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Abstract

In this paper we introduce and analyze new mixed finite element methods for solving the steady-
state flows of magnetic fluids. To this end, we consider two different ways of deriving the stationary
model from the time-dependent problem, namely, either by dropping the time derivatives or by
replacing them by a zero order term. In this way, and motivated by our interest in mixed approaches,
we are led to systems of equations for the fluid having as unknowns, in the first case, the velocity,
its gradient, and a partial stress magnetic tensor, which is given by the sum of the Maxwell and
hydrodynamics stress tensors, and the half of the convective term. Similarly, in the second one they
turn out to be the strain rate tensor, the velocity, the full stress magnetic tensor, and the vorticity
tensor. Needless to say, in both cases the total pressure is eliminated and computed afterwards via
a postprocessing formula in terms of the (partial or full) magnetic tensor and the velocity. Next,
we introduce a potential unknown so that the magnetic field satisfies a Neumann boundary value
problem with the normal component of the applied magnetic field as the corresponding boundary
condition. The resulting mixed variational formulations for the fluid fit the structures of a nonlinear
saddle-point problem, and a nonlinear perturbation of, in turn, a perturbed twofold saddle-point
problem, respectively, whereas the one for the magnetic field is given by a usual saddle-point setting.
Hence, fixed-point strategies, along with the generalized Babuska-Brezzi theory in Banach spaces
and recent related abstract results, are employed to establish the well-posedness of the associated
continuous and discrete schemes. In particular, piecewise polynomials, Raviart-Thomas, PEERS,
and AFW elements are utilized to define the stable Galerkin schemes. Regarding the magnetisation
of the fluid, which satisfies the simplified Shliomis equation arising after neglecting the advective
term, we employ the mixed finite element solutions of the fluid and potential equations, to propose
two iterative schemes approximating this unknown. Finally, several numerical results illustrating
the performance of our methods are reported.
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1 Introduction

Magnetic fluids, also known as ferrofluids [35], are synthetic suspensions composed of nano-sized mag-
netizable particles dispersed in a viscous carrier fluid. When subjected to an external magnetic field,
these particles become magnetized, inducing a collective, continuum-level response of the fluid to the
applied field. This magneto-responsive behavior enables the fluid to be manipulated and actuated
through external magnetic control [33], giving rise to a wide range of potential applications across
various scientific and technological domains [37), 29, 20l B38]. The macroscopic properties of magnetic
fluids, particularly their equilibrium magnetization, have been extensively investigated [35]. The mag-
netization of magnetic fluids arises from the alignment of the individual magnetic moments of the
suspended nanoparticles with the direction of the applied magnetic field. While the equilibrium mag-
netic behavior of these fluids in quiescent conditions is reasonably well understood [35], the influence
of fluid motion on their magnetic response remains an open question [39, 21, 40, 19]. The simplest
modeling approach treats magnetic fluids as superparamagnetic, assuming that magnetization is unaf-
fected by flow [35]. However, this assumption is only valid when flow effects are negligible. In regimes
where fluid motion plays a significant role — such as in the rheological characterization of these fluids
— an evolution equation for magnetization, coupled to the flow field, becomes necessary [39] 21 [19].
Despite the significance of magnetic fluids and numerous attempts to formulate a definitive mathe-
matical framework describing their magnetization under flow [19], a universally accepted governing
equation for magnetization dynamics in flowing magnetic fluids has yet to be established. Under
flow conditions, the local vorticity of the fluid introduces a competing mechanism that may hinder
the alignment of magnetic moments, thus altering the dynamics of the magnetization of the fluid.
As such, a comprehensive understanding of the interplay between flow fields and magnetization is
essential for the accurate modeling of these materials. A foundational model addressing this coupling
was proposed by Shliomis [39], incorporating the essential mechanisms that govern the magnetization
dynamics in the presence of flow. This model has served as the basis for many subsequent theoretical
and computational studies [33] and is the model adopted in the present work.

Numerical simulations of magnetic fluid flows have been pursued using different numerical tech-
niques. One of the earliest numerical treatments of plane Poiseuille flow using a steady-state version
of the Shliomis magnetization evolution equation was presented in [34], in which a finite volume
method that incorporated the magnetization of the fluid following the methodology outlined in [20]
was proposed. Magnetically responsive biomagnetic fluids, such as blood, have been investigated in
[42], where a finite-difference based vorticity-stream function formulation was developed, considering
a superparamagnetic magnetization model. A similar model was later solved using a finite-volume
method for a driven cavity problem in which magnetohydrodynamic effects were also brought into the
problem [43]. Similarly, a finite-volume based method was employed to solve a driven cavity prob-
lem of a magnetic fluid with magnetization governed by Shliomis equation [4I]. More recently, the
steady-state solutions of the driven cavity problem were investigated in detail using a finite-difference
scheme on the weakly magnetizable limit and all the effects of the phenomenological terms of the
magnetization equation on the flow were isolated and analyzed [44]. In [28], second-order accuracy
for the temporal integration of the governing equations was achieved using an unconditionally stable
backward difference formula. Furthermore, mixed finite element methods within a Hilbertian frame-
work in space, together with implicit and semi-implicit Euler schemes in time, are considered in [30],
[45], and [46] for the simplified ferrohydrodynamics equations and for the ferrofluid flow model with
magnetization parallel to the magnetic field.

One of the major difficulties posed by magnetic fluid flows is their dependence on the fluid mag-
netisation, which satisfies a Shliomis-type equation. This aspect will be described in more detail in



the following section. We note in advance that the strong nonlinearity of the Navier—Stokes-type
model, together with its coupling with the potential equation, prevents us from guaranteeing the
successful application of classical numerical methods such as primal finite element techniques, which
are typically better suited to linear problems, particularly when formulated within a Hilbert space
framework. In this regard, it is important to emphasize that the suitability of Banach space based
approaches for analyzing the continuous and discrete solvability of a wide range of nonlinear problems
in continuum mechanics, mainly through mixed formulations, has been confirmed by numerous con-
tributions in recent years. Among the models addressed are Brinkman—Forchheimer, Navier—Stokes,
Boussinesq, coupled flow-transport systems and fluidized beds, and a non-exhaustive list of repre-
sentative references includes [12] [7, 17, [14) 1], 2, 16, 27, 10]. Needless to say, a distinctive feature
of mixed formulations is the introduction of additional unknowns, typically related to the original
variables of the model, for analytical or physical reasons. Moreover, one of the main advantages of
working within a Banach framework is that no artificial augmentation is required, unlike in Hilbert
space based formulations where additional terms are often introduced to enforce properties such as
ellipticity or strong monotonicity. Consequently, the functional spaces to which the unknowns belong
arise naturally from the testing procedure and from the application of the Cauchy—Schwarz and Holder
inequalities. In this way, the resulting formulations remain closer to the original physical model while
preserving analytical tractability. Finally, the main benefits of employing a mixed approach include
the derivation of momentum conservative numerical schemes and the possibility of obtaining direct
approximations of additional variables of physical interest, either by incorporating them explicitly into
the formulation or through suitable postprocessing procedures based on the primary unknowns.

According to the previous discussion, the aim of the present work is to introduce and analyze two
new mixed finite element methods for the numerical approximation of steady-state magnetic fluid
flows. The paper is organized as follows. In the remainder of this section, we collect the notation that
will be used throughout the manuscript. In Section[2] we describe the mathematical model and present
the two approaches proposed to reformulate the original fluid system. Next, in Section [3] we develop
the mixed variational formulations corresponding to each approach, as well as the one associated with
the potential equation. In the first case, the fluid formulation fits into the framework of a nonlinear
saddle-point problem, whereas in the second it can be interpreted as a nonlinear perturbation of a
twofold saddle-point problem. In contrast, the formulation for the potential equation is posed within
a standard saddle-point setting. The corresponding solvability analysis of the first mixed formulation
for the fluid is carried out in Section [4} The approach relies on a fixed-point argument with respect
to the velocity variable, combined with a Banach-space version of the Babuska—Brezzi theory and
the classical Banach fixed-point theorem. The associated Galerkin scheme, formulated for general
finite element spaces, is also developed in this section. In addition, we establish the corresponding
a priori error estimates, which depend on the approximation of both the magnetic field and the
fluid magnetisation, and subsequently prove convergence results for specific choices of finite element
subspaces. Similarly, in Section 5] we develop the continuous and discrete analyses of the second mixed
formulation for the fluid. As in the previous case, the approach is based on a fixed-point argument
with respect to the velocity variable, now combined with a recent abstract result for perturbed twofold
saddle-point problems and the Banach fixed-point theorem. The analysis of the potential equation
is then carried out in Section [6] by applying an appropriate abstract result, and the corresponding
rates of convergence are also established. Section [7] is devoted to the iterative approximation of the
fluid magnetisation associated with the two mixed approaches. Numerical experiments are finally
presented in Section |8, where the theoretical findings are illustrated and, in particular, the optimal
rates of convergence obtained through the iterative procedure introduced in Section [7] are confirmed.



Preliminary notations

In what follows Q@ C R"™, n € {2,3}, is a given bounded domain with polyhedral boundary I', whose
outward unit normal vector is denoted by v. Standard notation will be adopted for Lebesgue spaces
LP(Q2) and Sobolev spaces W*P (), with s € R and p > 1, whose corresponding norms, either for the
scalar, vectorial, or tensorial case, are denoted by || - ||o 0 and || - [[s ., respectively. In particular,
given a non-negative integer m, W™2(Q) is also denoted by H™ (), and the notations of its norm and
seminorm are simplified to || ||m.0 and | - |0, respectively. In addition, H'/(T") is the space of traces
of functions of H'(Q), and H~/2(I") denotes its dual. On the other hand, given any generic scalar
functional space S, we let S and S be the corresponding vectorial and tensorial counterparts, whereas
Il - ||, with no subscripts, will be employed for the norm of any element or operator whenever there is
no confusion about the space to which they belong. Furthermore, as usual I stands for the identity
tensor in R"*™, and |- | denotes the Euclidean norm in R". Also, for any vector field v = (v;)ij=1,, and
W = (W;)i=1,n, we define the tensor product between them as v®w := (v;w;)j=1,n, and denote by Vv
and div(v) the gradient and divergence, respectively. In addition, for any tensor 7 = (7;;); j=1,, and
¢ = (Cij)i,j=1,n, we let div(T) be the divergence operator div acting along the rows of 7, and define
the transpose, the trace, the tensor inner product, and the deviatoric tensor, respectively, as

n

n
1
0= (Tji)igmim, (7)) = T, TiC = Y TGy, and T8 i= 7 - p EL
i=1 ,j=1

Next, given ¢ € (1, +00), we introduce the Banach spaces

mmwm):{revmy mwﬂeLmD} (1.1)
and
HY (divy; Q) = {r eLY(Q): div(r) € Lt(Q)} , (1.2)
provided, respectively, with the natural norms
I Tlldivi0 = lITlloo + [[div(T)lloe V7 € H(divy; Q),
and
[Tt divee = ITllose +1div(T)loge V7 € H (divi; Q).

Then, we recall that, proceeding as in [23] eq. (1.43), Section 1.3.4] (see also [8, Section 4.1] and [14]

(1,4o0c] in R?
Section 3.1]), one can prove that for each ¢ € there holds
[6/5,+00] in R?

(T v,v) = / {7’ -Vou + vdiv(r)} Y (1,v) € H(divy; Q) x H(Q), (1.3)
Q
and analogously
(tTv,v) = / {T Vv + v div(T)} V (1,v) € H(div; Q) x HY(Q), (1.4)
Q
where (-,-) denotes in (1.3)) (resp. (T.4)) the duality pairing between HY/2(I') (resp. HY?(T')) and
H-Y2(I") (resp. H-/2(I)). In turn, given ¢, t' € (1, +00) conjugate to each other, that is such that
2+ 4 = 1, there also holds (cf. [22, Corollary B.57])
(T v,v) = / {T -Vou + vdiv(r)} V (7,v) € H(divy; Q) x WH(Q), (1.5)
Q
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where (-, -) stands here for the duality pairing between W—/4(I") and W'/t (T). Finally, for any pair
of normed spaces (X, | - |lx) and (Y| - |[y), we provide the product space X x Y with the natural
norm |[(z,y)llxxy = lzllx + llylly  V(z,y) e X xY.

2 The model problem

In this section we describe the problem of interest, which refers to the flow of a magnetic fluid in the
presence of a magnetic field. We first describe the full time-dependent model and then the associated
stationary one, adopting for the latter two different approaches.

2.1 The time-dependent problem

Under the assumption that the magnetic forces on the momentum equation are given by the Maxwell
stress tensor o s, and that the hydrodynamics stress tensor is the classical symmetrical one, say o,
for an incompressible fluid, the governing equations of the latter are given by [19] B5]:

g p(Vu)u = div(epy +og) in Q,

ot
div(u) =0 in €, u=up on I,
1
GM:—pM]I+§(B®H—|—H®B) in Q, (2.1)

1
pM:§MOH',H in ),
oy = —pul+2pue(u) in Q,

where p is the density of the fluid, pg is the magnetic permeability of the vacuum, p is the kinematic
viscosity of the fluid, u is the fluid velocity, up is a Dirichlet datum for u, pys is the magnetic pressure,
pp is the hydrodynamic pressure, B := po(H +.M) is the magnetic induction, M is the magnetisation
of the fluid, H is the magnetic field, and e(u) := %(Vu—k (Vu)t) is the symmetric part of the velocity
gradient.
Next, we consider the Shliomis equation [39] for M, so that assuming small Re numbers, we can
neglect the advective magnetic term in it, thus obtaining
aaij\t/l = L (M — Mo) +

3

Ho
(qu)xM—GM%Mx(Mx’H), (2.2)

where ¢ is a relaxation time (usually very small), ¢¢ is the magnetic particle volume fraction, and M,
is the equilibrium magnetisation, which depends on the magnetic field H and is defined by [35]

| =

H

Mo(H) == M, L(a) ETR

where L is the Langevin function
L(a) := coth(a) —a™!, with a := Sl |H],
kT

and Mg, m, and k are magnetic parameters of the fluid, whereas T is the temperature of the fluid.



In turn, the magnetic field H satisfies the Maxwell equations on the magnetostatic limit, in which
no electrical field is involved, and hence, based on the irrotationality of H, we introduce a magnetic
potential ¢ and arrive to the following boundary value problem with Neumann boundary conditions:

H=-V¢ in Q, div(H+M) =0 in Q,
(2.3)
(H+M)-v=%Ho-v on T,

where # is the applied magnetic field, which is assumed to satisfy div(#p) =0 and V x Hy = 0.

Before continuing, we find it important to draw a comparison between model (2.1)) and the most
prominent Rosensweig model. Under the simplifying assumption of no angular velocity, the momentum
equation in the Rosensweig model [35], 36] (see also [32]) reads:

ou
N

The forcing term in (2.4) is known as Kelvin force. Using that div(H + M) =0and V x H = 0,
standard vector calculus identities imply that

+p(Vu)u—div(ey) = po(VH)M (2.4)

div(e ) — po(VH)M = %v (M x H).

That is, the magnetic forcing in our model of interest only differs from the classical Kelvin force
in a multiple of the curl of the magnetic torque M x H. For small enough relaxation time parameter ¢,
it is expected for M and H to be approximately colinear, i.e. , M xH ~ 0 and so V x (M xH) =~ 0.
All in all, this shows that our model of interest is a physically sound approximation of the
Rosensweig model (under the no angular velocity assumption).

2.2 The steady-state cases

In what follows we consider stationary cases of (2.1)) and (2.2)), which arise either by dropping the
corresponding time derivatives or by replacing them by a zero order term, thus yielding two different
approaches.

2.2.1 A first stationary approach
In this case we replace the first equation of (2.1)) by
p(Vu)u = div(ey +og) in Q. (2.5)

Then, we introduce the velocity gradient and a partial stress magnetic tensor as further unknowns,
that is

t:=Vu and o= UH—l—UM—g(u@u), (2.6)

so that, defining the total pressure

1
p=pM +pu = oM -H + pu, (2.7)
we deduce, according to the third and fifth rows in (2.1)), that

1
0':2uts—pﬂ—g(u®u)+§(3®’ﬂ+7—l®3), (2.8)
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where tg = %(t + t*) is the symmetric part of t. Now, thanks to the incompressibility condition we
have div(u® u) = (Vu)u = tu, and therefore ([2.5) becomes

div(o) — gtu =0 in Q. (2.9)

In addition, applying the matrix trace to (2.8) and using that tr(ts) = div(u) = 0, we get

1
tr(o + L e - (BaH+HB)) = —np,
that is ) )
p
p:—Etr(a%—g(u@u)—i(B®'H+’H®B)). (2.10)

Moreover, bearing in mind that the deviatoric operator ¢ is certainly linear, and applying it to (2.8)),
we arrive at

a'd:2uts—g(u®u)d+%(3®7{+7—t®3)d. (2.11)

Conversely, starting from (2.10)) and (2.11), we easily recover the incompressibility condition, given
by tr(t) = tr(ts) = 0, and (2.8), whence these pair of equations are equivalent. Furthermore, for
uniqueness of the total pressure p, we introduce the condition

/p—O,
Q

/Qtr(a—i-g(u@)u)—;(B@H—i-’H@B)):0. (2.12)

which, according to (2.10]), becomes

In this way, eliminating p from the equations, which can be computed afterwards according to (2.10)),
a first stationary version of (2.1)) is stated as: Find (t,u, o) in suitable spaces to be defined below,
such that

t=Vu in Q,

1
2ty — o — g(u@)u)d: —3 (B@’H—{—’H@B)d in Q,
2.13
div(a')—gtu:O in Q, (2.13)
_ ( p 1 _
u=up on I, tr U+f(u®u)—7(3®’H+H®B) =0.
Q 2 2
On the other hand, the corresponding stationary version of becomes
M= My(H) = S (Vxu) x M — L% M x (M xH)
2 6 11 do ’
from which, using that
(Vxu)xM = (Vu - (Vu)*') M,
and recalling from the first row of (2.13)) that t = Vu, we can write
M = Mo(H) + 5 (6= ) M — 62“; M x (M xH). (2.14)
0



2.2.2 A second stationary approach

Motivated by the eventual use of an Euler scheme for (2.1]), and without loss of generality, we now
replace its first equation by

pu+ p(Vu)u =div(ey +og) + f in Q, (2.15)

where f is a given source. Then, we introduce the symmetric part of the velocity gradient, also named
strain rate tensor, and the full stress magnetic tensor as further unknowns, that is

t:=e(u) = Vu — v and o:=og+oy—plueu), (2.16)
where

1
v = 5(Vu— (Vu)*) (2.17)
is the skew-symmetric part of Vu, also named vorticity. In this way, and similarly to (2.9), we find

that (2.15) becomes

pu—div(e) =f in Q.
In turn, defining again the total pressure p as in (2.7), we deduce, along with the third and fifth rows

in (2.1), that
1
U:2ut—pﬂ—p(u®u)+§(B®’H—|—’H®B). (2.18)

In addition, proceeding analogously to the derivation of (2.10) and (2.11)), that is applying matrix
trace and deviatoric operator to (2.18)), we get

(BoH+HoB)). (2.19)

“ir(o + plusw) !
= ——tr(o u®u) — =
P n P 2

and
a’d:2ut—p(u®u)d+%(3®%+%®8)d. (2.20)

In particular, the uniqueness condition for p reads now

/Qtr<0'+p(u®u)—;(3®7-£+7-t®3)) = 0. (2.21)

According to the above discussion, we conclude that a second stationary version of (2.1]) reduces to:
Find (t,u, o,) in suitable spaces to be defined later on, such that

t+=Vu in Q,

1
2ut — o — p(u®u)d =3 (B@’H—G—’H(X)B)d in Q,
. . (2.22)
pu —div(e) =f in Q,
1
u=up on I, /tr<0'+p(u®u)—2(3®7{+?-t®8)):O.
Q
Furthermore, the corresponding stationary version of is given by
1 1 Mo
M = —E(M—Mo(’H)) + i(qu) x M — 6u¢0MX (M xH),
from which, using now, thanks to , that
(Vxu)xM = (Vu— (Vu)') M = 29y M,
we get
M= (1+2)  {MoH) + ey M = 2L Mx (MxH) | (2.23)
6 11 do



3 The continuous formulations

In this section we derive the mixed variational formulations for the two versions of the stationary fluid
equations, namely (2.13) and (2.22)), and for the potential equations given by ({2.3)).

3.1 A first mixed formulation for the fluid

We begin with the first equation of (2.13]) by assuming, originally, that u is sought in H'(£2). Then,

applying the integration by parts formula (|1.4)) with ¢ > n2f2 and 7 € H(divy; Q), and making use of

the Dirichlet boundary condition on u, for which we assume from now on that up € H/?(T'), we get
/ t:T + / u-div(r) = (Tv,up) V 1 € H(dive; Q). (3.1)
Q Q

Recall that, as described in [8 eq. (2.5)] (see also [14, eq. (3.2)]), Tv belongs to H™'/2(Q) for each
T € H(divy; Q). In turn, it is clear that the first term of (3.1]) makes sense for t in L?(£2), whence,
bearing in mind its free trace property, we seek this unknown in the space

L2(0) {s cL2(Q): tr(s) =0 in Q} (3.2)
L

In addition, knowing that div(r) € L({2), we notice from the second term of (3.1) that it would
actually sufﬁce to look for u in LY (Q), where t' is the conjugate of t. However, testing the second
equation of ( against tensors s € L2(Q), and using in this case that (¢ : s = ¢ : s for all
¢ € L2(Q), and that rs:s = rg:sg for all r € L2(Q), we formally obtain

2,u/tszss—/0':s—p/(u@u):s:—l/(B@)’H—i-%@B):s Vs eL2(Q), (3.3)
0 Q 2 Ja 2 Ja

from which we see that its third term makes sense for (u ® u) € L2(Q), that is, according to the
Cauchy-Schwarz and Holder inequalities, for u € L*(Q), and hence from now on we choose t' = 4,
which yields ¢ = 4/3. Similarly, the fourth term is well-defined provided B ® H and ‘H ® B belong to
IL2(€2) which holds, in particular, for

HeL¥(Q) and BeL?Q), withj, £ (1,+00) conjugate to each other. (3.4)

Next, it is clear that the second term of ([3.3)) makes sense for o € LL2(Q), so that, in order to utilize
the same space for this unknown and its corresponding test functions 7, we look for o in H(div, /33 Q)

as well. Therefore, having now that div(c) € L*/3(Q), we test the third equation of (2.13) against
v € L*(), thus obtaining

— | v-div(eo P u-v = v 4 . .
/Qd()+2/gt 0 VveliQ) (3.5)

Note that the second term of (3.5)) is well-defined as well since t € L.2(Q2) and u, v € L*(Q).

At this point we consider for the convenience of the subsequent analysis, the decomposition (see,
for instance, [7], [14])
H(diV4/3; Q) = HO(diV4/3; Q) @ R,]L (36)

where

Ho(div, 3 Q) = {‘r € H(divy,s; Q) : /Qtr(r) :o}, (3.7)

9



which means that each 7 € H(div,/3;2) can be written, in a unique manner, as T = 7¢ + dol, with
To € Ho(divy/s; Q) and do = ﬁ Jotr(T) € R. In particular, taking into account the uniqueness
condition (see, also, the fourth row of (2.13)), we find that the unknown o € H(div,/3; Q) can
be decomposed as

o=o09+cl, with o€ Ho(diV4/3§ Q)

and ¢y = —

ST /Qtr(p(u®u) _(BeH+HSB)),

which says that ¢y can be computed once the velocity u is known. In addition, we observe that
and remain unchanged if o is replaced by o, and hence we rename from now on o as simply
o € Hy(divy/s;€2). Moreover, thanks to the compatibility condition satisfied by the datum up and
the fact that t is sought in L2.(Q), we notice that testing against 7 € H(divy,3;(2) is equivalent
to doing it against 7 € Ho(div,/3; ). Therefore, denoting

W= (wt), ¥i=(v,s) e LYQ) x LA(Q),

we arrive at the following variational formulation of (2.13): Find (d,0) € (L*(Q) x LZ(Q)) x
Ho(divy/3; ) such that

a(u,V)+c(u;d,vV)+b(V,0) = Fu(V) VVeLiQ)xLi(Q),
(3.8)
b(d,7) = G(1) V 7 € Hy(divys;Q2)),
where, given arbitrary w € L4(2), the bilinear forms a, b and c(w, -, -) are defined by
a(u,v) = 2,u/ ts:ss, b(V,7):= / v -div(r (3.9)
Q Q

c(w; T, V) :—g{/ﬂtw.v—/ﬂ(u@@w):s}, (3.10)

for all 0 := (u,t),V := (v,s) € L*(Q) x LZ () and 7 € Ho(divy/s; Q); whereas, given B € L*(Q)
and H € L¥(Q), the functionals Fg 4 and G are defined, respectively, by

- 1
FB,’H,(V) = —5 / (B@?‘L—FH@B) 'S, (3.11)
Q
for all ¥ := (v,s) € L*(Q) x LZ(Q), and
G(1) := —(tv,up)r V 7T € Ho(divys; €2). (3.12)

It is important to stress here that the structure of coincides with the one given by the first
two rows of [I4, eq. (3.17)] (see, also, [9], [15], and [I7]). Hence, the corresponding continuous and
discrete analyses to be presented below, being closely related to those provided in [14, Sections 3, 4,
and 5], will only refer to the main aspects of them.

Now, regarding the boundedness properties of the present forms, and setting

—

V]| =

V¥ = (v,s) € LY(Q) x LA(Q),
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we notice that Holder’s inequality, the duality between H~1/2(I') and H'/2(T), and the continuous
injection iy : H'(Q2) — L4(), yield

la(d, V)| < 2u |4 ||V]],
(3.13)
b(¥, )| < ¥ I7lldiv, 50
Fen(V) < [1B@H|oallV], (3.14)
and
|G(T)| < [[upllijor 17 ldiv, 5.9 (3.15)

for all W, v € L*(Q) x LE(Q) and 7 € H(divy/3;Q), where ip := max {1, ||is||} up. We finish this
section by recalling from [14, Lemma 3.4] some properties satisfied by ¢, which are consequences of
the Cauchy-Schwarz inequality and the definition of the tensor product, namely

c(w;V,V) =0, (3.16)
le(w; @, V)| < [wlloae TV, (3.17)
‘C(Wv H? V) - C(Z, H? v)’ < HW - ZHOA;Q Hl_'{” HV” ’ (318)

for all w € L4(Q2) and @, Vv € L*(Q) x L2.(Q).

3.2 A second mixed formulation for the fluid

We now address the variational formulation of by adapting the analysis from Section
Indeed, knowing in advance that the term (u ® u) in the second equation of will lead us to
look for u in L4(£2), we now test the first equation of directly against 7 € H(divy/3;(2), thus
obtaining, thanks again to ,

/t:r + /’y ST+ /u-div(r) = (tv,up) V7 e H(divys; Q). (3.19)
Q Q 0

It is clear that the second term of (3.19) is well-defined for v € IL2(f2), so that, according to the
skew-symmetry of the vorticity (cf. (2.17)), we look for this unknown in the space

Lel@) = {n € L2@): n* = —n}, (3:20)

whereas, as before, t is certainly sought in L2.(Q). Next, proceeding analogously to the derivation of
(3-3) and (3.5), and assuming from now on that f € L*/3(Q), the corresponding testing of the second
and third equations of ([2.22]) yield, respectively,

1
2u/t:s—/a:s—p/(u®u):s: —/(B®H+H®B):S Vs € L2(Q), (3.21)
0 0 0 2 Ja

" /Qv-div(a)—p/Qu-v:—/Qf-v VveLi(Q). (3.22)

In addition, employing again the decomposition of H(div,/s;€2) specified by (3.6) and (3.7), and
invoking now the uniqueness condition (2.21f), we deduce that o can be decomposed as

o=o09+cl, with o€ Ho(diV4/3; Q)

1 1
and coz—nm‘/Qtr(p(u@)u)—2(3®7-t+?-t®8)> :
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Then, exactly as for (3.5)) and (3.3)), (3.21)) and (3.22) remain unchanged as well if o is replaced by oy,
so that this unknown is simply renamed from now on o € Hy(div,/3;€2). In turn, due basically to the

same arguments regarding (3.1)), we observe that testing (3.19) against 7 € H(div,/3;2) is equivalent
to doing it against 7 € Ho(divy/3;(2). Furthermore, noting from (2.18) that o is a symmetric tensor,
we impose this property weakly as

/ o:m=0 Vnecli.(Q)-. (3.23)
Q

We remark here that, similarly as observed for the right hand side of (3.3]), though in the present
case motivated by the source terms of (3.21) and (3.23]), we need to assume that B and H satisfy the

feasibility condition ((3.4).
Consequently, suitably gathering (3.19)), (3.21]), (3.22), and (3.23)), introducing the spaces

X = L{(Q) x Ho(divy/3;Q) and Y = LY(Q) x L2, (Q),

and denoting
t .= (t,0), §:=(s,7), r:=(r,¢{) € X,
i := (u,vy), v:i=(v,n), w:=(wx) €Y,

we arrive at the following variational formulation of (2.22)): Find (E, i) € X x Y such that

—

A[E,5) + BE 1) + D(wsu,s) = Fpu(S) VeX,

. (3.24)
BE,¥) — C(d,¥) — G(¥) VVEY,

<l
<l

where the bilinear forms A: X x X - R, B: X XY — R,and C:Y xY — R, are defined by

A(7,S) := a(r,s) + bi(s,¢) + ba(r, T) Vr,seX, (3.25)

with
a(r,s) := 2,u/Qrzs, bi(s,¢) == —/QC:S, ba(r,T) = /QI‘ZT, (3.26)
B(r,V) := /17 ¢ + /v div(¢) V(r,Vv) e XxXY, (3.27)

and
(W,V) == p WV Vw,vevy, (3.28)

whereas for each w € L4(Q), D(w;-,-) : LY(Q ) x L2.(Q) is the bilinear form given by
D(w;v,s) = —p/(w @v):s V(v,s) € LY(Q) xLZL(Q). (3.29)
Q

In addition, similarly to (3.11), given B € L2(Q) and H € L%(Q), the functionals Fg 3 and G are
defined, respectively, by

1
FBu(S) = 2/Q(B®’H+’H®B) :s + (tv,up) Vs:=(s,7)eX, (3.30)

and
G(v) = —/Qf-v Vv:i=(v,m) €Y. (3.31)
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Like the respective statement in Section we remark here that the structure of is basically
the same provided in [26 eq. (3.19)] for a fully mixed formulation of the Navier-Stokes-Brinkman
equations. Consequently, when discussing on the corresponding continuous and discrete analyses later
on, we will omit most details and refer to [26].

In addition, endowing X and Y with the norms

I8x = [sllo + [ITlldiv, 5.0 V8= (s,7) € X and

Vily = [vloae +lnlloe  VV=(v.n)eY,

we find that the stability properties of the above bilinear forms and linear functionals, which follow
from simple applications of the Cauchy-Schwarz and Holder inequalities, are given by

a(e,9)] < 20 lrloolslon Vs eLA(9), (3.32)

1bi(s, 7)| < [Islloe lIT]o0 vV (s,T) € ]L%r(Q) X Ho(div4/3;Q), Vi€ {1,2}, (3.33)
IB(E, V)| < [[Cllaivy 0 IVIly < [IFIx [Vly V¥V (F,v) e X XY, (3.34)

C(%,¥)| < p|2"? [wloaa IVloae < 2|22 Wy ¥y ¥ (W,9) €Y xY, (3.35)
D v,9) < plwlose [Vlosa sl ¥ (w,v,5) € LHQ) x LAQ) x L4(©),  (3.36)
Fon@) < ([plier + [BoHoo)l8lx V= (s7) e X, (3.37)

and

G| < [fllogszallvlly  VV=(v,n)€eY. (3.38)
3.3 The potential equation
Regarding the potential equation (2.3]), we introduce the auxiliary unknown

9= py'B-Ho=H+M-Hy in Q,
whence, using that H is divergence free, we find that (2.3)) can be reformulated, equivalently, as
9 —-—M+Hy=-V¢ in Q, div(d) =0 in Q,
(3.39)
Jd-vr=0 on TI.

In this way, once M and Hy are given, and (3.39)) is solved for ¥ and ¢ in spaces to be specified
below, the required magnetic induction B and magnetic field H are computed as

B =y (9+Ho) and H = p;'B-M. (3.40)

More precisely, following (3.4]), we consider j, £ € (1,400) conjugate to each other, and set

r =2/, 5 = — 1 (conjugate of r), and o := 27, (3.41)
r_

so that, under the assumptions that Ho € L"(Q2) and M € L"(2), we look for ¥ in L"(Q2), thus
guaranteeing that ¥ — M + # also belongs to L"(€2). Notice that, provided ¢ > r, this is compatible
with the assumptions B € L"(Q) and H € L2(Q) (cf. (8.4)), and with the identities in ([3.40), because
the continuous embedding L¢(Q2) — L"(€2) imply that H also belongs to L"(€2). This fact and the
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identity for V¢ in (3.39) suggest to originally seek ¢ € W (Q). Consequently, from now on, we
assume that o > r.

Introducing for each ¢ € (1, +00) the space (cf. (1.2))
H (divy; Q) = {5 € H(div;;Q): €&-v =0 on F},

and applying (LA with (¢,t') = (s,7) to (£, ¢) € Hi(divs; Q) x WL(Q2), we find that

[&ve = [ sae).
Q Q
whence the testing of the first equation of (3.39)) against & € H{(divs; Q) becomes

/19-£ — /¢div(£) = / (M—’Ho)-E vV &€ € Hy(divs; Q) . (3.42)
Q Q Q

Note here that, belonging div(§) to L*(£2), the second term of makes sense even for ¢ € L"(€2),
and hence it would suffice to look for this unknown in this space instead of W (). However, due to
the Neumann boundary condition satisfied by & € H(div,; §2), that term vanishes when ¢ is constant,
and hence, for sake of uniqueness of this unknown, we actually look for it in L{j(€2), where

LMQ);:{@EL%Q): Kyo:o} Vte(1,+00). (3.43)

In turn, having at first instance ¥ € L"(Q2), and bearing in mind the momentum equation and the
Neumann boundary condition in (3.39), we realize that this unknown must be sought in Hfj(div,;€2).
Thus, knowing now that div(d) € L"(£), and employing the decomposition L!(Q) = L§(Q) & R, we
realize that testing the second equation of against ¢ € L*(£) is equivalent to doing it against
Y € L§(€2), which reads

/ Gbdiv(®) =0 Ve LiQ). (3.44)
Q

Consequently, according to the previous discussion, and gathering (3.42) and (3.44)), the variational
formulation of ([3.39)) reduces to: Find (¢, ¢) € Xy x M; such that

A9, §) + Bi(§,9) = Fm(§) VEEX,
Bg(ﬂ,w) = 0 vwEMg,

(3.45)

where
Xo := Hy(div,; ), X; := Hi(dive; ), My := Lg(Q), and My := L{(Q), (3.46)

whereas the bilinear forms A : Xo x Xy - Rand B; : X; xM; - R, i € {1, 2}, and the functional
Faq 0 X1 — R, are defined, respectively, by

AAE) = /Q A€ V(M) EXyx Xy, (3.47)
By(£, 1) = —/deiv(ﬁ) V(€ d) eXix M, VYie {12}, (3.48)

and
Faal€) = [ (M=Ho)-€  vEEX:, (3.49)
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Analogously to respective remarks in Sections and we stress here that, except for a variable
viscosity in [25], the structure of coincides with that obtained in [25, eq. (2.29)] for the mixed
formulation of Darcy’s equation within the context of its coupling with the heat equation. According
to it, and while some details will be provided, the continuous and discrete analyses of , to be
discussed later on, will basically reduce to referring to the proper results from [25].

Next, endowing Xg, X1, M1, and My with the norms

1l = M v - lxa o= - llsaivens - Iy =1 lloma, and -, = - flosa,

we readily find that the stability bounds of A, By, By, and F, which are consequence of the Holder
and triangle inequalities, are stated as follows

A O < [Mlore€lose < IXx [€lx, ¥ (X&) € Xo x X, (3.50)
[Bi(&,9)] < ldiv(©)losa [¥llore < Ilx Il ¥ (6,0) € Xy x M, (3.51)
[BoA )] < v o [¥losa < NI [l ¥ (M) € Xox Ma,  (3.52)
and
Fac(©)] < M= Hollora€lose < {IMlora+[Holora} l€lx, YEEXi.  (353)

4 Analysis of the first mixed formulation for the fluid

In this section we address the continuous and discrete analyses of the variational formulation (3.8]).

4.1 The continuous analysis

As already announced in Section here we follow [14, Section 3] and analyze the solvability of (i3.8))
by means of a fixed point approach. To that end, let = : L*(Q) — L*(Q) be the operator defined by:

BE(w):=u Vw e LY(Q),

where (U,0) := ((u,t),0) € (L) x LE.(Q)) x Ho(divy/3; Q) is the unique solution (to be confirmed
below) of problem (3.8) when c(u;-,-) is replaced by c(w;-, -), which reads

a(u, V) +c(w; U, V) +b(V,0) = Fu(V) VVeLiQ)xLi(Q),
(4.1)
b(d,7) = G(1) V 1 € Hy(divys; Q).

Then, we realize that solving (3.8) is equivalent to seeking a fixed point of Z, that is: Find u € L*(Q)
such that
E(u) = u. (4.2)

In what follows we apply the Banach version of the Babuska-Brezzi theory (see, e.g. [22, Theo-
rem 2.34]) to show that the linearized problem is well-posed, which is equivalent to the well-
definiteness of the operator E. To this end, we first let V be the kernel of the operator induced by
the bilinear form b, that is

Vo= {7 = (v,s) eLYQ) x L2(Q): b(¥,7)=0 Vre Ho(div4/3;9)} ,
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which, according to [14, Eq. (3.34)], reduces to
V = {V = (v,s) e LY Q) xLE(Q): Vv=s, and ve¢ Hé(Q)}

The following two results establish the V-ellipticity of a and the continuous inf-sup condition for
b, whose respective proofs can be found in [14] Lemmas 3.2 and 3.3].
Lemma 4.1. There exists a positive constant a > 0 such that

a(v,v) > o V| VVvevV. (4.3)

Lemma 4.2. There exists a positive constant 8 such that

b(V, T .
sup ( — ) > B HT||div4/3;Q VT1e Ho(dlv4/3; Q) . (4.4)
VeL*(Q)xLZ.(2) INl
V#0

According to the foregoing results, we now establish the well-definiteness of the operator Z. From
now on, and according to the notations introduced in (3.41]), we use r and p instead of 2¢ and 2j,
respectively.

Lemma 4.3. For each w € L*(Q) there erists a unique (U, 0) € (L*(Q) x LZ(Q)) x Ho (divy3; )
solution to the problem (4.1)), and hence one can define E(w) = u € L*(Q). Moreover, there exist
positive constants Cz1 and Cz 2, depending only on o, B, and u, such that there holds the following
a priort estimate

IEW)] = l[ulose < [I€] < CzalB@Hloa + Cz2 (1+ IWloae) [Uplhyzr. (45

Proof. Given w € L*(Q), we proceed as in [14, Lemma 3.5] and introduce the auxiliary bilinear form
Aw : (L4(Q) x L2.(Q)) x (L*(Q) x L2.(Q)) — R defined by

Aw(d, V) :=a(d, V) +c(w; U, V), (4.6)
which allows us to rewrite problem (4.1)) as:
Aw(W, V) +b(V,0) = Fpu(¥) VVeLi(Q) xLi(Q),

(4.7)
b(d,7) = G(1) V 7 € Ho(divys; Q).
Concerning Ay, we notice that from (3.13) and (3.17) it transpires that
Aw(T, V)| < @u+lwloae) IE] V] ¥ E, ¥ e LYQ) x LE(Q). (4.8)

Moreover, it is clear that combined with yield the V-ellipticity of Ay, with the constant
« appearing in , which implies that Ay, satisfies the hypotheses given by [22] Theorem 2.34, eq.
(2.28)]. In this way, together with the boundedness of a, b, Fg4 and G (cf. , , and
(3.15))) and the inf-sup condition satisfied by b with constant 8 (cf. Lemma , which corresponds
to the hypothesis given by [22, Theorem 2.34, eq. (2.29)], the result follows from a straightforward
application of [22, Theorem 2.34] to problem . In particular, the a priori estimate for u (cf. first
estimate in [22, Theorem 2.34, eq. (2.30)]) reads

. 1 1 A
lallose < 18] < > [Fsal + = <1+ ”W”) Gl
« 15} «

which, combined with (3.14)), (3.15)), and (4.8]), gives (4.5) and completes the proof. O
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We remark for later use that applying the second inequality from [22, Theorem 2.34, eq. (2.30)]
to the problem defining Z (cf. (4.1]) or (4.7)), and then utilizing the bounds for [|[Fg /|, |G|, and

| Aw|l that arise from (3.14)), (3.15), and (4.8), we deduce the existence of a positive constant Cz 3,
depending only on «, 8, and pu, such that the a priori estimate for o reduces to

oty < s (1+ [wllowo) {IB&Hloa + (1+ [wloao) [Eplyzr} - (49)

Having proved the well-posedness of (4.1)), which ensures that operator E is well defined, we now
address the solvability analysis of the fixed point equation (4.2) (equivalently (3.8)). To this end,
given an arbitrary radius 9, we let

W= {w eLYQ):  |wlown < 5}.

Then, we begin by providing suitable conditions under which = maps W into itself.

Lemma 4.4. Assume that B, H, and the datum up are sufficiently small so that

0571 HB & HHO,Q + 0572 (1 + 5) HGDH1/27F <9J. (4.10)
Then, E(W) C W.
Proof. 1t is a direct consequence of the a priori estimate (4.5) and the definition of W. O

A Lipschitz-continuity property of = is established next.
Lemma 4.5. For all w, wo € L*(Q) there holds

| ’

E(w) — E(wo)

0,4;Q2
. B (4.11)
<a {Ca,l IB®H|oo + Cz2 (1+ |[[wollo.an) HuDH1/2,F} W — wollo,40 -

Proof. The proof consists of a simplification of the one of [I4, Lemma 3.8]. In fact, given w, wg €
L4(9), we let u := E(w) and ug := E(wy), where (ﬁ, a') = ((u,t),a) and (ﬁo,a'o) = ((uo,to),ao)
are the corresponding solutions of . It is clear from the respective second equations of that
U — Uy € V, whence the V-ellipticity of a (cf. ), and the respective first equations applied to
V = U — Uy, give

—

aHﬁ’— ﬁoH2 S a(ﬁ— Hg,ﬁ— Ho) = C(WD;HQ,H— uo) —C(W; H,H— HD)

Then, subtracting and adding Uy to the first component of the term c(wy;-,-), using from (3.16|) that
c(w;d — Up, d — Up) =0, and applying (3.18)), we find that

—

al[d - dol* < e(wo; o, d — do) — c(w; o, d — Uo) < [|w — wollo,u0 [[Woll [|T — o,

which, after simplifying by |4 — Wp||, and employing the bound for ||dg|| provided by (4.5, yields
@), 0

The well-posedness of (3.8)) is now established as follows.
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Theorem 4.6. Assume that B, H, and the datum up are sufficiently small so that
Czi1 B Hlloo + C=a2 (1496) [[Upllijor < min{d,a}. (4.12)

Then, problem (3.8) has a unique solution (U,o) := ((u,t),0) € (L*(Q) x L& () x Ho(div,/3;9),
with u € W, and there hold

Jullogo < W] < C=q1 B H|oa + C=2 (1+6) [upllijar, (4.13)

and
o ldiv, 0 < O3 (1+ 5){HB @ Hlogo + (149) HﬁD”1/2,F} - (4.14)

Proof. We start by observing that (4.12) implies (4.10)), which, in virtue of Lemma guarantees
that E(W) C W. In turn, it follows from (4.11]) that for all w, wo € W there holds

|2(w) — E(wo)|los0 < Lz(data) [|[w — wo

0,4;2 »

where, thanks to the assumption (4.12)),
Lz(data) i= o~ {Ca1 B Mo + Cao (1+0) [Hplijr} < 1.

In this way, E : W — W is a contraction, and hence the classical Banach fixed point theorem (see,
e.g., [13, Theorem 3.7-1]) yields the existence of a unique fixed point u € W of Z, and therefore, a
unique solution of (3.8)). Moreover, the estimates (4.13]) and (4.14)) follow respectively from (4.5 and

(4.9) by bounding |jul[p ;0 by 9. O

4.2 Discrete analysis

In this section we resort to the analysis and results from [I4] Sections 4 and 5] to address the solvability
of a discrete version of (3.8]), derive the corresponding a priori error estimates, and introduce specific
finite element subspaces satisfying the required stability conditions.

4.2.1 The Galerkin scheme

We first consider arbitrary finite element subspaces ]ITHL, ]ﬁlg, and H}!, of L2(2), H(div, /3;€2), and
L4(Q), respectively, and set

HY := Hf NLA(Q), HY := HY NHo(divy;Q), and Hy = H x Hf. (4.15)
In addition, we introduce the notations
I—Ih = (uh,th), \_f)h = (Vh,Sh) € H;.

Then, given discrete approximations By, and H, (to be defined later on) of B and H, respectively,
the Galerkin scheme associated with (3.8) reads: Find (U}, o) € Hy, x HY such that

a(dp, V) +c(up; Uy, Vi) + b(Vy, o) = Fg,2,(Vh) V V), € Hy, (4.16)
b(Tn, ) = G(Tn) Vo, € HY '

where the functional Fg, 4, is defined accordingly to (3.11]).
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In what follows, we adopt the discrete analogue of the fixed point strategy introduced in Section
to analyze the solvability of (4.16)). Indeed, we now let Zj;, : H} — Hj' be the operator defined by:

Eh(Wh) = up Vwy € H;Zl,

where (U, 04) == ((up,tp),05) € Hy x HY is the unique solution (to be confirmed below) of problem
(4.16)) when c(uy;-, ) is replaced by c(wy; -, -), that is
a(ﬁh, V’h) + C(Wh; Hh, vh) + b(Vh, O'h) = FBh,%h(Tf’h) v ‘—;h € Hy, (4 7)
1
b(ﬁh,Th) = G(Th) VThGHZ.

Then, we realize that solving (4.16]) is equivalent to seeking a fixed point of Zj, that is: Find u;, € H}}
such that

[

h(uh) = Up . (4.18)

The discrete version of [22, Theorem 2.34], namely [22, Proposition 2.42], is employed next to show
that, under a pair of suitable hypotheses on the finite element subspaces, problem is well-posed,
equivalently, =y, is well-defined. In order to set the first of these assumptions, we denote by sj s and
Sh,sk the symmetric and skew-symmetric parts, respectively, of each tensor s, € H}L, so that

S = Sne+snex and [sal3o = Isnsld + Isnellfo- (4.19)
Then, we let V}, be the discrete kernel of b, that is
Vy = {Vh = (vp,sp) €Hy: b(Vy,mh)=0 V7€ H‘,{},
and suppose that
(H.1) there exists a positive constant Cy, independent of h, such that

lIshsllo > Call(Vh,shsk)ll V Vi = (Vp,sp) € Vi, (4.20)

According to the definition of a (cf. (3.9))), and as a consequence of (H.1), we deduce that for each
Vi = (Vh,Sk) € V}, there holds

a(Vh, Vi) = 2ulsnsllto > wlisnslloo + nCe Il (Vhrshew)

2
0,4;Q2

which, along with (4.19)), readily yields the discrete version of Lemma that is

— ulisnslB + 1 C3 {Isnaxlia + Ival

a(V’h, Vh) > g4 ”Vh||2 N Vh €Vy, (4.21)
with ag := pmin {1,03}.
Furthermore, as the second hypothesis we assume that

(H.2) there exists a positive constant 34, independent of h, such that

b(Vy, Th
sup (ﬁi) > BallThlldiv, 50 vV 1, € Hy (4.22)
%EH}L ||Vh||
Vr#0

which constitutes, in turn, the discrete version of Lemma

We now establish the discrete analogue of Lemma
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Lemma 4.7. For each wy € H} there exists a unique (dp, o) € Hy, x HY solution to the problem
(4.16)), and hence one can define Ep(wp) = uy, € HY. Moreover, there exist positive constants Cz 1

and Czp, depending only on ag, Ba, and u, such that there holds the following a priori estimate
I1En(wa)ll = [unllose < Cz1l1Br @ Halloo + Caa (1+ [Walloae) [[0p 12y (4.23)

Proof. Recalling the definition of Aw,, we rewrite problem as: Find (dp,0p) € Hy, x HY
such that
Awh(_l—fh, \_f)h) —+ b(vh, O'h) = FBh,’Hh(‘_;h) A Vh S Hh,
(4.24)
b(ﬁ)h, ’Th) = G(Th) V1 € HU

We already know from ) that || Aw, |,y < 26+ [[Wallo,4;0. Moreover, given Vi = (vp,sp) € Hy,
it follows from and - ) that Awh IS V,-elliptic with constant ag. In this way, recalling from
, (Wlth By, and H;, instead of B and H, respectively), and - the boundedness of
b, Fg, 2, and G, and from (H.2) the discrete inf-sup condition for b with constant 4, the unique
solvability of follows from a direct application of |22, Proposition 2.42]. In particular, the
corresponding a priori estimate for uy, (cf. discrete version of the first estimate in [22] Theorem 2.34,
eq. (2.30)]) reads:

— 1 1 [ Aw, |,y
lanlloae < [[da] < OTdHFBh,HhH(Hh)' 3 (14‘% Gl e,y

which, together with (4.8)), (3.14)) (with B, and Hp), and (3.15)), yields (4.23). d

We remark here that, similarly to the derivation of ( -, we deduce the existence of a positive
constant C— .3, depending only on aq, A4, and p, such that the corresponding a priori estimate for o7,
becomes

loh ldivyz0 < Cas (1+ ||Wh||0,4;9){||3h @ Hullogo + (1+ [Walloa0) ||ﬁD”1/2,F} :

Next, we proceed analogously to the analysis in Section to address the well-posedness of the
discrete fixed point equation (4.18)). Thus, given again the radius d, we begin by introducing the ball

Wy, = {Wh S H;Ll : HwhHUA;Q < (5} .

Then, the discrete version of Lemma [4.4] is stated as follows.

Lemma 4.8. Assume that By, Hy, and the datum up are sufficiently small so that

Cz1 By @ Hulog + Czz (1+0) [ip|yr < 4. (4.25)
Then, Eh(Wh> - Wh.
Proof. Tt is a direct consequence of the a priori estimate (4.23) and the definition of W,. O

We now prove the discrete analogue of Lemma
Lemma 4.9. For all wy, wo, € H} there holds
1Er(Wh) — Bn(wo,n)lloa0

N (4.26)
<« 1{ =1 B @ Halloo + C=z2 (1+ [[wonllose) HuDHl/Q,F} lWn — wonllo40-
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Proof. The proof follows analogously to that of Lemma by starting now from the V-ellipticity of
a with constant aq (cf. (4.21])), and by ending with the bound for ||Z}(wyg )| provided by (4.23). We

omit further details. O
Having established the Lipschitz-continuity of Zp, the well-posedness of (4.16) is addressed next.

Theorem 4.10. Let By, and Hy, be approzimations (to be defined later on) of B and H, respectively,
and assume that By, Hp, and the datum up satisfy (4.25). Then, problem (4.16) has a solution
(dp, o) € Hy, x HY, with uy, € Wy, and there hold

[unllogo < [Wnll < Czi1|1Br® Hilog + Caa (1+6) [aplijor, (4.27)

and
1o ldiv, 50 < Oz (1+ 5){HBh ® Hplloo + (1+96) HﬁDHl/z,r} : (4.28)

Moreover, under the additional assumption
Cz111Br @ Hulloo + Cea (1+6) |[upllijor < aa, (4.29)

the above solution is unique.

Proof. In virtue of the equivalence between ([4.16]) and (4.18)), and bearing in mind Lemma[4.8 and the
continuity of Zj, provided by , the existence of solution follows from a straightforward application
of Brouwer’s Theorem (see. e.g. [13, Theorem 9.9-2]). In turn, and the Banach fixed point
theorem (see, e.g., [13, Theorem 3.7-1]) imply the corresponding uniqueness. Further details are
omitted. O

We stress here that, similarly to (4.12)) (cf. Theorem [4.6), the assumptions (4.25) and (4.29) can
be rewritten jointly as

5571 ”Bh & Hh”o,ﬂ + 6’572 (1 + 5) Hl~1D||1/27p < min {57 ad} .

4.2.2 A priori error estimates

In what follows, we derive a Céa-type estimate for the error ||(W, o) — (Up,04)||, where (4, 0) €
(L) x LZ(Q)) x Ho(divy/s; Q), with u € W, is the solution of (3.8), and (s, ) € Hy, x HY, with
uy € Wy, is the solution of . We begin by rewriting problems and as we did in the
proofs of Lemmas and for the linearized problems and , that is

AT ¥)+b(¥,0) = Fu(¥) VVeLi(Q)xLiQ)

(4.30)
b(d,7) = G(1) V 1 € Hy(divys; Q),
and - — — — —
Auh(uh,vh)+b(vh,ah) = FBh,’H,h(Vh) V v, € Hy, (4 31)
b(l_l)h,Th) = G(Th) VThGHZ, .
where, given z € L*(Q),
AW, V) = a(W, V) +c(z;w,V) VW, Ve (L) xLL(Q). (4.32)



Next, bearing in mind that both |luljp 4,0 and ||upllo4,0 are bounded from above by ¢, we notice

from (4.8)) and (3.13)) that
[Aull < Q2u+96), [Au,l < 2p+9d), and [bl] < 1. (4.33)

In addition, we know from the proof of Lemma @ that Ay, is Vp-elliptic with constant ag4, and it is
clear from (H.2) that b satisfies the discrete inf-sup condition with constant 4. In this way, applying
the Strang-type estimate provided by [14, Lemma 6.1] to the context given by (4.30) and (4.31)), we
deduce the existence of a positive constant C , depending only on u, d, ag, and Bg, such that

I8 = Tl + llo = Fullaiv, 0 < C{dist(W, Hy) + dist(or, HY)
(4.34)
AT, ) = A, (T ) g, + [Fa90 — Fs, 0, g | -

Hereafter, given a subspace X, of a generic Banach space (X, |- [/x), we set for each z € X

dist(z, Xp) = Ilg; |l — znllx -
h h

Now, taking into account the definitions of both A, and A, , the estimate (3.18), and the a priori
estimate for || d|| (cf. (4.13)), we find that

[Au(d, ) = Ay, (T, ) [y, = lle(u, d,-) = c(up, T, ) I, < [lu—anlloae [ H]|

N Lo (4.35)
< {Co1lIBoHloa + Czz (1+6) [nlyr } T — Tl

Next, according to the definitions of F5 3, and Fg, 3, , and applying the Cauchy-Schwarz inequality,
we readily deduce that

183 — Fn, 3,1, < [BRH —Br®Halloo- (4.36)

In this way, replacing (4.35)) and (4.36)) back into (4.34)), we arrive at the following result.

Theorem 4.11. Assume that B, H, and the datum up satisfy

~ 1
Cz1B@Hl|oo + C=2 (1+9) [[Upllijer < ek (4.37)
Then, there exists a positive constant Csp, depending only on u, §, ag, and Bq, such that
€ — dull + llo — onlldiv,0
(4.38)

< Cgr {diSt(l—f, Hh) + diSt(O‘,Hg) + ||B QH — By ® Hh”(],Q} .

4.2.3 Specific finite element subspaces

In this section we resort to [I4 Section 5.2] to introduce explicit discrete spaces satisfying the required
stability conditions. To this end, we let { 77L} h>0 be a regular family of triangulations of €2 by triangles
K (respectively tetrahedra K in R3), set h := max {hK : K e 77L}, and for each h > 0 we denote by
77:’ the barycentric refinement of 7. In turn, given an integer £ > 0 and S C R", we let P;(S) be the
space of polynomials of degree at most ¢ defined on S, and, as indicated in Section (1} let Py(S) and
P¢(S) be its respective vector and tensor versions. Also, we define the local Raviart-Thomas space of
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order £ as RT(S) := P(S) & P;(S) x, where P,(S) is the space of polynomials of degree equal to ,
and x := (x1,...,2,)" is a generic vector of R™. In addition, we introduce the global spaces

Pu(Th) = {va €LAQ): valx €Pu(K) VK €Tif,

Py(T;) = {5h cL2(Q): Onlx €Pu(K) VK e Th} ,

RT(T) = {Th € H(div;Q): 7a|x € RTy(K) VK e n} ,

and
RT,(T;,) = {Th €H(div;Q): T4 € RTY(Th) Vie {1,...,n}},

with analogue definitions for Py(7,2), P¢(7,?), RT¢(7?), and RT,(7,), where 7, ; stands for the ith-
row of 74. Then, for each integer & > n — 1, we define the finite element subspaces of L*(9), L2(Q),
and H(divy/s; ), respectively, given by

HE .= PL(T?), HY := RT(TP), and H} := Py(T?), (4.39)

which are then utilized in to set HZ, HY, and Hy := H} x Hz In this regard, we recall
from [I4, Section 5.2] that the present restriction on k is needed to guarantee the stability of the
Galerkin scheme associated with the primal formulation of the Stokes equations, when Scott-Vogelius
elements are utilized. Now, it is proved in [I4] that the specific subspaces defined in satisfy the
assumptions (H.1) and (H.2) introduced in Section More precisely, employing the equivalence
and sufficiency results provided in [14, Lemmas 5.1 and 5.2], it is shown in [I4] Section 5.2] that, in
order to conclude the aforementioned hypotheses, it suffices to establish the inf-sup conditions specified
in [14] egs. (5.13), (5.14), and (5.15)], which, in turn, are proved in [I4, Sections 5.2 and 5.4]. We
omit further details.

We recall next the approximation properties of the present subspaces ]HI';L, Hf, and H} (see, e.g.
6], [8], [14], [22], [23]):

(APY): there exists C' > 0, independent of h, such that for each ¢ € [0,k + 1], and for each s €
HY () N L2,(R), there holds

dist(s,HJ) := i

Sh

nf s —sufoe < Ch*|sleq,
eHt

(AP{): there exists C' > 0, independent of h, such that for each ¢ € (0,k + 1], and for each T €
H(Q) N Ho(divy/s; Q) with div(r) € W5/3(Q), there holds

dist(r. 1Y) i= _inf_ 7 = Tl e < OB {Illeq + vy}
h

(AP}): there exists C' > 0, independent of h, such that for each £ € [0, k+1], and for each v € W54(Q),
there holds

dist(v,HE) = viglf{“ v —vhlloan < C ht IVlleaq,
h h

We conclude this section with the following convergence result for the Galerkin scheme (4.16]).
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Theorem 4.12. In addition to the hypotheses of Theorems and assume that there
ezists £ € (0,k + 1] such that u € W (Q), t € HY(Q) NLE(Q), o € H(Q) NHo(divy3;Q), and
div(o) € WZ’4/3(Q). Then, there exists a positive constant C, independent of h, such that

1T — "l + llo — onlldiv, 50 < C{he (HUHM;Q + lIthee + llollee + HdiV(U)HZA/S;Q)

(4.40)
+ |IBH - B, ®’Hh||079} .

Proof. The result follows from a direct application of Theorem and the above approximation
properties of the finite element subspaces. Further details are omitted. O

5 Analysis of the second mixed formulation for the fluid

The continuous and discrete analyses of the variational formulation (3.24)) are developed in this section.

5.1 The continuous analysis

As remarked in Section we now follow [26] Sections 3.2 and 3.3] to address the well-posedness
of (3.24) by employing also a fixed point strategy. To this end, we first realize that (3.24) can be
equivalently formulated as: Find (t,d) € X x Y such that

A((t,1), (8, V) + D(wu,s) = Fau(5,v) V(EV)eXxY, (5.1)

where the bilinear form A : (X xY) x (X x Y) — R and the functional Fg4 : X XY — R are given
by

A((F, W), (5,%)) = AF,8) + BE, W) + BF,V) — C(W,¥) V([{W),5V)eXxY, (52

and
Feu V) = Fpu(S) +6(V) V(SV)eXxY. (5.3)

Then, similarly to |26, Section 3.3], we now introduce the operator Z : L*(Q) — L*(2) defined by:

[1]

(z) := u VzeLYQ),

where (t, 1) := ((t,0)),(u,v)) € X x Y is the unique solution (to be confirmed below) of the linear
problem arising from ([5.1)) when D(u;u,s) is replaced by D(z;u,s), that is

A((€,60),(5,9) + D(zu,s) = FpuE,¥) VEV)eXxY. (5.4)

In this way, (5.1)) can be rewritten as the fixed point equation: Find z € L*(Q2) such that

[1]

(z) = z, (5.5)

so that the unique solution (t,d) := ((t,0),(u,7)) € XxY of (5.4), with the fixed point z, becomes
the unique solution of .

Next, because of the perturbed saddle-point structure of A (cf. (5.2))), in what follows we resort
to the slight variant of [I8, Theorem 3.4] provided by [26, Theorem 3.2] to derive the global inf-sup
condition satisfied by .A. According to it, we first establish the inf-sup conditions for A in the kernel V
of the bilinear form B (cf. ) More precisely, due to the saddle-point structure in Banach spaces
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of A (cf. (3.25)), it suffices to verify the assumptions of the corresponding Babuska-Brezzi theory (cf.
[3, Theorem 2.1, Corollary 2.1], [26, Theorem 3.1]). To this end, we begin by observing that V reduces
to

V = L%r(ﬂ) x Vo,

where

Vo = {'r € Ho(divy/3;Q): 7=7° and div(r)=0 in Q} (5.6)

Then, letting K; be the kernel of bi|JL§r(Q)xvoa for each i € {1, 2}, and noting from (3.26)) that by = —bo,
we obtain

K1:K2:K::{seﬁﬂn: /@;Tzo VTE%}. (5.7)
Q
In turn, it is also clear from ([3.26)) that
a(s;s) = 2uslia  VseLi(9Q), (5.8)
which says that a is L2 (Q)-elliptic with constant & := 2u, and hence, in particular, a is obviously

K-elliptic as well, thus satisfying the hypotheses i) and ii) of [26, Theorem 3.1]. Note that the explicit
condition defining K (cf. (5.7])) is not needed for the above.

On the other hand, the inf-sup conditions for the bilinear forms b; and bs are stated as follows.

Lemma 5.1. There exists a positive constant E such that for each i € {1, 2} there holds

bi(s, T ~
sup l( ) > ﬁ ||’T”div4/3;Q V1€ Vo . (5.9)
sez (@) |Isllog
s#0

Proof. We refer to [26l, Lemma 3.3] for details. We just mention here that the existence of a positive
constant ¢j, depending only on €, such that (cf. [7, Lemma 3.2])

ctltlloe < [0 + Idiv(T)lloame V7 € Ho(divys Q), (5.10)
plays a key role in the proof. O

According to (5.8) and Lemmawe have that a, b1, and by satisfy the hypotheses of [26, Theorem
3.1] (see also [3, Theorem 2.1, Corollary 2.1]), and thus there exists a positive constant a4, depending

only on &, 8, and ||a|| = 2u (cf. (3.32)), such that

sup 28 o IFlx VEEV. (5.11)
sey |81
§£0

Moreover, it is easy to see that the hypotheses of [26, Theorem 3.1] are equally satisfied if the roles of
by and by are exchanged, and hence with the same constant a4 from (5.11)) we get

sp A58 S o slx vEev. (5.12)
rev IIFlx
720

In turn, bearing in mind the definition of A (cf. (3.25)), the fact again that by = — by (cf. (3.26])),

and (5.8), we obtain
A(F,F) = a(r,r) = 2urllfo 20 VFeX,
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which says that A is positive semi-definite. Similarly, it is clear from (3.28) that C is symmetric and
positive semi-definite.

Furthermore, the continuous inf-sup condition for B has already been proved in [27] (see also [26]).
More precisely, making use of the Poincaré and the first Korn (cf. [31, Theorem 10.1] or [5, Corollaries
9.2.22 and 9.2.25]) inequalities, which establish, respectively, that

Vo < colviig and |vlig < 2]e()ll5e Vv eHiQ), (5.13)

with a positive constant ¢, depending on (2, and recalling from Section (cf. (3.15)) that is is the
continuous injection of H'(2) into L*(£2), one is able to show the following result (cf. [27, Lemma
3.5], [26, Lemma 3.4]).

Lemma 5.2. There exists a positive constant B, depending only on ¢, and |[i4]|, such that

s o
sup B8V S sy vEeY. (5.14)
seX I[s1x

S

In this way, since A, B and C satisfy the hypotheses of [26, Theorem 3.2], we conclude the existence
of a positive constant a4, depending on [|A||, ||C||, a4, and g, such that

> aq||(f,wW)||xxy V(r,w)e XxY, (5.15)

and

sup —— > a8, V)|lxxy V (S, V) eXxY. (5.16)
Fwexxy (T W)|xxy
(¥, w)#0
Thus, employing (5.15)) and the boundedness property for D given by (3.36)), we find that for each
z € L4(Q) there holds

Y

(va = pllzloan) I(F,W)]xxy V (F,w)eXxY,

and hence, for each z € L*(2) such that, say ||z

Qo
0,40 < 2—’:, we get

A((r,w)|, (8,¥)) + D(z; w,s) S QA (%, W) || xxy V(F,wW)eXxXY. (5.17)

|(8, V) lxxy -2

Analogously, using ([5.16)) and (3.36[), and assuming the same range for z, we arrive at

A((Y,w), (8,V)) + D(z; w,s o o
sup (%, w) E q)) ( ) 5 o4 I8, ¥)|xxy V(EV)eXxY. (5.18)
(F,W)EXxY | (¥, W)l xx v 2

(F.%)#0

The well-posedness of (5.4]), equivalently that the operator E is well-defined, is stated as follows.
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C;—A, problem (5.4]) has a unique solution
p

(t,d) = ((t,0),(u,7)) € XxY, and hence E(z) := u € L*(Q) is well-defined. Moreover, there holds

Lemma 5.3. For each z € LY(Q) such that ||z[os0 <

I2(2)oae = lullose < (£ )lxxy
2 (- (5.19)
< - {lolhr + IFlosso + 1B Hloa}

Proof. Given z as indicated, the inf-sup conditions ([5.17)) and (/5.18)), along with a direct application of
the Banach—Nec¢as—Babuska Theorem (cf. [22, Theorem 2.6]), imply the existence of a unique solution
of (5.4). In turn, the corresponding a priori estimate and the boundedness of Fg 3 (cf. (5.3))), which

follows from those of Fg 3¢ (cf. (3.37)) and G (cf. (3.38))), yields (5.19) and concludes the proof. [

Having established the well-definedness of 2, we now prove that this operator maps a suitable ball
into itself. More precisely, introducing

[0
W= {ze @) |zouo < 7?}

we have the following result.

Lemma 5.4. Assume that

2
~ «
aplljzr + [Iflloase + 1B Hloo < 47;“ (5.20)

Then, 2(W) C W.

Proof. Tt follows straightforwardly from the a priori estimate ([5.19) and the assumption (5.20). [

We are now in position to state next the solvability of the fixed-point equation (5.5)), and hence,
equivalently, that of (5.1)).

Theorem 5.5. Assume that

2

~ «
[uplli2r + [Iflloa/ze + [1B@Hloa < 47:04' (5.21)

Then, the operator E has a unique fixed-point z € W. FEquivalently, (5.1) has a unique solution
(t, 1) == ((t,0),(u,v)) € X XY, where (t,4) is the unique solution of (5.4) with z = u. Moreover,
there holds 5

s Ul e + Wfloajze + 1B @ Hloo} (5.22)

(£, 1) || xxy <

Proof. We first notice that and Lemma guarantee that & maps W into W. Then, given
z; € W, i € {1,2}, we let (t;,u;) € X x Y be the solution of with z = z;, and proceed
analogously to the proof of [26] Theorem 3.7]. Indeed, applying the global inf-sup condition
with z = z; to (F,w) := (t1,1d;) — (to, liz), and then employing the boundedness property of D (cf.
(3-36))) and the a priori estimate , we readily find that

— — 4p (1~
I8@) ~Z(@)loan < % {I8olar +Elossa + 1B Koo Iz = zloe.
A

which, thanks to (5.21) again, says that E is a contraction. In this way, a simple application of the
Banach fixed point theorem along with the a priori estimate (5.19) conclude the proof. O
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5.2 Discrete analysis

In this section we make use of the analysis and results from [26, Section 4] to establish the well-
posedness of a discrete version of ([5.1]), derive the corresponding a priori error estimates, and specify
finite element subspaces accomplishing the stability conditions.

5.2.1 The Galerkin scheme

We first let HE, ]ﬁ[g , H!, and HJ) be arbitrary finite element subspaces of L2.(Q), H(div,/3; Q), L*(Q),
and L2 . (), respectively. Specific such subspaces satisfying the stability conditions to be introduced

skew

along this section, will be defined later on in Section [5.2.3] Then, letting
HY := HY N Ho(divys9),
defining the product spaces
X; = Hb x HY, Y, = Hj xH],
setting the notations
th o= (th,on), Sh = (S, Th), T = (rn,Cs) € X,
Uy o= (Wp,Y4) s Vo= (VaMn) s Wi = (Wn,Xp) € Ya,

and given discrete approximations By, and Hj, (to be defined later on) of B and H, respectively, the
Galerkin scheme associated with (5.1)) reads as follows: Find (Eh, up) € X, X Yy, such that

A((E)h, ﬁh), (gh,\_f'h)) + D(uh; uy, Sh) = ]:Bh,’)-th (§h,\7h) A (§h,\7h) e Xn XYy, (5.23)

where the functional Fg, 4, : X;, x Y}, = R is defined as in (5.3]) with By, and #}, instead of B and
., respectively.
Then, similarly to [26, Section 4.2], we now let Zj, : H}' — H}! be the operator defined by

Eh(zh) = up Yz € HE,

where (ty, 1) = ((th,on)), (un,vy)) € X X Yy, is the unique solution (to be confirmed later on) of
the discrete problem arising from (5.23|) when D(uy;up,sy) is replaced by D(zp; up, sp), that is

A((Eh,ﬁh), (ghy‘_;h)) + D(Zh; uh,sh) = j:Bh,Hh(ghy‘_;h) A (§h7‘_’)h) € Xy xYy. (5.24)

In order to analyze the solvability of , in what follows we make use of the discrete versions of
the Babuska-Brezzi theory, the solvability result for perturbed saddle point problems, and the Banach-
Necas-Babuska theorem, all them in Banach spaces, which are available in [3| Sections 2.2 and 2.3],
[26, Theorem 4.1], and [22], Theorem 2.22], respectively. More precisely, proceeding analogously to
Section we first notice that the kernel V, of B|x, xy, reduces to

o t
Vh = Hh X V()JL,
where

Voru = {ThE]HIZ: /Th:nh—O VnhEHZand/vh'div(Th)—O VvheHE}.
Q

Q
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In order to continue the discrete analysis, some hypotheses on the arbitrary finite element subspaces
are required. More precisely, following exactly as in [26, Section 4.2], we first assume that

(H.0) ]ﬁlg contains the multiples of the identity tensor I,

(H.1) div(Hg) C HY.
Thanks to (H.0) we obtain the discrete version of the decomposition given by (3.6) and (3.7), that
is Hf = Hf @& RI, which yields

1 _
o . _ . o
HY = {’Th (—mm /Qtr(Th)) I: 74¢€ Hh} ;

whereas (H.1) allows to show that the tensors of Vj ), are divergence free, and hence
Vou i= {Th € HY : /'rh ', =0 Ve HZ and div(Ty) = 0 in Q}
Q

Then, letting K;; be the kernel of bi]HszO ,» for each i € {1, 2}, and bearing in mind from (3.26))
that by = — b, we find that

Kl,h = K2,h = Kh = {Sh S H}L : /QSh CTh = 0 Vv Th € VO,h}a (525)

so that, being the bilinear form a L2 (Q)-elliptic with constant & := 2u (cf (5.8)), it is certainly
Kp-elliptic as well, and thus the corresponding hypotheses from the Babuska—Brezzi theory in Banach
spaces (cf. [3, egs. (2.19) and (2.20)]) are verified with the same constant a.

Next, we also assume that

(H.2) (V()’h)d = {T%: Th € VO,h} - H}“L,

which, along with the inequality (5.10]), imply the discrete inf-sup condition for bi|Hfl xVons & € {1, 2},
namely
bi(sh, Th)

ShGH'}:L HShHO:Q
Shjéo

> BlThlldivyse Y Th € Von,

with B =c.
In this way, having a, b1, and bs satisfied the assumptions of [3, Corollary 2.2], we conclude the
discrete analogue of (5.11]) with the same constant « 4, that is

A(ry, 8 . -
sup M > aq||Thlx VT, eV, (5.26)
spev,  lIShllx
5,40

In addition, it is clear from the continuous analysis (cf. Section that A and C are positive semi-
definite, and that C is symmetric. Hence, in order for A4, B, and C to fully satisfy the hypotheses of [26],
Theorem 4.1], it remains to establish the discrete inf-sup condition for B, which is actually assumed
as follows:

(H.3) there exists a positive constant 34, independent of h, such that

B(Sh, Vi, , .
sup (_,7) > BrallVully Vv,eYy,. (5.27)
SLeXy, HShHX
§, 20
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Specific finite element subspaces satisfying (H.0) - (H.3), are collected later on in Section

Next, bearing in mind the above, and proceeding analogously to the continuous case (cf. Section

[.1)), we derive the existence of a positive constant a4,4, depending on [|Al], ||IC||, a4, and fs4, and

2Ad , there holds
p

hence independent of h, such that for each z;, € H}! such that, say ||zs|04.0 <

A((Th, W), (8h, V1)) + D(2zn; Whysh) _ caa
sup >

(8h,9n)EXR XY, |(Sh, Va) | x xy = 2
(8h,Vr)#0

[[(Fh, W) [l xx v (5.28)

for all (I_"h,V_\”h) € X, XYy,

We are now in position to state next the discrete analogues of Lemmas [5.3] and and Theorem
Being the respective proofs almost verbatim to those of the continuous case, we omit further
details.

«
;’d, problem (5.24)) has a unique solution
p

(Eh,ﬁh) = ((th,ah), (uh,'yh)) € Xp, x Yy, and hence Ep(zp,) = uy, € H}! is well-defined. Moreover,
there holds

Lemma 5.6. For each z, € H}} such that ||zpllo40 <

1Bn(z0)lloae = lunllog < [t r)llxxy
2 (. (5.29)
< {HUD||1/2,F + [[flloa/3:0 + 1Bn ®Hh||0,9}.
aAd
Lemma 5.7. Let aa
W, = {zh ceHy :  Jznlloan < Qp’d}, (5.30)
and assume that
~ a.%ld
[apllise,r + Iflloa/z0 + 1Br @ Halloo < ———. (5.31)

=4,
Then, Ep(Wp) € Wy,

Theorem 5.8. Let By, and H;, be approximations (to be defined later on) of B and H, respectively,
and assume that

2
Qpq
4p
Then, the operator Ej, has a unique fived-point z, € Wy,. Equivalently, (5.23)) has a unique solution
(th,drn) = ((th,on), (un,vs)) € Xi x Y, where (t,,1)) is the unique solution of (5.24) with
zp = up. Moreover, there holds

[upllijzr + [Iflloa/s0 + [1Br @ Halloo < (5.32)

- 2 ~
@iy < = {lnlhyzr +loase + 181 ® Halloo} (5.33)

5.2.2 A priori error estimates

In this section we derive a Céa-type estimate for the error ||(t, d)— (€, ix)||xxy, where (t,d) € XxY
and (tp,udp) € Xp, X Yy are the unique solutions of (5.1]) and (5.23]), respectively. To this end, we
proceed as in [26, Section 4.3] and observe first from these formulations that

./4((?7 ﬁ) — (Eh, ﬁh), (§h7 Vh)) = D(uh; up, Sh) — D(u; u, Sh) -+ (7"377.{, — ./_“Bh,q.th) (gh, \_"h) (534)
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for all (Sp,vy) € Xp, X Y. Then, applying the triangle inequality, employing the discrete inf-sup
condition for A, which reads as (5.15)), but with X; x Y}, and a44 instead of X x Y and o,
respectively, and then using the boundedness of A, whose norm ||.A|| depends on |a| = 2u (cf.

E3D). bl = 1 (et @3, i € {12}, [B] = 1 (ct. B3D), and |C] = p|Q? (ct. @), we
deduce the existence of a positive constant C 4, depending only on || A|| and aa 4, such that, similarly
to [26, eq. (4.22)], there holds

H(E, ﬁ) — (E)h, ﬁh)HXXY < Cyu {dist(f, Xh) + diSt(ﬁ,Yh> + H-FB,’H — FBhﬂ'LhHX;I

; — ; 5.35
+ sup D(Uh,uh,Sh) D(u7 u,Sh) } : ( )

(8n, %) E€X X Y [[(8h, V) llxxy
(8h,Vh)#0

where, similarly to (4.36]), using the definition of Fg 4 (cf. (3.30)), and applying the Cauchy—Schwarz
inequality, we find that

IFB3 — Fmnlx), < IB@H - By Hallogq- (5.36)

In turn, proceeding analogously to the derivation of [26] eq. (4.23)], that is adding and subtracting u
in the second component of D(up; uy,sp), and then using the boundedness property of D (cf. (3.36))),
along with the a priori estimates for ||uljp 4.0 (cf. (5.22))) and ||ug||o,4;0 (cf. (5.33)), we arrive at

D(up;up,sp) — D(u;u,sp)

sup —— < Lp(data) [[u — upljo 0, (5.37)
(ghv‘_"}L)EX}LXYh ”(Sh7vh)HX><Y
(8n,Vn)#0
where, denoting & 4 := min {aA, Ot.A,d}, we set
4 ~
L(asea) = 2L {[pliyar + [Elogso + 1B Hlna + B © Huloa}. (539

In this way, employing (5.36)) and (5.37)) back into ([5.35]), we deduce the following preliminary estimate

(£, @) — (tp, dn) | xxy < CA{dist(’E, Xp,) + dist(d, Y)

(5.39)
1B H ~ By Halloa + La(dsta) [~ wilosn
As a direct consequence of (5.39)), we obtain the following result.
Theorem 5.1. Assume that B, H, By, Hn, and the data up and f satisfy
Lh(data) < — (5.40)
ata — . .
h — 2Cx

Then, there holds

”(E, ﬁ) — (Eh, ﬁh)HXXY < 2 CA {diSt(E, Xh) + diSt(ﬁ,Yh) + ”B QH— B, ® %h”o’g} . (5.41)
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5.2.3 Specific finite element subspaces

We now resort to [26], Section 4.4], which in turn makes use of the analysis and results from [27, Section
4.4], to specify two examples of finite element subspaces Ht, H7, H}, and HZ satisfying the hypotheses
(H.0), (H.1), (H.2), and (H.3) described in Section To this end, and besides the notations
already introduced in Section [4.2.3] we now we let bx be the bubble function on each K € T, which
is defined as the product of its n + 1 barycentric coordinates, and introduce the local bubble spaces
of order £ > 0 as

By(K) := curl(bg Py(K)) if n=2, and By(K) := curl(bg P¢(K)) if n=3,

where curl(v) := ((%’2, —(%’1) ifn=2andv: K — R, and curl(v) := Vxvifn=3and v: K — R3.

Next, we set the global space

B(T;) = {Th EH(diviQ): Thlx € Bo(K) Yie{l,..n}, \ﬂ(efrh}.

In addition, we let C(Q2) := [C(Q)]"*™. Then, given an integer & > 0, and as established in [26,
Sections 4.4.2 and 4.4.3], the hypotheses specified in Section are satisfied by subspaces based on
PEERS and Arnold-Falk-Winther (AFW) elements, namely

a) PEERS-BASED FINITE ELEMENT SUBSPACES:

Hj, i= Pryn(Th) NLE(Q), Hf := RT4(Th) @ By(Ta), Hj = Pi(Th),

~ 2 (5.42)
and  HG = C(Q) N Len() N Prsa (Th)
b) AFW-BASED FINITE ELEMENT SUBSPACES:
HE = Poyy (Th) NLA(Q), HY = Poyy (Th) NH(div;Q), H} := Py(Th), 5

and  H) := L2 . (Q) NP(T).

In particular, we stress that the occurrence of the assumption (H.2) forces the particular polynomial

degree needed by each subspace ]H[z We refer to [20, last part of Sections 4.4.2 and 4.4.3] for the
corresponding details.

Now, the approximation properties of HY, H}!, and HJ, for PEERS (cf. ) as well as for AFW
(cf. ), whose derivations, similarly to those in Section follow basically from the error
estimates of the Raviart—Thomas and AFW interpolation operators, and of projectors onto piecewise
vector and tensor polynomials (cf. [22, Proposition 1.135]), are provided below. While the first two
were already given in Section [4.2.3] we state them again in what follows for sake of clearness of the
presentation:

(APZ) there exists a positive constant C', independent of h, such that for each ¢ € (0, k + 1], and for
each T € H'(Q) NHo(divy/3; Q) with div(r) € WEH4/3(Q), there holds

dist(r,H7) < Ch* {lIrllea + [div(r)lm0]

(APE) there exists a positive constant C, independent of h, such that for each ¢ € [0, k + 1], and for
each v € W44(Q), there holds
dist(v,H}) < ChY(|v]lean,
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(APZ) there exists a positive constant C, independent of h, such that for each ¢ € [0, k + 1], and for
each § € HY(Q) N L2, (Q), there holds

skew

dist (8, HY) < ChY|8]eq-

k+n for PEERS-based

. . t . . .
41 for AFW-based the approximation property for Hj is similar

In turn, denoting k* := {
to that of H}!, that is:

(APZ) there exists a positive constant C, independent of h, such that for each ¢ € [0, k* + 1], and for
each s € HY(Q) NLZ(Q), there holds

dist(s, Hf) < ChY|s[eq-

Finally, the convergence result for the Galerkin scheme ([5.23)) is stated as follows.

Theorem 5.2. In addition to the hypotheses of Lemma[5.1], and Theorems[5.5] and [5.8] assume that
there exists £ € (0, k+1] such thatt € HY(Q)NLZ.(Q), o € HZ(Q)HHD(divM?); Q), div(o) € WH/3(Q),
ue WH(Q), and v € HY(Q) N2 (Q). Then, there exists a positive constant C, independent of h,
such that

1€ ) = Enstin) Iy < € {0 (Il + 1o

co+ 1div(@) s + [ulleas + [7les)

(5.44)
+BeH - By Moo}

Proof. Tt follows from a direct application of Theorem [5.1] and the above approximation properties of

the finite element subspaces. O

6 Analysis of the potential equation

Similarly as in Section [5] here we apply again the generalized Babuska-Brezzi theory in Banach spaces
(cf. [3, Theorem 2.1, Corollary 2.1]) to perform now the continuous and discrete analyses of the
variational formulation . To this end, and as already announced in Section we resort to
some of the corresponding results provided in [25 Sections 2, 3, and 4].

6.1 The continuous analysis
We begin by letting K;, i € {1,2}, be the kernel of the bilinear form B; (cf. (3.48)), that is
K; = {éeXi: Bi(£,4) = 0 VweMi},
which, according to the definitions of the spaces involved (cf. ), yields
K = {5 € Hi(divy; Q) :  div(€) =0 in Q} . and

Ko = {geHg(divr;Q): div(€) =0 in Q}

Next, in order to establish the continuous inf-sup condition involving A and the kernels IC;, i €
{1, 2}, as required by [3, Theorem 2.1], we recall from the key result provided by [25] Lemma 2.3,
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Section 2.1] that the index r := 2/ and its conjugate s (cf. (3.41])) must both lie in [4/3,4] when
n =2, and in [3/2, 3] when n = 3, which we assume from now on. This means, as indicated in (3.41),
that ¢ must lie in (1,2] when n = 2, and in (1, 3/2] when n = 3, so that its conjugate j lies in [2, +00)
and [3, +00), respectively, thus ensuring that ¢ :=2j > 2/ =: r, as requested right after .

In this way, having precised the feasible range for r and s, we now state the following results taken
basically from [25].

Lemma 6.1. There exists a positive constant o such that

A ~
sup (&) > || A]]x, VAeK;. (6.1a)
e, lI€lx,
£#0
In addition, there holds
sup AN, €) > 0 VeEeK,, €#0. (6.1b)
AEKS

Proof. Tt reduces to the particular case of [25, Lemma 2.6, Section 2.4.2] when the temperature-
dependent viscosity factor appearing in the definition of the bilinear form in there, is equal to 1. [

Lemma 6.2. There exist positive constants 317 Bg such that for each i € {1,2} there holds

sup ——>"2 > B[, Ve M;. (6.2)
eex, l€lx;
£#0

Proof. Tt corresponds exactly to the proof of [25, Lemma 2.7, Section 2.4.2]. O

Consequently, we are now in position to establish the well-posedness of ((3.45)).

Theorem 6.1. There exists a unique (9, ¢) € Xo x My solution to (3.45)). Moreover, there holds

1
HﬁHr,divr;Q < = HM
«

1 1
I6lome < ~(1+~) [ Mllorer + [Holloria ) -
5 1+3)d }

0,r;Q2 + HHOHO,T;Q} , and
(6.3)

A

Proof. Knowing from up to that A, By, B, and Faq are all bounded with [|A| < 1,
IBill < 1,i¢€{1,2}, and ||[Faq]l < [[Mllors0 + [ Hollo,r0, and bearing in mind Lemmasand
the unique solvability of (]E arises from a straightforward application of [3] Theorem 2.1]. In turn,
the a priori bounds given by follow from [3, egs. (2.15) and (2.16), Corollary 2.1]. O

6.2 The discrete analysis

We begin by recalling from [25, Section 4.2] the finite element subspaces to be employed, which, given
an integer k > 0, and making use of the same notations from Section |4.2.3] are defined as

X2,h = HG(diVT;Q) N RTk(ﬁl), Ml,h = LS(Q) M Pk('ﬁl),

6.4
Xqn = Hy(dive; Q) N RTR(7,), and Mgy = Lg(2) N Pr(7) . (64)
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Then, given a discrete approximation My, (to be defined later on) of M, the Galerkin scheme asso-
ciated with (3.45) reads: Find (94, ¢p) € Xa,, X My, such that

A(On, &) + Bi&n dn) = Fm, () V&L €Xup,

(6.5)
Ba(9h, ¢n) = 0 Vb, € Moy,
where, according to ,
Fa (€)= [ (Mu=Ha) & V€ €Xun. (6.6)

It readily follows from ([6.4) that div (Xi,h) C M, , for all i € {1,2}, and hence, the corresponding
discrete kernels of the bilinear forms B1 and By algebraically coincide, which are easily seen to become
the space

KF = {Eh eRTL(Th): &,-v=0 on I and div(§,) =0 in Q}
Then, we resort again to [25] to state next the required discrete inf-sup conditions for A, and for
B1 and BQ.

Lemma 6.3. Assume that n = 2. Then, there exists a positive constant aq, independent of h, except
when k = 0 and € is non-convex, such that

Ay, ~
sup A, &n) > ag || Anllx, VA€ KF. (6.7a)
£,k 1€n11x,
£,70
In addition, there holds
sup A(An, &) >0 VE €K, &, #0. (6.7b)
AhGK,IfL

Proof. Analogously to the proof of Lemma it reduces to the particular case of [25, Lemma 4.3,
Section 4.4] when the temperature-dependent viscosity factor appearing in the definition of the bilinear
form in there, is equal to 1. O

Some remarks on Lemma come into place now. To this end, we first let @Z : L5(Q) — IC’fL
be the L2(Q)-type orthogonal projector, which is defined, for each & € L*(f2), as the unique element
OF (&) € KF, such that

/@’é(ﬁ)-xh = /s-Ah YV A €K,
Q Q

and which is easily seen to be bounded when KF is endowed with the norm of L*(Q) as well.
Then, we recall from [25] Lemma 4.3, Section 4.4] that a4 (cf. (6.7a)) depends on the reciprocal

k . . . . k .
of H@hHﬁ(LS(Q),K’;)' Moreover, it is shown in [25, Lemma 4.2, Section 4.3] that HGhH/:(L%Q),ICﬁ) is
independent of h, except when 2 is non-convex and k& = 0, which explains the corresponding sentence
on the inf-sup constant indicated in the statement of Lemma [6.3] However, this dependence, given by

the factor ( — log(h))ll*z/ s', grows very slowly as h approaches 0, and hence a4 remains reasonably
bounded by below. In turn, it is also commented in the proof of [25, Lemma 4.2, Section 4.3] that the
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aforementioned properties of @]fl depend strongly on the particular relation between the differential

operators curl and V in 2D, which does not hold in 3D. This is the reason why, up to the authors’

knowledge, establishing Lemma in 3D with a constant a4 independent of the meshsize, is still an

open issue. Certainly, proceeding analogously to the proof of [25, Lemma 4.3, Section 4.4]), one can

show that the inequality still holds in 3D with a constant depending also on the reciprocal

of |OF|| (L (@Kt) but the eventual independence on h of the later is precisely what has not been
p

proved yet.
The discrete version of Lemma [6.2] which is valid in both 2D and 3D, is stated as follows.
Lemma 6.4. There exist positive constants Blvd, 527(1, independent of h, such that for each i € {1,2}

there holds
Bi (&, Yn)

sup — 2 > Byl Y n € My, (6.8)
enexin  €nllx
£, #0
Proof. 1t corresponds exactly to the proof of [25, Lemma 4.4, Section 4.4]. O

Regarding Lemma we just remark, as explained in the proof of [25] Lemma 4.4, Section 4.4],
that when 2 is non-convex, the discrete inf-sup condition for By, and hence our whole discrete analysis,
is restricted to s > 3/2 and to those polygonal regions with largest interior angle strictly less than
sm. These constraints arise from the application of a boundedness property of the Raviart-Thomas
interpolation operator (cf. [25, eq. (C.12b)]), which, in turn, requires the regularity result provided
by [25, Lemma C.1].

As a consequence of the previous results and discussions, and, in particular, assuming the hypotheses
and constraints arising along them, we are now in position to establish the well-posedness of (6.5]).

Theorem 6.2. Let M;, be an approzimation (to be defined later on) of M. Then, there exists a
unique (U, o) € Xop X My p, solution to (6.5)). Moreover, there holds

1
19l < = {IMallosa + [Hollora},  and
d

1 1
”(bhHO,T;Q < = (1 + ~> {HMh
Q4

B1,a

(6.9)

oo+ [Hollora}

Proof. As stated in the proof of Theorem[6.1] we already know that all the forms involved are bounded.
Hence, invoking additionally Lemmas [6.3] and the proof follows by applying the discrete version
of the generalized Babuska-Brezzi theory (cf. [3, Corollary 2.2] or [24, Theorem 1.2]). In particular,
the a priori bounds given by arise from [3, egs. (2.24) and (2.25), Corollary 2.2] (see, also [24,
egs. (1.7) and (1.8), Theorem 1.2]) and the fact that ||[Faq, || < [[Mullora + |Hollor0- O

Next, we establish a Céa-type estimate for the Galerkin error associated with (3.45) and (6.5]).

Theorem 6.3. There exists a positive constant Csr, depending only on ag, El,d, and 52@, such that

(9, #) — (Fn, én)|| < Csr {dist(ﬁ,xz,h) + dist (¢, My ;) + [|M — MhHo,r;Q}- (6.10)
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Proof. Applying the Strang estimate for the generalized Babuska-Brezzi theory (cf. [24) egs. (2.20)
and (2.21),Theorem 2.1]) to (3.45) and (6.5, and recalling that the norms of A, By, and By are all
bounded by 1, we deduce the existence of such constant Csr satisfying

1(9,¢) — (On, dn)|| < Csr {diSt(ﬂ’th) + dist(¢, Mip) + [[Fam _FMhHX'Lh}‘
Then, it is readily seen from ([3.49) and that [Far — Faq,llxr, < IM — Mylors0, which,
replaced back in the foregoing equation, yields (6.10)) and ends the proof. O
We now aim to derive the rates of convergence of the Galerkin scheme (/6.5)), for which we previously
collect the approximation properties of X5 ;, and My p, (cf. [25], Section 4.5]):

(AP?) there exists C > 0, independent of h, such that for each £ € [1, k+ 1], and for each & € W5 (Q)
with div(¢) € WOT(Q), there holds

dist(€, Xo) = _inf € = &llra0 < OB
£pexX

h 2,h

tre + div(E) e }

(AP%) there exists C' > 0, independent of h, such that for each £ € [0, k+1], and for each 1) € W& (1),
there holds

dist(¥, My ) := inf || —¢pllomo < CA ¢ llora -
PYrEM1 p

h 1

The rates of convergence of (6.5) are now stated as follows.

Theorem 6.4. Assume that there exists £ € [0,k + 1] such that 9 € W5 (Q), div(9) € WO(Q), and
€ WET(Q). Then, there exists a positive constant C, independent of h, such that

19,6) = (@, &)l < Csr {C R’ (190 + 1aiv@)lleria + [6llr0) + M — MaJlora} . (6.11)

Proof. Tt is a straightforward consequence of Theorem [6.3]and the above approximation properties. []

7 Iterative approximations of the magnetisation of the fluid

Having established the well-posedness of the continuous and discrete formulations for the fluid and
potential equations, we now propose two iterative procedures, motivated by the stationary approaches
suggested in Sections [2.2.1] and 2.2.2] to approximate M. More precisely, we employ the Galerkin
schemes ([£.16)), (5.23), and (6.5)), along with (2.14)) and (2.23), to generate sequential updates aiming
to the aforementioned goal. The corresponding algorithms, both taking Mo(Ho) as the initial guess
for My, are described as follows:

FIRST ITERATIVE METHOD TO APPROXIMATE M

i) let My := My(Ho),
ii) solve (6.5), that is: Find (9, ¢p) € Xa 4 x My j, such that
A, &) + Bi(€p,on) = Fam, (&) V&, €Xup,

Ba(94, ¥n) = 0 YV p € My,
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iii)

iv)

vi)

vii)

compute By and Hp as suggested by the discrete version of , that is
By = po (9, +Ho) and Hy = Mal B, — M, (7.1)
solve ([4.16)), that is: Find (s, 0p) := ((up, ts), o) € Hy, x HY such that
a(dp, Vi) +clup; Up, Vi) + b(Vi,0n) = Fg, 2, (Vh) YV Vy € Hy,
b(dy,7) = G(7h) V1, € HY,

update M, as suggested by the discrete version of (2.14]), that is, compute

€ o
6 1o

MG = Mo(Hy) + (th — t;cl) My — M, x (Mh X 'Hh) , (7.2)

| ™

check the stopping criterion, say [[Mp — M3¥|or.0 < TOL, where TOL is a given tolerance,

if criterion from vi) is satisfied, end the iterations, otherwise, let M}, := M3 and go to ii).

SECOND ITERATIVE METHOD TO APPROXIMATE M

i)
ii)

iii)

iv)

vi)

vii)

let M}, := My(Hop),
solve (6.5)), that is: Find (94, ¢n) € Xa, X My, such that

A9, &) + Bi(&non) = Fam, (&) V& €Xin,

Ba (94, ¢n) = 0 Vo € Moy,
compute By, and Hj as suggested by the discrete version of , that is
By = uo (9, +Ho) and Hy = ual B, — M,
solve (5.23)), that is: Find (£, 1p) := ((tn, o1), (Un,vp)) € X, x Y, such that
A((tr, ), (85, V0)) + D(wpiup,sp) = Fp, 3, (S0, Vn) Y (8h,Va) € X x Y,

[PEERS-based (cf. (5.42)) and AFW-based (cf. (5.43])) are feasible choices for X, x Y.

update My, as suggested by the discrete version of (2.23)), that is, compute
new -1 £
MG = (1 + €p) {Mo(?-th) + ey, My — 6/5(20 M, x (Mh X ’Hh)}, (7.3)

check the stopping criterion, say |[Mp — M}%|(|g .0 < TOL, where TOL is a given tolerance,

if criterion from vi) is satisfied, end the iterations, otherwise, let My, := M3®¥ and go to ii).
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8 Numerical results

In this section, we consider the two iterative approximations of the fluid magnetisation detailed in
Section [7] and present three examples illustrating the performance of the mixed finite element method
on barycentric triangulations and of the method , coupled with , on quasi-uniform
triangulations of the respective domains. In what follows, the sets of finite element subspaces generated
on barycentric meshes with k¥ > n — 1 and on quasi-uniform meshes with k£ € {0,1} will be simply
referred to as the P, — P, — RT;, — RT; — P, and {PEERSk,AFWk} — RT};, — P discretizations,
respectively. The numerical methods are implemented using the open-source finite element library
FEniCS [I]. The Navier—Stokes problems arising in the two iterative methods used to approximate M
in Section |7, namely and , are solved by means of a Newton method with the same fixed
tolerance TOL = 1E—06 considered for the outer iterative schemes. Since the Newton method exhibits
fast convergence, requiring only two to three iterations at each coupling step, we report only the total
number of outer iterations required to approximate M.

We now introduce some additional notation. The individual errors are denoted by

e(t) ==t —tploo, elo):=lo—0onldi, 0, e):=[u—-wlose, e):=[v—7uloq,
e(p) .= lp —pulloo. (@) := |9 — Iullrdiv.0, e(@) = I[¢—dnllorma, e(H) = [H —Hullo,n0,
e(M) = IM—Mypllora, and e(BRH):=|BH— By, Huloa,

where r and g are defined in Section and will be specified in the examples below. Next, as usual,
for each % € {t,a,u,'y,p, 4o, H, M, B ’H} we let r(x) be the experimental rate of convergence
given by r(x) := log(e(x)/e(x))/log(h /ﬁ), where & and h denote two consecutive meshsizes with errors
e and e, respectively. We emphasize that the magnetic induction field B can be computed by the
postprocessing procedure detailed in (7.1). However, to avoid overloading this section, in the examples
below we present only plots of this unknown.

The examples to be considered in this section are described next. In the first two examples, for the
sake of simplicity, we take p =1, p=1, o =1, pg =1, Mg =1, m =1,k =1, and T = 1. In
addition, the zero mean values of tr(oj) and ¢ over  are imposed using real Lagrange multipliers.

Example 1: Convergence against smooth exact solutions in a 2D domain

In this test, we corroborate the convergence rates on a two-dimensional domain and study the be-
haviour of the error e(M) for different values of the relaxation time parameter . The computational
domain is the unit square Q = (0,1)2. We choose the parameters 7 = 4 and ¢ = 4. The initial meshes
are shown in Figure [8.I] whereas the manufactured solution is given by

_ ( sin(7x1) cos(mxs) ) py = cos(mwy) exp(ra),

— cos(mry) sin(mxs) ¢ = exp(z1 + 22) — o ,

M (exp(m+$2)+sin($1)005($2)) , and Hoy = (ié) :

exp(x1 + x2) — cos(z1) sin(z2) ¢

Notice that both the magnetic potential ¢ and the total pressure p = py + pg — po, computed as
in (2.7), belong to L§(), with ¢o = (exp(1) — 1)? and py = 42 (exp(2) — 1)®. The model problem
is then complemented with the appropriate right-hand side and boundary conditions in accordance
with (2.3), (2.13), and (2.22). In turn, the Shliomis equations (2.14) and (2.23)) are adjusted to the
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Th Us
Figure 8.1: [Example 1] Left: initial quasi-uniform mesh, right: initial barycentric mesh.

current two-dimensional setting, and a source term is added so that the aforementioned manufactured
solutions satisfy the corresponding equations.

Table illustrates the effect of the relaxation time parameter € on the approximation error of M
when using the first iterative method described in Section [7] on barycentric meshes with k& = 1. The
results obtained with k = 2, as well as those produced by the second iterative method for k& € {0, 1}, are
nearly identical or even slightly better, and are therefore omitted for the sake of brevity. We observe
optimal convergence rates for all values of € across all meshes. In particular, the most demanding
case corresponds to e = 1E—02, whereas smaller values of ¢ lead to an easier recovery of the optimal
convergence behaviour. Moreover, the number of iterations remains constant and equal to 11 for all
mesh sizes and all values of € considered. Accordingly, Table reports the convergence history for
sequences of barycentric mesh refinements in the case ¢ = 1E—02, together with the corresponding
iteration counts. In turn, Tables present the corresponding results obtained with the second
approach on sequences of quasi-uniform mesh refinements for ¢ = 1E—01, showing that this approach
is slightly superior to the first one, in the sense that smaller values of € can be considered with fewer
degrees of freedom. As already announced, we emphasize that both approaches allow us not only
to approximate the original unknowns, but also to recover the pressure field through the formulae
@D and , and the magnetic field and the magnetization of the fluid through and f
ED, respectively. The results confirm that the optimal convergence rates O(h¥*!) predicted by
Theorems and are attained for k € {1,2} and k € {0,1}, respectively, for both the
P, — P, —RT, — RT; — P, and the {PEERSk, AFWk} — RT}, — P}, discrete schemes. We emphasize
that, for £ = 1, the first iterative approach is more expensive than the second in terms of degrees
of freedom, as it requires nearly twice as many degrees of freedom on the finest mesh. Accordingly,
in the following examples we focus on the second iterative approach. In Figure [8.2] we display some
solutions obtained with the mixed P, — P9 — RTy — RT9 — Py approximation on barycentric meshes
with mesh size h = 0.0236 and 21,600 triangular elements (corresponding to 1,459, 082 DOF).

Example 2: Convergence in convex and non-convex 3D domains

In the second example, we study the rates of convergence in three-dimensional convex and non-convex
domains. Specifically, we consider the domains Q¢ = (0,1)3 and Qnc = (0,1)3\ (0.5,1)3, with
relaxation time parameter ¢ = 1E—03, and the indexes » = 3 and ¢ = 6. The same manufactured
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e =1E-02 e =1E-03 e =1E-04 e =1E-05 e = 1E—-06

h eM) [rM) | eM) [rM) | e(M) [r(M) ] eM) [r(M) ]| eM) | M)
0.3536 || 3.7E-02 - 3.0E-02 - 3.0E-02 - 3.0E-02 - 3.0E-02 -
0.1768 || 1.5E-02 | 1.324 | 7.7E-03 | 1.980 | 7.6E-03 | 1.988 | 7.6E-03 | 1.988 | 7.6E-03 | 1.988
0.1010 || 7.1E-03 | 1.333 | 2.5E-03 | 1.981 | 2.5E-03 | 1.996 | 2.5E-03 | 1.997 | 2.5E-03 | 1.997
0.0643 || 3.6E-03 | 1.475 | 1.0E-03 | 1.979 | 1.0E-03 | 1.999 | 1.0E-03 | 1.999 | 1.0E-03 | 1.999
0.0393 || 1.6E-03 | 1.615 | 3.9E-04 | 1.979 | 3.8E-04 | 1.999 | 3.8E-04 | 2.000 | 3.8E-04 | 2.000
0.0236 || 6.7E-04 | 1.739 | 1.4E-04 | 1.981 | 1.4E-04 | 2.000 | 1.4E-04 | 2.000 | 1.4E-04 | 2.000

Table 8.1: [Example 1, k = 1] Meshsizes, errors, and rates of convergence for the first fully mixed
approach on barycentric meshes for different values of ¢.

-8.2 8.4 25, 42 gpoqA4 438 7.1 10 M, |14 43 7.1 0
D, el e | h|“““““““nﬂ | h|““‘ﬂ““““ﬂ

Figure 8.2: [Example 1] Computed velocity magnitude, pressure field, and magnetic field and fluid
magnetisation magnitudes with e = 1E—02.

solution is used in both domains and is given by

sin(mz1) cos(mr2) cos(mas) pr = cos(mxy) exp(z2 + 23),

u = | —2cos(mxy)sin(mwxsy) cos(mxs) |
cos(mxy) cos(mws) sin(mwxs) ¢ = exp(z1 + 22 + 23) — o,
exp(z1 + x2 + 3) + sin(x1) cos(z2) cos(zs) 3
M = | exp(z1 + 9 + x3) — 2 cos(z1) sin(xg) cos(z3) | , and Ho= |22 ]|,
exp(z1 + x2 + 3) + cos(x) cos(z2) sin(zs) 3

where, both the magnetic potential ¢ and the total pressure p = py + pg — po belong to Lg(ﬂ),
with ¢p = (exp(1) — 1)3 and 1%#0 (exp(2) — 1)3. Similarly to the first example, the right-hand side,
the Shliomis relationships and , and the boundary conditions are adjusted according to
, , and using the above exact solution. The convergence history for a set of quasi-
uniform mesh refinements using £ = 0 in the second iterative method is shown in Tables [8.5] and
Again, the mixed finite element method converges optimally with order O(h), both in convex
and non-convex 3D domains, as it was proved by Theorems and We observe a considerable
increasing of degrees of freedom in the PEERSy-based scheme compared to the AFWj one. This is
justified mainly by the fact that the symmetric part of the velocity gradient is approximated with
P3(2) and P1(£2), respectively. The latter and for the sake of simplicity we only show results for the
AFW, approach in Table[8.6] In addition, some components of the numerical solution are displayed in
Figures [8:3] and [8:4] for the convex and non-convex domains, respectively. These results were obtained
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P, —P; — RT; — RT; — P; approximation on barycentric meshes
DOF \ h \ iter H e(u) \ r(u) \ e(t) \ r(t) \ e(o) \ r(o) \ e(p) \ r(p)
3,218 | 0.3536 11 3.6E-02 - 5.0E-01 — 1.2E+00 - 3.9E-01 -
12,770 | 0.1768 11 8.9E-03 | 2.011 | 2.1E-01 | 1.232 | 3.4E-01 | 1.771 | 1.2E-01 | 1.719
38,978 | 0.1010 11 2.8E-03 | 2.081 | 9.0E-02 | 1.536 | 1.2E-01 | 1.836 | 4.3E-02 | 1.790
960,98 | 0.0643 11 1.1E-03 | 2.063 | 4.2E-02 | 1.693 | 5.2E-02 | 1.884 | 1.9E-02 | 1.843
257,042 | 0.0393 11 4.0E-04 | 2.034 | 1.7E-02 | 1.794 | 2.0E-02 | 1.920 | 7.4E-03 | 1.886
713,522 | 0.0236 11 1.4E-04 | 2.014 | 6.7E-03 | 1.868 | 7.4E-03 | 1.948 | 2.8E-03 | 1.923

e(d) \ r(9) \ e(9) \ r(¢) \ e(H) \ r(#H) \ e(M) \ r(mM) \ e(BH) \ r(BeH)
1.5E-02 — 2.0E-02 — 3.8E-02 - 3.7E-02 — 4.8E-02 -
4.7E-03 | 1.621 | 5.0E-03 | 1.985 | 1.4E-02 | 1.447 | 1.5E-02 | 1.324 1.8E-02 1.415
2.0E-03 | 1.556 | 1.6E-03 | 1.997 | 6.6E-03 | 1.346 | 7.1E-03 | 1.333 7.8E-03 1.485
9.5E-04 | 1.604 | 6.6E-04 | 2.000 | 3.4E-03 | 1.467 | 3.6E-03 | 1.475 3.8E-03 1.601
4.1E-04 | 1.692 | 2.5E-04 | 2.000 | 1.5E-03 | 1.607 | 1.6E-03 | 1.615 1.6E-03 1.709
1.7E-04 | 1.783 | 8.9E-05 | 2.000 | 6.3E-04 | 1.734 | 6.7E-04 | 1.739 6.5E-04 1.803

P>, — P, — RTy; — RTs — Py approximation on barycentric meshes
DOF \ h \ iter H e(u) \ r(u) \ e(t) \ r(t) \ e(o) \ r(o) \ e(p) \ r(p)
6,554 | 0.3536 11 3.9E-03 - 3.2E-02 - 8.0E-02 - 2.6E-02 -
26,066 | 0.1768 11 5.0E-04 | 2.972 | 5.0E-03 | 2.676 | 1.0E-02 | 2.903 | 3.5E-03 | 2.879
79,634 | 0.1010 11 9.3E-05 | 2.993 | 1.0E-03 | 2.834 | 2.1E-03 | 2.950 | 6.8E-04 | 2.935
196,418 | 0.0643 11 2.4E-05 | 2.998 | 2.7E-04 | 2.903 | 5.4E-04 | 2.970 | 1.8E-04 | 2.959
525,530 | 0.0393 11 5.5E-06 | 2.999 | 6.4E-05 | 2.940 | 1.2E-04 | 2.981 | 4.1E-05 | 2.974
1,459,082 | 0.0236 11 1.2E-06 | 3.000 | 1.4E-05 | 2.964 | 2.7E-05 | 2.989 | 9.0E-06 | 2.984

e@) [ @) [ e(¢) [ r(¢) [ e(H) [r(H) ]| eM) [rM) [eBaH) [rBaH)
T6E-04| - |6.7E-04| - |23E03] - |25B-03| - | 23E-03 E
1.4E-04 | 2485 | 8.5E-05 | 2.981 | 4.3E-04 | 2.404 | 4.7E-04 | 2.412 | 4.1E-04 | 2.461
2.9E-05 | 2.752 | 1.6E-05 | 2.995 | 9.7E-05 | 2.672 | 1.1E-04 | 2.686 | 8.8E-05 | 2.742
8.0E-06 | 2.849 | 4.1E-06 | 2.998 | 2.7E-05 | 2.800 | 3.0E-05 | 2.809 | 2.4E-05 | 2.850
1.9E-06 | 2.903 | 9.3E-07 | 2.999 | 6.6E-06 | 2.873 | 7.2E-06 | 2.879 | 5.8E-06 | 2.906
4.3E-07 | 2.939 | 2.0E-07 | 2.982 | 1.5E-06 | 2.921 | 1.6E-06 | 2.925 | 1.3E-06 | 2.932

@

Table 8.2: [Example 1, k € {1,2}] Number of degrees of freedom, meshsizes, iteration count, errors,
and rates of convergence for the first fully mixed approach on barycentric meshes with ¢ = 1E—02.

using the mixed PEERS; and AFW approximations, respectively, with mesh sizes h = 0.0962/0.0961
and 34,992/42540 tetrahedral elements, corresponding to 6,361,907/2, 535,332 degrees of freedom.
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PEERSy — RT( — Py approximation on quasi-uniform meshes
DOF \ h \ iter H e(t) \ r(t) \ e(o) \ r(o) \ e(u) \ r(u) \ e(y) \ r(+y)
643 | 0.3536 14 1.6E4-00 - 1.1E401 - 2.8E-01 - 6.5E-01 -
2,499 | 0.1768 14 8.7E-01 | 0.845 | 5.8E+400 | 0.959 | 1.3E-01 | 1.118 | 2.7E-01 | 1.272
7,563 | 0.1010 14 5.2E-01 | 0.918 | 3.3E+00 | 0.999 | 6.9E-02 | 1.087 | 1.3E-01 | 1.369
18,571 | 0.0643 14 3.4E-01 | 0.956 | 2.1E+00 | 1.009 | 4.3E-02 | 1.044 | 6.4E-02 | 1.468
49,539 | 0.0393 15 2.1E-01 | 0.976 | 1.3E+00 | 1.009 | 2.6E-02 | 1.020 | 3.0E-02 | 1.528
137,283 | 0.0236 17 1.3E-01 | 0.988 | 7.7E-01 | 1.007 | 1.6E-02 | 1.008 | 1.4E-02 | 1.566

ep) [ rlp) | e®) [ (@) [ e(@) [ r(d) [ eM) [r(M) [e(BaH) [ (BoH)
2.9E+00 - 2.0E-01 - 4.6E-01 - 7.1E-01 - 7.2E-01 -
1.5E+400 | 0.983 | 1.0E-01 | 0.958 | 2.3E-01 | 0.988 | 3.6E-01 | 0.970 3.9E-01 0.903
8.2E-01 | 1.054 | 5.7E-02 | 1.006 | 1.3E-01 | 0.998 | 2.1E-01 | 1.013 2.2E-01 0.993
5.1E-01 | 1.060 | 3.6E-02 | 1.029 | 8.5E-02 | 1.000 | 1.3E-01 | 1.035 1.4E-01 1.038
3.0E-01 | 1.048 | 2.2E-02 | 1.037 | 5.2E-02 | 1.001 | 7.7E-02 | 1.040 8.2E-02 1.058
1.8E-01 | 1.031 | 1.3E-02 | 1.039 | 3.1E-02 | 1.000 | 4.5E-02 | 1.034 | 4.8E-02 1.065

AFW, — RTy — Py approximation on quasi-uniform meshes
DOF \ h \ iter H e(t) \ r(t) \ e(o) \ r(o) \ e(u) \ r(u) \ e(v) \ r(7y)
698 | 0.3536 14 4.6E-01 - 8.1E400 - 2.3E-01 - 5.9E-01 -
2,706 | 0.1768 14 2.2E-01 | 1.053 | 4.0E+00 | 1.012 | 1.2E-01 | 0.966 | 3.0E-01 | 0.988
8,178 | 0.1010 | 14 1.3E-01 | 1.019 | 2.3E400 | 1.005 | 6.7E-02 | 0.990 | 1.7E-01 | 0.996
20,066 | 0.0643 | 14 8.0E-02 | 1.007 | 1.5E400 | 1.002 | 4.3E-02 | 0.997 | 1.1E-01 | 0.998
53,498 | 0.0393 | 14 4.9E-02 | 1.003 | 8.9E-01 | 1.001 | 2.6E-02 | 0.999 | 6.6E-02 | 0.999
148,202 | 0.0236 14 2.9E-02 | 1.001 | 5.3E-01 | 1.000 | 1.6E-02 | 0.999 | 4.0E-02 | 1.000

ep) [ rp) | e®) [ (@) | e(¢) [ r(d) [ eM) [rM) [e(BaH) [ (BoH)
26E+00 | - [18E-01| - [46E-01| - [6.6E-01] - 6.3E-01 -
1.3E+00 | 0.998 | 8.8E-02 | 0.997 | 2.3E-01 | 0.989 | 3.3E-01 | 0.993 | 3.2E-01 0.990
7.4E-01 | 1.000 | 5.1E-02 | 1.001 | 1.3E-01 | 0.997 | 1.9E-01 | 0.998 | 1.8E-01 0.999
A.7E-01 | 1.000 | 3.2E-02 | 1.001 | 8.5E-02 | 0.999 | 1.2E-01 | 0.999 | 1.2E-01 1.000
2.9E-01 | 1.000 | 2.0E-02 | 1.000 | 5.2E-02 | 1.000 | 7.3E-02 | 1.000 | 7.1E-02 1.000
1.7E-01 | 1.000 | 1.2E-02 | 1.000 | 3.1E-02 | 1.000 | 4.4E-02 | 1.000 | 4.3E-02 1.000

Table 8.3: [Example 1, K = 0] Number of degrees of freedom, meshsizes, iteration count, errors, and
rates of convergence for the second fully mixed approach on quasi-uniform meshes with e = 1E—01.
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PEERS; — RT; — P; approximation on quasi-uniform meshes
DOF \ h \ iter H e(t) \ r(t) \ e(o) \ r(o) \ e(u) \ r(u) \ e(y) \ r(7)
1,667 | 0.3536 14 1.5E-01 - 1.3E4-00 - 4.1E-02 - 6.3E-02 -
6,531 | 0.1768 14 4.4E-02 | 1.734 | 3.3E-01 | 1.945 | 1.1E-02 | 1.968 | 2.3E-02 | 1.430
19,827 | 0.1010 14 1.6E-02 | 1.830 | 1.1E-01 | 1.968 | 3.5E-03 | 1.992 | 9.5E-03 | 1.607
48,755 | 0.0643 14 6.7E-03 | 1.888 | 4.5E-02 | 1.980 | 1.4E-03 | 1.997 | 4.3E-03 | 1.745
130,179 | 0.0393 14 2.6E-03 | 1.926 | 1.7E-02 | 1.987 | 5.2E-04 | 1.999 | 1.7E-03 | 1.834
360,963 | 0.0236 14 9.6E-04 | 1.954 | 6.1E-03 | 1.992 | 1.9E-04 | 2.000 | 6.6E-04 | 1.897

ep) [ rp) | e(®) [r@) [ e(@) [ r(9) [ eM) [rM)][eBaH) [ r(BaH)
3.0E-01 - 1.4E-02 - 2.6E-02 - 4.3E-02 - 4.5E-02 -
7.7E-02 | 1.977 | 3.7TE-03 | 1.937 | 6.7E-03 | 1.974 | 1.3E-02 | 1.743 1.3E-02 1.773
2.5E-02 | 1.994 | 1.3E-03 | 1.937 | 2.2E-03 | 1.991 | 5.2E-03 | 1.625 | 4.7E-03 1.815
1.0E-02 | 1.997 | 5.2E-04 | 1.945 | 9.0E-04 | 1.997 | 2.5E-03 | 1.644 2.0E-03 1.875
3.8E-03 | 1.996 | 2.0E-04 | 1.950 | 3.3E-04 | 1.999 | 1.1E-03 | 1.711 7.8E-04 1.945
1.4E-03 | 1.997 | 7.4E-05 | 1.943 | 1.2E-04 | 1.999 | 4.2E-04 | 1.796 2.8E-04 2.011

AFW,; — RT; — Py approximation on quasi-uniform meshes

DOF \ h \ iter H e(t) \ r(t) \ e(o) \ r(o) \ e(u) \ r(u) \ e(y) \ r(y)

1,666 | 0.3536 14 6.3E-02 - 9.6E-01 - 4.1E-02 - 8.8E-02 —
6,530 | 0.1768 14 1.5E-02 | 2.069 | 2.4E-01 | 2.004 | 1.1E-02 | 1.958 | 2.3E-02 | 1.968
19,826 | 0.1010 14 4.8E-03 | 2.045 | 7.8E-02 | 2.004 | 3.5E-03 | 1.988 | 7.4E-03 | 1.984
48,754 | 0.0643 14 1.9E-03 | 2.027 | 3.2E-02 | 2.003 | 1.4E-03 | 1.996 | 3.0E-03 | 1.991
130,178 | 0.0393 14 7.1E-04 | 2.016 | 1.2E-02 | 2.002 | 5.2E-04 | 1.998 | 1.1E-03 | 1.995
360,962 | 0.0236 14 2.5E-04 | 2.010 | 4.2E-03 | 2.001 | 1.9E-04 | 1.999 | 4.1E-04 | 1.997

ep) [ rp) | e(®) [r@) [ e(d) | r(9) [ eM) [r(M)[eBaH) | r(BaH)
29E01 [ - [13E02| - [27E02| - [40E02[ - 3.8E-02 -
7.3E-02 | 1.980 | 3.2E-03 | 2.022 | 6.8E-03 | 1.982 | 1.0E-02 | 2.000 | 9.1E-03 2.058
2.4E-02 | 1.994 | 1.1E-03 | 2.014 | 2.2E-03 | 1.995 | 3.3E-03 | 2.001 | 2.9E-03 2.033
9.6E-03 | 1.997 | 4.2E-04 | 2.009 | 9.0E-04 | 1.998 | 1.3E-03 | 2.001 | 1.2E-03 2.022
3.6E-03 | 1.999 | 1.6E-04 | 2.004 | 3.4E-04 | 1.999 | 5.0E-04 | 2.001 | 4.3E-04 | 2.014
1.3E-03 | 1.999 | 5.8E-05 | 1.968 | 1.2E-04 | 2.000 | 1.8E-04 | 2.000 | 1.6E-04 | 2.008

Table 8.4: [Example 1, kK = 1] Number of degrees of freedom, meshsizes, iteration count, errors, and
rates of convergence for the second fully mixed approach on quasi-uniform meshes with e = 1E—01.
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PEERSy — RT( — Py approximation on quasi-uniform meshes

DOF \ h \ iter H e(t) \ r(t) \ e(o) \ r(o) \ e(u) \ r(u) \ e(w) \ r(7)
8,867 | 0.8660 9 1.4E+01 - 1.5E+02 — 2.5E400 - 1.0E+01 -
70,265 | 0.4330 9 9.3E400 | 0.567 | 8.2E+01 | 0.855 | 1.2E400 | 1.076 | 4.7E+00 | 1.075
559,757 | 0.2165 9 5.4E+00 | 0.782 | 4.2E+01 | 0.962 | 4.6E-01 | 1.386 | 1.9E4+00 | 1.293
1,886,657 | 0.1443 9 3.8E4+00 | 0.881 | 2.8E+01 | 1.012 | 2.4E-01 | 1.571 | 1.1E+00 | 1.435
6,361,907 | 0.0962 9 2.6E+00 | 0.927 | 1.8E+01 | 1.024 | 1.3E-01 | 1.644 | 5.9E-01 | 1.513

ep) [ rp) | e®) [r(@) | e@) [r(d) [ eM) [r(M)][eBaH) | r(BaH)
40E+01 | — [35E0L| - |L8E+00| - |[3.AE+00| - | 2.9E+00 -
2.2E+01 | 0.881 | 1.7E-01 | 0.993 | 9.1E-01 | 0.964 | 1.6E+00 | 0.966 | 1.5E+00 | 0.983
LIE+01 | 1.004 | 8.7E-02 | 1.002 | 4.6E-01 | 0.991 | 7.9E-01 | 0.991 | 7.5E-01 | 0.991
T.0E+00 | 1.082 | 5.8E-02 | 1.004 | 3.0E-01 | 0.997 | 5.3E-01 | 0.997 | 5.0E-01 | 1.001
4.5E400 | 1.098 | 3.9E-02 | 1.004 | 2.0E-01 | 0.999 | 3.5E-01 | 0.999 | 3.3E-01 | 1.006

AFW, — RTy — Py approximation on quasi-uniform meshes

DOF \ h \ iter H e(t) \ r(t) \ e(o) \ r(o) \ e(u) \ r(u) \ e(v) \ r()
3,074 | 0.8660 9 3.9E+00 - 1.1E+02 - 6.4E-01 - 2.7E4-00 -
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AFW, — RT( — Py approximation on quasi-uniform meshes

DOF | h [iter || et) | r(t) | e(e) [rlo) | e(m) | r(u) [ ely) | r(v)
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and rates of convergence for the second fully mixed approach in the non-convex 3D domain with
e =1E-03.
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