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ABSTRACT. This article presents a novel algorithmic framework for solving a broad class
of nonlinear inclusion problems involving non-monotone and Lipschitz continuous opera-
tors. Our primary motivation originates from the study of adjoint mismatch problems,
which frequently arise in inverse problems and data science when the adjoint of a linear
measurement operator is replaced by an approximation. Because this approximation may
inherently destroy classical monotonicity properties, standard convergence guarantees for
splitting methods may no longer apply. To address this, we consider a Nonlinear Forward-
Backward algorithm and rigorously establish its convergence without assuming monotonic-
ity. By leveraging a warped resolvent formulation and semimonotonicity assumptions, we
derive explicit conditions ensuring both weak convergence and, under stronger assumptions,
R-linear convergence. Furthermore, our theoretical analysis yields new convergence guar-
antees for several popular methods, including the Condat—Va and Forward-Half-Reflected-
Backward algorithms. Finally, we illustrate our theoretical findings and demonstrate the
applicability of our approach through numerical experiments in signal recovery.

Keywords. Splitting algorithms, convergence analysis, fized point theory, convexr optimiza-
tion, adjoint mismatch
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1. INTRODUCTION

The main objective of this paper is to develop numerical methods for solving the following
problem.

Problem 1.1. Let H and G be real Hilbert spaces. Let L: H — G be a bounded linear operator
with adjoint L*: G — H. Let A: H — 2™ and B: G — 29 be set-valued operators, let C: H —
H be a B-cocoercive operator for 5 € 10, +o00[, and let D: H — H be a U-Lipschitzian operator
for ¥ € [0,+00[. The problem is to

0 €¢(A+C+D)x+ L*u

nd (x,u) € H X G such that
find (2,u) g u € BlLx,

(1.1)

under the assumption that its solution set, denoted by Z, is nonempty.

This problem encompasses several scenarios in convex programming [18], game theory [2],
data science [23], and image recovery [6, 8], among others. Note that, given (%,4) € Z, & is a
solution to the primal inclusion

find = € H such that 0 € (A+ L*BL + C + D)z, (1.2)
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2 NFB FOR SOLVING NON-MONOTONE INCLUSIONS

and @ is a solution to the dual inclusion
find u € G such that 0 € B~ 'u — L(A + C + D) "' (—L*u). (1.3)
An instance of Problem 1.1 is the following optimization problem.

Problem 1.2. Let (g, p1y) € R? and (B,94) € ]0,400[ x [0,+00[. Let H, G, and K be real
Hilbert spaces. Let L: H — G and T: H — K be bounded Inear operators. Let f: H —
] — 00, +00] be a proper, lower-semicontinuous, piy-convez function, let g: G —] — 00, +00] be
a proper, lower-semicontinuous, pg-convexr function, let h: H — R be a differentiable convex
function with a 1/B-Lipschitzian gradient, and let d: I — R be a differentiable convex function
with a ¥4-Lipschitzian gradient. The problem is to

minirqn{ize f(z) + g(Lx) 4+ h(z) + d(Tx), (1.4)
zTE
under the assumption that the set of solutions is nonempty.

Indeed, under standard qualification conditions, Problem 1.2 can be written as (1.2) by
considering A = df, B = 0g, C = Vh, D = T*oVdoT, and ¥ = ||T||?04, where Of (resp.
0g) denotes the Fréchet subdifferential of f (resp. g). In turn, replacing 7™ in the definition of
D by a bounded linear operator K: KL — H amounts to introducing an adjoint mismatch. In
this case, D is no longer guaranteed to be a cocoercive operator, but it is ¥-Lipschitzian with
9 = ||K||||T||94. Even though A, B, and C are monotone operators, the monotonicity of the
overall inclusion is not guaranteed.

If the operators A, B, and D are monotone, then (1.1) defines a monotone inclusion, which
can be solved by the Primal-Dual Method with Block Triangular Resolvent (PDBTR) proposed
in [48]. This method is derived from the Nonlinear Forward-Backward algorithm under suitable
metrics and Lipschitzian operators (see also the related warped-resolvent framework in [10, 19,
33, 52, 51]). In particular, when D = 0, PDBTR reduces to the Condat-Vu (CV) algorithm
[24, 59] and to Chambolle-Pock (CP) if C' = 0 [12]. On the other hand, when L = 0 and
B =0, it reduces to the Forward-Half-Reflected-Backward (FHRB) algorithm proposed in [46].
Moreover, if L = 0 and D = 0, the Forward-Backward (FB) algorithm is recovered [50]. If
D =0,H =G, and L = Id, Problem 1.1 can be solved by the Three-Operator Splitting
(TOS) proposed in [25], which further reduces to Douglas—Rachford (DR) splitting [28, 29, 41]
if ¢ = 0. On the other hand, if B = 0 and L = 0, Problem 1.1 can be solved by the Forward-
Backward-Half-Forward (FBHF) algorithm proposed in [9] which reduces to FB when D = 0
and to Forward-Backward-Forward (FBF) when C = 0 [58]. Other methods for solving this
problem are available in [3, 11, 17, 20, 53].

The adjoint mismatch problem arises when the adjoint T of a linear measurement opera-
tor T must be approximated because of physical or computational limitations, or efficiency
requirements. It is particularly common in inverse problems such as computed tomogra-
phy, where its importance was first highlighted in [60], and has since been widely studied
[14, 15, 16, 27, 30, 42, 43, 55]. Algebraic analyses of mismatched quadratic problems corre-
sponding to (1.4) with f =g=h=L=0and d=d := al - |[%/2, a € [0, +oo[, were provided
in [27, 30], while a mismatched Kaczmarz method was studied in [42]. Mismatched and precon-
ditioned versions of FB were proposed in [15, 55]. For h =0 and d = c?, mismatched versions of
the CV, Loris—Verhoeven [44], and Combettes—Pesquet [22] algorithms were developed in [14],
allowing iteration-dependent approximations K,: K — H of K. A mismatched CP method
was introduced in [43], whereas mismatched FBHF and Forward-Douglas—Rachford—Forward
methods [54] were proposed in [16] for Problem 1.1 with B = L = 0.

To address scenarios beyond those covered by the preceding methods, we consider inclusion
problems outside the monotone setting. Over the years, several authors have investigated
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algorithms that relax the monotonicity assumption on the operators. For instance, in [21,
37, 38|, the proximal point algorithm (PPA) [47] was studied for p-comonotone operators,
including the cohypomonotone case p < 0. Moreover, the convergence of the PPA was analyzed
under metric subregularity and submonotonicity in [45], for (strongly) quasiconvex functions
in [36, 39], and for prox-convex functions in [34, 35]. Extragradient-type algorithms for p-
comonotone operators were studied in [7, 40, 56] and in [26] under a weak Minty condition.
The convergence of the Douglas—Rachford algorithm and the Chambolle-Pock algorithm under
a weak Minty condition was established in [31, 32]. In [1], the authors studied the convergence of
Halpern and Krasnosel’skii-Mann iterations for solving minimax problems under a weak Minty
condition. Warped-resolvent algorithms involving p-comonotone operators have been studied
in [49, 57]. Note that in these works the notions of comonotonicity and Lipschitz continuity are
defined with respect to the operator inducing the warped resolvent. Finally, in [5], the authors
investigated properties of y-monotone and p-comonotone operators and their resolvents.

In this article, we propose a primal-dual method for solving Problem 1.1. Its convergence
analysis is based on a nonlinear forward-backward algorithm for comonotone inclusions. In
particular, we extend the convergence analysis of the Nonlinear Forward-Backward algorithm
with momentum from [48] to comonotone operators. We analyze conditions on operators A, B,
C, and D to ensure that the primal-dual operators associated with our method are comonotone,
thereby recovering, as a special case, the conditions established in [31] for CP beyond the
monotone setting. Moreover, our conditions apply to CV, FHRB, and FB in the comonotone
setting.

The structure of the paper is as follows. In Section 2, we present the notation and neces-
sary mathematical background. In Section 3, we introduce an auxiliary inclusion, present the
Nonlinear Forward-Backward algorithm, and study its convergence for comonotone operators.
In Section 4, we provide conditions guaranteeing the comonotonicity of the associated primal-
dual operators and establish the convergence of the proposed methods for solving Problem 1.1.
Finally, in Section 5, we present an application to adjoint mismatch problems and numerical
experiments in signal recovery.

2. NOTATION AND PRELIMINARIES

Throughout this paper, H and G are real Hilbert spaces with inner product (- | -) and associ-
ated norm || - ||. The symbols — and — denote the weak and strong convergence, respectively.
The identity operator is denoted by Id and the space of bounded linear operators from H
to G is denoted by B(H,G). Given a linear operator M € B(H,G), we denote its adjoint
by M* € B(G,H) and, when G = H define (-|-),, = (- | M:). If S € B(H,H) is a self-
adjoint strongly monotone operator, i.e, there exists p € ]0,4+o00[ such that, for every z € H,
(Sz | z) > pl|z||?, then, (- | )4 is an inner product on H. The norm of x € H induced by S is
denoted by |z|ls = \/(z | z)g. Let £ C H and R: £ — H and let 3 € ]0,+oo[. The operator
R is f-cocoercive with respect to S if

(Ve e €)(Vy €E) (x—y|Re— Ry) > p|Re — Ry|3-. (2.1)

Note that this definition is equivalent to the cocoercivity of S~! o R in the Hilbert space

(M, (- | -)g) (see [48, Section 1.2]). Similarly, R is said to be 1/-Lipschitzian with respect to S
if

(Ve e &)(Vy e &) BlRx— Rylls— <z —yls. (2.2)

Obviously, (2.1) implies (2.2). We say that R is nonexpansive with respect to S if it is 1-

Lipschitzian with respect to S. The set of fixed points of R is Fix R = {x Sy | T = R:r}. Let

2" be the power set of H and let A: H — 2™ be a set-valued operator. The domain, range, set
of zeros, and graph of A are dom A = {z € H | Az # @}, ran A= {ueH } (Jz € H) u € Ax},
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zerA = {x eEH ’ 0e Aac}, and graA = {(m,u) EHXH | u € Ax}, respectively. Moreover,
the inverse of A is the operator A=': H — 2M: y — {x eH | u € Am} and its resolvent is
Ja=(1d+ A)~'. Let M € B(H,H) and N € B(H,H) be self-adjoint (not necessarily strongly
monotone) operators. The following extension of monotonicity was considered in [31]. The
operator A is (M, N)-semimonotone on & C H? if

() €8)orw) € ) (o= u=0) 2 o=y | Mz —0) & fu—v | Nu=0)

2.3
This is also equivalent to the fact that A=' is (N, M)-semimonotone on & = {(u,z) € H? |
(x,u) € §}. If § = gra A, the operator A is called (M, N)-semimonotone. When N = 0
(resp. M = 0), we refer to M-monotonicity (resp. N-comonotonicity). When M = 0 and
N = S~ this reduces to 3-cocoercivity with respect to S. Additionally, A is maximally
(M, N)-semimonotone if it is (M, N)-semimonotone and its graph is maximal with respect to
inclusion among the graphs of (M, N)-semimonotone operators. Given (u, p) € R?, if M = uld
and N = pld, for convenience, we simply say that A is (u, p)-semimonotone on S. The fol-
lowing table summarizes various notions of monotonicity which are particular cases of (M, N)-
semimonotonicity. Note that [49] also introduces the notion of (pM,W)-hypomonotonicity

—~

M N Property Reference
pld | pld (1, p)-semimonotone [32]
uM? |0 (uM)-hypomonotone | [49, 57]
pld |0 p-monotone [5]

0 pld | p-comonotone [5]
—|p|Id |0 |¢|-hypomonotone [21]

0 —|p|Id | |p|-cohypomonotone [21]
|p|Id |0 | £|-strongly monotone [4]

0 lplId ||p|-cocoercive [4]

0 0 monotone [4]

TABLE 1. Special cases of (M, N)-semimonotonicity. Here, (11, p) € R2.

where W: H — H is a single-valued operator (not necessarily linear). Let A be a maximally
(M, N)-semimonotone operator. If M = uld, p > —1, N = pId, and p > 0, J4 is everywhere
defined and single-valued on H. Since Jy = Id — Js-1, if M = pld, p > 0, N = pld, and
p > —1, J, is also everywhere defined and single-valued on H [5]. We say that gra A is sequen-
tially weak-strong closed if, for every sequence (Z,,u,)nen in gra A such that z, — z and
Un — u, we have u € Az. An operator T': £ C ‘H — H is demiclosed at y € H if, for every
z € € and every sequence (y)nen in € such that z,, — x and Tx,, — y, we have Tz = y. The
operator T is demiclosed if it is demiclosed at every point of .

We denote by T'g(#H) the class of proper, lower semicontinuous, convex functions f: H —
|—00, +00]. Let f € To(H). The Fenchel conjugate of f is defined by f*: u + sup ey ((x | u) —
f(z)) and we have f* € T'o(H). The Moreau subdifferential of f is the maximally monotone
operator Of: x— {ucH | (VyeH) f(z)+ (y—=x|u) < f(y)}. In addition, (9f)~" = of*
and the set of minimizers of f is zerdf = argmin, 4, f.

Examples of semimonotone operators can be found in [5, Section 6], where properties and ex-
amples of hypoconvex functions, as well as the semimonotonicity properties of their generalized
subdifferentials (Clarke—Rockafellar, Mordukhovich, and Fréchet), are presented. In addition,
several examples of semimonotone problems can be found in [31, 32, 49].

For further properties of monotone operators, nonexpansive mappings, and convex analysis,
the reader is referred to [4].
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We conclude this section by presenting two lemmas, which will be useful for dealing with
sums of semimonotone operators.

Lemma 2.1. Let M € B(H,H) be a self-adjoint monotone operator and let (p, 3) € R? be such
that p+ 8 > 0. The following inequality holds:

Bp
(V(z,y) € H?)  pllzlliy + Bllylli z Hx +yllis- (2.4)
Proof. We have
2
pr B(—y) pB 2 B 2
+ + Tty Yl
|52+ B0 Pt vl = sl +
Multiplying this identity by p + 8 > 0 yields the result. ]

Lemma 2.2. Let S € B(H,H) be self-adjoint and strongly monotone, let A: H — 2%, and let
C:H — 2. Let (v1,vs, p1, p2) € R* be such that p; + pa > 0. Suppose that A is (119, p1S™1)-
semimonotone and C' is (125, poS™1)-semimonotone. Then, A+ C is ((1/1 +11)5, ppll_f;z S*l)_
semimonotone.
Proof. For every ((z,u1), (y,v1)) € (graA)? and every ((z,u2), (y,v2)) € (graC)?, we have
(up+ug— (v14+v) |z—y)=(ui—v1 |z —y) + (ug —va | T —3)
> willz = yllz + prllur — vil[z-2 + vallz — yllE + polluz — v2]|E

> (1 4 ) e — yll% + 2222wy + uz) — (01 + v2) |21,
p1+ p2

where the last inequality stems from Lemma 2.1. O

Lemma 2.3. Let S € B(H,H) be self-adjoint and strongly monotone, let A: H — H, and let
C:H —H. Let (p1,p2) €10, +00[ xR be such that p1+p2 > 0. Suppose that A is p1-cocoercive
with respect to S, and C is paS~'-comonotone and weakly continuous. Then, gra (A + C) is
sequentially weak-strong closed.

Proof. Let (z,u) € H? and let (z,,)nen be a sequence of H such that x,, — z and (A+C)z,, — u.
For every (n,m) € N2,

(A+C)xp — (A4 Q) | Tn — )

= Az, — Az | Ty — ) + (Cpp — Cpy | Ty — T

> p1|| Az, — Axm”%*l + p2||Cxy — Cﬂ«"m||§—1

=pi([(A+C)zpn — (A+ C)zp [z —2(ST ((A+ O)zpp — (A4 C)zy) | Cy, — Cyyy))
+(p1 4 p2)||Cpy — Co|[Ga (2.5)

The weak convergence of (z,,)nen implies that this sequence is bounded, whereas the strong
convergence of ((A 4+ C)xy,)nen implies that (A + C)zy, — (A4 Oy, — 0, as 1 — +oo and
m — +o0o. Consequently,

(A4+Cep—(A+ Q) | @ — ) = 0 and  ||(A4+ C)zp — (A+ C)zpy|ls-1 — 0.
In addition, since C' is weakly continuous, Cz,, — Cx and
(ST (A4 C)zn — (A+ C)zy,) | Czyy — Cay)|
<|NSTHIA+ C)zyy — (A + C)zp ||||Cry — Czpn]| — 0.

Using the positivity of p; + pe, it follows from (2.5) that |Cz, — Cxp|ls-1 — 0. Because
the norm induced by S~ is equivalent to the original norm, (Cz,)nen is a Cauchy sequence.
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Therefore, it converges strongly and since Cz,, — Cuz, its strong limit is Cz. It follows that
Az, — u — Cx. By using now the cocoercivity of A,

pll Az, — Aallss < (Aw, — Az | 2, - a). (2.6)

Since Az, — Az — uw — Cz — Az and z, — z, (Az, — Az |z, —x) — 0, which implies
that Az, — Az. In conclusion v = (A + C)z, which proves that gra (A + C) is sequentially
weak-strong closed. O

3. NONLINEAR FORWARD-BACKWARD FOR COMONOTONE OPERATORS

We first focus on the case when B = 0 and D = 0 in Problem 1.1. In this specific case, the
dual variable in Problem 1.1 vanishes. Hence, the problem reduces to solving a primal inclusion
and it can be addressed efficiently, for example, by the algorithms in [10, 33, 41, 48, 50]. We
investigate this primal problem under the assumption that the sum of the operators involved is
comonotone. For notational convenience, and for reasons that will become clear later, we use
bold symbols for the variables in this section.

Let us list our standing assumptions on the involved operators.

Assumption 3.1. Let H be the underlying real Hilbert space. Let S € B(H,?H) be a self-
adjoint and strongly monotone operator, let A: H — 2% be a set-valued operator, let C: H —
H be a B-cocoercive operator with respect to S, for some 8 € ]0,4o00[, and let M : H — H be
a single-valued operator. We suppose that
(i) (M + A)~! is single-valued and has full domain;
(ii) gra (A + C) is sequentially weak-strong closed;
(i) A is (pS™1)-comonotone on S = {(z, —Cz) € H* | @ € zer(A+ C)} for some p €
| — B, 400l
(iv) There exist ¢ € [0,1/2] and T €], +o0o[ such that TM — S is (-Lipschitzian with
respect to S where
¢p

p=min{p,0} and T, =—-—"—
B+p

Let us make some comments on these assumptions.

Remark 3.2.

(i) Since S is nonexpansive with respect to S, it follows from Assumption 3.1(iv) that
M = (1M — S+ S)/7 is (pr-Lipschitzian with respect to S, its Lipschitz modulus
being (pp =&/ and £ € [1— ¢, 1+(].

(ii) Under Assumption 3.1(iv), if A is mazimally monotone, then (M + A)~! is single-
valued and has full domain (see [48, Proposition 3.1]). Weaker conditions guaranteeing
this assumption can be found in [10, Proposition 3.8 & Proposition 3.9].

(i) Let A = A+ B with A: H — 2" mazimally (—p)-cohypomonotone for p < 0, B:H —
H single-valued, and M = 1d/T — B. Then, the operator (M + A)~' = (Id/7+ A)~!
is single-valued with full domain when p/T > =1, i.e., 7 > —p. In this situation, by
considering S = Id, we have TM — S = —7B. Hence, zfﬁ is Cg-Lipschitzian, where
(g € ]O, —p~ ! min {[3 + p, %} [, then Assumptions 3.1(i) and 3.1(iv) hold by choosing
7€ ]-p, (205)7"[.

(iv) If C =0, Assumption 3.1(iii) reduces to the so-called weak Minty condition for A at
every point of zer A (see for instance [1, 13, 26, 31, 32]).

The following proposition provides conditions on A and C for which Assumption 3.1(ii)
holds.
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Proposition 3.3. Let S be a self-adjoint and strongly monotone linear operator, let A: H —
2% be a pS~'-comonotone operator for some p € R and let C: H — H be a [-cocoercive
operator with respect to S for some € |0,4o00[. The following statements hold:
(i) Ifpl|S7Y| > —1, T := Id— Ja is single-valued on ran (Id+ A). Moreover, if ran (Id +
A) is weakly sequentially closed, T is demiclosed.
(ii)) If B+p >0, then (A+C) is (ﬁB—fpS_l)—comonotone,

(iii) Suppose that B+ p > —Bp||S7Y| and ran (Id + A + C) is weakly sequentially closed.
Then, gra (A + C) is sequentially weak-strong closed.

Proof. (i) If p > 0, the result follows from [4, Proposition 23.8 & Theorem 4.27]. If
p < 0, since (Vu € H) pllull_. > pl|S7H|||lul?, A is p||S~!|-comonotone. Since
pll ST > 71 Ja is single-valued on ran (Id + A) and a-conically nonexpansive for
o= W [5, Proposition 3.6]. Let N: ran(Id + A) — H be a nonexpansive
operator such that J4 = (1 — a)Id + aN, ie., T = a(Id — N). Let (z,)nen be a
sequence in ran (Id + A) such that ¢, — « and Tz, — wu. Since ran (Id + A) is
weakly sequentially closed and x,, — x, we have € ran (Id + A). Thus, it follows
from the nonexpansiveness of N that

1Tz — u|?

= ||la(Id — N)x — u|?

= |la(z, — Nx) — ul® - 20z, — x | a(x — Nx) — u) — ||z, — 2|

= |Tx, —u|?®+ o?|Nx, — Nz|* + 2a(Nz, — Nx | Tx, —u)

—2a(z, — x| Tx —u) — o?||x, — x|

< || T, —u|®+2a(Nx, — Nz | Tz, — u) — 2o{x, —x | Tx —u)

< || Tz, — u||® + 2a||Nx,, — Nz|||Tx, — u| — 2a(x, — = | Tx — u)

< || T, —u|?® + 20|z, — ||| Tz, — u| — 2a(xz, — | T — u).
By taking n — 400 and by using the fact that (x,)nen is bounded, we conclude that
T =u.

(i) Suppose that 8+ p > 0. Since A is (0, pS™!)-semimonotone and C is (0, 38~1)-
semimonotone, the result follows directly from Lemma 2.2.

(iii) We first note that 8+ p > 0. Indeed, this is immediate when p > 0, whereas, when
p < 0, it follows from B+p > —Bp||S~|. Let p = Bp/(B+p). By (ii), A+ C is pS~!-
comonotone. The assumption 8+ p > —fBp||S~!|| being equivalent to p||S~!|| > —1,
it follows from (i) that Id — Jat¢c is demiclosed. Let (2., u,)nen be a sequence in
gra (A + C) such that x,, — @« and u,, — u. Note that

up € (A+Cx, & (Id — Jarce) (@, + up) = uy,. (3.1)
Since @, +u, — @+ u, we conclude that (Id— Ja+¢)(x+u) =uwand u € (A+C)a.
O
Remark 3.4.

(i) Suppose that, in the standard metric S = 1d, A is p-comonotone for p > —3/(1+ f).
It follows from [5, Theorem 2.17] that A is mazimally p-comonotone if and only if
ran (Id 4+ A) = #H. Therefore, if A+ C is mazimally p-comonotone for p €] — 1, %},
ran (Id + A + C) is weakly sequentially closed and gra (A + C) is sequentially weak-
strong closed.
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(ii) Additional conditions ensuring the single-valuedness of (M + A)~1 and the sequential
weak-strong closedness of gra A for comonotone operators can be found in [49, Lemma 1
& Proposition 3].

We now focus our attention on the following problem.
Problem 3.5. Suppose that Assumption 3.1 holds. We want to
find € H such that 0 € (A + C)z, (3.2)
under the assumption that its solution set, denoted by Z, is monempty.

The next proposition provides a sufficient condition for the solution to Problem 3.5 to be
unique.

Proposition 3.6. In the context of Problem 5.5, suppose additionally that A is (uS,pS~1)-
semimonotone on 'S for some u € |0, +00[. Then, the solution set of Problem 3.5 is a singleton.

Proof. Let (x,y) € Z2. We have that —Cx € Az and —Cy € Ay. Then, by the (1S, pS~1)-
semimonotonicity of A on S, we have

—(z—y|Cz—Cy) > |z —y|s +p|Cz — Cy|/s-:. (3.3)
Moreover, since C' is (-cocoercive with respect to S, we have that
(€ —y|Cz - Cy) > §||Cz — Cy| . (3.9)
Summing up (3.3) and (3.4), we obtain
0> pllz —ylIg + (0 + B)|Cz — Cylg-1. (3.5)
Since p + 8 > 0, we deduce that = = y. O

Now, we introduce the algorithm studied in this section for solving Problem 3.5. This
algorithm was initially proposed in [48] for solving monotone problems. We investigate its
convergence in the absence of monotonicity by using Assumption 3.1(i) to define a warped
resolvent of A.

Algorithm 3.7. In the context of Problem 3.5 and Assumption 3.1, let (xo,up) € H, et
0 €10,2[, and consider the following recurrence:

Pui1 = (M + A" ( Mz, — Cx,, +u,/T) (3.6a)
(Vn € N) Upt1 = (TM — S)ppi1 — (M — S)x, (3.6b)
LTnt+1 = (]. — 9)(En + 9pn+1 (36C)

The next proposition provides a key estimate for deriving the convergence of Algorithm 3.7.

Proposition 3.8. In the context of Problem 3.5, let (pr € |0, 400[ be the Lipschitz modulus
of M with respect to S, let (xo,uo) € H?, let (D, Un, Tn)n>1 be the sequence generated by
Algorithm 3.7. Let « € zer(A + C), and define

)1 if 0 € [1,2] and (S — 7M) is monotone, (3.7)
=11 +|1—46|, otherwise, )
o _p_ B (T +2p)? R -1 2 -1
A=2—0—2C ZT(BM(HT_%))HW((T C+Cnm)’ +4r g),
M= (20— 1= 2p(r7 ¢+ (v +2)), (3.9)

(VneN) ant1 = [|Tns1 — szs +20(unt1 | Prr1 — ) + 0N ||Pry1 — wnHZS (3.10)
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Then, the following assertions hold:
(i) For everyn € N\ {0},

ant1 < ap — ON||pr+1 — wn||?9 (3.11)

(ii) (an)n>1 s a nonnegative sequence such that

(Vn e N\{0})  an > (1—(O)[lzn — 2|3 (3.12)
Proof. First note that
T>1C:—5€fﬁ & Br+p(r+¢) >0, (3.13)

which ensures that A is well defined. In addition, if ¢ = 0, then, for every n € N, u,41 =
(tM — S)ppy1 — (M — S)x,, = 0 and A\; = 0. The decay property (3.11) then follows
directly from the arguments below after removing all terms involving w,,. Moreover, for every
n € N\ {0}, a, = ||z, — x||%, so (3.12) holds immediately. In the remainder of the proof, we
therefore assume that ¢ > 0.

(i) Fix n € N\ {0}. It follows from (3.6a) that
TMx, —17Cxy +up — TMpyi1 € TADp1, (3.14)
which, by using (3.6b), is equivalent to
Sz, +up, — (Spry1 + 1) —7Cxy, € TAD,L. (3.15)

Since x € zer(A + C), —Cz € Ax. By the pS~!-comonotonicity of A on S (Assump-
tion 3.1(iii)), we deduce that

0<2(Sz, +u, — (Sppt1 + Ups1) —7Cx,, + 7Cx | pps1 — )
- ?H.S'wn + 1y, — (SPnt1 + Unt1) — TCxy + TCZ| 51, (3.16)
that is
0 <2(xp — Pnti | Pry1 — ) g + 2(up — Upy1 — 7Cxp +7CT | ppy1 — )

- 27_—'0||S:cn +up — (SPut1 + Unt1) — 7Cxy + TCT| %1 (3.17)
Note that
2@y — Pt | Por1 — T)g =@ — 2]|§ — |20 = Potal$ — [Pos1 — 2] (3.18)
Moreover, it follows from (3.6¢) that

2(un — Unt1 | Prt1 — )
= —2(Unt1 | Por1 — ) + 2(Upn | Pn — ) + 2(Up | Pry1 — Tn) + 2(uy | Ty — i)

_2<un+1 | pn+1 - 33> + 2<un ‘ Pn — $> + 2<un ‘ pn+1 - $n> + 2(1 - 9)<un | Tp—-1— pn>
(3.19)

From the (-Lipschitz continuity of 7M — S with respect to S, we deduce that
[wnlls—2 = [[(M = S)pp = (TM — S)Tn_1s-
< CHpn - mn—l”S- (320)
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Hence, the third term on the right-hand side of equality (3.19) can be upper bounded
as

2t | Pt =) < luall3s + Clpnss — 2l
< Cllpn = Zn-1lls + ClIPasr — znllE- (3.21)
For the last term on the right-hand side of (3.19), it follows from (3.7) and (3.20) that
21 = 0){(up | ®p—1 = pn) = 2(0 = 1)((TM — S)pp — (TM — S)@p—1 | Pn — Tp—1)
<2(n = 1)¢|Ipn — znf$ (3.22)
Since p < p, combining (3.17)-(3.22), we obtain
1Prs1 — 2§+ 2(wns1 | Prs1 — )
< l@n = 2)|§ + 2(un | po — @) + (20 = 1)ClIPn — zn-1]E — 1 = OllPn+r — @l
—27{ppy1 — x| Cx, — Czx) — 27pA||S’:cn +up — (SPut1 + Uni1) — 7Cxy + TCT| %1
(3.23)
Let us bound the last term in (3.23). First note that
ISz, +un, — (Spnt1 + Uny1) — 7Cxy + TCCE||2S'—1
= 8(@n — Pus1) + n — wns1ll5-1 — 27(n — posa | Cay — Cx)
—27{up — Upt1 | Cxpy — Cx) g1 + 7%||C,, — Cl| 5. (3.24)
Equation (3.6b) yields
1S(@n = Pry1) + U — p g |G-
= [(tMpy41 — TMzy,) — (M — S)p, — (TM — S)z0-1) [ §1

< (TCM||pn+1 - il:an + CHpn - wn*1”5)2

¢ CMmT
<G (14 2o ) Ipws = 2l ¢ (14 20 ) I, - 2

=TCMm (TCM + O ||pn+1 - wn”QS +¢ (C + CMT) ”pn - wn—1||2S' (3'25)
In addition, by the Cauchy—Schwarz and Young inequalities, (3.20) leads to

—27(up — Upy1 | Czyy — Cx) g1 < 27[|Up — Upgi||g-1||Cyy — Cx|| g2

’
< EHUn — tpp|[g-1 + (7| Crp — Cl|51

< 2T (2 2 Cz, — Cz|

<7 (lunlls—1 + luntills-1) + (7l|Czp — Cxf[ g1

<2(r <||pn+1 - "Bn||2s + Hpn - $n71||25) + (:7'”03371 - CwH2S*1'

(3.26)
Therefore, (3.24)-(3.26) allow us to deduce from (3.23) that
[Pnt1 =[5 + 2(uni1 | Poi1 — )
< lzn — 2l + 2(un [ Pr — 2) + AillPn — @nallE

— (1= ¢ +2p(2¢ + Cu(¢ar + Q) 1Pt — ®all$ = 25(7 + Q)| Cp — C| 51
—27(ppy1 — x| Cx, — Cx) + 4p{x);, — pry1 | Cx,, — Cx). (3.27)
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Using the [-cocoercivity of C, the last two terms of (3.27) can be upper-bounded as
follows:

—27(Cx, — Cx | ppt1 — ) — 4p{Pnt1 — T, | Cx,, — Cx)
= 2(1+2p)(Cxyp, — Cx | ppy1 — xp) — 27(Cx,, — Cx | ), — )
< 2|7+ 2p|||Cx,, — Cx||s-1||Prs1 — nlls — 27(Cx,, — Cz | x,, — )

. T+2p
< e+ 97pns — wills + 2O, — Cally s — 267 G — Ol

N 1 N
= el7 4 2p|llpns1 — @l + 2 (17 + 2] = 2672) |Cay — Caffg-. (3.28)
Then, combining (3.27) and (3.28) leads to

Hpn-i-l - $||.2‘5‘+2<un+1 | Pn1 — )
< @y — x5 + 2(un | pn — ) + M [|Pn — @1 [|3
— (1 —elm+ 2| = ¢+ 25(2¢ + Cm (70 + Q) [Pns1 — 2l S

+ é (7 4+ 2p| = 2e(BT + p(m 4+ ())) |ICxy, — Cm||?971. (3.29)

According to Assumption 3.1(iv), 7 > 7, = 87+ p(7 + () > 0. Thus, to eliminate the
|7+ 2p]

dependence on ||Cx — Cx,||%_ ., weset e = ————

in the resulting bound

when 7+ 2p # 0, leading to

IPns1 — 2||& + 2(Uny1 | Pry1 — )
<|lzn — wHQS +2(un | Pn — ) + M||Pn — wnleQS
(1 (T +2p)?

. 2
- 257""2—/3(7"'0 — ¢+ 2p(2¢ + (v (TChr + C))) lPrnt1 — s

(3.30)
It follows from (3.29) that (3.30) also holds if 7 + 25 = 0. In addition, (3.6¢) yields
i1 = 2[5 =1 = )@ — 2|5 + 0lPus1 — 2[5 — 01 = 0)|Par1 — 25 (3.31)
Therefore, using (3.30) and (3.31), and adding O\ ||pni1 — ©nl|%, we conclude that

l®n1 — w”QS +20(un 11 | Prr1 — ) + O ||Pry1 — mn”ZS
< Hwn - $||2S +20(u, | pp — ) + 9/\1||pn - $n71||2s

_9(2_9_277<_ (T+2ﬁ)2

B2+ 0 +20(2¢ + (¢ + C))) |Pnt1 — T3

(3.32)

and the result follows.
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(ii) Let us now prove the second assertion. We have

an+1 = ||mn+1 - x”.QS + 20(wn 41 | DPny1 — 37> + 9/\1||pn+1 - mnHZS

= ||eny1 —x||% +20(1

(

= |Tns1 — IS+ 20(Uns1 | Prst — Tg1) + 20(Upi1 | Tgs — @) + 0N [|Pry1 — T3
( - ‘9) <un+1 ‘ Pn+1 — mn> + 29<un+1 | Tn+1 — w> + 9/\1||pn+1 - mnHZS
(n —

> [[&nr1 — 2|5 — 2000 = 1)¢Ipat1 — alls — 0 unsa -1 + Cllznsr — l[5)
+0M[pnst — nllE

> (1= 00)[[@nt1 — 2[§ — 0((20 = 1)¢ = A1) [P+ — znllE

= (1= 00)|zns1 — 2[5 — 205¢ (77 ¢+t + 2) [Pagr — @IS

> (1= 00)|zp41 — 2| >0,
where the third equality stems from (3.6¢), the first inequality from (3.22), and the
second one from (3.20). The positivity of (1 — 6(¢) is ensured since ¢ < 1/2 and 0 < 2.

O

Remark 3.9. When 0 € [1,2[ and S —7M is monotone, one can take n =1 instead of n = 0.
This increases X by 2(0 — 1)(, thereby making the condition A > 0 less restrictive.

The theorem below establishes the convergence of Algorithm 3.7 to a solution to Problem 3.5.

Theorem 3.10. In the context of Problem 3.5, let (xo,up) € H? and consider the sequence
(Tr, Un)n>1 generated by Algorithm 3.7. Suppose that \ defined in (3.8) is positive. Then the
following hold.

(i) (xn)nen converges weakly to a solution to Problem 3.5.
(ii) If A is (uS, pS~1)-semimonotone on S for some p € 10, +00|, then (x,)nen converges
R-linearly to the unique solution to Problem 5.5.

Proof. (i) Let us use the same notation as in Proposition 3.8. Since (a,)nen, defined
in (3.10), is nonnegative (Proposition 3.8(ii)) and A defined in (3.8) is assumed to
be positive, Proposition 3.8(i) shows that (a,)nen is nonincreasing, convergent, and
>onen IPng1 — znllz < +oo. In particular, we deduce from (3.12) that (,)nen is
bounded. Since p, — €,—1 — 0, (Pn)nen is also bounded and it follows from (3.20)
that u, — 0. We deduce from these properties and (3.10) that lim, 1 ||Z, — |5 =
limy, - 4 o0 @y, is finite. Additionally, by the Lipschitz property of (7 M —.S) with respect
to S, we have

IS™ 7 (Mpys1 — Mwy)||s = |[TMPpyi1 — TMzy |51
S ||(TM - S)pn-‘rl - (TM - S)mnHS*l + ||pn+1 - anS
< (C+ DPns1 — zalls. (3.33)

Since 7 > 0 and S is bounded, Mp,,+1 — Mz, — 0. Moreover, the cocoercivity of C
with respect to S yields

1
ICpni1 — Cxpl|s—1 < EHp'rH»l — Zyls- (3.34)

Therefore, it follows from (3.33), (3.34) and the facts that w,, — 0 and pp41 — 2, — 0
that

wy, = Mz, — Mp, 1 +u,/T+ (Cpny1 — Cx,) — 0. (3.35)
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Now, let (z,, )ren be a weakly convergent subsequence of (€, )nen. Since p,1—x, —
0, (P, +1)ken is also weakly convergent and has the same limit. It follows from (3.35)
that w,, — 0 and from (3.6a) that

(VEeN) w,, € (A+C)pp,+1- (3.36)

Since gra (A + C) is sequentially weak-strong closed (Assumption 3.1(ii)), we conclude
that every weak cluster point of (x,)nen belongs to zer(A + C). The result follows
from Opial’s lemma, [4, Lemma 2.47] applied in the Hilbert space (H, (- | -)g)-

(ii) By Proposition 3.6, Z is a singleton. Now, the (uS, pS~1)-semimonotonicity of A
allows us to refine (3.11) as shown below. First, (3.17) becomes

TllPrt1 — "BHS <(Szp + up — (SPnt1 + Unt1) — 7Cy + 7CT | pry1 — )
- §||Sa:n + 1y — (SPnt1 + Unt1) — TCTy + TCT|| 51 (3.37)
Hence, by proceeding similarly to the proof of Proposition 3.8(i), we obtain

an > 278|Prs1 — (& + ON[Prs1 — 20llS + ans, (3.38)
where a,, is defined in (3.10). The parameter A\; defined in (3.9) is nonnegative since
n>1,¢>0,and p < 0. Let us set ¥; = fmin {T/J, 3} and ¥ = 91 min{lw\%} if
A1 > 0 and Y2 = 91 otherwise. Since ¢ € [0,1/2] and 0 €]0,2[, it follows from (3.6¢)
and (3.38) that, for every n € N,

Qp — An41

> 01 (21 — @l + 3pnss — @all3)

Sl@nss = 2l + Ipuss = 2l + 3lpnss = @alld — Ionss — 2nsa )
= 5 (I@ns1 = @l + 2pnss = @lF +2(3 = (1= 0)?)[pass — @all})
= D (s — @l + 2P — 23+ [Prer — @all3) + 200420 — 0) Do — 2 3)

> 2 (2 = @l + 20lpass — 2l3 + [as = 2alZ) + 00t — 2alk),  (339)

where we have used the fact that 2(1+ 260 —62) —6 = (2—6)(20+1) > 0. When ¢ > 0,
using (3.20) and noting that 6¢ €]0, 1] yield

Ap — An41

o _
> 2 (l@nss = @l +0C(Ipnss — @l + 2 lunsa[3-1) + OA[Ipass — zal3)

g
> 2 (@1 = @l + 20Pass = @ | wns) + O\il|Puss — zall} )

_ 192 1. (3.40)

When ¢ =0, A; = 0 and the inequality a,, — an1+1 > (92a,41)/2 follows directly from
(3.39). Consequently, (a,)nen converges Q-linearly to 0 with rate 1/(1 + ¥2/2) and
the R-linear convergence of (&,,)nen to @ follows from (3.12).

O

We now provide further insight into the choice of the step size 7 ensuring the convergence
of Algorithm 3.7.
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Proposition 3.11. In the context of Problem 3.5, with the notation of Proposition 3.8, the
following properties hold.

(i) For fized ¢, &, and m, the convergence condition X\ > 0 is equivalent to the following
cubic polynomial inequality:
P(1) = =73 + apm* + a17 + ag > 0, (3.41)
where
ag = 4p°C(C+€)*, a1 =2¢pC — 4p* +4p(B + p)(C + €)%, as = 2¢(B + p) — 4p,
withc=2—-0—-2(n—4p)¢ and £ € [1 — (,1 + (] as defined in Remark 3.2(i).
(i) If (3.41) holds, then ¢ € [0,(2 —0)/(2(n — 4p))][.
(iii) If 0 € ]0, H\/Qi—ﬁﬁ {, there exists
e L 2-0  (B+p)(2=0)(5+p)—4p)
Ce]O,mm{ —, ~ — — 3.42
2(n—4p)" 2 —4p)(B+p)* —2p (3.42)

such that, for every ¢ € [0,([ and T €]m1 ¢, o], (3.41) holds, where (T1,¢,T2c) €
5 ,

[IC’ +OO[ with T1,¢ < 7'27(.1
Proof. (i) According to (3.8) and Remark 3.2(i), A can be written as
P
_ N (3.43)
27((8 + p)T + p()
where

P(r) = 2((2= 0= 200)7 + 2p((C + &) +47C) ) ((B+ )T + ) = 7(r +20)>  (3.44)

=2(re+25(C+ ) (B + )7 + 4C) — (7 +27)?
= -7+ asm® + a1 7 + ao.

In view of Assumption 3.1(iv), (8 + p)7 + p¢ > 0, and since 7 > 0, the denominator
in (3.43) is positive. Hence, A > 0 if and only if P(7) > 0.
(ii) Assume that A > 0. We have 2 — 0 — 2n¢ + 27[’ ((C—l—f)z +4TC) > A > 0, hence

7(2 — 0 — 2n¢ + 8p¢C) > —2p(C + £€)?, which implies that ¢ > 0. This is equivalent to
Ce (0,2 8)/(20n -~ 19)].

(iii) Assume that ¢ > 0. We have ag > 0, as > 0, and a; < 0. Consequently, for every
T €] —00,0[, P(7) > 0, which means that all the real roots of P are nonnegative. Note
also that P(r;) < 0. Indeed, 7, = —p¢/(B + p) = P(zr;) = —1(7; +2p)* < 0. Since
P(0) =ap > 0 and P(zr;) <0, P has aroot 79¢ € [0,7,]. Two cases may arise: either
I) P is nonpositive on |7, +-00 (in particular, if it is negative over |7, +-00[, then P
has all its real roots in [0, 7]) or IT) there exists 7 €]7., +-00[ such that P(r) > 0 and
P has two roots 7 ¢ > T¢ and 7o ¢ > 71¢. In the latter case, for every 7 €]m ¢, 7o ¢,

P(r) > 0.
We have, for every 7 € R,
P(1) = =7° + a37® + 2p(cC — 2p)7 + 4p(C + €)* ((B + p)7 + pC). (3.45)
Let

T =ax/2=c(B+p) - 2p. (3.46)

IThe quantities 71 ¢ and 73 ¢ also depend on £ and 7, but, for notational simplicity, we omit this dependence.
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Now, from (3.45),
P(7) = 78 4 2p(cC = 2p) 7 + 4p(C + €)*((8 + p)7c + i)
= 7c(72 +2p(cC = 2p)) +4p(¢ + €2 (B + ) (Te — 7¢)
= Tce(B+ ) (T — 2 — 27¢) + 4p(C + € (B + p) (Te — 7o)

=(B+p) (?Cc(?c —2p—21;) +4p(C + 5)2(?g - IC))' (3.47)
3.48)

Suppose that
¢ > 2(1¢ + p). (3.49)

From the expressions of 7 and 7., the latter inequality is satisfied if and only if

(e BEAE=0B+0)~49)
2(n—4p)(B+p)* —2p

where the upper bound is positive. Note that 7c > .. Indeed, if —2p > 7., then
Tc=c(B+p) —2p > 1. If —2p < 1, then, the condition 7¢ > 2(7, + p) implies that
T¢ > 7. Due to this inequality, the last additive term in (3.47) is nonpositive. Thus,
(3.49) is a necessary condition for P(7;) to be positive.

Let us now look at what happens when ( is small enough. Since £ € [1 —¢,1+ (],
§ — 1las (— 0. In addition, as ( = 0,7 =+ 0,c—=2-0,7c = (2-0)8—0p > 0.
Thus, we have

Fee(Fe — 2 — 200) + 45(C + €% (R — 1) = (2= 0)B — 6p)((2 — 6)° B+ 62p).

The limit is strictly positive when 6 € }O, H\;ﬁ{ (note that H\;ﬁ €]1,2]).
Thus, it follows from (3.47) that there exists ¢ € ]0, +oo[, independent of ¢, such that,
for every ¢ < ¢, P(7¢) > 0, which ensures that we are in case 1) mentioned above. In
addition to the condition ¢ < ¢y, it follows from the initial assumption ¢ > 0 and (ii)

that ¢ € [0, (2 —0)/(2(n — 4p))[.

(3.50)

|
Let us analyze more precisely some noteworthy special cases.

Corollary 3.12. In the context of Problem 3.5, let n) be defined by (3.7), let & be defined as
Remark 3.2(i), let (zg,up) € H? and consider the sequence (T, Un)n>1 generated by Algo-
rithm 3.7. Consider one of the following settings:

(i) (standard forward-backward algorithm) TM = S (i.e., ( =0),

— 2
G:W, (3.51)
T10=(2=0)(B+p) =20 — /(2 0)(B+p) — 2p)2 + 448, (3.52)
720 = (2= 0)(B+p) = 2p+ V(2= 0)(B+ p) — 2p)* + 4pP; (3.53)
(ii) (comonotone inclusion) C =0, 0 =2, ( < ( = 727 ) e =-2p(C+8&?*/(2—-6—

2(n —4p)¢) and 7o ¢ = +00 ; B B
(iil) (monotone+cocoercive operator splitting) A is monotone, § =2, ( < ( = %, Ti¢ =
0, and T ¢ = 26(2 — 6 — 21(Q).
Then, if 0 €]0,0[ and T €]11,¢,72¢[, the same conclusions as in Theorem 3.10 hold. In par-

ticular, the R-linear convergence property holds whenever the additional assumption in Theo-
rem 3.10(ii) is satisfied.
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Proof. The result follows from Theorem 3.10 and Proposition 3.11(i). Let us use the same
notation as in Proposition 3.11.

(i) Assume that 7TM = S. Then ( =0, {(pr = 1/7, £ =1, and
P(r) =71(=7m24+2((2 = 0)(B + p) — 2p)T + 4pB). (3.54)

The quadratic factor has two distinct nonnegative roots 71,9 and 72,0 when (2—60)(8+
p) — 2p > 2y/—pp, that is § < 0. Then P(7) is positive if 7 €]71,0, 72,0[-

(ii) Since the zero operator is S-cocoercive for every 5 > 0, we may let § — +oo in the
expression of A. Thus we deduce from (3.8) that A > 0 if and only if

Te+2p(¢+€)* >0, (3.55)

which yields the intervals for ¢ and 7 ensuring convergence.
(iii) In the case when A is monotone, that is p = 0, we have P(7) = 72(2¢f — 1), which
yields the result.

O

Remark 3.13.

(i) The necessary condition for A > 0 in Proposition 3.11(1i) defines a subinterval of the
one initially considered in Assumption 3.1(iv).

(ii) Suppose that S = 1d, TM =1d, ug = 0, and § = 1. Then Algorithm 3.7 reduces to
the standard unrelaxed FB algorithm. From our standing assumptions, TA is (—p/T)-
cohypomonotone on S. Let us assume that the cohypomonotonicity property extends to
H to provide a simple interpretations of the conditions in Corollary 3.12(i). The condi-
tion T > 71,0 = —2p guarantees that J. a is an averaged operator [5, Corollary 3.10(iii)],
whereas T < 12,0 = 23 is the classical condition ensuring the averagedness of Id — 7C'.

(iii) In Corollary 3.12(iii), the obtained condition coincides with the assumption made in
[48, Theorem 3.1].

(iv) It follows from (3.42) that, for fived p < 0, when 3 — —p, then { — 0.

(v) Let A= (1,0, 5, p,C) be defined in (3.8). The supremum value of ¢ > 0 for which there
exists T €|7:(8, p), +oo[ such that \(7,0,5,p,() > 0 depends on 3, p, and 0. With a
slight abuse of notation, this supremum will be denoted by ((3, p,0). This value is non-
decreasing with respect to B, that is, if Bo > By, then (B2, p,0) > C(B1, p,0). Indeed,
ZfC >0 and BZ > 617 then Ig(ﬁ%ﬁ) < Iﬁ(ﬁlaﬁ) and )\(Tagaﬁ%ﬁv C) 2> )\(Taaaﬁlvlﬁv C)
Hence, every ( feasible for (1 is feasible for Bs.

Analogously, it can be proved that (3, p,0) is a nondecreasing function of p since
A s increasing with respect to p. Indeed,

ON 2 (04 reag)? 4 are) — T 2APT+ (20— D)7 +0))

% 287+ 4l +C)
Moreover, since 7€y > 1 —(,
O\ 2 Ap—17—-¢
5|, F(C ) +470) - #
2 46— 7~
> ;(1 +47¢) — %

_ (28-7)? +7¢(168% +1)

0.
232t >
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Besides,
9\ B 228 — 7 —()? <
o> (Br+p(r+Q)°
Then, %2 is monincreasing as a function of p and it is positive at p = 0. We conclude

that %2 is positive on the admissible domain | — p7/(T 4 (), 0] and that X is increasing
with respect to p on this domain. In addition, T(8,p) decreases as a function of p.

On the other hand, for 0 # 1, we have

ox ) -1, if 0 € [1,2[ and (S — 7M) is monotone,

90 | —1—2sgn(d —1)¢, otherwise.

Since ¢ €]0,1/2], it follows that % < 0 in all cases. Since A is continuous at 6 =1,
X is strictly decreasing with respect to 6 and ((83, p,0) is nonincreasing with respect to
0. Hence, smaller values of 0 lead to less restrictive conditions for the existence of an

admissible step size 7. Figure 1 shows evamples of ((3,p,0) as a function of p for
selected values of B and 6.

4. SOLUTION OF PROBLEM 1.1

In this section, we present our main algorithm for solving Problem 1.1. First, we introduce
some notation and results that are useful to establish the convergence of the proposed method.

4.1. Preliminary results. We first introduce some additional notation and assumptions.

Notation 4.1. In the context of Problem 1.1, consider the following operators defined on the
product space H =H X G:

B:H —2": (2,v) = (A+D)z2x Bl

L:H—H: (z,v) = (L*v,—Lz)

(4.1)
A:H — 2% (2,0) = (B + L)(z,v)
C:H—H:(2,v)— (Cz,0)
and define
S={(z*,—Cz") | " c zer(A+ C)}. (4.2)

Note that, based on the above definitions, zer(A + C) = Z .

Assumption 4.2. In the context of Problem 1.1, let (ua, g, pa,ps) € R* and (va,vp) €
[0, +oo[>. Suppose that

(i) pa+ps >0, pa+pp >0, (pa+pp =0= pa=pp =0), and (ua+pp =0 =
pa=pp=0);
(i) A+D is (vald+paL*L, pa)-semimonotone onSy = {(z*, —Ca* — L*u*) | (z*,u*) € Z};
(ili) B is (up,vpld + ppLL*)-semimonotone on Sy = {(La*,u*) | (z*,u*) € Z};
(iv) there exist nonempty sets Q4 C |0, +o00[ and Qp C 10, +o0[ such that, for every (,0) €
Q4 xQp, Jra and J,p-1 are single-valued and have full domain;
(v) gra(A + C) is sequentially weak-strong closed.

The following proposition showcases some situations where Assumption 4.2(ii) holds, when-
ever the resulting value of v4 is nonnegative.
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Proposition 4.3. Let (v, u,p,p) € R, let T be a bounded linear operator from H to a real
Hilbert space IC, let K # 0 be a linear bounded operator from KC to H, and let D:K—Kbea
(¥ 5) ™ -cocoercive operator with 9 5 €0, +00[. Assume that A is (vId+puL* L, p)-semimonotone.
Then, A+ D is (vald + uL*L, pa)-semimonotone if
() D=KoDoT, 1+0plK|2 >0, and (va, pa) = (v — 911, p/(1 + D50 K[),
where Op-_ ¢ is the Lipschitz modulus of (T* — K)o Do T.
(ii) D is a bounded linear operator, D — pD*D is a monotone operator with p+p > 0, and
(va,pa) = (v, pp/(p + D))
(iii) D=0 and (va,pa) = (v, p).
Proof.
(i) For every (x,y) € H?, we have

<x -y KﬁTm—KﬁTy> = <Tac—Ty | DTz — 5Ty> + <x—y \ (K—T*)(ﬁTx—ﬁTy)>

> 9='| DTz — DTy|* — Ixc_- |2 — y|®
1 e ~
> —— —||[KDTx — KDTy|* — 9k _1-
IplIK|?

In view of Lemma 2.2, if 149 5p|| K ||* > 0, then A+ D is ((v—dp«_g)Id+pL*L, p/(1+
¥ 5p|| K |?))-semimonotone.
(ii) If D is linear, D is p-comonotone for p € R if and only if

(Ve € H) (¢|Da) > p|Dall” (4.3)

z —y|*.

that is
(Vx € H) (x| Dz)— p{xz| D*Dzx) > 0. (4.4)
Hence, D is p-comonotone if and only if D — pD*D is monotone. One can thus apply
Lemma 2.2 to claim that A+ D is (vId 4+ uL*L, pp/(p + p))-semimonotone.
(ii) The last case is straightforward.
(|

The following remark provides more insight on Assumptions 4.2(i)-(iii) when semimonotonic-
ity holds globally.

Remark 4.4.

(i) If pa=ps =0 and ua+pp >0, then A+ D+ L* o Bo L is monotone, which means
that (1.2) is a monotone inclusion problem. In turn, if pa = ug =0 and pa+pp > 0,
then B~ — Lo (A+ D)~ 'o(—L*) is monotone, which implies that (1.3) is a monotone
inclusion problem when C' = 0. However, when A+ D or B are not monotone, we will
show that A is cohypomonotone.

(ii) If A+D is paL* L-monotone with pa € |—o0,0], then it is | L||*>-monotone. Indeed,
let ((z,v), (x,u)) € (gra (A + D))%. We have

(z—a|v—u) > palz — 2 | L"L(z — 2)) = pal L(z = 2)||* > pal LI*||2 - z]*.

Similarly, if B is pp LL*-comonotone for pg €]—00,0], then B is pg||L||*-comonotone.

(iil) Assume that L # 0. If A+ D is va-strongly monotone for va € |0,4o00[, then it is
paL*L-monotone with ua = va/||L||?. Indeed, for every ((z,v),(z,u)) € (gra(A4 +
D))?,

va

2= 24
PE

(z—x|v—u>21/AHz—x||2> 2L

— L

Iz — |
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Similarly, if B is vg-cocoercive for vg > 0, B is vg||L||"2LL*-comonotone.

The next proposition provides conditions going beyond maximal monotonicity, ensuring that
Assumption 4.2(iv) is fulfilled.

Proposition 4.5. Let (v,u,p,vp,up,pp) € R® and let L € B(H,G). Assume that A is
(vId+uL* L, p)-semimonotone and B is (up, vgld+ppLL*)-semimonotone. Let Q4 C ]0,+00],

Qp C0,+00[, and
QA:{TGQA | ran (Id 4+ 7A) = H}, (4.5)
QB:{UEQB | ran(Id—i—aB_l):g}. (4.6)
Then Assumption 4.2(iv) holds if Qa4 # &, Qp # &, one of the following two conditions holds:

(i) (v,p) € [0, 4002 and Q4 =] max{0, —p}, +oo[,
(i) p € [0,4o00] and

6, 100l if v+ min{ys, 0} | L2 > 0, W)
10, =1/(v + min{u, 0}||L||?)[ otherwise, )
and one of the following two conditions holds:
(iii) (v, pB) € [0, +00[? and Qp =] max{0, —up}, +ool,
(iv) up € [0,4o0[ and
QB _ ]07 +OO[, if”B"’—min{pBaO}HL'P =0, (4 8)
10, =1/(vp +min{pp, 0}||L||?)], otherwise. '

In addition, assume that A is mazimally (vId + pL*L, p)-semimonotone and B is mazimally
(up,veld + pp LL*)-semimonotone. If v = u =0 or p =0, then Q4 = Q4 and, if up =0 or
VB = pB = 0, then QB = QB.

Proof. If Ais (vId+ puL* L, p)-semimonotone with (v, u) € [0, +00[?, then it is p-comonotone. If
T > —p, then J, 4 is single-valued on ran (Id+7A) [5, Proposition 2.12]. Let us set 4 =10, +-00]
if p> 0, and Q4 =] — p, +oo[ otherwise. For every 7 € Q4, ran (Id + 7A) = H. Therefore, .J, 4
is single-valued and has full domain, for every 7 € Q4.

On the other hand, if A is (vId + pL*L, p)-semimonotone with p € [0, +oo] it follows from
Remark 4.4(ii) that it is (v+min{u, 0}||L||*)-monotone. Then .J; 4 is single-valued on its domain
when 7 € Q4 with Q4 =]0, +oo[ if v+min{u, 0}[|L||> > 0, and Q4 =]0, —1/(v+min{u, 0} L||?)]
otherwise.

Similarly, if B is (up,vsld + ppLL*)-semimonotone with (vp,pg) € [0,+o0o[?, B is up-
monotone, that is B~! is ug-comonotone. Then, J, -1 is single-valued on ran (Id + o B~1), if
o€ QB, where Qp =10, 4+oo[ if up > 0 and Qp =] — up, +oo[ otherwise.

On the other hand, if B is (up,vpld + ppLL*)-semimonotone with pp € [0, +oo[ then it
follows from Remark 4.4(ii) that B~! is (vp + min{pp,0}||L|?*)-monotone. Thus, we can set
Qp as indicated in (4.8).

Suppose now that A and B are maximally semimonotone with respect to the moduli stated
in the proposition. We prove the additional range conclusions by considering separately the
casesv=pu=0,p=0,vg=pp =0, and up =0.

If v = = 0, then 7A is maximally p/7-comonotone and, by [5, Corollary 2.11], ran (Id +
TA) = H, for every 7 €] max{0, —p}, +ool.

If p = 0, then A is vId+puL* L-monotone, that is A= A—vId—puL* L is monotone. The graph
of A is mapped to the graph of A by (z,u) — (z,u — vz — pL*Lz). Since this transformation
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is bijective, it preserves maximality. For every 7 € |0, +o0],
d+7A=7A+Qa, Qa=(1+7v)d+7uLl*L. (4.9)

We have Q4 = (14 7(v + min{p, 0}||L||*))Id. If v + min{su, 0}||L||? > 0, then Q4 is strongly
monotone and maximally monotone, for every 7 € ]0,4+o00[. Maximal strong monotonicity
of Qa also holds if v + min{u, 0}||L]|> < 0 and 1 + 7(v + min{g, 0}||L||*) > 0, that is 7 €
10, —1/(v 4+ min{p, 0}|| L||2[. Under these conditions, since A is maximally monotone and @ 4 is
strongly monotone and maximally monotone with full domain, TA+Qy is strongly monotone
and maximally monotone [4, Corollary 25.5]. Hence its range is H [4, Corollary 23.37].

The (up,veld + ppLL*)-semimonotonicity of B is equivalent to the monotonicity of B =
B! —vpld — pgLL*, if ug = 0, and to the pp-comonotonicity of B~!, if vg = pgp = 0. By
arguments analogous to those used above, if (vg = pg = 0 or up = 0) and o € ?23, then
ran(Id +oB~1) =G. O

We now state a number of results which will be useful in the convergence proofs of the next
section. In particular, the next result highlights cohypomonotonicity properties of A.

Proposition 4.6. In the context of Notation J.1 and Assumption 4.2, let (1,0) € ]0, +oo[2,
let S € B(H,H) be a self adjoint and strongly monotone, and suppose that

T g _
(V(zv) e H) xl(zv)ls <Nzl + ~llol®  and Iz + ~[lolI* < X[(z,0)[§-1,  (4.10)

where (x,X) € ]0, 400>, In addition, define the parameters

min {07 PA,B, gMA,B} ; if min{pA + pB, HA + /jfB} >0

{ JVB} ) min {0, Zpap}, if pa=pp =0and pup+pa >0
f=miniva, —2 4, p=1 :
min {0, pa, B}, if ua =pup=0and pa+pg >0
0, if ua=pup=pp=pa=0
(4.11)

with pa,s = papp/(pa + pB) if pa+pp >0, and pap = paps/(pa + ps) if pa + ps > 0.
Then, A is (XﬂS,XﬁS_l)-semimonotone on S.

Proof. Let (x,u) = ((z,v), (x,u)) € gra A and let * = (2*,v*) € zer(A+C), thus (x*, —Cx*) €
S. We have then z — L*v € (A + D)z, u+ Lz € B~ v, —Cz* — L*v* € (A + D)z*, and
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Lz* € B~'w*. First, suppose that min{pa + pg,up + pa} > 0. It follows from Assump-
tion 4.2(ii)-(iii), Lemma 2.1, and (4.10) that

(—z" |u+Cx") =((z— 2" v—v") | (x +Cz",u))
=(z—2" |z 4+Cz")+{v—v"|uw)
=(z-z2"|e—Lv+Cz"+L*v")+ (v—v"|u+ Lz — Lz¥)
vallz — 2*||2 + pallz — 25|31 + pallz — L*v + Cz* + L*o*|?
+pllv —v*|* + ppllv = v*||7 L. + pallu+ Lz — Lz
vallz = 2*|1* + vgllv — v*|?

ﬂ”x + O+ M”u“?
pA+pB pB+ pa

> min{va,ovg/T} (||z — 2P+ Z||v - v*||2)
o
) T . o
+m1n{07 PAPB 7 HAUB }(||x+cz ||2_~_7||u||2)
pa+ps o(pp +pa) T
> xjillz — "5 + Xpllu + Cx*|[§-.

Y

Y

The remaining cases are treated analogously. O
Proposition 4.7. In the context of Notation J.1 and Assumption 4.2, let (o,7) € ]0, —&—oo[2 be
such that o7||L||* < 1, and consider the operators
S:H—-H: (z2,v)— (z—7L"v,—7Lz+ T0/0)
Tv:H—>H:z— (Id—o7L*L)z (4.12)
T5:G—G: v (Id— orLL")v.
The following assertions hold:

(i) Th, Tz, and S are positive definite, self-adjoint, and strongly monotone linear opera-
tors. Furthermore,

(V(z,0) €M) S (z,v) = (I7 ' (2 + 0L*v), 0T, '(Lz + v/T)). (4.13)

(i) LoTy'=Ty'oL and L* o Ty ' =Ty ' o L*.
(iii) For every (z,v) € H,

g g
1) = 2 + oL 020 + 2ol = J12) + 2o + TL2|2 . (4.14)
1 T T 2
In addition,
g
212 + Zlol? < (1 + VorIL Gz, v) - (4.15)
(iv) For every (z,v) € H,
T
G0l < (@ +VarllLil) (11202 + Zll?) (4.16)

(v) A is (x1S,xpS™')-semimonotone on S, where fi and p are defined in (4.11) with
X =14 o7|L| and x =Xx"".

(i) The first assertion follows directly from existing results, see, e.g., [48, Lemma 6.1].
(ii) Note that LT} = T»L, thus,

(VzeM) Lz=LTT; ' '2=ToLT] 2.
Then, we conclude that T, 'Lz = LT, *z. The second identity is deduced similarly.
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(iii) For every (z,v) € H,
1z, 0)[[5-1 = (87 (z,v) | (2,0))
=(T7"(z+oL*v) | z) + g<T271(v +7Lz) | v)

=(T7 "(z+oL*v) | z+ oL*v) — o(T; (2 + oL*v) | L*v) + g(T;l(v +7Lz) | v)

= ||z 4+ oL |2 — o (T (z + o L*v) | L*0) + g<T{1(v +7L2) | v)

W |z +oL*v||2 1 — 0<T2_1L(z +oL™v) | U> + g<T2_1(U +7Lz) | v>
- T

2 0 /-1
=z + crL*v||T1_1 + ;(TQ (v—oTLL*v) | v)
4.12 g
I g ool 2 s+ Tl
1 T

The identity |[(z,v)[|%-1 = [|z]|* + Z[|v + TLZ||2T_1 is deduced in a similar manner.
2

Let (2/,v") = 87 1(z,v). Set w = /o7||L|| and u = /7 /0v’.We have then

7112

217 + Zllol? = 11" = 7L*V/|]? + o7 ||~ Lz + =

= ||| = 27 (L& | o)) + 2| LV |2 + o7|[ 122 = 20(L2" | ) + = ')
g
< (L w)[Z1P = 4oLz [ u) + (14 w?)|ull?

and
Gz )l1%-2 = 1G5 = 12117 = 2v/or (L2’ | u) + [Jul®.
Using Cauchy-Schwarz inequality yields

o
(L+ W)z v)ll5-1 = lI21” = =llol1”
> (1 —w)(wl|2']]* +2vor(L" | u) + wlul?)
> (1 - w)(wll2'|* = 2v/o||L"|[ul| + wllull*)
> (1= ww ([l = [lull)*.
Since w € [0, 1], we deduce that
o
12017 + Il < (1 + @)z, 0)lls-1- (4.17)
(iv) Assume that L # 0. For every (z,v) € H and § €]0, +o0],
I(z,0)lI§ = ((z = TL*v, 7v/0 — TL2) | (,v))
T
= ll2l* = 2r{Lz | v) + ~|lv]|*

)
< |2l + 272 llzl ol + Z o)
2 2
)L r
< 2l + 1202 + T ol + o)l

L 2
<o {161+ TR (a4 Zyop?).

The tightest value of the bound is obtained by setting 6 = /o7||L||, which yields

IGo)li% < (L + VarliLl) (1102 + Z o)) (4.18)
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This inequality remains valid when L = 0.
(v) The last assertion follows directly from (iii), (iv), and Proposition 4.6.

O

Proposition 4.8. In the context of Notation 4.1 and Assumption 4.2, let (T,0) € Q4 x Qp.
Define

M:H—H: (z2,v)— (2/r— Dz— L*'v,—Lz +v/o). (4.19)
Then (M + A)~1 is single-valued and has full domain. Moreover,
(V(z,w) €H) (M+ A z,w) = (Jra(tz), Jop-1 (o(w + 2LJ, a(12)))) . (4.20)

Proof. Tt follows from (4.1) and (4.19) that
(V(z,v) € H) (M + A)(z,v) = (Az + 2z/7) x (B~ v +v/o — 2Lz).

Therefore, given (z,v) € H and (z,w) € H, (z,v) € (M + A)"(z,w) if and only if x €
(r7'd + A)z and w + 2Lz € (¢~ '1d + B~)v. Since J,4 and J,p-1 are single-valued, we
conclude that z = Jra(rz) and v = J,p-1(o(w + 2LJ-a(72))). Since J4 and J,p-1 are
single-valued and have full domain, (4.20) shows that that (M + A)~! is also single-valued and
has full domain. g

4.2. Algorithm and convergence analysis. In this subsection, we will show that the fol-
lowing primal-dual algorithm provides a numerical method for solving Problem 1.1.

Algorithm 4.9. In the context of Problem 1.1 and Assumption 4.2, let (1,0) € Q4 x Qp, let
6 €]0,2], let (2_1,%20,P0,v0) € H> X G, and set y_1 = Dz_1. Consider the iteration:

Yn = Dzn

Tn = 2n — T(Yn — Yn—1 + Dpn + Cz, + L v,)

P+l = JraTy

(vn € N) Wy, = vy, + O’L(2pn+1 - Z")

(4.21)

dn+1 = JUB*1w7L

_(Zn+1avn+1) = (1 - 9)(Zn7vn) + a(pn—O—la Qn—i-l)'

Our main result concerning the convergence of the above algorithm is stated next.

Theorem 4.10. In the context of Problem 1.1 and Assumption 4.2, consider the sequence
(21, Un)nen generated by Algorithm 4.9 where (1,0) € Qa4 xQp is such that k = 1—o7| L||*> > 0.
Let p <0 be defined by (4.11) and let X = 1+ /o7||L||. Moreover define

1, if 8 € [1,2] and D is monotone,
ng = [. | (4.22)
1+]1-10|, otherwise,
Suppose that fr + xp(1 +3I/k) > 0 and
169 (1 +2xp)? - ¥ 20
2—0—21— —2 21— +1 47— . 4.23
( ) 2Br+xp(l+ o/ X\ ) AT (4.23)

Then the following hold.

(i) The sequence (zpn,vn)nen converges weakly to a solution to Problem 1.1.
(ii) Ifva >0 and vg > 0, then (z,,Vn)nen converges R-linearly to the unique solution to
Problem 1.1.
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Proof. Let (1,0) € Q4 x Qp and consider the operators defined in (4.1), operator S defined
in (4.12), and operator M defined in (4.19). Let, for every n € N, @, = (2n,0p), Pnt1 =
(Pn+1, Gnt1), and U1 = (TM = S)ppi1 — (TM — S)x,,, where TM — S': (z,v) — (—7Dz,0).
It follows from (4.21) and (4.20) that

(pn+17 qn+1) = (JTA:ETL’ JUB—lwn) & Pntl = (M + A)_l(mn/7—7 U}n/O' - 2Lpn+1)

Moreover,

Xn /T =24 /T — Dz — Dpp + Dzyyy — Czpy — L*vy,
wp/0 —2Lppy1 = vp/o — Lz,
& (v,/7,wn/0 —2Lppy1) = Mz, — Cx,, + u, /7.
Therefore, by setting ug = (—7Dpg + 7Dz_1,0), we conclude that

Pni1 = (M + A" ( Mz, — Cx,, +u,/T)
(Vn € N) Upi1 = (TM — S)ppi1 — (TM — S)x, (4.24)
Tp+1 = (1 —0)xy, + 0ppia,

which is of the form of Algorithm 3.7. In addition, (M + A)~! is single-valued and has full
domain by Proposition 4.8 and gra (A + C) is sequentially weak-strong closed by Assump-
tion 4.2. According to Proposition 4.7, A is (uS, pS~!)-semimonotone on S with (u,p) =
(xft, Xp) € [0, +oo[x] — 00, 0] with x = (1++/a7||L|)~!. Moreover, it follows from the proof of
[48, Corollary 6.1] that C is (f8k)-cocoercive with respect to S and 7M — S is (-Lipschitzian
with respect to S with ¢ = 79/k. In addition, 7y coincides with n defined in (3.7). Finally,
the condition Sk + Xp(1 + ¥/k) > 0 is equivalent to 7 > —(p/(p + BKk) = 7, and implies
that p > —fk. In summary, Assumption 3.1 is satisfied provided that ¢ < 1/2. In addition,
according to Remark 3.2(i), M is {pr-Lipschitzian with respect to S. The convergence results
then follow from Theorem 3.10 by noticing that, in the considered setting, zer(A + C) = Z
and the condition A > 0 reads

2
N g 200 (1 4 2p)? 5+ 2p7 ((2 + CM) + %f) > 0. (4.25)

v 2r(Br+p(1+9/k

By virtue of Remark 3.13(i), this condition ensures that ¢ < 1/2. Majorizing (ps by (14 )/,
condition (4.23) implies (4.25).

The R-linear convergence is deduced from Theorem 3.10 when i, as defined by (4.11), is
positive. 0

Remark 4.11. Suppose that L # 0 and set k € ]0,1]. For any 7 € |0,+o0[ we can find
o €]0,400| such that k =1 — o7 || L||*>. Then, o = (1 —&)/(7||L|*), x = (1 +V1—=k)"!, and
X=1++v1-k.

(i) When p=0 and 6 =1, (4.23) reduces to

T < (4.26)

K

1 )

55 +20
which is the condition in [48, Corollary 6.1] guaranteeing convergence of Primal-Dual
Method with Block Triangular Resolvent splitting in the monotone case.

(i) When p # 0 and pa = pp = 0, it follows from (4.11) that p = pr? where p =
|L|?pa /(1 — k) <0. Thus, (4.23) reads

(1 + 2xpr)> . (2719 >2 4729\ e 2-6
~ A MY 27 4.27
4(Bk +xp(1 +V/K)T?) xp Pal )T 27 (4.27)
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which holds for T small enough. This is consistent with the choice of S~2A (resp. ?23)
in Condition (ii) (resp. (iii)) of Proposition 4.5.

(iii) Situations where p # 0 and ua = pp = 0 will be studied in Section 4.5.

(iv) The authors of [48] included an extrapolation step in the iterates of the Primal-Dual
Method with Block Triangular Resolvent. Such an extrapolation step could also be
incorporated into our analysis, but we omit it for the sake of simplicity. In the same
article, the authors also proposed the Primal-Dual Algorithm with Resolvent-Corrected
Kernel, which could likewise be extended to our setting.

4.3. Specific cases. We now present iterative methods derived from Algorithm 4.9 for specific
instances of Problem 1.1.

4.3.1. Case D = 0. The previous analysis allows us to establish convergence results for the
Condat—Vu algorithm [24, 59] in the semimonotone case.

Proposition 4.12. In the context of Problem 1.1 and Assumption 4.2, suppose that D = 0.
Let (1,0) € Qa x Qp, let 6 €]0,2], and let p < 0 be defined by (4.11). Moreover, assume that

varnl < 2. (4.28)
— (14280 LIP(2 - 0)) 7 — 2pv/a | L] (260]|L]]* + 6) 7/
+2(B(2—0) — p(2Bo||L|]> +0)) T + 4B8p\/a || L|| 7"/ + 485 > 0. (4.29)

Let (z9,v0) € H X G and consider the sequence (zp,Vn)n>1 generated by the following iteration:
Prnt1 = Jra(zn — 7(Czy + L' vy,))
(VneN)  |gn+1 = Jop-1(vn + 0L(2pny1 — 2n)) (4.30)
(2n+1,Un+1) = (1 = 0)(2n, vn) + 0(Prt1, gnt)-
Then the following hold.

(i) (zn,Vn)nen converges weakly to a solution to Problem 1.1.
(ii) Ifva > 0 and vg > 0, then (z,, v, )nen converges R-linearly to the unique solution to
Problem 1.1.

Proof. Let k = 1—o7||L||? and X = 1++/07||L|. The result follows directly from Theorem 4.10
by noticing that, when D = 0, ¥ = 0. The condition Sk + Xp > 0 implies that x > 0 and it is
equivalent to (4.28). In addition, (4.23) can be rexpressed as
2Bk + XD)(2 — O)7 + 2%5) > (7 + 2%5)? (4.31)
& 22— 0)7Br +2(2BK — O7)Xp > T2 (4.32)
After simplification, this yields the algebraic inequality (4.29), which is a fourth-degree poly-
nomial inequality in /7 when p is independent of 7. O
Remark 4.13. When 0 =1, under (4.28), (4.31) shows that (4.29) is equivalent to
) T
—p(1++ot||L|) < 5 < B(1 —ot|L|?). (4.33)

As shown below, the previous proposition recovers standard results in the monotone case,
while also extending to settings where the operator A or B is hypomonotone or cohypomono-
tone.
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Corollary 4.14. In the context of Problem 1.1 and Assumption J.2(v), suppose that D = 0,
let (z0,v0) € H x G, and consider the sequence (zn,Vn)n>1 generated by iteration (4.30) with
(1,0) €]0,4+00[% and 6 €]0,2[. Then, (2n,vn)nen converges weakly to a solution to Problem 1.1
if one of the following conditions holds:

(i) A and B are mazimally monotone and T < 23(2 — 0)(1 — o]/ L||?),

(il) pa <0, pg > —pa, A is mazimally p o-comonotone, B is mazimally pg LL*-comonotone,

and (4.28)-(4.29) hold with p = %.

(i) pp <0, pa > —pp, L #0, A is mazimally pa-comonotone, B is mazimally pg LL*-

comonotone, (4.28)-(4.29) hold with p = piAffB ,and o < —m,

(iv) pa <0, up > —pa, L # 0, A is mazimally paL*L-monotone, B is mazimally ppg-

monotone, (4.28)-(4.29) hold with p = 7-E2E2- and 7 < fm.

(v) p <0, pa > —up, A is mazimally paL* L-monotone, B is mazimally 1 p-monotone,
(4.28)-(4.29) hold with p = ZEAEE- "and 0 > —pup.

opatpus’

Proof. This result is deduced from Proposition 4.12 by noticing that, in each of the considered
cases, Assumptions 4.2(i)-(iv) are satisfied.

(i) Suppose that ua = pup = pa = pp = 0. We have then p = 0.

(ii) Suppose that v4 = vg = pa = pp = 0 and pa + pp > 0. It follows from Proposi-

tion 4.5(1)&(iii) that Q4 =] — pa, +oo[ and Qp =]0, +oo[. From (4.11), p = pap =
LaLE-. In addition, it is deduced from (4.32) that 7 > —2xp/(2—6). The latter lower

bound is larger than —py4 since —p > —p4 and 2x/(2 —0) > 1. Thus, condition (4.29)
implies that 7 > —pg4.

(iii) Similarly to the previous case, we deduce from Proposition 4.5(1)&(iv) that Q4 =
]0, +oc[ and Qp = |0, —1/(ps||L|?)[.

(iv) Suppose that v4 = vg = pa = pp = 0, and pa + pp > 0. It follows from Propo-
sition 4.5(ii)& (iii) that Q4 =]0,—1/(ual/L||?)[ and Qp =]0,+oo[. In addition, from
(4.11)7 ,5 = g/JA,B = g/ffffis'

(v) Similarly to the previous case, we deduce from Proposition 4.5(ii)&(iii) that 24 =

10, +o0] and Qp =] — ug, +o0l.

]

Remark 4.15. In the particular case when C = 0, (4.30) corresponds to the primal-dual al-
gorithm proposed in [12]. Then, by letting 5 — 400, we obtain convergence conditions for this
iterative method for semimonotone operators. Similar results were established in [31, Corol-
lary 5.2].

4.3.2. Case B = 0 and L = 0. The following result is a specialization of Theorem 3.10. It
provides a comonotone version of the Forward-Half-Reflected-Backward algorithm proposed in
[46] for finding a zero of A + C + D. We will make the following assumption on the involved
operators.

Assumption 4.16. Let ps € R and vy € [0, +00], and suppose that
(i) A+ D is (va, pa)-semimonotone on {(z*,—Cx*) | —Cx* € (A+ D)z*};
(ii) there exists Qa C |0,+00[ such that, for every 7 € Qa, Jra is single-valued and has
Sfull domain;
(i) gra(A+ D+ C) is sequentially weak-strong closed.

Proposition 4.17. Consider Problem 1.1 where B = 0 and L = 0. Let pa € R and
va € [0,400, and suppose that Assumption 4.16 holds. Let 7 € Qu, let 0 €]0,2[, and let
p = min(0,pa). Let (z0,p0,2-1) € H3, set y_1 = Dz_1, and consider the sequence (zy)n>1
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generated by the following recurrence:

Yn = Dz
Ty = 2n — T(Yn — Yn—1 + Dpp + Cz,
(Vn € N) Dot = JTA'I(TL ) (4.34)
Znp1 = (1= 0)zn + Opni1.
Set ng as in (4.22). Moreover, assume that
vy=p+p1+79) >0, (4.35)
bo? 4+ by + by >0 (4.36)

with
bo=4p(y—p), b1 =2(v(2—-0+8p0) —2p), by =167p9(1 +1) —dyine —1.  (4.37)
Then, the following hold.

(1) (2zn)nen converges weakly to z € zer(A+ C + D).
(ii) Ifva > 0, then (zp)nen converges R-linearly to the unique z € zer(A + C + D).

Proof. In the considered setting, Algorithm 3.7 reduces to algorithm (4.34). We apply Theo-
rem 4.10 with k =1, ¥ = 1, up = 0, and choosing vg and pp arbitrarily large. In this context,
(4.23) reduces to

1
(2—0)7 > 2(np — 4p)7°9 + ﬂ(f +2p)2 = 2p (279 + 1)? (4.38)
After some algebra, this condition can be rewritten as (4.36). O

Remark 4.18. Consider the setting of Proposition J.17.
(i) Define
R(7) = by7? + 017 + by, (4.39)
A = b? — 4byby. (4.40)

Since p < 0 and v > 0, we have by < 0 and bo < 0. Hence, if by < 0 or A <0,
R(7) <0 for every 7 > 0. Otherwise, if by > 0 and A > 0, R(7) > 0 for 7 € |79, 71][.
Because of the signs of (bo,b1,b2), it follows that 9 > 0 (19 > 0 if p #0). Moreover,

A
v (2—0)>+16p0(2 — 0+ no — 4p)) v
+4p (0 —1—49(2+n9)p + 169(1 + 9)p°) . (4.41)
Suppose that 0 € [1,2[ and
2 —0)? 62 +9(2—6)*+160p(V(2 -0 +1ng) — 0
16(2 — 0+ ng — 4p) (2—-0)2+16p9(2 — 0+ ng — 4p)
Then (4.35)-(4.36) hold for T €]ry, 1| with
—by + VA —b1 — VA
< = = .
0<7 by <N 5y (4.43)
Indeed, since 0 — 1 — 49(2 + ng)p + 169(1 +9)p*? > 0, A is positive if and only if
2 —0)2
(2—=0)2+16p9(2—-0+m9 —4p) >0 & —pi< ( ) (4.44)

16(2 — 0 4 ng — 4p)



NFB FOR SOLVING NON-MONOTONE INCLUSIONS 29

and
0 — 14 49p(4(1+9)p—2—mp)

> —4p - . 4.45
T T e 02 1 16p9(2 — 0 + 19 — 4p) (4.45)
Note that (4.44) implies that
A (2 6)? 24+ 205 —0— 85
20480 >2—0— _—(2-0 ’_ >0, 4.46
g 2(2—0+no — 4p) ( )2(2,9+,79,4p> (4.46)

hence by > 0. Besides, (4.45) implies that v > 0, i.e., (4.35) holds. Furthermore,
(4.45) is equivalent to
0—1+49p(4(1+9)p—2 —ng)
(2—0)24+16p9(2 — 0+ ng — 4p)
which yields the second inequality in (4.42).
(ii) In the case when C =0 and D # 0, (4.34) reduces to
Yn = Dz

B> —4p —p(1 +9), (4.47)

Tn = Zn — T(yn — Yn—-1 + Dpn)
Pn+1 = JTAxTL
Znt1 = (1 — 0)z, + Oppy1.

(Vn € N) (4.48)

This recurrence coincides with the Forward-Reflected-Backward algorithm [46] when
0 =1 and pg = z9. The corresponding convergence conditions are obtained by letting
B — +oo. Hence, by assuming 0 € [1,2[, the convergence conditions reduce to (2 —
0)2 +16p9(2 — 0 +ng — 4p) > 0 and T €]79, 71 [NQa, where
—(2—0) —8p9 + (1 —2i)y/(2—0)2 +16p0(2 — 0 + ng — 4p)
40(4p(1 +9) — 1g) ’
In [46], it is further assumed that A is mazimally monotone and D is monotone. In
this case, we have p =0, Q4 =|0,+o00|, and (19,71) = (0, (2 — 6)/(29)).
(iii) When D = 0, (4.34) reduces to the Forward-Backward algorithm and we recover the
convergence conditions in Section 3 (see Corollary 5.12(i)).

ie{0,1}.  (4.49)

T; —

5. NUMERICAL EXPERIMENTS

In this section, we present a numerical illustration of our theoretical results. First, we
introduce the adjoint mismatch problem. Next, we provide numerical experiments in the context
of signal recovery in the presence of adjoint mismatch.

5.1. Application to adjoint mismatch problems. Let F': H — H be a p-cocoercive op-
erator for p € ]0,+oo[ and let T: H — G and K: G — H be bounded linear operators such
that KT # 0. We assume that KT — pT* K* KT is a monotone operator with p € R such that
P+ p>0. We want to

find x € H such that 0 = Fz + KTx. (5.1)

By setting D = KT, it follows from Proposition 4.3(ii) that F' + D is pp p-comonotone with
pr.p = pp/(p+p). The problem can be solved by using algorithms (4.34) and (4.48) under the
following two splittings.
e Set A = F and C' = 0. Assumption 4.16(i) holds with ¥4 = 0 and ps = ppp. In
addition, since A is maximally monotone, Assumption 4.16(ii) is satisfied for Q4 =
10, +00[. Since F is p-cocoercive, D is p-comonotone, p+p > 0, and the bounded linear
operator D is weakly continuous, Lemma 2.3 shows that gra (F' + D) is sequentially
weak-strong closed. Thus, Assumption 4.16(iii) also holds. Let p = min{0, pp/(p+p)},
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let (7;)0<i<1 be defined by (4.49) with ¢ = || KT||. As a consequence of Remark 4.18(ii),
if i) 6 € [1,2], ii) (2 —6)* + 16p||KT||(2 — 60 + 1o — 4p) > 0 and iii) 7 €]79, 71[, then
algorithm (4.48) converges weakly to a solution to (5.1).

e Set A=0and C = F. Note that 0+ D is p4-comonotone with p4 = p and Assump-
tion 4.16 holds with Q4 = ]0, +o0[. Let 6 € [1,2], and suppose that condition (4.42)
holds with p = min{0, p}, 8 = p, and ¥ = | KT||. Then, according to Proposition 4.17
and Remark 4.18(1), inclusion (5.1) can be solved by algorithm (4.34) when 7 €79, 71|
and (79, 71) are the bounds given in Remark 4.18(i).

5.2. Signal recovery example. Let N € N\ {0} and 7 € # = R" be a signal to be recovered
from an observation r € G = RM™ which is modelled as follows:

r=1TT +e, (5.2)

where M € N\ {0}, T € RM*¥ and e is a vector modelling an additive zero-mean white
Gaussian noise. To recover the original signal from the observation r, we solve the following
optimization problem:

: 1 2
Inin AHs(Wax) + §||Tx -3, (5.3)

where Hj is the Huber function, é € ]0,+oo[, A € ]0,+00[ is a regularization parameter, and
W € RVY*N is an orthonormal wavelet decomposition. The Huber penalty is defined as

H(;: H—R: (mi)lgiSN — Zh(s(a}i),
icl
where s
L if [t] <6
hs: R —=R:te q 27 1 4 <5,
[t|— 5, if [t] >4
and I C {1,...,N} is the index set of wavelet (detail) coefficients. By Fermat’s rule, the
considered optimization problem is equivalent to

find x € H such that 0= AW*VHs(Wzx)+T"(Tx —r). (5.4)

In the case of an adjoint mismatch, 7™ is not available and needs to be approximated by
K € RV*M and the inclusion becomes

find z € H such that 0= AW*'VH;(Wz)+ KTz —r), (5.5)

which is an instance of (5.1) for F' = AW* o VHs o W — Kr. Moreover, F is p-cocoercive for
p = %, thus, problem (5.5) can be solved by algorithms (4.48) or (4.34) under the scenarios
analysed in the previous subsection.

To test these algorithms, we define T' as a random normalized matrix of size M x N =
256 x 256 and a mismatched adjoint K = T 4 sE where F is a rank-one perturbation matrix
with unit Frobenius norm, and s € R. Additionally, we consider § = 10~!, W is a decomposition
onto an orthonormal Daubechies wavelet basis using filters of length 4 and 3 resolution levels.
We choose p such that KT — pT* K* KT is monotone, in particular, the minimum eigenvalue of
Q= (KT +T*K*)/2is —2 x 10~3 and that of Q — fT* K* KT is 4.982 x 10~ with 5 = —0.01.
Note that, in this situation, the affine data fidelity term in (5.5) is not monotone. We consider
two test signals plotted in Figures 2(a) and 4(a). The components of the additive Gaussian
noise e have a standard deviation of 1072. For algorithm (4.34) we consider the step size
7 = —0.99(b1 + \/b? — 4bob2)/(2b2), where by, by, and by are defined in (4.37). For algorithm
(4.48) we consider 7 = 0.997, where 71 is defined in (4.49). To compare the behaviour of the
algorithms in the monotone (K = T*) and non-monotone case (K # T*), we also solve the
inclusion in (5.4) with algorithms (4.48) and (4.34) for p = 0. As stopping criterion, we use
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[—(4.42) - No Mismatch

|=-(4.28) A = 0 - No Mismatch
42) - Mismatch

|- (4.28)

A=0- Mismatch
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(a) Original and restored signals (b) Relative error vs iterations (c) Relative error vs time

FIGURE 2. A = 0.005 and € = 1. The PSNR values of all restored signals are approximately
35.23 dB.
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lteration CPU time [s]

(a) Original and restored signals (b) Relative error vs iterations (c) Relative error vs time

FIGURE 3. A =0.005 and 6 = 1.3. The PSNR values of all restored signals are approximately
35.23 dB.

the relative error expressed as ||T,11 — #n||/||zn| with tolerance 10=7. All algorithms were
initialized with z_; = 29 = pg = 0. The results obtained for the first signal are presented in
Figures 2 and 3 for # = 1 and 6 = 1.3, respectively. Figures 4 and 5 show the results for the
second signal for # = 1 and 6 = 1.2, respectively. From Figures 2(a), 3(a), 4(a), and 5(a) we
observe that the algorithm with and without mismatch recover similar signals. In Figures 2(b),
3(b), 2(c), and 3(c), we observe that both algorithms (4.34) and (4.48) present a similar decay
of the relative error versus the iteration number or computational time for A = 0.005. On the
other hand, for A = 0.5, from Figures 4(b), 5(b), 4(c) and 5(c), we observe that algorithm (4.48)
presents a faster decay of the relative error. In all cases the algorithms with no mismatch are
faster in terms of number of iterations or computational time. This is related to the fact that,
in the considered scenarios, the negative comonotonicity parameter induced by the mismatch
leads to smaller admissible step sizes, which explains the slower convergence we observe. Note
that, in our experiments, increasing 6 leads to more iterations to reach the stopping criterion.
This can also be explained by the fact that larger values of # impose smaller step-sizes.

6. CONCLUSION

In this article, we developed a nonlinear Forward-Backward algorithm for solving non-
monotone inclusions involving Lipschitz continuous operators. We established the convergence
of the method under a comonotonicity assumption and analyzed the conditions on the algorithm
parameters in detail. In addition, we provided explicit conditions ensuring the comonotonicity
of sums of operators and primal-dual operators. As a consequence, we established convergence
guarantees for several methods from the literature for solving comonotone inclusions, including
Forward-Backward, Chambolle-Pock, Condat—Vu, and Forward-Reflected-Backward. Finally,
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(a) Original and restored signals

FIGURE 4. A = 0.5 and 0 = 1.
22.92 dB.
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The PSNR values of all restored signals are approximately
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FiGURE 5. A = 0.5 and 6 = 1.2. The PSNR values of all restored signals are approximately

22.92 dB.

we presented an application to adjoint mismatch problems and illustrated our theoretical results
through a signal recovery example.
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