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New skew-symmetry-based mixed finite element methods
for the Navier-Stokes equations with variable viscosity™

GONZALO A. BENAVIDES! SERGIO CAUCAO! GABRIEL N. GATICAS

Abstract

In this paper, we introduce and analyze a new skew-symmetry-based mixed formulation for the
Navier—Stokes equations with variable viscosity, which leads to the derivation of two families of
stable mixed finite element methods for their numerical approximation. Motivated by the need to
employ the symmetric stress tensor in this setting, our approach introduces the strain rate and
vorticity tensors as independent unknowns. Their average, acting on the velocity, provides one half
of the convective term, while the remaining contribution is accounted for in the momentum equation
by introducing an incomplete symmetric stress tensor containing half of the tensor product of the
velocity with itself. The resulting variational system exhibits a typical saddle-point structure in
Banach spaces, but with a nonlinear main operator. A key step in its derivation is the introduction
of a null expression given by the tensor inner product of suitably chosen symmetric and skew-
symmetric tensors. We then show that the variational system is equivalent to a reduced problem
posed on the kernel of the coupling bilinear form. Existence and uniqueness of a solution to the
latter are obtained by means of a fixed-point argument that linearizes the nonlinear part of the
aforementioned operator, yielding a skew-symmetric bilinear form in its place, and by applying the
Schauder and Banach fixed-point theorems. In contrast, the solvability analysis of the Galerkin
scheme is carried out directly in the original saddle-point setting. Under suitable hypotheses on
the finite element subspaces, existence and uniqueness of a discrete solution are proved through a
similar fixed-point strategy, using the Brouwer and Banach fixed-point theorems. A priori error
estimates are then derived, including a corresponding bound for the pressure approximation, with
this unknown having been eliminated from the continuous formulation and subsequently recovered
by postprocessing. PEERS- and AFW-based finite element subspaces of order k > 0, defined on
shape-regular simplicial meshes, are shown to satisfy the required stability conditions, and the
associated convergence rates are established. Finally, several numerical experiments illustrating
the performance of the methods and confirming the theoretical findings are reported.
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mixed finite element methods, a priori error analysis
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1 Introduction

The diffusion term in the Navier—Stokes equations, given by the divergence of twice the viscosity times
the strain rate tensor, reduces to the viscosity times the Laplacian of the velocity, provided that the
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viscosity is constant and the flow is incompressible. Thus, it is only in this case that the velocity
gradient, rather than its symmetric part, can be used to define a total or partial pseudostress for
the purpose of deriving a mixed variational formulation of the model. Indeed, we begin by refer-
ring to [8], where a pseudostress tensor combining the velocity gradient and the convective term is
employed to introduce and analyze a new momentum-conservative mixed finite element method for
the Navier—Stokes equations, with the pseudostress and velocity as the main unknowns. Building on
this pseudostress formulation under the assumptions of constant viscosity and incompressibility, the
approach has been extended, for instance, to fully-mixed formulations for the Boussinesq model [12]
and the Navier—Stokes/Darcy coupled problem [13].

Concerning the literature on Navier—Stokes models in which the symmetric part of the velocity gra-
dient is considered in the constitutive equation, and the Cauchy stress tensor is therefore introduced,
we begin by referring to [23] as a pioneering contribution. In that work, the authors propose and ana-
lyze a skew-symmetric dual-mixed finite element method in which the Cauchy stress tensor is treated
as a primary unknown. They construct finite element spaces satisfying the corresponding inf-sup con-
ditions, including those associated with the augmented PEERS and AFW elements. This construction
is restricted to the two-dimensional setting. The same work also introduces a new family of finite el-
ements for both two- and three-dimensional domains, based on the div-stable elements of Scott and
Vogelius [25, 27]. This framework was subsequently extended to the stationary Boussinesq problem
in [17], where both the velocity gradient and a Bernoulli stress tensor are introduced as auxiliary
unknowns. In particular, the discrete spaces for the fluid variables are constructed on triangulations
obtained through barycentric refinements (Alfeld splits), which provide the macroelement structure
required to establish the inf-sup condition and a discrete Korn-type inequality. More recently, [15]
developed a fully-mixed formulation for the Boussinesq problem with temperature-dependent viscosity
within a Banach space framework. In that work, the velocity gradient and Bernoulli stress, together
with the corresponding variables associated with the heat equation, are incorporated as additional
unknowns, and the resulting discrete spaces are again built on barycentrically refined meshes. Finally,
we mention [16], where the aforementioned approach was applied to the Oberbeck—Boussinesq system.

On the other hand, several works have addressed the design and analysis of numerical schemes based
on skew-symmetric formulations, which allow for less restrictive data assumptions in the analysis
of existence and uniqueness, see, e.g., [10, 2, 7, 3, 11]. In [10], a fully-mixed formulation for the
Brinkman—Forchheimer and double-diffusion equations is analyzed using a skew-symmetric approach.
The resulting problem is reformulated as a fixed-point equation, and its unique solvability, for both
the continuous and discrete problems, is established by combining the Banach fixed-point theorem
with classical results on nonlinear monotone operators and the Babuska—Brezzi theory in reflexive
Banach spaces. Similar arguments are subsequently extended in [7] to a Banach-space-based fully-
mixed finite element method for the convective Brinkman—Forchheimer equations coupled with a
nonlinear transport phenomenon. In [3], the skew-symmetry of the operators arising in the convective
Brinkman—Forchheimer model and its coupling with Maxwell’s equations is exploited to establish
the unique solvability of the continuous and discrete problems. This is achieved by recasting the
mixed formulation as a fixed-point equation and applying Banach’s fixed-point theorem, together
with classical results on nonlinear monotone operators and a suitable small-data assumption. More
recently, this approach has been extended in [11] to a transient Oseen-type Kelvin—Voigt—Brinkman—
Forchheimer model for viscoelastic flows at high velocities in highly porous media. Besides the velocity
field, the formulation introduces the velocity gradient and the viscoelastic pseudostress as auxiliary
unknowns, leading to a three-field mixed variational formulation within a Banach space framework
that exploits the skew-symmetric structure of one of the operators involved.

Motivated by the aforementioned developments, the purpose of the present paper is to develop and
analyze a new mixed finite element method for the Navier—Stokes problem that combines the use of
the symmetric part of the velocity gradient in the constitutive equation with the skew-symmetry-based



approach described above, while avoiding barycentric mesh refinements. To this end, we introduce
the strain rate and vorticity tensors as additional unknowns, along with an incomplete symmetric
pseudostress tensor incorporating one half of the tensor product of the velocity with itself. We then
eliminate the pressure unknown by exploiting the incompressibility condition, and subsequently recover
it through a post-processing procedure. The nonlinearity of the model and the mixed nature of the
resulting formulation naturally lead to a variational problem posed in a Banach space framework, as
in [9, 8, 12, 22, 13]. The incorporation of a vanishing term arising from the tensor inner product of
suitably chosen symmetric and skew-symmetric tensors plays a key role in its derivation.

We then introduce a reduced problem and prove its equivalence with the original mixed formulation.
Following [8, 13, 15|, we combine a fixed-point argument, the abstract results developed in [15] to
establish the required inf-sup condition and ellipticity bound needed to apply the well-known Banach—
Necas—Babuska theorem, suitable small-data assumptions, and the Schauder and Banach fixed-point
theorems to establish the existence and uniqueness of the solution to the reduced formulation, and
hence to the original mixed formulation. We stress that the small-data assumption required for the
existence of a solution is imposed only on the boundary data. However, this does not constitute
a restrictive condition, since, by means of a suitable solenoidal lifting, the analysis can be reduced
to the case of homogeneous Dirichlet boundary conditions, for which the corresponding small-data
assumption is trivially satisfied. We then turn to the discrete problem and derive a stable Galerkin
scheme for general conforming finite-dimensional subspaces on general shape-regular triangulations.
The existence and uniqueness analysis follows a strategy similar to that employed in the continuous
case, but is now carried out directly for the original discrete saddle-point problem, with Brouwer’s
theorem used to establish the existence of a discrete solution. Moreover, by applying an ad hoc
Strang-type lemma in Banach spaces established in [20], we derive the corresponding a priori error
estimates for these general discrete spaces. A main novelty of our approach is that the required stability
properties are obtained without resorting to barycentric mesh refinements, allowing for a direct finite
element construction on general triangulations. For specific choices of finite element spaces, we employ
PEERS and AFW elements of order k > 0 for the velocity, vorticity, and pseudostress variables. The
strain rate tensor is approximated by piecewise polynomials of degree < k + n and < k + 1 for the
PEERS and AFW approaches, respectively. For these finite element spaces, we prove that the resulting
discrete methods converge with optimal rates, including the optimal convergence of the postprocessed
pressure. Finally, we provide numerical experiments in 2D and 3D to illustrate the performance of
the proposed method.

We have organized the rest of this article as follows. The remainder of this section introduces the
notation and functional spaces used throughout the analysis. Section 2 presents the Navier—Stokes
model and derives its skew-symmetry-based reformulation, while Section 3 introduces the correspond-
ing mixed variational formulation. Section 4 establishes the well-posedness of the continuous for-
mulation, and Section 5 introduces and analyzes the Galerkin scheme, including the corresponding
stability and error estimates and the particular finite element spaces considered. Finally, Section 6
presents numerical examples in 2D and 3D, with and without manufactured solutions, illustrating the
performance of the proposed mixed finite element method.

Preliminary notations

In this paper €2 is a bounded Lipschitz domain in R"™, n € {2, 3}, whose outward normal at ' := 0f)
is denoted by v. Standard notation is adopted for Lebesgue spaces L*(Q2) and Sobolev spaces W (),
with [ > 0 and t € [1,+o0), whose corresponding norms, either for the scalar and vector case, are
denoted by | - [o.+0 and | - ||, respectively. Note, in particular, that WO () = LY(Q), and if t = 2
we write H!(2) instead of W'2(Q), with the corresponding norm and seminorm denoted by | - ;.o and
| - 1.0, respectively. Furthermore, HY/2(T") (resp. H'/2(T)) is the space of traces of functions of H' ()




(resp. H'(Q)) with dual H-Y2(T) (resp. H~'/2(I")). In turn, given any generic scalar functional space
M, we let M and M be the corresponding vector and tensor counterparts, whereas || - || is employed for
the norm of any element or operator whenever there is no confusion about the spaces to which they
belong. On the other hand, as usual, I stands for the identity tensor in R : = R™*™, and | - | denotes
the Euclidean norm in R : = R". In addition, for any vector fields v = (v;)i—1, and w = (w;);i = 1,n,
we set the gradient, divergence, and tensor product operators, respectively, as

ov; 5 Ovj
Vv:= ( Z) ,  div(v) := =2, and vOW 1= (Vwj)ij=1n-
axj i, =1,n jzl axj s

Furthermore, for any tensor fields 7 = (73;)ij—1,n and ¢ = ((ij)ij=1,n, We let div(7T) be the diver-
gence operator div acting along the rows of 7, and define the transpose, the trace, the tensor inner
product operators, and the deviatoric tensor, respectively, as

n n
1
% = (Tji)ij=1n, tr(r) = Z T, T:C:= Z 7;5Gij, and =7 - ;tl‘(T)H.
i=1 =1

Moreover, given t € (1, +0), we also introduce the Banach space
H(divy; Q) = {T eL%(Q): div(r)e Lt(Q)}, (1.1)
which is endowed with the natural norm defined by
ITlaivie == Irloq + [div(T)lose V7 eH(divy; Q). (1.2)

Then, proceeding as in [19, eq. (1.43), Section 1.3.4] (see also [9, Section 4.1] and [15, Section 3.1]),

(L, +o0] ifon = there holds

one can prove that for each t € { [6/5,+00] if n — 3 ,

(tv,v) = f {T Vv + v diV(’T)} VY (1,v) € H(div; Q) x HY(Q), (1.3)

Q
where (-, -) denotes the duality pairing between H~/2(T') and H'/?(T"). It is important to remark here
that the second term on the right-hand side of (1.3) is well-defined because of the continuous embedding
[1,+0) if n =2

1 . t/ / . . /
of H*(Q2) into L* (2), where ¢’ is the conjugate of ¢, which reduces to t' € { [1.6] i on— 3

2 The Navier-Stokes equations

The Navier-Stokes problem consists of finding the velocity u and the pressure p of a fluid occupying
the region €2, such that

—div(2pe(u)) + 6 (Vu)u + Vp = f in Q,

(2.1)
diviu) =0 in Q, u=up on T, fp:(),
Q

where e(u) := § (Vu + (Vu)*) is the symmetric part of Vu, also known as the strain-rate tensor,
and the given data are a function p : @ — R™ describing the viscosity, a constant § denoting the
density, a volume force f, and the boundary velocity up. The right spaces to which f and up need
to belong are derived later on. We also note that the mean value condition on the pressure p, which
means

pe L2(Q) = {z e 12(Q) : fﬂz - o}, (2.2)
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is imposed for the uniqueness of this unknown. In turn, due to the incompressibility condition of
the fluid (first eq. in the second row of (2.1)), the Dirichlet datum up must formally satisfy the
compatibility condition

LuD-I/zo. (2.3)

Furthermore, we assume that there exist constants p1, pe > 0, such that

< p(r) < pe Vo e Q. (2.4)

Since we are interested in a mixed variational formulation of our problem, we decompose the velocity
gradient as
Vu=p+v in Q, (2.5)

where

p = e(u) and v = %(Vu - (Vuw)*), (2.6)

known as the strain rate and vorticity tensors, respectively, constitute auxiliary unknowns that, accord-
ing to the fact that tr(e(u)) = div(u) = 0, and the skew-symmetry of «, will be sought, respectively,
in
L2.(Q) = {g cL2(Q): tr(o) = o} and
(2.7)
L2(Q) = {nel?@): n* = —n}.

Next, it is easily seen, resorting again to the incompressibility of the fluid, that div(u®u) = (Vu)u,
which, along with (2.5), yields

(Vu)u = %div(u@u) + %(p—k’y)u.

In this way, defining the symmetric tensor

o = 2up—g(u®u)—p]1 in Q, (2.8)

we find that the first equation of (2.1) can be rewritten as
. 0 .
—div(e) + i(p +y)u="f in Q. (2.9)

We stress here that, for convenience of the continuous and discrete analyses to be performed later on,
the strong symmetry of p has not been incorporated explicitly in the definition of the space L2 (£2)
(cf. (2.7)). Instead of it, we impose later on the weak symmetry of o (cf. (3.7)), which, bearing in
mind (2.8), is equivalent to doing it to u p, and hence to p. Now, applying deviatoric operator ¢ and
the matrix trace to (2.8), which can be seen as the constitutive equation expressing o in terms of u
and p, we can easily show that the latter and the incompressibility condition are equivalent to the
pair of equations

¢7'd:2,u,p—§(u®u)d in ©Q, and
2 (2.10)
_ 1 ( ¢ ) o0
p = ntr cr+2(u®u) in .
Thus, since the pressure can be computed later on by the postprocessed formula suggested by the
second row of (2.10), we eliminate this unknown from the system, thus yielding the following set of



equations with unknowns u, p, v, and o
. d 4 P
Vu=p+~v in Q, o =2,up—§(u®u) in Q,
o

—div(o) + §(p+7)u =f in Q, (2.11)

0

u=up on I, tr(0'+f(u®u)) =0.

Q 2

We notice here that the incompressibility condition 0 = div(u) = tr(p) is implicitly contained in the

second equation of the first row of (2.11) since the matrix trace of each deviatoric tensor is 0.

3 The mixed variational formulation

We now proceed to derive the variational formulation of (2.11). Multiplying the first equation in the

. , (1,400) if n=2
first row of (2.11) by 7 € H(div;Q), with ¢ € { [6/5,100) if n— 3’
that u e H'(Q), which implicitly requires to consider up € HY2(T'), we can apply the integration by
parts formula (1.3) to deduce that

and assuming originally

J (p+~):7+ J u-div(t) = {(tv,up) V1 e H(divy; Q). (3.1)
Q Q

It is clear, thanks to Cauchy-Schwarz’s inequality, that the first term of (3.1) is well defined since p,
7, and ~ belong to L2(f2). In turn, knowing that div(7) € L!(Q), we realize from the second term
and Hélder’s inequality that, instead of u € H*(Q), it suffices to look for u € L¥ (), where ¢ is the
conjugate of t. Now, testing the second equation in the first row of (2.11) with g € L2 (Q), using,
thanks to the null trace of g, that o : (¢ = o : ¢ for any tensor field ¢, and observing additionally
that for any vector fields v, w, there holds

C:(vRw) =(¢w-v, (3.2)
we formally get

)
2f,up:gfg:o-fgu.u=0 Voeli(Q). (3.3)
Q Q 2 Ja

Being both p and @ in L2(9), we notice here that the first term is well-defined, whereas the second
one makes sense if o is sought in L?(Q2). Furthermore, invoking again Cauchy-Schwarz’s inequality,
and using the same notations from (3.2), we obtain

[von] - [fws

so that, in particular, for the third term of (3.3) there holds

U ou-u
Q

which necessarily yields ¢ = 4, that is, equivalently, ¢ = 4/3, whence u must be actually sought
in L*(Q), whereas 7 lies in H(div/3;€). On the other hand, looking for o in the same space of its
corresponding test function 7, we test the equation in the second row of (2.11) against v € L*(Q),
which, under the assumption that f belongs to L*3(Q), gives

< Vnl¢loawloae [Viosa, (3.4)

< vnlelog luff 0. (3.5)

_Jﬂv.div(g)+gfﬂ(p+7)u~v= Lfv Vv e LYQ). (3.6)



Thanks to Holder’s inequality and the fact that div(eo) € LY3(Q), the first term of (3.6) is clearly
well-defined, whereas, employing again (3.4), there hold

JQ(er'y)u-v

which shows that the second term makes sense as well. Finally, as previously announced, the weak
symmetry of o is imposed as

< vV (lplog + [7loe) lafose v]on,

f n:o =0 VYnel(Q). (3.7)
Q
Next, we consider the decomposition

H(divy/s; Q) = Ho(divy/s; Q) @ RI, (3.8)

where

Ho(divy3; Q) = {TEH(div4/3;Q): Ltr(r) - 0}.

In particular, there exist unique o9 € Ho(div,/3;2) and ¢g € R such that o = o¢ + col. Moreover,
according to the second equation in the third row of (2.11), we get

1 J
co = o] JQ tr(o) = — 0l fQ trlu®u). (3.9)

Hence, the constant ¢y can be computed once the velocity u is known, so that it only remains to
obtain . In this regard, we notice that (3.3), (3.6), and (3.7) remain unchanged if o is replaced by
oo. In addition, due to the fact that p and ~ are sought in L2 (€2) and L2, (£2), respectively, and using
the compatibility condition (2.3), we realize that testing (3.1) against 7 € H(divy/s; ) (recall that
t = 4/3) is equivalent to doing it against 7 € Ho(div,/3;2), which, multiplied by —1, becomes

—J (p+7):7 - f u-div(r) = —(Tv,up) V7 € Ho(divys; ). (3.10)
Q Q

Thus, redenoting from now on o as simply o € Hy(divy/s; ), adding (3.3) and (3.6), and subtracting

(3.7), we arrive at
5 o
2 ,up:g+§ (p+’y)u~v—§ gu-u
Q Q Q

*L(éwn);o— - Lv.div(a) - Lf-v

for all v := (v,n) € L*(Q) x L2,(Q), for all g € L2.(2). Then, besides the novel incorporation of (2.9),
another key feature of the present approach is the introduction of the expression

2 Jo "

at the end of the first row of (3.11). Since this term vanishes as a consequence of the identity
nu-u=7n: (u®u), the skew-symmetry of n, and the symmetry of (u® u), its addition does not
alter the meaning of the equation. In this way, (3.11) becomes

(3.11)

2Lup:g+gL{(p+’y)u'v— (g+77)u-u}

—JQ(Q+n):a - fﬂv-div(a) = fﬂfv

(3.12)



for all ¥ := (v,n) € L*(Q) x L2 (), for all g € L2,(£2). We show below that the aforementioned
incorporation allows to obtain a partial skew-symmetry property of the bilinear form arising from
the first row of (3.12) after performing a suitable linearization. Finally, gathering (3.12) and (3.10),
we arrive at the following variational formulation of (2.11): Find (4, p) := ((u,7),p) € X x Y and
o € Z, such that

Ay((d,p),(V,0)) + B((V,0),0) = F((V,0) Y(¥,0):=((vin),0)eXxY,

(3.13)
B((d,p),7) = G(r) VreZ,
where X, Y, and Z are the Banach spaces
X = LY(Q) x L2,(Q), Y = L4(Q), and Z = Ho(divysQ), (3.14)
endowed with the usual norms of the individual spaces, and with the product norms
VI = Vloae +nloe  VV:i=(v,n)eX,
(3.15)
V.0 = 9] + leloe  ¥(V,0):=((v,n),0) eXxY,

whereas A, : (X X Y) X (X X Y) — R, for each z € L*(Q), and B : (X X Y) x Z — R are the bilinear
forms defined as

AL((%.9).(%.0)) = 2| w90+ D(a (¥.9). (7. 0). (3.16)
with 5
D(z; (w, ), (v, g)) =3 JQ {(19 + 5) zZ-V — (g + 77) Z - w} , (3.17)
for all (w,®) := ((w, ),19), (V,0) := ((V,n),g) e X xY, and
B((v,0),7) == — JQ (e+m):7 — fﬂv -div(T), (3.18)

for all (v, ) := ((v,n),0) e X x Y, forall 7€ Z. In turn, F: X x Y —» R and G : Z — R are the
linear functionals given by

F((\_/', g)) = Jﬂf v V(v,0) = ((v,n),g) eXxY, (3.19)

and

G(r) := —(tv,up)y VTEZ. (3.20)

4 The continuous solvability analysis

In this section, we analyze the solvability of (3.13) by means of an equivalent reduced problem on
the kernel of B and a fixed-point strategy. In this way, a particular property of this kernel, together
with a compactness argument and the Schauder fixed-point theorem, yields the existence of a solution,
whereas a smallness assumption on the data and the classical Banach fixed-point theorem imply its
uniqueness.



4.1 Preliminaries

We begin by establishing the stability properties of the forms and functionals involved. Indeed,
employing the Cauchy-Schwarz and Holder inequalities, and, in particular, the consequence of them
given by (3.4), as well as the upper bound of p (cf. (2.4)), the integration by parts formula (1.3) with
t =4/3 and v € HY(Q) and the continuous injection
iy : HY(Q) — L4(), we readily obtain (cf. (3.15))

ID(z; (W, 9), (¥, ))| < Vndlzfosa (W, )] [(¥, o),
|A((W, o) < ( a0) [(%,9)[ (¥, )l
|B(V9 )| < 1@ o)l |Tldivy g0 - (4.1)
F((¥.0)] < [floysal, ol,
G(T)] < max {1, ]} [uplijor |7 ldiv, 0

for all (W, 9) := ((w,€),9), (V,0) := ((v,n),0) e X x Y, for all T € Z.

Furthermore, we now observe the partial skew-symmetry property of A,, which consists of that of
its component D(z; -, ), that is

D(z; (W,9),(v,0)) = —D(z(V,0).(W,9)) V(W,9), (V.e)eXxY, (4.2)

which clearly yields
D(z; (v, 0), (V, Q)) =0 V(v,0)0eXxY. (4.3)
In addition, we also notice the continuity of D(z;-,-) with respect to z, which is a consequence of its

linearity with respect to z and the boundedness property from the first row of (4.1), namely
ID(z; (W,9), (V,0)) — D(% (W, 9), (¥,0)| = [D(z -7 (W,9),(¥,0))|
< Vnélz—Zose |(W,9)] (¥, o),

for all z, Z € L4(), for all (W,9), (V,0) e X x Y.

(4.4)

Our goal throughout the rest of this section is to prove a result providing a connection between
the eventual solutions of (3.13) and those of a kind of simplified version of it, for which we previously
need to show that B verifies its continuous inf-sup condition. To this end, we recall next [20, Lemma
5.41], which is a particular case of [20, Lemma 5.39].

Lemma 4.1. Let X, Y, and Z be reflexive Banach spaces, and let b : (X X Y) x Z —> R be a bounded
bilinear form with boundedness constant denoted by ||b|. In addition, define

Vo= {(w,y)eXxY: b((z,y),2) =0 VZGZ}, (4.5)
which corresponds to the null space of the operator induced by b, and
Zy = {zeZ: b((x,0),2) =0 V:EEX}. (4.6)

Then, the following statements are equivalent:



1) there exist positive constants 1 and B2 such that

b
(z,y)EX XY H (.T, y) ”
(z,y)%0
and
Iyl = B2 llz| V(z,y) eV, (4.8)

2) there exist positive constants B3 and B4 such that

b 70 )
aup 2L 02) le]  Veex, (4.9)
o |
z%0
and
b((0,1),
sup 2002 g Iz Vze Z. (4.10)
vey |yl
y=+0

Moreover, in the implication 1) = 2), the constants B3 and 4 depend only on 1 and B2, whereas in
the converse implication 2) = 1), the constants 51 and [y depend only on B3, B4, and ||b].

In what follows we apply Lemma 4.1 to the present context of the bilinear form B (cf. (3.18)) and

the spaces X, Y, and Z (cf. (3.14)). Indeed, denoting by B € E(X xY, Z’) the operator induced by
B, we first let V be its null space, that is

Vo= {(\’/’,g)eXxY: B((¥,0),7) = 0 vrez}. (4.11)

In order to derive an explicit characterization of V, we now observe from (3.18) that B((v,e),I) = 0
for all (V, ) € X x Y, which, in view of the decomposition (3.8), implies that V can equivalently be
defined as

Vo= {(v, @9eXxY: B(F0),7) =0 VTGH(div4/3;Q)}. (4.12)

Then, using distributional arguments together with the integration by parts formula (1.3), and the sur-
jectivity of the normal trace operator from H(div,/3;(2) onto H~/2(I') - the latter following similarly
to the proof of [19, Theorem 1.7] — we deduce that

V= {(v, 0= ((v,n),0) eXxY: Vv=g+n and ve Hg)(Q)}. (4.13)

In turn, we now let

that is
Zy = {TEZI J v-div(T) + f n:Tt=0 VvV := (V,’I])EX}, (4.14)
Q Q

which readily yields

Zy = {TE Z: div(t)=0 and 7=7" in Q} (4.15)

10



Next, letting cp be the positive constant guaranteeing Poincaré’s inequality, that is HVH%Q < cp |v\%Q
Vv e H}(Q), we recall from [22, Lemma 3.5] that there exists a positive constant 35, depending only
on cp and |i4|, such that

- — 1 — | v-div(r
B((¥,0),7) o= [ v
sup ——————% = sup

:i% HTHdiV4/3;Q :i% HT||diV4/3;Q

> B[Vl (4.16)

for all v := (v,n) € X. Furthermore, proceeding similarly to the proof of [19, Lemma 2.3], we can
prove that there exists a positive constant c¢;, depending only on 2, such that

™00 + [div(T)loaz0 = cltloe V7 eHy(divysQ), (4.17)
which yields, in particular,
Im%0e = alrlon = clTlav, 0 Y7 eZo. (4.18)
Thus, given T € Zg, we bound from below by choosing g := —7¢€ Y := L2 (Q), to obtain
= —f o:T J T
B((O) Q)u T) 9] Q d
sup — 20T gup >0 g,
€Y HQ 0,Q 0€Y HQ’U,Q HT HQQ
o+0 0+0

which, along with (4.18), implies

B((0,0),7)
sup ——————= = By |7|div, 5.9, 4.19
ey HQ‘O,Q 4 ” H 1vy/3 ( )
0+0

with B3, = c¢1. We find it important to stress here that, if the space L2_(Q2), to which the unknown
p belongs, had been required to satisfy a strong symmetry condition, then, since 7, and hence 7¢,
is not, in general, strongly symmetric, we could not have taken g := —7¢ in the above proof, thus
preventing us from proving (4.19).

The previous analysis allows us to establish the following result.

Lemma 4.2. There exist positive constants 3, and B4, depending only on B3, By, and |B| <1 (cf.
(4.1)), such that

B((V,0),7)
sup  ———=—— = B1||Tldivys:0 V1rel, 4.20
s AN T TR (4.20)
(V,0)+0
and
leloge = B2 [V V(V.0)eV. (4.21)

Proof. Bearing in mind the inequalities (4.16) and (4.19), which constitute a particular case of the
statements (4.9) and (4.10), the proof follows from a straightforward application of Lemma 4.1, thus
yielding (4.20) and (4.21) as the corresponding particular cases of (4.7) and (4.8), respectively. [

Having shown the continuous inf-sup condition for B with constant 3; (cf. (4.20)), equivalently
the surjectivity of B, we deduce, in virtue of the converse of [18, Lemma A.42] (see, also [20, Lemma
3.65]), that there exists (dy, p,) := ((ug,7,),p,) € X x Y such that

B((dg,py) = G, and By |(ty, p,)| < |G|, (4.22)
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so that, employing from the last row of (4.1) that |G| < max {1, [is]} [up|i /2, we arrive at

(G p,)| < cpluplysr with ep == 87" max{L, |is]} . (4.23)

Then, we consider what is usually called the reduced problem with respect to (3.13): Find (i, p) :=
((u,7),p) € V such that

Aui, ((8.0) + (5. p,). (7.0) = F((¥.0) V(F.0) € V. (4.24)

As previously announced, we are now in position to establish a suitable connection between the
solutions of (3.13) and (4.24).

Lemma 4.3. Let (Uy, p,) € X x Y satisfy (4.22). Then, given a solution ((4,p),o) € (X xY)xZ of
(3.13), it follows that (4, p) := (U, p) — (Ug, p,) is a solution of (4.24). Conversely, given a solution
(4, p) € V of (4.24), there exists a unique o € Z such that, upon defining (4, p) := (4, p) + (Uy, p,),
the triple ((4, p), o) is a solution of (3.13). Moreover, there holds

Jorlarey e < BT {IEloo + (22 + Vs |G p)l) (6. )]} (1.25)
Proof. Let ((d,p € (X xY) x Z be a solution of (3.13). It is clear from its second equation that
B((d,p)) = G, whereas restricting the first equation of (3.13) to test functions in V, we obtain

Then, defining (4, p) := (d,p) — (g, p,), which clearly belongs to V, (4.26) can be rewritten as

Ay, ((T p) + (g, p,), (V,0) = F((V,0) V(V,0) €V,

thus showing that (4, p) is solution of (4.24). Conversely, let (i, p) € V be a solution of (4.24), which
means, equivalently, that

F— AE-ng ((ﬁu B) + (ﬁgu pg)v ) e V® ’ (427>
where V°, the annihilator of V, is defined as

Vo= {0e(XxY): O((F.0) =0 V(0 eV}.

Next, knowing that B € L'(X xY,Z ) is surjective, it follows, equivalently, that its adjoint operator
B e £(Z",(X xY)) is injective with range R(B’) = V°. Hence, bearing in mind (4.27), we deduce,
in particular, that there exists a unique G € Z” such that

Bl(g) = F—Auiy, ((ﬁa B) + (dy, pg)7 ) . (4.28)

Moreover, since Z := Hy(divy3;(2) is easily shown to be reflexive, there exists a unique o € Z such
that G = Jz(o), where Jz : Z — Z" is the canonical isomorphism characterizing the aforementioned
property of Z. Then, noting that for each (v, 0) € X x Y there holds

B'(G)((¥,0)) = Jz(a)(B((¥,0))) = B((¥,0))(0) = B((¥, 0),0) , (4.29)

and defining (4, p) := (4, p) + (Uy, py), the identity (4.28) becomes the first equation of (3.13). In
turn, it is clear that B ( ) = ( (dg, py) ) = @G, which constitutes the second one, thus showing
that ((d, p),o) is a Solutlon of (3.13). Finally, applying (4.20) to 7 = o, and using (4.29) and (4.28),
we readily deduce that

:81 ||0-HdiV4/3;Q < HF - Ag+ug ((ﬁ? B) + (ﬁg? pg)7 ) H )
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from which, invoking the corresponding estimates from (4.1), and using that

Ju+ | < (8 p) + (8y )| = (&)

we arrive at (4.25) and end the proof. O

We emphasize that, in other words, Lemma 4.3 establishes the equivalence between the existence
of solutions to problems (3.13) and (4.24). Moreover, the following lemma shows that the same
equivalence holds for uniqueness of solutions.

Lemma 4.4. The formulation (3.13) has a unique solution if and only if (4.24) does.

Proof. Let us first assume that (3.13) has a unique solution, and let (u, p), (W,9) € V be solutions
of (4.24). Then, defining (4, p) := (4, p) + (dy, p,), and (W, ) := (W, 9) + (dg, py), it follows from
Lemma 4.3 that there exist unique o, ¢ € Z, such that the triples ((ﬁ,p),a) and ((v_\’/,ﬂ),C) are
solutions of (3.13). Hence, in view of the uniqueness of the latter we deduce, in particular, that
(d,p) = (w,d), thus confirming the uniqueness of solution to (4.24). Conversely, let us assume that
(4.24) has a unique solution, and let ((d, p),o), ((W,9),¢) € (X x Y) x Z be solutions of (3.13). It
follows again from Lemma 4.3 that (4, p) := (4, p) — (dy, p,) and (W,9) = (W,9) — (i, p,) are
solutions of (4.24), from whose uniqueness we deduce that (4, p) = (W, ). This identity and the first
row of (3.13) for each one of the aforementioned solutions readily yield B((\_/’, 0),0 — C) = 0 for all
(V,0) € X x Y, or equivalently (cf. (4.29)) B'(Jz(o — {)) = 0. Hence, thanks to the injectivity of
both B’ and Jz we obtain o = ¢, thus concluding the uniqueness of solution to (3.13). O

4.2 The fixed-point strategy

In this section, we introduce a fixed-point strategy to analyze the solvability of the reduced problem
(4.24). Since the corresponding solution is sought in V, whose characterization (cf. (4.13)) implies that
its first component u belongs to H}(€2), we define the operator Z : H}(Q) — H}(Q) by E(z) := u,
where (d, p) := ((u,7),p) € V is the unique solution (to be confirmed below) of the linear problem
arising from (4.24) after replacing Ay u, by Agziy,, that is

Auray (@ p) + (g p,), (7,0) = F((7,0)  VY(F.0) e V. (4.30)
Note that (4.30) can be rephrased as follows: Find (4, p) := ((u,7), p) € V such that
AZJrug ((ﬁa B)v (‘_;? Q)) = FZ((‘_;a Q)) v (‘77 Q) € V> (431)
where
F4((V,0) = F((¥.0)) — Agiy, (g, py), (V,0))  V(V,0) € V. (4.32)

In this way, (4.24) is equivalent to the following fixed-point equation: Find z € H}(£2) such that
E(z) = z. (4.33)

4.3 Well-definedness of the operator =

We now address the well-posedness of (4.31) (equivalently, (4.30)), thereby proving that = is well
defined. Indeed, we first observe, in virtue of the definition of A, (cf. (3.16)) and the skew-symmetry
property of D (cf. (4.3)), that for each (V, @) € V there holds

Asin, ((.0):5.0)) = 2| ulel” + Dz + i (¥.0). (5. )) = 2 | yulel.
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Hence, employing the lower bound of p (cf. (2.4)) along with the estimate (4.21) (cf. Lemma 4.2), we
readily deduce from the foregoing equation that

AZ-FUg ((‘_;? Q)a (Ga Q)) 2 ,LL1 ﬁ% H‘_;H2 + lul HQ g,ﬂ ’
which yields
Asiu, ((V,0),(V,0) = aa ¥, 0P V(0 eV, (4.34)
with ap := @1 min {ﬁg, 1}. In turn, it is clear from the boundedness property of A, (cf. second row
of (4.1)) that Ay, is certainly bounded as well with
|Agru, | < 202 + vV d (|zoa0 + [ugloan) - (4.35)

Thus, we are in position to establish the following result.

Lemma 4.5. For each z € H(Q), there exists a unique (4, p) := ((u,7),p) € V solution of (4.31)
(equivalently, (4.30)), and hence one can define E(z) := u. Moreover, there erist positive constants

Co and cy, depending only on aa, u2, cp (cf. (4.23)), 0, and n, such that

@ o)l < Co{lfloase + luplior + unlor} + o luplysr lzlose, (4.36)

and
1E2(z)|1,0 < C= {Hf 0,4/3:0 + luplliar + HuDH%/Z,F} + czluplirlzlie, (4.37)

with
Cg = max{1,|Q\1/4}C'0 and cz = max{1,|Q|1/4} 14| co - (4.38)

Proof. Tt is readily seen from (4.34) and (4.35) that the bilinear form A, ,, satisfies the hypotheses
of the Banach-Necas-Babuska theorem (cf. [18, Theorem 2.6]) on V, which, being a closed subspace of
the reflexive Banach space X x Y, is itself reflexive. Thus, a straightforward application of this result
implies the existence of a unique solution (4, p) := ((u,7),p) € V to (4.31) (equivalently, (4.30)).
Moreover, the corresponding a priori estimate (cf. [18, eq. (BNB2), Theorem 2.6]) reads

1
u < - Fz I
1@ o) < o [1Fs]
whereas the definition of F, (cf. (4.32)) and the stability estimates in (4.1) yield

IFs| < [If

0,4/3:0 + (2 p2 +/nd (|z

o + [ugloa) ) [(5iss o) -

Substituting the latter into the former, and bounding both |u,llo.4,0 and [(dy, p,)| according to (4.23),
we arrive at (4.36) with

Coy = axl max{l,ngcD,\/ﬁécQD} and ¢y = a;l\/ﬁécD. (4.39)

Next, noting from the characterization of V (cf. (4.13)) that Vu = p + ~, and applying Holder’s
inequality, we find that

|E(z)

0.0+ [Vuloo < Q" |u

10 = ufo < |u 40 + [plog + [Yloe

(4.40)
< max{l, |Q|1/4} I, o),

which, along with (4.36) and the fact that |z

0,4:0 < |i4] ||z]1,0, implies (4.37) and ends the proof. [
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4.4 Solvability analysis of the fixed-point scheme

Having shown that = is well defined, our next goal is to analyze the solvability of the fixed-point
equation (4.33) (equivalently, that of the reduced problem (4.24)). We begin by proving that = maps
a nonempty, closed, bounded, and convex subset of H(l)(Q) into itself. Indeed, denoting

r = QCE{HH

0,4/3:0 + [uplliar + HuDH%/Q,F} ) (4.41)

we introduce the ball
W(x) := {zeHé(Q): 2|10 < r}, (4.42)

and establish the following result.

Lemma 4.6. Assume that the Dirichlet datum up is sufficiently small so that

1
cz|luplizr < 5 (4.43)

Then E(W(x)) < W(x).

Proof. Given z € W (r), it follows directly from (4.37), the assumption (4.43), and the definition of r
(cf. (4.41)) that |=(z)[1,o < r, which implies that Z(z) € W(r), thus completing the proof. O

Next, we establish a compactness property of E, and hence its continuity.

Lemma 4.7. Assume that (4.43) holds. Then, there exists a positive constant L=, depending only on
aa, n, Cz, d, cp, and |Q|, such that

[E(2) - E@lve < Le {Iflogma + [uplyer + [unldar} 12— zloan (4.44)

for all z,z € W(r).

Proof. Given z, z € W (r), we let E(z) := u and E(z) := u, where (4, p) := ((u,v),p) and (4, p) =

((1~1, ), p), both in V, are the unique solutions — guaranteed by Lemma 4.5 — of the problems

Ay, ((@,p) + (Ug, py), (V,0) = F((¥,0)) V(V,0) €V, (4.45)
and
Agin, (G.p) + (g p,). (V,0) = F((%.0) ¥(F.@) € V. (4.46)

respectively. Then, applying the V-ellipticity of Agiy, (cf. (4.34)) to (i, p) — (4, p), adding and
subtracting (i, p,) in the first component of this bilinear form, and then employing (4.45) and
(4.46), we find that

— Mg, (6. p) + (g py) — (8 p) + (i py) (3 p) — (i )
= F((uv p) - (ljv B)) Az+ug ((ga B) + (uga pg)a (ﬁ, B) - (ljv B))
= (A%-ng A‘Z"‘ug) ((Eja B) + (ﬁga pg)7 (u7 p) - (!:L B))

Next, by the definitions of Ay, y, and Ay, (cf. (3.16)), and in view of (4.4), the last term above is
bounded by

Vnd |z = zloae (G p) + (g, py)| (1, p) — (&, ),
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which, inserted into the foregoing inequality, gives

|, p) — (4, p)| < ax' Vndlz — zlowe (T, p) + (d, py) - (4.47)

In turn, noting from (4.38) that Cp < Cz and

coluplijar |zloae < coliallfuplijorlzlie < czlluplijerlzlie, (4.48)

and using (4.41) and (4.43), we deduce from (4.36), applied to (d, p), that

~

1@ p)ll < 2C= {Iloa/sa + [uplar + [uplor - (4.49)

This estimate, together with (4.47) and the bound (4.23) for ||(ty, p,)|, yields

1@ p) — (@ p)| < = {Ifloa/se + [uplysr + lupl3 o} Iz - zloo.

where /= := agl \/né (2 C= + CD). Finally, proceeding as in (4.40), we obtain
|E(2) — E(@) .0 < max{1,1Q/"*}|(d, p) - (T, p)|,
and, combining this with the previous inequality, we arrive at (4.44) with Lg := max {1, QY 4} l=. O
The aforementioned property of E refers precisely to the estimate (4.44) and the fact that H{(€2)
is compactly embedded in L*(Q2). In fact, as shown in what follows, the above and the Schauder

fixed-point theorem (cf. [14, Theorem 9.12-1(b)]) imply the existence of solution of (4.33), and hence
of (4.24).

Theorem 4.8. Assume that (4.43) holds. Then, there exists a fized point u € W(r) of B, and hence
a solution (4, p) := ((u,7),p) € V of the reduced problem (4.24), which satisfies

i@ p)l < 20z {|f

0,4/3:0 + lupllior + HuDH%/Q,F} . (4.50)

Proof. Knowing from Lemma 4.6 that, under the assumption (4.43), E maps the ball W(r) into
itself, and bearing in mind that compact sets are closed, it remains to establish that E(W(r)) is
compact and then conclude by [14, Theorem 9.12-1(b)] the existence result. Indeed, given a sequence
{E(z1) } ey S E(W(r)), with {2z}, S W(r), the boundedness of the latter and the reflexivity

of H}(€) imply the existence of a subsequence {z,gl)} = {zx} ey and an element z € H}(Q) such

that z,(gl) % z in H{(Q). Note that, being W(r) convex and closed, it is also weakly closed (cf.
[20, Lemma 7.40]), and hence z € W (r). Then, by the compact embedding of H}(Q) into L*(Q), it
follows that zg) — z in L*(Q), which, using (4.44), implies that E(zg)) — E(z) in H}(2). This
shows that the sequence E(zy),cy admits a convergent subsequence, thereby proving the compactness
of E(W(r)) Finally, proceeding similarly to the derivation of (4.49), which means using again the
fact that Cyp < Cgz along with (4.48) and (4.43), the estimate (4.50) follows straightforwardly from
(4.36). O

Having proved Theorem 4.8, we are ready now to address the solvability of (3.13).
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Theorem 4.9. Assume that (4.43) holds, and let (Uy, p,) € X x Y satisfy (4.22). Then, there exists
a solution (4,p) := ((u,7),p) € X x Y and o € Z of the original problem (3.13), and there exist

positive constants 6’5 and ¢z, depending only on Cg, cp, By, p2, n, and §, such that

@ P < C {Ifloase + [uplyzr + upl s} (4.51)
and
2 j
HU”diV4/3;9 < C= 2 {“f’o,4/3;9 + [uplij2,r + HUDH%/z,F} . (4.52)
j=1
Moreover, letting Lg = Lg |4, and assuming, additionally, that
L {floa/ma + [uplior + [upldor} < 1, (4.53)

this solution ((d, p),o) € (X xY) x Z of (3.13), with u = u+uy and u € W(r), is unique.

of the reduced problem (4.24), which satisfies (4.50). Thus, defining (i, p) := (4, p) + (g, p,) and
applying Lemma 4.3, we deduce that there exists a unique o € Z, satisfying (4.25), such that ((ﬁ', p), a)
is a solution of (3.13). Then, noting from (4.23) that

Proof. Tt follows from (4.43) and Theorem 4.8 that there exists a solution (d, p) := ((u,7),p) € V
(

[ )| < I, p)ll + (g, P < (T, p)|| + ¢p uplijor,

the a priori estimates (4.51) and (4.52) follow from simple algebraic computations involving the above
inequality, together with the upper bounds (4.50) and (4.25) for | (4, p)| and [o|aiv,;0, respectively.
In turn, (4.44) (cf. Lemma 4.7) yields

[E(2) - E@lhe < = {[flogsa + luplyar + [upldr 2 -zl (454
for all z,z € W(r). Hence, (4.53) and the classical Banach fixed-point theorem imply the existence
of a unique fixed point of E in W (r), and thus of a unique solution of the reduced problem (4.24)
with u € W(r). In this way, the uniqueness of the solution of (3.13) is a direct consequence of the

equivalence result provided by Lemma 4.4. O

4.5 On the smallness condition on up

We end this section with a clarifying remark on (4.43). Although this inequality may appear to
impose a severe restriction on the admissible Dirichlet boundary data for establishing the existence
of a solution to the continuous formulation, we show next that suitable solenoidal liftings of a broad
class of such data allow us to reduce the analysis to the case of a homogeneous Dirichlet boundary
condition, for which (4.43) is trivially satisfied. Indeed, given up € HY?(T') satisfying up - v = 0 on
I', we know from [21, Lemma 3.1] that, for ¢ = 4 and for each £ > 0, there exists u. € H'(2) such that

diviug) =0 in Q, u.=up on I', and |ufpsn < €. (4.55)

Introducing the translated unknown u := u — u., we obtain div(u) = 0in Q and u = 0 on I'.
Thus, replacing u by u + u. in (2.1), observing that

=

9

(Vu)u = div(u®u) = div<% (u®u)+ (U®u.) + (L. ®u) + (u: ®u5)> + %(Vg)
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defining

g == 2ue(y) ~ L@ W) ~Hu@u) ~ d(u- W)~ H(u-®u.) —pl+ 2pe(u).

and denoting by p and ~ the symmetric and skew-symmetric components, respectively, of Vu, we
deduce, instead of (2.11), the system

Vu=p+~v in Q,

g =2pup— (ueu)!-iu®u.)! - i(u®u’ - i(u-®u.)’ +2ue(u) in Q,

NGRS

(4.56)
—div(g) + s(p+y)u="f in Q,

u=0 on T, Jtr<g+g(g®1~1)+5(1~1®u5)+5(u5®1~1)+5(u5®u5)> =0.
Q

Thus, proceeding as in Section 3, we arrive at the following variational formulation of (4.56): Find
(4,p) := ((10,7),p) e X xY and g € Z, such that

(Au +E.)((4,p),(V,0) + B((V,0),2) = F((V,0) YV(¥,00eXxY,

) (4.57)
B((Evg)77) = 0 VTEZ,

where A, for each z € L*(Q2), and B are the bilinear forms introduced in (3.16) and (3.18), respectively,
whereas E; : (X X Y) X (X X Y) — R is the bilinear form defined as

B((8.9).(7.0)) = —5 | ((wou)+(wow):e. (1.58)

for all (W,9) := ((w,€),9), (V,0) := ((v,n),0) € X x Y. In turn, F. : X x Y — R is the linear
functional given by

F.((¥,0)) = Lf'v + 5JQ(us®us) ro — 2Lue(us) ‘o, (4.59)

for all (¥, ) := ((v,n),0) € X x Y. It follows from the Cauchy—Schwarz inequality, (4.58), and (4.55)
that

B ((W,9). (V,0))| < 26 vne|(w, 9. o),
which means that, by a suitable choice of €, Ay + E. can be made an arbitrarily small perturbation of
A,. Consequently, the solvability analysis developed in Sections 4.1-4.4 can be easily adapted to the

pair (Al~1 + E, B). In particular, applying the Cauchy—Schwarz and Holder inequalities, and using
the estimate in (4.55) and the upper bound for p (cf. (2.4)), we deduce from (4.59) that

IFe|l < [£lo4/z:0 + 8 vne? +2 s Je(us)oq,
whence the corresponding estimate (4.37) takes the form
[E@la < C={Iflomo + 6 Vi +2pm le()on) (4.60)

To proceed with the analysis, it suffices to define the ball W (r) (cf. (4.42)) with r equal to the
right-hand side of (4.60), without imposing any further restriction on f. We omit the details and
emphasize that, in view of the preceding discussion, the existence analysis extends to Dirichlet data
up € HY2(I') satisfying up - v = 0 on T, with no smallness condition on up.
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5 The Galerkin scheme

In this section, we introduce the Galerkin scheme associated with (3.13), address its solvability analysis,
establish the corresponding a priori error estimates, and derive rates of convergence for finite element
subspaces ensuring the stability of the discrete scheme.

5.1 The discrete problem

Let H!, H), HY, and HY be generic finite-dimensional subspaces of L*(€2), L% (), LZ.(Q), and
H(div4/3; ), respectively. As usual, the subscript h employed here will acquire a geometric meaning
when introducing specific finite element subspaces later in Section 5.4. Then, defining

Xp:=Hp xH), Y,:=H}, and Zj;:=Hj n Ho(divy3;€?), (5.1)

the Galerkin scheme associated with (3.13) reads: Find (U, py) = ((un,v1),ps) € X5 x Y}, and
oy, € Zp, such that

A'uh ((ﬁhvph>7 ({;hagh)) + B((Vh,gh),ah) = F((Vhagh))v (5 2)
B((5in, p1): T1) = G(m), |

for all (Vp, 0p,) := ((vh,nh), Qh) € Xy, x Yy, and 7y, € Zy,.

The solvability of (5.2) is addressed below in Section 5.2 by proceeding similarly to the analysis in
Section 4. More precisely, we employ a fixed-point strategy here as well and apply again Lemma 4.1,
but, unlike in that section, and due to the use of Brouwer’s fixed-point theorem instead of Schauder’s,
neither an equivalent reduced problem nor a compactness argument, such as that employed in Theorem
4.8, is required to establish the existence of a discrete solution. Then, as in the continuous case,
sufficiently small data and the Banach fixed-point theorem allow us to conclude uniqueness.

5.2 Discrete solvability analysis
We begin by letting T} : H}} — H}! be the operator defined by
Th(z,) = u, Vz,€eHj, (5.3)

where (d,,p,) = ((gh,lh),gh) € X, x Yy, and o, € Zj constitute the unique solution (to be
confirmed below) of the linear problem arising from (5.2) after replacing Ay, by Ay, , that is

AZ;L ((ﬁh’gh)v (Gha Qh)) + B((Gha Qh)agh) = F((Gha Qh)) ) (5 4)
B((dy,p,), Th) = G(m), .

for all (Vi 04) := ((Vi,m4), @1) € Xp x Y}, and 7, € Zj,. Then, it is easily seen that solving (5.2) is
equivalent to finding a fixed point of T}, that is: u;, € H}} such that

Ty(up) = uy. (5.5)

We now aim to apply the discrete Babuska—Brezzi theory in Banach spaces (cf. [20, Section 5.2.4])
to prove that (5.4) is well-posed, or equivalently, that T}, is well-defined. To this end, we first employ

19



the equivalence result provided by Lemma 4.1 in the present discrete context. Indeed, let Vj, and Zg ),
be the discrete versions of V (cf. (4.11)) and Zg (cf. (4.14)), respectively, that is,

Vy = {(\7;“ on) €Xp x Yo B((Vh.en) Th) =0 V7he Zh}a (5.6)

and

ZO,h = {The Zy, : Jﬂvh-diV(Th) + J;)T]h TR =0 Vv = (Vh,nh) EXh}. (57)

Then, under the assumption

(H.l) HY contains the multiples of the identity tensor I,

2, = {71~ (nllﬂ\ Lu(@)ﬂ: i e HY ).

In turn, introducing the hypothesis

it follows that

(H.2) div(H]) < H},
we readily deduce from (5.1) and (5.7) that

Z()h:{‘rhezh: div(tp,) =0 in €, and Jnh:'rhzo VnheHZ}. (5.8)
Q

Next, we consider the particular case of (4.9) in Lemma 4.1 as a third assumption, namely

(H.3) there exists a positive constant 33 4, independent of h, such that

- _ CTy — -div(Ty)

B((V#,0),Ts f I Th f i =

qup BT o 2 > By a |l (5.9)
THhEZ) HTthiV4/3§Q THEZ), HTthiV4/3;Q

T5+0 TrF0

for all vy, := (v, my) € Xp,. On the other hand, we also assume that
(H.4) {7‘% I TRE ZO,h} < HZ

Hence, proceeding analogously to the derivation of (4.19), we take 75 € Zg ) and, bounding from
below by choosing g;, := —7% € Y}, := Hf, we find that

d
= 5T
B((Oa Qh)?Th) > JQ h h
e rilee

sup = |5
QhEYh HQh

2,+0

|U,Q )

which, together with (4.17) and the fact that 7}, is divergence-free, implies

B ((67 Qh)7 Th)
sup ———— 2~

encYs  llenfog
on+0

= 134,d |Th“diV4/3,Q7 (510)
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with B, 4 = c1. This constitutes the corresponding particular case of (4.10) in Lemma 4.1. Similarly
to what we observed when deriving (4.19), which is the continuous version of (5.10), we remark here
that we could not have taken g, := —7¢% in the above proof if Y} had been required to satisfy a
strong symmetry condition.

As a consequence of the preceding discussion, we obtain the discrete analogue of Lemma 4.2.

Lemma 5.1. There exist positive constants By 4 and By 4, depending only on B 4, By 4, and B < 1
(cf. (4.1)), such that

B((Vh,04),Th)

o v = Bralrildaivyse  VTh€Zy, (5.11)
(Vh,0p)EXp XY} |(¥h, @n) |l 1Vy/3
(Ghvgh)=’:0
and
lenlloe = BoglVal ¥ (Vh,en) € Vi (5.12)

Proof. Bearing in mind the particular cases of (4.9) and (4.10) given by (5.9) and (5.10), respectively,
the proof follows from a straightforward application of Lemma 4.1 to the present discrete setting. This
yields (5.11) and (5.12) as the corresponding particular cases of (4.7) and (4.8), respectively. O

Then, similarly to the derivation of (4.34), that is, by invoking the definition of A, (cf. (3.16)), the
skew-symmetry property of D (cf. (4.3)), the recently proved estimate (5.12), and the lower bound of
p (cf. (2.4)), we deduce that, for all z € L*(Q2) and (¥4, @),) € V1, there holds

Ao((Fn. 0). (Fno o) = 2 wighF > 0 B3 [9nl? +  lenBe

which yields
(Froon)? Y (Vhoon) € Vi, (5.13)

Az((vha Qh)7 (Gha Qh)) = A d
with aa ¢ := p1 min {,B%d, 1}.
We are now in a position to prove the announced well-definedness of T},

Lemma 5.2. For each z;, € H}}, there exist unique (Qh,gh) = ((gh,lh),gh) € Xy x Yy and oy, € Zy,
solving (5.4), and hence one can define Tp(z;,) := w;,. Moreover, there exist positive constants Cr 4,
cr,d, Cr,d, and ¢t 4, depending only on aa 4, By 4, |14, p2, v/n, and 6, such that

ITh(zp)l040 < ”(ﬁmﬁh)ﬂ < CT,d{HfHoA/z;Q + HuDHl/z,F} + erdlupllijar |znllo40 (5.14)

and

e laivaso < Cra{lflosse + lunlysr} (1+ Izalose) + ralunlysr lzif s (5:15)
Proof. Having proved (5.11) and (5.13), both under the assumption that the finite element subspaces
satisfy the hypotheses (Hl) up to (H.4), the existence and uniqueness of the solution of (5.4) follow
from a straightforward application of the discrete Babuska—Brezzi theory in Banach spaces (see, e.g.,
20, Theorem 5.10, Section 5.2.4]). In particular, the a priori estimates for (4, p, ) and o}, read

! L (1 Ml
u,, < —|F| + 1+ —= G|,
)1 < i P+ 5 (14122 1@l
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and

1 A, ) |Ayg, | |Ag,
I lldiv,.0 < 1+ —= F| + —2 (1+ —/ | |G|,
Izl < 5 ( oy ) FI+ 5 ) el

respectively, which, together with the upper bounds for [A,, |, [F|, and |G| (cf. (4.1)), and some
algebraic manipulations, imply (5.14) and (5.15), thus ending the proof. O

Next, in order to analyze the solvability of the discrete fixed-point equation (5.5), and similarly to
the continuous case (cf. Section 4.4), we first show that T} maps a nonempty, closed, bounded, and
convex subset of H}! into itself. In fact, letting

ra i= 20ma{llose + luplar}, (5.16)
we define the ball
W) = {m e H: lmlosa <}, (5.17)
and establish the following result

Lemma 5.3. Assume that the Dirichlet datum up is sufficiently small so that

1

[upllijer < 5 (5.18)

cT,d
Then Ty(W(ra)) S W(rq).

Proof. Similarly to the proof of Lemma 4.6, it follows straightforwardly from (5.14), the assumption
(5.18), and the definition of ry. O

The continuity property of T}, is provided next.

Lemma 5.4. Assume that (5.18) holds. Then, there exists a positive constant Lt 4, depending only
on ap g4, n, 0, and Ct g4, such that

ITh(zs) — Thlzn)

040 < Lmg {Hf”0,4/3;9 + ||11D||1/2,F} |z), — znloa0, (5.19)

for all z;, z, € W(ry).
Proof. Given zy, zy € W(ra), we let Ty (z),) := w, and Tj(zn) := s, where (G, p,) := ((w,,7,),p,)

€ Xy, x Yy, and oy, € Zy, along with (4, pr) 1= ((gh,'yh), ph) € Xj, x Yy, and gy, € Zy, constitute the
unique solutions of the problems defined by (5.4) using z; and zj, respectively, that is,

Azh((ﬁh7£h)7(‘7h79h)) + B((‘_;hagh>vgh) = F((thgh)) )
(5.20)
B((y, py), Th) = G(m),
and
Ay, (s pn), (Vs on) + B((Vhsen) an) = F((Vn,en),
(5.21)
B((ljhvgh)vTh) = G(Th) >

for all (v, @3,) := ((vh, ), gh) € Xy x Yy and 7, € Zj,. It follows from the second equations of (5.20)
and (5.21) that (4, p,) — (ds, pn) belongs to Vy, (cf. (5.6)). Hence, subtracting the corresponding
first equations and testing with (¥, @) := (U, p,) — (n, pn), we readily deduce that

Azh ((ﬁhagh)v (ﬁh’ﬁh) - (L_ihv Bh)) = AZh ((ljhy Bh)a (ﬁhvﬁh) - (gfu Eh)) . (5'22>
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Next, applying the ellipticity property (5.13) with z = z; and (Vj, @) as defined above, and then
using (5.22), the definition of A, (cf. (3.16)), and the inequality (4.4), we obtain

and (@, p,) — (@n pn)|* < Ag, (@, p,) — (Tn, pn), (G, p,) — (Gn, pn))

= (Ag, — Ag,) ((Gh, pn); (Ty, p,) — (Gn, p1))
(5.23)
= (Zh_zhv(g 1), (G, p,,) = (Gn, p1))
< (Un, pn)| [(Up, p,) — (Tn, pn)|,
from which it follows that
|Th(z1) — Th(zn)lose = |up —anfose < [(Us, p,) — (G, pn)| ol
< aplyvnd|(@n, pn)l |2n — 24040 - o2
Finally, noting from (5.14) and (5.18) that
I, o)l < a = 2Cra {IEloasmo + [plyar}
and replacing this bound in (5.24), we arrive at (5.19) with Lt 4 = 2 a:sd Vno Cr q. O

Having established Lemma 5.4, we now address the solvability of (5.2).

Theorem 5.5. Assume that (5.18) holds. Then, there exists a fized point u, € W(xry) of Th, and
hence a solution (Gp, py,) = ((Wn,¥4), ) € Xn x Yy, and o, € Zy, of (5.2), which satisfies

I(Gin, pa)| < x4 = 2Cma r} (5.25)
and N
lonlavyso < Craf| ) (14 7a) + Fraluplor e (5.26)
Moreover, assuming that
LM{Hf 7 } <1, (5.27)

this solution ((ﬁh,ph),ah) € (Xh X Yh) x Zp of (5.2), is unique.

Proof. Knowing from Lemma 5.3 that, under the assumption (5.18), T} maps the ball W(r,) into
itself, and using the continuity property of T}, provided by Lemma 5.4, the existence of a fixed point of
T}, and hence of a solution of (5.2), follows from a direct application of Brouwer’s fixed-point theorem
(cf. [14, Theorem 9.9-2]). In addition, the a priori estimates (5.25) and (5.26) arise from (5.14) and
(5.15) by taking z;, = u, and noting, for the former, that, due again to (5.18), the right-hand side of
(5.14) is bounded by ry4 (cf. (5.16)). Finally, the estimate (5.19), together with the assumption (5.27),
guarantees that T, : W(ry) — W (ry) is a contraction, and therefore the classical Banach theorem
yields the existence of a unique fixed point of T}, and hence of a unique solution of (5.2). O

5.3 A priori error analysis

In this section, we consider arbitrary finite element subspaces Xj, Y}, and Zj, (cf. (5.1)) satisfying
the hypotheses (Hl) up to (H4) introduced in Section 5.2, and derive a Céa estimate for the global
error

[(4; p) = (dn, pp) | + o = onldivya,
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where, as guaranteed by Theorems 4.9 and 5.5, (U, p) := ((u, ), p) € X xY and o € Z constitute the
unique solution of (3.13), whereas (4, p;,) = ((uh, Yh)s ph) € X}, x Yy, and o}, € Zj, form the unique
solution of (5.2). Throughout the rest of the paper, given a subspace X}, of an arbitrary Banach space
(X, [ - HX), we set
dist(z, Xp) := inf |z —xp|x VeeX.
zheXp

We begin by applying the Strang-type estimates provided by [20, Theorem 5.12] in the setting of
(3.13) and (5.2), thus obtaining

A, B o
o) = gl < (11220 (14 21 aise(ca ) 0 ¢ v0)
QA d 1,d

IB| 1 (5.28)
+ I’d dlSt(0'7 Zh) + I’d H (Au — Auh) (('EL p)7 ) HV;l ,
and .
lo = onlaiv, 0 < CdllAw,ll (1 + P) dist((d, p), X, x Y},
" (5.29)
+ (1+ Cal[BI) dist(o, Z) + Call(Au = Auw ) (@) )] v,y
where A 1
Ca= {17 uh) B 5.30
! < A d Blad ( )
Since
[(Au— Au,) (8 0). ) v, < [(Au— Au,) ((E.p),)] ) (5.31)

we proceed next to bound the latter norm. Indeed, employing the definition of A, (cf. (3.16)) and
the inequality (4.4), we find that for all (v, @) € X} x Y}, there holds

|(Au - Auh) ((ﬁv P), (‘_;ha Qh))| = |D(u — Up; (ﬁa p)v (Gha Qh))|

< vVndéju—u,

0.4 (@ P) [ (Va, @)l

lo,:0 by (T, p) — (W, pp)], yields
(A = A (@) )l Ly, < VRO PG ) = (s )] (5.32)

which, upon bounding ||u — uy,

XhXY}L)

Then, invoking the a priori estimate for ||(U, p)| given by (4.51), and substituting the resulting bound
from (5.32) into (5.28) and (5.29), which means using previously (5.31) in the former, we arrive,
respectively, at

o)~ ol < (14520 ) (14 2L) (6. 50 % X0)

QA d
B b (5.33)
+ dist(o, Zp,) + C {Hf||o,4/3;9 + [upllijor + ||11D||%/2,r} (4, p) — (dn, pp)ll,
Ad
with C = a;ld\/ﬁéég, and
B[\ .. .
o~ e < CallAn, ] (1 20 ) dist(.p). X Vi)

Ld (5.34)

+ (1+Cq|B|) dist (o7, Zs) + 5{Hf||0,4/3;s2 + [uplij2,r + ”uD“%/ZF} (T, p) — (Gr, pp)|
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with ¢ := Cy+/néCz.

The foregoing inequalities allow us to establish now the announced Céa estimate.

Theorem 5.6. In addition to the hypotheses of Theorems 4.9 and 5.5, assume that

~ 1
C{IEloasso + luplyor + uplar} < 5- (5.35)
Then there exists a positive constant C, depending only on aa 4, By 4, 2, V71, 6, Cz (¢f. (4.51)),

Cra (cf. (5.14)), |fo4/3,0. and [upllyjor, such that
I, p) = (iins pp)| + o = Onllaiv, o < C {dist((d, p), Xn x Yi) + dist(,Zn) . (5.30)
Proof. We first employ the assumption (5.35) in (5.33), which yields

|(d, p) — (Tp, pp)| < 2 (1 + HAuh|> (1 + w) dist ((d, p), X5, x Yj) + 2 Hdist(a, Zy).
*Ad 1,d QA d
Then, the foregoing estimate, together with the one resulting from (5.34) after substituting the former
into it, leads to (5.36). In particular, the indicated dependence of the constant C' on parameters, other
constants, and data follows from the explicit appearance of aip 4 and B, 4 in (5.33) and (5.34), and of
Ifllo,4/3:0 and [up|1/o,r in (5.34), as well as from the definition of Cy (cf. (5.30)) and the bounds (cf.
(4.1), (5.25))

IBl <1, JAuwl < (2u2+ vndfun

oae < 2Cra{|f

040), and |u, oasso + upliar -

O

We end this section by deriving an a priori estimate for the error ||p — pyllo,o, where pj, is the
discrete pressure computed according to the postprocessing formula suggested by the second identity
in (2.10). More precisely, bearing in mind the decomposition of the original stress according to (3.8)
and (3.9), we define

1 0
ph = — Etr(ah + conl + Q(uh®uh)> , (5.37)
with 5
=—— 1t . 5.38
co,h Sn Q)] L r(u, @ uyp) (5.38)
Then, applying the Cauchy—Schwarz inequality, performing elementary manipulations, and employing
the a priori bounds for |ufo 4,0 (cf. (4.51)) and |uploa;0 (cf. (5.25)), we deduce the existence of a

positive constant ¢, depending only on constants introduced in the preceding analysis and the data
norms [fo4/3,0 and [up]/2,r, and hence independent of A, such that

lp = prlon < C{Hu— upfos0 + |l — O'hHO,Q}- (5.39)

In this way, combining Theorem 5.6 with the estimate (5.39), we obtain the following result.

Theorem 5.7. Assume the hypotheses of Theorem 5.6. Then there exists a positive constant C,
independent of h, such that

|(T, p) — (dn, )| + o — onldivyse + Ip—Pprloe
(5.40)

< C{dist((ﬁ, ), X x Y) + dist(o-,Zh)}.
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5.4 Specific finite element subspaces

In this section, we provide two examples of concrete finite element subspaces H}, HZ, HZ, and HY
satisfying the hypotheses (Hl) up to (H4) specified in Section 5.2, collect their approximation
properties, and establish the rates of convergence of the associated Galerkin schemes. To this end,
we first let {ﬁ} heo D€ a regular family of triangulations of Q consisting of triangles K (when n = 2)
or tetrahedra K (when n = 3) of diameter hx, and set h := max{hK . Ke 7}1} Then, given
an integer ¢ > 0 and K € Tp, we let Py(K) be the space of polynomials of degree < ¢ defined on
K, whose vector and tensor versions are denoted by Py(K) := [Py(K)]|™ and Py(K) := [Py(K)]"*"™,
respectively. Also, we let RTy(K) := Py(K)® Py(K)x be the local Raviart-Thomas space of order
¢ defined on K, where x stands for a generic vector in R", and f’g(K ) is the space of homogeneous
polynomials of degree ¢ defined on K. Furthermore, we let bx be the bubble function on K, defined
as the product of its n + 1 barycentric coordinates, so that bx € P,,11(K), and introduce the local
bubble spaces of order ¢ as

by(K) = curl(bg Pe(K)) if n=2, and by(K) := curl(bg P¢(K)) if n=3,

where curl(v) := (‘?—” 7@) ifn=2andv:K — R, and curl(v) :=V xvifn=3and v: K — R3.

0xo’ or1
In addition, we define the global spaces

Pu(T;) = {vheLQ(Q): valx € Pu(K) VKen},

Pu(Th) o= {mn e L2(Q): mylx € Bu(K) VK eTif,

RT,(T;) := {rheH(div;Q): Thilx € RT(K) Vie{l,..n}, \ﬂ(en},

and
By(T5) = {TheH(div;Q): Thilk € bo(K) Vie{l,..n}, VKeTh},

where 7, ; stands for the ith row of 7. We remark here that P,(7}) is also a subspace of L4(Q). In
addition, since L2(f2) is continuously embedded in L¥3(€), it follows that H(div;Q) is, in turn, con-
tinuously embedded in H(divy/3; (2), and hence RT(7;) and By(7y) are both subspaces of H(div/s; )

as well. Furthermore, we denote C(f2) := [C()]™*".

Given an integer k£ > 0, the announced examples of stable finite element subspaces are defined next.

a) PEERS-BASED FINITE ELEMENT SUBSPACES

This example is based on PEERSy, the originally named plane elasticity element with reduced
symmetry of order k, whose stability for the Hilbertian mixed formulation of the linear elasticity
problem was first established in [4] for £ = 0 and n = 2, and later extended to £ > 0 and
ne {2, 3} in [24]. The corresponding subspaces H}', HZ, and HY are defined as follows:

H} := Py(Tn), H] := C(Q) nPri1(Tn) ALA(Q), HY := RTu(Th) + Br(Th). (5.41)

Since the identity matrix I belongs to RTy(7), it is immediate that (Hl) holds. In turn,
noting that the tensors in By(7,) are divergence-free and that div(RTy(7,)) < Px(Tn) = H},
we deduce that (HZ) is fulfilled by Hf and H}'. In addition, as proved by [22, Lemma 4.8] and
the subsequent discussion in [22, Section 4.4.3], X, := Hj! x H)) and Zj, := HY nHo(divy/s; Q)
also satisfy (H3) Finally, bearing in mind the resulting subspace Z , (cf. (5.8)), recalling that
the divergence free tensors of RTy(7,) are contained in Py (7,) (cf. [19, proof of Theorem 3.3]),
and observing that By (75) S Piirn(Tr), we deduce that Zgj, < Pr(Tp) + Br(Trn) S Prin(Tr), so
that in order to accomplish (H.4), it suffices to choose

HE = Pryn(Th) 0 L% (9). (5.42)
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b) AFW-BASED FINITE ELEMENT SUBSPACES

This example is based on the Arnold—Falk—Winther (AFW) element of order k£ > 0, whose
stability for the Hilbertian mixed formulation of the linear elasticity problem was proved in [5].
The corresponding subspaces H}, HZ, and Hf are defined as follows:

Hp = Py(Th), H) = Pe(Th) nL%(Q), HY := Ppyi(Tp) 0 H(div; Q). (5.43)

It is also straightforward to see here that Hf and Hj' satisfy (Hl) and (H2) Moreover, as
established in [22, Lemma 4.8] and the subsequent discussion in [22, Section 4.4.3], (H.3) holds
for the present subspaces X, := HJ x HYY and Zj, := HY nHy(div, /3;€2) as well. Furthermore,
regarding (H.4), and since the definition of Zg (cf. (5.8)) does not seem to admit any further
simplification in this case, the inclusion Zg ;, € Zj, := Py11(7Th) nHo(divys; Q) suggests choosing

HE = Pyt (Th) 0 L2(Q). (5.44)

It is worth highlighting that, as established in [22, Lemma 4.8], further examples of finite element
subspaces X;, := HJ! x H) and Z), := HJ n Ho(divy/3;§2) satisfying (H3) can be obtained from
any stable triplet H}!, HY, and HY for the Hilbertian formulation of linear elasticity, provided that,
for some integer £ > 0, RT,(75) < Hf and H} < Py(T3).

Now, the approximation properties of H}!, H}), and Zj, := HY n Ho(divy/3;€2), for both PEERS (cf.
(5.41)) and AFW (cf. (5.43)), are derived from the error estimates for the Raviart-Thomas and AFW
interpolation operators and the projectors onto piecewise vector and tensor polynomial spaces, together
with the corresponding commuting diagram properties and Sobolev space interpolation estimates (cf.
[6], [15, egs. (5.37) and (5.40)], [18, Proposition 1.135]). Their statements are as follows:

(AP}I‘) there exists a positive constant C, independent of h, such that for each r € [0,k + 1], and for
each v e W"*(Q), there holds
dist(v, H}}) < Ch7||v|

r,4;Q
(APZ) there exists a positive constant C, independent of h, such that for each r € [0,k + 1], and for
each n € H"(Q) n L2, .. (Q), there holds

dist(n, H}) < Ch"|nlne,

(APg ) there exists a positive constant C, independent of h, such that for each r € (0, k + 1], and for
each 7 € H"(Q) n Hop(divy3; ) with div(7) e W"4/3(Q), there holds

dist(7,HY) < {7l + |div(r)]amof

In turn, the approximation property of HZ , which is analogous to that of H}, can also be unified

N k+n  for PEERS-based
for PEERS (cf. (5.41)) and AFW (cf. (5.43)) by defining k := { k41 for APW-based The

corresponding statement reads as follows:

(APz) there exists a positive constant C, independent of h, such that for each 7 € [0,k + 1], and for
each g € H"(2) n L2,(2), there holds

dist (o, H?) < Ch7|o|r0-

The rates of convergence of the Galerkin scheme (5.2) with the PEERS- and AFW-based finite
element subspaces specified in this section are provided in the following theorem.
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Theorem 5.8. Assume the hypotheses of Theorem 5.6, and let ((ﬁ, p),o-) € (X X Y) x Z and
((Gn, pp), o) € (Xn x Yy) x Zy be the unique solutions of (3.13) and (5.2), whose ewistence is
guaranteed by Theorems 4.9 and 5.5, respectively. Also, let p and pp be the exact and approximate
pressures defined by the second identity in (2.10), and by (5.37) and (5.38), respectively. In turn,
given an integer k = 0, suppose that there exist r € (0,k + 1] and 7 € (0, k + 1] such that ue W*(Q),
vy e H'(Q), o € H'(Q), div(e) e WH*3(Q), and p € H (). Then there exists a positive constant C,
independent of h, such that

|4, p) = (dr, pp) | + lo = onlaiv,s:0 + |p = prlog
- (5.45)
< C{n (lulaa + [7lra + oo + 1div(@) aso) + 1 lplraf -
Proof. Tt suffices to apply the estimate (5.40), first decomposing
dist ((d, p), Xp x Y3) = dist(u, H}}) + dist (v, H}) + dist(p, HY),
and then employing the approximation properties established above. ]

6 Computational results

In this section we consider the two pairs of finite element subspaces detailed in Section 5.4 to present
four examples illustrating the performance of the mixed finite element method (5.2) on a set of quasi-
uniform triangulations of the respective domains. In what follows, for £ = {0,1} and n = {2,3}, we
simply refer to the corresponding finite element subspace pairs as PEERS; — Py, and AFWj — Pr. 1,
respectively. The numerical methods have been implemented using the open source finite element
library FEniCS [1]. A Newton—Raphson algorithm with a fixed tolerance tol = 1E — 06 is used for
the resolution of the nonlinear problem (5.2). As usual, the iterative method is finished when the
relative error between two consecutive iterations of the complete coefficient vector, namely coeff’™
and coeff™ !, is sufficiently small, that is,

|coeff™ ™! — coeff™ |por

lcoeff™ ! |pop

where | - |por stands for the usual Euclidean norm in RPF with DoF denoting the total number of
degrees of freedom defining the finite element subspaces HJY, H)Y, HY, and HYf, (cf. (5.41)—(5.44)).

< tol,

We now introduce some additional notation. The individual errors are denoted by

e(u) = [u—wpfosa, e():=ly—rloe, el@):=]o—0onldgv,e,

e(p) :==|p—pulogn, and e(p):=|p—pulog,
where py, stands for the post-processed pressure given by (5.37). Moreover, for each x € {u, ~, 0, P, p}
we let r(+) be the experimental rate of convergence given by r(x) := log (e(x)/é(x))/log(h/h), where

h and h denote two consecutive meshsizes with errors e and €, respectively.

The examples considered in this section are described below. In all cases, for simplicity, we set
0 = 1 and choose the viscosity function as

n
p(x) = exp (—H%) :
i=1
which satisfies (2.4). Furthermore, the zero-mean condition for tr(ey,) over €2 is enforced using a

real-valued Lagrange multiplier, which involves adding one row and one column to the matrix system
associated with (5.2).
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Example 1: Convergence against smooth exact solutions in a 2D domain

In this test we corroborate the rates of convergence in a two-dimensional domain. The domain is the
square 2 = (0,1)2. We adjust the data f and up in (2.11) such that the exact solution is given by

<) — sin(mxy) cos(mwa) o ) — coslma ) sin(0.5
ux) = <_COS(7WU1)Sin(7rx2)> d p(x) (rx1)sin(0.5wxs) .

Tables 6.1 and 6.2 show the convergence history for a sequence of quasi-uniform mesh refinements,
including the number of Newton iterations. As already announced, we stress that we are able not only
to approximate the original unknowns but also the pressure field through the formula (5.37). The
results confirm that the optimal rates of convergence O(h**1) predicted by Theorem 5.8, are attained
for k = {0,1} by both the PEERS) — Py2 and AFWj, — Py;1 schemes. The Newton method exhibits
a behavior independent of the meshsize, converging in three iterations in all cases. In Figure 6.1 we
display some solutions obtained with the mixed PEERS; — P53 approximation with meshsize h = 0.013
and 24,200 triangle elements (actually representing 1,308,122 DoF).

PEERS) — Py o discretization with k = 0

DoF | h [it] e [rw) [ e(y) [r(0) | eld) [rio) | elp) [rlp) [ e | rp)

84210354 | 3 [[2.3E-01 | - [22BE-001| - [55BE-01| - [40E-00| - [45E01| -
3,314 | 0.177 | 3 || 1.2E-01 | 0.965 | 6.7E-02 | 1.694 | 2.8E-01 | 0.998 | 2.0E-00 | 0.981 | 2.4E-01 | 0.916
13,154 | 0.088 | 3 | 5.8E-02 | 0.991 | 2.4E-02 | 1.489 | 1.4E-01 | 0.998 | 1.0E-00 | 0.996 | 1.2E-01 | 0.986
46,082 | 0.047 | 3 || 3.1E-02 | 0.998 | 9.4E-03 | 1.478 | 7.4E-02 | 1.000 | 5.3E-01 | 0.999 | 6.5E-02 | 0.998
183,962 | 0.024 | 3 | 1.6E-02 | 0.999 | 3.3E-03 | 1.494 | 3.7E-02 | 1.000 | 2.7E-01 | 1.000 | 3.2E-02 | 1.000
617,762 | 0.013 | 3 || 8.5E-03 | 1.000 | 1.3E-03 | 1.500 | 2.0E-02 | 1.000 | 1.5E-01 | 1.000 | 1.8E-02 | 1.000

AFWy — P, discretization with k = 0

DoF | h [it] ew [rw) [ e(y) [r(0) | eld) [rlo) | elp) [rlp) [ e | rp)
609 | 0.354 | 3 | 2.3E-01 - 5.8E-01 - 4.2E-01 - 3.5E-00 - 1.7E-01 -
2,369 | 0.177 | 3 | 1.2E-01 | 0.966 | 2.9E-01 | 0.986 | 2.1E-01 | 1.011 | 1.8E-00 | 0.998 | 6.7E-02 | 1.360
9,345 | 0.088 | 3 | 5.8E-02 | 0.991 | 1.5E-01 | 0.998 | 1.0E-01 | 1.002 | 8.8E-01 | 1.001 | 2.9E-02 | 1.207
32,641 | 0.047 | 3 | 3.1E-02 | 0.998 | 7.8E-02 | 0.999 | 5.5E-02 | 1.000 | 4.7E-01 | 1.000 | 1.5E-02 | 1.072
130,081 | 0.024 | 3 | 1.6E-02 | 0.999 | 3.9E-02 | 1.000 | 2.8E-02 | 1.000 | 2.4E-01 | 1.000 | 7.3E-03 | 1.021
436,481 | 0.013 | 3 || 8.5E-03 | 1.000 | 2.1E-02 | 1.000 | 1.5E-02 | 1.000 | 1.3E-01 | 1.000 | 4.0E-03 | 1.006

Table 6.1: [Example 1, & = 0] Number of degrees of freedom, meshsizes, Newton iteration count,
errors, and rates of convergence for the mixed approximations.

Example 2: Convergence against smooth exact solutions in a 3D domain

In the second example we consider the cubic domain Q = (0,1)3. The manufactured solution is given
by
sin(mz ) cos(mze) cos(mas)
u(x) = | —2cos(mzy)sin(mxy) cos(mxs) | and p(x) = cos(mzy) exp(xa + x3) .
cos(mxy) cos(masy) sin(mxs)

Similarly to the first example, the data f and up are computed from (2.11) using the above solution.
The convergence history for a set of quasi-uniform mesh refinements using £ = 0 is shown in Table 6.3.
Again, the mixed finite element method converges optimally with order O(h), as it was proved by
Theorem 5.8. We observe a considerable increasing of degrees of freedom in the PEERSy — P3 scheme
compared to the AFWy — IP; one. This is justified mainly by the fact that the symmetric part of the
velocity gradient is approximated with P3(€2) and P;(€2), respectively. In addition, some components
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PEERS; — Py o discretization with & = 1
DoF [ h [it] e(w) [rw) [ e(y) [r(y) [ elo) [r@) | elp) [rip) [ el | rlp)
1,778 | 0.354 | 3 || 4.1E-02 - 7.9E-02 - 7.9E-02 - 6.0E-01 - 5.7E-02 -
7,010 | 0.177 | 3 || 1.1E-02 | 1.969 | 2.2E-02 | 1.883 | 2.1E-02 | 1.900 | 1.5E-01 | 1.956 | 1.7E-02 | 1.781
27,842 | 0.088 | 3 || 2.6E-03 | 1.992 | 6.2E-03 | 1.793 | 5.6E-03 | 1.926 | 3.9E-02 | 1.969 | 4.6E-03 | 1.854
97,562 | 0.047 | 3 || 7.5E-04 | 1.998 | 1.9E-03 | 1.885 | 1.6E-03 | 1.963 | 1.1E-02 | 1.985 | 1.4E-03 | 1.927
389,522 | 0.024 | 3 || 1.9E-04 | 1.999 | 4.9E-04 | 1.957 | 4.1E-04 | 1.985 | 2.8E-03 | 1.994 | 3.5E-04 | 1.968
1,308,122 | 0.013 | 3 || 5.6E-05 | 2.000 | 1.5E-04 | 1.986 | 1.2E-04 | 1.994 | 8.4E-04 | 1.998 | 1.1E-04 | 1.986
AFWj, — Py discretization with k = 1
DoF [ h [it] e [r(w) [ e(y) [r(v) | el@) [ro) | elp) [rlp) | el | r)
1,393 | 0.354 | 3 || 4.1E-02 - 8.8E-02 - 6.2E-02 - 5.4E-01 - 2.0E-02 -
5473 | 0.177 | 3 || 1.1E-02 | 1.956 | 2.3E-02 | 1.969 | 1.5E-02 | 2.065 | 1.4E-01 | 2.002 | 4.6E-03 | 2.146
21,697 | 0.088 | 3 || 2.6E-03 | 1.988 | 5.7E-03 | 1.985 | 3.6E-03 | 2.042 | 3.4E-02 | 2.002 | 1.2E-03 | 1.950
75,961 | 0.047 | 3 || 7.5E-04 | 1.997 | 1.6E-03 | 1.993 | 1.0E-03 | 2.022 | 9.6E-03 | 2.002 | 3.5E-04 | 1.952
303,121 | 0.024 | 3 || 1.9E-04 | 1.999 | 4.1E-04 | 1.997 | 2.5E-04 | 2.011 | 2.4E-03 | 2.001 | 8.9E-05 | 1.972
1,017,721 | 0.013 | 3 || 5.6E-05 | 2.000 | 1.2E-04 | 1.999 | 7.5E-05 | 2.005 | 7.1E-04 | 2.001 | 2.7E-05 | 1.985

Table 6.2: [Example 1, & = 1] Number of degrees of freedom, meshsizes, Newton iteration count,
errors, and rates of convergence for the mixed approximations.

0.33 13 -004 004 013 -0.33 0.33 1

[y | Q0B 08 1y 82 21 10 0 - J
h | o ’712,}), RRRRRRAN 012,h Ty ph e

Figure 6.1: [Example 1, £ = 1] Computed velocity magnitude, vorticity component, pseudostress
tensor component, and pressure field.

of the numerical solution are displayed in Figure 6.2, which were built using the mixed AFW, —
[P; approximation with meshsize h = 0.096 and 34,992 tetrahedral elements (actually representing
1,977,049 DoF).

Example 3: Fluid flow through a rectangular domain with a circular hole.
In the third example, inspired by [26, Chapter 1], we study the behavior of the model for fluid flow in
a rectangular domain with a circular hole and non-manufactured solution. More precisely, we consider
the domain ©Q = (0,1.6) x (0,0.4)\$2., where

0, = {(:cl,:cg) L (1 — 0.2)2 + (22— 0.2)% < 0.052} :
with boundary I" = 02, where the inflow and outflow boundaries are defined as I'y, = {0} x (0,0.4)
and Toy = {1.6} x (0,0.4), respectively. The body force is f = 0, and the boundary conditions are
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PEERSj, — Py, 3 discretization with k = 0
DoF | h [it] e(w) [r(w) | ey) [r(0) [ el@) [rlo) [ elp) [rlp) [ e [ rp)
8,698 | 0.866 | 4 | 5.7E-01 - 1.4E-00 - 1.8E-00 - 1.5E+401 - 1.2E-00 -
69,016 | 0.433 | 4 | 3.0E-01 | 0.906 | 5.0E-01 | 1.516 | 9.6E-01 | 0.923 | 8.0E-00 | 0.896 | 7.3E-01 | 0.689
550,156 | 0.217 | 4 || 1.6E-01 | 0.963 | 1.4E-01 | 1.847 | 4.9E-01 | 0.985 | 4.1E-00 | 0.978 | 3.8E-01 | 0.945
1,854,688 | 0.144 | 4 | 1.0E-01 | 0.989 | 7.3E-02 | 1.601 | 3.3E-01 | 0.990 | 2.7E-00 | 0.995 | 2.5E-01 | 1.009
6,254,986 | 0.096 | 4 || 6.9E-02 | 0.995 | 3.9E-02 | 1.545 | 2.2E-01 | 0.995 | 1.8E-00 | 0.999 | 1.7E-01 | 1.015
AFWj, — Py discretization with k =0
DoF | h [it] e(w) [r(w) ] e(y) [r(v) [ el@) [ra) ][ elp) [rlp) | e [ rb
2,905 | 0.866 | 3 || 5.7E-01 - 1.7E-00 - 1.5E-00 - 1.4E+01 - 1.1Ee-00 -
22,369 | 0.433 | 4 || 3.0E-01 | 0.918 | 9.4E-01 | 0.880 | 7.3E-01 | 1.009 | 7.3E-00 | 0.948 | 5.3E-01 | 1.095
175,489 | 0.217 | 4 || 1.6E-01 | 0.960 | 4.8E-01 | 0.978 | 3.6E-01 | 1.017 | 3.7E-00 | 1.004 | 2.3E-01 | 1.215
588,385 | 0.144 | 4 1.0E-01 | 0.988 | 3.2E-01 | 0.996 | 2.4E-01 | 1.008 | 2.4E-00 | 1.004 | 1.5E-01 | 1.119
1,977,049 | 0.096 | 4 | 6.9E-02 | 0.995 | 2.1E-01 | 0.999 | 1.6E-01 | 1.005 | 1.6E-00 | 1.002 | 9.5E-02 | 1.062

Table 6.3: [Example 2, k = 0] Number of degrees of freedom, meshsizes, Newton iteration count,
errors, and rates of convergence for the mixed approximations.
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Figure 6.2: [Example 2] Computed velocity magnitude, magnitude of the strain rate tensor, pseu-
dostress tensor component, and pressure field.

given by
u=(—100xy (2 —0.4),0)* on Ty Ulew, u=0 on I‘\(Fin U I‘out) ,

which corresponds to the inflow /outflow driven by a parabolic fluid velocity from the left to the right
boundary of the rectangular domain. On the other hand, Figure 6.3 shows the computed velocity
magnitude, the magnitudes of the strain rate and vorticity tensors, and the pressure field obtained
using the PEERSy — P53 scheme on a mesh with a mesh size of h = 0.012 and 21,040 triangular
elements, corresponding to 1,138,231 DoF. The nonlinear system converged in four Newton iterations,
and the post-processed pressure has a numerically vanishing mean, with SQ pn = 2.09 x 1073, This
provides further evidence of the numerical consistency of the implementation. As expected, the flow
proceeds from left to right across the rectangular domain. Moreover, since the flow cannot enter or
leave through the upper and lower boundaries or pass through the circular obstacle, higher velocities
are observed around the obstacle. This behavior is consistent with the large gradients observed in the
same region and with the pressure distribution.

31



33.3 66.7 100

0
121 | i 1

50.0 100. 150

"}/h‘ OMH‘“\H‘HIHH

-120 53.3 227. 400

ph “\\‘w\\w\l\\\“

Figure 6.3: [Example 3] Computed velocity magnitude, magnitudes of the strain rate and vorticity
tensors, and pressure field.

Example 4: Fluid flow in a cubic lid-driven cavity.

Finally, we consider the three-dimensional lid-driven cavity flow in the unit cube Q = (0,1)3. On the
top lid, x3 = 1, the tangential velocity is prescribed as u = (1, 0,0)*, while no-slip boundary conditions
are imposed on the remaining walls. The body force is set to f = 0. Figure 6.4 displays the computed
velocity magnitude, the magnitude of the strain rate tensor, and the pressure field obtained using
the mixed AFWy — Py scheme on a mesh with mesh size h = 0.072 and 82,944 tetrahedral elements,
corresponding to 4,675,969 DoF. The nonlinear system converged in three Newton iterations, and the
post-processed pressure satisfies the corresponding zero-mean condition, with SQ pp, = 4.76 x 10714,
which is numerically zero and provides an additional consistency check for the computed results. The
velocity field exhibits the characteristic large-scale recirculation driven by the motion of the top lid,
with the largest velocities occurring near the moving lid. The magnitude of the strain rate tensor
attains its largest values along the edges of the top lid, reflecting the strong velocity gradients in these
regions. The pressure field reaches its minimum near the left edge of the top lid and its maximum
near the right edge, extending along the corresponding side of the cube. In contrast, the pressure
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remains nearly constant over the central region of the top lid and throughout most of the interior of
the cavity. These observations are consistent with the computed flow pattern.

|uh|ioiﬁ‘“
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1 0 83 17. 50 200 100 40
H |ph| u\ll“llﬂrl\\‘l\\\lu ph “JH‘JJHH\‘H\\JH

Oiss\i O\l‘é7 11
I L 11 |

Figure 6.4: [Example 4] Computed velocity magnitude, magnitude of the strain rate tensor, and
pressure field.
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