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MODELING AND NUMERICAL SIMULATION OF THE COLONIZATION OF

PLANT GROWTH-PROMOTING BACTERIA IN THE RICE RHIZOSPHERE

IDULFO ARROCHAA,B, RAIMUND BÜRGERC, MARÍA GÓMEZA,∗, AND YOLANDA VÁSQUEZA,B,D

Abstract. In Panama, rice (Oryza sativa L.) production entails high economic and environmental
costs due to a heavy dependence on chemical fertilizers. As a sustainable alternative, the use of
plant growth-promoting rhizobacteria (PGPR) is being evaluated, but its successful deployment
requires a quantitative understanding of how inoculated bacteria spread and colonize the highly
competitive rhizosphere. Since this process is complex and expensive to study experimentally,
we formulate and solve numerically a mathematical model, based on a system of coupled partial
differential equations, for the spatiotemporal dynamics of PGPR in response to root exudation. The
spatially two-dimensional domain arises from an axisymmetric cylindrical coordinate system and
incorporates a moving boundary representing the growing rice root. The model couples a reaction-
diffusion equation for the substrate (root exudates) with a reaction-diffusion-advection equation for
the bacterial biomass, combining Monod growth kinetics with directed motility through chemotaxis
of Keller–Segel type. Approximate solutions are computed by a finite volume spatial discretization
and an implicit-explicit time-integration algorithm designed to be positivity preserving. The scheme
is validated against the classical one-dimensional steady-state scenario of Newman and Watson
(1977). Two-dimensional simulations based on literature parameters reveal that chemotaxis and
the substrate diffusion coefficient are the dominant factors governing colonization efficiency, and
exhibit a temporal lag in biomass growth as well as the inability of the population to instantly
colonize newly formed root tissue at the growing tip. The model provides a predictive tool for
evaluating inoculation strategies and optimizing PGPR use in sustainable agriculture.

1. Introduction

1.1. Scope. Rice (Oryza sativa L.) is one of the most widely consumed staple crops in the world
and a pillar of food security in Panama, where the country sows over 100,000 hectares annually [1].
Production costs per hectare have oscillated between US$2,300 and 2,700 in recent years [2], driven
in large part by a heavy dependence on chemical fertilizers needed to compensate for the naturally
low fertility of most Panamanian soils. Beyond economics, this dependence carries significant
environmental consequences, motivating the search for sustainable agronomic alternatives. One
such alternative is the use of plant growth-promoting rhizobacteria (PGPR). These are naturally
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occurring soil microorganisms that colonize the narrow soil region surrounding the root system, the
rhizosphere [3], and contribute to plant development through a variety of mechanisms. According
to Ahemad and Kibret [4], effective PGPR strains must be capable of colonizing the root surface,
surviving and reproducing competitively in the rhizosphere for a sufficient period to exert their
beneficial effects, and actively promoting plant growth. Their beneficial action operates through
several channels: acting as biofertilizers by facilitating the availability of essential nutrients such
as nitrogen and phosphorus, functioning as biocontrol agents by inhibiting soil-borne pathogens,
and increasing the absorption of micronutrients such as iron and zinc [5]. Recent studies further
highlight their potential for the bioremediation of contaminated soils [6].

The rhizosphere is enriched by a continuous flux of carbon-containing compounds and signaling
molecules secreted by the root, collectively known as root exudates [7, 8]. These exudates serve as
chemical attractants that drive microbial migration toward the root surface, creating a reciprocal
relationship between root activity and microbial community dynamics [9]. In the context of rice,
field studies have confirmed that PGPR strains promote increases in root length [10], improve plant
resilience under water stress [11], and enhance grain yield [12]. In particular, a study conducted at
the Institute of Agricultural Innovation of Panama (IDIAP) [12] isolated two strains, Lysinibacillus
fusiformis and Bacillus cereus, from local soils and demonstrated, via inoculation of rice seeds,
that these bacteria promote plant growth and increase spike grain weight. However, despite these
promising results, optimizing PGPR bioinoculants remains a significant scientific challenge. The
rhizosphere is a highly dynamic and competitive ecological niche: inoculated bacteria must establish
and proliferate in competition with the native microbial community, and this process is governed
by a delicate interplay between microbial growth kinetics, substrate availability, and the capacity
for directed movement. Directly studying these interactions under controlled conditions requires
specialized equipment and considerable investment currently unavailable in Panama and elsewhere,
which motivates mathematical modeling as a cost-effective alternative. By expressing the biological
and physical processes of the rhizosphere as a system of partial differential equations (PDEs), one
can simulate and predict bacterial behavior, identify critical parameters, and evaluate inoculation
strategies in silico before committing to costly experiments.

It is the purpose of this contribution to develop and numerically simulate a two-dimensional
mathematical model of PGPR colonization in the rice rhizosphere. The model tracks the axisym-
metric spatio-temporal evolution of two coupled variables: the substrate concentration S = S(r, z, t)
representing root exudates, and the bacterial biomass B = B(r, z, t), where r is the radial coordi-
nate (with respect to the centerline of the root as axis of symmetry), z is depth, and t is time. The
evolution of S and B is governed by the PDE system

∂S

∂t
= D∆S −

(
µ(S)

Y
+m(S)

)
B, (1.1a)

∂B

∂t
= σ∆B −∇ · (χB∇S) +

(
µ(S)− δ

)
B, (1.1b)

where D and σ are the diffusion and bacterial motility coefficients, χ is the chemotactic sensitivity,
δ is the bacterial decay rate, Y is the yield coefficient, µ(S) is the growth function which is usually
chosen according to the Monod expression

µ(S) := µmax
S

S + ρKs
, (1.2)

and m(S) is the maintenance rate function given by

m(S) := min{κS,m0}, (1.3)
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where κ is a positive constant and m0 is the constant maintenance rate wherever there is sufficient
supply of substrate. Notice that m(S) = m0 whever S ≥ m0/κ. The particular form (1.3) has
been chosen to ensure that S ≥ 0 and B ≥ 0, under suitable initial and boundary conditions. The
assumption (1.3) is physically reasonable since the consumption of substrate due to cell viability
cannot exceed the available substrate.

The domain is defined in cylindrical coordinates (r, z) with a moving boundary at z = LR(t)
tracking the growing root tip. In these coordinates the Laplacian becomes

∆S =
1

r

∂

∂r

(
r
∂S

∂r

)
+

∂2S

∂z2
(1.4)

(analogously for ∆B) while

∇ · (χB∇S) =
1

r

∂

∂r

(
rχB

∂S

∂r

)
+

∂

∂z

(
χB

∂S

∂z

)
. (1.5)

A Neumann exudation flux is imposed at the lateral root surface r = a, and homogeneous Neumann
(no-flux) conditions hold on all remaining boundaries.

1.2. Related work. To put this contribution into the proper perspective we first recall that the
rhizosphere is characterized by intense microbial activity driven by the continuous release of root
exudates: complex mixtures of sugars, amino acids, and secondary metabolites that provide a
carbon substrate for microbial growth [4, 7]. The exudation creates a chemical gradient that is
the primary driver of PGPR migration toward the root. A comprehensive review of rhizosphere
models up to 2021 by Kuppe et al. [13] classifies existing mathematical models along two axes of
increasing complexity: the treatment of solute (substrate) transport and the treatment of microbial
dynamics. Most existing models rely on ordinary differential equations (ODEs) and neglect spatial
transport entirely [14, 15]; these describe temporal population dynamics but cannot capture the
spatial colonization patterns that are central to inoculant optimization.

The first PDE-based model for substrate dynamics in the rhizosphere was introduced by Newman
and Watson [16] who adopted a one-dimensional cylindrical geometry with the root modeled as a
straight cylinder of radius a. Their model describes the radial diffusion of substrate from the root
surface and its consumption by a static microbial population, so that the model is specified by only
one PDE for S, namely

∂S

∂t
=

D

r

∂

∂r

(
r
∂S

∂r

)
− µmax

Y

MS

S +Ksθ
+ CM0, (1.6)

where M is the (fixed) microbial concentration, θ the soil water content, and C the maintenance
coefficient. The consumption rate (i.e., the term with minus sign in the right-hand side of (1.6))
follows Michaelis-Menten kinetics [17], whereby the uptake rate saturates at high substrate concen-
trations. Although (1.6) laid the conceptual foundation for rhizosphere modeling, it treats bacteria
as immobile and does not account for their directed movement. Similarly, de Parseval et al. [18]
model the physical substrate environment using PDEs but exclude bacterial dynamics entirely.

The broader theoretical framework for spatially explicit bacterial dynamics originates in the
reaction-diffusion paradigm established by Turing [19], who showed that interacting diffusing sub-
stances can generate complex patterns from uniform states. In microbial contexts, Kawasaki et al.
[20] and Mimura et al. [21] demonstrated that Bacillus subtilis exhibits five distinct colony mor-
phologies depending on medium hardness and nutrient levels; in soft media with abundant sub-
strate, colonies expand as uniform discs. To capture sharper colonization fronts, Lacasta et al. [22]
proposed nonlinear diffusion terms reflecting density-dependent motility. Beyond passive diffusion,
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bacteria possess a directed sensory response to chemical gradients known as chemotaxis [23], which
can be modeled as an advective transport term. The continuum formulation was introduced by
Keller and Segel [24], whose well-known model for the bacterial density B reads

∂B

∂t
= ∇ · (σ∇B)−∇ · (χB∇S), (1.7)

where the first term describes random motility and the second models advection up the substrate
gradient. Reviews of Keller–Segel chemotaxis models are provided by Arumugam and Tyagi [25]
and Hillen and Painter [26], who explain how the chemotaxis term can be derived from individual
random-walk processes with a biased response to chemical signals. Leyva et al. [27] showed via
reaction-diffusion-chemotaxis models that this directed response not only orients colonization but
significantly accelerates the advance of the bacterial front, ensuring the population can track nu-
trient gradients before they are depleted. The global solvability of chemotaxis systems where the
chemical is consumed by the cells was analyzed by Lankeit and Lankeit [28].

Combining components of both (1.6) and (1.7), Dupuy and Silk [29] developed the most complete
one-dimensional rhizosphere model to date (cf., e.g., [13]). This model couples substrate diffusion
with bacterial chemotaxis and models root exudation from the tip. The present work builds directly
on this coupled framework and extends it in three directions: (i) the spatial domain is extended
to two dimensions in an axisymmetric cylindrical geometry; (ii) a time-varying root length is
incorporated via a moving boundary; and (iii) the bacterial equation includes Monod growth and
decay kinetics, making the two equations fully coupled.

With respect to numerical methods we mention that the finite volume method (FVM) [30, 31]
is a natural choice for the spatial discretization, as it enforces local mass conservation on each
control volume directly from the integral form of the corresponding conservation law [32]. Centered
differences are used for the diffusive fluxes, while the chemotactic (advective) term is handled by
a first-order upwind scheme [33], which preserves positivity of the bacterial biomass and avoids
spurious oscillations near sharp concentration gradients [34]. The temporal integration follows is
done by a splitting method that treats the stiff diffusion operators, the convection term in the
PDE for B, and one of the nonlinear reaction terms implicitly [35, 36]. This methodology leads
to a sparse linear system solved at each time step via LU factorization for the diffusion and
chemotactic movemet step. The implicit treatment of one of the reaction terms does not require to
solve equations at all (in case of the Monod kinetics); rather, the scheme can be written in an explicit
form since only a quadratic equation needs to be solved. The positivity of the numerical solution
is established through an M -matrix analysis of the linear systems, in the spirit of the invariant
region preserving schemes developed by the authors for a related convection diffusion system [37],
and using arguments similar to those of Bürger et al. [38] and Acosta et al. [39]. Finally, the
moving root boundary is tracked on a fixed mesh using the cut-cell technique of Bürger et al. [40],
which modifies cell areas and volumes in the layer intersected by the root tip without the need for
remeshing.

1.3. Outline of the paper. The remainder of this paper is organized as follows. Section 2 presents
the mathematical model in detail: the physical problem, the axisymmetric cylindrical domain, the
moving root boundary, the governing PDE system (1.1) with its boundary and initial conditions,
and the model parameters. Section 3 describes the numerical scheme, including the FVM spatial
discretization for both the substrate and bacterial equations (with upwind chemotaxis treatment
and cut-cell moving boundary correction) and the implicit-explicit splitting time integration al-
gorithm. In particular we explicitly prove that the method is positivity preserving, which means
that the simulated substrate and bacteria densities always remain non-negative. Section 4 presents
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Figure 1. Physical domain Ω in cylindrical coordinates (r, z). The horizontal r-
axis spans the rhizosphere radius (0 ≤ r ≤ b) and the vertical z-axis the soil depth
(0 ≤ z ≤ p). The green-marked upper-left region represents the root subdomain
ΩR(t), defined by the root radius a and the time-varying depth LR(t).

the numerical results, starting with a validation against the classical one-dimensional steady-state
scenario of Newman and Watson [16], followed by two-dimensional simulations that explore the
effect of chemotaxis, substrate diffusivity, bacterial motility, and initial inoculation density on col-
onization patterns over a 30-day period. Section 5 summarizes the main findings and proposes
directions for future work.

2. Mathematical model

2.1. Physical formulation and domain. The model describes the dynamics of substrate S(r, z, t)
(root exudates) and bacterial biomass B(r, z, t) in the soil surrounding a growing rice root. The
root is modeled as a smooth vertical cylinder of radius a that elongates downward over time, a
simplification that allows the complex three-dimensional geometry to be reduced to a tractable
two-dimensional problem (see Figure 1). Because the root is cylindrical and the exudation flux is
assumed to be uniform along the root wall, the system is axisymmetric with respect to the root
axis; the solution is therefore independent of the azimuthal angle and can be fully described in the
meridional plane.

The soil region constitutes the rhizosphere, and is represented by the two-dimensional domain

Ω :=
{
(r, z) ∈ R2 : 0 ≤ r ≤ b, 0 ≤ z ≤ p

}
, (2.1)

where r denotes the radial distance from the root axis, z the soil depth (positive downward), b the
rhizosphere radius, and p the total soil depth considered. The root occupies the time-dependent
subdomain

ΩR(t) :=
{
(r, z) ∈ R2 : 0 ≤ r ≤ a, 0 ≤ z ≤ LR(t)

}
,

where LR(t) is the root length at time t. The soil domain available for diffusion and bacterial
colonization is then Ω\ΩR(t); see Figure 1.
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Figure 2. Cut-cell discretization of the root–soil interface at time tn. The index
j̄n identifies the cell containing the root tip, and the fraction αn quantifies the soil-
occupied portion of that cell.

2.2. Moving boundary due to root growth. The elongation of the root is modeled by the
saturation law

LR(t) = l(1− e−βt), l, β > 0, (2.2)

where l [cm] is the asymptotic root length and β [h−1] is the initial elongation rate (L̇R(0) = lβ) [14].
This expression reproduces rapid growth after germination followed by exponential deceleration
toward the asymptote l.

The moving boundary is implemented on a fixed computational grid using the cut-cell approach
by Bürger et al. [40]. At each time step tn, the index of the grid cell that contains the root tip is
j̄n := ⌈Ln

R/∆z⌉, and the fraction of that cell occupied by soil (not by root) is

αn :=
(
zj̄n+1/2 − Ln

R

)
/∆z.

The fraction αn is used in the discretization (Section 3) to scale the effective volumes and face areas
of the cut cell, allowing the root tip to advance without remeshing; see Figure 2.

2.3. Root exudation. Root exudation is described by a spatio-temporally varying flux that re-
flects the age-dependent metabolic activity of the root tissue. Following Schwalm et al. [41], we
utilize the exudation rate function

Q(z, t) = Qme
−dτ(z,t)H

(
τ(z, t)

)
, (2.3)

where Qm [µg cm−2 h−1] is the maximum exudation rate, d [h−1] is the decay rate of exudation
with root age, and τ(z, t) := t − T (z) is the age of the root tissue at depth z and time t. Here
T (z) = −(1/β) ln(1 − z/l) is the time at which the root tip first reached depth z (obtained by
using (2.2) to solve LR(t) = z for t), and H is the Heaviside step function used here to ensure
that no exudation occurs at depths not yet reached by the root (τ < 0). Thus, the flux decreases
exponentially with tissue age, reflecting the known reduction in exudate secretion in older, more
mature root zones.
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2.4. Model assumptions and governing equations. The following simplifying assumptions are
adopted to make the model analytically and computationally tractable:

(A1) Root geometry. The root is a smooth straight cylinder. Lateral branches, root hairs, and
surface roughness are neglected; exudation is spatially uniform across the cylindrical wall.

(A2) Soil properties. The soil is a homogeneous, isotropic porous medium with constant porosity;
spatial variations in bulk density, aggregate structure, and moisture content are neglected.

(A3) Axisymmetry. Both the exudation flux and the bacterial distribution are symmetric with
respect to the root axis, reducing the problem to the two-dimensional domain (2.1).

(A4) Transport mechanisms. Substrate and bacteria move through the soil by diffusion; bacterial
cells additionally exhibit directed motion (chemotaxis) up the substrate gradient. Advec-
tive water flow due to root uptake is neglected; soil moisture is constant and optimal for
biological activity.

(A5) Single limiting substrate. Following Newman and Watson [16], root exudate carbon is the
sole nutrient limiting bacterial growth; other nutrients and oxygen are assumed non-limiting.

(A6) Linear chemotaxis. The chemotactic velocity is proportional to the substrate gradient [24],
without receptor saturation effects.

(A7) Single bacterial population. Only the interactions between the root and one bacterial species
are modeled; competition with native microorganisms, predation, and biofilm formation are
excluded.

Under assumptions (A1)–(A7), the spatiotemporal dynamics of substrate S = S(r, z, t) and bac-
terial biomass B = B(r, z, t) are governed by the coupled PDE system (1.1) along with the Monod
growth function (1.2). The first term on the right-hand side of (1.1a) describes Fickian diffusion
of the substrate; the remaining terms represent consumption by the bacterial population through
growth and cellular maintenance. In (1.1b), the first term on the right-hand side accounts for ran-
dom bacterial motility, the second for directed migration up the substrate gradient (chemotaxis),
and the last for population growth and decay. Taking into account (1.4) and (1.5) we may rewrite
(1.1) as

∂S

∂t
= D

(
1

r

∂

∂r

(
r
∂S

∂r

)
+

∂2S

∂z2

)
−

(
µ(S)

Y
+m(S)

)
B, (2.4a)

∂B

∂t
= σ

(
1

r

∂

∂r

(
r
∂B

∂r

)
+

∂2B

∂z2

)
− 1

r

∂

∂r

(
rχB

∂S

∂r

)
− ∂

∂z

(
χB

∂S

∂z

)
+
(
µ(S)− δ

)
B. (2.4b)

System (2.4) represents a bidirectional coupling: bacteria migrate chemotactically toward zones
of higher substrate concentration, while the substrate is depleted by bacterial consumption. The
steady-state distribution of biomass around the root depends on the balance between the exudation
rate Q(z, t), the transport coefficients D, σ, χ, and the biological kinetic parameters.

2.5. Parameters. Table 1 lists all variables and parameters of system (2.4) together with their
units. The yield coefficient Y and maintenance rate m0 govern the metabolic efficiency of the
bacteria: Y converts consumed substrate into new biomass, while m0 represents the energy cost
for cell viability independent of growth.

The bioavailability factor ρ accounts for the fact that in compacted soils a fraction of the substrate
is physically inaccessible to the bacteria [16]. The ratio χ/σ between the chemotactic sensitivity
and the random motility quantifies the degree of directedness in bacterial migration: large values
indicate that bacteria move preferentially up chemical gradients rather than diffusing randomly
[29]. The exudation decay parameters Qm and d control the spatiotemporal heterogeneity of the
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Table 1. Variables and parameters of the soil–root–bacteria system.

Symbol Description Units

State variables
S(r, z, t) Substrate (exudate) concentration µg cm−3

B(r, z, t) Bacterial biomass concentration µg cm−3

Transport and chemotaxis
D Substrate diffusion coefficient cm2 h−1

σ Bacterial motility coefficient cm2 h−1

χ Chemotactic sensitivity cm5 µg−1 h−1

Monod growth kinetics
κ Parameter in maintenance rate function
µmax Maximum specific growth rate h−1

Ks Half-saturation constant µg cm−3

ρ Substrate bioavailability factor dimensionless
Y Yield coefficient dimensionless
m0 Cell maintenance rate constant h−1

δ Bacterial decay rate h−1

Root dynamics and exudation
l Asymptotic root length cm
β Root elongation rate h−1

Qm Maximum exudation rate µg cm−2 h−1

d Exudation decay rate h−1

a Root radius cm
b Rhizosphere radius cm

substrate source, distinguishing young, metabolically active root tissue near the tip from older,
mature zones [41].

2.6. Initial and boundary conditions. The substrate equation (2.4a) requires a Neumann
boundary condition at the lateral root surface r = a to model exudation. We impose

−D
∂S

∂r

∣∣∣∣
r=a

= Q(z, t), (2.5)

where Q(z, t) is defined in (2.3). Homogeneous Neumann (no-flux) conditions are imposed on all
other boundaries:

∂S

∂r

∣∣∣∣
r=b

=
∂S

∂r

∣∣∣∣
r=0

=
∂S

∂z

∣∣∣∣
z=0

=
∂S

∂z

∣∣∣∣
z=p

= 0. (2.6)

For the bacterial equation (2.4b), no-flux conditions hold on all boundaries:

∂B

∂r

∣∣∣∣
r=b

=
∂B

∂r

∣∣∣∣
r=0

=
∂B

∂z

∣∣∣∣
z=0

=
∂B

∂z

∣∣∣∣
z=p

= 0. (2.7)

Initial conditions at t = 0 are uniform:

S(r, z, 0) = S0, B(r, z, 0) = B0,

where S0 and B0 are the initial substrate and biomass concentrations, respectively.
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2.7. Mathematical character of the PDE system. System (2.4) is a nonlinear coupled system
of reaction-diffusion-advection type of a particular parabolic character that directly determines the
choice of the numerical method. The diffusion terms D∆S and σ∆B confer a parabolic character,
ensuring smooth propagation of information and a tendency toward steady state when exudation
ceases. These stiff terms are treated implicitly in the time integrator. The chemotaxis term
−∇·(χB∇S) arising in (1.1b) acts as a directed advection term for B if we suppose that S is given.
For large χ, this term dominates and creates sharp concentration fronts that, if treated with centered
differences, produce nonphysical oscillations; an upwind discretization is therefore required. Finally,
the Monod nonlinear reaction terms introduce a strong nonlinear coupling between S and B. As
stiff reaction terms, and to ensure positivity of the numerical solution values, they require implicit
or semi-implicit treatment to avoid prohibitively small time steps. This treatment is incorporated
in the splitting scheme introduced in the next section.

3. Numerical scheme

3.1. Spatial mesh and control volumes. Let Nr and Nz be the number of cells in the radial and
axial directions, respectively, with uniform mesh widths ∆r = b/Nr and ∆z = p/Nz. Cell-center
coordinates are

ri := (i− 1/2)∆r, i = 1, . . . , Nr; zj := (j − 1/2)∆z, j = 1, . . . , Nz,

and cell-face coordinates are ri±1/2 := ri ± ∆r/2 and zj±1/2 := zj ± ∆z/2. Due to axisymmetry
(assumption A3), each cell Vi,j represents a three-dimensional annular sector of unit radian with
volume

∆Vi,j =

∫ ri+1/2

ri−1/2

∫ zj+1/2

zj−1/2

r dr dz = ri∆r∆z,

and face areas

Ar,i±1/2 := ri±1/2∆z (radial faces) and Az,i := ri∆r (axial faces). (3.1)

Furthermore, we define the reaction terms

RS(S,B) := −
(
µ(S)

Y
+m(S)

)
B, RB(S,B) :=

(
µ(S)− δ

)
B.

3.2. Semi-discrete scheme for the substrate equation. The substrate flux vector is F =
D∇S. Integrating (2.4a) over Vi,j , applying the divergence theorem, and approximating interface
fluxes by centered differences, we obtain that the cell volumes cancel and we obtain the semi-discrete
equation

dSi,j

dt
=

D

∆Vi,j

(
Si−1,j − Si,j

∆r
Ar,i−1/2 −

Si,j − Si+1,j

∆r
Ar,i+1/2

+
Si,j−1 − Si,j

∆z
Az,i −

Si,j − Si,j+1

∆z
Az,i

)
+RS(Si,j , Bi,j).

(3.2)

The exudation boundary condition (2.5) is imposed by replacing the centered-difference flux at the
face ria−1/2 = a (where ia is the index of the innermost soil cell) with the prescribed value Q(zj , t);
this introduces a source term E that is nonzero only for cells (ia, j) adjacent to the root. Suppose
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(ei,j) are the entries of E. Then we get for i = ia, instead of (3.2),

dSia,j

dt
=

D

∆Via,j

(
−Sia,j − Sia+1,j

∆r
Ar,ia+1/2 +

Sia,j−1 − Sia,j

∆z
Az,i −

Sia,j − Sia,j+1

∆z
Az,i

)

+RS(Sia,j , Bia,j) + eia,j ,

(3.3)

where we define

ei,j :=

{
Q(zj , t)Ar,ia−1/2/∆Via,j if i = ia,

0 otherwise.
(3.4)

Collecting all cell values into a global vector S, we obtain the semi-discrete system in matrix
form

dS

dt
= Dn

SS +RS(S,B) +En,

where Dn
S ∈ RN×N (N = NrNz) is the sparse, banded diffusion matrix assembled from the coeffi-

cients in (3.2) (for i ̸= ia) and (3.3) (for i = ia).

3.3. Semi-discrete scheme for the bacteria equation. The bacterial equation (2.4b) contains
both a diffusive flux σ∇B and a chemotactic (advective) flux χB∇S. The diffusive term is dis-
cretized identically to (3.2) with D replaced by σ. For the chemotactic term, the advective velocity
at each cell interface is computed from the substrate gradient by centered differences:

vr,i+1/2,j = χ
Si+1,j − Si,j

∆r
, vz,i,j+1/2 = χ

Si,j+1 − Si,j

∆z
, (3.5)

and similarly at the remaining interfaces. The flux of the bacterial concentration at each interface
is then reconstructed by the first-order upwind rule, which we describe by introducing the standard
upwind operator Upw(·; ·, ·) (cf., e.g., [42]). If for a ∈ R we define a+ := max{a, 0} and a− :=
min{a, 0}, then this operator is defined by

Upw(a; b, c) := a+b+ a−c.

This upwind choice preserves positivity of B and suppresses oscillations near sharp chemotactic
fronts [33]. Similarly to the derivation of (3.2) we now obtain

dBi,j

dt
=

σ

∆Vi,j

{
Bi−1,j −Bi,j

∆r
Ar,i−1/2 −

Bi,j −Bi+1,j

∆r
Ar,i+1/2

+
Bi,j−1 −Bi,j

∆z
Az,i −

Bi,j −Bi,j+1

∆z
Az,i

}

+
1

Vi,j

(
Upw(vr,i−1/2,j ;Bi−1,j , Bi,j)Ar,i−1/2 −Upw(vr,i+1/2,j ;Bi,j , Bi+1,j)Ar,i+1/2

Upw(vz,i,j−1/2;Bi,j−1, Bi,j)Az,j−1/2 −Upw(vz,i,j+1/2;Bi,j , Bi,j+1)Az,j+1/2

)

+RB(Si,j , Bi,j).

(3.6)

Notice that (3.6) corresponds to an interior point indexed by (i, j) not affected by zero-flux boundary
conditions. If the stencil centered at (i, j) involves differences to neighboring points subject to a
discretized version of the zero-flux boundary condition (2.7), then the corresponding difference
within the term in curled brackets and the corresponding upwind flux are set to zero. Summarizing
all ingredients we may assemble the resulting semi-discrete system for all cell values into B reads

dB

dt
= Dn

B B +U(S)B +RB(S,B), (3.7)
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where DB is the diffusion/motility matrix, U(S) is the “upwind matrix” that collects the coeffi-
cients defined by eq:vridef–eq:upwind (that multiply the B-values), and RB is the reaction vector.

3.4. Moving-boundary correction. At each time step tn the root tip position Ln
R determines

the cut cell j̄n and fraction αn (Section 2). The effective volume and radial interface areas of every
cell in the cut row are scaled by αn, i.e., we define the corrected quantities

∆V
n
i,j :=

{
αn∆Vi,j if i < ia and j = j̄n,

∆Vi,j otherwise
and

Ān
r,i±1/2 :=

{
αnAr,i±1/2 if i = ia and j = j̄n,

Ar,i±1/2, otherwise

that replace ∆Vi,j and Ar,i±1/2, respectively, in equations (3.2)–(3.7) for the affected cells. Diffusion
is set to zero inside ΩR(t) by means of a binary mask. Whenever j̄n+1 ̸= j̄n (i.e. the root tip crosses
a cell boundary), the matrices DS , DB and U are reassembled and refactored.

3.5. Fully discrete numerical scheme. We introduce a fully discrete numerical scheme for the
approximate solution of the semi-discrete scheme and suppose we wish to advance the solution by
one time step from tn to tn+1 = tn + ∆t. The fully discrete scheme should have the following
properties: the scheme should be easy to execute in the sense that the scheme is either explicit or
in each time step, at most linear (but no nonlinear) systems need to be solved; in the latter case
the time step should be bounded by a Courant-Friedrichs-Lewy (CFL) condition (see below); and
the scheme should be positivity preserving: if Sn and Bn denote the vectors of approximate values
Sn
i,j ≈ Si,j(tn) and Bn

i,j ≈ Bi,j(tn) and we assume that

Sn
i,j ≥ 0 and Bn

i,j ≥ 0 for all indices i and j, (3.8)

then it must be ensured that the same property (3.8) also holds for Sn+1
i,j and Bn+1

i,j for all i and j.
We here propose a splitting method as a numerical algorithm for the computation of Sn+1 and

Bn+1 from Sn and Bn that proceeds in the following four steps, where we assume that given spatial
meshwidths ∆z and ∆r the time step ∆t is chosen such that the CFL condition

∆t ≤





1/µmax if θ = 1,

min

{
1

µmax
,

αmin

2D(1− θ)
(

1
∆r2

+ 1
∆z2

)
}

if 0 ≤ θ < 1
(3.9)

is satisfied:

(1) For all indices (i, j), we compute an intermediate value B
n+1/2
i,j by the explicit discretization

B
n+1/2
i,j = Bn

i,j +∆tRB

(
Sn
i,j , B

n
i,j

)
=

(
1−∆t

(
µ
(
Sn
i,j

)
− δ

))
Bn

i,j (3.10)

of the reaction equation dB/dt = RB(S,B).

(2) For all indices (i, j), we compute an intermediate value S
n+1/2
i,j by the implicit discretization

S
n+1/2
i,j = Sn

i,j +∆tRS

(
S
n+1/2
i,j , Bn

i,j

)

= Sn
i,j −∆t

(
µ(S

n+1/2
i,j )

Y
+m

(
S
n+1/2
i,j

))
Bn

i,j

(3.11)

of the reaction equation dS/dt = RS(S,B).
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(3) We compute the final values Sn+1
i,j contained in Sn+1 by solving the linear system

(
I − θ∆tDn+1

S

)
Sn+1 =

(
I + (1− θ)∆tDn

S

)
Sn+1/2 +∆tEn. (3.12)

(4) We compute the final values Bn+1
i,j contained in Bn+1 by solving the linear system

(
I −∆t

(
Dn+1

B +U(Sn+1)
))
Bn+1 = Bn+1/2. (3.13)

Lemma 3.1. Assume that the CFL condition (3.9) is in effect. Then B
n+1/2
i,j ≥ 0.

Proof. Noticing that µ(S) < µmax for all S ≥ 0 we obtain that by the CFL condition,

1−∆t
(
µ
(
Sn
i,j

)
− δ

)
≥ 1−∆tµmax ≥ 0,

hence (3.10) implies that B
n+1/2
i,j ≥ 0. □

Lemma 3.2.

(i) For any function µ = µ(S) that is continuous, piecewise differentiable, and non-decreasing
such that µ(0) = 0 and µ′(S) ≥ 0 for almost all S ≥ 0, for each ∆t ≥ 0 equation (3.11) has

a unique solution S
n+1/2
i,j ≥ 0.

(ii) For B ≥ 0 we define the function

G(S) := S +∆t

(
µ(S)

Y
+m(S)

)
B. (3.14)

If µ(S) is given as the Monod growth rate function (1.2) and we set B := B
n+1/2
i,j and

S̃ := Sn
i,j, then if G(m0/κ0) ≤ S̃ (Case 1), we get

S
n+1/2
i,j = −1

2

(
β +

α− S̃

1 + γ

)
+

(
βS̃

1 + γ
+

1

4

(
α− S̃

1 + γ

)2)1/2

,

where we define α := B∆tµmax/Y , β := ρKS and γ := B∆tκ. On the other hand, if

G(m0/κ0) > S̃ (Case 2), then

S
n+1/2
i,j =

1

2
(α+ β + γ̃ − S̃) +

(
β(S̃ − γ̃) +

1

4
(α+ β + γ̃ − S̃)2

)1/2

,

with α and β as defined in Case 1 and γ̃ := B∆tm0.

Proof. To prove part (i), consider the function G(s) defined in (3.14). Clearly, wherever the deriv-
ative G′(s) is defined, there holds

G′(S) = 1 +B∆t

(
µ′(S)

Y
+m′(S)

)
> 0,

so G is a strictly increasing function of S. Moreover, for any fixed values of ∆t and B there holds
G(0) = 0 (by the properties on µ(S) and m(S)), along with G(S) → ∞ as S → ∞. Consequently,
equation (3.11), written as

G
(
S
n+1/2
i,j

)
= Sn

i,j , (3.15)

has a unique non-negative solution, which concludes the proof of (i). The assertions of (ii) are a
consequence of (i) if we take into account that G changes its algebraic definition across m0/κ and
that in the case of the Monod kinetics (1.2), (3.15) is a quadratic equation. □

In view of Lemmas 3.1 and 3.2 we may assert that if Sn ≥ 0 and Bn ≥ 0 then there also hold
Sn+1/2 ≥ 0 and Bn+1/2 ≥ 0.
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Lemma 3.3. For all θ ∈ [0, 1] the matrix M := I − θ∆tDn+1
S on the left-hand side of (3.12)

is an M -matrix, which means that is inverse exists and is non-negative, i.e., M−1 ≥ 0 (under-
stood in the entry-wise sense). Moreover, if the CFL condition (3.9) is in effect, then the matrix
N := I + (1− θ)∆tDn

S is nonnegative, i.e., N ≥ 0.

Proof. For θ = 0 there holds M = I and there is nothing to prove. On the other hand, assume
that the entries of Dn+1

S are denoted by (dn+1
S )(i,j),(k,l). Assume (for simplicity) that the boundary

conditions are not involved for the computation of Sn+1
i,j . Then the diagonal entry of row (i, j) is

(dn+1
S )(i,j),(i,j) = − D

∆V
n+1
i,j

(Ān+1
r,i−1/2 + Ān+1

r,i+1/2

∆r
+

2Az,i

∆z

)
< 0.

All other entries in that row are zero, with the exception of

(dn+1
S )(i,j),(i±1,j) =

DĀn+1
r,i±1/2

∆V
n+1
i,j ∆r

> 0, (dn+1
S )(i,j),(i,j±1) =

DAz,i

∆V
n+1
i,j ∆z

> 0.

Taking into account that similar reasoning applies to those rows that are affected by the zero-flux
boundary conditions (2.6), which are implemented by setting corresponding S-differences to zero,
and similarly in cases when (3.2) is replaced by (3.3), we obtain that the diagonal entries of M
are positive while the off-diagonal entries are non-positive, hence M has the sign structure of an
L-matrix. Moreover, M is strictly diagonally dominant for all choices of θ and ∆t. Therefore M is
indeed an M-matrix. On the other hand, for θ = 1 we trivially have N = I ≥ 0. For 0 ≤ θ < 1 we
take into account that the off-diagonal entries of N are always non-negative. The diagonal entries
are nonnegative provided that

1 + (1− θ)∆t(dnS)(i,j),(i,j) ≥ 0 for all (i, j). (3.16)

Taking into account that by (3.1),

∣∣(dnS)(i,j),(i,j)
∣∣ ≤ D

αminri∆z∆r

(
ri−1/2 + ri+1/2

∆r
∆z +

2ri∆r

∆z

)
=

2D

αmin

(
1

∆r2
+

1

∆z2

)
,

a sufficient condition for (3.16) to hold is

2D∆t

αmin

(
1

∆r2
+

1

∆z2

)
≤ 1

1− θ
. (3.17)

Inequality (3.17) holds, however, when the CFL condition is in effect. □

Lemma 3.4. Assume that the CFL condition (3.9) is in effect and that Sn+1 is computed from

Sn+1/2 by solving the linear system (3.12). Then Sn+1 ≥ 0.

Proof. Lemma 3.1 implies that (I + (1− θ)∆tDn
S)S

n+1/2 ≥ 0. On the other hand, from (3.4) we
deduce that En ≥ 0. Thus, multiplying (3.12) from the left by M−1 = (I − θ∆tDn+1

S )−1 ≥ 0, we
get

Sn+1 =
(
I − θ∆tDn+1

S

)−1((
I + (1− θ)∆tDn

S

)
Sn+1/2 +∆tEn

)
≥ 0.

□

Lemma 3.5. The matrix J := I − θ∆t(Dn+1
B + U(Sn+1)) on the left-hand side of (3.13) is an

M -matrix, which means that is inverse exists and is non-negative, i.e., J−1 ≥ 0 (understood in the
entry-wise sense).
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Proof. By following the proof of Lemma 3.3, with obvious replacements, we obtain that I −∆tDn+1
B

is a diagonally dominant L-matrix and therefore an M-matrix. Let us denote the entries of U(Sn+1)
by un+1

(i,j)(k,l), and assume that the velocities vn+1
r,i+1/2,j and vn+1

r,i,j+1/2 are computed as in (3.5) with
all values Si,j replaced by Sn+1

i,j . In view of (3.6), and for the moment considering an interior point
not influenced by boundary conditions, we get

un+1
(i,j)(i,j) =

1

V̄ n+1
i,j

(
−vn+1,+

r,i−1/2,jĀ
n+1
r,i−1/2,j + vn+1,+

r,i+1/2,jĀ
n+1
r,i+1/2,j − vn+1,+

z,i,j−1/2Az,i + vn+1,−
z,i,j+1/2Az,i

)
≤ 0,

un+1
(i,j)(i+1,j) = −

vn+1,−
r,i+1/2,jĀ

n+1
r,i+1/2

V̄ n+1
i,j

≥ 0, un+1
(i,j)(i−1,j) =

vn+1,+
r,i−1/2,jĀ

n+1
r,i−1/2

V̄ n+1
i,j

≥ 0,

un+1
(i,j)(i,j+1) = −

vn+1,−
r,i,j+1/2Āz,i

V̄ n+1
i,j

≥ 0, un+1
(i,j)(i,j−1) =

vn+1,+
r,i,j−1/2Āz,i

V̄ n+1
i,j

≥ 0;

all other entries in row (i, j) are zero. The inequalities remain valid in case that boundary condi-
tions need to be incorporated, with the effect that one or several “Upw(. . . )” expressions in (3.6),
and correspondingly in the fully discrete formulation need to be replaced by zero. Consequently,
−∆tU(Sn+1) is an L-matrix, and in each row its diagonal entry and the sum of off-diagonal en-
tries exactly cancel. We therefore conclude that J is a strictly diagonally dominant L-matrix, and
therefore an M-matrix. □

Finally, we comment that Lemmas 3.1 to 3.5 and their proofs provide a proof of the following
theorem.

Theorem 3.1. Assume that the CFL condition (3.9) is in effect. Then the numerical scheme
described by steps (1) to (4) is positivity preserving, i.e., if Sn ≥ 0 and Bn ≥ 0 then it follows that
Sn+1 ≥ 0 and Bn+1 ≥ 0.

To justify the present approach, let us comment that the only part of the system (2.4) that
can be handled by an explicit method is the reaction equation dB/dt = RB(S,B), as is done
in Step 1 above. For the further procedure one should keep in mind that due to the particular
structure of the chemotactic term in (1.1b) or (2.4b), which introduces cross-diffusion, solution
values of B may become arbitrarily large within finite time (the so-called blow-up phenomenon).
This is a well-known property of the Keller-Segel system [24]; see for instance [25]. In princple,
Bi,j can become arbitrarily large, which motivates our choice of an implicit method to handle of
the reaction equation dS/dt = RS(S,B): Step 2 is taken in implicit form since an a priori upper
bound of Bn

i,j is not available. Next, in Step 3, we deal with the diffusive part of (1.1a) or (2.4a),
for which a θ-method can be employed. Notice, however, that for θ ∈ [0, 1) the CFL condition (3.9)
is much less favorable than for θ = 1; in particular, for θ ∈ [0, 1) there is a sensitive dependence
on the parameter αmin. Finally, with respect to Step 4, we recall that the transport velocity in
the chemotactical term, that is the gradient ∇S, and its discrete analogue can become arbitrarily
large; it would be difficult to find conditions on ∆t to guarantee preservation of positivity if we had
chosen an explicit or θ-scheme with θ ∈ [0, 1), similar to (3.13), instead of (3.12) for that step.

4. Numerical results

The results presented in this section, organized as “examples,” were obtained by implementing
the numerical scheme described in Section 3 using parameters drawn from the literature. Two
stages are considered: first, a one-dimensional validation against the classical Newman–Watson
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Figure 3. Example 1 (one-dimensional Newman–Watson model): (a) radial con-
centration profiles of substrate S (N = 800) at successive times; colors indicate
increasing time, (b) temporal evolution of substrate concentration at different ra-
dial positions; steady state is established between 10 h and 15 h.

model [16]; second, a series of two-dimensional parametric scenarios using the complete coupled
system.

4.1. Example 1: one-dimensional Newman–Watson model. To validate the spatial dis-
cretization, the one-dimensional, steady-state substrate model of [16] was reproduced without cou-
pling to a bacterial population. The domain spans the radial interval [a, b] = [0.02 cm, 0.2 cm] with
diffusion coefficient D = 3.6× 10−3 cm2 h−1, maximum specific uptake rate µmax/Y = 0.4 h−1, sat-
uration constant Ks = 10 µg cm−3, constant exudation flux Q = 0.167 µg cm−2 h−1, maintenance
coefficient C = 0, water content of soil ρ = 0.3 and initial substrate concentration S0 = 0. The
simulated time is 24 h, using a cell-centered finite volume mesh with N = 800 control volumes. The
computed profiles (see Figure 3(a)) reproduce those reported by [16]: the substrate concentration is
highest at the root surface and decreases outward, with a maximum value of 2.0 µg cm−3. The sys-
tem reaches steady state at approximately 10 h of simulation, in agreement with the reference result
(Figure 3(b)). This consistency confirms that the FVM discretization in cylindrical coordinates is
correct before we proceed to the fully coupled two-dimensional model.

4.2. Examples 2 to 9: two-dimensional simulations. The complete coupled model was sim-
ulated over 30 days (720 h) on a 200 × 200 mesh with time step ∆t = 0.5 h and θ = 1. The
model parameters, taken from the literature and calibrated as described below, are summarized in
Table 2. This set defines the base scenario of Example 2. The remaining examples are constructed
cumulatively: each one modifies a single parameter while retaining the changes introduced in the
previous examples. The root-growth parameters l and β were calibrated using the experimental
data of [46], which report root depths of 15–20 cm over 30 days of cultivation; an asymptotic length
l = 25 cm was chosen to ensure biologically consistent behavior throughout the simulation period.
The exudation parameters Qm = 0.66 µg cm−2 h−1 and d = 0.003 h−1 were determined from the
total organic carbon rates and temporal profiles reported for rice (Oryza sativa L.) by Schwalm et
al. [41, 47].
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Table 2. Parameters used in the 2D simulations.

Symbol Description Value Reference

S0 Substrate (exudate) concentration [µg cm−3] 0 [16]
B0 Bacterial biomass concentration [µg cm−3] 0 [16]

D Substrate diffusion coefficient [cm2 h−1] 10−5 [16, 29]
σ Bacterial motility coefficient [cm2 h−1] 0 [29,43]
χ Chemotactic sensitivity [cm5 µg−1 h−1] 0 [29]

κ Parameter in maintenance rate function 100 —
µmax Maximum specific growth rate [h−1] 0 [16,29]
Ks Half-saturation constant [µg cm−3] 70 [16,29]
ρ Substrate bioavailability factor (dimensionless) 0.3 [44,45]
Y Yield coefficient (dimensionless) 0.4 [16,45]
m0 Cell maintenance rate constant [h−1] 0 [16]
δ Bacterial decay rate [h−1] 0 [29]

l Asymptotic root length [cm] 25 [46]
β Root elongation rate [h−1] 0.001 [46]
Qm Maximum exudation rate [µg cm−2 h−1] 0.66 [41,47]
d Exudation decay rate [h−1] 0.003 [41,47]
a Root radius [cm] 0.02 [48,49]
b Rhizosphere radius [cm] 0.45 [50,51]

4.2.1. Example 2: substrate dynamics without bacteria. In this example, all biological parameters
were set to zero to observe the substrate in isolation. The simulation produces a sharp gradient
with the highest substrate accumulation at the root surface (Figure 4), reproducing the accumu-
lation zones described by [18]: just as roots generate depletion zones when absorbing nutrients,
exudate release creates accumulation zones around the root. A maximum substrate concentration
of 1129 µg cm−3 was recorded. This confirms that, without microbial consumption, continuous
exudation leads to a substrate-rich environment whose distribution is governed solely by diffusion.

4.2.2. Example 3: influence of bacterial biomass. In Example 3, bacterial dynamics were included
but chemotaxis was suppressed (χ = 0). The growth, decay, and maintenance rates were set to
µmax = 0.165 h−1, δ = 0.012 h−1 and m0 = 0.02 h−1, with isotropic motility σ = 10−5 cm2 h−1,
and initial biomass B0 = 10−3 µg cm−3. The maximum substrate concentration was 1114 µg cm−3

and the peak biomass reached 481.4 µg cm−3. Starting from day 6 (144 h), substrate depletion is
visible in the older root sections (Figure 5, top), remaining available only in the most recently
formed zones, a direct result of bacterial metabolic activity. The corresponding biomass gradient
(Figure 5, bottom) consolidates precisely in those regions where substrate has become scarce.
This demonstrates that local metabolic consumption drives the substrate depletion, establishing a
competitive environment even without directed bacterial movement.

4.2.3. Example 4: effect of bacterial motility. Increasing the bacterial motility coefficient from 10−5

to σ = 3.0× 10−3 cm2 h−1 enhances the spatial dispersion of the microbial population throughout
the rhizosphere. Since the movement remains purely diffusive (i.e., χ = 0), bacteria accumulate
in the oldest root sections and are unable to track the advancing root tip. As a consequence,
a considerable fraction of substrate remains unconsumed in the deeper zones, as illustrated in
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Figure 4. Example 2 (substrate dynamics without bacteria): simulated concentra-
tion of substrate S without bacterial activity (µmax = δ = m0 = σ = χ = B0 = 0,
Table 2) at eight time instants.

Figure 6 (top). By contrast, Figure 6 (bottom) shows that, by the end of the simulation period,
the biomass exhibits a pronounced but broadly distributed radial gradient. This wide dispersion,
however, proves inefficient for axial colonization along the root, confirming that random motility
alone is insufficient to sustain a spatially coherent colonization front in the presence of a growing
root. The highest substrate concentration recorded was 1129 µg cm−3, while the biomass peaked at
7.8 µg cm−3. This indicates that while increased random motility allows the population to occupy
a larger volume, the lack of directional guidance prevents efficient utilization of the most active
exudation zones near the growing root tip.

4.2.4. Example 5: effect of bacterial growth rate. In the preceding motility scenario, rhizosphere
colonization was not achieved until day 25 (600 h). To examine a potentially earlier colonization,
µmax was increased from 0.165 h−1 to 0.30 h−1 while all other parameters were kept unchanged.
Under this condition, colonization begins at day 15 (360 h) in the upper root region, as shown
in Figure 7. We observe that the biomass accumulation is markedly larger than in the previous
scenarios. The maximum substrate concentration was 1126 µg cm−3 and peak biomass reached
6.4 µg cm−3. The accelerated metabolic rate enables the bacteria to establish a dense population
more rapidly, thereby reducing the spatial extent of the available substrate.

4.2.5. Example 6: effect of chemotaxis. Activating a non-zero chemotactic sensitivity (χ = 1.5 ×
10−6 cm5 µg−1 h−1) substantially alters the colonization dynamics compared with the purely diffu-
sive scenarios (Examples 3 and 4). The bacteria acquire the capacity to sense and migrate actively
toward zones of higher exudate concentration. This directed response produces a marked spatial
asymmetry: biomass concentrates near the root surface and descends along a narrower, more di-
rected trajectory following the substrate gradient (Figure 8). The highest substrate concentration
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Figure 5. Example 3 (influence of bacterial biomass): simulated concentration of
(top) substrate S and (bottom) bacterial biomass B without chemotaxis (χ = 0) at
eight time instants.

recorded was 1157 µg cm−3, while the biomass peaked at 6.7 µg cm−3. The directed movement en-
sures that the bacteria actively track the nutrient source, creating a highly localized and efficient
colonization front that closely follows the root apex.
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Figure 6. Example 4 (effect of bacterial motility): simulated concentration of (top)
substrate S and (bottom) bacterial biomass B with enhanced bacterial motility
(σ = 3.0× 10−3 cm2 h−1) at eight time instants.

The peak bacterial concentration in Figure 8 (bottom) is more intense and spatially localized
than in the purely diffusive case, reflecting an efficient response to the chemical gradient. This
behavior is consistent with the observations of Dupuy and Silk [29], who show that chemotaxis acts
primarily as a radial attraction mechanism toward the nutrient source, narrowing the colonization
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Figure 7. Example 5 (effect of bacterial growth rate): simulated concentration of
(top) substrate S and (bottom) bacterial biomass B with µmax = 0.30 h−1 at eight
time instants.

layer around the root. As those authors note, however, chemotaxis alone cannot compensate for
the temporal lag of the population relative to the advancing root tip: axial displacement continues
to be governed by the dynamics of root elongation rather than by directed bacterial migration.
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Figure 8. Example 6 (effect of chemotaxis): simulated concentration of (top) sub-
strate S and (bottom) bacterial biomass B with active chemotaxis (χ = 1.5 ×
10−6 cm5 µg−1 h−1) at eight time instants.

4.2.6. Example 7: effect of higher initial biomass. Increasing the initial bacterial biomass concen-
tration from 10−3 to B0 = 2 µg cm−3 results in an even earlier rhizosphere colonization, as shown
in Figure 9. The maximum substrate concentration was 1123 µg cm−3 and peak biomass reached
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Figure 9. Example 7 (effect of higher initial biomass): simulated concentration of
(top) substrate S and (bottom) bacterial biomass B with B0 = 2 µg cm−3 at eight
time instants.

4.9 µg cm−3. A larger initial population accelerates the onset of resource consumption, leading to a
faster depletion of exudates and a more uniform early colonization across the available root surface.
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Figure 10. Example 8 (effect of increased substrate diffusivity): simulated con-
centration of (top) substrate S and (bottom) bacterial biomass B with D =
1.0× 10−4 cm2 h−1 at eight time instants.

4.2.7. Example 8: effect of increased substrate diffusivity. Raising the substrate diffusion coefficient
from 10−5 to D = 1.0 × 10−4 cm2 h−1, one order of magnitude above the base value, produces a
more extensive and spatially homogeneous distribution of the exudates. As seen in Figure 10,
the increased mass-transfer rate results in markedly lower local substrate concentrations, with a
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Figure 11. Radial concentration profiles of substrate S (left) and bacterial biomass
B (right) at t = 720 h for several soil depths z.

maximum of only 192 µg cm−3 compared with the values exceeding 1000 µg cm−3 observed under low
diffusivity. This change in the substrate profile directly affects the microbial population dynamics
by improving bacterial access to the nutrient across a larger soil volume. Figure 10 (bottom) shows
that the peak bacterial biomass reaches 4.0 µg cm−3. Notably, at the end of the 720 h simulation,
the greater spatial mobility of the substrate allows colonies to establish in zones very close to the
root tip. The enhanced spatial distribution of the substrate effectively expands the habitable zone
for the bacteria, reducing localized competition and allowing the population to thrive over a broader
radial extent.

To examine the spatial structure of this scenario in more detail, radial concentration profiles
were extracted at several soil depths z at the end of the simulation period (t = 720 h, Figure 11).
At all depths examined, the highest microbial density is located at the root–soil interface (r = a)
and decays sharply with increasing radial distance, reflecting the combined effect of chemotaxis and
bacterial motility in organizing the biomass distribution. The substrate profiles define a zone of
influence that extends radially to approximately 0.1 cm, beyond which the concentration becomes
negligible. The depth-dependent variation in profile magnitude reveals the longitudinal gradient
embedded in the model: younger root sections near the apex display more dynamic substrate
profiles, whereas in the upper zones the bacterial population has stabilized consumption, sustaining
low but steady residual substrate levels.
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Figure 12. Temporal profiles of substrate S (blue) and bacterial biomass B (or-
ange) at r = a for different depths z. The dashed line marks the time at which the
root tip reaches each depth LR(t) = z.

The temporal dynamics of both variables at the root–soil interface (r = a) are presented in
Figure 12. The substrate profile (blue curve) shows an initial rapid increase driven by the constant
exudation flux, followed by a pronounced decrease attributable to bacterial metabolic activity. The
biomass curve exhibits an initial lag phase representing the adaptation period required for the
population to initiate resource consumption and subsequent duplication. After 720 h of simulation,
the bacterial biomass has not yet attained a steady state and retains a growing trend.

Near the root tip (z ≈ 14 cm), a qualitatively distinct behavior is observed: the substrate con-
centration rises sharply while bacterial biomass remains virtually zero. This occurs because the
root apex represents newly formed tissue that has only recently come into contact with the sur-
rounding soil; although exudation has already commenced, the bacteria have not yet had sufficient
time to colonize that region. This result demonstrates that root elongation proceeds faster than
the capacity of the bacterial population to establish itself at the growing tip.

Finally, exploiting the axial-symmetry assumption, the two-dimensional solution was revolved to
generate a three-dimensional visualization of the rhizosphere. The substrate plume (Figure 13(a))
appears as a system of concentric cylinders around the root, and the bacterial biomass (Fig-
ure 13(b)) forms a peripheral layer whose density peaks at a section preceding the root apex.
These 3D representations clearly illustrate the spatial separation between the newest root tissue
and the established bacterial colonies, highlighting the temporal lag in the colonization process.
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(a) (b)

Figure 13. Three-dimensional visualization of the concentrations of (a) the sub-
strate S, (b) the biomass B obtained by axial rotation of the 2D solution around
the root axis.

4.2.8. Example 9: theoretical scenario with an extended rhizosphere. To address the question of
optimizing the use of inoculated bacteria in rice seeds, a hypothetical scenario was evaluated in
which the rhizosphere radius was extended to b = 1 cm, considerably beyond the 0.45 cm typically
reported in the literature. All other parameters were kept as in Example 8, modifying only the
rhizosphere extent. The model predicts bacterial dispersal reaching regions near r = 1 cm; however,
the concentrations achieved in those zones are very low (Figure 14), suggesting that substrate avail-
ability limits effective colonization in distant zones. The highest substrate concentration recorded
was 188.9 µg cm−3, while the biomass peaked at 2.8 µg cm−3. This confirms that the natural lim-
itation of substrate diffusion effectively restricts the spatial boundaries of the active rhizosphere,
preventing significant bacterial establishment beyond a minimal radial distance.

4.3. Example 10: simulations with experimental growth rates. To assess the capacity of
the model to represent the spatiotemporal dynamics of real bacterial strains, two isolates from
the study of [12], conducted in collaboration with the Instituto de Innovación Agropecuaria de
Panamá (IDIAP), were considered. Both strains were isolated from local soil samples and shown
to promote growth in rice seeds. Strain 24, identified as Lysinibacillus fusiformis, and Strain 59,
identified as Bacillus cereus, were selected on the basis of their ability to proliferate in ASHBY
medium, a selective nitrogen-free medium whose use confirms their capacity as nitrogen-fixing
bacteria, a desirable trait for biofertilizer applications. Maximum growth rates estimated from
the experimental data were µmax = 0.1449 h−1 for Strain 24 and µmax = 0.1432 h−1 for Strain 59.
Given the near-identical values, a unified rate µ = 0.14 h−1 was adopted for both strains. All other
parameters were kept as in Example 8, so that this scenario differs from it only in the bacterial
growth rate, reduced from 0.30 h−1 to the experimental value 0.14 h−1.

Figure 15 (top) shows the spatial evolution of the substrate concentration profile S(r, z) over
720 h. The highest exudation rate accompanies the root apex as it advances into deeper soil layers
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Figure 14. Example 9 (theoretical scenario with an extended rhizosphere): simu-
lated concentration of (top) substrate S and (bottom) bacterial biomass B with an
extended rhizosphere radius b = 1 cm at eight time instants.

(direction z), establishing the chemotactic field that drives microbial migration. The correspond-
ing bacterial dynamics (Figure 15, bottom) reveal the capacity of the model to capture complex
biological phenomena. During the first 144 h, bacteria begin concentrating in the upper soil layers
in response to the initial exudates. From 360 h onward, a clear chemotactic effect emerges: the
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Figure 15. Example 10 (simulations with experimental growth rates): simulated
concentration of (top) substrate S and (bottom) bacterial biomass B with the unified
IDIAP growth rate (µ = 0.14 h−1 [12]) at eight time instants.

zone of maximum bacterial concentration migrates downward, tracking the substrate peak at the
advancing root tip through directed motility and local resource consumption.
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5. Conclusions and Future Work

In this work, a system of partial differential equations was formulated to describe the growth,
dispersion, and colonization dynamics of plant growth-promoting bacteria (PGPR) in the rice rhi-
zosphere. The model couples substrate diffusion with bacterial reaction, motility, and chemotaxis,
the latter acting as a key mechanism governing colonization, and represents the interaction be-
tween root exudates and microbial biomass in an axisymmetric domain with a moving boundary
that tracks root elongation.

A numerical algorithm was designed and implemented to approximate the solutions of the pro-
posed system, combining a finite volume method for spatial discretization with an IMEX-θ time-
integration scheme that treats the stiff diffusion terms implicitly and the reaction and chemotaxis
terms explicitly. Through an M-matrix analysis of the resulting linear systems, the fully discrete
scheme was shown to preserve the non-negativity of both substrate and biomass under a CFL
condition, avoiding the ad hoc clipping of negative values.

Computational simulations were carried out by varying the main model parameters. The results
reveal the formation of spatial concentration gradients of both substrate and bacterial biomass
around the root, with the highest bacterial concentration localizing slightly ahead of the root tip
after 30 days. The parameter analysis indicates that the substrate diffusion coefficient is a dominant
factor in colonization: lower values favor the retention of exudates in the root environment and,
consequently, their uptake by bacteria, whereas increases in bacterial motility, growth rate, and
initial population all accelerate colonization of the soil. The scheme was validated against the
one-dimensional, single-equation case of the reference literature, with consistent behavior observed.

A theoretical scenario with an extended rhizosphere was subsequently examined, showing that
effective bacterial dispersal reaches distant regions only at very low concentrations, becoming neg-
ligible beyond a short radial distance. Furthermore, by incorporating the experimental growth rate
provided by the IDIAP for two promising strains, Lysinibacillus fusiformis and Bacillus cereus, the
model demonstrated that, starting from a single empirical population-growth datum obtained in
vitro, it is possible to predict the asymmetric spatial distribution of bacteria in the rhizosphere over
one month of continuous growth.

Compared with previous models, the present work considered two-dimensional dispersion, simul-
taneously incorporated the dynamics of both exudate and bacteria, assumed non-constant exuda-
tion, and modeled the process from the onset of root growth over a 30-day period. Nevertheless, a
simplified root geometry, a straight cylinder, was assumed, which constitutes an idealization rela-
tive to the real structure, particularly in rice crops where root hairs introduce additional structural
complexity.

Future work will proceed along several directions. A natural and biologically important extension
is to couple the bacterial dynamics back to root development: in the present model the root
elongation LR(t) is prescribed independently of the microbial population, whereas PGPR are known
to stimulate root growth, so that incorporating the effect of bacterial colonization on root growth
would close this feedback loop. The straight-cylinder root could also be replaced by more realistic
architectures accounting for root hairs and lateral branching, particularly relevant for rice, and
the homogeneous-soil assumption relaxed to include spatial heterogeneity and anisotropy of the
transport coefficients. The biological model can be further enriched by including competition with
the native microbial community, predation, and biofilm formation, which were neglected here.
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lamiento Matemático (CMM), BASAL project FB210005. M.G. is supported by the Instituto para
la Formación y Aprovechamiento de Recursos Humanos (IFARHU) and the Secretaŕıa Nacional de
Ciencia, Tecnoloǵıa e Innovación (SENACYT), Panama [grant number 270-2024-130]. Y.V. is sup-
ported by the Sistema Nacional de Investigación (SNI), SENACYT, Panama. The authors thank
the Instituto de Innovación Agropecuaria de Panamá (IDIAP) for providing the experimental data
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Villa-Fuentes: A mixed finite element method based on pseudostress and
stream-function for the Navier–Stokes problem in 2D

2026-14 Raimund Bürger, Cipriano Escalante, Enrique D. Fernández Nieto,
Jorge Moya: A two-dimensional multilayer shallow water model of tsunami-forest
interaction

2026-15 Alonso J. Bustos, Sergio Caucao: A posteriori error analysis of two mixed
formulations for a coupled Brinkman–Forchheimer and convection-diffusion-reaction
system

2026-16 Gabriel N. Gatica, Salim Meddahi, Kevin W. Pucha-Atan, Ricardo
Ruiz-Baier: A Banach spaces-based fully mixed finite element method for the
thermo-electro-hydrodynamic Boussinesq problem

2026-17 Tomás Barrios, Edwin Behrens, Rommel Bustinza, Jose M. Cascon: A
stabilized displacement - stress formulation for a linear elasticity problema with mixed
boundary conditions

2026-18 Gonzalo A. Benavides, Sergio Caucao, Gabriel N. Gatica, Yuri D.
Sobral: New Banach spaces-based mixed finite element methods for steady-state flows
of magnetic fluids

2026-19 Fahim Aslam, Marcelo Cavalcanti, Zayd Hajjej, You Haiyang Lin Bo,
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