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Abstract

We consider the linear elasticity problem with mixed boundary conditions and introduce an sta-
bilized mixed scheme, locking free, circumventing the use of the rotation as an additional unknown.
We obtain optimal a priori error estimate and develop the corresponding a posteriori error analysis,
endowing the scheme with an estimator that is reliable and locally efficient. We provide numerical
experiments that illustrate the performance of the corresponding adaptive algorithm and support
its use in practice.

Mathematics Subject Classifications (1991): 65N15, 65N30, 65N50, 74B05, 74S05

Key words: A posteriori error estimates, mixed finite element, augmented formulation, linear elas-
ticity, Ritz projection

1 Introduction
Normally, in order to avoid the effects of locking in linear elasticity, the mixed finite element method is
employed. We point out that this approach allows us to approximate additional unknowns of physical
interest (such as the stress, the rotation, for e.g.), simultaneously (see [22, 21, 4, 6]). Nevertheless,
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it is well known that stabilized mixed finite element method for the linear elasticity problem involves
many degrees of freedom (see [4, 5]).

The application of stabilization techniques have the advantage that they allows us to use simpler
finite element subspaces, including equal-order interpolations, which are highly desired since they
simplify the coding, but they are generally unstable within the mixed approach.

In particular, the popularity of the mixed method based on the Hellinger and Reissner formulation,
that is, an scheme approximating simultaneously the displacement and the Cauchy stress tensor, is
supported by the fact that being a locking-free scheme, it improves the approximation of the stress (see
[3, 33]). Usually, the symmetry of the Cauchy stress tensor is weakly imposed through the introduction
of rotation as a new unknown, increasing the number of degrees of freedom (see [6]). Recently, in [2],
following the ideas introduced in [23], an alternative procedure is described, which is based on the use
of a skew symmetric tensor instead of the symmetric deformation tensor, thus we can circumvent the
use of rotation, allowing to reduce the number of unknowns (also see [8, 14]).

From a practical point of view, mixed boundary conditions describe many situations of interest.
On the contrary, they have only been treated in the works [28, 1, 31, 8]. In [28], in the case of
mixed boundary conditions, the Neumann boundary condition is imposed weakly, through the use of
a new unknown that can be interpreted as the trace of the displacement on the Neumann boundary.
This technique entails some difficulties since the resulting variational formulation has a saddle-point
structure. More specifically, the scheme is augmented by adding least squares terms multiplied by
some positive parameters, looking for its admisible values, in order to ensure strong coercivity of
the resulting bilinear form to fullfill the hypotheses of the Babuška–Brezzi theory. One difficulty
here is that one parameter depends on Korn’s constant, which generally only its existence is known,
but not its exact value. In addition the discrete scheme requires the use of an independent mesh of
the Neumann boundary that has to satisfy a compatibility condition with the mesh induced by the
triangulation of the domain (see [29]). However, to the best of our knowledge, these criteria are only
established for 2D, i.e. for 3D there are no criteria available to build the aforementioned independent
mesh of the Neumann boundary. This was fixed in [31] imposing the Neumann boundary condition in
a strong sense, where the resulting scheme is well-posed and free of locking, allowing to approximate
the stress, the displacement and the rotation, for both 2D and 3D, but the problem of the dependence
of a parameter on the Korn-type constant, persists. In addition, the primal formulation with mixed
boundary conditions is studied in [1]. Alternatively, for the equations describing the incompressible
elasticity model formulated using a mixed approach, in [8] the treatment of the Neumann’s condition is
done through the use of a homogenization technique, which is valid for 2D and 3D, and its stabilization
parameters do not depend on unknown constants.

Concerning the a posteriori error analysis in elasticity, we can mention the classical works [24, 35].
In regards to a stabilized scheme, an a posteriori error estimator of residual type has been derived in
[19] in the case of pure homogeneous Dirichlet boundary conditions, whose analysis has been extended
to the case of non-homogeneous Dirichlet and mixed boundary conditions in [11]. Although this a
posteriori error estimator is reliable and efficient, its computation could be expensive, specially if one
thinks in its extension to the three-dimensional case. This motivated the development of subsequent
works [12, 13], which are based on the boundedness of the solution of the Ritz projection of the error.
The estimators presented there do not involve either tangential or normal jumps, so, from a practical
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point of view, they are cheaper and easier to implement, compared to those previously developed in
[19, 11]. A posteriori error analysis based on the Ritz projection of the error has been extended in
other directions. For example, an a posteriori error estimator for Darcy flow has been developed in
[15, 16], while another one for the Stokes system can be found in [7] as well as for Oseen equations in
[17, 18].

The aim of this paper is to extend the applicability of [2] to the case of mixed boundary conditions,
that works for both two and three-dimensional cases. More specifically, our interest in this article is
focus in both error analysis, i.e., a priori and a posteriori. As usual, the a priori error analysis is based
on additional regularity and the corresponding approximations properties of the finite element spaces,
whereas for the a posteriori error analysis, our analysis is based on the Ritz projection of the error.
We obtain an a posteriori error estimator that is reliable and locally efficient. Moreover, numerical
experiments support the use of the new a posteriori error estimates in practice.

The rest of the paper is organized as follows. In Section 2, we introduce the augmented varia-
tional formulation for the linear elasticity problem with mixed boundary conditions, the corresponding
Galerkin scheme and the simplest finite element subspaces that can be used. In Section 3, we develop
the a posteriori error analysis and propose the new a posteriori error estimator. Finally, in Section 4
we provide several numerical experiments that support the use of the new a posteriori error estimates
in practice.

We end this section with some notations to be used throughout the paper. Given d ∈ {2, 3}
and a Hilbert space H, we denote by Hd (resp. Hd×d) the space of vectors (resp. square tensors
of order d) with entries in H. Given τ := (τij) and ζ := (ζij) ∈ Rd×d, we denote τ t := (τji),
tr(τ ) := τ11 + · · · + τdd and τ : ζ :=

∑d
i,j=1 τijζij . We also use the standard notations for Sobolev

spaces and norms. Additionally, we denote by I the identity matrix in Rd×d and

H(div; Ω) := {τ ∈ [L2(Ω)]d×d : div(τ ) ∈ [L2(Ω)]d} ,

H0(div; Ω) :=
{
τ ∈ H(div; Ω) :

∫
Ω

tr(τ ) = 0
}
.

We notice that for any τ ∈ H(div; Ω) there exist a unique τ0 ∈ H0(div; Ω) and δ := 1
d|Ω|

∫
Ω tr(τ ) ∈ R

such that τ = τ0 +δI. Moreover, we introduce the deviator of tensor τ , as τ d := τ − 1
dtr(τ )I. Finally,

C (with or without subscripts) denote generic constants, independent of the discretization parameters
and Lamé constants, that may take different values at different occurrences.

2 Homogeneous mixed boundary condition: A priori and a posteri-
ori error analysis

Let Ω ⊂ Rd be a bounded and simply connected domain with a Lipschitz-continuous boundary Γ, and
let ΓD and ΓN be two disjoint open subsets of Γ such that Γ = ΓD ∪ΓN and ΓD has positive measure.
We denote by C the elasticity operator determined by Hooke’s law, that is,

C ζ := λ tr(ζ) I + 2µ ζ, ∀ ζ ∈ [L2(Ω)]d×d,
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where λ, µ > 0 are the Lamé parameters. It is easy to see that

C−1ζ := 1
2µ ζ −

λ

2µ(dλ+ 2µ) tr(ζ) I, ∀ ζ ∈ [L2(Ω)]d×d.

Now, assuming we are given a volume force f ∈ [L2(Ω)]d, we consider the problem: find the
displacement u and the stress tensor σ such that

−div(σ) = f in Ω,
σ = C ε(u) in Ω,
u = 0 on ΓD,
σn = 0 on ΓN ,

(1)

where ε(u) := 1
2
(
∇u + (∇u)t

)
is the strain tensor of small deformations and n is the unit outward

normal to Γ. The second equation of (1) clearly shows that σ is symmetric.
Proceeding as in [23], we define the skew symmetric tensor γ(v) := 1

2
(
∇v − (∇v)t

)
, for any

v ∈ [H1(Ω)]d. As a result, ε(u) = ∇u− γ(u) in Ω, and we rewrite the constitutive equation as

C−1σ = ∇u− γ(u) in Ω. (2)

The symmetry of the Cauchy stress tensor implies that∫
Ω
γ(v) : σ = 0, ∀v ∈ [H1(Ω)]d. (3)

Let HN (div; Ω) := {τ ∈ H(div; Ω) : τn = 0 on ΓN}. These equations allow us to introduce the
following mixed variational formulation: Find (σ,u) ∈ HN (div; Ω)× [H1(Ω)]d such that∫

Ω
C−1σ : τ +

∫
Ω
u · div(τ ) +

∫
Ω
γ(u) : τ = 0 ∀ τ ∈ HN (div; Ω), (4)

−
∫

Ω
v · div(σ)−

∫
Ω
γ(v) : σ =

∫
Ω
f · v ∀v ∈ [H1(Ω)]d. (5)

Let κ1 and κ2 be positive parameters, independent of λ, we include the least squares terms

κ1

∫
Ω

(
ε(u)− C−1σ

)
:
(
ε(v) + C−1τ

)
= 0 ∀ (τ ,v) ∈ H(div; Ω)× [H1(Ω)]d, (6)

κ2

∫
Ω

div(σ) · div(τ ) = −κ2

∫
Ω
f · div(τ ) ∀ τ ∈ H(div; Ω). (7)

We introduce the spaces

[H1
ΓD

(Ω)]d := {v ∈ [H1(Ω)]d : v = 0 on ΓD},
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H := H(div; Ω) × [H1(Ω)]d, HΓD
:= H(div; Ω) × [H1

ΓD
(Ω)]d, HN := HN (div; Ω) × [H1(Ω)]d. and

H0 := HN (div; Ω)× [H1
ΓD

(Ω)]d. Adding (4), (5), (6) and (7) we induce the bilinear form A : H×H →
R defined by

A
(
(σ,u), (τ ,v)

)
:=
∫

Ω
C−1σ : τ +

∫
Ω
u · div(τ ) +

∫
Ω
τ : γ(u)−

∫
Ω
v · div(σ)−

∫
Ω
σ : γ(v)

+ κ1

∫
Ω

(
ε(u)− C−1σ

)
:
(
ε(v) + C−1τ

)
+ κ2

∫
Ω

div(σ) · div(τ ),

and the linear functional F : H → R defined by

F (τ ,v) :=
∫

Ω
f ·
(
v − κ2 div(τ )

)
.

The augmented variational formulation for problem (1) reads: Find (σ,u) ∈H0 such that

A
(
(σ,u), (τ ,v)

)
= F (τ ,v), ∀ (τ ,v) ∈H0. (8)

In order to prove that (8) is well posed, we need the following technical lemma.

Lemma 1 For any τ ∈ H(div; Ω) there exists a constant c1 ∈ (0, 1], depending only on Ω, such that

c1‖τ0‖20,Ω ≤ ‖τ d‖20,Ω + ‖div(τ )‖20,Ω,

where τ = τ0 +δI, with τ0 ∈ H0(div; Ω) and δ ∈ R. In addition, for any τ ∈ HN (div; Ω), there exists
a constant c2 ∈ (0, 1], depending only on Ω and ΓN , such that

c2‖τ‖2H(div;Ω) ≤ ‖τ0‖2H(div;Ω).

Proof. See Lemma 2.1 and Lemma 2.2 in [28]. �
For all (τ ,v) ∈H we introduce the norm

‖(τ ,v)‖H :=
(
‖τ‖2H(div;Ω) + ‖v‖2[H1(Ω)]d

)1/2
.

Lemma 2 Assume that κ1 ∈ (0, 2µ) and κ2 > 0, both independent of λ. Then there exists a constant
α > 0, independent of λ, such that

A((τ ,v), (τ ,v)) ≥ α ‖(τ ,v)‖2H , ∀ (τ ,v) ∈H0.

Proof. According to the definition of A, for any pair (τ ,v) ∈H0, we obtain

A((τ ,v), (τ ,v)) ≥
∫

Ω
C−1τ : τ + κ1‖ε(v)‖20,Ω − κ1‖C−1τ‖20,Ω + κ2‖div(τ )‖20,Ω. (9)

Moreover, ∫
Ω
C−1τ : τ = 1

2µ‖τ
d‖20,Ω + 1

d(dλ+ 2µ)‖tr(τ )‖20,Ω, (10)

‖C−1τ‖20,Ω = 1
(2µ)2 ‖τ

d‖20,Ω + 1
d(dλ+ 2µ)2 ‖tr(τ )‖20,Ω. (11)
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Combining (9), (10) and (11), we deduce

A((τ ,v), (τ ,v)) ≥ 1
2µ

(
1− κ1

2µ

)
‖τ d‖20,Ω + 1

d(dλ+ 2µ)

(
1− κ1

dλ+ 2µ

)
‖tr(τ )‖20,Ω

+ κ1‖ε(v)‖20,Ω + κ2‖div(τ )‖20,Ω

≥ min
{ 1

2µ

(
1− κ1

2µ

)
,
κ2
2

} (
‖τ d‖20,Ω + ‖div(τ )‖20,Ω

)
+ κ2

2 ‖div(τ )‖20,Ω + κ1‖ε(v)‖20,Ω.

Defining α1 = min
{

1
2µ

(
1− κ1

2µ

)
, κ2

2

}
and α2 = min{c1α1, κ2/2}, and using Lemma 1, we obtain

A((τ ,v), (τ ,v)) ≥ c2α2‖τ‖2H(div;Ω) + κ1‖ε(v)‖20,Ω.

Finally, the proof is completed applying Korn’s inequality, with α = min{c2α2, κ1κD}, where κD > 0
is Korn’s constant. �

Hereafter, we assume that the stabilization parameters (κ1, κ2) satisfy the assumptions of Lemma 2.
It is not difficult to see that there exists M > 0, independent of λ, such that

|A((σ,u), (τ ,v))| ≤M ‖(σ,u)‖H ‖(τ ,v)‖H , ∀ (σ,u), (τ ,v) ∈H0.

As a consequence, the augmented variational formulation (8) has a unique solution (σ,u) ∈ H0 and
there exists C > 0, independent of λ, such that

‖(σ,u)‖H ≤ C ‖f‖[L2(Ω)]d .

Let h be a positive parameter and we consider a finite dimensional subspace H0,h ⊂ H0. Then,
the Galerkin scheme associated to problem (8) reads: find (σh,uh) ∈H0,h such that

A((σh,uh), (τh,vh)) = F (τh,vh), ∀ (τh,vh) ∈H0,h. (12)

Next we describe the simplest choice of H0,h that preserves stability. We assume that Ω is a
polygonal region and let {Th}h>0 be a regular family of triangulations of Ω. Given T ∈ Th, we denote
by hT its diameter and define the mesh size h := max{hT : T ∈ Th}. We also assume that each point
on ΓD ∩ ΓN is a vertex of Th for all h > 0. Given an integer ` ≥ 0 and a subset S ⊂ Rd, we denote by
P`(S) the space of polynomials in d variables defined in S of total degree at most `, and by P̃`(S) the
space of homogeneous polynomials in d variables defined in S of degree `. For each T ∈ Th, the local
Raviart–Thomas space of order ` is given by

RT`(T ) := [P`(T )]d ⊕ P̃`(T )x ⊂ [P`+1(T )]d, x = (x1, . . . , xd)t.

Then define the finite element subspaces

Hσ
h := {τh ∈ H(div; Ω) : τh|T ∈ [RT`(T )t]d, ∀T ∈ Th},

Hσ
N,h := {τh ∈Hσ

h : τhn = 0 on ΓN},

Hu
h := {vh ∈ [C(Ω)]d : vh|T ∈ [P`+1(T )]d, ∀T ∈ Th}, Hu

0,h := {vh ∈Hu
h : vh = 0 on ΓD}.

The simplest choice of stable finite element subspaces (cf. [28]) is

H0,h := Hσ
N,h ×Hu

0,h.
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Theorem 3 Let (σ,u) ∈ H0 and (σh,uh) ∈ H0,h be the unique solutions to problems (8) and
(12), respectively. Assume that σ ∈ [Hr(Ω)]d×d, div(σ) ∈ [Hr(Ω)]d and u ∈ [Hr+1(Ω)]d, for some
r ∈ (0, `+ 1]. Then there exists C > 0, independent of λ and h, such that

‖(σ,u)− (σh,uh)‖H ≤ C hr
(
‖σ‖[Hr(Ω)]d×d + ‖div(σ)‖[Hr(Ω)]d + ‖u‖[Hr+1(Ω)]d

)
.

Proof. It relies on Céa’s estimate, which is established thanks to the coerciveness of A, and the
approximation properties of the finite element subspaces. We omit further details. �

Since the bilinear form associated to (8) has the same definition of the one introduced in Section 2
in [9], straightforward modifications of the a posteriori error analysis developed there, which are related
to the considered spaces, allow us to establish that the a posteriori error estimator based on the Ritz
projection of the error produces a reliable and locally efficient estimator.

We define the Ritz projection of the error as the unique element (σ̄, ū) ∈ H0 such that for all
(τ ,v) ∈H0,

〈(σ̄, ū), (τ ,v)〉H = A
(
(σ − σh,u− uh), (τ ,v)

)
, (13)

where 〈·, ·〉H denotes the inner product of H, that is,

〈(σ,u), (τ ,v)〉H := (σ, τ )H(div;Ω) + (u,v)[H1(Ω)]d .

Proceeding as in [9], we obtain the a posteriori error indicator

η̂ :=
( ∑
T∈Th

η̂2
T

)1/2
, η̂2

T := ‖f + div(σh)‖2[L2(T )]d + ‖ε(uh)− C−1σh‖2[L2(T )]d×d .

Theorem 4 There exist positive constants Ceff and Crel, independent of h and λ, such that

‖(σ − σh,u− uh)‖H ≤ Crel η̂,

and for all T ∈ Th,

Ceff η̂T ≤
(
‖u− uh‖2[H1(T )]d + ‖σ − σh‖2H(div;T )

)1/2
, Ceff := 2−1/2 min{1, µ}.

Proof. The proof follows similar ideas to the given in Section 3 in [9]. �

3 Inhomogeneous mixed boundary condition
In this section, we extend the analysis described in Section 2 to a more general model problem with
non homogeneous mixed boundary data. For this purpose, we keep the same geometry and notations
introduced before. Next, we introduce the spaces

[H1/2
00 (ΓD)]d := {v|ΓD

: v ∈ [H1
ΓN

(Ω)]d}, [H1/2
00 (ΓN )]d := {v|ΓN

: v ∈ [H1
ΓD

(Ω)]d},

and denote by [H−1/2
00 (ΓN )]d the dual space of [H1/2

00 (ΓN )]d, with norm ‖ · ‖−1/2,00,ΓN
.
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Given uD ∈ [H1/2
00 (ΓD)]d, g ∈ [H−1/2

00 (ΓN )]d and f ∈ [L2(Ω)]d, we look for the displacement ũ and
the stress σ̃ satisfying 

−div(σ̃) = f in Ω,
σ̃ = C ε(ũ) in Ω,
ũ = uD on ΓD,
σ̃n = g on ΓN .

(14)

It is not difficult to check that this problem is well-posed. Indeed, since g ∈ [H−1/2
00 (ΓN )]d, we set

σ̃g := −ε(z), with z ∈ [H1
ΓD

(Ω)]d being the unique weak solution of the auxiliary problem

−div(ε(z)) = 0 in Ω, z = 0 on ΓD, ε(z)n = g on ΓN . (15)

Clearly σ̃g ∈ H(div; Ω), is divergence-free and satisfies σ̃gn = −g on ΓN . Moreover, there exists
C1 > 0 such that ‖σ̃g‖H(div;Ω) ≤ C1‖g‖−1/2,00,ΓN

. Now, introducing σ := σ̃ + σ̃g, (14) can be
rewritten as 

−div(σ) = f in Ω,
σ − σ̃g = C ε(ũ) in Ω,

ũ = uD on ΓD,
σn = 0 on ΓN .

(16)

Following the procedure described in Section 2 and penalizing the Dirichlet boundary condition,
we establish the augmented variational formulation: find (σ, ũ) ∈HN := HN (div; Ω)× [H1(Ω)]d such
that

Ã((σ, ũ), (τ ,v)) = F̃ (τ ,v), ∀ (τ ,v) ∈HN (17)

where Ã : H ×H :→ R and F̃ : H :→ R are given by

Ã((ζ,w), (τ ,v)) := A((ζ,w), (τ ,v)) +
∫

ΓD

w · v,

F̃ (τ ,v) := F (τ ,v) +
∫

Ω
C−1σ̃g : τ −

∫
Ω
γ(v) : σ̃gh

− κ1

∫
Ω
C−1σ̃g :

(
ε(v) + C−1τ

)
+
∫

ΓD

uD · v.

Straightforward adaptations of Lemma 2 ensures that, considering κ1 ∈ (0, 2µ) and κ2 > 0, problem
(17) is well posed. Defining σ̃ := σ − σ̃g in Ω, the pair (σ̃, ũ) is a weak solution of (14), and there
exists C > 0, independent of λ, such that

‖(σ̃, ũ)‖H ≤ C
(
‖f‖0,Ω + ‖uD‖1/2,00,ΓD

+ ‖g‖−1/2,00,ΓN

)
.

As usual, the discrete problem inherits these properties for any conforming finite dimensional
subspace of HN . Thus, the following discrete problem is well posed: find (σh, ũh) ∈ HN,h :=
Hσ
N,h ×Hu

h such that

Ã((σh, ũh), (τh,vh)) = F̃ (τh,vh), ∀ (τh,vh) ∈HN,h. (18)

For the sake of completeness we present the a-priori error estimate.
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Theorem 5 Let (σ, ũ) ∈ HN and (σh, ũh) ∈ HN,h be the unique solutions to problems (17) and
(18), respectively. Assume that σ ∈ [Hr(Ω)]d×d, div(σ) ∈ [Hr(Ω)]d and ũ ∈ [Hr+1(Ω)]d for some
r ∈ (0, `+ 1]. Then there exists C̄∗ > 0, independent of h, such that

‖(σ, ũ)− (σh, ũh)‖H ≤ C̄∗ hr
(
‖σ‖r,Ω + ‖div(σ)‖r,Ω + ‖ũ‖r+1,Ω

)
.

Proof. It is a consequence of Céa’s estimate and the corresponding approximation properties. We
omit further details. �

Remark 6 The fact that σ̃g is generally unknown can be remedied by approximating the solution of
(15). This allows us to define σ̃h := σh−ε(zh), with zh ∈Hu

h being the solution of the discrete primal
formulation associated to (15). Then, assuming that z ∈ [H1

ΓD
(Ω)∩Hs+1(Ω)]d for some s ∈ (0, `+ 1],

and invoking Theorem 5, there exists C > 0, independent of h, such that

‖(σ̃, ũ)− (σ̃h, ũh)‖H ≤ C
{
hr(‖σ‖r,Ω + ‖div(σ)‖r,Ω + ‖ũ‖r+1,Ω) + hs‖z‖s+1,Ω

}
.

At this point, we remark that in general ε(zh) does not belong to Hσ
N,h, and requires to compute first

zh ∈Hu
h in order to calculate it. Clearly, from a computational point of view, this could be expensive.

In addition, results to be natural that the way to treat the Dirichlet datum involves the introduction
of the nodes lying on ΓD as unknowns into the system. That is, where the solution is already known,
which increases the degrees of freedom of the linear system to be solved. One way to avoid these
problems is discussed in the next section.

3.1 An approximation via homogenization of the boundary conditions

To circumvent the difficulties associated with the treatment of non-homogeneous Neumann boundary
condition, we follow [16]. First, we let Fh be the skeleton of Th, i.e. the list of all the faces (counted
once) induced by the triangulation Th. We decompose Fh = FIh ∪ F∂h with FIh := {F ∈ Fh : F ⊂ Ω}
and F∂h := {F ∈ Fh : F ⊂ ∂Ω}. We also split F∂h = FDh ∪FNh where FDh := {F ∈ F∂h : F ⊂ ΓD} and
FNh := {F ∈ F∂h : F ⊂ ΓN}. Hence Fh = FIh ∪ FDh ∪ FNh .

Now, we approximate the traction datum g by gh := π`h(g) on FNh , with π`h(g) being the L2-
orthogonal projection of g onto P`(FNh ), component-wise. For the Dirichlet datum, we introduce uD,h
as a suitable quasi-interpolant of uD of degree one (obtained first via a Clément type operator and
then modified to take into account the boundary condition as in [30, 32]).

Next, in order to approximate the solution of the continuous problem (14), we propose to consider
the following problem: find (ρ̃, w̃),∈ H such that

−div(ρ̃) = f in Ω,
ρ̃ = C ε(w̃) in Ω,
w̃ = uD,h on ΓD,
ρ̃n = gh on ΓN .

(19)
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In virtue of what has been described at the beginning of the section, it can be established that (19) has
a unique solution (ρ̃, w̃) ∈ H. In addition, this allows us to establish the existence and uniqueness
of (ρ, w̃) ∈ HN and (ρh, w̃h) ∈ HN,h, solution of the analog problems (17) and (18), respectively.
However, since this technique introduces unknowns where the data is known, we avoid using it to
approximate the Problem (19) . Instead, we focus solely on determining the unknown quantities,
which is achieved through a boundary condition homogenization technique. To this end, we define
mh as the piecewise linear continuous function such that mh(x) = 0 for each node x ∈ Ω ∪ ΓN and
mh = uD,h on ΓD. Clearly,mh ∈ [H1

ΓN
(Ω)]d. Now, invoking the Raviart-Thomas local lifting operator

on the normal trace (cf. Proposition 2.4 in [27]), we can build ρ̃gh
∈ H(div; Ω) ∩ [RT `(Th)]n, such

that ρ̃gh
n = −gh on ΓN .

Then, we consider ρ̂ := ρ̃ + ρ̃gh
in Ω and ŵ := w̃ −mh in Ω. This helps us to rewrite (19) as:

find (ρ̂, ŵ) ∈H0 
−div(ρ̂) = f − div(ρ̃gh

) in Ω ,

ρ̂ − ρ̃gh
= C ε(ŵ +mh) in Ω ,

ŵ = 0 on ΓD ,
ρ̂ n = 0 on ΓN ,

(20)

Following the procedure described in Section 2, we establish the augmented variational formulation:
find (ρ̂, ŵ) ∈H0 such that

A((ρ̂, ŵ), (τ ,v)) = F̂ (τ ,v), ∀ (τ ,v) ∈H0 (21)

where bilinear form A : H×H :→ R is the same defined in Section 2 and linear functional F̂ : H :→ R
is given by

F̂ (τ ,v) := F (τ ,v)− κ1

∫
Ω

(C−1ρ̃gh
+ ε(mh)) :

(
ε(v) + C−1τ

)
+ κ2

∫
Ω

div(ρ̃gh
) · div(τ )

+
∫

Ω
(C−1ρ̃gh

+ ε(mh)) : τ −
∫

Ω
γ(v) : ρ̃gh

−
∫

Ω
v · div(ρ̃gh

)

with F : H :→ R being introduced in Section 2. Under the same assumptions on the parameters κ1
and κ2 as before, that is κ1 ∈ (0, 2µ) and κ2 > 0, the problem (21) is well posed. Furthermore, the
discrete scheme

A((ρ̂h, ŵh), (τ ,v)) = F̂ (τ ,v), ∀ (τ ,v) ∈H0,h (22)

is also well posed, and then a Céa’s estimate can be obtained. In addition, the corresponding rate
of convergence of the Galerkin scheme (22) for this particular choice of finite element subspaces, is
presented in the next theorem. Previously, given s > 0, we introduce the notation for the broken
spaces Hs(Th) := ΠT∈Th

Hs(T ). Analogously, we introduce the vectorial and tensorial broken spaces
[Hs(Th)]d and [Hs(Th)]d×d.

10



Theorem 7 Let (ρ̂, ŵ) ∈H0 and (ρ̂h, ŵh) ∈H0,h be the unique solutions of problems (21) and (22),
respectively. In addition, assume that ρ̂ ∈ [Ht(Th)]d×d, div(ρ̂) ∈ [Ht(Th)]d and ŵ ∈ [Ht+1(Th)]d for
some t ∈ (0, l + 1], with l ∈ Z+

0 . Then, there exists C̄∗ > 0, independent of h, such that there holds

‖(ρ̂, ŵ)− (ρ̂h, ŵh)‖2H ≤ C̄∗
∑
T∈Th

h2t
T

(
‖ρ̂‖2[Ht(T )]d×d + ‖div(ρ̂)‖2[Ht(T )]d + ‖ŵ‖2[H1+t(T )]d

)
.

Proof. Thanks to the ellipticity of the bilinear form A in H0, there exists a constant CCea > 0,
independent of h and λ, such that

||(ρ̂− ρ̂h, ŵ − ŵh)||H ≤ CCea inf
(τh,vh)∈H0,h

||(ρ̂− τh, ŵ − vh)||H .

The rest relies on bounding the infimum by taking (τh,vh) := (πRT
h (ρ̂), πkh(ŵ)), the standard orthogonal

projection of ρ̂ and ŵ onto Hσ
N,h and Hu

0,h, respectively. The proof follows after invoking very well
known approximation properties of these projectors. We omit further details. �

Remark 8 Since ρ̃ = ρ̂− ρ̃gh
and w̃ = ŵ+mh , we introduce ρ̃h := ρ̂h − ρ̃gh

and w̃h = ŵh +mh

as its approximations. Then, we have

||(ρ̃− ρ̃h, w̃ − w̃h)||H = ||(ρ̂− ρ̂h, ŵ − ŵh)||H

which implies that they have the same a-priori estimate of the error and a reliable a-posterior error
estimator for one will be for both errors.

3.2 An a posteriori error analysis of the augmented formulation

We derive an a posteriori error estimator for (14) when it is approximated by performing a homoge-
nization procedure.

First, we notice that given an approximation (ρ̃h, w̃h) of the exact solution of Problem (19), to be
defined later, it is straightforward to check that

||(σ̃ − ρ̃h, ũ− w̃h)||H ≤ ||(σ̃ − ρ̃, ũ− w̃)||H + ||(ρ̃− ρ̃h, w̃ − w̃h)||H . (23)

Thus, the total error is controlled by the error incurred when the boundary data is replaced by
suitable polynomial approximations, plus the finite element approximation error of the problem with
polynomial mixed boundary conditions, given in Theorem 7.

Remark 9 Assuming that g ∈ [L2(ΓN )]d, uD ∈ [H1(ΓD)]d and proceeding similarly as in [16] (see
also [10]), we can ensure that there exists C > 0, independent of h and λ, such that

||(σ̃ − ρ̃, ũ− w̃)||H ≤ C osc, osc =

 ∑
F∈FN

h

osc(g, T )2 +
∑
F∈FD

h

osc(uD, T )2


1/2

, (24)
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where for each F ∈ FN
h

osc(g, T )2 :=
∑

F ∈E(T )∩FN
h

hF ||g − π`h(g)||20,F . (25)

Concerning Dirichlet datum, in 2D case, under the assumption that uD ∈ [H1(ΓD)]2, it is possible
to define uD,h as the linear Lagrange interpolation of the function uD, and proceeding similarly as in
[10] (see also [9]), we can ensure that there exists C > 0, independent of h and λ

osc(uD, T )2 :=
∑

F ∈E(T )∩FD
h

hF

∥∥∥∥∂uD∂t − ∂uD,h
∂t

∥∥∥∥2

[L2(F )]2
. (26)

Hereafter, we remind that given an edge e induced by Th, and lying on Γ, we set t as the tangential
vector associated to e. In addition, ∂uD

∂t represents the tangential derivative of uD along e. Similar
meaning is given to ∂uD,h

∂t .
For the 3D case, under the same assumption that uD ∈ [H1(ΓD)]3, we can ensure (see [10] and

[9])

osc(uD, T )2 :=
∑

F ∈E(T )∩FD
h

hD‖uD − uD,h‖2[H1(F )]3 , (27)

where hD := max{hF : F ∈ FD
h}.

Furthermore, assuming in addition that ∀F ∈ FNh : g|F ∈ [H1(F )]d, and ∀F ∈ FDh : uD|F ∈
[H2(F )]d, it is possible to establish that ||(σ̃ − ρ̃,u −w)||H behaves at least as O(h3/2). This would
allow us to see/treat the oscillation term as a higher order term. We point out that if datum g and
uD results to be piecewise polynomial and a continuous piecewise polynomial, respectively, there would
be no oscillation terms.

Now, taking into account the ellipticity of A on H0, we can establish that

Cell ||(ρ̂− ρ̂h, ŵ − ŵh)||H ≤ sup
(τ ,v)∈H0\{0}

A((ρ̂− ρ̂h, ŵ − ŵh), (τ ,v))
||(τ ,v)||H

. (28)

Our next aim, is to bound the supremum in (28). To this end, we require the following result.
Lemma 10 For any (τ ,v) ∈H0, there holds

A((ρ̂− ρ̂h, ŵ − ŵh), (τ ,v)) = R1(τ ) + R2(v) , (29)

where

R1(τ ) :=− κ2

∫
Ω

(f + div(ρ̂h − ρ̃gh
)) · div(τ )− κ1

∫
Ω

(
ε(ŵh +mh)− C−1(ρ̂h − ρ̃gh

)
)

: C−1τ

+
∫

Ω

(
ε(ŵh +mh)− C−1(ρ̂h − ρ̃gh

)
)

: τ . (30)

R2(v) :=
∫

Ω
(f + div(ρ̂h − ρ̃gh

)) · v − κ1

∫
Ω

(
ε(ŵh +mh)− C−1(ρ̂h − ρ̃gh

)
)

: ε(v)

+
∫

Ω
γ(v) : (ρ̂h − ρ̃gh

). (31)
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Proof. First, given (τ ,v) ∈H0, we invoke (21) to have

A((ρ̂− ρ̂h, ŵ − ŵh), (τ ,v)) = F̂ (τ ,v) − A((ρ̂h, ŵh), (τ ,v)) .

The rest of the proof relies on the definition of F̂ and A, and some algebraic manipulations. We omit
further details. �

The next technical lemma allows us to visualize how we can reinterpret the term concerning the
symmetry of the stress tensor, in the indicator.
Lemma 11 For any (τ ,v) ∈H, there holds∫

Ω
τ : γ(v) = 2µ

∫
Ω

(C−1τ − ε(w)) : γ(v) ∀w ∈ [H1(Ω)]d . (32)

Proof. It is a straightforward application of the definition of the C−1τ together with the orthogonality
between symmetric and skew-symmetric tensor. �

As an immediate consequence of Lemmata 10 and 11, we deduce an a posteriori error estimator,
which is given in the next theorem.
Theorem 12 There exists Crel > 0, depending on α and ν, such that

||(ρ̂− ρ̂h, ŵ − ŵh)||H ≤ Crel η , (33)

with η :=

∑
T∈Th

η2
T

1/2

, where for any T ∈ Th

η2
T := max{1 , κ2}2 ||f̂ + div(ρ̂h − ρ̃gh

)||20,T

+
∥∥∥ε(ŵh +mh)− C−1(ρ̂h − ρ̃gh

)
∥∥∥2

0,T
. (34)

As a result, we can easily establish the local efficiency of our estimator. To this end, we introduce, for
any T ∈ Th

||(τ ,v)||HT
:=

(
||τ ||2div;T + ||v||21,T

)1/2
∀ (τ ,v) ∈H .

Theorem 13 There exists Ceff > 0, such that for any T ∈ Th
ηT ≤ Ceff ||(ρ̃− ρ̃h, ŵ − ŵh)||HT

.

The previous results allow us to derive the following a posteriori error estimate for problem (14).
Theorem 14 Let (σ̃, ũ) ∈H be the unique solution of problem (14). Define (ρ̃h, w̃h) ∈Hh by

ρ̃h := ρ̂h − ρ̃gh
, w̃h := ŵh +mh,

where (ρ̂h, ŵh) ∈HN,h denotes the solution of the discrete problem (22), and (ρ̃gh
,mh) ∈Hh are the

approximations of the boundary data introduced at the beginning of Section 3.1. Under the assumptions
of Theorems 12 and 13, together with Remark 3.1, there exist constants Crel, Ceff > 0, depending on
α and ν such that

‖(σ̃ − ρ̃h, ũ− w̃h)‖H ≤ Crel (η + osc), 1
Ceff

η ≤ ‖(σ̃ − ρ̃h, ũ− w̃h)‖H + osc.
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4 Numerical experiments
In this section, we present several numerical experiments illustrating the performance of the augmented
mixed finite element schemes (22) to approximate (14) (see Theorem 14), and the adaptive algorithms
based on the a posteriori error estimator η introduced in this work (cf. (34)).

We consider the simplest finite element subspaces, namely the conforming Raviart–Thomas space
of lowest order combined with continuous piecewise linear polynomials (for short, RT0 × P1), and
the conforming Raviart–Thomas space of order one combined with continuous piecewise quadratic
polynomials (RT1 ×P2), in both two and three space dimensions.

Since the oscillation term is of higher order (see Remark 9), its computation is omitted in this sec-
tion. As mesh refinement strategies, we employ the blue–green refinement procedure in two dimensions
([34]) and the Bey refinement algorithm in three dimensions ([20]). Figure 1 illustrates the refinement
of the marked elements.

The numerical experiments compare uniform and adaptive mesh refinement. In the uniform case,
all mesh elements are refined, as shown in Figure 1, whereas in the adaptive case we use a refinement
strategy based on Dörfler marking,[26], with parameter θ = 0.5. The adaptive algorithm proposed is
summarized as follows.

1. Start with a coarse mesh Th.

2. Solve the Galerkin scheme for the current mesh Th.

3. Compute ηT for each triangle T ∈ Th.

4. Consider stopping criterion and decide to finish or go to the next step.

5. Refine all element in a subsetM⊂ Th such that∑
T ′∈M

η2
T ′ ≥ θ2 ∑

T∈Th

η2
T .

6. Define the resulting mesh as the new Th and go to step 2.

In order to compare the results obtained on uniform and adapted meshes, and following the
standard practice, we report the convergence rates in terms of the number of degrees of freedom
(DOFs) rather than the mesh size h. Recall that we expect:

h l ≈ DOFs−l/d, with l = 1, 2 and d = 2, 3.

We also define the efficiency index as the ratio between the total error and the estimator η. In all the
examples presented in this section, we consider the parameters κ1 = µ and κ2 = 1, which constitute a
feasible choice as discussed in Lemma 2. We recall that, given the Young’s modulus E and the Poisson
ratio ν of a linear elastic material, the corresponding Lamé parameters are defined by

µ = E

2(1 + ν) , λ = E ν

(1 + ν)(1− 2ν) .
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Figure 1: Refinement of marked elements in two and three dimensions using the blue–green strategy
and Bey algorithm, respectively.

In the examples below, we fix E = 1 and consider the values ν = 0.4900 and ν = 0.4999, which
yield the following values of µ and λ:

ν µ λ

0.4900 0.3356 16.4430
0.4999 0.3334 1666.4444

We now present seven numerical experiments: the first four in two dimensions and the remaining
three in three dimensions. These experiments aim to confirm the theoretical results and to prove the
robustness of the proposed a posteriori error estimator.

The numerical experiments were carried out using a Python implementation on a computer
equipped with an Intel Ultra 7 165H processor and 32GB of DDR5 SDRAM.

4.1 Example 1. 2D Smooth solution

We first emphasize the robustness of the a posteriori error estimator η with respect to the Poisson ratio
(and consequently, with respect to the Lamé constant λ ). With that purpose, in the first example,
we consider

Ω := (0, 1)× (0, 1), ΓD := {0} × [0, 1] ΓN := ∂Ω\ΓN
and choose the data so that the exact solution u(x1, x2) := (u1(x1, x2), u2(x1, x2))t is given by

u1(x1, x2) = u2(x1, x2) = sin(πx1) sin(πx2).

In Figures 2 and 3, we display the convergence of the total errors and the corresponding convergence
rates (given by the slopes of the lines), together with the a posteriori error estimators and the associated
efficiency indices. The results are obtained using sequences of both uniform and adaptive meshes,
considering the values ν = 0.4900 and ν = 0.4999, together with the finite element pairs RT0 × P1
and RT1 ×P2.

We remark that, in this case, and independently of the magnitude of the errors, there are practically
no differences between the efficiency indices obtained for the two values of ν, which numerically con-
firms the robustness of the a posteriori error estimator η with respect to the Poisson ratio. Moreover,
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Figure 2: Example 1 (2D). Total errors and efficiency indices for uniform and adaptive refinements
using RT0 ×P1 (left) and RT1 ×P2 (right), with ν = 0.49.

Figure 3: Example 1 (2D). Total errors and efficiency indices for uniform and adaptive refinements
using RT0 ×P1 (left) and RT1 ×P2 (right), with ν = 0.4999.

we observe that the efficiency indices remain bounded, staying close to 1.02, which further confirms
the reliability and efficiency of η.

4.2 Example 2. 2D L-Shaped

We consider the domain Ω = (−1, 1)2 [0, 1]2, with ΓD :=
(
{0}× [0, 1]

)
∪
(
[0, 1]×{0}

)
and ΓN = ∂Ω\ΓD.

We take ν = 0.4900, and choose the data so that the exact solution u(x1, x2) := (u1(x1, x2), u2(x1, x2))t

is given by:
u1(x1, x2) = u2(x1, x2) = r5/3 sin((2θ − π)/3)

Note that the solution exhibits a singularity at the boundary point (0, 0). In fact, the behaviour of u
in a neighborhood of the origin implies that div(σ) ∈ [H2/3(Ω)]2 only, which according to Theorem
7, yields O(h2/3) as the expected rate of convergence for the uniform refinement.

In Figure 4, we present the total errors, convergence rates, a posteriori error estimators, and
efficiency indexes for both uniform and adaptive refinements. We observe that the errors produced
by the adaptive procedure decrease much faster than those obtained with uniform refinement, as
confirmed by the observed convergence rates (slopes of the corresponding lines). In the case of uniform
refinement, the slope approaches O(h2/3), in agreement with the theoretical prediction. In contrast,
the adaptive method is able to recover, at least approximately, the optimal rates O(DOFs1/2) for the
total error with RT0×P1, and O(DOFs1) with RT1×P2. Furthermore, the efficiency indices remain
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Figure 4: Example 2 (2D). Total errors and efficiency indices for uniform and adaptive refinements
using RT0 ×P1 (left) and RT1 ×P2 (right), with ν = 0.49.

Figure 5: Example 2 (2D). Left: Adapted intermediate meshes with 4098 and 46518 DOFs for RT0×
P1. Right: Adapted intermediate meshes with 1974 and 752866 DOFs for RT1 ×P2

bounded from above and below, which confirms the reliability and efficiency of η within the adaptive
algorithm (Note the scale of the y-axis, which shows that the oscillations observed in the plot are of
very small magnitude).

In addition, some intermediate meshes obtained with the adaptive refinement are displayed in
Figure 5. We remark that the method is able to recognize the singularity around the singular point
(0, 0).

4.3 Example 3. 2D Large stress

In this example, we consider the domain Ω = (0, 2)2\B[0, 1], with ΓD := {x := (x1, x2)t ∈ R2 :
x2

1 + x2
2 = 1} and ΓN = ∂Ω\ΓD. The solution shows large stress regions in a neighborhood of the

Dirichlet boundary ΓD. The data are chosen so that the exact solution u(x1, x2) is given by

u(x1, x2) = 5(1− x2
1 − x2

2)e−5(1−x2
1−x

2
2)2(x1,−x2)t.

As in the previous example, we take ν = 0.4900. We note that the solution exhibits large stress
concentrations in a neighborhood of the Dirichlet boundary ΓD.
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Figure 6: Example 3 (Large stress). Total errors and efficiency indices for uniform and adaptive
refinements using RT0 ×P1 (left) and RT1 ×P2 (right), with ν = 0.49.

Figure 7: Example 3 (2D). Left: Adapted intermediate meshes with 13778 and 329956 DOFs for
RT0 ×P1. Right: Adapted intermediate meshes with 29510 and 613880 DOFs for RT1 ×P2

In Figure 6, we display the total errors, convergence rates, a posteriori error estimators, and
efficiency indices for both uniform and adaptive mesh refinements. The adaptive procedure yields
a faster error reduction during the initial stages compared to uniform refinement. In both cases,
the optimal convergence rates are attained: O(h) ≈ O(DOFs−1/2) using RT0 × P1, and O(h2) ≈
O(DOFs−1) when employing RT1 × P2. Moreover, the efficiency indices remain uniformly bounded
from above and below.

Finally, some intermediate meshes generated by the adaptive refinement procedure are displayed
in Figure 7. We observe that the method successfully identifies the regions where the solution exhibits
large stress concentrations.

4.4 Example 4. 2D Cooks membrane

In this example, we consider the numerical approximation of the classical Cook’s membrane problem.
The domain is defined by

Ω := [0, 48]× [0, 60] \
{

(x1, x2) ∈ R2 : x2 <
11x1
12 or x2 >

x1
3

}
,
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Figure 8: Example 4. 2D Cook’s membrane. Total errors estimator for uniform and adaptive refine-
ments using RT0 ×P1 (left) and RT1 ×P2 (right)

with
ΓD := {(x1, x2) ∈ Ω : x1 = 0}, ΓN := ∂Ω \ ΓD.

We assume homogeneous body forces, namely f = 0, and prescribe the Neumann boundary condition

g(x1, x2) =
{

(0, 1) if x1 = 48
(0, 0) otherwise

The material parameters are chosen as Young’s modulus E = 2900 and Poisson’s ratio ν = 0.3. We
analyze the convergence behavior under both uniform and adaptive mesh refinements; see Figure 8.
The results show that the adaptive refinement strategy achieves a significantly faster error reduction
compared to uniform refinement. Intermediate meshes obtained using the adaptive refinement strategy
are shown in Figures 9 and 10. The corresponding deformations are displayed with a magnification
factor of 50. We observe that the algorithm successfully identifies the regions where the solution
exhibits large stress regions.

4.5 Example 5. 3D Smooth solution

We now analyze the robustness of the a posteriori error estimator η in three dimensions. We consider
Ω := (0, 1)3, ΓD := [0, 1] × [0, 1] × {0}, ΓN := ∂Ω \ ΓD and we choose the data so that the exact
solution u(x1, x2, x3) is given by:

u(x1, x2, x3) := (u1, u2, u3)t, u1 = u2 = u3 = x1 x2 x3 e
x1+x2+x3 .

As in Example 1, we set the Young’s modulus to E = 1 and consider two values of the Poisson
ratio, namely ν = 0.4900 and ν = 0.4999.

In Figures 11 and 12, we present the convergence of the total error, convergence rates, a posteriori
error estimators, and efficiency indices obtained for this example using sequences of uniform and
adaptive meshes for ν = 0.49 and ν = 0.4999, respectively. We observe that there are virtually no
differences in the efficiency indices for the two values of ν, which provides strong numerical evidence
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Figure 9: Example 4. 2D Cook’s membrane. Adapted intermediate meshes with 29014 and 128520
DOFs using RT0 ×P1).

Figure 10: Example 4. 2D Cook’s membrane. Adapted intermediate meshes with 28322 and 181416
DOFs using RT1 ×P2).
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Figure 11: Example 5 (3D). Total errors and efficiency indices for uniform and adaptive refinements
using RT0 ×P1 (left) and RT1 ×P2 (right), with ν = 0.49.

Figure 12: Example 5 (3D). Total errors and efficiency indices for uniform and adaptive refinements
using RT0 ×P1 (left) and RT1 ×P2 (right), with ν = 0.4999.

of the robustness of the estimator η with respect to the Poisson ratio. Moreover, the efficiency indices
remain uniformly bounded and close to 1.00, in agreement with the reliability and efficiency properties
of η.

4.6 Example 6. 3D Cook’s membrane

In order to illustrate the performance of the adaptive algorithm based on η in a 3D domain, we extend
the classical Cook’s membrane by introducing a thickness of 10 units in the z-direction. We refer to
the resulting 3D configuration as the Behrens’ structure. In other words, the domain Ω is obtained
by extruding the 2D Cook’s membrane along the third spatial dimension, so that the cross-sections
at z = 0 and z = 10 coincide with the original two-dimensional geometry.

We define the Dirichlet boundary as

ΓD := {(x1, x2, x3) ∈ Ω : x1 = 0}, ΓN := ∂Ω \ ΓD.

We assume homogeneous body forces, f = 0, and prescribe the Neumann data

g(x1, x2, x3) =
(

0, 1
16 , 0

)
on the portion of ΓN with x1 = 48,

while g = (0, 0, 0) on the remaining part of ΓN ; see Figure 13. The material parameters are chosen as
Young’s modulus E = 1 and Poisson’s ratio ν = 1

3 .
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ΓD
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g = (0, 1
16 , 0) on x1 = 48

x1

x2
x3

Figure 13: Example 6. Domain and boundary conditions on Behrens’ structure

The total error and the error estimator η, for uniform and adaptive refinements, is displayed in
Figure 17 for both pair of finite elements considered.

The total error and the error estimator η, computed using both uniform and adaptive refinements,
are presented in Figure 17 for the two finite element pairs considered. Some intermediate meshes
obtained via the adaptive refinement strategy are shown in Figures 18 and 19. As before, the defor-
mations are displayed with a magnification factor of 50. We observe that the algorithm successfully
identifies the regions where the solution exhibits large stress.

4.7 Example 7. 3D L-Shaped domiain

We conclude with a numerical experiment inspired by Example 1 in [1]. Let

Ω := (0, 2
√

2)× (0, 1)× (0, 2
√

2) \
(
(
√

2, 2
√

2)× (0, 1)× (
√

2, 2
√

2)
)
,

and define the Dirichlet boundary

ΓD := {(x1, x2, x3) ∈ ∂Ω : x1 = 0}, ΓN := ∂Ω \ ΓD.

Homogeneous Dirichlet boundary conditions are imposed on ΓD. We further introduce the face

ΓF := {
√

2} × (0, 1)× (
√

2, 2
√

2).

We assume a vanishing body force, f = 0, and prescribe the Neumann data

g = (0, 0, 1)t on ΓF , g = 0 on ΓN \ ΓF .

The material parameters are chosen as Young’s modulus E = 1 and Poisson’s ratio ν = 0.3.
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Figure 14: Example 6. 3D Cook’s membrane. Total errors estimator for uniform and adaptive
refinements using RT0 ×P1 (left) and RT1 ×P2 (right)

Figure 15: Example 6. 3D Cook’s membrane. Adapted intermediate meshes with 18027 and 449112
DOFs using RT0 ×P1).
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Figure 16: Example 6. 3D Cook’s membrane. Adapted intermediate meshes with 43797 and 538305
DOFs using RT1 ×P2).

The presence of the re-entrant edge induces a singularity, which justifies the use of adaptive mesh
refinement. We employ the estimator η to analyze the convergence behaviour under both uniform and
adaptive refinements; see Figure 17. The results clearly indicate that the adaptive strategy achieves
a significantly faster error decay than uniform refinement, while recovering the optimal convergence
rate (O(DOFs1/3) for RT0 ×P1 and O(DOFs2/3) for RT1 ×P2).

Finally, some intermediates meshes obtained with the adaptive refinement are displayed in Figures
18, 19.

Summarizing, the numerical results presented in this section underline the reliability and effi-
ciency of the error estimator η, and strongly demonstrate that the associated adaptive algorithms are
much more suitable than a uniform discretization procedure when solving problems with non-smooth
solutions.
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