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CONVERGENCE ANALYSIS OF A NONSTANDARD FINITE VOLUME METHOD

FOR A DIFFUSION-PRODUCTION-DESTRUCTION MODEL

ABRAHAM J. ARENASA, JUAN BARAJAS-CALONGEB,∗, GILBERTO GONZALEZ-PARRAC,
AND LUIS MIGUEL VILLADAD

Abstract. In this paper, we introduce and analyze a nonstandard finite volume (NSFV) scheme for a
diffusion–production–destruction model. The numerical method is formulated by coupling an uncondition-

ally stable nonstandard time discretization, which is dynamically consistent with the associated system of
ordinary differential equations, with an implicit finite-volume discretization of the diffusion operator on

triangular meshes. We establish the existence of a discrete solution to the NSFV scheme and, through

non-negativity, L2-estimates and compactness arguments, we prove the convergence of the scheme to an
admissible weak solution of the model. We further develop a second-order extension in both space and time

that preserves the positivity of the solutions. Finally, numerical experiments over two-dimensional spatial

domains with complex geometries are presented to illustrate the behavior of the model and to assess the
performance of the NSFV scheme.

1. Introduction

1.1. Scope. A wide variety of mathematical models for real-life problems are given in this form of par-
tial differential equations (PDEs) of the diffusion-production-destruction type, in fields of science such as
epidemiology [27, 53, 64], ecological modeling [65, 66], economics [52] and recently, in the field of artificial
intelligence and data science [14,28,30,39,48], and a variety of works from different fields [1,26,44,55,62,67].
Because the underlying physical variables in these applications are inherently non-negative, the correspond-
ing numerical schemes must satisfy these positivity constraints. In this paper, we propose and analyze a
novel finite volume numerical scheme to solve a diffusion-production-destruction system of the form

∂ui
∂t

= di∆ui + fi(u)− uigi(u), i = 1, . . . , N in Ω× (0, T ),

∇ui · n = 0, i = 1, . . . , N on ∂Ω× (0, T ),

ui(x, 0) = u0i (x), i = 1, . . . , N in Ω,

(1.1)

where the unknown u = (u1, . . . , uN )T is a vector of physical quantities (such as chemical concentrations,
densities or biological populations) that must remain non-negative, and ui = ui(x, t) are functions defined
on ΩT := Ω × (0, T ), where t > 0 and Ω ⊂ R2 is an open and bounded domain; di > 0 is the diffusion
coefficient for the state variable i. Let RN

+ = {(x1, . . . , xN ) ∈ RN : xi ≥ 0}, and let Σ be a prescribed subset
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of RN
+ . The functions fi, gi : Σ ⊆ RN

+ −→ R are functional responses satisfying the following assumptions:

fi, gi ∈ C2(Σ;R), fi(u), gi(u) ≥ 0,

|fi(u)| ≤ Kf (1 + ∥u∥1) , |gi(u)| ≤ Kg,
∀u ∈ Σ ⊆ RN

+ , i = 1, . . . , N, (1.2)

In addition, we are interested in ensuring that the numerical scheme guarantees dynamical consistency with
respect to the model ut = F (u), which is the spatially homogeneous version of (1.1). In this regard, the
non-standard finite difference (NSFD) method, first developed by Mickens [41], provides design rules for ap-
proximating ODE systems using unconditionally stable schemes that preserve key qualitative characteristics
of the original continuous system, such as positivity, boundedness, and asymptotic behavior [20,45,47]. Now,
with respect to PDE problems, these NSFD schemes are usually combined with finite difference methods
(FDM) and finite volume methods (FVM) to approximate solutions in a wide range of applications such as
epidemiology [3,10,16,33,42,63], biological populations [18,46,49,54] and other applications [2,8,23,33,47],
where numerical schemes have been proposed and properties such as positivity and boundedness have been
studied, however, an analysis of the numerical convergence scheme to a solution of PDE is not performed.
Furthermore, on the one hand, the use of finite differences to approximate spatial derivatives limits the ap-
plications to rectangular domains. On the other hand, FVM is a widely used spatial discretization technique
for numerical simulations across various engineering fields, including fluid mechanics, heat and mass transfer,
and petroleum engineering, among others. It can be applied to arbitrary geometries using either structured
or unstructured meshes, and it offers robust schemes whose convergence to the weak solution of the PDE
can be rigorously analyzed [24].
This paper has a twofold objective. The first objective is to introduce an unconditionally stable numerical
scheme for approximating the solution of (1.1). This approach combines an implicit finite-volume dis-
cretization on general triangular meshes with a nonstandard treatment of the reaction terms. In addition,
we provide a comprehensive numerical analysis establishing convergence toward a weak solution of (1.1),
thereby yielding a reliable computational tool for applications in general two-dimensional spatial domains
with complex geometries. The second objective is to extend the proposed numerical scheme to achieve
second-order accuracy in both space and time, while preserving the positivity property of the first-order
method.

1.2. Related work. Mathematical models based on PDEs have been growing in recent years [21,29,35,51,
56]. With regard to advection-diffusion-production-destruction systems, in [43] a numerical method based on
the method of lines and Runge-Kutta was developed. In [36] a comparison of modified Patankar-Runge-Kutta
schemes and standard ODE solvers for an advection-diffusion-production system was presented to show the
positivity of the solutions by the former schemes. Recently, in [17] a mathematical model of infectious disease
with a chemotaxis-type term was proposed. Numerical simulations of the model were shown in which the
propagation of a disease was shown over long spatial distances.
NSFD methods have been developed to approach the solution of various applications described by PDEs. In
ecology, in [18], an NSFD scheme was proposed to solve a reaction-diffusion model describing the coexistence
of plant species in arid environments, in [45] a theta NSFD scheme was developed for a Lotka-Volterra
model. In epidemiology, in [42], an NSFD scheme was analyzed for a system of partial differential equations
representing a spatial SIR epidemic model. The well-known Black–Scholes equation is fundamentally a
diffusion-type PDE that has been numerically solved using NSFD schemes [8, 23]. With regard to the
advection-diffusion-reaction equation, NSFD schemes were developed and studied in [6, 49, 54]. In addition,
the NSFD methodology has been applied to Sobolev type PDEs [40]. In [47] a complete review of different
applications of NSFD schemes is provided.
With regard to the finite volume method in [46] an explicit characteristic-based finite volume method was
developed to numerically solve some advection-diffusion-reaction equations. In [10], NSFD and finite volume
schemes were designed to solve a Holling-Tanner predator-prey model. In addition, in [50] a modification
of Wang’s finite volume method was used to solve the Black-Scholes equation. In [2] a NSFV method
was developed to numerically solve the Schrödinger equation, where the perturbation term is approximated
by the nonstandard technique and the potential is approximated by its mean value in the cell. In [4] the
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authors developed a semi-implicit finite volume method to numerically solve a mathematical model of biofilm
formation in a non-orthogonal grid system. In [7] several finite volume methods were designed to solve the 2D
convective Cahn–Hilliard equation and the nonlinear terms were approximated using NSFD foundations. In
[59] nonstandard multistep methods were studied and it was found that under some conditions these methods
have the same order as the classical multistep methods. Moreover, the preservation of some qualitative
properties for any step size was proven.
With regard to higher order methods, several researchers have worked with models based on PDEs and
especially with reaction-diffusion terms or similar [60,63]. In [63] a higher-order NSFD scheme was developed
and modified using Richardson’s extrapolation. In [16] a time discretization scheme was developed for a
model of co–infection dynamics in a heterogeneous population. Thus, based on the aforementioned work in
the topics of advection-diffusion-production-destruction systems, NSFD schemes, finite volume method and
higher order methods, we can see that is an active field of research.
Our main contribution in this work is the combination of non-standard schemes, finite volume and higher
order methodologies in a single work to numerically solve a general diffusion-production-destruction model.
Specifically, we propose an NSFV scheme and, through a rigorous proof, demonstrate its convergence to a
weak admissible solution of the model; this scheme preserves the positivity of the solutions, among other
mathematical properties. Furthermore, we extend our work to a second-order NSFV scheme via a Strang
operator splitting. Thus, we will establish a second-order NSFD integrator for a reaction subsystem combined
with a finite volume spatial discretization.

1.3. Outline of the paper. The remainder of the paper is organized as follows. Section 2 provides the
description of the FV method employed. In Section 2.1 we develop the first order NSFD scheme and show
that it preserves dynamical properties such as positivity and equilibrium points of the spatially-homogeneous
version of (1.1). In Section 2.3, we present the FV discretization of equations (1.1), where we approximate
the reaction term by the described NSFD approach, first recalling in Section 2.2 the standard admissible-
mesh notation from [24]. Section 3 focuses on establishing the convergence of the NSFV scheme as the
mesh size tends to zero. Since the method is implicit and requires solving linear algebraic systems at each
time level, we must first establish that the scheme is well defined and admits a solution at each step. This
is addressed in Section 3.1 in Theorem 3.2, where we also check that the discrete solution generated by
the NSFV scheme remains non-negative. In Section 3.2 we show an a priori L2 estimate for the discrete
solutions required to prove the convergence of the scheme. In Section 3.3 we establish compactness results
for the family of discrete solutions, and in Section 3.4 we verify that any limit point of these solutions is
an admissible weak solution of (1.1). In Section 4 we construct a positivity-preserving scheme, and that is
also second order in both space and time. In Section 5, we present some numerical examples. Examples
1 and 2 illustrate the convergence and robustness of the NSFD-2 discretization, while Example 3 examines
the convergence in both space and time of the studied NSFV, NSFV-1, and NSFV-2 numerical methods.
Finally, in Example 4 we apply the convergent NSFV scheme to a variety of settings, simulating the behavior
of models on two-dimensional domains with complex geometries.

2. NSFV for reaction-diffusion model

In this section, we propose a finite volume scheme for approximating the model (1.1). We first describe
the NSFD discretization of the spatially homogeneous model, which we then combine with a traditional
two-point flux approximation for the spatial operators.

2.1. NSFD for the spatially homogeneous model. To describe the NSFD discretization approach, let
us consider a general Cauchy problem of the form

dz

dt
= f(z), in [0, T ]

z(t0) = z0,
(2.1)

where T is a positive real number, z = (z1, z2, . . . , zN )T : [0, T ]→ RN , and the function f = (f1, f2, . . . , fN )T :
RN → RN is differentiable at z0 ∈ RN . First, we discretize the computational domain [0, T ] by partitioning
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tn = n∆t, where ∆t = T/M is the step size and M is a fixed positive integer. A numerical scheme with step
size ∆t that approximates the solution z(tn) of the system (2.1) can be written as

D∆t(z
n) = F∆t(f ; z

n), (2.2)

where, D∆t(z
n) ≈ dz

dt

∣∣∣
t=tn

, zn ≈ z(tn), and F∆t(f ; z
n) approximate the right side of the system (2.1).

Definition 2.1. The numerical scheme given by (2.2) is called a Nonstandard Finite Difference (NSFD)
scheme if at least one of the following conditions is satisfied,

(1) D∆t(z
n) =

zn+1 − zn

φ(∆t)
, where φ is a non-negative real valued function that satisfies

φ(∆t) = ∆t+O(∆t2).

(2) F∆t(f ; z
n) = G(zn, zn+1,∆t), where G(zn, z

n+1,∆t) is a non-local approximation of the right side
of the system (2.1).

Some examples of denominator functions satisfying condition (1) in the above definition are:

φ(∆t) =
1− e−λ∆t

λ
, λ > 0, φ(∆t) = e∆t − 1, see [41]. (2.3)

Now, using Definition 2.1 we design a numerical scheme to numerically approximate the solutions of spatially
homogeneous system ut = F (u). Let i ∈ {1, . . . , N} be given. We denote by uni the approximation ui(t

n)
for n = 0, 1, 2... and by F = (F1, . . . , FN )T the right-hand side function in (1.1). To facilitate notation, we
set un = (un1 , . . . , u

n
N ) and omit the dependence of these variables whenever the context is clear. We proceed

as follows:

(1) Implement the non-local approximations on the right-hand side of (1.1):

Fi(u) ≈ fi(un)− gi(un)un+1
i , i = 1, . . . , N. (2.4)

(2) The first-order derivatives of the system (1.1) are approximated by:

dui
dt
≈ un+1

i − uni
φi(∆t)

, i = 1, . . . , N, (2.5)

where the denominator functions φi for i = 1, . . . , N satisfy (1) in Definition 2.1.

Hence, the system (1.1) can be discretized as

un+1
i − uni
φi(∆t)

= fi(u
n)− gi(un)un+1

i , i = 1, . . . , N. (2.6)

If we rewrite the system in an explicit form, we obtain

un+1
i =

uni + φi(∆t)fi(u
n)

1 + φi(∆t)gi(un)
, i = 1, . . . , N. (2.7)

which clearly produces non-negative solutions. We also notice that we can rewrite the system (2.7) as

un+1
i = uni + Fi(u

n)Gi(∆t,u
n), Gi(∆t,u

n) :=
φi(∆t)

1 + φi(∆t)gi(un)
, i = 1, . . . , N. (2.8)

Let us find the equilibrium points of the scheme (2.7). To this end, we have to solve the system un+1 = un,
i.e un+1

i = uni , for all i = 1, . . . , N . By using (2.8) we get that Fi(u
n)Gi(∆t,u

n) = 0. Being Gi positive
functions, it follows that Fi(u

n) = 0, for i = 1, . . . , N . Therefore, the system (2.7) and the continuous-time
model ut = F (u) have the same sets of equilibria.
We refer to the scheme (2.7) as NSFD-1 method. Now, we aim to discretize the diffusion-reaction model
(1.1) using a technique that preserves these important biological properties of the associated ODE system.
To do so, we explore a combination of the standard Finite Volume Method in general grids. To this end, we
introduce the notion of an admissible finite volume mesh (cf. [24]).



CONVERGENCE ANALYSIS OF NSFV FOR DIFFUSION-PRODUCTION-DESTRUCTION MODEL 5
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Figure 2.1. Control volumes, centers and diamonds (in dashed lines).

2.2. Space and time discretization meshes. Let us begin by describing the discretization of the spatial
domain. For this purpose, we assume that the domain Ω ⊂ R2 is polygonal.

Definition 2.2. An admissible mesh for Ω can be defined as a triplet (T , E ,P), where T is a finite collection
of non-overlapping, bounded, convex polygonal subsets of Ω called control volumes, E is a finite collection
of subsets of Ω, each contained in a hyperplane of R2, having strictly positive one-dimensional measure and
referred to as the edges of the control volumes, and P = (xK)K∈T is a finite collection of points in Ω, known
as the centers of the control volumes. This definition is employed to describe the discretization of the domain
within the framework of the finite volume method. The triplet (T , E ,P) has the following properties:

(1) The union of the closures of all control volumes is Ω, i.e. Ω =
⋃

K∈T K.

(2) For any K ∈ T , there exists EK ⊂ E such that ∂K = K −K =
⋃

σEK
σ. Moreover, E =

⋃
K∈T EK .

(3) For any (K,L) ∈ T 2 with K ̸= L, either the length of K ∩ L is 0 or K ∩ L = σ, for some σ ∈ E,
which will be denoted by σK|L.

(4) The family P = (xK)K∈T is such that xK ∈ K, for all K ∈ T . In addition, if σ = σK|L, we assume
that xK ̸= xL and the straight line DK,L going through xK and xL is orthogonal to K|L.

(5) For any σ ∈ E with σ ⊂ ∂Ω, denote by K the control volume such that σ ∈ EK . If xK /∈ σ, let DK,σ

denote the line through xK orthogonal to σ. We assume DK,σ ̸= ∅ and define yσ = DK,σ ∩ σ.

We introduce the following notations. The size of the mesh T is defined by

size(T ) = max
K∈T

diam(K),

where diam(K) = maxx,y∈K ∥x − y∥2. We denote by N (K) the set of neighbors of the control volume K,

i.e., N (K) = {L ∈ T : K ∩ L = σ, for some σ ∈ E}; a generic neighbor of K is denoted by L. Moreover, we
denote by nK|L and dK|L the unit normal vector to σK|L outward from K and the distance ∥xK − xL∥2,
respectively. For any K ∈ T and σ ∈ E , we denote by m(K) the 2−dimensional Lebesgue measure of
K. If L ∈ N (K), then m(σK|L) will denote the 1−dimensional measure of the edge σK|L, and finally, the

transmissibility through σK|L is defined as τK|L :=
m(σK|L)

dK|L
. The discrete unknowns are piecewise constant

functions on the control volumes K ∈ T , so we introduce the Hilbert space

HT (Ω) =
{
ϕ ∈ L2(Ω) : ϕ|K ∈ P0(K), ∀K ∈ T

}
. (2.9)

Thus, every function uT ∈ HT (Ω) is characterized by its numerical values (uK)K∈T such that uT |K = uK
for every K ∈ T . It is clear that HT (Ω) ⊂ L2(Ω) and the usual inner scalar product and norm become

(
uT , vT

)
0,Ω

=
∑
K∈T

m(K)uKvK , ∥uT ∥0,Ω =

(∑
K∈T

m(K)|uK |2
)1/2

, ∀uT , vT ∈ HT (Ω).
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We also introduce the discrete semi-norm

|uT |21,T :=
1

2

∑
K∈T

∑
L∈N (K)

τK|L|uL − uK |2, ∀uT ∈ HT (Ω). (2.10)

Moreover, for an interface σK|L ∈ E of a control volume K, we consider the “diamond” TKL constructed
by joining the diamond centers xK and xL with the extremes of the interval (see Figure 2.1). The discrete
gradient operator ∇T of a function uT ∈ HT (Ω) is a piecewise constant function over the diamonds TKL

such that

∇T uT |TKL
:=

2
uL − uK
dK|L

nK|L, for σ = σK|L ∈ E \ ∂Ω,

0, for σ ∈ ∂K.
(2.11)

We define the size of the space–time discretization by h := max(size(T ),∆t). Finally, the complete discrete
solution is a time-sequence of piecewise constant functions (unT )n∈N such that unT ∈ HT (Ω), for all n. In
addition, we associate a time and space piecewise constant function with this sequence denoted by uh and
defined by

uh(x, t) = un+1
K , for a.e. (x, t) ∈ K × (tn, tn+1), ∀K ∈ T , ∀n ∈ {0, 1, . . . , N}. (2.12)

2.3. The finite volume nonstandard scheme. The Finite Volume scheme for (1.1) is stated as follows:
for all K ∈ T and n ∈ {0, 1, . . . ,M}, find {un+1

i,K }K∈T such that

m(K)
un+1
i,K − uni,K

∆t
− di

∑
L∈N (K)

τK|L(u
n+1
i,L − u

n+1
i,K ) = m(K)F̄i(u

n
K ,u

n+1
K ), i = 1, . . . , N, (2.13)

where the right-hand side functions are approximated by a semi-implicit approach in the sense that the
right-hand side contributions depend on the numerical solution at times t = tn and t = tn+1, i.e., we define:

F̄i(u
n
K ,u

n+1
K ) = fi(u

n
K)− gi(un

K)un+1
i,K , i = 1, . . . , N., (2.14)

This discretization is selected to ensure the dynamic consistency of the scheme and coincides with the NSFD
approximation described in Section 2.1, with φi(∆t) = ∆t, for i = 1, . . . , N .
As usual, homogeneous Neumann boundary conditions are incorporated implicitly. Specifically, the portions
of ∂K that lie in ∂Ω do not contribute to the sums over L ∈ N (K) terms, which effectively enforces a
zero–flux condition along the outer edges of the mesh.

3. Convergence of the NSFV scheme

In this section, we establish the well-posedness of the discrete system and derive a priori estimates needed
to prove the convergence of the NSFV method (2.13) toward a weak solution of system (1.1). To this end,
we first introduce the notion of a weak solution.

Definition 3.1. Given functions u0 = (u01, . . . , u
0
N )T defined a.e. in Ω such that u0 ∈ RN

+ a.e. in Ω, we

define a weak solution of (1.1) as a set of functions u = (u1, . . . , uN )T defined a.e. in ΩT := Ω× (0, T ), such
that u ∈ RN

+ a.e. in ΩT , ui ∈ L2(0, T ;H1(Ω)), i = 1, . . . , N and for any test functions ψi ∈ D(Ω× [0, T )),
i = 1, . . . , N the function u satisfies the following identities:

−
∫∫

ΩT

ui∂tψi dx dt+

∫∫
ΩT

di∇ui · ∇ψi dx dt

=

∫∫
ΩT

Fi(u) · ψi dx dt+

∫
Ω

u0i (x)ψi(x, 0) dx,

i = 1, . . . , N. (3.1)
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3.1. Well-posedness of the discrete system. Let us proceed to prove the well-posedness of discrete
system (2.13).

Theorem 3.2. Let T be an admissible discretization of Ω and u0 ∈ RN
+ . Then, the discrete problem (2.13)

has a unique solution (un+1
K )K∈T ,n∈{0,...,M} such that un+1

K ∈ RN
+ , for all K ∈ T , n ∈ {0, . . . ,M}.

Proof. Given an admissible mesh T , let us denote byNe the number of control volumes of T and by un
i ∈ RNe ,

i = 1, . . . , N , the vectors of unknowns at time t = tn. To state the algorithm, we define the following vectors
of RNe which are evaluated at time t = tn:

fni :=
(
fi(u

n
K)
)Ne

K=1
, gn

i :=
(
gi(u

n
K)
)Ne

K=1
, i = 1, . . . , N.

We also introduce the Hadamard product u ∗ v, which is defined for vectors u,v ∈ RNe as (u ∗ v)j = ujvj ,
for j = 1, . . . , Ne, we denote by diag(v) the diagonal matrix with the vector v ∈ RNe in the diagonal, by
I ∈ RNe×Ne the identity matrix of size Ne×Ne, and by 1 ∈ RNe a vector of ones of size Ne. Let L ∈ RNe×Ne

be the discretization of the Laplacian operator defined by

(L)KL :=


− 1

m(K)

∑
L′∈N (K)

τK|L′ , L = K,

τK|L
m(K)

, L ∈ N (K),

0, otherwise,

(3.2)

Within this notation, equation (2.13) becomes

un+1
i,K − uni,K

∆t
− di(Lun+1

i )K = fi(u
n
K)− gi(un

K)un+1
i,K , i = 1, . . . , N

which is linear in un+1
i . Then, by rearranging the terms in vector form, we obtain

[I−∆tdiL+∆tdiag(gn
i )]u

n+1
i = un

i +∆tfni , i = 1, . . . , N. (3.3)

Notice that the matrix Mi = I−∆tdiL+∆tdiag(gn
i ) has the entry structure

(Mi)KL =


1 + ∆tdi

∑
L′∈N (K)

τK|L′

m(K)
> 0, L = K,

−∆t di
τK|L
m(K)

≤ 0, L ∈ N (K).
(3.4)

and thus is strictly diagonally dominant by rows, since

(Mi)KK = 1 +∆t di
∑

L∈N (K)

τK|L
m(K)

>
∑

L∈N (K)

|(Mi)KL|, (3.5)

In this way we see that Mi is a non-singular M-matrix and therefore has a nonnegative inverse [13, Theo-
rem 6.2.3]. Thus, the system (3.3) has a unique solution, and un+1

i = M−1
i (un

i +∆tfni ) ≥ 0. □

3.2. Discrete estimates. In this section, following arguments analogous to those in [5,19,24], we establish
the discrete estimates required to prove the convergence of scheme (2.13) towards a weak solution of (1.1).

Lemma 3.3. Let (un+1
K )K∈T ,n∈{0,...,M} be a solution of (2.13). Then there are constants C∗, C∗ > 0

depending on the L2−norm of the initial condition ∥u0∥0,Ω and the parameters of the model, such that

N∑
i=1

(
max

n∈{0,1,...,M}

∑
K∈T

m(K)(un+1
i,K )2

)
≤ C∗, (3.6)

1

2

N∑
i=1

M∑
n=0

∆t
∑
K∈T

∑
L∈N (K)

τK|L(u
n+1
i,L − u

n+1
i,K )2 ≤ C∗. (3.7)
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Proof. We start the proof by multiplying (2.13) by ∆tun+1
i,K and adding the result over i ∈ {1, . . . , N},K ∈ T ,

and n ∈ {0, . . . ,M} to obtain the identity X1 +X2 +X3 = 0, where

X1 :=

N∑
i=1

M∑
n=0

∑
K∈T

m(K)(un+1
i,K − u

n
i,K)un+1

i,K ,

X2 := −
N∑
i=1

di

M∑
n=0

∆t
∑
K∈T

∑
L∈N (K)

τK|L(u
n+1
i,L − u

n+1
i,K )un+1

i,K ,

X3 := −
N∑
i=1

M∑
n=0

∆t
∑
K∈T

m(K)F̄i(u
n
K ,u

n+1
K )un+1

i,K .

Using the inequality “a(a− b) ≥ 1
2 (a

2 − b2) for a, b ∈ R” we get a lower bound for X1 given by:

X1 ≥
1

2

N∑
i=1

M∑
n=0

∑
K∈T

m(K)
(
(un+1

i,K )2 − (uni,K)2
)
=

1

2

N∑
i=1

∑
K∈T

m(K)
(
(uM+1

i,K )2 − (u0i,K)2
)
.

Now, by using the identity 2a(a− b) = a2 − b2 + (a− b)2 and gathering the edges, we can write

X2 =
1

2

N∑
i=1

di

M∑
n=0

∆t
∑
K∈T

∑
L∈N (K)

τK|L
(
(un+1

i,L )2 − (un+1
i,K )2 + (un+1

i,L − u
n+1
i,K )2

)

=
1

2

N∑
i=1

di

M∑
n=0

∆t
∑
K∈T

∑
L∈N (K)

τK|L(u
n+1
i,L − u

n+1
i,K )2

+
1

2

N∑
i=1

di

M∑
n=0

∆t
∑
K∈T

∑
L∈N (K)

τK|L
[
(un+1

i,L )2 − (un+1
i,K )2

]
=

1

2

N∑
i=1

di

M∑
n=0

∆t
∑
K∈T

∑
L∈N (K)

τK|L(u
n+1
i,L − u

n+1
i,K )2.

Finally, from Assumptions (1.2), Theorem 3.2, and Young’s inequality, we get

X3 =−
N∑
i=1

M∑
n=0

∆t
∑
K∈T

m(K)F̄i(u
n
K ,u

n+1
K )un+1

i,K

=

N∑
i=1

M∑
n=0

∆t
∑
K∈T

m(K)gi(u
n
K)(un+1

i,K )2 −
N∑
i=1

M∑
n=0

∆t
∑
K∈T

m(K)fi(u
n
K)un+1

i,K

≥−Kf

N∑
i=1

M∑
n=0

∆t
∑
K∈T

m(K)−Kf

N∑
i=1

N∑
j=1

M∑
n=0

∆t
∑
K∈T

m(K)|unj,K ||un+1
i,K |

≥ −Kfm(Ω)NT − KfN

2

N∑
i=1

M∑
n=0

∆t
∑
K∈T

m(K)(uni,K)2 − KfN

2

N∑
i=1

M∑
n=0

∆t
∑
K∈T

m(K)(un+1
i,K )2

=− C1 − C2

N∑
i=1

∆t
∑
K∈T

m(K)(u0i,K)2 − C3

N∑
i=1

M∑
n=0

∆t
∑
K∈T

m(K)(un+1
i,K )2

≥− C1 − C2M∆t∥u0∥20,Ω − C3

N∑
i=1

M∑
n=0

∆t
∑
K∈T

m(K)(un+1
i,K )2
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:=− C4 − C3

N∑
i=1

M∑
n=0

∆t
∑
K∈T

m(K)(un+1
i,K )2,

where C1, C2, C3, C4 > 0 are constants. Collecting all the previous inequalities, we arrive at

1

2

N∑
i=1

∑
K∈T

m(K)(uM+1
i,K )2 +

1

2

N∑
i=1

di

M∑
n=0

∆t
∑
K∈T

∑
L∈N (K)

τK|L(u
n+1
i,L − u

n+1
i,K )2

≤ C5 + C2

N∑
i=1

M∑
n=0

∆t
∑
K∈T

m(K)(un+1
i,K )2.

(3.8)

Using this inequality, we can deduce

N∑
i=1

∑
K∈T

m(K)(uM+1
i,K )2 ≤ C6 + C7

M∑
n=0

N∑
i=1

∆t
∑
K∈T

m(K)(un+1
i,K )2. (3.9)

Thus by the discrete Gronwall inequality we obtain from the previous inequality that

N∑
i=1

∑
K∈T

m(K)(un0+1
i,K )2 ≤ C8, (3.10)

for all n0 ∈ {1, . . . ,M} and some constant C8 > 0, this shows (3.6) and from (3.8) we deduce (3.7). □

3.3. Compactness argument. Let us consider a sequence of admissible meshes (Tm)m≥1 of Ω such that
size(Tm) → 0, as m → +∞ and let (Nm)m≥1 be an increasing sequence of integers, so we obtain a
sequence of time steps (∆tm)m≥1 such that ∆tm → 0, as m → +∞. We will employ the notation
uhm

= (u1,hm
, . . . , uN,hm

)T for a piecewise constant solution of (2.13) defined as (2.12). Let us define
the translated space QT−τ := Ω× (0, T − τ), for all τ ∈ (0, T ).

Lemma 3.4 (Time-translate estimates). Let ∆t0 > 0 small enough. Given a time-step ∆tm ≤ ∆t0, then
there exists a constant C > 0 independent of m and τ such that∫∫

QT−τ

∣∣ui,hm(x, t+ τ)− ui,hm(x, t)
∣∣2 dx dt ≤ C(τ +∆tm), i = 1, . . . , N (3.11)

for all τ ∈ (0, T ).

Proof. Let i ∈ {1, . . . , N} be fixed. We introduce the quantity

Cm(t) =

∫
Ω

∣∣ui,hm(x, t+ τ)− ui,hm(x, t)
∣∣2 dx, for all t ∈ (0, T − τ), (3.12)

and we set n0(t) = [t/∆tm] and n1(t) = [(t+ τ)/∆tm], where [x] = n for x ∈ [n, n+ 1), n ∈ N. We can then
rewrite Cm(t) as

Cm(t) =
∑

K∈Tm

m(K)
(
u
n1(t)
i,K − un0(t)

i,K

)2 ≤ ∑
K∈Tm

((
u
n1(t)
i,K − un0(t)

i,K

)
×

∑
t≤n∆tm<t+τ

m(K)(un+1
i,K − u

n
i,K)

)
.

Using equation (2.13), Theorem 3.2, summation by parts, along with the weighted Young inequality, we get

Cm(t) ≤ di
∑

t≤n∆tm<t+τ

∆tm
∑

K∈Tm

(
u
n1(t)
i,K − un0(t)

i,K

)( ∑
L∈N (K)

τK|L(u
n+1
i,L − u

n+1
i,K )

)

+
∑

t≤n∆tm<t+τ

∆tm
∑

K∈Tm

m(K)
(
u
n1(t)
i,K − un0(t)

i,K

)(
fi(u

n
K)− gi(un

K)un+1
i,K

)

≤ di
∑

t≤n∆tm<t+τ

∆tm
∑

K∈Tm

∑
L∈N (K)

τK|L

{
(un+1

i,L − u
n+1
i,K )×

[
(u

n1(t)
i,K − un1(t)

i,L )− (u
n0(t)
i,K − un0(t)

i,L )
]}
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+
∑

t≤n∆tm<t+τ

∆tm
∑

K∈Tm

m(K)
(
u
n1(t)
i,K fi(u

n
K) + u

n0(t)
i,K gi(u

n
K)un+1

i,K

)
≤ C1,m(t) + C2,m(t) + C3,m(t) + C4,m(t) + C5,m(t) + C6,m(t),

where we have defined,

C1,m(t) = di
∑

t≤n∆tm<t+τ

∆tm
∑

K∈Tm

∑
L∈N (K)

τK|L
∣∣un+1

i,L − u
n+1
i,K

∣∣2,
C2,m(t) =

di
2

∑
t≤n∆tm<t+τ

∆tm
∑

K∈Tm

∑
L∈N (K)

τK|L
∣∣un1(t)

i,L − un1(t)
i,K

∣∣2,
C3,m(t) =

di
2

∑
t≤n∆tm<t+τ

∆tm
∑

K∈Tm

∑
L∈N (K)

τK|L
∣∣un0(t)

i,L − un0(t)
i,K

∣∣2,
C4,m(t) = Kf

∑
t≤n∆tm<t+τ

∆tm
∑

K∈Tm

m(K)u
n1(t)
i,K

C5,m(t) = Kf

∑
t≤n∆tm<t+τ

∆tm

N∑
j=1

∑
K∈Tm

m(K)u
n1(t)
i,K unj,K

C6,m(t) = Kg

∑
t≤n∆tm<t+τ

∆tm
∑

K∈Tm

m(K)u
n0(t)
i,K un+1

i,K .

(3.13)

We now introduce the characteristic function ζ defined by ζ(n, t1, t2) = 1, if t1 < (n + 1)∆tm ≤ t2 and
ζ(n, t1, t2) = 0 otherwise. Then, for any sequence (an)n∈N of non-negative numbers we have that

∫ T−τ

0

∑
t≤n∆tm<t+τ

an dt ≤

[
T

∆tm

]∑
n=0

an
∫ T−τ

0

ζ(n, τ, t+ τ) dt ≤ τ

[
T

∆tm

]∑
n=0

an, (3.14)

and for any ξ ∈ [0, τ ] ∫ T−τ

0

∑
t≤n∆tm<t+τ

a[(t+ξ)/∆tm] dt ≤ τ

[
T

∆tm

]∑
n=0

an. (3.15)

From (3.14) we deduce that∫ T−τ

0

C1,m(t) dt ≤
Nm∑
n=0

∆tm

∫ T−τ

0

ζ(n, t, t+ τ)
∑

K∈Tm

∑
L∈N (K)

τK|L
∣∣un+1

i,L − u
n+1
i,K

∣∣2 dt
≤ τ

Nm∑
n=0

∆tm
∑

K∈Tm

∑
L∈N (K)

τK|L
∣∣un+1

i,L − u
n+1
i,K

∣∣2.
In view of the discrete estimate (3.7), there exists a constant C > 0 such that∫ T−τ

0

C1,m(t) dt ≤ τC. (3.16)

Next, we use (3.15) with ξ = τ for C2,m(t), and ξ = 0 for C3,m(t) to obtain∫ T−τ

0

C2,m(t) dt ≤ τ
Nm∑
n=0

∆tm
∑

K∈Tm

∑
L∈N (K)

τK|L
∣∣un+1

i,L − u
n+1
i,K

∣∣2 ≤ τC,
and, ∫ T−τ

0

C3,m(t) dt ≤ τ
Nm∑
n=0

∆tm
∑

K∈Tm

∑
L∈N (K)

τK|L
∣∣un+1

i,L − u
n+1
i,K

∣∣2 ≤ τC.
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Then, we employ (3.15) with ξ = τ and (3.7) to deduce that∫ T−τ

0

C4,m(t) dt ≤ τKf

Nm∑
n=0

∆tm
∑

K∈Tm

m(K)un+1
i,K

≤ τ

(
Kf

2

Nm∑
n=0

∆tm
∑

K∈Tm

m(K)
(
un+1
i,K

)2)
+ τ

(
Kf

2

Nm∑
n=0

∆tm
∑

K∈Tm

m(K)

)
≤ τC.

(3.17)

Now, for the estimate C5,m(t) we first use Young’s inequality to get

C5,m(t) ≤ Kf

∑
t≤n∆tm<t+τ

∆tm

N∑
j=1

∑
K∈Tm

m(K)u
n1(t)
i,K unj,K

≤ KfN

2

∑
t≤n∆tm<t+τ

∆tm
∑

K∈Tm

m(K)
(
u
n1(t)
i,K

)2
+
Kf

2

∑
t≤n∆tm<t+τ

∆tm

N∑
j=1

∑
K∈Tm

m(K)(unj,K)2.

Then, in the first sum above, we employ (3.14) with ξ = 0, while in the second sum, we apply (3.15).
Combining these with (3.6), we obtain∫ T−τ

0

C5,m(t) dt ≤ τ KfN

2

Nm∑
n=0

∆tm
∑

K∈Tm

m(K)
(
un+1
i,K

)2
+ τ

Kf

2

Nm∑
n=0

∆tm

N∑
j=1

∑
K∈Tm

m(K)(unj,K)2

≤ τC.

Proceeding in a similar way, we obtain for C6,m(t) that∫ T−τ

0

C6,m(t) dt ≤ τC, (3.18)

for some constant C > 0. This ends the proof of the time translate estimate. □

Lemma 3.5 (Space translate estimates). Let ∆t0 > 0 be small enough. Given a time-step ∆tm ≤ ∆t0, then
there exists a constant C > 0 independent of m and τ such that, for all y ∈ R2,∫ T

0

∫
Ωy

∣∣ui,hm(x+ y, t)− ui,hm(x, t)
∣∣2 dx dt ≤ C∥y∥2

(
∥y∥2 + 2(KΩ − 1)hm

)
, (3.19)

for i = 1, . . . , N , where Ωy = {x ∈ Ω : x+ y ∈ Ω} and KΩ is the number of sides of Ω.

Proof. To establish this result, we follow the approach of Lemma 9.3 in Eymard et al. [24], to obtain∫ T

0

∫
Ωy

∣∣ui,hm
(x+ y, t)− ui,hm

(x, t)
∣∣2 dx dt

≤ ∥y∥2
(
∥y∥2 + 2(KΩ − 1)hm

) Nm∑
n=0

∆tm
∑

K∈Tm

∑
L∈N (K)

τK|L
∣∣un+1

i,L − u
n+1
i,K

∣∣2,
for i = 1, . . . , N . Using the estimate (3.7), one can obtain the space translate estimate (3.19). This ends the
proof of the lemma. □

3.4. Convergence analysis.

Theorem 3.6 (Convergence Towards a Weak Solution). Assume that u0 = (u01, . . . , u
0
N )T is such that

u0i ∈ H1(Ω), for i = 1, . . . , N and u0(x) ∈ RN
+ , for a.e. x ∈ Ω. Let (uhm

)m≥1 be a family of solutions such
that hm → 0, as m→∞. There exists ui ∈ L2(0, T ;H1(Ω)), i = 1, . . . , N such that, up to a subsequence

a) ui,hm −→ ui strongly in Lp(ΩT ) and a.e. in ΩT as m→∞, for all 1 ≤ p <∞, i = 1, . . . , N .
b) ∇Tm

ui,hm
⇀ ∇ui, weakly in [L2(ΩT )]

2 as m→∞, for i = 1, . . . , N .



12 ARENAS, BARAJAS-CALONGE, GONZALEZ-PARRA, AND VILLADA

c) Moreover, the limit u = (u1, . . . , uN )T is a weak solution (in the sense of Definition 3.1) of the
problem (1.1).

Proof. Let i ∈ {1, . . . , N} be fixed. To show a), we apply Kolmogorov’s compactness criterion (see [24],
Theorem 14.1) as a tool to analyze the sequence (ui,hm)m∈N. To do so, we define N = 3, q = 2, and
p(ui,hm) = ûi,hm , where ûi is defined by ûi,hm = ui,hm within ΩT and ûi,hm = 0 outside of ΩT . The
first condition of Kolmogorov’s compactness criterion is guaranteed by the definition of ûi and the second
condition follows from Lemma 3.3. Thus, to complete the proof, it remains to verify the third condition of
Kolmogorov’s theorem. Now, for any y ∈ R2 and τ ∈ R, the triangle inequality yields∥∥ûi,hm

(·+ y, ·+ τ)− ûi,hm
(·, ·)

∥∥
L2(RN )

≤
∥∥ûi,hm

(·+ y, ·+ τ)− ûi,hm
(·+ y, ·)

∥∥
L2(RN )

+ ∥ûi,hm
(·+ y, ·)− ûi,hm

(·, ·)
∥∥
L2(RN )

.

Thanks to the translate estimates given by Lemma 3.4 and 3.5 we have that∥∥ûi,hm
(·+ y, ·+ τ)− ûi,hm

(·, ·)
∥∥
L2(RN )

−→ 0,

as y → 0 and τ → 0. This guarantees the compactness of the sequence (ui,hm
)m in L2(ΩT ). Then, using

the Kolmogorov theorem, there exists a subsequence still denoted by (ui,hm
)m, and a function ui ∈ L2(ΩT )

such that ui,hm −→ ui strongly in L2(ΩT ) and a.e. in ΩT . Since this sequence is bounded in L∞(ΩT ), this
convergence also holds in Lp(ΩT ), for all p ∈ [1,+∞). This concludes the proof of (a).
We now proceed to establish item b). Using the discrete estimate (3.7), we can establish that the sequence(
∇Tm

ui,hm

)
m

is uniformly bounded in [L2(ΩT )]
2. Therefore, up to a possibly unlabeled subsequence, this

sequence converges weakly to a function p∗i ∈ [L2(ΩT )]
2. Then, we identify ∇ui by p∗i by using the following

convergence result (see, e.g., [12, 15])∫ T

0

∫
Ω

(
∇Tm

ui,hm
· ϕi + ui,hm

∇ · ϕi
)
dx dt −→ 0, as m→ +∞, ∀ϕi ∈ [D(ΩT )]

2.

This ends the proof of c).
Finally, we establish (d), that is, we identify the function u = (u1, . . . , uN )T, obtained from the arguments
above, as a weak solution of the continuous problem (1.1) in the sense of Definition 3.1. Let i ∈ {1, . . . , N}
be fixed. We consider ψ ∈ D(Ω× [0, T )) and denote by ψn

K = ψ(xK , tn), for all K ∈ T and n ∈ {0, . . . , Nm}.
Multiplying equation (2.13) by ∆tmψ

n+1
K and summing over K ∈ Tm and n ∈ {0, . . . , Nm} yields Am+Bm =

Cm +Dm, where

Am =

Nm∑
n=0

∑
K∈Tm

m(K)(un+1
i,K − u

n
i,K)ψn+1

K ,

Bm = −di
Nm∑
n=0

∆tm
∑

K∈Tm

∑
L∈N (K)

τK|L(u
n+1
i,L − u

n+1
i,K )ψn+1

K ,

Cm =

Nm∑
n=0

∆tm
∑

K∈Tm

m(K)fi(u
n
K)ψn+1

K ,

Dm = −
Nm∑
n=0

∆tm
∑

K∈Tm

m(K)gi(u
n
K)un+1

i,K ψn+1
K .

(3.20)

Then, using summation by parts in time and noticing that ψNm+1
K = 0, for all K ∈ Tm we get

Am = −
Nm∑
n=0

∑
K∈Tm

m(K)un+1
i,K (ψn+1

K − ψn
K)−

∑
K∈Tm

m(K)u0i,Kψ
0
K

= −
∫∫

ΩT

ui,hm
(x, t)∂tψ(xK , t) dx dt−

∫
Ω

ui,0(x)ψ(xK , 0) dx := −A(1)
m −A(2)

m .

(3.21)
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Then, using the regularity properties of ψ, we obtain∣∣∣∣A(1)
m −

∫∫
ΩT

ui(x, t)∂tψ(x, t) dx dt

∣∣∣∣ = ∫∫
ΩT

∣∣ui,hm
(x, t)∂tψ(xK , t)− ui(x, t)∂tψ(x, t)

∣∣ dx dt

≤
∫∫

ΩT

∣∣ui,hm
(x, t)

∣∣∣∣∂tψ(xK , t)− ∂tψ(x, t)
∣∣dx dt

+

∫∫
ΩT

∣∣ui,hm(x, t)∂tψ(x, t)− ui(x, t)∂tψ(x, t)
∣∣dx dt

≤ 1

2
∥ui,hm∥20,ΩT

√
hm +

m(ΩT )

2
∥∂xtψ∥2∞,ΩT

√
hm

+

∫∫
ΩT

∣∣ui,hm
(x, t)∂tψ(x, t)− ui(x, t)∂tψ(x, t)

∣∣dx dt.

Thus, using the regularity of the function ψ, the boundedness of the sequence (ui,hm
)m in L2(ΩT ), and the

weak convergence in L2(ΩT ) of ui,hm
towards ui it follows that

A(1)
m −→

∫∫
ΩT

ui(x, t)∂tψ(x, t) dx dt, as m→ +∞. (3.22)

In the same way, using the Lipschitz continuity of the function ψ, we observe that∣∣∣∣A(2)
m −

∫
Ω

u0i (x)ψ(x, 0) dx

∣∣∣∣ ≤ ∫
Ω

|u0i (x)||ψ(xK , 0)− ψ(x, 0)|dx

≤ 1

2

∥∥u0i∥∥20,Ω√hm +
m(Ω)

2
∥∂xψ∥2∞,ΩT

√
hm.

This yields

A(2)
m −→

∫
Ω

u0i (x)ψ(x, 0) dx, as m→ +∞. (3.23)

From (3.21), (3.22), and (3.23) it follows that

Am −→ −
∫∫

ΩT

ui(x, t)∂tψ(x, t) dx dt−
∫
Ω

u0i (x)ψ(x, 0) dx, as m→ +∞. (3.24)

Now, we focus on the diffusive part Bm. We define ψhm
(x, t) = ψn

K , for all x ∈ K and t ∈ [tn, tn+1), then
integrate by parts, and, taking into account that τK|L = 2m(TKL)/d

2
K|L, we use the definition of the discrete

gradient (2.11) to obtain

Bm = di

Nm∑
n=0

∆tm
∑

K∈Tm

∑
L∈N (K)

τK|L(u
n+1
i,L − u

n+1
i,K )(ψn+1

L − ψn+1
K )

=
di
2

Nm∑
n=0

∆tm
∑

K∈Tm

∑
L∈N (K)

m(TKL)

[
2

(
un+1
i,L − u

n+1
i,K

dK|L

)
· nK|L

] [
2

(
ψn+1
L − ψn+1

K

dK|L

)
· nK|L

]

=
di
2

Nm∑
n=0

∆tm

∫
Ω

∇Tm
un+1
i,Tm
· ∇Tm

ψn+1
Tm

dx.

(3.25)

Now, let us define xKL = θxK + (1− θ)xL, for 0 < θ < 1 some point of the segment JxK ,xLK such that

ψ(xL, tn+1)− ψ(xK , tn+1) = dK|L∇ψ(xKL, tn+1) · nK|L.

Then one gets

∇Tmψ
n+1
Tm

= 2

(
ψn+1
L − ψn+1

K

dK|L

)
· nK|L = 2

(
ψ(xL, tn+1)− ψ(xK , tn+1)

dK|L

)
· nK|L = 2∇ψ(xKL, tn+1).
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Let us define (∇ψ)hm
(x, t) = ∇ψ(xKL, tn+1), for all (x, t) ∈ TKL × (tn, tn+1). Then from (3.25) it follows

that

Bm = di

∫∫
ΩT

∇Tm
ui,Tm

(x, t) · (∇ψ)hm
(x, t) dx. (3.26)

Now, by employing the weak convergence c) of the discrete gradient of ui,hn
and the regularity properties

of the test function ψ allow us to deduce that

Bm −→ di

∫∫
ΩT

∇ui(x, t) · ∇ψ(x, t) dx dt, as m→ +∞. (3.27)

For the reaction terms Cm and Dm, we observe that

Cm =

∫∫
ΩT

fi
(
uhm

(x, t−∆tm)
)
ψhm

(x, t) dx dt,

Dm = −
∫∫

ΩT

gi
(
uhm(x, t−∆tm)

)
ui,hm(x, t)ψhm(x, t) dx dt,

where we have defined ui,hm
(x, t − ∆tm) = ui,hm

(x, t), for all t ∈ [0,∆tm]. Then, employing the triangle
and Cauchy-Schwarz inequalities, the regularity of the function ψ and the time-translate estimate (3.11), we
arrive at∣∣∣∣Cm −

∫∫
ΩT

fi(u(x, t))ψ(x, t) dx dt

∣∣∣∣ ≤ ∫∫
ΩT

∣∣fi(uhm
(x, t−∆tm)

)∣∣∣∣ψhm
(x, t)− ψ(x, t)

∣∣dx dt

+

∫∫
ΩT

∣∣fi(uhm(x, t−∆tm)
)
− fi

(
u(x, t)

)∣∣|ψ(x, t)∣∣dx dt

≤ Kf

∫∫
ΩT

1 +

N∑
j=1

∣∣uj,hm
(x, t)

∣∣ ∣∣ψhm
(x, t)− ψ(x, t)

∣∣dx dt

+ Lf

∫∫
ΩT

|ui,hm
(x, t−∆tm)− ui,hm

(x, t)||ψ(x, t)| dxdt

≤ Kf

√
m(ΩT )∥ψhm

− ψ∥0,ΩT
+Kf

N∑
j=1

∥uj,hm
∥0,ΩT

∥ψhm
− ψ∥0,ΩT

+ Lf

(∫∫
ΩT

|ui,hm
(x, t−∆tm)− ui,hm

(x, t)|2 dx dt

)1/2

∥ψ∥0,ΩT

≤ Kf

√
m(ΩT )∥ψhm

− ψ∥0,ΩT
+Kf

N∑
j=1

∥uj,hm
∥0,ΩT

∥ψhm
− ψ∥0,ΩT

+ C
√
∆tm∥ψ∥0,ΩT

.

Thus, we can deduce that

Cm −→
∫∫

ΩT

fi
(
u(x, t)

)
ψ(x, t) dx dt, as m→ +∞. (3.28)
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In a similar way, for the reaction term Dm we have used the triangle and Cauchy-Schwarz inequalities, the
regularity of the function ψ and the time-translate estimate (3.11), to obtain∣∣∣∣Dm −

∫∫
ΩT

gi(u(x, t))ui(x, t)ψ(x, t) dx dt

∣∣∣∣
≤
∫∫

ΩT

|gi(uhm
(x, t−∆tm))− gi(u(x, t))||ui,hm

(x, t)||ψhm
(x, t)|dx dt

+

∫∫
ΩT

|gi(u(x, t))||ui,hm(x, t)− ui(x, t)||ψhm(x, t)|dx dt

+

∫∫
ΩT

|gi(u(x, t))||ui(x, t)||ψhm
(x, t)− ψ(x, t)|dx dt

≤ Lg∥ψhm∥∞,ΩT

∫∫
ΩT

|uhm(x, t−∆tm)− u(x, t)||ui,hm(x, t)|dx dt

+Kg

∫∫
ΩT

|ui,hm
(x, t)− ui(x, t)||ψhm

(x, t)|dx dt

+Kg

∫∫
ΩT

|ui(x, t)||ψhm
(x, t)− ψ(x, t)|dx dt

≤ Lg∥ψhm
∥∞,ΩT

(∫∫
ΩT

|uhm
(x, t−∆tm)− u(x, t)|2 dx dt

)1/2

∥ui,hm
∥0,ΩT

+Kg∥ui,hm
− ui∥0,ΩT

∥ψhm
∥0,ΩT

+Kg∥ui∥0,ΩT
∥ψhm

− ψ∥0,Ω
≤ Lg∥ψhm

∥∞,ΩT

√
∆tm∥ui,hm

∥0,ΩT
+Kg∥ui,hm

− ui∥0,ΩT
∥ψhm

∥0,ΩT
+Kg∥ui∥0,ΩT

∥ψhm
− ψ∥0,Ω.

Hence, we can conclude that

Dm −→
∫∫

ΩT

gi
(
u(x, t)

)
ui(x, t)ψ(x, t) dx dt, as m→ +∞. (3.29)

From (3.24),(3.27), (3.28), and (3.29), it follows that ui satisfies (3.1). This concludes the proof. □

4. A second-order numerical scheme

The goal of this section is to propose a positivity-preserving scheme that is dynamically consistent with
respect to the spatially homogeneous model ut = F (u), and that is also second order in both space and
time. Our first step is to design a second-order scheme for the reaction system, which will be based on some
recent work by Hoang et al. [31, 32,34].

4.1. Second Order NSFD scheme for the spatially homogeneous model. It is well known that
the choice of denominator functions like the ones in equation (2.3) leads to first-order schemes [20]. To
overcome this, let us follow [32] and define denominator functions that depend not only on ∆t but also on
the approximations of the state variables: ui, i = 1, . . . , N . This modification allows us to obtain a higher
order of convergence in the NSFD method, which is described below. Thus, the scheme now reads

un+1
i =

uni + φi(∆t,u
n)fi(u

n)

1 + φi(∆t,un)gi(un)
, i = 1, . . . , N. (4.1)

where the denominator function is chosen satisfying the following conditions:

∂2φi

∂∆t2
(0,u) = 2gi(u) +

N∑
j=1

∂Fi

∂uj
(u)

Fj(u)

Fi(u)
, (4.2)

for all u ∈ Σ and Fi(u) ̸= 0, i = 1, . . . , N . We emphasize that the conditions appearing on the right-hand
side of (4.2) are imposed to ensure the validity of the Taylor expansion, with respect to the variable ∆t, of
the right-hand-side functions in (2.7). Consequently, there is limited freedom in this regard. Nevertheless,
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Algorithm 1 NSFD-2 scheme for ut = F (u)

Require: model parameters, N , T , ∆t, u0i , i = 1, . . . , N
uni ← u0i , i = 1, . . . , N
M ← ⌈ T

∆t⌉
for n = 1, . . . ,M − 1 do

compute gi(u
n), i = 1, . . . , N given un

τi ← 2gi +
∑N

j=1
∂Fj

∂uj
· Fj

Fi
, i = 1, . . . , N

compute φi(∆t,x
n) from (4.3) or (4.4) given ∆t, un, τi, i = 1, . . . , N

un+1
i ← uni + φi(∆t,u

n)fi(u
n)

1 + φi(∆t,un)gi(un)
, i = 1, . . . , N

end for
Ensure: {(u11, . . . , u1N ), . . . , (uM1 , . . . , u

M
N )}

the functions φi satisfying these conditions are not uniquely determined. For instance, if τi denotes the
right-hand side of the i-th equation in (4.2), one possible choice is the exponential-like functions

φi(∆t,u) =


eτi(u)∆t − 1

τi(u)
, if τi(u) ̸= 0,

∆t, if τi(u) = 0.

(4.3)

Another possible choice is the polynomial-like functions

φi(∆t,u) = ∆t+
∆t2

2
τi(u). (4.4)

The functions (4.3) and (4.4) satisfy not only (4.2) but also condition (1) in Definition 2.1, i.e., φi(∆t,x) =
∆t + O(∆t2), as ∆t → 0 and φi(∆t,u) > 0, for all ∆t > 0 and u ∈ Σ. We will refer to this method as
NSFD-2 scheme. We notice that at each time step we need to compute the values τi and then update the
denominator functions φi such that conditions (4.2) are fulfilled. The final form of the NSFD-2 scheme is
described in Algorithm 1.

Theorem 4.1. Let φi(∆t,u), be functions satisfying the conditions (4.2). Then, NSFD method (2.6) is
convergent of order 2.

Proof. First, we apply Taylor’s theorem to the components of the solution ui(t), i = 1, . . . , N to obtain

ui(t
n+1) = ui(t

n) + ∆tu′(tn) +
∆t2

2
u′′i (t

n) + τni , (4.5)

where

τni =
∆t3

6

d3ui
dt3

(tn + θi∆t), θi ∈ [0, 1]. (4.6)

are the local truncation errors. If τn := (τn1 , . . . , τ
n
N )T, then the norm of the local truncation error is

∥τn∥∞ = max1≤i≤N τni . By Assumptions (1.2), we have that the right-hand side functions are of class C2,
so it follows that the solution is of class C3 with bounded derivatives over [0, T ]. Therefore, we have the
following bound for the local truncation error:

∥τn∥∞ ≤M∆t3. (4.7)

We now employ the notation (R1(∆t,u
n), . . . , RN (∆t,un))T for the right-hand side of the scheme (2.7). It

follows from (2.8) that

Ri(0,x) = ui, i = 1, . . . , N. (4.8)



CONVERGENCE ANALYSIS OF NSFV FOR DIFFUSION-PRODUCTION-DESTRUCTION MODEL 17

In addition, we observe that the first partial derivative of Ri with respect to ∆t is given by

∂Ri(∆t,u)

∂∆t
=

∂

∂∆t

[
ui +Gi(∆t,u)Fi(u)

]
=

∂φi(∆t,u)

∂∆t

(
1

1 + φi(∆t,u)gi(u)

)
+ φi(∆t,u)

 −∂φi(∆t,u)

∂∆t
gi(u)

(1 + φi(∆t,u)gi(u))2


Fi(u).

(4.9)

Then, taking into account that φi(0,u) = 0 and ∂φi(0,u)
∂∆t = 1, it follows that

∂Ri(0,u)

∂∆t
= Fi(u), i = 1, . . . , N. (4.10)

Now, from (4.9) we can compute the second derivative of Ri by

∂2Ri(∆t,u)

∂∆t2
=

[
∂2φi(∆t,u)

∂∆t2

(
1

1 + φi(∆t,u)gi(u)

)
− 2

∂φi(∆t,u)

∂∆t

gi(u)

(1 + φi(∆t,u)gi(u))2

+φi(∆t,u)
∂

∂∆t

 −∂φi(∆t,u)

∂∆t
gi(u)

(1 + φi(∆t,u)gi(u))2


Fi(u).

Again we use the facts φi(0,u) = 0 and ∂φi(0,u)
∂∆t = 1, to obtain

∂2Ri(0,u)

∂∆t2
= Fi(u)

[
∂2φi(0,u)

∂∆t2
− 2gi(u)

]
, i = 1, . . . , N. (4.11)

Considering the numerical solution just as a function of ∆t, we use the Taylor expansion in that variable
and combine (4.8), (4.10), and (4.11) to obtain that

un+1
i = Ri(0,u

n) + ∆t
∂Ri(0,u

n)

∂∆t
+

∆t2

2

∂2Ri(0,u
n)

∂∆t2
+O(∆t3)

= uni +∆tFi(u
n) +

∆t2

2
Fi(u

n)

[
∂2φi(0,u

n)

∂∆t2
− 2gi(u

n)

]
+O(∆t3).

(4.12)

Now from (4.2), (4.5), (4.7), and (4.11) we can infer that the difference equation for the error en+1 :=
un+1 − u(tn+1) is

en+1 := en +∆t

 F1(u
n)− F1(u(t

n))
...

FN (un)− FN (u(tn))

+
∆t2

2


dF1

dt (un)− dF1

dt (u(tn))
...

dFN

dt (un)− dFN

dt (u(tn))

+ M̃∆t3,

for some constant M̃ > 0 independent of ∆t. Then, if L = max{Li : 1 ≤ i ≤ N} and L̃ = max{L̃i :

1 ≤ i ≤ N}, where Li and L̃i, are the Lipschitz constants for Fi and ∂tFi, respectively. Then for a fixed
j ∈ {1, . . . , N}, we get the following bound for the local truncation error en+1

j :

|en+1
j | ≤ ∥en∥∞ +∆t

N∑
i=1

∣∣Fi(u
n)− Fi(u(t

n))
∣∣+ ∆t2

2

N∑
i=1

∣∣∣∣dFi

dt
(un)− dFi

dt
(u(tn))

∣∣∣∣+ M̃∆t3

≤ ∥en∥∞ +∆t

N∑
i=1

Li

∣∣un − u(tn)
∣∣+ ∆t2

2

N∑
i=1

L̃i

∣∣un − u(tn)
∣∣+ M̃∆t3

≤
(
1 +N∆tL+N

∆t2

2
L̃

)
∥en∥∞ + M̃∆t3.

Therefore, we get the following upper bound for the error,

∥en+1∥∞ ≤
(
1 +N∆tL+N

∆t2

2
L̃

)
∥en∥∞ + M̃∆t3. (4.13)



18 ARENAS, BARAJAS-CALONGE, GONZALEZ-PARRA, AND VILLADA

Then, applying the discrete Gronwall inequality we arrive at

∥en∥∞ ≤ exp

(
nN∆tL+

∆t2

2
nNL̃

)
∥e0∥∞ + (nM̃∆t3) exp

(
nN∆tL+

∆t2

2
nNL̃

)
≤ exp

(
NLT +

T 2

2
NL̃

)
∥e0∥∞ + exp

(
NLT +

T 2

2
NL̃

)
M̃T∆t2.

(4.14)

Hence, we conclude that,

∥un − u(tn)∥∞ ≤ exp

(
NLT +

T 2

2
NL̃

)
∥u0 − u(0)∥∞ + exp

(
NLT +

T 2

2
NL̃

)
TM̃∆t2

= O
(
∥u0 − u(0)∥∞

)
+O(∆t2).

(4.15)

Thus, the numerical scheme (2.7) is convergent with order 2. □

Now, if we directly combine the Finite Volume approach described in Section 2.3 to discretize the spatial
derivatives while retaining the second-order temporal step (4.1) for the reaction part, the resulting scheme
reads as follows: for all K ∈ T and n ∈ {0, 1, . . . ,M}, find {un+1

i,K }K∈T such that

m(K)
un+1
i,K − uni,K
φi

(
∆t,un

K

) − di ∑
L∈N (K)

τK|L(u
n+1
i,L − u

n+1
i,K ) = m(K)F̄i(u

n
K ,u

n+1
K ), i = 1, . . . , N. (4.16)

We refer to (4.16) as NSFV-1. Although this scheme is dynamically consistent with the reaction system,
preserves the positivity of the solutions, and achieves second-order accuracy in space, its temporal accuracy is
only first order. This can be established by following the arguments of Theorem 4.1, and is further confirmed
numerically in Section 5 through a convergence test. To overcome this limitation, we introduce the so-called
Strang splitting technique [57] in the following subsection in order to obtain a new scheme with order 2.

4.2. Strang-splitting for the diffusion-reaction system. Having established a second-order NSFD in-
tegrator for the reaction subsystem (Theorem 4.1), we now combine it with the finite volume spatial dis-
cretization of Section 2.3 into a fully second-order scheme via Strang operator splitting [37]. To start with,
we decompose the right-hand side of (1.1) into a reaction operator R and a diffusion operator D:

R(u)i := Fi(u) = fi(u)− gi(u)ui, D(u)i := di ∆ui, i = 1, . . . , N. (4.17)

For component i, the diffusion substep requires advancing the purely diffusive system

d

dt
Vi(t) = di LVi(t), t ∈ [0,∆t], Vi(0) = U

(1)
i , i = 1, . . . , N, (4.18)

where Vi(t) ∈ RNe collects the cell-average values over all K ∈ T , and L ∈ RNe×Ne is the finite volume
discretization of the Laplacian on the general mesh. The matrix L is symmetric and negative semi-definite
with respect to the discrete inner product ⟨u, v⟩T :=

∑
K∈T m(K)uKvK . This follows from the discrete

integration-by-parts identity

−⟨v, Lv⟩T =
1

2

∑
K∈T

∑
L∈N (K)

τK|L(vL − vK)2 = |v|21,T ≥ 0, (4.19)

where | · |1,T is the discrete semi-norm defined in (2.10). Given Un ≈ u(·, tn), the scheme advances one step
∆t via the following three sub-steps:

• Step 1. We first perform half-step of the reaction part. For each K ∈ T , compute U
(1)
i by applying

NSFD-2 scheme described in Algorithm 1 with step size ∆t/2:

U
(1)
i,K = Un

i,K +Gi

(
∆t
2 , U

n
K

)
Fi(U

n
K), i = 1, . . . , N, (4.20)

where

Gi(∆t,u) :=
φi(∆t,u)

1 + φi(∆t,u) gi(u)
, (4.21)

and τi(u) is given by condition (4.2).
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• Step 2. Next, we perform a full-step in the diffusion part. For each i = 1, . . . , N , solve (4.18), i.e.
we solve the problem:

U
(2)
i = exp(∆tdiL)U (1)

i . (4.22)

• Step 3. For each K ∈ T , repeat Step 1 with step size ∆t/2 and initial data U (2):

Un+1
i,K = U

(2)
i,K +Gi

(
∆t
2 , U

(2)
K

)
Fi(U

(2)
K ), i = 1, . . . , N. (4.23)

We will refer to the scheme (4.20)-(4.23) as NSFV-2 scheme. We notice that the NSFV-2 scheme preserves
the positivity of the solution, as stated in the following result.

Theorem 4.2. Let Un
i,K ≥ 0 for all K ∈ T , i = 1, . . . , N . Then the solution produced by the NSFV-2

scheme (4.20)–(4.23) satisfies Un+1
i,K ≥ 0 for all K ∈ T , i = 1, . . . , N .

Proof. We verify non-negativity at each substep:

• Step 1. Since fi ≥ 0, gi ≥ 0, φi ≥ 0, and Un
i,K ≥ 0, the update (4.20) satisfies

U
(1)
i,K =

Un
i,K + φi

(
∆t
2 , U

n
K

)
fi(U

n
K)

1 + φi

(
∆t
2 , U

n
K

)
gi(Un

K)
≥ 0, ∀K ∈ T , i = 1, . . . , N, (4.24)

since the numerator and denominator are both non-negative, with the denominator strictly positive.

• Step 2. We have from Step 1 that U
(1)
i,K ≥ 0, so it is clear that U

(2)
i = exp(∆tdiL)U (1)

i ≥ 0, for all
K ∈ T , i = 1, . . . , N .

• Step 3. From Step 2 we have that U
(2)
i,K ≥ 0 and proceeding as in Step 1 we will get that Un+1

i,K ≥ 0,
for all K ∈ T , i = 1, . . . , N .

□

The global error of the NSFV-2 scheme receives contributions from two sources. The Strang splitting
contributes O(∆t2) globally [37]. It can be shown that, on admissible meshes, the finite volume spatial
discretization contributes an error of order O(h) [24]. However, it is well known that finite volume approx-
imations of parabolic problems often exhibit spatial superconvergence. This longstanding phenomenon has
recently been addressed for elliptic problems with homogeneous Dirichlet boundary conditions [22], where
the authors analyze the superconvergence of a family of gradient schemes, namely the hybrid mimetic mixed
(HMM) schemes; estimates for parabolic problems with Neumann boundary conditions are still missing in
the finite volume literature. Therefore, since all contributions are expected to be of order 2, the overall
accuracy of the NSFV-2 scheme is expected to be O(∆t2+h2). This accuracy is confirmed by the numerical
experiments presented in Section 5.

5. Numerical examples

The primary aim of this section is to present a set of numerical examples that demonstrate the robustness of
the developed schemes. First, we perform a series of convergence tests to show that the developed schemes
converge with the expected order. Then, we apply the convergent NSFV scheme to different contexts, where
we simulate the behavior of the models in 2D domains with complex geometries. We employ denominator
function (4.4) for schemes NSFD-2, NSFV-1, and NSFV-2 in all examples.

5.1. Example 1. Order of accuracy of NSFD-2 schemes. In this example, we want to check the
convergence order of the NSFD-2 method described in Section 4.1. To do so, let us consider a heuristic
model with N = 2 given by

du1
dt

= f1(u1, u2)− u1g1(u1, u2),
du2
dt

= f2(u1, u2)− u2g2(u1, u2), , (5.1)
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Table 1. Example 1. Comparison of errk(T ) and convergence rate θk at simulation time
T = 1 for different discretizations Mk = 2k · 10 with k = 0, 1, . . . , 5.

NSFD-1 Euler NSFD-2 RK-2

k Mk errk θk cpu [s] errk θk cpu [s] errk θk cpu [s] errk θk cpu [s]

0 10 6.0e-03 ⋆ 4.9e-05 3.0e-04 ⋆ 8.7e-05 2.9e-06 ⋆ 8.2e-05 4.6e-07 ⋆ 1.3e-04
1 20 3.0e-03 0.998 7.0e-05 1.5e-04 1.002 1.1e-04 7.3e-07 1.996 1.3e-04 1.2e-07 2.003 2.2e-04
2 40 1.5e-03 0.999 1.4e-04 7.5e-05 1.001 2.2e-04 1.8e-07 1.998 2.6e-04 2.9e-08 2.001 4.6e-04
3 80 7.5e-04 1.000 2.9e-04 3.8e-05 1.000 4.6e-04 4.6e-08 1.999 5.6e-04 7.2e-09 2.001 9.1e-04
4 160 3.7e-04 1.000 5.7e-04 1.9e-05 1.000 9.2e-04 1.1e-08 2.000 1.1e-03 1.8e-09 2.000 1.9e-03
5 320 1.9e-04 1.000 1.2e-03 9.4e-06 1.000 1.8e-03 2.9e-09 2.000 2.2e-03 4.5e-10 2.000 3.7e-03

with functional responses defined as

f1(u1, u2) = α1 +
β1u

2
1

1 + u21
, g1(u1, u2) = γ1 + η1

u21 + u22
1 + u21 + u22

,

f2(u1, u2) = α2 +
β2u

2
2

1 + u22
, g2(u1, u2) = γ2 + η2

u21 + u22
1 + u21 + u22

.

(5.2)

Let us set the parameters as α1 = 0.2, β1 = 0.8, γ1 = 0.5, η1 = 0.3, α2 = 0.1, β2 = 0.7, γ2 = 0.4, η2 = 0.2
In this test we set the initial conditions as u01 = 1.2, u02 = 0.8. We consider the following sequence of nodes
Mk = 2k · 10, which defines a sequence of time-steps ∆tk = T/Mk, k = 0, . . . , 5. To compare the accuracy of
the solutions, we compute a reference solution using a classical fourth-order Runge-Kutta (RK-4) scheme.

At each level k, we compute the absolute errors between the solution vector (uMk
1 , uMk

2 )T and the reference

solution in the grid of level k, denoted by (uMk

1,ref , u
Mk

2,ref)
T i.e. we compute the error at T by using the following

expression

errk(T ) :=
∣∣uMk

1 − uMk

1,ref

∣∣+ ∣∣uMk
2 − uMk

2,ref

∣∣, k = 0, . . . , 5, (5.3)

and the convergence rates were calculated with the following formula

θk := log2(errk−1/errk), k = 1, . . . , 5. (5.4)

We compare the numerical approximations with respect to the approximations obtained with the NSFD-1
described in Section 2.1 with denominator functions given by φi(∆t) = ∆t, i = 1, 2 and the classical first-
order Euler scheme and second-order Runge-Kutta scheme (RK-2). In Table 1 we show the approximate error
and convergence rate at the simulation time T = 1 for different discretizations. Numerical results confirm
the second-order accuracy of the NSFD-2 scheme in contrast to the first-order of the Euler and NSFD-1
schemes. In particular, the performance of the NSFD-2 is compared with the Heun scheme (RK2), which
can be observed in Figure 5.1. We notice that the NSFD-2 scheme yields slightly larger errors than the Heun
method, although the results remain comparable. It should also be noted that the Heun method is slightly
more efficient in terms of CPU time, mainly because the NSFD-2 scheme requires additional evaluations at
each iteration. Nevertheless, the computational times of both methods are of the same order. In the next
Example, however, our numerical method outperforms the Heun scheme.

5.2. Example 2. Dynamical consistency of the NSFD-2 scheme. In this example, we aim to illustrate
the importance of correctly designing numerical approximations for the reaction terms. To this end, we
consider a numerical approximation of the eco-epidemiological system proposed in [53] using the NSFD-2
scheme introduced in Section 4.1. Let X denote the total prey population and Y the predator population.
We assume that an infectious disease spreads within the prey population, which is therefore divided into
two subpopulations: susceptible individuals, denoted by S, and infected individuals, denoted by I. The
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Figure 5.1. Example 1. Plot of errk(1) against Mk = 2k · 10 with k = 0, 1, . . . , 5, for each
scheme tested as a function of M .

governing model equations are given by:

dS

dt
= rS

(
1− S + I

k

)
− λSI,

dI

dt
= λSI − α(1− ν)Y I

a+ (1− ν)I
− µI,

dY

dt
= Y

(
δ − ηY

a+ (1− ν)I

)
,

(5.5)

where r is an intrinsic birth rate constant, k is the carrying capacity of the system, λ is the disease transmis-
sion coefficient, µ the per capita death rate of infected prey, a is the half saturation constant for infected prey
population in absence of refuge, νI is the capacity of a refuge at time t, where 0 < ν < 1. This leaves (1−ν)I
of the infected prey available to the predator, and η is the density-dependent mortality of the predator. The
endemic equilibrium of this system is given by

E∗ = (S∗, I∗, Y ∗) =

(
α(1− ν)δ + ηµ

λη
,
rλη − b(α(1− ν)δ + ηµ

λη(b+ λ)
,
δ

η

(
a+

b(1− ν)(α(1− µ)δ + ηµ)

λη(b+ λ)

))
,

where b = r/k. In this example, we demonstrate that the proposed NSFD-2 scheme preserves the stability
of this equilibrium, whereas classical schemes such as the forward Euler and RK-2 methods fail to do so
for certain values of ∆t. To do so, we set the parameters as r = 5.5, b = 0.3, λ = 0.09, α = 1.4, µ =
0.6, δ = 0.2, η = 0.4, ν = 0.15, a = 0.2 and the initial condition as S0 = 10, I0 = 5, Y 0 = 3. Figure 5.2
displays the numerical solutions of model (5.5) for each component S(t), I(t) and Y (t) for 0 ≤ t ≤ 100,
computed with NSFD-2, Euler, and RK-2 schemes for different step sizes ∆t ∈ {0.1, 0.5, 1}. For ∆t = 0.1,
we can observe in Figure 5.2 (left column) that all the numerical schemes describe the correct dynamics.
However, for ∆t ∈ {0.5, 1} we can observe in Figure 5.2 (middle and right columns, respectively) some
spurious oscillations in the numerical solutions obtained with the Euler and RK-2 schemes. Thus, these
results corroborate the unconditional stability of the proposed NSFD-2 numerical scheme for all values of
∆t.

5.3. Example 3. Order of accuracy of NSFV schemes. For the case of the reaction diffusion system
(1.1), we are interested in analyzing both temporal and spatial convergence. To do so, we consider the
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Figure 5.2. Example 2. Numerical solutions for the three populations S, I and Y for the
ODE model in Example 2, with 0 ≤ t ≤ 100 computed with Euler, RK-2 and NSFD-2
numerical schemes with step sizes ∆t ∈ {0.1, 0.5, 1}.

diffusive version of the model studied in Example 1, i.e.

∂u1
∂t

= d1∆u1 + f1(u1, u2)− u1g1(u1, u2),

∂u2
∂t

= d2∆u2 + f2(u1, u2)− u2g1(u1, u2),
(5.6)

where f1, f2, g1, g2 are given by (5.2). We posed the model (5.6) in a square domain Ω = (0, 1)×(0, 1) and we
consider an structured mesh of Nx×Ny control volumes given by T := {Kℓ,j : ℓ = 1, . . . , Nx, j = 1, . . . , Ny},
where ∆x = 1/Nx, ∆y = 1/Ny, and Kℓ,j := [xℓ−1/2, xℓ+1/2]× [yj−1/2, yj+1/2], xℓ−1/2 := ℓ∆x, ℓ = 0, . . . , Nx,
yj−1/2 := j∆y, j = 0, . . . , Ny. We set the same parameters as in Example 1 and the diffusion coefficients
d1 = 0.03, d2 = 0.02. In addition, we set the initial condition as

u01(x) = 1.2 + 0.2 cos(2πx) cos(2πy) + 0.1 exp
(
− 100

[
(x− 0.3)2 + (y − 0.4)2

])
,

u02(x) = 0.8 + 0.1 sin(2πx) sin(2πy) + 0.1 exp
(
− 120

[
(x− 0.7)2 + (y − 0.6)2

])
,

for all x = (x, y) in Ω. Then, we measure the errors as follows: for the temporal order, we chose a fine spatial
grid of Nx × Ny = 102 400 control volumes and a sequence of temporal discretization points Mk = 5 · 2k,
for k = 1, . . . , 6. For comparison purposes, we employ a reference solution obtained with the same scheme
with Mref = 5 · 210 points. We measure the errors by components and the total temporal L∞ error is the
measured as:

err
(i)
k,t(T ) := max

1≤ℓ≤Nx

1≤j≤Ny

∣∣∣uMk

i,Kℓ,j
− uMref

i,Kℓ,j

∣∣∣, k = 1, . . . , 6, i = 1, 2.
(5.7)
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Table 2. Example 3. Comparison of err
(i)
k,t(T ), and convergence rates θ

(i)
k,t, i = 1, 2 at

simulation time T = 1 for different temporal discretizations Mk = 2k · 10, k = 0, 1, . . . , 5
and for a fixed spatial discretization of Nx ×Ny = 16384 control volumes.

NSFV NSFV-1 NSFV-2

k Mk err
(1)
k,t θ

(1)
k,t err

(2)
k,t θ

(2)
k,t err

(1)
k,t θ

(1)
k,t err

(2)
k,t θ

(2)
k,t err

(1)
k,t θ

(1)
k,t err

(2)
k,t θ

(2)
k,t

0 10 7.6e-03 ⋆ 5.2e-03 ⋆ 3.0e-03 ⋆ 1.9e-03 ⋆ 8.3e-05 ⋆ 1.0e-04 ⋆
1 20 3.9e-03 0.986 2.6e-03 0.980 1.5e-03 1.001 9.5e-04 1.005 2.1e-05 1.973 2.5e-05 2.066
2 40 1.9e-03 0.995 1.3e-03 0.992 7.4e-04 1.003 4.7e-04 1.005 5.2e-06 2.007 6.0e-06 2.046
3 80 9.6e-04 1.002 6.6e-04 1.000 3.7e-04 1.006 2.3e-04 1.007 1.3e-06 1.989 1.6e-06 1.938
4 160 4.8e-04 1.010 3.3e-04 1.009 1.8e-04 1.012 1.2e-04 1.012 3.3e-07 2.001 3.8e-07 2.048
5 320 2.4e-04 1.022 1.6e-04 1.022 8.9e-05 1.023 5.7e-05 1.023 8.2e-08 1.999 9.5e-08 2.002
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Figure 5.3. Example 3: Approximate L∞ errors for the NSFV, NSFV-1, and NSFV-2
schemes, tested as a function of M , for the (a) first component and (b) second component
of the numerical solution.

The convergence rates are computed by the following formula

θ
(i)
k,t := log2

(
err

(i)
k−1,t/err

(i)
k,t

)
, k = 2, . . . , 6, i = 1, 2. (5.8)

We measure the errors and convergence rates of NSFV, NSFV-1, and NSFV-2 schemes given by (2.13),

(4.16), and (4.20)-(4.23), respectively. The approximate L∞ errors err
(i)
k,t(T ) defined by (5.7) and their

corresponding numerical orders θ
(i)
k,t given by (5.8) are displayed in Table 2 at time T = 1. The behavior

of θ
(i)
k,t for increasing values of M confirms first-order convergence in time for schemes NSFV and NSFV-1,

and second-order convergence in time for scheme NSFV-2, in each component i = 1, 2, which corroborates
the discussion in Section 4. We are also interested in studying the spatial convergence rate of the proposed
NSFV schemes. To do so, we chose a fine temporal grid of M = 4000 points and a sequence of spatial
discretization points Nx

k = Ny
k = 2k + 1, for k = 2, . . . , 6. For comparison purposes, we employ a reference

solution obtained with the same scheme with Nx
ref ×N

y
ref = 66049 control volumes. We then measure the L1
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Table 3. Example 3. Comparison of err
(i)
k,x(T ), and convergence rates θ

(i)
k,x, i = 1, 2 at

simulation time T = 1 for different spatial discretizations Nx
k = Ny

k = 2k + 1, k = 2, . . . , 6
and for a fixed temporal discretization of M = 4000 temporal steps.

NSFV NSFV-1 NSFV-2

k Nx
k ×N

y
k err

(1)
k,x θ

(1)
k,x err

(2)
k,x θ

(2)
k,x err

(1)
k,x θ

(1)
k,x err

(2)
k,x θ

(2)
k,x err

(1)
k,x θ

(1)
k,x err

(2)
k,x θ

(2)
k,x

2 25 2.2e-03 ⋆ 3.9e-03 ⋆ 3.0e-03 ⋆ 3.9e-03 ⋆ 2.2e-03 ⋆ 3.9e-03 ⋆
3 81 5.5e-04 2.034 9.0e-04 2.129 5.5e-04 2.034 9.0e-04 2.129 5.5e-04 2.034 9.0e-04 2.129
4 289 1.4e-04 2.017 2.2e-04 2.048 1.4e-04 2.017 2.2e-04 2.048 1.4e-04 2.017 2.2e-04 2.048
5 1089 3.3e-05 2.029 5.3e-05 2.025 3.3e-05 2.029 5.3e-05 2.025 3.3e-05 2.029 5.3e-05 2.025
6 4225 7.9e-06 2.074 1.3e-05 2.073 7.9e-06 2.074 1.3e-05 2.073 7.9e-06 2.074 1.3e-05 2.073
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Figure 5.4. Example 3: Approximate spatial L1 errors for the NSFV, NSFV-1, and NSFV-
2 schemes, tested as a function of Nx × Ny, for the (a) first component and (b) second
component of the numerical solution.

errors by components as:

err
(i)
k,x(T ) := ∆x∆y

Nx
k∑

ℓ=1

Ny
k∑

j=1

∣∣ũMi,Kℓ,j
(T )− uMi,Kℓ,j

(T )
∣∣, k = 1, . . . , 5, i = 1, 2, (5.9)

where ũMi,Kℓ,j
is the projection of the reference solution in the coarse k-th grid. The convergence rates are

calculated with the following formula

θ
(i)
k,x := log2

(
err

(i)
k−1,x/err

(i)
k,x

)
, k = 2, . . . , 6, i = 1, 2. (5.10)

The results for this test are displayed in Table 3. The behavior of θ
(i)
k,x for increasing values of Nx × Ny

confirms second-order convergence in space for all schemes NSFV, NSFV-1, and NSFV-2, in each component
i = 1, 2, which corroborates the discussion made at the end of Section 4.

5.4. Example 4. Applications of the numerical scheme. The following numerical experiments are
designed to illustrate the versatility of the proposed convergent NSFV numerical method. We consider
numerical simulations arising in epidemiological and ecological contexts, showing that the scheme accurately
describes the epidemic. In addition, simulations show that the scheme is capable of capturing Turing patterns
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(a) (b)

(c) (d)

Figure 5.5. (a) Circular domain of Example 5.4.2 and reference mesh with 1499 triangles.
(b) Mesh of the Biob́ıo region in Chile used in Example 5.4.1 with 18098 triangles. (c) Map
of the Sanyang Wetland in Wenzhou City, Zhejiang Province, China taken from [38], and
(d) a reference triangulation of the D11 sector used in Example 5.4.3 with 5430 triangles.

predicted by theoretical analysis in ecological contexts [25, 58]. Moreover, the numerical experiments are
performed on complex geometries, thereby demonstrating that the method is not restricted to rectangular
computational domains. This is one main advantage of numerical schemes based on finite volumes.

5.4.1. Application to a SIR model. Mathematical models that describe the spread of a disease based on
PDEs have been proposed in [9, 27, 42]. If S, I, and R represent the numbers of susceptible, infected, and
recovered individuals, respectively, a diffusive SIR epidemic model can be formulated as follows:

∂S

∂t
= dS∆S + Λ− βSI

1 + αI
− µS,

∂I

∂t
= dI∆I +

βSI

1 + αI
− γI

1 + αI
− (µ+ d+ γ)I,

∂R

∂t
= dR∆R+ δI +

γI

1 + αI
− µR,

(5.11)
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where Λ denotes the inflow population (newborns and immigration), µ is the natural death rate, d is the
disease-induced death rate, γ is the natural recovery rate, and dS , dI , and dR denote the diffusion rates of
susceptible, infected, and recovered individuals, respectively. In this model, the infection occurs at a nonlinear
saturated incidence rate defined as βSI

1+αI , where β > 0 denotes the transmission or contact rate, while α > 0
is a saturation parameter that reflects behavioral responses or constraints on contact opportunities when
the infected population becomes large. In addition, the treatment process is modeled by the term γI

1+αI ,
where γ denotes the maximum per capita treatment rate, and α is a saturation parameter that accounts for
treatment delays caused by limited healthcare resources or congestion. Notice that (5.11) can be put in the
form of (1.1), with response functions fi and gi defined by

fS(S, I,R) = Λ, gS(S, I,R) =
βI

1 + αI
+ µ,

fI(S, I,R) =
βSI

1 + αI
, gI(S, I,R) =

γ

1 + αI
+ µ+ d+ γ,

fR(S, I,R) = δI +
γI

1 + αI
, gR(S, I,R) = µ,

(5.12)

which satisfy assumptions (1.2) in Σ = RN
+ . According to Theorem 3.4 in [64], model (5.11) admits the same

basic reproduction number as its ODE counterpart. Employing the next-generation matrix technique [61]

one can show that R0 = βΛ
µ(µ+d+δ+γ) . To illustrate the ability of the NSFV-1 scheme (2.13) to accurately

describe epidemic dynamics, we consider a spatial domain shaped like the Biob́ıo Region in Chile. We take
parameters as Λ = 1, β = 2.4, α = 0.5, µ = 0.2, γ = 0.3, δ = 0.25, d = 0.05, dS = 0.05, dI = 0.002,

dR = 0.03. Let βcrit > 0 be such that R0 = 1, i.e. βcrit = µ(µ+d+δ+γ)
Λ , so the spread of the infection is

analyzed in two scenarios. In Scenario 1, we consider β∗ = 1.2βcrit, so R0 > 1; and in Scenario 2, we choose
β∗ = 0.9βcrit so that R0 < 1. We fix an initial infection hotspot located at (x0, y0) in the capital city,
Concepción (see Figure 5.6), i.e. we set:

S0(x) = Λ/µ, I0(x) = 0.25 exp

(
−(x− x0)2 − (y − y0)2

2σ2

)
, R0(x) = 0, x ∈ Ω,

for x = (x, y) in Ω and σ = 0.5203. We simulate system (5.11) until t = 30 and using a time step size
∆t = 0.5. As shown in Figure 5.6, the scheme successfully reproduces the expected qualitative behavior of
the solutions. In particular, the infection spreads when R0 > 1 (Scenario 1), whereas the disease eventually
dies out when R0 < 1 (Scenario 2).

5.4.2. Application to a food chain model. In [68] the authors proposed a diffusive food chain model describing
the interaction between a prey, an intermediate predator, and a top predator, i.e., a predator of the whole
ecosystem. If u stands for the prey density, w is the top predator density, and v describes the density of the
intermediate predator. Thus, the equations for the mathematical model are as follows

∂u

∂t
= d1∆u+ u(1− u)− c1uv

u+ v
,

∂v

∂t
= d2∆v +

m1uv

u+ v
− q1v −

c2vw

v + w
,

∂w

∂t
= d3∆w +

m2vw

v + w
− q2w,

(5.13)

where c1 and c2 are the maximum ingestion rates of intermediate predator and top predator, m1 is the
conversion factor of prey to intermediate predator, m2 is the conversion factor of intermediate predator, q1
is the food-independent death rate of the intermediate predator, and q2 is the food-independent death rate
of the top predator, and d1, d2, and d3 are the diffusion coefficients of the three species. In this case, the
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Figure 5.6. Spread of the infection in two cases (a) Scenario 1, where the basic repro-
duction number satisfies R0 > 1 and (b) Scenario 2, where the basic reproduction number
satisfies R0 < 1.

response functions fi and gi are given by

f1(u, v, w) = u, g1(u, v, w) = u+
c1v

u+ v
,

f2(u, v, w) =
m1uv

u+ v
, g2(u, v, w) = q1 +

c2w

v + w
,

f3(u, v, w) =
m2vw

v + w
, g3(u, v, w) = q2.

(5.14)

Notice that functions (5.14) satisfy hypothesis (1.2) in the admissible rectangle Σ = {(u, v, w) : 0 < u ≤
1, v > 0, w > 0}. Provided that the initial condition u0 belongs to Σ, we can follow Lemma 3.2 in [11] to
show that the NSFV scheme (2.13) preserves this invariant rectangle. The goal of this test is to reproduce
the Turing pattern formation analyzed in [68] for different values of the parameters in a complex geometry.
In this case, we define the mathematical model in a circle-shaped domain. We discretize the domain with a
triangulation T = {Kj : j = 1, . . . , Ne}, with Ne = 23438 triangles (see Figure 5.5 (a) for a reference mesh
of Ω) and set ∆t = 1. We set the parameters m1 = 1.5, m2 = 2, q1 = 0.6, q2 = 1, c2 = 0.5, d1 = 0.01,
d2 = 0.1, d3 = 1. We vary the parameters (q1, c1) in order to obtain the same patterns as in [68] in our
circle-shaped domain. The initial condition is set to be a perturbation of the interior equilibrium point
E∗ = (u∗, v∗, w∗) = (0.20267, 0.15498, 0.15498), i.e.

z0(x) =

Ne∑
j=1

(z∗ + perj)χKj
(x), x ∈ Ω, z ∈ {u, v, w}, (5.15)

where perj = (2ξj − 1) · (5 × 10−4), and ξj ∼ U(0, 1), i.i.d. for j = 1, . . . , Ne. We then investigate
the influence of the parameter c1 by considering different values of it and recovering some of the pattern
formations described in [68]. These results are shown in Figure 5.7. For c1 = 1.84, the model displays
a regular pattern of holes. As c1 is increased to 1.95, the dynamics undergo a transition from stripe-hole
growth to stripe replication; in other words, the holes gradually disappear and a stripe pattern develops.
Finally, for c1 = 2.21, a spot pattern is formed. Furthermore, we observe that higher values of the parameter
c1 lead to smaller prey densities. This is due to a larger predator effect on the prey in the ratio-dependent
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u(x, t) v(x, t) w(x, t)

Figure 5.7. Numerical solutions of the concentrations u(x, t), v(x, t), and w(x, t) at t =
20000 for c1 = 1.84 (first row), at t = 20000 for c1 = 1.95 (second row), and at t = 100000
for c1 = 2.21 (third row) in Example 5.4.2.

functional response. The increase in c1 describes a faster consumption of the prey by the predator since the
parameter c1 represents the maximum per capita grazing or attack rate of the predator v on u.

5.4.3. Application to a nutrient-algae model. In this numerical simulation, we consider the model studied
in [65,66] that describes a diffusive nutrient-algae model based on the Sanyang Wetland located in Wenzhou,
China. Let u and v denote the nutrient concentration and the algae density in the wetland, respectively.
The equations describing the dynamics of the ecosystem are given by [65]:

∂u

∂t
= d1∆u+ I − bu+

u2

1 + u2
− auv,

∂v

∂t
= d2∆v + rv

(
1− v

k

)
+ aeuv −mv,

(5.16)

where I is the input rate of nutrients flowing into the water, a is the maximum growth rate of the algae
population, e is the efficiency of conversion, r is the intrinsic growth rate, k the carrying capacity of the
algae population, m the death rate of the algae population, and d1 and d2 are the diffusion coefficients of
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t = 0 t = 1000 t = 5000 t = 10000

u(x, t)

v(x, t)

Figure 5.8. Numerical solutions of the concentrations of nutrients u(x, t) (first row) and
algae density v(x, t) (second row) for model (5.16) over the time interval 0 ≤ t ≤ 10000.
Snapshots are shown at t = 0 (initial condition), t = 1000, t = 5000, and t = 10000.

nutrients and algae, respectively. In this case the response functions fi and gi are given by

f1(u, v) = I +
u2

1 + u2
, g1(u, v) = b+ av,

f2(u, v) = rv + aeuv, g2(u, v) =
r

k
v +m.

(5.17)

Notice that functions (5.17) satisfy hypothesis (1.2) in the admissible rectangle Σ = {(u, v) : 0 ≤ u, 0 ≤ v ≤
1}. To study the Turing pattern formation, we set the parameters I = 0.0055, a = 0.6, b = 0.015, e = 0.28, r =
0.533, k = 1,m = 0.24, d1 = 0.1, d2 = 1.4. The initial condition is set to be a perturbation of the interior
equilibrium point E∗ = (u∗, v∗) = (0.77220, 0.79311), i.e. u0 and v0 is defined as in (5.15). We simulate until
t = 10000 with a time step of ∆t = 10. Notice that this is a relatively large time step size. Despite this the
numerical simulations generated with our proposed NSFV scheme reproduce the Turing pattern formation.
In Figure 5.8, we present snapshots at different times illustrating that the NSFV scheme correctly captures
the Turing pattern formation reported in [65] on a complex geometrical domain representing the geography
of the ecosystem under study.

6. Conclusions

In this work, we proposed and analyzed a finite volume scheme for a diffusion-production-destruction model
where the functions appearing in the reaction part satisfies certain general assumptions. The first con-
tribution of this work is the presentation of a novel FV scheme that combines a standard finite volume
discretization of the spatial operators with a nonstandard finite difference (NSFD) approach for the reaction
terms. This proposed FV scheme ensures that the discrete dynamics reproduce the qualitative behavior of
the spatially homogeneous system, as described in Section 2.1. In addition, we prove the existence of the
discrete solution of the resulting scheme. The second contribution is the proof of convergence of the scheme.
We employed L2-estimates and compactness arguments to establish that a sequence of discrete solutions
generated by this scheme converges to an admissible weak solution of the model, as stated in Theorem 3.6.
In Section 4, we proposed a second-order extension in both space and time that preserves positivity. We
first employed a second-order NSFD discretization for the reaction operator and observed that the direct
combination of this discretization with a standard FV discretization of the Laplacian yields a scheme that is
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second-order in space but only first-order in time. To overcome this limitation, we combined the second-order
NSFD scheme for the reaction part with a Strang splitting approach for the spatial approximation.
In Section 5, through a series of numerical experiments, we demonstrate that all proposed schemes converge
with the optimal order of accuracy predicted by the theory. Furthermore, we show that the NSFV scheme
exhibits robustness with respect to the domain geometry, the time-step size, and variations in the model
parameters. In addition, the scheme is shown to reproduce the different kinds of Turing patterns previously
reported for different models in ecology, demonstrating that the discretization is not only stable but also
capable of capturing complex spatial morphologies.
Finally, we are interested in developing arbitrarily high-order versions of the proposed scheme that preserve
key qualitative properties of the continuous model, such as the positivity and boundedness of the solutions,
as well as dynamical consistency with the corresponding ODE model. Furthermore, we aim to explore
the applicability of these schemes to models with heterogeneous coefficients and time delays arising in the
description of epidemic dynamics in complex scenarios.
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de Modelamiento Matemático (CMM), project FB210005 of BASAL funds for Centers of Excellence. This
paper is part of the Juan Barajas-Calonge Ph.D. thesis in the Program Doctorado en Matemática Aplicada,
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[50] G. I. Raḿırez-Espinoza and M. Ehrhardt, Conservative and finite volume methods for the convection-dominated pricing
problem, Advances in Applied Mathematics and Mechanics, 5 (2013), pp. 759–790.

[51] D. S. Ross and A. Cabal, A QSP PDE model of ADC transport and kinetics in a growing or shrinking tumor, Journal

of Pharmacokinetics and Pharmacodynamics, 52 (2025), p. 57.
[52] W. E. Schiesser, Mathematical Modeling Approach to Infectious Diseases, A: Cross Diffusion Pde Models for Epidemi-

ology, World Scientific, 2018.
[53] S. Sharma and G. Samanta, A Leslie–Gower predator–prey model with disease in prey incorporating a prey refuge, Chaos,

Solitons & Fractals, 70 (2015), pp. 69–84.

[54] R. Shokri Jahandizi, M. Mehdizadeh Khalsaraei, A. Shokri, and A. Khani, Efficient positivity-preserving NSFD
scheme: application to advection-diffusion-reaction equation, Journal of Applied and Computational Mechanics, 11 (2025),

pp. 611–624.

[55] M. J. Simpson, R. J. Murphy, and O. J. Maclaren, Modelling count data with partial differential equation models in
biology, Journal of Theoretical Biology, 580 (2024), p. 111732.

[56] A. S. Srinivasa Rao, PDE models in population dynamics, in Mathematical Demography: Theory and Modeling, Springer,

2025, pp. 19–31.
[57] G. Strang, On the construction and comparison of difference schemes, SIAM journal on numerical analysis, 5 (1968),

pp. 506–517.

[58] T.-X. Sun, Z.-C. Xue, and H.-T. Zhang, Spatiotemporal dynamics of a diffusive SI model in the regions of Turing-Hopf
bifurcation point, Nonlinear Dynamics, 113 (2025), pp. 10681–10703.
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[60] B. Takács and Y. Hadjimichael, High order discretization methods for spatial-dependent epidemic models, Mathematics

and Computers in Simulation, 198 (2022), pp. 211–236.
[61] P. Van den Driessche and J. Watmough, Reproduction numbers and sub-threshold endemic equilibria for compartmental

models of disease transmission, Mathematical biosciences, 180 (2002), pp. 29–48.

[62] A. Viguerie, A. Veneziani, G. Lorenzo, D. Baroli, N. Aretz-Nellesen, A. Patton, T. E. Yankeelov, A. Reali, T. J.
Hughes, and F. Auricchio, Diffusion–reaction compartmental models formulated in a continuum mechanics framework:

application to COVID-19, mathematical analysis, and numerical study, Computational Mechanics, 66 (2020), pp. 1131–

1152.
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