w e WH(Q), and (o, (w,0)) is a solution to (2.14). Conversely, if (o, (w, ¢)) € Ho(divy/s; Q) x
(W1’4(Q) X Wé’4(Q)) is a solution to (2.14), then ¢ = 0 in Q and (o,u) = (o, curlw) is a
solution to (2.10).

Proof. Let (o, (w,¢)) € Ho(divy/s; Q) x (WH(Q) x Wy*(2)) be a solution of (2.14), and let
7= (0~ |97 (6. o) I € Ho(divy: ), with ¢ € Wy"*(@).
Observe that the compatibility condition (2.6), together with the fact that ¢|p = 0, implies
(Ten,up)r = 0.

Therefore, taking 7 = 74 in the first equation of (2.14), and using that ‘rg =0 and div(7y) =
V¢, we obtain
(Vé, Voo = 0. (2.18)



Since ¢ € Wé’4/ 3(9) is arbitrary, it follows from (2.18) and the inf-sup condition (2.15), with

p=4/3 and q = 4, that |¢|; 4,0 = 0. Consequently, owing to the Poincaré inequality (2.2) with
r = 4, we deduce that ¢ =0 in .

According to the above, setting u = curlw € L*(Q), we conclude that (o, u) satisfies the
first equation of (2.10). Moreover, by the decomposition (2.11), the second equation of (2.14)
immediately yields the second equation of (2.10). Therefore, (o,u) = (o, curlw) is a solution
of (2.10).

Conversely, let (o, u) € Ho(divy/s; Q) x L4(€2) be the unique solution of (2.10), and let
w e W1’4(Q) and ¢ € W(l)’4(Q) be such that (2.13) holds. Then, the first equation of (2.10) can
be equivalently rewritten as

1
(04,74 + (div T,curlw—l—Vgo)Q—{—;((curlw+Vgp)®(curlw+Vgp),Td)Q = (rn,up)r, (2.19)

for all 7 € Hpo(divy/3;§2). But, proceeding exactly as above, that is, by taking 74 = (¢ —

1171 (¢, 1)) I € Ho(divy/s; Q) in the first equation of (2.19), with arbitrary ¢ € W(l)’4/3(Q),

we deduce that ¢ = 0 in 2, and consequently, (o, (w, ¢)) satisfies the first equation of (2.14).
Moreover, by applying again the decomposition (2.11), we infer that the second equation of
(2.10) immediately yields the second equation of (2.14). Therefore, (o, (w,¢)) is a solution of
(2.14), which completes the proof. O

Notice that, owing to the decomposition (2.11), the momentum conservation of the system is
strongly imposed in L*/3(Q) through the second equation of (2.14). Hence, the unknown ¢ acts
as a Lagrange multiplier associated with momentum conservation and allows one to preserve
the symmetry of the saddle-point structure. For this reason, this unknown is retained in the
formulation, although it is shown to vanish identically. We also point out, in advance, that by
approximating the solution of (2.14) with suitable finite element spaces, one obtains a direct
approximation of the stream function w, and by setting u = curlw, one immediately recovers
an exactly divergence-free approximation of the velocity. Finally, we observe that Lemma 2.3,
together with the well-posedness of problem (2.10), guarantees the existence of a solution to
(2.14). It remains to establish uniqueness and the corresponding stability estimate, which will
be addressed in the following section.

2.4 Well-posedness

In this section, similarly to [12], we apply a fixed-point strategy and combine the classical
Banach—Necas—Babugka theorem with the Banach fixed-point theorem to establish the well-
posedness of (2.14) under a suitable smallness assumption on the data. To this end, we rewrite
(2.14) as a perturbed saddle-point problem and introduce the associated fixed-point problem.

First, we let a : Ho(divy,3;2) x Ho(divy/3;Q) — R, b : Hy(divy/s;Q) x (WM(Q) X
W) — R, ¢ : Wh(Q) x Wh4(Q) x Ho(divy/s;Q) — R, F : Ho(divys;Q) — R and
G Wh(Q) x W(l)’4(Q) — R, be the forms and functionals given by

a(o, )= (69,7, b(r,(0,1)) = (divT,curld + Vi)q, (2.20)
c(@;w, ) = v Heurld ® curlw, 7%)q, (2.21)
F(t):=(rn,up)r and G(6,%):= —v Yf, curl @ + Vi))q. (2.22)



Then, it is clear that problem (2.14) can be rewritten as: Find (o, (w,¢)) € Ho(divy/s; ) x
(WL4(Q) x Wg(€2)), such that:
a(o,7) + b(7,(w,9)) + cwisw,7) =F(r) V7 €Ho(divys;;9Q),
N (2.23)
b(o (6,4)) =G(0,4) V(6.0) € WHHQ) x W' ().
Now, define the operator:

T WHQ) 5 WHQ), &5 IT0) =w, (2.24)

where, given W € WIA(Q), w is the second component of the solution to the linearized version

of problem (2.23): Find (o, (w, ¢)) € Ho(div,/s3;§2) x (WH(Q) x W(l)’4(Q)), such that

a(o,7) + b(7, (w,9)) + c(O;w, ) = F(1) V1 € Hy(divy/s; ), 0.25)
b(o, (0,1) =G(0,0) Y(0,0) € WH(@Q) x Wit Q).

Hence, it is not difficult to see that (o, (w,¢)) € Ho(divy/s; ) x (W4 (Q) x W(l)’4(Q)) is a
solution of (2.23) if and only if w is a fixed point of 7, that is

J(w) = w. (2.26)

In what follows, we focus on proving that J admits a unique fixed point. Before proceeding
with the solvability analysis, we first establish the well-definedness of the fixed point operator.
We note in advance that, according to the definition of 7, it suffices to show that problem (2.25)
is well-posed.

2.4.1 Well-definitiness of J

We now apply the classical Banach—-Nec¢as—Babuska theorem to prove that problem (2.25) is
well-posed. To that end, we first establish the stability properties of the forms involved.

We begin by observing that straightforward calculations show that the forms a, b, and c are
bounded. More precisely,

a(o, T < llolldivizo I Tldivy 0 BT, (@ 0)] < [17lldivy 0 | (@ D)), (2.27)

and 1
le(@;w, )| < ~l@llLae wllige 17]div, 50 (2.28)

In addition, it is straightforward to verify that G is bounded, and [12, Lemma 3.5] ensures that
F' is bounded as well. More precisely, the following estimates hold:

1
Glw, V)l < ~llflloazallw )l 1E(T)] < Crlluplhyzr [7lldiv, 0. (2.29)

where Cr > 0 is a constant depending on the constants in (2.1) and (2.4).
We now let V be the kernel of b, that is

V= {7 € Ho(divy/3 Q) : b(r, (w,9)) =0, V(w,) e WH(Q) x Wy},

9



using the decomposition (2.11) with p = 4, it is clear that the space V can be characterized as
follows
V= {71 € Hy(divys;Q) : divr =0 in Q}.

Then, from (2.4), we easily see that a satisfies

a(t,7) 2 1Tl[&iv, 0 VT EV. (2.30)

)

We now recall from [12, Lemma 3.3] that the following inf-sup condition holds:

(divT,2z)q

> |lzlloan  Vz e LY(Q). (2.31)

sup
0#7€Ho(divy/3;Q) H’7-||diV4/3§Q

Then, combining (2.3), (2.12), and (2.31), we readily deduce that the bilinear form b satisfies
the inf-sup condition

ap POy v e W@ x Wi ). 232)

O¢T€Ho(diV4/3;Q) H}THdiV4/3§Q

Finally, using the stability properties (2.27), (2.30) and (2.32), and applying [22, Proposition
2.36], it is not difficult to see that the bilinear form A : X x X — R defined by

A((o,w,¢),(1,0,¢)) :=a(o, )+ b(T, (w, ) + blo, (6,7)), (2.33)
with -
X = Hp(divy3; Q) x WH(Q) x Wt (Q),
satisfies: A((C.0.6). (7.0.0))
U O AT 7 0, V(¢ D, 0) € X, 2.34
07&(:(3))@ TEXRD > 9)l V(C 9, 9) € (2.34)

where v is a positive constant independent of v.
The following result establishes the well-definiteness of 7 under a suitable smallness assump-
tion on the data.

Lemma 2.4 Let K C WIA(Q) be the conver and bounded set given by

~ ~ 2 1
K {0 W@ s olhan < (Colunlier+ 3 Ifloysa) b 239

with v and CF being the positive constant defined above in (2.34) and (2.29), respectively, and

assume that .
— | Crllu + —||f . <1. 2.36
V,}/Q ( P” D”1/2,F VH ”0,4/3,9) = ( )

Then, given @ € K, there exists a unique w € K such that J (&) = w.

Proof. Given w € K, we begin by defining the bilinear form

A%((o,w,9), (7,0,9)) = Al(o,w, ), (1,0, 9)) + c(@;w, T), (2.37)
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where A and c are the forms defined in (2.33) and (2.21), respectively. Then, it is easy to see
that problem (2.25) can be equivalently rewritten as: Find (o,w, ¢) € X, such that

AP (o, w, ), (1,0,0)) = F(T) + G(0,¢) Y(7,0,¢) € X. (2.38)

In this way, to prove the well-definiteness of 7, in what follows we equivalently prove that A%
satisfies the hypotheses of the Banach-Necas—Babuska theorem [22, Theorem 2.6].

First, analogously to [12, Theorem 3.7|, we combine the global inf-sup condition (2.34) with
the boundedness of ¢ (cf. (2.28)), to deduce that

A°((¢,9,0), (T,0,9))
orromex 00|

> (v- L1@lue) G20 V@GP0 X (230)

Therefore, from the definition of K (cf. (2.35)), assumption (2.36) and estimate (2.39), we obtain

Aa((C’ 29’ ¢)’ (T7 97 w))
osromex T 0,0

> 1C0.9) V(C.9.0) €X. (2.40)

Similarly, noticing that A(-,-) is symmetric, we employ (2.40) and (2.28), together with (2.36),
to obtain

sup  AZ((r,0,0),(6.0,6)) = LIG0,0)| >0 ¥E0,6) X\(0).  (241)
(1,0,0)eX

In this way, from (2.40) and (2.41) we obtain that A¥(-,-) satisfies the hypotheses of the
Banach—Necas—Babuska theorem (cf. [22, Theorem 2.6]), which allows us to conclude the ex-
istence of a unique (o,w,p) € X solution to (2.25), or equivalently, the existence of a unique
w e W1’4(Q) such that J(¥) = w.

Finally, applying (2.40) with (¢, 9, ¢) = (o, w, ) and (2.38) we readily obtain that

2 1
elhan < @)l < 2 (Collpliar + 5 IFloasa ) (2.42)

which implies that w belongs to K and concludes the proof. ]

2.4.2 Existence and uniqueness of solution

We now establish the existence and uniqueness of a solution to problem (2.23). To this end,
as anticipated above, we apply the Banach fixed-point theorem to show that the operator [J
admits a unique fixed point in K. This is stated in the following result.

Theorem 2.5 Let f € L*3(Q) and up € HY/2(T) be such that

4 1
— | C —||f . < 1. 2.43
2 (Crlunlhae + Sfloyso (2.43)

Then, there erists a unique (o,w,p) € X = Hy(divy/s;) x WM(Q) X Wé’4(Q) solution to
(2.23). Moreover, the solution satisfies

1
(Cellulh o + S 1floasso) - (2.41)

20w

[(o,w, @) <

11



Proof. In what follows, we prove that J is a contraction mapping. To this end, let &1,Ws € K,
and, in view of Lemma 2.4 and assumption (2.43), let w;,ws € K be such that

j(@l) = W1 and j(@g) = W2.

Then, from the definition of J (cf. (2.24)) and (2.25), it follows that there exist unique (o1, 1),
(02, p2) € Ho(divy/s3; Q) x W(IJA(Q), such that for all (7,6,v) € X, there hold

AWI((Ulvwla 901)7 (Ta 0, 1/})) = F(T) + G(Qﬂ/f)

and
AQ2((027 w2, gpg), (Ta 07 ¢)) = F(T) + G(0> ¢)

Subtracting the two equations, recalling the definition of A“ (cf. (2.37)), and adding and
subtracting the term c¢(Wq; w2, T), we easily arrive at

AP (01 — 0,w1 — wa, o1 — 92), (T,0,1)) = — (@1 — Do; wa, T),

for all (7,0,%) € X. Therefore, recalling that w; € K, from the above identity, together with
(2.40) and the boundedness of ¢ (cf. (2.28)), we obtain

A - - — 0
lnwl —W2H1,4;Q < sup ((Ul 02,W1 — W2, Y1 ()02)7(7-7 7¢>)
2 0#(7,0,¢)eX ”(Ta 97 ¢)”

- C((’A‘)l - QQ;W%T)

1.
= sup < ;HM — w210 /lw2 1,40,

04(r,0,1)eX (7,0,

which, together with the fact that wy € K (cf. (2.42)), implies that

1T (@1) — T (@2)

4 1 ~ ~
140 = [lw1 —w2ll1,60 < —5 | Crllupllier + —[Iflloa/30 ) |01 — @21,40.
vy v

The latter, together with assumption (2.43) and the Banach fixed-point theorem clearly implies
the unique solvability of the fixed-point problem (2.26), which equivalently implies the well-
posedness of problem (2.23).

Finally, analogously to the proof of Lemma 2.4, estimate (2.44) is obtained from (2.40) with
(¢,Y,¢) = (o,w, ) and © = w, which concludes the proof. O

3 Finite element discretization

In this section, we introduce and analyze a Galerkin discretization of the mixed formulation
(2.23) that preserves the momentum conservation property of the system and provides an exactly
divergence-free approximation of the velocity.

As we shall see next, the solvability of the discrete scheme can be established by employing
arguments analogous to those used for the continuous problem. We conclude the section by
deriving the corresponding a priori error estimate and the associated rates of convergence for
the Galerkin approximation.

12



3.1 Discrete scheme

Let 73, be a regular family of triangulations of the polygonal domain € into triangles 7' C R?
with diameter h7, such that

and define
h:=max{hr: T € Tp}.

Given an integer [ > 0 and a subset S C R?, we denote by P,(S) the space of polynomials on S of
total degree at most I. Then, for each T € Ty, we define the local lowest-order Raviart—Thomas
space (see, for instance, [7]) by

RT(T) := [Py(T)]? @ Po(T)x,

where x := (1, 22)" denotes a generic vector in R.
Next, let &, denote the set of edges of Ty, and let h, be the diameter of each edge e € &p,.
We define
En(QQ) = {eEEh : egﬂ} and &,(T) := {eef‘:h : eQF}.

Moreover, for any piecewise functions v, we denote by [-] the usual jump operator across interior

edges, namely
[v] :== (vl )]e — (v]r )] with e = 0T}, NOT-,

where Ty and T_ are the two elements of 7} sharing the edge e.
With this notation, we introduce the classical Crouzeix—Raviart space (see, for instance, [19])
defined by

Hf = {’Lbh S LQ(Q) : Qph|T S Pl(T) VYT €T, ([[@Dh]], l)e =0Vee 8h(Q>,

and (Yp,1),=0Vee é'h(F)}.

Then, defining the spaces
HY == {7, € H(divy3;Q) : c'Tplr € RTo(T), VeceR? VT €T},
HY := {6, € C(Q) : Oplr € P1(T), VT €Th},
and their corresponding subspaces
HY o := HY NHo(divy3: Q) and HY o= HY N WH(Q),

we propose the following Galerkin scheme to approximate the solution of problem (2.23): Find
(oh, (wh,en)) € HY ; x (HY , x HY), such that:

a(on, Th) + bp(Th, (Whypn)) + clwp;wn, Th) = F(Th) VT, € Hy o,

(3.1)
by (o, (On,¥n)) = Gr(On,¥n) Y (On,¢n) € Hy o x H,

13



where the forms a and c, as well as the functional F, are defined in (2.20), (2.21) and (2.22),
respectively, whereas the form by, : Ho(divy/s; Q) x (WH4(Q) x [W(l)’4(Q) + Hf]) — R and the
functional Gy, : W4(Q) x [W(l]’4(§2) + H;] — R are defined as follows:

by, (T, (wh, ¥n)) := (div T, curlwy, + Viy)q,

1
Gh(wh, ¥p) = —;(f, curlwy, + Vpn)a,

with V}, being the discrete gradient for discontinuous functions, that is, Vpp|r = V(¢n|1), VT €
Th.
It is important to emphasize that the spaces H‘;;O and Hf, used to approximate the unknowns
w and ¢, respectively, are chosen since they satisfy the key discrete Helmholtz decomposition
(see [3, Theorem 4.1]):
[Po(T))? = curl Hy, , & V,HY, (3.2)

where Py(7,) denotes the space of piecewise constant functions. In particular, similarly to
the analysis of the continuous formulation, the decomposition (3.2) will play a crucial role in
establishing the well-posedness of (3.1) and in ensuring momentum conservation.

We also note that, since Hf is not a subspace of Wé’4(Q), we equip H7 with the following
broken norm (see, for instance, [19]):

1/4
linlln = ( 3 m\m) .
TeT,

Using this norm for Hf, it is not difficult to see that the decomposition (3.2) is stable in the
following sense: There exists C' > 0, independent of h and v, such that

0nl1,40 + |onlln < Cliznlloa0, (3.3)
for all zj, € [Po(Th))?, 6n € Hy 5 and ¢y, € HY, such that z, = curl0), + V¢p,.

3.2 Analysis of the Galerkin scheme
Analogously to the continuous case, we define the discrete counterpart of J (cf. (2.24)) by
jh : H(IA{,O — H%,Ov @h — jh(@h) = Wh, (34)

where, for a given &y, € Hy o, the function wy, denotes the second component of the solution to
the following problem: find (op, (w, ¢n)) € Hf ; x (Hf o x Hy) such that

a(on, 7h) + bu(Th, (Wi, ¢n)) + c(@niwn, Th) = F(Th) VT, € Hy,

bh(O’h, (eha wh)) = Gh(0h7 wh) v (0h7 wh) € HL;L),O X Hf

Consequently, the well-posedness of the discrete problem (3.1) reduces to identifying suitable
hypotheses under which the fixed-point problem of finding wy, € H“ﬁ’o, such that

TIh(wpr) = wp, (3.6)

(3.5)

admits a unique solution.
We first study the well-definedness of 7, which reduces to proving the well-posedness of
(3.5). This is established next.

14



3.2.1 Well-definedness of 7,

Analogously to Section 2.4.1, in what follows we apply the Banach—Necas—Babuska theorem to
establish the well-posedness of (3.5). To this end, we first observe that the boundedness of the
forms a and c, as well as of the functional F', is inherited from the corresponding continuous
estimates (2.27), (2.28), and (2.29). In addition, the following bounds for the discrete form by
and the functional G}, follow readily from local applications of Holder’s inequality:

1
[br (T, (wns )| < IThllaiv g0 (W, vn)ll and  [Gr(wn, ¥n)l < ~llEllo.a/za [lwn, ¥r)ll;
(3.7)
where, in this case, ||(wp, ¥p)]| is defined by ||(wh, ¥p)|| == w140 + || ¥allh-
Now let V}, denote the discrete kernel of the bilinear form by, that is,

Vi o= {Th €Hfy: bp(Th, (Wh,¥n)) =0, V(wn,vn) € HY o x HY }.

In view of the decomposition (3.2) and the fact that div(H7 ;) C [Po(T1)]?, it is not difficult to
see that V;, admits the characterization

Vp={mn€Hyy: divr,=0 in Q}. (3.8)

As a consequence, and arguing analogously to the continuous case (cf. (2.30)), we readily obtain
from (3.8) that
a(th, Th) 2 1Thllaiv, 0 ¥ Th € Vi (3.9)

Let us now recall from [12, Lemma 4.3] that the following estimate holds

divTy,2zh)0
sup  \IYTRIND o e Vo € (BT
0#T,€HY HThH4/3,div,Q

Using this estimate, along with (3.3) and the Poincaré inequality (2.3), it follows that

b
sup h(Th, (Wh, ¥n)) > wn¥n)ll ¥ (whybn) € Hy o x HY. (3.10)
0#7,€HY ||7'h||4/3,div,9 ’

In this way, defining the bilinear form Ay : X; x X; — R given by

Ay((ohwh, 1), (Thy O, ¥n)) = alon, Th) + bu(Th, (Wh, ©r)) +bplon, (On,vn)),  (3.11)
with
Xh = HZ,O X HL;:,O X Hf,

from the stability properties (2.27), (3.7), (3.9) and (3.10), and applying [22, Proposition 2.36]
it is not difficult to see that the bilinear form A satisfies:

sup Ay((ChsVns 1)y (Thy Oy n))
07’5(7'h,9hﬂ/}h)exh || (Th7 9h7 ,l/}h) H

> Y(Chs Tny dn) (3.12)

for all (¢, Vp, on) € Xp, where 7 > 0 is independent of h and v.
Now we are in position of establishing the well-definiteness of Jj.
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Lemma 3.1 Let K, € Hy ) be the convex and bounded set given by

2 1
Kni= {un e nlhan < 2 (Colunlhnr + Sflogso) o (13)

with 4 > 0 being the constant introduced in the estimate (3.12), and assume that

4
V2

1
(Crlalar + 3 loysa ) <1 (3.14)
Then, given Wy, € Ky, there exists a unique wy, € K, such that Jp,(wn) = wp.

Proof. Analogously to the proof of Lemma 2.4, given &;, € Kj,, we first introduce the bilinear
form

Agh((ahawhv goh)v (Th7 ehv ¢h>) = Ah((Uh,CUh, Soh)7 (Tha 9h7¢h)) + C<ah;wh77h)7 (315>

and then use (3.12) and (3.14) to deduce that AZ" satisfies

sup A ((Chy s 01)s (Thy On n))

>
0 (T, (6n,101)) EX |(Th, On, )|

1(Chs Ons )l Y(ChyUn, dn) € Xy (3.16)

DO |22

In this way, proceeding as in the continuous case, estimate (3.16) and the discrete Banach—Nec¢as—
Babuska theorem [22, Theorem 2.22] yield the existence of a unique solution (o, wp, pr) € Xp, 1=
HY o x Hy 5 x HY to (3.5), with wy, € Hy ) satisfying J,(@n) = wh.

Moreover, arguing analogously to (2.42), we obtain the stability estimate

1
(Cellunlh e + S1flogsa) (317)

2 N

lwnllta0 < [[(h wh, en)|l <
which implies that wj, € Kj,. ]

3.2.2 Existence and uniqueness of solution of the discrete problem

We no establish the main result of this section, namely, the existence and uniqueness of a
solution to the fixed-point problem (3.6), or, equivalently, the well-posedness of (3.1). We note
in advance that its proof follows arguments analogous to those used in the proof of Theorem 2.5,
and therefore most details are omitted.

Theorem 3.2 Let f € L¥3(Q) and up € HY/?(T) such that

4 1
— (C —|If . 1. 3.18
2 (Crlalar + 28l ) < (3.15)

Then, the operator Jp (cf. (3.4)) has a unique fized-point wy, € Ky. Equivalently, the discrete
problem (3.1) has a unique solution (ap, (wh,pn)) € HY o x (H o x Hy). Moreover, there hold

2 1
lonno)l| < 2 (Collapliar + 5 IFloa ) (3.19)
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Proof. First we observe that, as for the continuous case, assumption (3.18) ensures the well-
definiteness of the operator 7, (cf. Lemma 3.1). In turn, proceeding exactly as in the proof of
Theorem 2.5 it is possible to obtain the following estimate

N - 4 1 . N
| Tn(©n,1) — Tn(@n2)ll140 < 2 <CF||uD||1/2,r + V\|f||0,4/3;n) 1©n,1 — Wn,2(l1,4;0

for all Wy, 1, Wpo € Kp. In this way, using estimate (3.18) we deduce that Jj, is a contraction
mapping on Kj, thus problem (3.6), or equivalently (3.1), is well-posed. Finally, estimate (3.19)
is obtained analogously to (2.42). We omit further details. O

Remark 3.3 Observe that, from the second equation in (3.1), we have
(divoy, + v ', curl 0, + Vithn), =0V (65, 4y) € Hy o x HY.
Thanks to the discrete Helmholtz decomposition (3.2), this implies
(divey, +v 'f,24), =0 Vaz, € [Po(Th)]%

and therefore
divo, = —v 1P, (f).

Consequently, the method satisfies the discrete equilibrium equation exactly, and hence it is
momentum-conservative whenever £ € [Py(Ty)]%.
If £ ¢ [Po(T))%, then, under the additional regularity assumption f € WH4/3(Q), we obtain

I — divayloass0 = v If — Pr(f)

0.4/3:0 < Cv ' RIE]1 4/3.0,

where Py, denotes the component-wise (vector-valued) version of the L2 (2)-projection onto Po(Tp,),
denoted by Py, characterized by

(Pr(v) = v, 2n)q =0 Yz € Po(Th),

and satisfying the following approximation estimate (see [22, Proposition 1.135]): for each 0 <
m <1 and each w € W™ (Q), with 1 <r < o0, it holds that

[w = Pr(w)llo0 < Ch™ [w]m r0-
Moreover, recalling that
curl H, o = {vj, € H(div; Q) : vp|r € RTo(T), VT € Tp} N H(dive; Q),

by setting
u, = curlwy, in £,

we obtain an exactly divergence-free approxzimation of the velocity u, and hence the method is
mass-conservative.

Finally, it is also worth noting that, although the analysis in this section has been carried
out using RTy elements to approximate the pseudostress, the BDM; element is also a viable
alternative. For further details on the properties of BDM; element, see, e.g., [6].

17



3.3 Convergence

We now study the convergence of the Galerkin scheme (3.1). More precisely, we first derive
the a priori error estimate for (3.1) and then, under an additional regularity assumption on the
exact solution and using the approximation properties of the discrete spaces introduced in (3.1),
we establish the corresponding theoretical rate of convergence. We begin by providing some
preliminary results:

3.3.1 Preliminary results

We begin by noting that, since the gradient operator V and the discrete gradient operator Vj
coincide in Wé’4(Q), it is clear that the following identity holds

by (T, (6,9)) = b(r, (0,9)), V7 € Ho(divys;Q), ¥(0,%) € WH(Q) x Wo'(Q).  (3.20)

Thus, if (o, w,0) € Hy(divy/s; ) x Whi(Q) x Wé’4(Q) is the unique solution of (2.23), then,
from (3.20) and the identity dive = —v~!f in €, the exact solution satisfies

a(o,7s) + bu(Th, (w,0)) + c(wsw,Th) = F(Th), VT, € Hy
by (o, (On,¥n)) = Gr(On,¥n), ¥ (0n,9n) € Hy o x HY.

which can be rewritten in terms of the bilinear form Aj (cf. (3.11)), as
Ay ((o,w,0), (Thy O, o)) + c(wsw, T) = F(T4) + Gr(0n, ¢n), (3.21)

for all (7, On,¥n) € Hf o x Hy 5 X HY.
Similarly, if (o4, (wn, ¢n)) € Hf o % (H%,o x HY) is the unique solution of (3.1), then the
corresponding discrete equations can be expressed in terms of Ay as

An((onwhsen)s (Thy On, n)) + clwnswi, Th) = F(T1) + Gr(0h, ¥n), (3.22)

for all (Thaghywh) € HZO X H‘ﬁo X Hf
In this way, setting
es =0 —o0o, and e, :=w—wp,

from (3.21) and (3.22), and adding and subtracting appropriate terms, we deduce the following
Galerkin orthogonality property

Ar((eq;ew, —0n), (Thy On, ¥n)) + clew;w, Th) + c(wp; €y, Th) = 0, (3.23)

for all (Th,eh,’lbh) € HZ,O X H(ﬁ,O X Hﬁ

3.3.2 A priori estimate and theoretical rate of convergence

The following result provides the a priori error estimate for the Galerkin scheme (3.1).

Theorem 3.4 Assume that

8

1
sante7a (Crlupliar + 2 flugsa) <1, (324
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with v and 7 the constants introduced in (2.34) and (3.12), respectively. Let (o, (w,0)) €
Ho (divy/3;€) x (WH(Q) x Wé’4(Q)) and (o, (wn,¢n)) € HY o x (Hy o x Hy) be the unique
solutions of the continuous and discrete problems (2.23) and (3.1), respectively. Then, there

holds

va+loln s i {|ra—mudiv4/3;a+|rw—ehul,4;n}-

o—0 : 0+ [|lw—w
” th1v4/3,Q H h (Th,0n)EHY] o xHY
(3.25)

Proof. We begin by observing that, under assumption (3.24), both the continuous and discrete
problems, (2.23) and (3.1), respectively, are well posed.

Now, let ¢; and 9, be arbitrary elements in Hf , and HY ,, respectively, and decompose the
errors e, and e, as follows: 7 7

e =&, + X, and e, =¢&,+ Xu, (3.26)
with
€ =0 —Ch Xo:=Cp—0n, &:=w—1U, and x, =9, —wp.
Then, from (3.23), and adding and subtracting suitable terms, we deduce

Ah((Xo'? Xw> _Sph)a (Tha 9h7 wh)) + C(wh; Xw> Th) = _Ah((£a7 §w7 0)7 (T}u Hhv wh»

—c(Xwiw, Th) — c(wn; &w, Th) — c(&wiw, Th).

(3.27)

Therefore, recalling that the discrete solution satisfies (3.19), which implies that wp € Kj (cf.
(3.13)), employing the inf-sup condition (3.12) on the left-hand side of (3.27), the boundedness
of the forms a, ¢ and by, (cf. (2.27), (2.28) and (3.7)) on the right-hand side of (3.27), and

proceeding as for (3.16), we obtain
2 -1
IXo ldiv, 50 + IXwlla0 + [[enlln < = (2”£0Hdiv4/3;9 +v Ixelliaalwlhae
+(1+ vl a + v wlae) [6lhas):

which together with (3.24) and the fact that w and wy, satisfy (2.44) and (3.19), respectively,
implies
1,4;Q>'

In view of the previous bound, together with hypothesis (3.24) and the stability estimate (2.44),
we easily obtain

2
el + (1= 2 llan) Dolan + lonln S (1ol + 16

HXU‘HdiV4/3;9 + Ixwlliao + llenlln S HfaHdiv4/3;Q + 1€l .50

In this way, from the latter, (3.26), the triangle inequality and the fact that ¢, € Hf , and
(Ch,Vn) € HY , x HY are arbitrary, we readily obtain (3.25), thus concluding the proof. O

Now we recall from [12, Section 4.2] and [22, Section 1.5] that the following approximation
properties hold:
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inf HC - Th||div4/3;ﬂ 5 h{HC’

ThGHg

Lo+ ldive]iaso) V¢ e HY(Q), st. dive e WH3(Q),

(3.28)
and

inf [|€ — 0|

140 S hléllzan  VE € WAH(Q). (3.29)
GheH;‘;

The following theorem establishes the theoretical rate of convergence associated with the
Galerkin scheme (3.1).

Theorem 3.5 Let (o, (w,0)) € Ho(divy/s; Q)X (WH(Q) XW(l)A(Q)) and (op, (wh, ¢n)) € HY 5 x
(Hjy g % HY) be the unique solutions of (2.23) and (3.1), respectively, with f and up satisfying

(3.24), and assume that o € HY(Q), dive € W4/3(Q) and w € W24(Q). Then, the following
convergence estimate holds:

lo = onllaivy 50 + lw —wnllaue + lenlln S h{lole +[dive|; 4.0 + [[wll2 40}

Proof. The result is a straightforward application of Theorem 3.4 and the approximation prop-
erties (3.28) and (3.29). We omit further details. O

3.4 Computing other variables of interest

As highlighted in [11] and [12], the pseudostress tensor provides valuable information about
other quantities of interest in fluid mechanics. In particular, once the pseudostress tensor and
the velocity are available, one can recover the pressure p, the velocity gradient G := Vu, the

1 ~
vorticity v := 3 (Vu — Vut), and the stress tensor o := v(Vu+ Vu!) — pl, all of them in terms
of the variables mentioned above. Indeed, recalling that the velocity can be recovered from the

stream function as u = curlw (see Lemma 2.3) and using the definition of the pseudostress in
(2.7), these quantities can be expressed in terms of o and u as follows:

p= —;(ytr(a)—i—tr(u@u) — @(tr(u@u),l)9>,

1
G=0cl4-(u®u),
v (3.30)
= 1(o' —a')
7 - 2 )
~ 1 1
g=v(ed+a') - m(tr (u®u), 1), I+2u®u) - Str (u®@u)l.
Motivated by the above, and setting the divergence-free Raviart—Thomas velocity u;, =
curlwy, (see Remark 3.3), we propose the following approximations of the aforementioned quan-
tities:

1 1
Ph = —2<th (on) +tr(up @ uy) — Q] (tr (up ® uy), 1)9),
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Here, (o, (wh, pn)) € HY o x (Hy 5 % HY) denotes the solution of the discrete problem (3.1).

In this way, the present approach extends the results of [11] and [12] by introducing a
new discrete scheme that yields an exactly divergence-free velocity approximation with optimal
convergence. At the same time, it retains one of the main advantages of the approaches in [11]
and [12], namely, the ability to compute accurate approximations of the additional variables in
(3.30).

The following result, whose proof is a direct consequence of Theorem 3.5 and suitable alge-
braic manipulations, establishes the corresponding approximation result for this post-processing
procedure.

Corollary 3.6 Let (o,(w,0)) € Hy(divy/s;Q) x (WH(Q) x Wé’4(Q)) and (o, (wn, ¢n)) €
HF o x (H o x Hy) be the unique solutions of (2.23) and (3.1), respectively, with £ and up sat-
isfying (3.24), let u = curlw and w;, = curlwy, and assume that o € HY(Q), dive € WH4/3(Q)
and w € W24(Q). Then, there holds

[u—uploae +Ip—pullog+llo —anlloe+ G = Grlloo + |7 —Yrlloe
N h{|0|1,9 + |div U|1,4/3;Q + HW||2,4;Q}~

4 Numerical Results

In this section, we present four numerical examples illustrating the performance of our finite ele-
ment scheme and confirming the theoretical results. We begin by mentioning that the numerical
results that follow are obtained by imposing the conditions (tr (e),1)q = 0 and (wp,1)g = 0
through a penalty strategy using a scalar Lagrange multiplier (adding only one row and one
column to the system for each unknown). Our implementation is based on Freefem++ code (see
[29]), in conjunction with the direct linear solver UMFPACK (see [20]). We apply a Newton
method with a fixed tolerance tol = 1E — 08, and the iterations are terminated once the relative
error of the entire coefficient vectors between two consecutive iterates is sufficiently small, i.e.,

|coeff™ 1 — coeff™|
fferl’ < tOl’

|coe

where |- | denotes the standard Euclidean norm in R%/, with dof standing for the total number
of degrees of freedom defining HY, H}, and H}f.

We now introduce some additional notations. The individual errors are denoted by e(*), and
let (%) be the experimental rate of convergence given by

log(e(x)/e (%

) o JoE(e(0)/€/()
log(h/h)

for x € {o,w,p,u,p,v,G,o}, where h and h' denote two consecutive mesh sizes with their
respective errors e and e’. The post-processed variables uy, pp, v, Gr, and &, are approximated
through the post-processing formulas presented in Section 3.4.
Example 1: Convergence against smooth exact solutions in a convex domain
In our first example we illustrate the accuracy of our method considering a manufactured exact

solution defined on Q = (0,1) x (0,1). We consider the viscosity of the fluid v = 1, and the
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terms on the right-hand side are adjusted so that the exact solution is given by the functions:

~ (mexp(z) cos(my) 3 3 1
u(x,y) L <_ exp(:r) Sil’l(ﬂ'y) 9 p(x,y) = + y 2>
We present in Table 4.1 the convergence history for a sequence of quasi-uniform mesh re-
finements when the finite element spaces Hf , x HY ; x Hf, described in Section 3.1, are used.
It can be observed there that the rates of convergence are the ones expected from Theorem 3.5
and Corollary 3.6.

Errors and rates of convergence for the mixed Hf , x HY ; x Hf approximations

h DOF e(o) r(o) e(w) r(w) e(p) r(p) | Iter
0.373 213 11.1e4-01 - 1.37e-00 - 8.15e-01 - 4
0.196 825 4.93e-00 | 1.203 | 6.16e-01 | 1.175 | 3.72e-01 | 1.158
0.098 3149 2.51e-00 | 1.012 | 3.02e-01 | 1.067 | 1.82e-01 | 1.069
0.048 || 12337 1.26e-00 | 1.011 | 1.50e-01 | 1.022 | 9.01e-02 | 1.028
0.028 || 48883 6.27e-01 | 1.009 | 7.56e-02 | 0.997 | 4.62e-02 | 0.971
0.014 || 196755 || 3.07e-01 | 1.025 | 3.65e-02 | 1.045 | 2.25e-02 | 1.036
0.007 || 775189 || 1.53e-01 | 1.015 | 1.86e-02 | 0.982 | 1.11e-02 | 1.029

Lo o R R A

Postprocessed variables

e(w) | r(w) | efp) | z(p) | e(G) |z(G)]| ely) |z(v) | eld) |z(o)
1.43e-00 | — [ 1.92-00| - [557e00| - [3.04e00| - [9.95e00| -
6.54e-01 | 1.155 | 8.07¢-01 | 1.281 | 2.46e-00 | 1.205 | 1.61e-00 | 0.940 | 4.01e-00 | 1.341
3.27e-01 | 1.037 | 3.48¢-01 | 1.257 | 1.22¢-00 | 1.051 | 8.13e-01 | 1.016 | 1.97¢-00 | 1.060
1.60e-01 | 1.042 | 1.55e-01 | 1.179 | 6.28¢-01 | 0.972 | 4.34e-01 | 0.920 | 9.81e-01 | 1.024
8.17e-02 | 0.979 | 7.74e-02 | 1.014 | 3.11e-01 | 1.022 | 2.12e-01 | 1.037 | 4.91e-01 | 1.005
3.97e-02 | 1.036 | 3.65e-02 | 1.081 | 1.51e-01 | 1.039 | 1.04e-01 | 1.032 | 2.37e-01 | 1.046
1.99¢-02 | 1.011 | 1.75e-02 | 1.067 | 7.59¢-02 | 0.998 | 5.33e-02 | 0.970 | 1.17e-01 | 1.036

Table 4.1: EXAMPLE 1: Mesh sizes, degrees of freedom, errors, rates of convergence, and number
of iterations for the mixed HY , x HY , x H} approximations of the Navier—Stokes equations.

Example 2: Kovasznay flow: convergence and dependence on the viscosity param-
eter

The second example focuses on the performance of the iterative method as a function of the
viscosity v, considering the analytical solution (u, p) obtained by Kovasznay in [33]. For the
domain €2 := (0,1) x (0,1) and a prescribed value of v, this solution is given by

1 — e cos(2my)

u(m,y) = ) p(:ﬂ,y) =
A

1
\ 7€2>\$
T o3 2
2:¢ sin(27my)

+ D,
where
\ —8n? 7
vl 42 + 1672
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and the constant P is such that (p, 1)q = 0. Note that for the Kovasznay flow, the external force
vanishes, i.e., f = 0 in . Consequently, the tensor o, defined in (2.7), satisfies a conservative
form of the momentum equation diveo = 0 in €.

In Table 4.2, we report the performance of Newton’s method as a function of the viscosity
parameter v, with v € {1,107,1072,1073}, for a sequence of mesh sizes. The computations
are carried out using the finite element spaces introduced in Section 3. As expected, we observe
that the number of Newton iterations increases as the viscosity parameter v decreases. Blank
entries indicate that the iterative method requires more than 100 iterations to reach the stopping
criterion. The table also includes the [*°-norm of dive, (reported for v = 1), for which values
close to zero are expected, reflecting the momentum conservation property of the proposed
method.

In Figure 4.1, we present the approximations of the magnitude of the discrete velocity |uy|,
the stream function wp, and the pressure pj, for different values of the viscosity parameter.
In view of the analytical structure of the Kovasznay solution, the velocity field exhibits the
characteristic behavior of the Kovasznay flow, where the exponential term e*® governs the spatial
variation along the horizontal direction. For relatively large viscosities (e.g., v = 1), the decay
in z is mild, and the solution displays a smooth transition from a region of higher gradients
near the left boundary to an almost uniform state in the rest of the domain. As v decreases,
the exponential term e*® becomes nearly constant in x, and the solution progressively loses its
dependence on the horizontal direction. In this regime, the variation near the inflow boundary
x = 0 becomes less pronounced, and away from this region the flow is essentially independent
of x. This results in vertical band patterns, where the solution varies predominantly in the
y-direction. The same behavior is clearly reflected in the stream function wy,.

Regarding the pressure, for v = 1 and v = 107!, vertical bands can also be identified, showing
variations primarily in the horizontal direction and concentrated near the left boundary, while
the pressure remains almost constant in the rest of the domain. As v decreases, these variations
become less noticeable, and the pressure appears nearly uniform throughout the domain, with
only very small residual variations. This behavior is explained by an exponential decay whose
intensity decreases as the viscosity is reduced.

NEWTON ITERATIONS AND BEHAVIOR OF ||divoy]|j~c FOR DIFFERENT MESH SIZES

v h=0.1964 | h=0.0978 | h =0.0481 | h = 0.0279 | h = 0.0142 | h = 0.0073
1 4 4 4 4 3 3
1071 5 5 4 4 4 4
1072 6 5 5 5 5 5
1073 - - - 6 6 6
|divey | || 4.263e-14 | 8.527e-14 | 2.842e-13 | 6.821e-13 | 2.046e-12 | 4.547e-12

Table 4.2: EXaMPLE 2: Number of Newton iterations with respect to the viscosity parameter v
and mesh size h, together with the [*°-norm of diveoy, for v = 1, using the mixed H7 o xHy, g H‘,f
discretization of the Navier—Stokes equations.
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Figure 4.1: EXAMPLE 2: Magnitude of the discrete velocity |uy| (top row), the stream function
wp, (middle row), and the pressure p;, (bottom row) for different values of the viscosity parameter
v=1,10"1,10"2,1073.

Example 3: Driven cavity flow with regularization: streamlines and Reynolds num-
ber effects

In our third example, we study a regularized driven cavity problem. The domain is given by the
unit square Q = (0,1)? and we consider a structured mesh with meshsize h = 0.0143. The data
are given as in Reference [31, Example D.4], that is, a null body force f = 0 and the prescribed

velocity boundary
wn=(§1)
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where

1 _ 2
1—<1—cos <$1 xw)) for x € [0, 21],
4 Il

uy () = 1 for x € (21,1 — x1),

1 —(1- 2
1—4<1—cos <$(x1)7r>> for x € [1 — x1,1].
\

I

In addition, all simulations in this example were carried out with x; = 0.1. In Figure 4.2, we
display the velocity streamlines built using the ]I-]I‘,iO X H(ﬁ,o X Hf scheme with 172,101 degrees
of freedom (34,228 triangles), for Reynolds number Re € {1, 10, 100, 1000}, with Re = 1/v. It
can be seen that, as expected, and similarly to the results obtained in [31, Example D.4], that
in the case of low Reynolds number Re = 1 there is a large vortex whose centre is close to the
upper boundary. On the other hand, for increasing Reynolds numbers, the main vortex moves
towards the centre of the cavity, while smaller counter-rotating vortices appear in both lower
corners, with a stronger presence in the right one.

wp, 008 0. ! 01 004 wh 008 0. 02 001 004
——— —i—

Figure 4.2: EXAMPLE 3: Velocity streamlines for v = 1,107%,1072,1073 with h = 0.0143.

Example 4: Backward-facing step flow

Finally, the fourth example examines mass loss in the standard backward-facing step flow test,
similarly as in [5]. For this test, we consider a rectangular domain = [0,10] x [0, 1] with a
re-entrant corner at (2,0.5). The boundary I' is partitioned into three segments: the inflow
boundary I';,, the outflow boundary Iy, and the wall boundary I'yqu, where Iyey = I'\
(Enufout) (see Figure 4.3). We consider v = 1.0 and f(z1,z2) = 0 in Q. As in [5], the

1.0 Fu‘all

T
0. 5\]"—‘ S F(mt

2.0 Tt 10.0

Figure 4.3: EXAMPLE 4: Geometry for the backward-facing step flow test.

boundary conditions are prescribed as follows: a parabolic inflow profile up(z1,z2) = (8(x2 —
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0.5)(1 — x2),0)* on [y, a no-slip condition up(z1,z2) = 0 on Tyey, and a parabolic outflow
profile up(z1,z2) = z2(1 — z2) on Tyyy.

To evaluate mass conservation in the discrete solution, we measure the total mass flow across
a sequence of vertical surfaces connecting the top and bottom boundaries of the computational
domain. The line labeled “S” in Figure 4.3 illustrates a representative example of such a surface
for the test problem.

Setting u = curl w in Q, from the divergence theorem it follows that fF u-n= [gu-ng,
for any S connecting the top and bottom walls of the domain. Then, suggested by the above,
in what follows, mass conservation in the discrete solution will be quantified by the percentage
mass loss across the surface S, defined as

[ e
Cin

/ up-n — / up - ng
Tin S
with uy, = curl wy, in Q.

We compare the mass loss in the pseudostress-stream-function formulation against the stan-
dard discrete pseudostress-based scheme from [12]

We use a computational grid consisting of 189.350 triangles with a mesh size of h = 0.0185,
leading to a total of N = 951.151 degrees of freedom for both schemes.

The results of our study are summarized in Figure 4.4, where we compare the mass losses
obtained with the proposed pseudostress-stream-function formulation (solid line) with those
obtained using the formulation from [12] (dashed line). The comparison is performed along
100 lines S uniformly distributed throughout 2. The figure clearly demonstrates a significant
improvement in mass conservation, as quantified by the percent mass loss formula (4.1). Specifi-
cally, with the pseudostress-stream-function formulation, the maximum mass loss remains below
0.1%, whereas with the scheme from [12] it exceeds 0.7%.

Yomypss := 100 (4.1)

0.8

— Pseudostress-Stream-Function
- - Pseudostress-Velocity

0.7 "

06—
05—
N
04"
03—
02— —

01— -

Figure 4.4: EXAMPLE 3: Comparison of mass losses obtained with the formulation pseudostress-
stream-function formulation (solid line) and those obtained using the formulation from [12]
(dashed line).

26



5 Conclusions

In this work, we have proposed and analyzed a new pseudostress-stream-function dual-mixed
finite element method for the stationary Navier—Stokes problem in two dimensions with nonho-
mogeneous boundary condition. The formulation is derived by combining a pseudostress-based
approach with a Helmholtz—Weyl decomposition of the velocity field, leading to a three-field
variational problem involving the pseudostress, the stream function, and a Lagrange multiplier
associated with momentum conservation.

The resulting scheme provides an exactly divergence-free approximation of the velocity and
preserves the momentum balance at the discrete level. In addition, it retains the main advantages
of pseudostress-based formulations, including the possibility of recovering additional variables
of interest directly from the computed solution.

We have established the well-posedness of both the continuous and the discrete formulations
by means of the Banach—Necas—Babuska theorem combined with a fixed-point argument, under
a suitable small-data assumption. Furthermore, we have derived a priori error estimates and
proved optimal convergence rates for the proposed Galerkin scheme.

The numerical results confirm the theoretical findings and illustrate the accuracy and ro-
bustness of the method. In particular, they show the effectiveness of the approach in delivering
divergence-free velocity approximations together with accurate post-processed quantities.

Future research will address the extension of the present framework to the three-dimensional
case and to more general configurations of €2, including multiply connected domains. In par-
ticular, in the three-dimensional setting, such an extension is not straightforward. Indeed, the
validity range of the Helmholtz—Weyl decomposition (2.11) is restricted to p € (3/2 —¢€,3 +€)
(see [23]), which differs from the two-dimensional case considered here. As a consequence, the
functional setting underlying the analysis must be suitably modified, requiring an appropriate
choice of Banach spaces for both the unknowns and the test functions.

6 FEthical Statement

The submitted work is original and is not published elsewhere in any form or language.
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