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Abstract

In this work, we introduce and analyze a fully mixed finite element method for the stationary thermo—
electro-hydrodynamic (TEHD) Boussinesq problem. The model consists of a nonlinear, strongly cou-
pled system of equations for the velocity, pressure, temperature, and electric potential. We rewrite the
governing equations as a first-order system by introducing additional variables. This reformulation
enables a consistent and stable treatment of the coupling that arises from both convective effects and
electric body forces. The resulting continuous formulation consists of three nonlinear saddle-point
problems, which we decouple by introducing suitable linearizations of the corresponding variational
equations. We analyze the resulting subproblems using the Babuska-Brezzi theory and the Lax-
Milgram theorem in the Banach space setting. This analysis yields a unique admissible choice of
Lebesgue exponents for the spaces of unknowns and test functions, and it also restricts the study
to two dimensions. Under additional regularity for one of the subproblems and standard small-data
conditions, we then apply Banach’s fixed-point theorem to establish the unique solvability of the fully
coupled problem. A discrete version of this strategy, combined with Brouwer’s theorem, allows us
to prove—under appropriate hypotheses on the discrete spaces—the existence of a solution to the
associated Galerkin scheme. We derive the corresponding Céa estimate and introduce specific finite
element subspaces that satisfy the required assumptions. Finally, we present numerical experiments
to illustrate the performance of the method and to confirm the predicted convergence rates.

Key words: TEHD Boussinesq, abstract Babuska—Brezzi theory, fixed-point arguments, mixed finite
element methods in Banach spaces, fully mixed formulation, a priori error analysis.

Mathematics Subject Classifications (2020): 65N30, 65N12, 65N15, 76D05, 76R10, 76WO05.

1 Introduction

The interaction between fluid motion, temperature, and electric fields gives rise to coupled systems
commonly described within the framework of thermo-electro-hydrodynamics. A standard modeling
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approach consists of extending the classical Boussinesq equations to incorporate electric effects, leading
to a nonlinear and strongly coupled system for the velocity, pressure, temperature, and electric potential.
The coupling arises not only through the convective terms but also via the electric body forces, typically
introduced through Gauss’ law. These models are relevant in a wide range of applications. In engineering
contexts, electrohydrodynamic mechanisms provide effective tools for controlling transport processes in
thermal management, microfluidics, and energy-related systems, as well as in flows involving charged
species and electrokinetic effects [18]. In addition, analogous models appear in geophysical settings,
where the interaction between buoyancy-driven flows and electromagnetic forces plays a significant role.
In particular, dielectrophoretic forces can be interpreted as an artificial gravity, enabling the experimental
simulation of convection phenomena under controlled conditions [4, 17].

Despite these developments, the available literature on thermo—electro-hydrodynamic models is largely
focused on numerical simulations, experimental studies, and linear stability analyses. Several works
address their numerical approximation using finite volume methods [1, 19, 38], finite element methods
[6, 24], and pseudo-spectral techniques [20]. Moreover, linear stability theory has been widely employed to
characterize the onset of electro-thermo—convective instabilities (see, e.g., [21, 22, 23]). However, rigorous
mathematical results concerning the numerical analysis of the fully coupled system remain scarce. Notable
exceptions are the recent contributions [33, 34], where an H!'-conformal formulation is analyzed. More
recently, model reduction techniques based on proper orthogonal decomposition have been proposed to
improve computational efficiency in [35].

The literature on the stationary Boussinesq problem has experienced significant development from the
viewpoint of mixed variational formulations. In particular, the augmented mixed—primal formulation in-
troduced in [13] for the case of constant viscosity was subsequently extended to a fully-mixed formulation
in [15]. In this latter work, the introduction of the pseudo-stress tensor together with an additional aux-
iliary vector variable—combining the temperature, its gradient, and the velocity—yields improvements
from both theoretical and computational perspectives. These ideas were further developed in [14], where
augmented formulations with Galerkin-type schemes were proposed for both mixed—primal and fully-
mixed settings. This framework has been extended to more strongly coupled variants. For instance, the
case of temperature-dependent viscosity is studied in [2], where the introduction of the pseudo-stress and
strain-rate tensors provides additional flexibility for the three-dimensional analysis, thereby overcoming
previous limitations to two-dimensional settings (see also [11] for a related study of this more strongly
coupled model). Another relevant extension is presented in [12], where the viscosity depends on both
temperature and the concentration of a solute, leading to an Oberbeck—Boussinesg-type system. As in
the previous cases, the introduction of suitable auxiliary variables allows for a consistent treatment of
the coupling and the derivation of a fully-mixed formulation. Moreover, these approaches yield optimal
a priori error estimates and have been complemented with reliable a posteriori error estimators, enabling
the design of adaptive numerical strategies (see, e.g., [30]). The same methodology has been successfully
applied to more complex multiphysics problems, such as double-diffusion systems and electrochemical
flows, where additional variables associated with electric fields and ionic fluxes are incorporated into the
formulation, as reported in [8, 9, 16].

The aforementioned developments highlight the flexibility of these formulations and their ability to
accommodate increasingly complex couplings. This motivates the present work, where we extend the
fully-mixed Banach space framework to a thermo—electro-hydrodynamic Boussinesq system by introduc-
ing additional variables that allow the model to be rewritten as a first-order system. More precisely, in
addition to the primary variables (velocity, pressure, temperature, and electric potential), and following
the ideas in [8, 15], we introduce the velocity gradient and an incomplete pseudo-stress tensor, which
enables the elimination of the pressure as a primary unknown and its subsequent recovery through a
post-processing procedure. We further incorporate the temperature gradient, the electric field, and the
electric flux as independent variables. This setting provides a consistent treatment of the coupled prob-
lem, particularly with regard to the dielectrophoretic force term. The resulting fully-mixed formulation



is derived in appropriate Banach spaces by testing the governing equations with suitable functions and
applying standard integration by parts formulas. The system is then decoupled into subproblems, which
are studied using the Babuska—Brezzi theory and the Lax—Milgram theorem, following the approach in
[8, 31]. As a consequence, the continuous analysis can be carried out only for a particular choice of
the Lebesgue exponents involved, as well as in the two-dimensional case. The aforementioned subprob-
lems are then coupled through a fixed-point argument so that—under appropriate additional regularity
assumptions on one of the solutions and smallness assumptions on the data—Banach’s theorem yields the
unique solvability of the fully coupled problem.

At the discrete level, we propose a general Galerkin scheme under abstract conditions and establish its
well-posedness by arguments analogous to those used in the continuous setting, combined with Brouwer’s
theorem. Furthermore, we introduce specific finite element spaces satisfying the required hypotheses
under a smallness assumption on the relative variation of the dielectric permittivity, together with a
geometric restriction on the domain, thereby yielding concrete numerical schemes. Finally, numerical
experiments are presented to illustrate the performance of the method and confirm the theoretical rates
of convergence.

Outline. The remainder of the paper is organized as follows. In Section 2, we introduce the model
equations and define the additional variables required to rewrite the original problem in a form suitable
for the derivation of a fully-mixed formulation, which is carried out in Section 3. In Section 4, we establish
the well-posedness of the continuous problem by means of a fixed-point strategy, combining smallness
assumptions on the data with additional regularity properties on certain auxiliary linearized problems.
This methodology is subsequently adapted to the analysis of the Galerkin scheme introduced in Section
5, where we provide abstract conditions on the discrete spaces and derive the corresponding a priori error
estimates. In Section 6, we construct specific finite element spaces that satisfy these assumptions and
establish their associated rates of convergence. This work concludes with Section 7, where numerical
experiments validating the theoretical results are presented.

As a final introductory remark, we stress that, while we have already indicated that the main results
of this paper ultimately hold only for specific Lebesgue exponents and in the two-dimensional case, we
nevertheless begin by describing the model and developing its subsequent analysis on a domain of R”,
n e {2, 3}, and employing generic exponents. This approach, which is maintained for as long as possible,
allows the reader to clearly identify the points at which the limitations of the analysis arise.

Preliminaries. We end this section with some notation and useful formulae to be employed along the
paper. Let Q be a Lipschitz-continuous domain of R™, n € {2,3}, whose outward unit normal at its
boundary T is denoted v. Then, the standard terminology is adopted for Lebesgue spaces L!(Q), with
t € [1,+00), and Sobolev spaces W% (Q) and Wé’t(Q), with £ > 0, whose corresponding norms and
seminorms, are denoted by || - |lo.:0, || - [le,t:0, and | - |¢+.0, respectively, irrespective of whether it refers to
the scalar, vector, or tensorial version of them. Note that W%(Q) = L(2), and that for t = 2 we just
write HY(2) instead of W%2((2), with its norm and seminorm denoted by || - |s.q and | - |7, respectively.
Now, letting ¢, t' € (1, +00) conjugate to each other, that is such that 1/t+1/t' = 1, we let W/*>#(T") and
w1/ t/’tl(l“) be the trace space of WH(§2) and its dual, respectively, and denote by (-, -) the corresponding
duality pairing between them. In particular, when t = ¢’ = 2, we simply write H/2(T') and H=/2(T")
instead of W/22(T") and W—1/22(T"), respectively. In addition, given any generic scalar functional space
S, we let S and S be its vector and tensorial counterparts. On the other hand, for any vector fields
v = (Ui)i:Ln and w = (wi)i:Ln: we set the gradient, divergence, and tensor product operators, as

ov; . " Qv;
Vv = (axj>i,j:17n7 div(v) := ]Z:; 87027 and VW := (v;w;)ij=1n,

whereas, for any tensor fields 7 = (7i;), ;_, ,, and ¢ = (Gij); ;_; ,,» We let div(7) be the divergence operator
div acting along the rows of 7, and define the transpose, the trace, the tensor inner product, and the



deviatoric tensor, respectively, as

n n
1
Tt = (Tﬂ')z‘,jzl,n , tr(r) = g Tiiy, T:C = E 7i;Gj, and T =T — gtr(T)H,
i=1 ij=1

where I stands for the identity tensor of R := R™*™. In turn, for each ¢, j € [1,+00) such that ¢ > j, we
introduce the Banach spaces

H(divy; Q) = {T cL2(Q): div(r) € Lt(sz)}, (1.1a)
H(divy; Q) = {T e L2(Q): div(r) € Lt(Q)} , (1.1b)
H' (div;; Q) = {T cLI(Q): div(r) € Lj(Q)} , (1.1¢)

which are endowed with the natural norms

0,0 + [|div(7) 0.0 V1 € H(divy; Q)
0.0 + [[div(T)]o,s0 V1 € H(divy; Q) ,

[T lldives0 == 7

I lldivi = |7

and

HT ‘OJ;Q VT e Ht(diVj; Q) .

tdiv;;e = ITllose + [div(T)
Regarding these spaces, we recall that, proceeding as in [27, eq. (1.43), Section 1.3.4] (see also [11, Section

(1,+00) ifn =2 there holds

3.1]), one can prove that for each ¢t € { 6/5, +00) ifn =3

(T-v,v) = /Q {'r -V + UdiV(T)} Y (,v) € H(divy; Q) x HY(Q), (1.2)
and analogously
(Tv,v) = /Q{T Vo + 'v-div(T)} Y (,v) € H(divi; Q) x H'(Q), (1.3)

where (-,-) denotes in (1.2) (resp. (1.3)) the duality pairing between H'Y/2(T') (resp. HY2(I')) and
H-Y2(T") (resp. H-Y/2(I)). Similarly, given ¢, t' € (1,+00) conjugate to each other, there also holds (cf.
[25, Corollary B.57])

(T-v,v) = /Q {T -Vou + vdiV(T)} V (1,v) € H (divy; Q) x WH(Q), (1.4)

where (-,-) stands for the duality pairing between W—1/4(T") and W/5*(I"). Furthermore, letting iy :
HY(Q) — LY (Q) and iy : H(Q) — LY (Q) be the corresponding continuous injections, whose existences
are guaranteed by the specified ranges for ¢, we easily deduce from (1.2) and (1.3), respectively, that

|7 - VH—1/2,F < max {17 Hit/H} ||THdivt;Q V1 € H(divy; ),

and
T vl—1jor < max {1, [lig]|} [7llaivie V7 € H(divg; Q). (1.5)

Similarly, applying [25, Lemma A.36], we deduce the existence of a positive constant ¢y, such that for
cach p € WYHH(I), there exists v, € Wh' (Q) such that v,|r = ¢, and |lvg|1mq < cv l¢ll1/t,e.5 and
thus, it follows from (1.4) that

HT . VH*l/t,t;F < Cyr HTHt7din§Q VT e Ht<let,Q> . (16)
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2 Model problem

The thermal-electro-hydrodynamic (TEHD) Boussinesq problem models the dynamics of a dielectric
and non-isothermal fluid occupying a Lipschitz-continuous domain € of R™ with boundary I', under the
influence of a dielectrophoretic (DEP) force. More precisely, denoting by u, p, ¥, and ¢, the velocity,
pressure, temperature, and internal electric potential of the fluid, respectively, and letting v be the
outward unit normal vector at I', the corresponding equations are given by

—pAu+ (Vu)u+Vp — §4|Vo[?V9 = —§d9g+f in Q
diviu) = 0 in Q,
—KkAY +u-Vy = f in Q,
div(n(9) Vo) = g in Q (2.1)
u=up, v=9p, n(HVe-v = 0 on T

[0 oo

where f, f and g are source functions, |V¢|? V¥ is the DEP force term, g is the gravitational field, ju is
the kinematic viscosity, d4 is the DEP coefficient, d; is the thermal expansion coefficient, k is the thermal
diffusion coefficient, and 7 is the temperature dependent dielectric permittivity. In addition, regarding
4, there holds 64 = (26 f)_1 1 1o O, Where dy is the fluid density, 1, and 79 are the dielectric constants,
and 6, = 7/(¢¥,), with ¥, denoting the reference temperature. We also assume that 7 is bounded and
Lipschitz-continuous, which means that there exist positive constants 71, 72, and L,, such that

0<m <nlx)<n VzeR, and

2.2
!mw—n@N§L|x—d Vz,zeR. (2.2)

In addition, the homogeneous Neumann boundary condition (2.1) imposes the compatibility condition
g = 0, while the last two equalities ensure solution uniqueness. Next, in order to derive a mixed

foglzfmulation of (2.1) suitably handling the DEP force term, we introduce the auxiliary unknowns
t:=Vu, o :=puVu— %(u@u) —pl, x:=rVY, p:=V¢, and & :=nd)p, (2.3)
and thus we get, in particular,
a':,ut—%(u@u)—pﬂ and Vo = rx1x. (2.4)

In this way, using, thanks to the incompressibility condition, that div (u ® u) = (Vu) u = tu, the first
equation of (2.1) can be rewritten as

1
—div(a)+§tu—n*16d\p|2x: —0vg + f, (2.5)
whereas the third and fourth ones become, respectively,
—div(x) + s tu-x = f and div(€) = g.

At this point we remark that o, as defined in (2.3), is named INCOMPLETE PSEUDOSTRESS TENSOR: its
divergence yields just one half of the convective term (Vu) u. The remaining half is given precisely by the
expression % tuin (2.5). The convenience of proceeding in this way will become clear in the forthcoming



sections. On the other hand, applying matrix trace and the deviatoric operator ¢ to o in (2.4), and then
using that tr(t) = div(u) = 0 and that I is the null matrix, we deduce that

__1 1 a_ ¢ L a
p——ntr(a+2(u®u)), and o’ = ut 2(u®u) . (2.6)

It follows that the pressure can be eliminated from the original system, and subsequently recovered in
terms of o and u (cf. (2.6)). Furthermore, the corresponding uniqueness condition (cf. (2.1)), in view of

(2.6), can be stated as
1
/Qtr<0'+2 (u®u)> =0.

As a consequence of the previous discussion, we find that the original system (2.1) can be rewritten,
equivalently, as: Find t, u, o, x, ¥, p, &, and ¢ in suitable spaces to be specified later on, such that:

t—Vu = 0 in
1
—div(a)+§tu—/-£_15d|p|2x = —§vg+f in Q
1
,ut—g(u@)u)d—ad =0 in Q,
X —kVI = 0 in Q,
—div(x) + ktu-x = f in Q,
2.
p—Vo = 0 in Q, (2.7)
E—nWp = 0 in Q,
div(¢§) = ¢ in Q,
u=up, v=9Yp, €v = 0 on I,

/Qtr<a+;(u®u)>zo and /qu = 0.

Note here that, under the boundedness assumption on the permittivity n (cf. (2.2)), the Neumann
boundary condition for ¢ in the last row of (2.1) has been replaced, equivalently, by & - v = 0 on T.
In addition, due to the incompressibility of the fluid (second equation of (2.1)), up must satisfy the
compatibility condition

/FuD-V:O. (2.8)

3 The mixed variational formulation

Here we derive the variational formulation of (2.7) by splitting the analysis according to the subsets
of equations forming the nonlinear coupled system, namely, fluid equations (first three rows), thermal
equations (fourth and fifth rows), and electric potential equations (sixth, seventh, and eighth rows). The
whole coupled variational formulation is summarized at the end.

3.1 The fluid equations

We begin by testing the third equation of (2.7) with s € L2(), thus formally obtaining

,u/Qt:s—;/Q(u®u)d:s—/ﬂa'd:s:0. (3.1)

It readily follows that the first and third terms of (3.1) are well-defined if t and o (and hence o¢) belong
to L2(92). In addition, since the trace of any deviatoric tensor is 0, it is also clear from the third equation



of (2.7) that tr(t) = 0, whence we must look for this unknown in the space
L2(Q) = {r cL2(Q): tr(r) = o}.

In turn, straightforward applications of Cauchy—Schwarz’s inequality yield

/Q(u®u)d:s

showing that the second term of (3.1) makes sense if u € L*(2). Additionally, using that each s € L2(f2)
can be decomposed in a unique form as s = s® 4+ L tr(s)I, with s® € LZ.(Q) and X tr(s)I, a L*(Q)
multiple of the identity tensor I, we deduce that testing (3.1) against L?(2) is equivalent to doing it
against L2_(€2), in which case this equation can be rewritten as

m frs— (u@u):s— [ o:s=0 VseLi(Q). (3.3)
Q0 2 Jo Q

Next, formally testing the second equation of (2.7) with a vector field v, we get

1
—/v-div(0)+/tu-v—ﬁ;_léd/|p|2x~v:—5t/19g-v+/f.v, (3.4)
Q 2 Ja 0 Q 0

from which, knowing already the spaces to which t and u must belong, and proceeding similarly as for
(3.2), we notice that the second term on the left-hand side is well-defined if v belongs as well to L*(€2).
Moreover, this later fact leads the first term to make sense if div(e) lies in L*/3(), thus needing finally
to look for o in H(divy/3;(2) (cf. (1.1b)). Similarly, knowing the space from where v is taken, and thanks
now to consecutive applications of Holder’s inequality, we find that

‘/\plzxv
Q

where ¢, t' € (1,+00) are conjugate to each other. Hence, the third term on the left-hand side of (3.4) is
well-defined if p and x are sought in L7(2) and L"(Q2), respectively, where

< 22 Julf sqllslog. (3.2)

< el ?),87&/3;9 HX”O,4t’/3;Q [vllo,4:0 5 (3.5)

j=8t/3, (= 7 J . (conjugate of j), r = 4t'/3, and s= " r . (conjugate of r). (3.6)
The specific choice of ¢, and hence of ¢/, 7, r, and the respective conjugates ¢ and s, will be addressed
later on, so that meanwhile we consider generic values for the indexes defined in (3.6). Now, regarding
the right-hand side of (3.4), we postpone the discussion on its first term until we know where to seek the
temperature ¢, whereas its second one certainly requires f to belong to L/ 3(Q). Furthermore, the space
to which t belongs along with the first equation of (2.7), imply that u € H'(Q2), whence applying the

integration by parts formula (1.3) with 7 € H(divy/3; ), and assuming that up € H'!/2(T"), we obtain

—/Q'r it — /Qu-div(‘r) = —(Tv,up) V1 € H(divy/s; Q). (3.7)

Moreover, according to the decomposition H(div,/s3;€) = Ho(divy,3; Q) & RI, where

Ho(divy/s; Q) = {T € H(divy/s3;9Q) : /Q

tr(r) = 0},
and thanks to (2.8), we realize that imposing (3.7) with 7 € H(divy/3;(2) is equivalent to doing it with

T € Ho(divy/s;Q). In turn, o can be decomposed uniquely as o = oy + do I, with o € Hy(divy/s;)
and dy € R, which, invoking the last equation of (2.7), is computed as

1 1
do::/tro' :—/tru®u.
il Jo O = Ty f, e

7



Besides, it is easy to see that (3.3) and (3.4) are unaltered if o is replaced by oy, so that from now on
we re-denote o as simply o € Ho(divy/s; ). Summarizing, adding (3.3) and (3.4), keeping (3.7) as it
is, setting the spaces

H; = L7.(Q), Hy:=1LQ), H:=H xHy, Q :=Hy(divy;Q),
and introducing the notation
t:=(t,u), §:=(s,v), r:=(r,w)ecH,

the variational formulation of the fluid equations can be written as: Find (t,0) € H x Q such that

—

Ay(t,8) + B(5,0) = F,y0(5) vseH, (3.8)
B(t, T = G(1) VreQ, '
where the bilinear forms A, : H x H — R, for each z € Hy, and B : H x Q — R, are defined as
S 1 S oo
A,(T,S) = u/r:er/{rz-v(W@z):s} Vr,se H, and (3.9a)
Q 2 Jo
B(s, 1) ::—/T:s—/v-div(r) V(s, 7)) e Hx Q. (3.9b)
Q Q

In turn, the linear functionals F,, » : H — R, for each (p,x) € L7(Q) x L"(Q) and ¥ in a space to be
specified later on, and G : Q — R, are given by

Fox(8) = %‘léd/glpl2x-v —~ 5t/Qz9g-v+ /Qf-v VSeH, and (3.10)
G(t) = —(Tv,up) VreQ.

Note that (3.8) shows a saddle point structure with a nonlinear main operator induced by A,. Later
on, in Section 4.1, we explain how to linearize it so that the Babuska—Brezzi theory in Banach spaces (cf.
[25, Theorem 2.34]) can be applied to the resulting formulation.

3.2 The thermal equations

Knowing already that x must belong to L"(2), the fourth equation of (2.7) suggests that ¥ may be
originally sought in W7 (). Hence, applying the integration by parts formula (1.4), with ¢ = s and
t' =7, to¥ € W (Q) and n € H*(div,; ), and assuming that 9p € W/*"(T), we get

/X'n + R/ ddiv(n) = k(n-v,9p) Vn € H(divs; ), (3.11)
Q Q

from which we notice that actually it suffices to look for ¥ in L"(Q2) as well. In turn, regarding the fifth
equation of (2.7), we first look at its second term on the left-hand side. To this end, we consider a scalar
test function w, and proceed similarly to the derivation of (3.5), to obtain

] / u'xw‘ < o Icllors lollo.a /s (3.12)

with ¢, ¢, and r as in (3.6), which says that the left-hand side of (3.12) is well-defined if w is taken in
LP(§2), where

p:=4t/3 and ¢ := Ll denotes its conjugate . (3.13)



Testing the fifth equation of (2.7) against w € LP(Q), adding to x the condition that div(x) € L%(Q),
and assuming that f € L(12), we deduce that

/{/wdiv(x) - /u-xw = —/-;/ fw Vwe LP(Q). (3.14)
Q Q Q
Hence, gathering (3.11) and (3.14), and introducing the spaces
Xy = H'(divy; ), M; :=L"(Q), X;:= H(divy;Q), My :=LP(Q), (3.15)
the variational formulation of the thermal equations reduces to: Find (x, ) € Xo x M; such that
a(x;n) + bi(n,9) = F(n) Ve Xy,

3.16
ba(x,w) —/Qu-xw = G(w) Vw e My, ( )

where the bilinear forms a : XoxX; — Rand b; : X; xM; = R, 7 € {1, 2}, and the functionals F : Xy -+ R
and G : My — R, are defined as

a(p,m) = /Qu-n V(p,m) € Xo x X1, (3.17a)
bi(n,w) = H/ wdiv(n) V(n,w) e X; x M;, (3.17b)
F(n) =« (:72 v,9p) VneX;, and (3.17¢)
Glw) = —K/wa Yew e M, . (3.17d)

Regarding the structure of (3.16), we stress that it represents a nonlinear perturbation (given by the term
— / u - xw) of a typical mixed formulation to which the generalized Babuska—Brezzi theory in Banach

Q
spaces (cf. [5, Theorem 2.1, Corollary 2.1]) could be applied. Due to this fact, (3.16) can be identified as
a nonlinearly perturbed generalized saddle point problem.

We end this section by referring to the second term on the right-hand side of (3.10). Indeed, similarly
to (3.12), it is easily seen that
‘ / Jg-v
Q

which, being g a constant vector, confirms that the aforementioned term, and hence the functional F y »

(cf. (3.10)), is well-defined for (p,x,d) € L(Q) x L"(2) x L"().

< [[9lo,m0 lIgllope IVioan, (3.18)

3.3 The electric potential equations

We first realize from the seventh equation of (2.7) and the boundedness property of n (cf. (2.2)) that
it makes sense to look for & in the same spaces as p, that is L’/(£2), so that, recalling from (3.6) that £
stands for the conjugate of j, the natural testing of the equation relating p and & reduces to

/n(ﬁ)p‘g—/ﬁ-g—o VoeLY(Q). (3.19)
Q Q
In turn, similarly as observed at the beginning of Section 3.2, the sixth equation suggests that at first

instance one could look for ¢ in W17 (Q). Thus, applying now (1.4), with t = £ and ¢’ = j, to ¢ € WJ(Q)
and A € H(divy; Q), we find that

/Qp-)\: /QWS-A: —/chdiv(k) + Av,9),

9



from which we notice, analogously to the respective consequence of (3.11), that actually it suffices to
seek ¢ in L7 (). Moreover, assuming that A - v = 0 on I', the foregoing equation becomes

—/Qp A - /ngdiv()\) =0 VXeH|div;Q), (3.20)

where, for each t € (1, +00), we set
Hi(divy; Q) = {T € H(divi;Q): 7-v =0 on F}. (3.21)
We notice here that the second term on the left-hand side of (3.20) vanishes when ¢ is constant. Therefore,

to ensure uniqueness, we incorporate the corresponding condition from (2.1) into the functional space.
Thus, the internal electric potential unknown is sought from now on the space

1j@) = {pevi@: [o=of.

Furthermore, regarding the eighth equation of (2.7), we impose div(¢) € L7(Q), which certainly requires
to assume that g € L7(£2), and hence this equation is tested as

/(pdiv(.ﬁ) = /apg V(pELé(Q), (3.22)
Q Q

but thanks to the decomposition Lf(Q) = L§(2) & R and the boundary condition satisfied by & (cf.
ninth row of (2.7)), we conclude that & must be sought in H}(div;; Q) (cf. (3.21)), and also that (3.22)
is equivalent to be tested against ¢ € L§(€2), that is

/ pdiv(§) = / vy Veely(®). (3.23)
Q Q
In this way, adding (3.19) and (3.20), taking the negative of (3.23), introducing the spaces

X, = LI(Q) x H)(div;;Q), Yy = Li(Q)
X, = LZ(Q) X Hé(dive;Q), Yo = Lﬁ(ﬂ)

and setting the notation

ﬁ:: (paE)GXQa 622 (QaA)lea 7= (%,C)GXZ,16{1,2},

we arrive at the following variational formulation of the electric potential equations: Find ([)’, qb) € XoxYy

such that L . .
Aﬂ(pag) +Bl(gv¢) =0 \VIQGle

By (p, ) = Flp) VoeYs,

where the bilinear forms Ay : X9 x X; — R, for each 8 € M; (cf. (3.15)), and B; : X; x Y; — R,
i€ {1, 2}, and the functional F : Yo — R, are defined as

(3.24)

Ag(32,0) = /Qn(ﬁ)x-g—/gg~g—/ﬂx-)\ V(5x,0) € X x X1, (3.25a)

Bi(3#,1) = —/1/Jdiv(§) V(30) € Xi x Yy, and (3.25b)
Q

Flp) = —/ng Vo €Y. (3.25¢)
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Now, similarly as for (3.16), we highlight here that (3.24) constitutes another mixed formulation fitting
the generalized Babuska—Brezzi theory in Banach spaces (cf. [5, Theorem 2.1, Corollary 2.1]). Moreover,
the operator induced by Ay shows the same structure, so that we can call (3.24) a generalized twofold
saddle point problem. Indeed, it suffices to see that, for each § € M, there holds

Aﬁ(ﬁv é) = a@(%a Q) + bl(Q; §) + b2(x7 A) V(J?, é) € X2 X Xla

where ag : L7(Q) x LY(Q) — R, by : LY(Q) x H)(div;; Q) — R, and by : L7(Q) x Hj(div; Q) — R, are
the bilinear forms defined as

ag(5, 0) = /Q n@)%-0 ¥ 0) € Li(Q)x LAQ), (3.262)

bi(o,¢) := —/Qg~§ V(o,s) € LE(Q) X Hé(divj;Q), and (3.26b)

by (36, A) = — / A V(6 A) € LI(Q) x Hi(divg: Q) (3.26¢)
Q

ag b1
so that the matrix structure of Ay becomes ( _— )
2

Gathering (3.8), (3.16), and (3.24), we arrive at the fully mixed variational formulation of (2.7): Find
(t,0) := ((t,u),0) e Hx Q, (x,9) € Xz x My, and (B, ) := ((p,€),¢) € Xz x Yy, such that

A4(t,8) + B(§,0) = Fpy0(8) Vs§eH,
B(E, T) = G(7) V1 eQ,
a(x,n) + bi(n,¥) = F(n) Vn e Xy,
(3.27)
ba(x,w) — [ u-xw = Gw) Vw e My,
Q
Aﬁ(ﬁvé) +Bl(_’a¢) =0 véexla
82(5790) = ]:(QD) VQOGYQ.

4 The continuous solvability analysis

In this section, we address the continuous well-posedness of (3.27) by means of a fixed-point strategy
based on the introduction of suitable solution operators associated with each decoupled problem.

4.1 The fixed-point strategy
We begin by letting S : L*(Q) x L7(Q) x X3 x M; — L*(Q) be the operator defined by
S(z,%,¢,0) :=u  V(z,¢(,0) € L"Q) x L/(Q) x Xy x M,

where (t,0) = ((t,u), o) € Hx Q is the unique solution of the problem arising from the first and second
rows of (3.27) after replacing Ay, and F,, » by A, and F, ¢ ¢ respectively, that is

AZ (ﬁa §) + B(§7 Q:) = F%,C,@(g) VseH )
o 4.1
B(t, ) = G(7) VreqQ, (4.1)
Similarly, we let T : L*(Q2) — Xs x M; be the operator given by
T(z) = (Ti(2), T2(2)) := (x,9) VzeL'(Q), (4.2)
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where ()~<, ¥) € Xy x M is the unique solution of the problem arising from the third and fourth rows of
(3.27) after replacing u by z in the free term, that is

a(%ﬂ?) + bl(naﬁ> = F(T’) Vn € X17

ba(x,w) —/Qz';cw = G(w) Yw e My, (4.3)

Finally, we let R : L"(Q) — L?() be the operator defined by
R() :==p VOeL'(Q),

where (é, ?) = ((B’ £, gé) € Xo x Y7 is the unique solution of the problem arising from the last two rows
of (3.27) after replacing Ay by Ay, that is

A@(é?é) + Bl(év?) = 0 véexla (44)
Ba(5,9) - Flp)  VeeYs. '
In this way, introducing the operator Z : L*(Q) — L*() as
E(z) := S(z,R(T2(2z)), Ti(z), T2(z)) Vz € LY(Q), (4.5)

we realize that solving (3.27) is equivalent to seeking u € L*(2) such that

In the next sections, we employ the Babuska—Brezzi theory in Banach spaces (cf. [5, Corollary 2.1,
Theorem 2.1] and [25, Theorem 2.34] for the general and classical cases, respectively), and the Banach—
Necas—Babuska Theorem in Banach spaces as well (cf. [25, Theorem 2.6]), to establish the well-posedness
of problems (4.1), (4.3), and (4.4).

4.2 Well-definedness of operator S

In what follows we apply the classical Babuska—Brezzi theory (cf. [25, Theorem 2.34]) to prove the
well-posedness of (4.1). To this end, we first stress that, being its structure the same as the ones of the
problems stated in [8, eq. (3.9)] and [11, eq. (3.23)], our analysis below is based on the results provided
in those works. We begin with the boundedness properties of the bilinear forms and functionals involved.
Indeed, successive applications of the Cauchy—Schwarz and Hoélder inequalities, along with the estimate
(1.5) for # = 4, which makes use of the continuous injection iy : H*(Q) — L*(f2), yield the existence of
positive constants, given and denoted as

1 .
1Azl = p+ S lzlosa, Bl =1, |Gl = max{1,[fiall} [luplijor, and

4.6
IFsccoll = 57 ba 5612 i U0 + 61 18100 gl + €040 o
such that
ALE8)| < A |Eu S VESCH,
BE < IBlEltle  VYET) eHxQ,
G < 1G] I7lq VreQ, and (4.7)
Frco@)| < [FrcolllSln  VEcH.
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Next, we aim to establish the inf-sup condition for A, required by [25, Theorem 2.34, eq. (2.28)].
Indeed, we let K be the kernel of the operator induced by the bilinear form B, that is

K = {§:: (s,v)€H: B(E7)=0 vreQ}, (4.8)

which, making use of the definition of B (cf. (3.9b)), and following the same procedure as in [8, Section
3.2.1., eq. (3.12)], becomes

K::{é':: (s,v)eH: vecH}Q) and Vv:s}.

Then, we have the following result.

Lemma 4.1. There exists a positive constant c such that for each z € L*(Q) there holds

N
sup 2258 o L iFly VEEK. (4.9)
sek  |ISm

S£0

Proof. Given z € L*(Q), we find that for all § = (s,v) € H there holds the identity sz-v = (v®3z):s
which, along with the definition of A, (cf. (3.9a)), imply that

A,(8,8) = / s:s = ,uHs||(2LQ Vse H. (4.10)

Q
Then, letting cp be the positive constant yielding the Friedrichs—Poincaré inequality, which says that
|W|%Q > cp ||w||%Q for all w € H}(Q), and proceeding as in the derivation of [8, eq. (3.12)], we deduce

from (4.10) that for any §' € K there holds

A,(8,8) =

7
5 lslBa+ 5 Ve 2 S{lslba+ pm IV
which yields the K-ellipticity of A,, that is

A58 > al§|y VseK, (4.11)

cp
[lia]?

with a = Mmin{l |

5 } Finally, (4.11) readily leads to (4.9), thus completing the proof. O

We now address the inf-sup condition for B required by [25, Theorem 2.34, eq. (2.29)]. For this
(1,400) ifn=2

16/5,+00) ifn=23" there exists a positive constant

purpose we will use the fact that, for each t € {
C4, depending only on €2, such that

CilTllge < 17450 + ldiv(T)[5ue V7 € Ho(dive; Q). (4.12)
Details on this inequality can be found in [8, Section 3.2.1]. Then, we have the following result.

Lemma 4.2. There exists a positive constant 3, depending only on Cy/3, such that

sup BET) S

senn [Slu
520

> Blrlq VreQ = Ho(div4/3; Q). (4.13)
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Proof. Given T € Q, it is clear that 7¢ € L2,(Q). Letting ¥ := (—7%,0) € H := L2(Q) x L*(Q), we get

B(S,7) _ B(F 1) / T2
0,0
sup ——— > ——1—- = 2 = = = [I™%oq- (4.14)
sca |Sla (¥l | 70,0
540

On the other hand, we also have that w := div(7) € L*3, and therefore, defining

Wi |w|3 2w if w#£0,
7" o otherwise,,

it readily follows that wy € L*(Q) and

[ = Il Iwlo s (4.15)

Setting now T := (0, —wy) € H = L2,(Q) x L*(Q), and using (4.15) together with the definition of w €
L*/3(Q2), we deduce

BE7) /W4 div(r
Sup — > =
scu |SlH HFHH !W4H04Q [wallo,a:0
520

= [|[div(7)llo,4/3:0 - (4.16)

Finally, suitably combining (4.14) and (4.16), and employing (4.12) with ¢t = 4/3, we are lead to (4.13)
with a positive constant 3 depending only on Cy/3. O

We are able now to establish the main result of this section.

Theorem 4.3. For each (z, 32,¢,0) € L*(Q) x L7 (Q) x Xo x My there ezists a unique (£, @) = ((t,u),g) €
H x Q solution of problem (4.1), and hence one can define S(z, »,¢,0) := u € L*(Q). Moreover, there
exists a positive constant Cg, depending only on |Q|, ||ial|, u, K, 4, 0, &, and B, such that

1S(z, ,¢,0)llo.ase = lulose < |tla < Cs {H%H(Z),j;g 1€llors2

(4.17)
+ lgllope 1000 + [Ifloasze + uplhyj2r (1 + HZHOA;Q)}-

Proof. Given (z,,¢,0) € L*(Q) x L/ (Q) x X3 x My, it is clear from Lemmas 4.1 and 4.2 that A, and B
satisfy the hypotheses of [25, Theorem 2.34], which, along with the fact that F,, ¢y € H and G € Q' (cf.
(4.6), (4.7)), imply the unique solvability of (4.1). Then, (4.17) follows from a straightforward application
of the first a priori estimate in [25, Theorem 2.34, eq. (2.30)], and by employing the boundedness
properties of Ay, F,, ¢4, and G provided in (4.6) and (4.7). O

Next, we provide the a priori estimate for the component g of the unique solution of (4.1), which will
be used later on. Indeed, from the second inequality of [25, Theorem 2.34, eq. (2.30)] we deduce the
existence of a positive constant Cg, depending only on |[is||, p, &, d4, o, &, and 3, such that

10llo.r:2 + I£llo.4/3:0 + [lupllij2r (1 + [

20)}

(418)

Izl < Cs(1+ ||Z||o,4;9){llxllg,j;QIICHo,r;Q + llgllope
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4.3 Well-definedness of operator T

We now apply the generalized Babuska-Brezzi theory (cf. [5, Theorem 2.1, Corollary 2.1]) and the
Banach—Nec¢as—Babuska theorem (cf. [25, Theorem 2.6]) to establish the well-posedness of (4.3), equiva-
lently, the well-definedness of T. To this end, and since the corresponding structure is similar to that of
[8, eq. (2.50)], we basically follow the same approach from [8, Section 3.2.3].

We begin by letting A : (X2 X Ml) X (X1 X Mg) — R be the bounded bilinear form arising from (3.27)
after adding the left-hand sides of its third and fourth rows, except the free term, that is

A((p, ), (m,w)) = a(p,m) + bi(n,¥) + ba(p,w)

(4.19)
V(u,w)EXQXMl, V(’l’],w)GX1XM2.

In addition, given z € L4(Q), we let A, : (Xg X Ml) X (X1 X M2) — R be the bounded bilinear form
given by all the terms on the left-hand sides of the third and fourth rows of (3.27), that is

&KMWJmM)FA«mwmeN—AZWw

(4.20)
V() € Xaox My, V(n,w)e Xy x M,
and realize that (4.3) can be reformulated as: Find (x,?) € X2 x M; such that
AZ((Z‘? ﬁ)7 (n’w)) = F(n) + G(w)7 v (T]v w) € Xy X Ma. (421)

In order to conclude the well-posedness of (4.21), and hence of (4.3), we now aim to prove that, for a
suitably chosen z, A, satisfies the hypotheses of the Banach—Ne¢as—Babuska theorem, for which, in turn,
it suffices to show previously that A induces an invertible operator. More precisely, due to the structure
of A (cf. (4.19)), the latter is accomplished next by showing that the bilinear forms a, by, and by satisfy
the hypotheses of the generalized Babuska—Brezzi theory (cf. [5, Theorem 2.1, Corollary 2.1]). Regarding
these goals, we stress that, while the respective analysis is basically the one developed in [8, Sections 2.3
and 3.2.3], for clearness we provide most details in what follows. Indeed, we first confirm the stability
properties of all the forms involved by deriving, thanks to the Cauchy—Schwarz and Holder inequalities,
along with the estimate (1.6) for ¢ = r (which yields the constant ¢, that appears below), the existence
of positive constants, given and denoted as

lall =1, 15 = 5 llel = 1, IF) = 5e [9plhymrs and 1G] = 5l floge, (422
such that
) < Nl il Inllx, V() € Xo x X1
) < ol il ol Vinw) € Xix My, i€ {12},
[aeue| < lelllzlose s, loll, ¥ .0) € Xa x M. (1.23)
Fol < IF) i, YneX,, and
Gl < IGH el Ve € My,

It is clear from (4.23) that A is bounded with boundedness constant ||A|| depending on |lal|, ||b1]], and
|b2]|. In turn, A, is bounded as well with constant ||A,|| depending on [|Al], ||c[|, and ||z]|o,4;:0-

Furthermore, we now let K;, i € {1, 2}, be the kernels of the operators induced by the bilinear forms
b; (cf. (3.17b)), which reduce, respectively, to

K = {ne B (div; Q) divin) =0 in 0}, and (4.24a)
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Ky = {77 e H (div;; ) : div(p) =0 in Q} (4.24Db)

For the inf-sup conditions to be satisfied by a in K; and K», we recall next [8, Lemma 3.3], whose proof
makes use of the scalar version of [29, Theorem 3.2], which, in turn, refers to the W1#(Q)-solvability of
an equation in divergence form with an homogeneous Dirichlet boundary condition.

Lemma 4.4. Let Q be a bounded Lipschitz-continuous domain of R"™, n € {2,3}, and let t, t' € (1,+00)

conjugate to each other with t (and hence t') lying in { E?g’?ﬂ Zg ig . Then, there exists a linear
and bounded operator Dy : L1(Q) — LY(Q) such that
div(Dy(w)) =0 in Q  VYweL{(Q). (4.25)

Moreover, for each z € LY (Q) such that div(z) = 0 in  Q, there holds

!LZIMW)—Ak~W Vw e LY(Q). (4.26)

A similar result to Lemma 4.4, whose proof employs the analogue of [29, Theorem 3.2], but for a more
general elliptic operator in divergence form, and under Neumann boundary conditions, will be stated and
utilized later on in Section 4.4.

To apply Lemma 4.4, we must first verify that the Lebesgue indices of the functions involved satisfy
its hypotheses. Bearing in mind that Ko C L"(Q2) and K; C L*(Q2), we require r (or equivalently its
conjugate s) to lie in the prescribed ranges. From (3.6) we know that r = 4t'/3 with ¢’ > 1, and we find
that this condition is fulfilled when ¢’ and its conjugate t are taken as indicated below

. (1,3] if n =2 , [3/2,+00) ifn=2 o
y S . , .
[9/8,9/4] ifn=3 [9/5,9] ifn=3
which yields
(4/3,4] ifn=2 [4/3,4) ifn=2
TS B/2.3 iftn=3 " €9 [3/2,3] ifn=3 (4.28)

In addition, using from (3.13) that p = 4¢/3, the respective ranges for p and its conjugate ¢ become

[2,400) ifn=2 (1,2] ifn=2

PEY n12/5,12] ifn=3 1€\ [12/11,12/7) ifn =3 (4.29)

Needless to say, once ¢ (or its conjugate t') is fixed according to (4.27), the rest of the indexes, namely r,
p and their respective conjugates s and ¢, are automatically fixed within the specified ranges.

We are now in position to show that a, by, and by satisfy the hypotheses of [5, Theorem 2.1, Corollary
2.1]. We begin with those regarding a, which actually coincide with the inf-sup conditions proved in [8,
Lemma 3.4].

Lemma 4.5. There exists a positive constant o such that

a(p,n)

sup > allpllx, Ve Ky, and (4.30a)
neK; ||"7||X1

n#0

sup a(p,m) >0 Vne Ky, n#0. (4.30Db)
peK?
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Proof. Given p € Ky (cf. (4.24b)), that is p € H"(divy; ), with div(n) = 0, we define

e ifp#0
R (431

which, owing to duality arguments, it is easily seen to verify

ps € L°(€)  and /Qu s = ellore = lmslose = lellorsa llmslosa- (4.32)
Then, bounding by below with Ds(us) € L*(€2), which clearly belongs to K3 due to (4.25), and using the
identities from (4.26) and (4.32), along with the boundedness of Dy (cf. Lemma 4.4), we find that

/M-Ds(us) /N'“s
) . 1
sup a(“a”) > Q Q — ||I’L||0,T7Q||l’l’$||07$79 > HD H HIJ’HO,T;Q7
S

776;(1 Inllx, — HDS(U’S)HO,S;Q B HDS(NS)HO,S;Q HDS(NS)H(LS;Q
n#0

which proves (4.30a) with a = ||Ds||. Given n € K; \ {0} (cf. (4.24a)), we set, analogously as for
s—2 :

i, the function n, := { gl 0 1 iz Zég , which satisfies (4.32) with  and s instead of p and r,

respectively. Noting again from (4.25) that D,(n,) € K2, we proceed similarly as before to obtain

sup a(p,m) > a(Dy(n,),m) = /n-Dr(m) = /n'nr = [nll§s0 > 0,
pneKs Q 0

which proves (4.30b) and concludes the proof. O

The continuous inf-sup conditions for the bilinear forms b, and bo are addressed next. For by we use
the Sobolev embedding (cf. [25, Corollary B.43], [39, Theorem 1.3.4]), which establishes, in particular,
that W14() is embedded into L™(Q) if either 1 < ¢ < n and r € [1,¢*], with ¢* := n"—fq, or ¢ =n and

€ [1,+00). According to the expressions for r and g given by (3.6) and (3.13), we have r = 3¢/ = ﬁ,
q= 4;1%3, and ¢* = ﬁ, so that, performing minor algebraic manipulations, we find that imposing
the constraint » < ¢* is equivalent to requiring n < 4, which is certainly the case for n € {2, 3}. In this
way, and since ¢ < n (cf. (4.29)), there always holds the embedding of W14(Q) into L"(Q2) for the ranges
specified by (4.27) - (4.29).

The announced result regarding b; and by is stated now.

Lemma 4.6. For each i € {1, 2} there exists a positive constant B; such that

b’i )

sup 29 S gl Ywe M. (4.33)
nex; [nlx,

n#0

Proof. The proof for i« = 1 follows similar arguments to those employed to prove Lemma 4.5. In fact,
given w € M; = L"(Q2), we adopt the scalar version of (4.31) and define

w™ 2w fw#£0
%;:{‘|0 ﬁwio, (4.34)

which is easily seen to verify the analogue of (4.32),that is
ws € L7(Q2)  and /wws = llwllora = llwsllo.so = lwllore [wsllo,se - (4.35)
Q
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Then, a straightforward application of the scalar version of [29, Theorem 3.2] guarantees the existence of
a unique u € WH*(Q) such that div(Vu) =ws in Q, u=0onT, and |Jull1s0 < Cs |lws|lo.sa, where Cs
is a positive constant depending only on s. Next, defining n := Vu € L*(Q), it follows that div(n) = ws
in Q, whence 77 € X; = H*(div,; Q), and [|f]|x, = [|7]ls.dive:0 < (14 Cs) [lwslo,s;0- Thus, bounding by

below with 77, and employing the identity from (4.35), we obtain

~ k| ww
o D) Balii) L it losloss
neXy H77HX1 — nlx, Hn”s,divs;ﬂ H77H87divs;9 ’
n#0

which, using the a priori estimate for ||7s.div,:, yields (4.33) for by with 81 == s (1 + C’S)_l. In
turn, the proof for by is basically the same of [8, Lemma 3.5], but since minor differences arise, and
for sake of completeness, most of the required details are provided in what follows. Indeed, given now
w € My = LP(Q), we define w, as in (4.34), but with p and ¢ instead of r and s, respectively, which
certainly satisfies the analogue of (4.35), that is

wg € LY(Q2) and /waq = HWHg,p;Q = ||Wq||g,q;ﬂ = [[wllop [wgllo,g:0 - (4.36)
_ wg in Q,
Now, let O C R" be a convex bounded domain containing €2, and let f := 0 i 0\0 Since
in :

f € LY(0), we know from [26, Corollary 1], valid for ¢ € (1,2] (cf. (4.29)), that there exists a unique
z € Wé’q(O) N W24(0) such that Az = fin O, z = 0 on O, and for which there holds ||z]j2 40 <
cqllfllogo = ¢qllwgllo,g:, With a positive constant ¢, depending only on ¢ and O. Defining now 7 :=
Vzlo € WH9(Q), we can assert, according to the previously noticed embedding from W14(Q) into
L"(Q), which we denote from now on i, ,, that n € L"(f2), so that, invoking the aforementioned bound
for ||z|2,4:0, we obtain

7llore < lligrllnllige < ligrllzll2go < ligrlllzll2g0 < gl cq llogllogs - (4.37)
Moreover, there clearly holds div(n) = Az = f = w, in , and thus 1 € X3 := H"(divy, ) , with

0,q;€2 » (4'38)

I17llx. = Illose + ldivid)loge = 0lore + lwgloge < (14 ligrllcq) llwg

where the estimate from (4.37) was employed in the last step yielding (4.38). Finally, bounding by below
with 77, and using the identity from (4.36), we find that

~ K w W,
ba(n,w) _ ba(7,w) /Q T klwllopa llwglloge

sup > = = = = =
nexo [I1]lx, 17, 17, 171lx
n#0
which, employing (4.38), implies (4.33) for by with B2 := x (1 4 [[ig,|| cq)fl. O

Bearing in mind the boundedness properties given by (4.23), and thanks to Lemmas 4.5 and 4.6, the
hypotheses from [5, Theorem 2.1, Corollary 2.1] have been accomplished by the bilinear forms a, by, and
by, and hence, in virtue of the corresponding a priori estimates provided in [5, Corollary 2.1, eqs. 2.15
and 2.16], we conclude the existence of a positive constant ar, depending only on «, (1, B2, and ||al|,
such that the global inf-sup conditions for A hold, that is

A1), (0.0)

(ﬂ:w)€X1><M2 ”(n7w)||X1XM2
(n,w)#0

> ar [[( P)lxoxmy V(p,9) € Xa x My, and (4.39)
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sup A(p, ), (n,w))

(p,)eXox My H (“’7 w) HX2 x My
(1,)#0

> ar [[(n,w)llxian  V(0,w) € Xi x M. (4.39b)

Next, according to the definition of A, (cf. (4.20)), for a given z € L*(£2), and resorting to the bound of
|fQ z - pw| provided by (4.22) and (4.23), we casily deduce from (4.39a) that

wp Ay (1, ), (m,w))

(W7W)€X1><M2 H(n""j)”X1XM2
(n,w)#0

> (o1 — lzlloan) (1, ¥)Ixoxm, V(1) € X x My,

so that, under the following assumption

«
lzloae < =5 (4.40)
we arrive at
AZ (H,¢)> (77700) «
sup ( ) > —r ”(/’1’)77[))HX2><M1 v(”’a QIZ)) € X2 X Ml . (441)

(”LW)GX1><M2 H(’rl?w)HxlXMg 2
(nw)#0

Similarly, but starting from (4.39b) instead of (4.39a), and under the same assumption (4.40), we get

oup BB OS) o O s V) €XixMas (442

(1) €X2 x M1 [ (1 ) [ x50y 2
() #0

Consequently, we are now in position to establish the well-definedness of operator T.

Theorem 4.7. For each z € L*(Q) satisfying (4.40), there exists a unique (X, ¥) € Xa x My solution of
(4.21) (equivalently, (4.3)), and hence one can define T(z) := (x,¥) € X2 x My. Moreover, there exists
a positive constant Ct, depending only on aT, k, and ¢, such that

IT@)xext, < Co {100 l/srr + [ flogn}- (4.43)

Proof. Having proved (4.41) and (4.42), the existence of a unique solution (x,?) € X2 x My of (4.21)
follows from a straightforward application of the Banach—Necas—Babuska theorem (cf. [25, Theorem

2.6]). In turn, the a priori estimate given by [25, eq. 2.5, Theorem 2.6], along with the boundedness
properties of F and G (cf. (4.22) and (4.23)), yield (4.43) and end the proof. O

4.4 Well-definedness of operator R

In this section we apply once again the generalized Babuska—Brezzi theory (cf. [5, Theorem 2.1, Corollary
2.1, Section 2.1]), but now to establish the well-posedness of (4.4), equivalently, the well-definedness of
R. In this regard, and due to the previously observed generalized twofold saddle point structure of (4.4),
we stress that in this case the utilization of that theory is twice since, when applying it to the whole
system (4.4), it is employed in turn, to derive the required inf-sup conditions for 4y with respect to the
null spaces of the operators induced by B; and Bs.

We begin with the boundedness properties of all the forms involved. Indeed, given § € M; := L"(Q),
simple applications of Holder’s inequality, along with the upper bound for n(#) (cf. (2.2)) in the particular
case of ay, yield the existence of positive constants, given and denoted as

lall »= 2, ball == 1, [byf :=1, [lA] = max{2,1+n},

(4.44)
[Bull := 1, [[Befl :== 1, and [F] = [glloje,
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such that

lag(se,0)| < |allll5llo: llelloee V(2,0 € L7 (Q) x LY(Q),
bi(e,)] < [billllellosellsliave  ¥(es) € LYQ) x H(div;; Q)
ba(s,A)] < |Ib2|l I#]loji0 [Mledivsn ¥ (3,A) € LI (Q) x Hy(divg; Q) (4.45)
[Ag(2,0)] < |Allll]x. [lelx, V(#,0) € Xo x Xy,
Bi(s, )| < [IBill [|#]x; [y, V(#49)eX;xY;, i€{l,2}, and
Fe)l < [IFelloge VoeYs.

Next, bearing in mind the definitions of B; and By (cf. (3.25b)), we readily find that the null spaces
induced by By and By become

Ky = {fr::(x,g)GXlz Bi(3#,4) = 0 VQ,Z)GYl}
:{J?::(x,g)eXl: div(¢) =0 in Q}, and

. B (4.46)
Ky = { = (t,6) €Xa: Ba(3,0) = 0 vweyg}
= {}? = (3t,6) € Xo: div(s) =0 in Q},
so that, introducing the notation
ﬁg(diVJ‘; Q) = {g‘ € Hg(diV]‘; Q) : div(g) =0 in Q }, and (447)
HY (divy; Q) = {g € Hi(divy;Q): div(s) =0 in Q }, ‘

they can be written equivalently as

K1 = LYQ) x BY(div; Q) and Ky = LI(Q) x H)(div; Q). (4.48)

Then, as a first step in the verification of the hypotheses of [5, Theorem 2.1, Section 2.1] for (4.4), we
aim to prove that the required inf-sup conditions for 4y on K1 and Ky (cf. [5, egs. (2.8) and (2.9)])
are accomplished, which, in turn, reduces to establishing that ag, by, and by satisfies the hypotheses
of [5, Theorem 2.1, Section 2.1] in K; x K2. To this end, and particularly for the inf-sup conditions to
be satisfied by ay, we need to identify the kernels of b; and be when restricted to Xy x Kg, which we
denote by V; and Vy, respectively. Thus, according to the definitions of these bilinear forms (cf. (3.26b),
(3.26¢)), and bearing in mind (4.48), we readily find the characterizations

vV = {geLf(Q): /Qg-cz() vgeﬁg(divj;g)}, and

ng{xGLj(Q): /x-)\:() V)\Eﬁg(diw;ﬁ)}.

Q
Additionally, we need to invoke the following solvability result for the Neumann boundary value problem
of a particular elliptic equation in divergence form.

Theorem 4.8. Let Q be a bounded Lipschitz-continuous domain of R™, n € {2,3}, and let g € LY(),
g € LY(Q), and gy € WVEHT), with t € (1,400), such that g and gy satisfy the compatibility condition

/Qg = (9n,1),

where, as indicated in Section 1, (-,-) stands for the duality pairing between W—/4HT) and WY/H(T),
with t' € (1,+00) being the conjugate of t. In turn, let £ : Q@ — R be a measurable function for which there
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[4/3,4] ifn =2

) < <
exist constants &1, & such that 0 < & < &(x) < & for allx € Q. Then, for each t € { 3/2,3] ifn—3

there exists a unique u € Wl’t(Q) = {v e WhH(Q) : / v = 0}, such that
Q

div<2Vu—g>:g in Q and <2_Vu—g)-l/:g]v on T. (4.49)

Moreover, there exists a positive constant C, depending only on n, t, &1, &, and §), such that

{llgllos + lgllos + lgnll 100} -
Proof. Tt follows as a particular case of the more general result given by [32, Theorem 1.2]. O

We are now ready to provide the similar result to Lemma 4.4 that was announced in Section 4.3.
Lemma 4.9. Let Q be a bounded Lipschitz-continuous domain of R™, n € {2,3}, and let t, t’ € (1,400)

. . N [4/3,4] ifn=2 . )
conjugate to each other with t (and hence t') lying in { 3/2.3] ifn=3 " In addition, let € : Q0 — R be

as in Theorem 4.8. Then, there exists a linear and bounded operator Dy ¢ : L'(Q) — LY(Q2), with || Dy¢||
depending only on n, t, &1, &, and ), such that

div(Dig(w)) =0 in Q and Dye(w)-v =0 on T Vw e LY(Q). (4.50)
Moreover, for each z € LY (Q) such that div(z) = 0 in Qandz-v =0 on T, there holds

/fzz%g /gzw- Vw e LY(Q). (4.51)

Proof. Given w € L¥(€), it suffices to define Dy ¢(w) := w — ¢ Vu where u € Wh{(Q) is the unique
solution of (4.49) with g =0, g = w, and gy = 0. Further detaﬂs are omitted. O

We plan to apply Lemma 4.9 to prove the inf-sup conditions for ag on V; and V. This will require ¢
and j to lie in the ranges specified there. Knowing from (3.6) that j = 8¢/3, simple algebraic computations
. 4/3,4] ifn=2 . . 1/2,3/2] ifn=2
show that j € { &4273} =3 if and only if ¢ € { {9?16,{)/]8] =3
the range for ¢ given by (4.27), yields the only feasible choice ¢t = 3/2 if n = 2, and no possible choice if
n = 3. Hence, from now on we just consider n = 2 and t = 3/2, equivalently ¢’ = 3, which, according to
(3.6), (4.28), and (4.29), implies the following fixed Lebesgue indexes

j=4, £=4/3, r=4, s=4/3, p=2, and ¢ = 2. (4.52)

which, intersected with

Although (4.52) provides specific values, throughout the rest of the paper we will continue to use the
generic indices j, ¢, r, s, p, and g. This allows other choices for these indices to be tested later—for
instance, to measure errors in numerical experiments. In Section 7 we suggest that (4.52) is not a
necessary condition but rather a technical limitation of our analysis.

We are ready now to establish the required inf-sup conditions for agy.

Lemma 4.10. There exists a positive constant aa such that for each 6 € M; = L"(Q),

sup 250 5 o o Vre Vs, (4.53)
eev: llellose
0#0
In addition, there holds
sup ag(s,0) >0 Vo€V, 0#0. (4.54)
»EVo
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Proof. Given 6 € My, we first consider 3 € Vo C LJ(2), 3¢ # 0, and define s as in (4.31), but with j
and / instead of r and s, respectively, which clearly satisfies (cf. (4.32))

s, € LYQ) and /»mg = llxlloj 2
Q

lo.e:2 - (4.55)

Then, we apply Lemma 4.9 with t = ¢ and £ := (77(0))71, and observe, thanks to (4.50), that Dy ¢(s,) €
H{ (divy; Q), which, according to the definition of Vs, yields

/Q}f-Dg,g(%g) =0. (456)

In turn, letting g := {(zg - D&f(”f)) € LY(Q), and employing (4.51), we easily deduce that for each
¢ € H)(div;; Q) there holds

/QE'C—/Qéw'C—/Q&'De,g(%@)—/Qf%z'C—/ch'%e =0,

which shows that @ € V;. Hence, bearing in mind the definitions of ag (cf. (3.26a)) and &, and using the
identity from (4.55) along with (4.56), we find that

a(.8) = [0 % 8= [ s~ [ 50 Duclon) = Ixls il (457

Q Q Q

which shows that @ # 0. Also, the lower bound of 7 (cf. (2.2)) and the boundedness of D¢ imply
lelloo < nt (L+ [1Degll) l122ello.c0- (4.58)

Bounding by below with g, and invoking (4.57), we obtain

ag(s,0) _ ag(x,0)  |lojallslloen

ocvy lelloece = lelloesa ll@llo,e:0
070

)

which, thanks to (4.58), implies (4.53) with aa = m (1 + HDMH)_I. The proof of (4.54) proceeds in a
similar manner. In fact, given g € Vi C L(Q), o # 0, we define g; as in (4.31) again, but now with ¢
and j instead of r and s, and notice that (cf. (4.32)

0, € L/(Q) and /QQ'Qj = llellf.e0-

Then, letting 3 := £ (gj — Djyg(gj)), and proceeding similarly as before, we are able to show that

sup ag(x,0) > ag(x,0) = |olb e > 0,
»nEVo

thus ending the proof. O

We address next the inf-sup conditions for b;, i € {1, 2}.

Lemma 4.11. There exist positive constants 3;, © € {1, 2}, such that

bl(ga C)

sup > B lslljaiv;:0 V¢ e Ijlg(divj; Q), and (4.59a)
2Lt (Q) lello.se
o0#0
b A ~
sip 2O e YA€ B (divi©). (4.590)
#€LI(Q) [[52]l0,5:0
x#7#0
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Proof. Given ¢ € ﬁ%(di\fj; ), we define ¢y as in (4.31) once again, but with j and ¢ instead of r and s,
so that there hold

s € LY(Q) and / S ¢ = (4.60)
Q

Then, invoking the definition of by (cf. (3.26b)), bounding by below with ¢;, and using the identity
(4.60), we readily obtain

S-S
m@@>mk%®_é L _

> = = [lslloz2 = lIslljdiv;:
0cL{(Q) HQHO,Z;Q ||§£H07f§9
070

which proves (4.59a) with 81 = 1. The proof of (4.59b) proceeds analogously by exchanging the roles of
¢ and j. Indeed, given A € Hf(divy; ©2), we define A\; € L7(Q) as in (4.31), with £ and j instead of r and
s, respectively, so that we finally obtain

b2(%7)‘) > b2 AJ’A /)\ A

= = [ Moo = [Medivea
i (@) [1%l0.5:2 [Ajll0.5:0 IAjllo,5:0 ‘
»##0
which proves (4.59b) with f2 = 1. O

Having ay, by, and by satisfied the hypotheses of [5, Theorem 2.1], we deduce equivalently, the
bijectivity of the operator induced by Ag in K1 x Ks, which, thanks to the Banach—Nec¢as—Babuska
Theorem (cf. [25, Theorem 2.6]), means, in turn, that there hold

sup 2% 8) o #lx, VEEKs, and (4.61a)
geKy HQHXl

&40

sup Ay(3,08) > 0 VoK, 6#0, (4.61Db)
»eko

740

where a4 is a positive constant depending only on ||a|| (cf. (4.44)), aa (cf. Lemma 4.10), and 51 and (2
(cf. Lemma 4.11). The explicit form of a4 in terms of the aforementioned constants can be derived from
the a priori estimates provided by [5, Corollary 2.1, egs. (2.15) and (2.16)].

We next address the inf-sup conditions for the bilinear forms B5;, i € {1, 2}.

Lemma 4.12. There exist positive constants B, © € {1, 2}, such that

sup BBV S g ol Ve € Y (4.62)
2 Tl

Proof. Since the bilinear forms 1 and B2 share the same structure, though certainly with different spaces,
the proofs of (4.62) are analogous, and hence we just proceed with i = 2. Given ¢ € Yq := Lg(Q), we
let ¢; as in (4.34), with ¢ and j instead of r and s, respectively, so that (cf. (4.35))

; €LI(Q) and 4¢%:HWMMMMN-

Then, we define 9o = ¢; — % Jo ¥4, which clearly belongs to L{)(Q), and satisfies

1¥50llog:0 < cjllvilloge, (4.63)
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where ¢; is a positive constant depending only on j and 2. Hence, applying Theorem 4.8, with £ = 1,

g =10, g =0, and gy = 0, we conclude that there exist a unique z € Wl’j(Q) and a positive constant
C}, depending only on n, j, and {2, such that

div(Vz) = ¢j0 in ©Q, Vz-r =0 on I', and |z[i.0 < Cjllvjollojn- (4.64)

Next, defining ¢ := Vz € L/(Q), it follows from (4.64) that div(s) = ;o in Q and ¢-v =0 on I, so
that ¢ € Hé(divj-; 2), and, using (4.63), there holds

Islljgiv;ie < (14 Ch) [[¥50lloga < ¢ (1+Cj) [[¥5llog:a- (4.65)

Bounding by below with % := (0,—g) € Xy, bearing in mind the definition of By (cf. (3.25b)), and
noting that the fact that ¢ € L§(Q) yields [, v 1;0 = [, 115, we find that

Ba(#,0) @@wy_éwwzuw

0,62 [1¥5l0,5:0
sup = = p—y = puy oy 5
ex, N17%l1x, | 2%, | 2//x | 2%,
740

which, along with the bound for ||%|x, provided by (4.65), yields (4.62) with Bz := (c; (1—|—Cj))_1. O

We can establish now the well-definedness of the operator R.

Theorem 4.13. For each 0 € L"() there exists a unique (p,¢) = ((/3’5)7@) € Xo x Y solution of
(4.4), and hence one can define R(0) = p € L7(2). Moreover, there exists a positive constant Cg,
depending only on a4, Ppa2, and ||A| (cf. (4.44)), such that

R)oji0 = lploje < l18llx. < Crllg

0,50 (4.66)

Proof. Thanks to (4.61a), (4.61b), and Lemma 4.12, the unique solvability of (4.4) follows from [5,
Theorem 2.1]. In turn, noting that |R(6)lo;0 = lpllojio < [IPllx,, the a priori estimate given by [5,
Corollary 2.1, eq. (2.16)], along with the boundedness of F (cf. (4.44), (4.45)), yield (4.66). O

Similarly as in (4.18), we now establish the a priori estimate for the component ¢ of the unique solution
of (4.4), which will also be utilized later on. In fact, applying [5, Corollary 2.1, eq. (2.15)], we deduce
that there exists a positive constant Cgr, depending only on a4, 8,1, 852, and [|A||, such that

I¢lly: < Crllgloge- (4.67)

4.5 Solvability analysis of the fixed-point equation

Here we apply the classical Banach fixed-point theorem to prove that, under suitable assumptions on the
data, the operator E (cf. (4.5)) has a unique fixed point. We begin the analysis by establishing sufficient
conditions ensuring a ball-mapping property for Z. Bearing in mind the assumption on z from Theorem

4.7 (cf. (4.40)), we let § = %r and define the closed ball

Wy = {z cLYQ): ||zl

04,0 < 5}- (4.68)
Then, given z € Wy, we have from the definition of Z (cf. (4.5)) and the estimate for S (cf. (4.17)) that
IE(z)lloae = S(z, R(T2(2)), T1(2), T2(2))llose < Cs {HR(T2(Z))H8,J’;QHTI(Z)HO,T;Q

+ lgllopa [ T2(2)]

oo + Iflloasma + lupllor (1+ I2los0)
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from which, using the corresponding estimates for T (cf. (4.43)) and R (cf. (4.66)), along with (4.40),
we deduce that there exists a positive constant C'(9), depending only on Cg, Ct, Cgr, and ¢, such that

IE@o.s0 < €6) {1913 0 + Iglone) (9Dly/srr + 1 o) + I€lo.azse + lupliyzr}

In this way, we have proved the following result.

Lemma 4.14. Assume that the data is sufficiently small so that
@) { (1918 50 + lelop) (190l jarx + [7l0g0) + IEloasso + uplhor} < 5. (469
Then, E2(Ws) C Ws.

We now aim to show that Z is a contraction, for which, according to its definition (cf. (4.5)), we first
establish the continuity properties of S, T, and R. We begin with that of S.

Lemma 4.15. There exists a positive constant Lg, depending only on n, k, Cs, a, 6q and d; such that

1S(z, 2, ¢, 0) — S(z,2,¢,0)lloa0 < Ls {(H%Ho,j;ﬂ + ll22llog:) IS llo.m0 1122 = 2|0 0

(4.70)
+2l3 .0 1€ = Cllorsa + ligllopa 1€ = Ellosa + F(z.2,¢.0) ||,%—Z||0,4;Q}
for all (z,2,¢.0),(z,#,¢,0) € L4(Q) x /() x Xg x My, where
]:(Zagagaﬁ) = CS {Hl”(z),‘],ﬂ H£||0,7‘;Q + HQHO,T;Q HgHO,p;Q
(4.71)

0:0) } -

Proof. Given (z,%,¢,0), (z,2,¢,0) € L*(Q) x L/(Q) x X x My, we let (£,¢) = ((t,u),g) € Hx Q
and (t,o) = ((L g),g) € H x Q be the respective solutions of (4.1), so that S(z,,¢,0) := u and
S(z,2,¢,0) := u. Then, subtracting the corresponding equations defining (4.1), we obtain

+ [If]lo,4/3:0 + llupllijor (1+ [z

7§) - AZ<£ﬂ §) + B(gvg _Q) = F’LS:Q<§) - FK:QQ(g) Vs e H7 (4 72)
B(t - t,5) - 0 Vreq. '

It follows readily from the second equation of (4.72) that t —t € K (cf. (4.8)), so that taking §:=t — t
in the first one, and invoking the definitions of Fy ¢ g and Fy ¢ g (cf. (3.10)), we deduce that

- — —,

AEE—E) —A(EE—E) = r! 5d/ﬂ(!%\2£— |22/°¢) - (u —u) - 5t/Q(Q—9>g- (u—u). (473)

In turn, applying the K-ellipticity of A, (cf. (4.11)), employing the identity (4.73), and bearing in mind
the definitions of A, and A, (cf. (3.9a)), we find that

alt—tlfh < A,E—tt—t) = Ayt t—t) — Ag(t,t—t)
= A6t -t — ALEE—F) + (A —A)EE-1T)

_ ﬁ—lad/g(yg|2g|x|2c>'(gu> @/Q(,@mg-(gu)
+;/Qt(z—,zv)-(g—u) —;/QW@(Z—%):(E—W

(4.74)



Then, adding and subtracting the term | g]QQ and splitting the integral, we get

|2 ¢ = |22[*¢) - (w — w) (I = |2¢*) ¢ - (u — ) 22 (¢~ ) - (w—w)],
L <| gl

from which, factoring by difference of squares, using the reverse triangle inequality and applying Holder’s
inequality successively in accordance with the definition of the indexes j and r (cf. (4.52)), we obtain

[P e =10 - a-)| < {(elage + Do) s el

(4.75)
12l 50 1€ = Clloi Il = wllo.scr-
Next, simple applications of the Cauchy—Schwarz inequality along with (3.18) yield
[0-0)g(a=w| < 12~ 0o el lu - wloss
‘/ t(z—2z) (u—u)| < [thoelz—zlosellu—ullose, and (4.76)
Q

~—

z — zllos0 [t —tloo-

‘/ﬂu®(z—z):(£—t

Employing the estimates (4.75) and (4.76) in (4.74), bounding |/t]jo.o and |Juflo4.q by |t]u, as well as
|u —ullo40 and |t — tlloo by ||[€ — t|lm, and then simplifying the latter, and using the corresponding
estimation for ||t]g (cf. (4.17)), we conclude the required inequality (4.70) with a positive constant Lg
depending only on n, k, Cs, «, 64 and J;, thus, ending the proof. O

The continuity of T is addressed next. For this, we remark that the following proof is essentially the
same as the one for [8, Lemma 3.10], but we developed it for sake of completeness.

Lemma 4.16. There exists a positive constant L, depending only on ar and Ct such that

IT(2) = T@lxsnt, < L {19011 jar + 1o} Iz

for all z, z € L*(Q) satisfying (4.40).

(4.77)

Proof. Given z,z € L*(Q), we let T(z) := (x,9) € Xo x M; and T(z) := (x,¥) € X2 x My be the
respective solutions of (4.21), that is

A,Zv((zga Q)? (nvw)) = F(Tl) + G(w)a v (777‘“‘)) € Xl X M2 ) and
A((x,0),(m,w)) = F(n) +G(w),  V(n,w) € X1 x Ma.
It follows from the foregoing identities and the definitions of A, and A, (cf. (4.20)) that
Ay(x:9) — (X, 9), (m,w)) = Ag((x,9), (m,w)) — Ay((x,0), (n,w))

(4.78)
= A,(00 ). (1.9)) — Ag(G0. ). (m.w)) = /Q (2—2) xw,

so that, applying the global inf-sup condition (4.41) to A, and (p,7) := (x,9) — (x,¥) € X2 x My, and

using (4.78), we find that
) [z=2xe
H(X')Q) - (Ka Q)HXQXMl S - sup 9 20000000

AT (n,w)eX1xMs H(’?aw)Hxlng .
(n.w)#0
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Thus, proceeding as for the derivation of (3.12), and bounding ||x|lo,»:2 by [|(X, ?)[IxsxM,» We get

2
106:2) = (6 Dl < 22116 Dl llz = 2llo.so-
from which, along with the a priori estimate (4.43) for ||(x,?)|x,xmM; = || T(2)||xoxM,, We arrive at
(4.77) with Ly = 2ag' Cr. O

In order to examine the continuity of the operator R, we require a continuous embedding i. : W¢7 (£2)
— CY%9), for some € > 0, and further smoothness on the solution of (4.4). The former is guaranteed
for e > ? by Rellich-Kondrachov Theorem (cf. [25, Theorem B.46]), whereas for the latter, given

g € W (Q), we assume the following regularity hypothesis.

(RH) for each 0 € L"(Q), the solution (g, ¢) := ((B’g)’?) € Xg x Yy of problem (4.4) satisfies p €
Wei(Q), IS WeI(Q) N Hé(divj; Q), ¢ € Wi ()N L%(Q); and there exists a constant C¢ > 0 such that

”B‘w’;ﬂ + H§Hem + H?He,j;ﬂ < Ce ||9||67j;9' (4.79)

We are now in a position to establish the following Lemma.

Lemma 4.17. There exists a positive constant Lg, depending only on Ly (cf. (2.2)), |[ie||, Ce, ca (cf.
(4.61a)), such that
IR(8) - R(9)

logio < Lr |lglleje 1€ = Olloa; (4.80)
for all 9,0 € L™ ().

Proof. Given 8, 8 € L"(Q2), we let (p,¢) = ((p,£),¢) € Xa x Y1 and (B,0) = ((p,£),9) € Xa x Y be

the respective solutions of (4.4), so that

R@) =p and R(0) = p. (4.81)

Thus, the subtraction of the equations forming (4.4) with § and 0, leads to

I (4.82)
Bg(g—g,gp) =0 VoeYs.

The first equation of (4.82) ensures that Ay(p,8) = Ay(p,0) for all g € Ky (cf. (4.46)), from which,
similarly as for (4.78) but now employing the definitions of Ay and Ay (cf. (3.25a)) , we obtain
Ag(p—p,8) = Ay(p,0) — Ag(p, 8) = As(p, 8) — Ag(P, 0)

—/Q(n(e)—n(ﬁ))p-g Vo eK.

(4.83)

Then, noting from the second equation of (4.82) that » := p—p € K2 (cf. (4.46)), we apply the inf-sup
condition for Ay (cf. (4.61a)) with 5 € Ko, along with (4.83), to get

I

Al < /Q(n(H)—n(Q))P'Q
aallp—pllx, < sup

8Ky H§HX1
6+0
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which, employing the Lipschitz continuity property for n (cf. (2.2)), applying Holder’s inequality with j
and ¢, bounding ||@|l0.¢:0 by ||8]/x, and simplifying it, yields

oAl = Bllx, < Loll 18— 010l [0 (4.84)

Finally, knowing from (RH) that p € W</((2), and using the embedding i, the fact that j = r (cf.
(4.52)), and the a priori estimate (4.79), we get

116 = 0llpl ]y . < 118 = lose llpllosce < 18— Ollorallicll ol
< |00

0592 [liell Ce llglle.gie2

which, replaced back into (4.84), and invoking (4.81), yields (4.80) with Lg := L, ||ic|| Ce oz;ll. O
We now establish the Lipschitz continuity property for the fixed point operator E in the closed ball

Ws, which follows by a straightforward application of Lemmas 4.15 - 4.17, and the regularity hypothesis

(RH). Indeed, given z,z € Wy (cf. (4.68)), we deduce from the definition of E (cf. (4.5)) and the
continuity property of S (cf. Lemma 4.15, (4.70)) that

18(2) - E@lose < Ls { (IR(T22)lo0 + IR(T22) 050 ) IT1(2)]or0
x [|R(T2(z)) — R(T2(2))lloja + [R(T2(2)] .0 | T1(2) = Ti(2)or0 (4.85)
+ lgllopa [ T2(2) — Ta2(2)llor0 + F(z, R(Ta(2)), Ti(z), T2(2)) |z — 2 0,4;9} :
Then, since Ta(z), T2(z) € M; := L"(Q) (cf. (4.2)), the continuity of R (cf. Lemma 4.17) implies that

IR (T2(2z)) = R(T2(2))ll0j2 < L= llglleje | T2(2) = T2(2)llor0 - (4.86)

On the other hand, the identity (4.71), the a priori estimates of T (cf. (4.43)) and R (cf. (4.66)), and
the fact that ||z|jo4,0 < 0, gives the existence of a positive constant C(6) depending on Cg, Cr, Cr,
and ¢, such that, denoting

D0, f) = {I9pll1/srr + 1S

04} (4.87)
we find that
F(z,R(T2(z)), Ti(z), T2(z)) < C(6) {(HQH%,J‘;Q + llgllop2) D(Wp, ) + Iflloa/s:0 + lupllijzr} - (4.88)

Substituting (4.86) back into (4.85), we then apply the continuity of T (cf. Lemma 4.16) along with the
estimates of T (cf. (4.43)) and R (cf. (4.66). In the resulting inequality, we use (4.88) and then factorize

with respect to ||z — z|o,4;0, which leads to the existence of a positive constant Lz depending on Lg, L,
Lgr, Cs, Ct, Cr and C(J) such that

122) - E@llose < Lz {(IgloselgleD@n. /) + lglE 0 + Igloss) D@, f)

(4.89)
+Ifllo.a/z0 + lunlijzr } Iz = zloso-
Moreover, letting 66 be the positive constant such that
lgllogo < Celglleio:
and denoting Lz = Lz max {6’6, 1}, the inequality (4.89) simplifies to
I12(z) — E@)]oan < L= {(HQHEJ;Q (oW, f) + 1) + ”gHo,p;Q> D(Vp, f) (490

+ IElloasso + lplior}lz—zlosa ¥z, 2€Ws.

We now state the main result of this section.
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Theorem 4.18. Assume (RH) and that the data are sufficiently small so that there hold (4.69) and

Lz { (Il912;0 (@@, ) + 1) + llglope) DWn. ) + [€loasma + lupllior} < 1. (4.91)

Then, the operator E has a unique fized point uw € Wy. FEquivalently, the coupled system (3.27) has a
unique solution (t,o) = ((t,u),a) e HxQ, (x,9) € Xo x My, and (ﬁ, gb) = ((p,ﬁ),gb) € X9 x Yy,
with u € Wg. Moreover, there hold the following a priori estimates

I(t, 0)l[Exq < C1 {(Ilgllg,j;g +llgllope) (19pllysrr + I1f

1069 Ixaxts < Cr {100l jsrr + Ifloga},  and
(. 0)lxuxv: < Ca gl

\O,q;ﬂ) + [|£]l0,4/3;:0 + ||uD”1/2,F}7

where Cy is a positive constant depending on Cs, 53, Cr, Cr, and 6; whereas Cy := Cr + 571.

Proof. We recall from Lemma 4.14 that (4.69) guarantees that 2 maps W into itself. Since = is Lipschitz
continuous (cf. (4.90)), relation (4.91) shows that it is, in fact, a contraction. Therefore, from Banach’s
fixed-point Theorem, there exists a unique solution u € Ws of (3.27). In turn, the a priori estimates
follow easily from (4.17), (4.18), (4.43), (4.66), (4.67), and the bound |lulp.4,0 < 9. O

5 The Galerkin scheme

In this section, we introduce a Galerkin scheme associated with the fully mixed formulation (3.27) and
analyze its well-posedness using a discrete counterpart of the fixed-point approach developed in Section
4.1. We begin by presenting the scheme on generic finite-dimensional spaces and stating the assumptions
required for solvability. An a priori error analysis is derived at the end of the section.

5.1 The discrete problem

We start by considering a regular family of triangulations {’E} hso Of Q made up of triangles K of
diameter hg, and set h := max{ hx: K € Tp}. Then, we consider arbitrary finite element subspaces
H},, Hy!, HY, Xop, My, Xip, Moy, X5, xgﬁh, Y1n XP ), X3, and Yy of the spaces L, (), L' (Q),
H(divy s ), Y (divg; ), L7(Q), B (divy; ), L7(9), LJ(Q), Hy(div;; Q), Lj(), L(2), H(dive; ),
and Lf](Q), respectively, each provided with the same norm of the spaces in which they are contained.
Specific choices of them, verifying suitable conditions to be incorporated in the forthcoming analysis, will
be provided later in Section 6. Now, defining the product spaces

Hh = H% X Hz s Qh = HZ N Ho(diV4/3; Q) s X2,h = Xg,h X Xg,h’XLh = Xf,h X Xi\,h s
and setting the notation
t, = (tr,wp),  Spi=(sn,vi) €Hy,  Bri= (pn. &) € Xop,  8h = (on, An) € Xip,

the Galerkin scheme associated with (3.27) reads: Find (fh, opn) € Hy x Qp, (Xn, Y1) € Xap X My 5, and
(f)’h, gbh) € Xa.n X Yy 4, such that

Auh (Eh,gh) + B(§h,ah) = FPh:thﬁh(§h> V§h S Hh,

B(ty, 7,) = G(73) V1, € Qn,

a(Xn,Mn) + b1(Mn, In) = F(np) Vo, € X1,
ba(Xh,wh) — /Quh - xhwp = G(wp) Vwp € Moy, (5.1)

Ay, (P, 8r) + B1(8n,dn) =0 Von Xy,

Ba(Ph, on) = Flen) Vo € Yoy.

29



5.2 Discrete fixed point strategy

To address the solvability of (5.1), here we adopt the discrete version of the fixed point strategy used in
Section 4.1. We begin by letting Sy, : H}} x Xgh x Xop x My, — HJ! be the operator defined by

Sn(zn, %n,Chy 0n) = W Y (zn, 220, Gy On) € Hi X X5 X Xop X Myp,

where (t, o) = ((Atﬁ,gh),gh) € Hj, x Qy is the unique solution of the discrete counterpart of the
problem (4.1), which arises from the first two rows of (5.1) after replacing Ay, and Fy, v, 9, by Az,
and F,,, ¢, g, respectively, that is

A,, (.8n) + B(Shan) = Fu, c,0.(8n) Vs, € Hy, (5.2)
B(ts, 1) = G(m) V1, € Q.

In turn, we let T} : H)) — X5, x My, be the operator given by
Tin(zn) = (Tin(zn), Ton(za)) = (Xn, ) Vz, € Hy,

where (xp,9n) € Xop X My is the unique solution of the discrete counterpart of the problem (4.3),
which arises from the third and fourth rows of (5.1) after replacing u, by z;, in the free term, that is

a(Xn, M) + b1(nn, Yn) = F(mn) Vo € X,
(5.3)
ba(Xn,wn) — /Zh‘zghwh = G(wn) Vwp € My
0

Similarly, we let Ry, : My ), — Xg’ 5, be the operator defined by
Rn(On) == pn VO € My,

where (éh,?h) = ((Bh,gvh),géh) € X x Yy, is the unique solution of the discrete counterpart of the
problem (4.4), which arises from the fifth and sixth rows of (5.1) after replacing Ay, by Ag, , that is

Ao, (P, 8r) + Bi(n:¢n) = 0 Von € Xy, (5.4)
B (Pn, ¢n) = Flen) Von € Yop. '
Finally, we define the operator E;, : H — H}! as
En(zn) = Si(zh, Ru(Ton(2)), T14(2), Top(z)) vz, € Hy . (5.5)
Solving (5.1) is equivalent to seeking a fixed point of Zj, that is: Find u; € H} such that
En(up) = up. (5.6)

In the next section, we prove the well-posedness of the uncoupled problems (5.2), (5.3) and (5.4),
equivalently the well-definedness of Sy, T}, R4, and thus, that of E,.

5.3 Well-definedness of S, T, R, and &,

Similarly to Sections 4.2-4.4, we now examine the well-definedness of Sy, Tj and Ry. In fact, these
properties will be established as discrete counterparts of Theorems 4.3, 4.7 and 4.13 by applying the
discrete versions of both classical and generalized Babuska—Brezzi theories (cf. [25, Proposition 2.42] and
[5, Corollary 2.2]), and the Banach-Necas-Babuska theorem (cf. [25, Theorem 2.22]). Hypotheses on the
finite element subspaces will be introduced along the analysis.
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We start with the well-definedness of Sj,, equivalently, the well-posedness of (5.2), by observing that
the discrete kernel of the bilinear form B is

K, = {§hEHh: B(gh,Th):O VThEQh}.
In this case, and differently from Section 4.2, we are not able to explicitly characterize K;, as we did for

K (cf. (4.8)) since the distributional argument is not valid at the discrete level. Instead, we assume that

(H.1) there exists a positive constant Cy4, independent of h, such that
Istlloe = Callvrllogn  VSh := (sp,va) € Ky, and
(H.2) there exists a positive constant (34, independent of h, such that

B §h Th
sup (ﬂi) > Balmnlle V7€ Qn.
SpeH, HShHH
sp#0

Now, similarly as in the proof of Lemma 4.1, but now using (H.1) instead of the Poincaré inequality and
the continuous injection is : H'(€2) — L*(Q), we deduce that for each z, € H}* there holds

An,G81) = nlslio = §lsulde + 5O IlBan V8= (ava) €Kiy (B7)

thereby proving the Kj,-ellipticity of A,, with constant ag := % min {1, Cg}.
The well-definedness of S;, can be stated now.

Theorem 5.1. For each (zn, 34, Ch, 0n) € Hj ¥ X;h x Xop x My, there exists a unique (’E ,Oh) =
((:ch,gh),gh) € Hy, x Qp, solution of problem (5.2), and hence one can define Sp,(zp, 3¢, Ch, 0n) == up €
H}. Moreover, there exists a positive constant Csq, depending only on |[is]|, 1, K, dq, 6, oa, and Ba,
such that the following a priori estimate holds true

1Sk (24, 3¢5, Shs ) loase < Ilunlloae < el < Cs,d{H”h 0.:0 l1Chllo.re

(5.8)
+lgllope [10nllo.m0 + [flloa/ze + llupllijzr (1+ ||Zh||0,4;9)}'

Proof. Tt is clear that the required discrete inf-sup condition for A,, follows from (5.7), which, along
with that of B (cf. (H.2)), and thanks to [25, Proposition 2.42], imply the existence of a unique solution
to (5.2). Moreover, the a priori estimate (5.8) follows from [25, eq. (2.30)]. O

Analogously to (4.18), and for subsequent use, the a priori estimate for the component g of the
unique solution to (5.2) is given by

lgnllq < Csa (L + llzn

5.0 I¢ulloe + lgllopa 10nlloe
0,4;9)} )

where 6S,d is a positive constant depending only on |[is||, 1, &, 4, dt, aa, and Bq.

0,4;9){||%h 5.9

+ [Ifllo,a/3:0 + lapllizr (1+[2zx

Regarding the well-definedness of T}, observe that the discrete kernels of b; and by are

Kl,h = {’l’]h S Xl,h : bl(nh,wh) =0 th S Ml,h }, and

Kyp = {nh €Xon: ba(mp,wn) =0  Vwy€ MQ,h}
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respectively, and introduce the following hypothesis:

(H.3) there exists a positive constant aq, independent of h, such that

a{pbh, Tk
sup SR 5 o ke Vi € Kop, and
€K1 n thHXl
Nh 70
sup a(p’h7nh) >0 V"?h € Kl,hv Nh 7& 07
nrEK2 p

(H.4) for each i € {1, 2}, there exists a positive constant 3; 4, independent of h, such that

bi (M, wn
sup biCom, wn) > Biallwn M, Vwp € M;p.
meXen  IMnllx,
N 70

Due to (H.3) and (H.4), an application of [5, Corollary 2.2] implies the discrete global inf-sup condition
for A (cf. (4.19)) with a positive constant a4 depending only on aqg, B14, S2.4 and |lal| (cf. (4.22)).
Consequently, the same property is transferred to A, (cf. (4.20)) for each z, € H} that satisfies the

discrete version of (4.40), that is
aT .4

2

1zallo.4:0 < (5.10)
Accordingly to the previous discussion, the well-definedness of T}, is stated as follows.

Theorem 5.2. For each z), € H} satisfying (5.10), there exists a unique ()Sh,Qh) € X p x My 3, solution
of (5.3), and hence one can define Tp(zp) = ()Nch,ﬁh) € Xgp X My . Moreover, there exists a positive
constant Ct 4, depending only on atgq, K, and ¢, (cf. (4.22)), such that

ITn@n)llxerrts < Cra {19Dll1/srr + I flogn]

Proof. Tt is a simple application of [25, Theorem 2.22]. Further details are omitted. O

In the following, we deal with the well-definedness of R}, equivalently, the well-posedness of (5.4), for
which, the procedure developed in Section 4.4 will be adapted to the present discrete framework. In this
manner, we first observe that the discrete kernels of B; and By are given by

]Cl,h = {ﬁh S X17h2 Bl(}?hawh) =0 th S Yl,h} and
Kop = {J?h €Xop: Ba(stn,n) =0 Vi € Y2,h}7

so that, under the hypotheses
(H.5) div(X},) C Y1, and div(X$,) C Yau,
along with (4.47), they can be written as

Kip = X2, x (X}, NHf(divy; Q) and  Kop = X5, x (X5, N H)(div;; Q).
Hence, the discrete kernels induced by by and by restricted to Ky 5 x Ky, are

Vl,h = {Qh S Xih : bl(gh,gh) =0 V‘;h S Xg,h N ﬁ%(diVj;Q)} and

N~ (5.11)
V2,h = {%h S Xg,h . bQ(xh,)\h) =0 V)\h € Xl,h M Ho(dng;Q)} .
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Moreover, we introduce further hypotheses which constitute discrete counterparts of the inf-sup conditions
from Lemmas 4.10-4.12. Specifically, we assume that

(H.6) there exists a positive constant aaq, independent of h, such that for each 6, € M; ), there hold

ag, (n, on)

sup —/'————— > 0agd|snlloji0 Ve, € Vo, and (5.12a)
erEV1n HQhH(M;Q

on#0

sup ag, (s, 0n) > 0 Von <€ Vin on #0, (5.12Db)
}{hEVQ,h

(H.7) there exist positive constants S q, i € {1, 2}, such that

b1(en; sn B (d;
sup bulen, 1) > Brallsnljave  Yon € X5, NH)(div;;Q), and
onexe, llenlloce ’

on#0 b )

2(¥h; An HY (di

sup =P > Bra | Mnlleavae VA € X3, N Hg(divg Q)5 and
snext, |17nlloje

J{h;ﬁo

(H.8) for each i € {1,2}, there exists a positive constant 8z ; 4, independent of h, such that

B; (52, Yn
sup ¥ > Bialltnlly,  Vin € Yipn.
ﬁhexi,h H%hHXz
7,40

In this way, assumptions (H.6)-(H.7) yield the discrete analogues of (4.61a)-(4.61b) by arguing as in
their continuous derivation, but now invoking [5, Corollary 2.2] and [25, Theorem 2.22]. These results
correspond precisely to the discrete inf-sup conditions for Ag, on Ky 5 x Ky p,, namely

Ao, (521, 01)

sp A0l 5 k. Vad € Kan, and (5.13a)
éhelcl,h ||Qh||X1

0,70

sup A, (%n,8r,) >0 Vo, €Kip, 00 #0, (5.13b)
)?;,EICQJ,,

where a4 4 is a positive constant depending only on aaq, f1,4, 2,0 and ||af| (cf. (4.44)).
The well-definedness of Ry, is established now in the following result.

Theorem 5.3. For each 0, € My, there exists a unique (éha?h) = ((Bh,gh),gvﬁh) € Xop x Yy p solution
of (5.4), and hence one can define Ry(0r) = ppn € X8, . Moreover, there exists a positive constant
CRr.4, depending only on aaq, BB2a and || A| (cf. (4.44)), such that

[Ra@n)lloge < llenlloje < IPnllx. < Crallgllojo-

Proof. Thanks to the inf-sup conditions of Ay, (cf. (5.13a)-(5.13b)), By and By (cf. (H.8)), the proof
reduces to a simple application of [5, Corollary 2.2]. Further details are omitted. ]

Since the a priori estimation for the second component ¢ of the unique solution of (5.4) will be
required later on, we deduce, analogously to the derivation of (4.67), that there exists a positive constant
CRr.qa depending only on o 44, 88,1,4, BB,2,a, and || A|[, such that

I¢nlly, < Crallglloje - (5.14)

The well-definedness of Sy, T}, and R}, guarantees that of Zj, (cf. (5.5)), so that the next section is
devoted to establishing the existence of a fixed point for it.
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5.4 Solvability analysis of the discrete fixed point equation

In this section we address the solvability of the Galerkin scheme (5.1) by means of the equivalent fixed-
point formulation (5.6). The arguments follow closely those of Section 4.5, and therefore most technical
details are omitted, with emphasis placed only on the aspects that differ in the discrete setting. We
emphasize that only existence is obtained through Brouwer’s fixed-point theorem, and the reason for this
will be explained later on.

Similarly as for (4.68), but now employing the discrete assumption (5.10), we let 64 = a;’d and define
the closed ball
Wi i= {zn € s Jlznllosa < a).

which is shown, analogously to the derivation of Lemma 4.14, to be mapped into itself through Z; under
the discrete analogue restriction of (4.69), which read exactly as that one, but with C'(d4) and dq instead
of C(6) and ¢, respectively. Moreover, similarly to C(d), C(d4) depends only on Cg 4, Ct,4, Cr.a and dq.

Now, the continuity properties of Sy, and T}, are given as discrete versions of Lemmas 4.15 and 4.16,
reading exactly as those but with Lg4 and Lt 4 instead of Lg and L, respectively, where similarly to
the latter, Ls 4 depends only on n, k, Cs 4, aq, 04 and 6;; and L4 = Qa}ld Crq.

On the other hand, we require the additionally hypothesis
(H.9) X;h C L>(Q),

to deduce a continuity property for Ry, since (RH) is not applicable in the present discrete setting.
Certainly, this condition seems to be very restrictive, but, as it will see in Section 6, the specific spaces
provided there satisfy this condition trivially.

The continuity property for Ry, is established now.

Lemma 5.4. There exists a positive constant Lr, depending only on Ly, (cf. (2.2)) and ccaq (cf. (5.13a)),
such that

R1(0n) — Ru(@p)llome < LrallR(E) 0,000 180 — Onllo.m0 (5.15)
for all 0y,0), € M p.

Proof. Given 0,0, € M p, we let
(Br:¢n) = ((pn:&n) dn) € Xop x Y1 and (,.8,) = ((p,.§,):¢,) € Xop x Y1

be the respective solutions of (5.4), so that R(0s) := pp and Ry(0)) := p, . Now, following analogous
arguments to those used in the proof of Lemma 4.17, we derive the discrete version of (4.84), from which,
using that j = (cf. (4.52)) and bounding uniformly p, thanks to (H.9), we conclude that

anallBr = Byllx: < Ly|l€n = 0ullpylllg,0 < Lo IRR(4) o028 — Onllg
which yields (5.15) with Lg g := Ly/a4a. O
Regarding the continuity property of =, it follows analogously to the derivation of (4.89), except

that, instead of (4.86), we use its discrete counterpart given by Lemma 5.4. Indeed, given z, z;, € H},
the definition of T}, guarantees that Ty p(2zn), T2 n(2),) € My p, so that the aforementioned Lemma yields

IRA(T2,n(2n) — Riu(Ton(zn)llogie < LralRi(Ton(zn))llooc0 I T2,n(20) — Ton(zs)lloro -
Consequently, the continuity property of 2 reads as
12 (21) — Znzn)lose < Lza{(lglose IRa(T2nzn)llocn Do, f) + 9l 10

(5.16)
+g

l02) D(0p, ) + [Eloa/ze + l1uplla/zr }lzs — zulose.
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where Lz 4 is a positive constant depending only on Ls 4, Lta, Lr 4, Cs.4, C1,4; CR.a, and dq.

The main result of this section is now established.
Theorem 5.5. Assume hypotheses (H.1) - (H.9), and that the data are sufficiently small so that the
discrete version of (4.69) holds, that is,

() { (9l 0 + lglop) (190l /srr + Ifl0g) + [€loasse + lunlijor} < 6 (5.17)

Then, the operator Ej, has at least one fized point u;, € W;s,. FEquivalently, the coupled problem (5.1)
has at least one solution (ty,on) € Hy x Qn, (Xn, V1) € Xop X Myp, and (ﬁh, ¢h) € Xopn x Yy p, with
uy, € Ws,. Moreover, there holds the following a priori estimates

|(th, on)|HxQ < Cl,d{(Hg G0 T lglope) (0pll/spr + I flloge) + [flloa/za + ||uD|!1/2,r}7

1Ot ) lixants < Cra{I9nljspr + Iflosa}

1(Bn: 6n) lIxsxx: < Caallglloia

where C1 4 15 a positive constant depending on Cs g, 6’5@, Cra, Cra and dq; and Cogq := Crq+ 5~R,d.

Proof. As it was mentioned at the early stage of this section, we remember that (5.17) guarantees that
E, maps the nonempty, convex, compact closed ball W, into itself. Then, thanks to the continuity
property of Ej, (cf. (5.16)), an application of Brouwer’s Theorem [10, Theorem 9.9-2] gives the existence
of at least one fixed-point u;, € Hj. Finally, the a priori estimations are obtained straightforwardly by
Lemmas 5.1-5.3, and the estimations provided therein, along with (5.9) and (5.14). O

To conclude this section, we remark that the lack of a uniform-in-h bound for ||Rp(T24(21))l0,00:0
prevents the use of (5.16) to establish a contraction property. Therefore, the Banach fixed-point theorem
can not be applied to ensure uniqueness of the discrete solution, even for sufficiently small data.

5.5 A priori error analysis

In this section we consider that ((f'7 o), (x,9), (B, ¢)) € (Hx Q) x (Xz x M) x (Xz x Y1) is the unique
solution of (3.27) with u € Wj, and that ((Eh,ah), (Xn, V1), (ﬁh,qﬁh)) € (Hp x Qp) x (X x My ) X
(X2, x Y1) is a solution of (5.1) with uy, € W;,. Then, we define the global error as

E = [|(£,0) = (6, on)llExq + [10¢:9) — (i In) [xoxny + [1(B, @) — (Bhs dn) Xz v (5.18)

and address an estimation of it by analyzing each of its addends. To this end, given a subspace Z; of an
arbitrary Banach space (Z,] - ||z), we set

dist(z, Zp) = 2122 |z —znllz VzeZ (5.19)
h h

First, we use the Strang a priori error estimate provided by [11, Lemma 6.1] (see also [28, Theorem 2.2])
applied to the context given by the first two rows of (3.27) and (5.1), from which readily follows that
there exists a positive constant Cg, depending only on ayq, B4, ||A]| and ||B||, such that

I(.0) = (B, 0n)lmxq < Cs {dist(E, Hy) + dist(o, Qu)

B B (5.20)
B0~ Fosninlleg, + [Au(Er) ~ Au, (s, }-
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Now, using the definition of F, ¢ (cf. (3.10)), we obtain

w164 / (o1 — lnlxn) - Vi — &, / (9 —dn)g- v
1 p.x.0 _th7Xh779h||H;L = sup z =

§,cH, (E1
5,40

Since the structure of the terms inside the supremum coincides with that of (4.75) and (4.76), an analogous
argument yields

¥ px,0 = Fppxnson lmy, < max {x7", 5t}{(”ﬂ||0,j;ﬂ + llenlloge) lle = pulloga lIxllore

(5.21)
+lenll s Ix = Xllorie + 19 = Onllos lglopsa
On the other hand, the definitions of A, and Ay, (cf. (3.9a)) give
1 1
B t(u—uh)'vh—g {fu®(u—uy)}:sy
[Au(t;) = A, (t, )], = sup : T 7
s, €H,, 185 | ex
$,40
so that, arguing as in the derivation of (4.76), we then obtain
— — \/ﬁ —
[Au(t, ) = Aw, (& )lle, = [t v —unfosn - (5.22)
Consequently, inserting (5.21) and (5.22) on (5.20) yields
|E0) — (En on)llxq < Cs {dist(E, Hy) + dist(o, Qn) }
+Cs{ (Iplosa + lprllosa) Ixlore llp = pallose (5.23)
+lenlld o Ix = xullore + llglope 19— Fnllome + [[Ella lu— U-hHO,4;Q},

where Cg := és max{/{_léd,(st, \/ﬁ/Q}

Next, we apply the Strang a priori error estimate from [5, Proposition 2.1, Corollary 2.3, Theorem
2.3] (see also [28, Theorem 2.2]) to the context given by the third and fourth rows of (3.27) and (5.1), in
which the free terms are considered as part of the respective functionals on the right-hand side. Thus,
we deduce the existence of a constant Cp, depending on ag, Bi.a, B2.a, |lall, |b1]| and ||b2]|, such that

/(U'X—uh'Xh)wh
Q

1(x,9) = (xh, 9) Ixa vty < O { dist(x, Xap) + dist(¥, My )+ sup
wpE€Ma p ||whHM2
wp#0

from which, adding and subtracting the expression u - xj in the numerator within the supremum, and
proceeding as for the derivation of (3.12), it readily follows that

H(Xa’lg) - (Xha’lgh)HXzXl\/h < 6T {diSt(X7X2,h) + diSt(Q%MLh)}

0,4;9} .

In turn, applying once again the Strang a priori error estimate from [28, Theorem 2.2], but this time
to the last two rows of (3.27) and (5.1), we obtain an estimation for ||(g,¢) — (Pn, én)||x,xy,- The

+Cr {Iulloaalx = xulora + Ixullore lu -l
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supremum involved is handled by adding and subtracting / n(?)p - on and / n(9n)p - On, rearranging

the resulting terms, invoking Hoélder’s inequality with exponents j-¢, and using the upper bound for 7
(cf. (2.2)). This yields the existence of a positive constant C'r, depending on a4q4, 88,14, O824, ||All
|B1]|, ||Bz2]|, and 72, such that

15, 8) ~ (B n) I xssewy < O {dist(B, Xap) + dist(d, Yis) + (Ao — As,) (5. )xy, }

which, combined with an estimate of the consistency term Ay — Ay, as in the final part of the proof of
Lemma 4.17, yields

1(5.9) = (Bns én)llxaxys < Cr {dist(B, Xz) + dist(0, Y1s) | + C llgllega 9 —

0,7;825 (524)

where Cr = Cr Ly |[ie|| Ce. Finally, adding (5.23) - (5.24), and employing the a priori estimates for
18115, 180I1%s 1XIIxss X7 ]Ixss |5 Provided by Theorems 4.18 and 5.5, we get, in terms of the notation
introduced in (4.87), (5.18) and (5.19), that

E Sé{dist((E, o), H, x Qp) + dist((x, ), Xop x My ) + dist((8, 8), Xop X Yl,h)}
+Co{pWn. )(llghoga+1) + (Il 0 + lElopa) (1 + Db, )

+ HgHaj;Q + Hf

loa/3:0 + HuDH1/2,F} E,

where C' := max {65, éT, 673}, and 60 is a positive constant depending on Cs, C2, Ca4, CT, Cta, Ch,
Cr and Cr.

We can now state the Céa type Lemma as a straightforward consequence of the last inequality.

Theorem 5.6. In addition to the hypotheses of Theorems 4.18 and 5.5, assume that

Co {p(n. (llg

+llg

o2 +1) + (lgld o + lgllope) (1 + D(Wb, f))

—_

eji2 T Hf”0,4/3;§2 + ||uDH1/2,F} < 5

Then, denoting C := 26, there holds

(. 0) = (Ens o) lxQ + [106:9) = Ocns In)lxorts + [1(B, @) = (Bns dn)l|xzxv:
< 6{dlSt((E’v U)7Hh X Qh) + diSt((X’ﬁ)7X2,h X Ml,h) + dlSt((ﬁv ¢)7X2,h X Yl,h)} .

6 Specific finite element subspaces

We now present finite element subspaces fulfilling the hypotheses (H.1)-(H.9) introduced in Sections 5.3
and 5.4, followed by the derivation of convergence rates for the corresponding discrete method.

6.1 Preliminaries

Given an integer k > 0 and a subset S C R?, we denote by P (S) and f’k(S) the space of polynomial
functions on S of degree < k and = k, respectively. Additionally, using the notations from Section 5.1,
we define for each K € Tp the corresponding local Raviart-Thomas space of order k as

RT(K) = Py(K) @ Py(K)x,
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where Py (K) := [Px(K)]?, and x is the generic vector in R2. By denoting Py (K) and RTy(K) the tensor
version of P (K) and RT(K), respectively, we let Pr(7r), Px(Th), Pr(Trn), RTx(7;) and RTx(7;) be
the corresponding global versions of Py (K), Pr(K), Px(K), RT,(K) and RTy(K), respectively, that is

Pﬂﬁy:{meL%m: %mePMK>VKen}
PL(Th) = {va € L*(Q): wilx € Pu(K) VK €Ti.

Pu(Ti) == {sn €LAQ): sulx €Pi(K) VK €Thf.

RT(Tn) = {nh € H(div;Q) :  mulx € RT(K) VK €T, }
RTy(Tn) = {Th cH(div;Q) : 7|k € RTR(K) VK €T, }
We remark here that for each t,s € (1, 400) such that ¢ > s, there hold
Pi(Th) C LYQ), RTy(Ts) € H(divs;Q), and RTy(7,) C H(divy;Q),

inclusions that will be implicitly used below when introducing the specific finite element subspaces. In
fact, we now define

Hj, == L&(Q) NP(Tn), Hy = Py(Tp), H, = H} x Hj,
HY := RTx(7n), Qn := H7 NHo(divys;Q),
Xon = RTy(Th), My = Pr(Th)
Xin = RTy(Th), May = Pr(Th)
X5, = Pu(Th), X5, := RTW(Th) N Hy(div;; ),
Xop = X5, x X5, Yiu = Pe(Th) NLY(Q),
th = Py(Th), Xi\,h = RTy(T) N H(divy; Q),

X = XP, x X3y, Yo = Pie(Th) NLG(Q).

6.2 Verification of the stability conditions

Throughout this section, we restrict our attention to convex domains and show that the finite element
spaces introduced in (6.1) satisfy hypotheses (H.1)-(H.9) from Section 5. Since most of these properties
have already been established in earlier works, we provide appropriate references and include proofs for
completeness when needed. To this end, we introduce the following operators. First, we let 'Pﬁ (LY(Q) —
P (75) be the projector that assigns, to each v € L'(Q), the unique element P (v) in Py(7;,) satisfying

/Q'P;CL(V) “qn = /QV ‘an Vap € Pr(Th). (6.2)
Now, introducing the space
th = {nh eERTK(Ty): mp-v on I and div(n,) =0 in Q}, (6.3)

we let similarly @ﬁ :LY(Q) — th be the projector that assigns, to each s € L'(£2), the unique element
OF(5) in V¥ satisfying

l/%wyM:/xah YA, € V. (6.4)
Q Q
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At this point, we gather two auxiliary results concerning these projectors that enable us to verify the
required inf-sup conditions. Further details can be found in [8, Appendix A] and [31, Section 4.3].

Lemma 6.1. Givent € (1,400) and an integer k > 0, there exists a positive constant Cp, independent
of h, such that
IPh(W)llose < Opllw

oso  Yw e LiQ). (6.5)

Lemma 6.2. Assume Q is convex. Given t € (1,400) and an integer k > 0, there exists a positive
constant CF, independent of h, such that

IO} (@) lose < CF [wlose  Vw € Hi(divi; ). (6.6)

Additionally, we state a fundamental property which will be used repeatedly in the sequel. For this,
we observe that for every n, € V¥ (cf. (6.3)), it holds that 7, € RTx(Ty) and div(ny) = 0, which implies
that (cf. proof of [27, Theorem 3.3]) n;, € P(7r), showing in this way that

ViF CPL(Th). (6.7)

Hypotheses (H.1) and (H.2) are established in [8, Lemma 5.1], while (H.3) follows from [8, Lemma
5.2]. Regarding (H.4), the case i = 1 can be obtained as a slight modification of [31, Lemma 4.5], and
its proof is therefore omitted, whereas the case i = 2 is proved in [8, Lemma 5.3]. Next, (H.5) follows
directly from the definitions in (6.1).

We now focus on (H.6), starting with (5.12a). Indeed, adding and subtracting n; (cf. (2.2)), we
obtain (cf. (3.26a))

ag, (%n,0n) = Mm /Q%h ~on + /9(77(911,) — ) 3 - On, Ve, € Vo, Yon € Vi (6.8)

Next, bounding 7(6;,) from above by 72 (cf. (2.2)) and applying Holder’s inequality with exponents j
and ¢, we find that

< (m—m) lIsllogellenllose  Vien € Vo, Vo € Vi,

‘/(U(Qh) — 1) 2 - On
Q

which, when combined with (6.8), yields

ay, (1, On) /%h'gh
sup  — = >y sup e — (=) [sallogie Y oen € Van (6.9)
enevin  llenllogn onevin llenlloee
tho Qh?éo

This procedure is introduced to overcome the lack of regularity in the discrete setting. The resulting
supremum can be handled by adapting the arguments used in the continuous version of (H.6) (cf. Lemma
4.10). Indeed, given 65, € My, (cf. (5.1)), we first let 3¢, € Vo, C LI (Q) (cf. (5.11)), s¢5 # 0, and define
sy € L(Q) as in (4.31), but with j and ¢ instead of r and s, respectively, which satisfies (cf. (4.32))

0.6 1721 lo.j;0- (6.10)

/%h,z'%h = ||%h,€’
Q

Now, using Lemma 4.9 with ¢ = £ and £ = 1, we define g}, := ’P’fl(%h,g) — @ﬁ (Dm(xh,g)) and observe,
according to the definitions of P} (cf. (6.2)) and OF (cf. (6.4)), and in view of (6.7), that g}, belongs to
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P(75). Moreover, given ¢, € Xgh N HY (div;; Q), it is clear that ¢, € V¥ (cf. (6.3)), so that, according
to (6.2) and (6.4), as well as applying (4.51) with z = ¢, we get

/@h-Ch = /Pﬁ(%h,e)'% — 05 (Dee(5n0)) s = /xh,E'Ch - /Dé,g(%h,z)-Ch =0,
Q Q Q Q

thus showing that g, € Vi) (cf. (5.11)). Using the definition of g, the integral displayed below can
be decomposed into two terms. The first is handled by invoking (6.2) since 3¢, € Vo C Pr(7h),
whereas the second vanishes as a consequence of the defining property of V5, as applied to s, and

OF (Dyg(3en0)) € Vi (cf. (6.3)), which is contained in X{:h N ItIé(din; 2). Collecting these contributions
and applying (6.10), we obtain

/ sh - By — / . T / sen - O (Dyc(en0)) = / s 2tns = |nilloco |#nllog0, (6.11)
Q Q Q Q

which implies that g; # 0. On the other hand, Holder’s inequality is applied with j and ¢, together with
the stability properties of P} (cf. (6.5)) and OF (cf. (6.6)), as well as the continuity of the operator Dy.
In this context, defining Cpy := Cp + max {C} || Dye], C']'-C | Djell}, one obtains

oce + 16 (Dee(an)loco < Crlsneloco. (6.12)

We now bound the supremum in (6.9) from below by choosing @, and substituting (6.11) into the
numerator, while the denominator is estimated by (6.12), obtaining

7y - O
PRI L

lenlloce < [Pk (ene)

L B L

sup > s =

en€Vin HQhHU,&Q HQhHOJ;Q Cp i

2r7#0
from which, assuming that

m
m—m < —=—, (6.13)
20pk
we obtain (5.12a) with aaq := % The argument leading to (5.12b) is analogous. In fact, given
P,k

on € Vi CLYQ) (cf. (5.11)), oy # 0, we define gy, j € L7(2) as in (4.31), but now with £ and j instead
of r and s, respectively, and notice that (cf. (4.32))

/ﬂQh'Qh,j = [lenllo.a llen;loe-

Then, letting 3), :== Pf(on;) — O(Dje(on;)) € Pr(Ts), and proceeding similarly as before, (6.13)
allows us to get

sup ag, (34, 0n) > ag, (%n, 0n) > {771 — (m2 — nl)ap,k} llenllo,e0 llenlloj o >0,

%heVQ’h
from which, (5.12b) follows.
We summarize the previous discussion in the following result, which establishes that (H.6) holds.

Lemma 6.3. Assume that the relative variation of n (cf. (2.2)) is small enough so that (6.13) is satisfied.
Then, given k > 0, there ewists a positive constant aaq, independent of h, such that for each 0, € My,
there hold

ag, (#h, On
Sup h(77) > Qa,q H%hHO,j;Q V3, € V2,h; and
orEV1 llon 0,6;Q
on#0
sup th(}fh,Qh) >0 VQ}Z € Vl,ha Ohn 7& 0.
#p€Va p
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We now present the result ensuring that (H.7) holds.

Lemma 6.4. There exist positive constants 5;q, i € {1, 2}, such that

bi(en, sk B (d;
sup bulen, 1) > Brallsnlliavse  Von € XS5, NH)(div;Q), and
onexe, llenlloce 7

en#0 b )

2(¥h; An Y (di
sup = P > foa [ Anlledivee ¥ A € X3, NHG(dive Q).
snex, l17nllo;
%h;ﬁéo

Proof. For the case i = 1, given g, € Xg b ﬂﬁ%(divj; ), we define ¢, ¢ € L‘(Q) as in 4.31 but with j and
¢ instead of r and s, respectively, which satisfies (cf. (4.32))

[ sv-ne = Il llsneloo (6.14)
Q
Then, defining g, := —’Pﬁ(ch@ e Pr(Th) = th, we bound the supremum from below by g;,. Noting

from (6.3) and (6.7) that s;, € Py (Ty), and then employing (6.14) and the stability of P¥ (cf. (6.5)), we
deduce that

. Phlsne) - s /c .S
bi(ohn,sh) S bi(on,sn) /Q a(She) - s _Jo IeTeh

-1
sup > == = = z = Cp llsnllogin-
onexe, llenllosa — llenllosn lenllo.ge Cpllsnelloen 7 ’
en#0
In this way, using that div(c,) = 0, we have [|splloj;,0 = [[Snlljdiv,;0, thus concluding the proof with

B4 == C’;l. The case @ = 2 follows an analogous procedure by exchanging the roles of £ and j, so we
omit further details and just mention that one also obtains 824 := Cp L O

Concerning (H.8), we recall that 3¢, := (3¢3,,), and observe that, for i € {1, 2}, there holds

B: (3¢ B; 07 ’
qp B o Bl )y
#h€X; p, ||xh”xz (0,5n)EX H(O’gh)”xi
#p#0 Sn#0

which coincides with the expression for which the discrete inf-sup condition is established in [31, Lemma
4.4]. In our setting, the admissible indices (cf. (4.52)) j = 4 and ¢ = 4/3 lie within the range covered by
that result and pose no restriction for convex domains. By contrast, in the non-convex case, for i = 1, one
also requires that ¢ > 3/2, which is not satisfied here. This is the only instance where such a restriction
arises, as all previous results hold independently of the geometry of the domain, thereby justifying the
assumption of convexity imposed at the beginning of this section. Finally, as it was established in Section
5.4, (H.9) is trivially verified from (6.1).

6.3 Rates of convergence

We now collect the approximation properties of the finite element subspaces introduced in (6.1), which
follow from those of the Raviart-Thomas interpolator and the orthogonal projector onto piecewise scalar,
vector, and tensor polynomials in the corresponding L”-norms, together with estimates obtained via
interpolation between Sobolev spaces (see, for instance, [31, Section 4.5], [8, Section 5.3]). Indeed, for
each space defined in (6.1), we have:
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(AP?) there exists a positive constant C, independent of h, such that for each ¢ € [0,k + 1], and for each
s € HY(Q) N1L2.(Q), there holds
dist(s, Ht) < C'h’ Islleq s

(AP}) there exists a positive constant C, independent of h, such that for each ¢ € [0, k4 1}, and for each
v € W54(Q), there holds
dist(v, H}!) < Ch||v]lea,

(APY) there exists a positive constant C', independent of h, such that for each ¢ € [1, £+ 1], and for each
T € HY(Q) N Ho(divys; Q) with div(r) € W54/3(Q), there holds

dist(r,Qp) < Ch* {|ITlleq + Idiv(T)]lea/z0} -

(APY) there exists a positive constant C, independent of k, such that for each £ € [1, k1], and for each
n € W5 (Q) with div(n) € W54(Q), there holds

dist(n, X2.4) < CR*{|In

om0 + [div(n)llegal

(APZ) there exists a positive constant C, independent of h, such that for each ¢ € [0, k + 1], and for each
w € W (Q), there holds
dist(w, My ) < Cht llwlle,ra

(AP?) there exists a positive constant C', independent of h, such that for each ¢ € [0, k+ 1], and for each
0 € W% (), there holds
dist(@, X5 ,) < Chllellesa,

(AP%) there exists a positive constant C', independent of h, such that for each ¢ € [1, k + 1], and for each
A € W5 (Q) with div(A) € W5(Q), there holds

dist(A, X5 ,) < Ch {[Allejia + [diviN)esinl,

(APZ) there exists a positive constant C, independent of h, such that for each ¢ € [0, k + 1], and for each
¢ € W5 (Q), there holds
dist(p, Y1) < CB [lllejn -

We have the following main theorem.

Theorem 6.5. Let ((E, o), (x.9), (B, ¢)) € (Hx Q) x (Xg x M) x (Xz x Y1) be the unique solution of
(3.27) with u € Wy, and let ((E, 04), (Xn, V1), (B, ¢n)) € (Hp x Qi) x (Xop x Mip) x (Xop x Yip)
be a solution of (5.1) with u, € W;,, whose existences are guaranteed by Theorems (4.18) and (5.5),
respectively. Assume that hypotheses of Theorem 5.6 and Lemma 6.3 hold, and that there exists { €
[1,k + 1] such that t € HY(Q) NLZ.(Q), u € WH(Q), o € HY(Q) NHo(divy/3; ), div(e) € WH/3(Q),
x € WH(Q), div(x) € Wh(Q), 9 € WO (Q), p € WHI(Q), & € WHI(Q), div(§) € WH(Q), and
¢ € WHI(Q). Then, there exists a positive constant C, independent of h, such that

(€, ) — (th, on)laxq + (X 9) — Oh, )| xoxms + [[(Bs @) — (Bhs &1 Ixax v
< Ché{”ﬂlm + [ulleg0 + llollee + [[divio)|liaso + lIxllero

+ [ldiv(x)]

tg t W

e+ llellego + 1€leso + [div(€)leo + HqﬁHe,j;ﬂ}-

Proof. 1t follows straightforwardly from Theorem 5.6 and the above approximation properties. O
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7 Numerical results

In this section, we present a numerical verification of the convergence properties established in Section
6, together with an illustration of the applicability of the proposed method to a problem of practical
interest. The finite element spaces employed throughout the experiments are those introduced in (6.1).
In particular, the zero-average condition for the pressure (cf. (2.1)), which in the mixed formulation
corresponds to a zero-mean condition on the trace of the Bernoulli stress, is enforced by means of a real
Lagrange multiplier. An analogous approach is adopted for the imposition of the zero-average condition
for the internal electric potential (cf. (2.1)). Furthermore, unless otherwise stated, all parameters are
fixed as kK = 04 = 0 = p = 1. In addition, motivated by experimental evidence (see, e.g., [17, 19]), the
dielectric permittivity is assumed to depend linearly on the temperature. Accordingly, we consider the
model

n(¥) =n2 —m ().

All computational tests have been implemented using the open-source finite element library FEniCS [3].
The resulting nonlinear systems are solved via a Newton-Raphson scheme, with an incremental relative
tolerance of 107, while the associated linear subproblems are handled using the direct solver MUMPS
through the PETSc interface with FEniCS.

We now introduce additional notation for the individual errors as:
e(t) == [[t —tulloe, e(u) = [lu—uplose, e(o) = [0 —onlldiv, 0

e(x) = lIx — Xnllrdivgies  e() == |[¥ = Inllor0,
e(p) = llp— pulloj, e(§) == [€ —&ulljaiv;0. (@) == [l¢ — ¢n

0,7;€2

where, accordingly to (4.52), r = j = 4 and ¢ = 2. Moreover, in order to quantify the convergence
behavior, we compute local error decay rates through the experimental order of convergence, defined by
EoC := log(e(-)/e(-)) [log(h /ﬁ)]*l, where h and & denote two consecutive mesh sizes, with corresponding
errors ¢ and e. In turn, DoFs denotes the number of degrees of freedom, whereas iter represents the
number of Newton iterations.

Example 1: Convergence for smooth exact solutions in a 2D domain. We first consider a
manufactured solution on the unit square 2 = (0,1)2. The exact solutions for the velocity, pressure,
temperature, and electric potential are given by

u(@y) = < N 21815?2)53(52;) ) + P@y) =sin (2@ +y), (7.1)
I(z,y) = cos(z) exp (— (z+y)), ¢(z,y) =sin(rz) cos(ry).

With these closed-form primal variables we can compute exact mixed variables through the constitutive
equations, as well as non-homogeneous boundary data and forcing terms. A successively refined family
of meshes is constructed and errors are computed on each mesh refinement, using the lowest-order finite
element families with £ = 0 and k = 1. The error history reported in Table 7.1 confirms the optimal
convergence rates of O(h¥*1) as predicted by Theorem 6.5. The table also shows the number of Newton
iterations that are required in each refinement level. The parametric regime used for the manufactured
solution examples does not seem very demanding, as no more than three iterations are required irrespec-
tive of the mesh resolution. We also show the approximate solutions for this test in Figure 7.1, generated
with the method using k = 1, and on a relatively coarse mesh. All fields are well-resolved.

Example 2: Convergence for smooth exact solutions in a 3D domain. Although the theoretical
analysis has been developed only for the two-dimensional setting, we include a three-dimensional test to
assess the performance of the method in this case. We consider the following closed-form primal solutions
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DoFs | h [ e(t) [EoC| e(u) [EoC[ e(s) [EoC[ e(x) |EoC| e() [ EoC
k=0
138 | 0.707 || 1.67e+00 * 4.30e-01 * 9.64e+-00 * 2.38e-01 * 1.31e-01 *
514 | 0.354 || 9.19e-01 | 0.86 | 2.28e-01 | 0.92 | 5.64e+00 | 0.77 | 1.22e-01 | 0.96 | 6.68e-02 | 0.97
1986 | 0.177 || 5.02e-01 | 0.87 | 1.16e-01 | 0.97 | 2.94e+00 | 0.94 | 6.23e-02 | 0.98 | 3.36e-02 | 0.99
7810 | 0.088 || 2.62e-01 | 0.94 | 5.85e-02 | 0.99 | 1.48e+00 | 0.99 | 3.11e-02 | 1.00 | 1.68e-02 | 1.00
30978 | 0.044 || 1.33e-01 | 0.98 | 2.92e-02 | 1.00 | 7.38e-01 | 1.00 | 1.55e-02 | 1.00 | 8.41e-03 | 1.00
123394 | 0.022 || 6.70e-02 | 0.99 | 1.46e-02 | 1.00 | 3.69e-01 | 1.00 | 7.76e-03 | 1.00 | 4.21e-03 | 1.00
k=1
410 | 0.707 || 5.12e-01 * 1.41e-01 * 5.22e400 * 2.67e-02 * 1.23e-02 *
1570 | 0.354 || 1.79e-01 | 1.51 | 3.58e-02 | 1.98 | 1.35e+00 | 1.95 | 7.36e-03 | 1.86 | 3.16e-03 | 1.97
6146 | 0.177 || 5.23e-02 | 1.78 | 9.08e-03 | 1.98 | 3.58e-01 | 1.91 | 1.79e-03 | 2.04 | 7.95e-04 | 1.99
24322 | 0.088 || 1.39e-02 | 1.92 | 2.28e-03 | 2.00 | 9.05e-02 | 1.98 | 4.48e-04 | 2.00 | 1.99e-04 | 2.00
96770 | 0.044 || 3.53e-03 | 1.97 | 5.69e-04 | 2.00 | 2.27e-02 | 1.99 | 1.13e-04 | 1.99 | 4.98e-05 | 2.00
386050 | 0.022 || 8.89e-04 | 1.99 | 1.42e-04 | 2.00 | 5.69e-03 | 2.00 | 2.82e-05 | 1.99 | 1.24e-05 | 2.00

DoFs | h || e(p) |EoC| e |EoC| e(¢) | EoC |iter
k=0
138 | 0.707 || 1.43¢4+00 | % | 7.18e+00 | * | 3.43e-01 | = 3
514 | 0.354 || 7.75e-01 | 0.88 | 4.00e+00 | 0.84 | 1.74e-01 | 0.98 3
1986 | 0.177 || 3.95e-01 | 0.97 | 2.04e+00 | 0.97 | 8.71e-02 | 1.00 3
7810 | 0.088 || 1.98e-01 | 0.99 | 1.02e4-00 | 0.99 | 4.36e-02 | 1.00 3
30978 | 0.044 | 9.92e-02 | 1.00 | 5.12e-01 | 1.00 | 2.18e-02 | 1.00 3
123394 | 0.022 || 4.96e-02 | 1.00 | 2.56e-01 | 1.00 | 1.09e-02 | 1.00 3
k=1
410 | 0.707 || 5.28e-01 * | 2.30e+00 | * | 1.30e-01 | = 3
1570 | 0.354 || 1.25e-01 | 2.08 | 5.68e-01 | 2.02 | 2.62e-02 | 2.31 3
6146 | 0.177 || 3.13e-02 | 2.00 | 1.44e-01 | 1.98 | 6.61e-03 | 1.99 3
24322 | 0.088 || 7.89e-03 | 1.99 | 3.64e-02 | 1.99 | 1.72e-03 | 1.95 3
96770 | 0.044 | 1.98e-03 | 1.99 | 9.13e-03 | 1.99 | 4.39¢-04 | 1.97 | 3
386050 | 0.022 || 4.97e-04 | 2.00 | 2.29¢-03 | 2.00 | 1.11e-04 | 1.98 3

Table 7.1: Example 1. Error history associated with the convergence test against smooth manufactured
solutions in 2D, for the two lowest order methods (k =0, 1).

on the unit cube Q = (0, 1)3:

sin(mx) cos(my) cos(mz)
u(z,y,z) = | —2cos(rz) sin(ry) cos(wz) |, plx,y,2)=sin(2r(z+y+2)),
cos(mz) cos(my) sin(mz)

Iz, y,z) = cos(zyz) exp (— (x+y+2)), ¢(x,y,2) =sin(rz) cos(my) cos(rz).

For this case we only carry out the experimental error analysis for the lowest-order finite element scheme
(setting k = 0), where the error is computed using the only feasible indices (cf. (4.52)) available in the
two-dimensional case. The outcome of the convergence test is presented in Table 7.2, and the results
align with those reported in the 2D case: the method is optimally convergent in every field, however,
in this case the displacement takes a bit longer to reach the asymptotic regime. These observations
further support the discussion following (4.52), suggesting that the restrictions imposed by the analysis
are mainly theoretical, while the method still performs satisfactorily at the numerical level. We plot the
numerically computed field variables in Figure 7.2. Similarly as in 2D, the vectors p; and &, have the
same direction and are very similar in magnitude.

Example 3: Application to TEHD in cylindrical annuli. Finally, we consider an application to
thermo-electro-hydrodynamic (TEHD) flows in cylindrical annuli, leading to buoyancy-like convection
in dielectric fluids. In this case, we extend the model to its time-dependent version. More specifically,
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Figure 7.1: Example 1. Approximate numerical solutions (magnitude of the tensor variables, magnitude
and evenly spaced streamlines for the vector quantities, and profiles of the scalar unknowns) for the
convergence test in 2D, computed with the second-order scheme.

DoFs h e(t) EoC e(u) EoC e(o) EoC e(x) EoC e(V) EoC

188 | 1.732 || 6.20e+00 | * | 7.12e-01 | % | 5.70e+01 | % | 6.37e-01 | x | 1.83e-01 | =«

1370 | 0.866 || 3.79¢4+00 | 0.71 | 4.70e-01 | 0.60 | 2.72e+01 | 1.07 | 3.43e-01 | 0.89 | 1.05e-01 | 0.80

10466 | 0.433 || 2.26e+00 | 0.74 | 3.45¢-01 | 0.45 | 1.76e+01 | 0.63 | 1.75e-01 | 0.97 | 5.47¢-02 | 0.95

81794 | 0.217 || 1.21e+00 | 0.90 | 1.85e-01 | 0.90 | 9.20e+00 | 0.93 | 8.81e-02 | 0.99 | 2.76e-02 | 0.99

646658 | 0.108 || 6.23e-01 | 0.96 | 9.37e-02 | 0.98 | 4.64e+400 | 0.99 | 4.40e-02 | 1.00 | 1.39e-02 | 1.00
DoFs h e(p) EoC e(&) EoC e(o) EoC | iter

188 | 1.732 || 1.91e+00 | | 1.43e4+01 | * | 3.90e-01 | x

1370 | 0.866 || 1.28e400 | 0.57 | 8.84e+00 | 0.69 | 2.67e-01 | 0.55

10466 | 0.433 || 6.90e-01 | 0.89 | 4.60e+00 | 0.94 | 1.35e-01 | 0.98

81794 | 0.217 || 3.56e-01 | 0.96 | 2.35e+00 | 0.97 | 6.93e-02 | 0.97

646658 | 0.108 || 1.79e-01 | 0.99 | 1.18e+00 | 0.99 | 3.48e-02 | 0.99

W wwww

Table 7.2: Error history associated with the convergence test against smooth manufactured solutions in
3D.

the momentum balance and thermal energy equations from (2.1) are modified by incorporating time
derivatives of the velocity and temperature fields: dyu— p Au+ (Vu)u +Vp — 64|Vo|2VI = —69g+F
and ) — kK AY + u- VI = f, respectively. The spatial formulation remains unchanged, while time
discretization is performed using an implicit backward Euler scheme with constant time step At = 1074,
The domain configuration consists of an annular region of inner radius 0.7 and outer radius 1, thereby
preserving the radius ratio reported in [19], and is discretized using a non-structured triangular mesh. The
model parametrization adopted herein corresponds to the Rayleigh regime associated with chaotic reversal
patterns in heat transfer and flow patterns in annular convection studied in [36], where electric effects are
not considered. For the numerical experiment considered here, the model is extended by incorporating
the TEHD coupling together with a different set of model parameters and boundary conditions. More
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Figure 7.2: Approximate numerical solutions (magnitude of the tensor variables, streamlines for the
vector quantities, and iso-contours of the scalar unknowns) for the convergence test in 3D, computed
with the lowest-order scheme.

precisely, no-slip conditions are imposed on the whole boundary, namely u = 0. Thermal exchange occurs
along the outer boundary with an imposed temperature that decreases linearly with height ¥ = ¥qyt,
whereas the inner boundary is assumed to be adiabatic, i.e., x -~ = 0. In addition, a grounded potential
¢in 1s imposed on the inner radius, while a transient applied voltage ¢qyt is prescribed on the outer radius,
which eliminates the need for a Lagrange multiplier to constrain the potential to have zero mean.

Now, using the notation introduced in Section 2, the data are as follows
R=W=1"72= 17 m = 01, 5t =5 106a 5d = 1757 ¢in = Oa

— : 77 —1_ Y
d’out - \/58111 <0005 t) bl 'ﬁout - 1 \/m

The results of the simulation (after 100 time steps) are summarized in Figure 7.3. We present snapshots
at different time instants of the radial and angular components of the velocity (computed as u, := uy-e,
and u, = uy - €4, respectively, where e, = ﬁ(m,y) and e, = ﬁ(—y,x)), as well as of the temperature
and electric potential. The typical recirculation patterns associated with chaotic thermal conditions are
observed, especially in the temperature profiles.

Since the boundary condition for the potential is periodic in time, so it is the potential solution.
However, at certain locations the behavior of other fields is not necessarily periodic and it confirms
the chaotic regime mentioned above. This is more clearly observed in Figure 7.4, where we plot the
numerical solution over time at a sample point near the top center of the annulus. A rapid change in
radial velocity is seen near time ¢ = 0.003, as well as an increase of thermal activity only after t = 0.0025.
This application shows that the scheme remains effective on non-convex domains, indicating that the
convexity assumption introduced at the beginning of Section 6.2 is a limitation of the analysis rather
than of the performance of the numerical method.
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Figure 7.3: Snapshots of approximate solutions for the time-dependent TEHD system on an annular re-
gion. From top to bottom: radial component of velocity (with line integral contours), angular component
of velocity (with evenly spaced streamlines), temperature profile, and potential distribution. From left
to right: adimensional times ¢ = 0.002,0.0035, 0.0065, 0.01.

References

[1] G. AHMADIBENI, M. AMIRHAKIMI, M.R. HAJMOHAMMADI, M. MIRZAEI AND M. SAFFAR-AVVAL, Numer-
ical and experimental investigation of electrode configuration effects on EHD heat transfer enhancement of
dielectric fluid in a double-pipe annulus. J. Electrost. 136 (2025), 104126.

[2] J.A. ALMoNAcID, G.N. GATICcA, R. OYARZUA AND R. RUIZ-BAIER, A new mized finite element method for

the n-dimensional Boussinesq problem with temperature-dependent viscosity. Net. Heterog. Media 15 (2020),
no. 2, 215-245.

47



3.5

3.2e6

2.5e6

2e6

lloall
[

1.5e6

1e6 1.0
5e5
0 o
0.0025 0.005 0.0075 0.01 0.0025 0.005 0.0075 0.01
4.5 1.0
= —y
40 — HE}L H
0.5
\
3.0 / \
= \ -
‘i} 00 o
=20
/
\
1.0 \ 05
o 1.0
0 0.0025 0.07?5 0.0075 0.01

Figure 7.4: Transients of some fields of the numerical solution extracted at the point (—0.025,0.884).

[3] M.S ALN&S, J. BLECHTA, J. HAKE, A. JoHANSSON, B. KEHLET, A. Loca, C. RICHARDSON, J. RING,
M.E. RoGNES, AND G.N. WELLS, The FEniCS project version 1.5. Arch. Numer. Softw., 3 (2015), no. 100,
9-23.

[4] P. BELTRAME, W. BEYER, A. BONHAGE, C. EGBERS AND R. HOLLERBACH, The geoflow-experiment on
1SS (part I): experimental preparation and design of laboratory testing hardware. Adv. Space Res. 32 (2003),
no. 2, 171-180.

[5] C. BERNARDI, C. CANUTO AND Y. MADAY, Generalized inf-sup conditions for Chebyshev spectral approxi-
mation of the Stokes problem. STAM J. Numer. Anal. 25 (1988), no. 6, 1237-1271.

[6] G. BRAYE, L. DAvousT, R. HANNA AND P.A. VAzQUEZ G., Heat transfer enhancement driven by thermo-
electro-hydrodynamics (TEHD): Influence of the Marangoni effect. J. Electrost. 141 (2026), 104289.

[7] S. CARRASCO, S. CAUCAO AND G.N. GATICA, New mized finite element methods for the coupled convective
Brinkman—Forchheimer and double-diffusion equations. J. Sci. Comput. 97 (2023), no. 3, Paper No. 61.

[8] S. Caucao, E. COLMENARES, G.N. GATICA AND C. INZUNZA, A Banach spaces-based fully-mized finite
element method for the stationary chemotaxis-Navier-Stokes problem. Comput. Math. Appl. 145 (2023), 65-89.

[9] S. Caucao, G.N. GaTicA AND J.P. ORTEGA, A fully-mized formulation in Banach spaces for the coupling
of the steady Brinkman—Forchheimer and double-diffusion equations. ESAIM Math. Model. Numer. Anal. 55
(2021), no. 6, 2725-2758.

[10] P. CIARLET, Linear and Nonlinear Functional Analysis with Applications. Society for Industrial and Applied
Mathematics, Philadelphia, PA, 2013.

48



[11]

[12]

[13]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

E. COLMENARES, G.N. GATICA AND S. MORAGA, A Banach spaces-based analysis of a new fully-mized finite
element method for the Boussinesq problem. ESAIM Math. Model. Numer. Anal. 54 (2020), no. 5, 1525-1568.

E. COLMENARES, G.N. GATICA, S. MORAGA AND R. RUIZ-BAIER, A fully-mized finite element method for
the steady-state Oberbeck—Boussinesq system. SMAT J. Comput. Math. 6 (2020), 125-157.

E. COoLMENARES, G.N. GATICA AND R. OYARZUA, Analysis of an augmented mized-primal formulation for
the stationary Boussinesq problem. Numer. Methods Partial Differ. Equ. 32 (2016), no. 2, 445-478.

E. COLMENARES, G.N. GATICA AND R. OYARZUA, Fized point strategies for mized variational formulations
of the stationary Boussinesq problem. C. R. Math. 354 (2016), no. 1, 57-62.

E. CoLMENARES, G.N. GATICA AND R. OYARZUA, An augmented fully-mized finite element method for the
stationary Boussinesq problem. Calcolo 54 (2017), 167-205.

C.I. CorRREA, G.N. GATICA AND R. RUIZ-BAIER, New mized finite element methods for the coupled Stokes
and Poisson—Nernst—Planck equations in Banach spaces. ESAIM Math. Model. Numer. Anal. 57 (2023), 1511-
1551.

O. CRUMEYROLLE, C. EGBERS, M.T. FOGAING, B. FUTTERER, I. MUTABAZI, V. TRAVNIKOV AND H.N.

Y OSHIKAWA, Thermo-electrohydrodynamic convection under microgravity: a review. Fluid Dyn. Res. 48 (2016),
061413.

T. DEFRAEYE, K. IRANSsHAHI, U.C. MULLER AND R.M. Ross1, Electrohydrodynamics and its applications:
Recent advances and future perspectives. Int. J. Heat Mass Transf. 232 (2024), 125895.

C. EGBERS, Y. GAILLARD, P.S.B. SZABO AND V. TRAVNIKOV, Thermo-electrohydrodynamic convection in
a rotating shell with central force field. Int. J. Heat Mass Transf. 218 (2024), 124760.

C. EGBERS, Y. GAILLARD, P.S.B. SZABO AND V. TRAVNIKOV, Centrifugally driven spherical gap convection
with polar angle-dependent boundary condition: Can the Nusselt number fall below unity?. Phys. Fluids 37
(2025), no. 8, 083618.

C. EaBERS, P. HauN, C. Kang, I. MuTaBAZl, H.N. YOSHIKAWA AND F. ZAUSSINGER, Thermoelectro-
hydrodynamic convection in parallel plate capacitors under dielectric heating conditions. Phys. Rev. Fluids 5
(2020), no. 11, 113503.

C. EGBERS, P. HAUN, V. TRAVNIKOV AND F. ZAUSSINGER, Influence of dielectrical heating on convective
flow in a radial force field. Phys. Rev. E 101 (2020), no. 5, 053106.

C. EGBERS, M. MEIER, A. MEYER AND V. MoTUZ, Thermo-electric convection in a cylindrical annulus
during a sounding rocket flight. J. Fluid Mech. 972 (2023), A26.

C. EGBERS AND P.S.B. SzABO, Dielectrophoretic-driven thermoelectrohydrodynamic convection in a dielectric
fluid layer induced by an inhomogeneous external electric field. Phys. Rev. E 111 2025, no. 4, 045105.

A. ERN AND J.-L. GUERMOND, Theory and Practice of Finite Elements. Applied Mathematical Sciences,
159. Springer-Verlag, New York, 2004.

S.J. FrROMM, Potential space estimates for Green potentials in convex domains. Proc. Am. Math Soc. 119
(1993), no. 1, 225-233.

G.N. GATicA, A Simple Introduction to the Mixed Finite Element Method. Theory and Applications.
SpringerBriefs in Mathematics. Springer, Cham, 2014.

G.N. GATICA, A note on the generalized Babuska-Brezzi theory: revisiting the proof of the associated Strang
error estimates. Appl. Math. Lett. 157 (2024), Paper No. 109197.

G.N. GaTica AND C. INZUNZA, On the well-posedness of Banach spaces-based mized formulations for the
nearly incompressible Navier-Lamé and Stokes equations. Comput. Math. Appl. 102 (2021), 87-94.

49



[30]

[31]

G.N. Gatica, C. INzuNzA, R. RUIZ-BAIER AND F. SANDOVAL, A posteriori error analysis of Banach
spaces-based fully-mized finite element methods for Boussinesg-type models. J. Numer. Math. 30 (2022), no.
4, 325-356.

G.N. GaTica, S. MEDDAHI AND R. RUIzZ-BAIER, An L? spaces-bases formulation yielding a new fully mized
finite element method for the coupled Darcy and heat equations. IMA J. Numer. Anal. 42 (2022), no. 4,
3154-3206.

J. GENG, WP estimates for elliptic problems with Neumann boundary conditions in Lipschitz domains. Adv.
Math. 229 (2012), no. 4, 2427-2448.

P. GERSTNER, Analysis and numerical approximation of dielectrophoretic force driven flow problems. Ph.D.
thesis, Heidelberg University (2020).

P. GERSTNER AND V. HEUVELINE, Finite element approzimation of dielectrophoretic force driven flow prob-
lems. ESAIM Math. Model. Number. Anal 57 (2023), 1691-1729.

V. HEUVELINE AND J. ROLLER, Model Order Reduction for Unsteady Dielectrophoretic Force-Driven Flows.
In: Proceedings of the 10th ITUTAM Symposium on Laminar-Turbulent Transition, A. Inasawa, K. Kato and
M. Matsubara (Editors), IUTAM Bookseries 44, Springer, Singapore, 2026, 301-307.

J.M. HuanG AND N.J. MOORE, Large-scale circulation reversals explained by pendulum correspondence. J.
Fluid Mech, 993 (2024), A3.

D. JErisON AND C.E. KENIG, The inhomogeneous Dirichlet problem in Lipschitz domains. J. Funct. Anal.
130 (1995), no. 1, 161-219.

D. Kourova, H. ROMAT AND P. TRAORE, The Characteristics of the Electro-Thermo-Convective Flow of a
Dielectric Liquid Analyzed through the Electric Nusselt Number. Fluids Volume 9 (2024), no. 10, 233.

A. QUARTERONI AND A. VALLI, Numerical Approximation of Partial Differential Equations. Springer Ser.
Comput. Math., 23, Springer-Verlag, Berlin, 1994.

50



Centro de Investigacién en Ingenieria Matematica (CI'MA)

PRE-PUBLICACIONES 2026

2026-05 RODRIGO ABARCA DEL Ri10, FERNANDO CAMPOS, CRISTOBAL CARO-RAMIREZ,
JEAN FRANCOIS CRETAUX, DANIEL MOREIRA, ALFREDO RIBEIRO NETO, JONAS
FELIPE SANTOS DE Souza, MAURICIO SEPULVEDA: First insights into the
performance of the SWOT Level 2 River Single-Pass Vector Data Product in rivers

with complex morphology: application to the Biobio River basin, Chile
2026-06 JUAN JOSE MAULEN, FERNANDO ROLDAN, CRISTIAN VEGA: Relazed and inertial

nonlinear Forward-Backward algorithm
2026-07 Luis BRICENO-ARIAS, FERNANDO ROLDAN: Optimal leveraging of smoothness and

strong convexity for Peaceman-Rachford splitting
2026-08 FAHIM ASLAM, JIANGHAO HAO, IQRA KANWAL, MAURICIO SEPULVEDA: Stability

and finite-time blow-up for a fractionally damped nonlinear plate equation: numerical

and analytical insights
2026-09 FAHIM AsSLAM, ZAYD HAJJEJ, JIANGHAO HAO, IQra KANWAL, MAURICIO

SEPULVEDA, RODRIGO VEJAR: Stability and blow-up for a suspension bridge plate

model with fractional damping and memory
2026-10 ANIBAL CORONEL, FERNANDO HUANCAS, MAURICIO SEPULVEDA: Identification of

a power-like reaction term in a reaction-diffusion SIS model
2026-11 ESTEBAN HENRIQUEZ, MANUEL SOLANO: An unfitted HDG method for a distributed

optimal convection-diffusion control problem
2026-12 SERGIO CAuUCAO, GABRIEL N. GATicA, Luis F. GATicA, CRISTIAN INZUNZA:

A priori and a posteriori error analysis of a mired FEM for stationary convective

Brinkman-Forchheimer flows with variable porosity
2026-13 JESSIKA CAMANO, RICARDO OvYARzUA, KATHERINE ROJO, SEGUNDO

VILLA-FUENTES: A mized finite element method based on pseudostress and

stream-function for the Navier—Stokes problem in 2D
2026-14 RAIMUND BURGER, CIPRIANO ESCALANTE, ENRIQUE D. FERNANDEZ NIETO,

JORGE MOYA: A two-dimensional multilayer shallow water model of tsunami-forest

interaction o ) )
2026-15 ALoNsO J. BusTos, SERGIO CAUCAO: A posteriori error analysis of two mized

formulations for a coupled Brinkman—Forchheimer and convection-diffusion-reaction

system
2026-16 GABRIEL N. GaTicA, SALIM MEDDAHI, KEVIN W. PUCHA-ATAN, RICARDO

Ru1z-BAIER: A Banach spaces-based fully mixed finite element method for the
thermo-electro-hydrodynamic Boussinesq problem

Para obtener copias de las Pre-Publicaciones, escribir o llamar a: DIRECTOR, CENTRO DE
INVESTIGACION EN INGENIERfA MATEMATICA, UNIVERSIDAD DE CONCEPCION, CASILLA
160-C, CONCEPCION, CHILE, TEL.: 41-2661324, o bien, visitar la pagina web del centro:
http://www.ci2ma.udec.cl



CENTRO DE INVESTIGACION EN
INGENIERIA MATEMATICA (CI2MA)
Universidad de Concepcién

Casilla 160-C, Concepcién, Chile
Tel.: 56-41-2661324 /2661554 /2661316
http://www.ci2ma.udec.cl




	Introduction
	Model problem
	The mixed variational formulation
	The fluid equations
	The thermal equations
	The electric potential equations 

	The continuous solvability analysis
	The fixed-point strategy
	Well-definedness of operator Lg
	Well-definedness of operator Lg
	Well-definedness of operator Lg
	Solvability analysis of the fixed-point equation

	The Galerkin scheme
	The discrete problem
	Discrete fixed point strategy
	Well-definedness of Lg, Lg, Lg and Lg
	Solvability analysis of the discrete fixed point equation
	A priori error analysis

	Specific finite element subspaces
	Preliminaries
	Verification of the stability conditions
	Rates of convergence

	Numerical results

