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Abstract

In this work we propose and analyze a hybridizable discontinuous Galerkin (HDG) method for the
time-dependent eddy current problem in an electric field formulation, posed in a domain consisting of
a conductor and a dielectric region. The divergence-free condition in the dielectric and the zero-flux
condition on the interface between both media are imposed by means of a Lagrange multiplier. The flux
condition only adds one global scalar unknown, so that the static condensation remains local. The time
discretization is performed with the backward Fuler scheme. We prove that the fully discrete problem is
well posed and derive error estimates of order O(hk“/ 2 + At) for polynomial degree k > 0. To the best
of our knowledge, these are the first error estimates for an HDG method applied to the transient eddy
current problem. Numerical experiments show first order in At and, for kK = 0, 1,2, computed spatial
orders are better than the proved ones. Moreover, we illustrate the robustness of the method on a model
problem of magnetic shielding by eddy currents.

Mathematics Subject Classifications (1991): 65M60, 656N15; 656M12, 35Q61, 35K65; 78M10

Key words: Eddy current problem, hybridizable discontinuous Galerkin method, degenerate parabolic
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1 Introduction

The problem that motivates this work is that of a conductor in contact with a dielectric material. An
imposed current density, with a general time dependence, flows in the dielectric and induces currents in the
conductor. When the fields vary slowly, the displacement current can be neglected in the Ampere-Maxwell
law, and the electromagnetic field is governed by the eddy current model (eddy currents are also known as
Foucault currents). The model and its analysis are presented in the monographs [7,11,13]. Ammari, Buffa,
and Nédélec [8] proved that the eddy current model approximates the Maxwell equations at low frequencies.



In the time-harmonic regime, the approximation is of second order in the frequency if the source current
of the problem satisfies an additional condition, and of first order otherwise, and the results depend on the
topology of the domain. They also studied the time-dependent case. When the source has a general time
dependence, the model does not reduce to a time-harmonic problem, and an evolution problem has to be
solved to describe the transient regime from a given initial state.

When the computational domain contains a dielectric region in addition to the conductor, the conduc-
tivity vanishes in that region. The transient problem is then parabolic in the conductor and, at each time
instant, elliptic in the dielectric, that is, degenerate parabolic. This problem has been studied with con-
forming finite elements in several formulations. For formulations in terms of the magnetic field, a magnetic
scalar potential has been used in the dielectric [32], and the constraint that the field satisfies there has been
imposed with a Lagrange multiplier, either in a formulation coupled with boundary elements [26] or in a
saddle point formulation [1]. The problem has been analyzed with current intensities as data in [12]. In
that work and in [1], error estimates have been proved for fully discrete schemes based on Nédélec elements
and the backward Euler method.

In formulations based on the electric field or on its time primitive, the equation loses its evolution term
in the dielectric, and the electric field is determined there only if two constraints are imposed. The electric
displacement ¢E must be divergence free in the dielectric, and its total flux through the interface with the
conductor must vanish. The second constraint, the charge condition, states that the conductor has no net
charge. The problem has been analyzed in [4,5] with a time primitive of the electric field as the unknown
and a Lagrange multiplier for the divergence constraint, and [3] provides a fully discrete abstract framework
for a family of mixed degenerate parabolic problems that includes the formulation of [5]. More recently,
Sebestova [31] obtained a residual-based a posteriori error estimate for an electric field-based formulation,
also with Nédélec elements and the backward Euler method.

Unlike conforming finite elements, discontinuous Galerkin (DG) methods do not require continuity of
the approximation across elements, which gives flexibility in the choice of meshes and polynomial degrees.
Perugia and Schotzau [28] analyzed an hp-local DG method, formulated in terms of the electric field, for
the low-frequency time-harmonic Maxwell equations in heterogeneous media with conducting and insulating
materials. For the time-harmonic eddy current problem in terms of the magnetic field, Alonso Rodriguez,
Mérquez, Meddahi, and Valli [6] analyzed a DG method that uses a magnetic scalar potential in the insulator.
The price of the discontinuity across elements is the size of the global system, which contains the volume
degrees of freedom of all the elements, and these are more numerous than those of a conforming method
of the same degree. Hybridizable discontinuous Galerkin (HDG) methods [20] retain the discontinuous
character of the approximation and allow the interior variables to be eliminated element by element, so that
the only globally coupled degrees of freedom are those of the numerical traces on the faces of the mesh.
Their a priori analysis usually relies on projections tailored to the form of the numerical traces [21].

Nguyen, Peraire, and Cockburn [27] proposed HDG methods for the time-harmonic Maxwell equations,
one of them with a Lagrange multiplier for the divergence-free condition, and studied them numerically.
Later, a superconvergent HDG method with a multiplier was analyzed for the stationary Maxwell equations
[16]. For eddy currents, Bustinza, Lépez-Rodriguez, and Osorio [14] analyzed an HDG method for the
time-harmonic problem in a domain with a conductor and a dielectric. That method uses a multiplier in the
dielectric and the tangential and normal traces of the electric field, and it incorporates the charge condition
on the interface. The authors obtained a priori error estimates of order O(h*+1/2).

HDG methods have also been analyzed for evolution problems. For instance, for scalar parabolic equa-
tions, where uniform-in-time superconvergence has been established for the semidiscretization of the heat



equation [15] and a fully discrete analysis with the backward Euler method is known for convection-diffusion-
reaction equations [29]. For the time-dependent Maxwell equations, Christophe, Descombes, and Lanteri [17]
presented a three-dimensional implicit HDG method and studied it numerically. Berardocco, Kronbichler,
and Gravemeier [10] proposed two HDG schemes with a conductivity term: one for the Maxwell equations in
mixed form, which retains the displacement current, and another for the electromagnetic diffusion equation
in terms of the electric field, which omits it. Their numerical examples use the former. Unlike these works,
which study their methods only numerically, Cockburn, Du, and Sénchez [19] carried out an a priori error
analysis of a class of semidiscrete Hamiltonian HDG methods, and Lee [25] obtained error bounds in space
and time for an HDG method in time-modulated Drude—Lorentz media, in both cases for the full Maxwell
equations. To the best of our knowledge, the only error analysis of an HDG method for eddy currents is
that of [14], for the time-harmonic regime, whereas no estimates are available for the transient one.

In this work, we propose and analyze a fully discrete HDG method for the transient eddy current problem
formulated in terms of the electric field, in a bounded domain that contains a conductor and a dielectric
region. As in the time-harmonic method in [14], a Lagrange multiplier is introduced in the dielectric. The
unknowns are the electric field w = E, the variable z = p~! curlw, and the multiplier ¢, together with
the tangential trace of the electric field on all faces of the mesh and the trace of the multiplier on the
faces of the elements in the dielectric. All of them are approximated by polynomials of the same degree
k. The multiplier is associated with the divergence constraint, written as div(eu) = ¢, and vanishes for
the exact solution. On the interface, the trace of the multiplier is a single unknown constant. The charge
condition, that is, the zero-flux condition on the interface, is thus imposed without penalty parameters and
adds only one global scalar unknown, so that static condensation remains local. We discretize in time with
the backward Euler method. We work with the electric field, as in [14], rather than with its time primitive,
which is the unknown in [4,5], at the cost of taking the time derivative of the current density as data. In
a previous paper [2], the authors treated the same phenomenon, with current intensities as the excitation,
using a formulation in terms of potentials and nodal finite elements.

We establish that the fully discrete scheme has a unique solution at each time step and, for homogeneous
boundary data, satisfies a discrete energy estimate with a constant independent of h and At. If the exact
solution is piecewise regular enough, the source is sufficiently regular in time, the stabilization parameters
are of order one, and At < 1/2, the error is of order O(h¥1/2 4 At) for the electric field in £>°(L?) on the
conductor, and for z and the multiplier in £2(L?). In space, this is the same order as that obtained in [14]
for the time-harmonic regime. The analysis combines a discrete energy argument for the time derivative
term o0;u, which acts only in the conductor, with a discrete integration-by-parts formula that moves the
curl from the source term onto z and onto the stabilization term. Instead of projections tailored to the
numerical traces, the analysis uses L? projections onto the elements and the faces of the mesh. Some face
terms do not vanish for these projections, and the estimate is suboptimal by h'/2 in space.

In experiments with manufactured solutions the scheme is of first order in At when the temporal part of
the error dominates. The spatial part of the error decreases with orders above those of the estimate, close
to k+ 1 for £ = 1,2, and approaching or exceeding 1 for £ = 0. A model problem of magnetic shielding
by eddy currents illustrates the method in a configuration of physical interest. No numerical results are
reported in [14]. Our scheme differs from that method in the time dependence and in the treatment of the
charge condition, but both use the same Lagrange multiplier in the dielectric and the tangential trace of
the electric field as an unknown on the faces. The experiments of Section 5 thus complement the analysis
of [14] with numerical evidence on the behavior of these two ingredients.

IThe rest of the paper is organized as follows. We present the model, its first-order system, and its



variational formulation in Section 2, where we show that the multiplier vanishes. In Section 3 we introduce
the HDG method and prove that the fully discrete scheme has a unique solution and is stable. Section
4 contains the a priori error analysis. Finally, in Section 5 we present some numerical experiments, that
validate our theoretical findings.

2 Eddy current problem

Maxwell’s equations are used to describe electromagnetic phenomena. The eddy current model results
by disregarding the displacement current in the Ampere-Maxwell law [13]. Let Q be a bounded, simply
connected polyhedral domain with connected Lipschitz boundary I' := 0£2. We denote by €. and 4 the
conducting and dielectric regions in Q: Q. is a connected Lipschitz polyhedron with Q. C © and connected
boundary [y := 0, and Q4 := Q \ ., which we assume connected. Thus Q = Q.U Q4 and Q4 = ' UTy.
The problem consists in determining the electric field E(t, ) and the magnetic field H(t, ) satisfying

curlH—-ocE=1J in Q,
O¢(uH) + curlE =0 in Q, (1)
div(eE) =0 in Qq,

where J(t, ) is the current density source. The electromagnetic coefficients are time-independent: magnetic
permeability u, electric permittivity €, and electric conductivity . We assume

O<p<plx)<m inQ, 0O0<e<fe(xr)<e inQ,

- (2)

0<o<o(x) <o in ., o(x) =0 in Qq,

and that p, € and o are piecewise constant on a finite polyhedral partition of Q. For the source, we assume
that J = curl Hg, where Hg € H(0,T; [H(Q)]?) is a given magnetic field source (for instance, the field
generated by a coil). In particular, J is divergence-free.

The equations (1) are completed with the conditions

/ €E|Qd Ny = 0,
To

nxE=g on '
E(Oa ) = 'U'O() in Qc»

(3)

where n denotes the unit outward normal vector to I'; and ng the unit normal vector on I'y pointing outward
from §24. Furthermore, g and ug represent given data. The initial condition is only prescribed in 2., since
there is no time derivative of E in €.

Differentiating the first equation in (1) with respect to time and using the second one, we obtain the
curl—curl evolution equation

0O:E + curl(y ! curl E) = —9,J in Q.

Introducing
u=E, z = ;fl curl u,



and a Lagrange multiplier ¢ in 04, we arrive at the first-order system

uz —curlu =0 in €,
oOiu + curl z — eVyp|g, = —0:J in §,
div(eu) = ¢ in Qgq,
(eulq, - Mo, L)r, =0,
nxu=g on T,
p=0 on T,
¢lr, € R,
u(0,) = uo() in L,
where the constant value of ¢ on I'y is also an unknown. We show below that ¢ = 0, so that (4) is equivalent
to the eddy current model.

In order to derive a variational formulation of (4), we take g = 0 for simplicity (the general case is
reduced to this one by means of a lifting ug € H(curl; Q) with n x ug = g on I'), and introduce the spaces

X := Hy(curl; Q), ©:={yeH (Q): ¢[r=0, ¢|r, €R}.

For ¢ € © we denote by ¢y, its constant value on I'g. Testing the second equation of (4) with v € X, the
third one with ¢ € ©, and integrating by parts, we arrive at the following problem.

Problem 1 Find w:[0,7] — X and ¢ : [0,T] — O such that, for a.e. t € (0,T),

d
—(ou,v)q + (p ! curlu, curlv)g — (eVyp,v)q, = —(9,J,v)q Vv e X,

dt
(0, ¥)0, + (eu, Vip)o, = 0 Vi €O,
and ou(0) = ouyg.

The second equation of (5) encodes both the divergence constraint and the flux condition on I'y. Indeed,
since ¥ = 0 on T,
(6u7 Vw)Qd = —(diV(EU), w)Qd + Cyp <€’LL - o, 1>F0 Vw € 67

and then, taking first 1 € H}(Q4) and then 1 € © with ¢, = 1, the second equation of (5) is equivalent to
div(eu) = ¢ in Q4 together with (ew - ng, 1)r, = 0.

Proposition 2 If (u, ) solves Problem 1, then ¢ = 0. Consequently, div(eu) = 0 in Q4 and (cu-ng, 1)r, =
0.

Proof. Let ¢ € © and let {/; be its extension by the constant c, to §)c. Then 12; € H}(Q), so that
v = sz € X and curlv = 0. Moreover, v = 0 in Q. and 0 = 0 in 4, so that (cu,v)q = 0, and
(8,3, Vip)g = (curl 9Hg, Vi) = 0. Testing the first equation of (5) with this v, we obtain (eV, Vi))q, =
0 for all ¢ € ©. Taking ¢ = ¢ yields Vi = 0 in )4, and since ¢ = 0 on I' and €24 is connected, ¢ = 0. The
last assertion follows from the equivalence stated above. O

As a consequence of Proposition 2, u is the time derivative of the solution of the E-based formulation
of the eddy current problem analyzed in [5], to which we refer for existence and uniqueness results. In the
sequel, (z,u,¢) = (u~! curlu,u,0) denotes the exact solution of (4).



3 The HDG method

3.1 Mesh notation and approximation spaces

Let 7, be a shape-regular simplicial partition of €, such that each element is contained either in Q. or in
Qg4, and such that p, € and o are constant on each element. We let hx be the diameter of K € 7, and
h := maxge7;, hi; without loss of generality, h < 1. We write 07, := {0K : K € Tp}. The collection of all
faces generated by the triangulation is denoted by &,. Among them, we distinguish the interior faces of the
full mesh and the interior faces contained in the dielectric subdomain, namely S}IL and 82’1, respectively. In
addition, the sets of faces lying on I' and on the interface I'g are denoted by 5}; =&,NI" and 5}1;0 = &,NT,
respectively. The meshes induced on Q4 and Q. are denoted by 7;Ld and T,°, respectively. Their associated
face sets are written as 5,‘11‘ and &;. For every element K € 7Tj, the symbol n stands for the unit outward
normal vector on K. Note that, for K € 7;Ld and a face F' C 0K NIy, we have n = ng on F.
For any positive real number s, we introduce the broken Sobolev space

[H*(Th))? := {v € [L*(T)]? : vIk € [H*(K)]® VK € Ty},

endowed with the broken seminorm | - |gs(7;,).-

Now let w € [H*(T;)]® with s > %, and let F be a face shared by two neighboring elements K+ and K,
that is, F = 0Kt N 9K ~. We denote by w™ the traces of w on F taken from the interior of K*, and by
n¥ the corresponding outward unit normals. The jump of w across an interior face is defined by

[neow] =ntowr+n" ow™,

where the symbol ®@ stands either for the scalar product (-) or for the vector product (x). If F'is a boundary
face, we set
[now]:=n06w,

where now n denotes the outward unit normal to I'. For later use, we also split the trace of a vector field
into tangential and normal components. More precisely,

w':=n x (w xn), w" = (w-n)n,

so that
w=w'+w" on OK.

We next introduce the elementwise and facewise inner products employed throughout the paper. For
scalar functions ¢, p we set

(@:0)7 = Y (@K,  (@Pom = D (@pok

KeTy KeTy,
For vector fields v, w, we define
3 3
Zvjij T (v, w)ar, = Zv],w] Th
]:1 ]:1



Here,

(¢,p)K :—/qu, (a,p)or = /8qu-

The same notation is used on 7,¢ and 97;¢, and [[l7» lI-llo7;,» etc., denote the induced norms. Note that
in (-, )7, each interior face is counted twice. All differential operators applied to discrete functions are
understood elementwise.

As usual, for a given set R such that |R| > 0, we denote by Px(R) the space of polynomials of degree at
most £ > 0 on R. We now proceed to define the HDG spaces for this analysis:

Pui={on € LA(T) : énlx € P(K) VK € T},
Vi = {v € [LA(TW)) : wnlk € [Po(K)) VK € T},
M, = {B e [L*&)): Blr € [Pu(F)P, (B-n)lr =0 VF €&},
M;(0) :={BeMj: Blr=0 VF €&},
Ap={neL*&!): nlp € Pu(F) VF € &L,
nlp=0 YF €&, nlr, € R}

The space Ay is a discrete counterpart of the trace space of ©: its elements vanish on I' and take a single
(unknown) constant value on the whole interface I'g. Functions in M} and A are single valued on each
face. In the sequel, we present the fully discrete formulation: we use the backward Euler method in time
and the previously defined spaces in the spatial variable.

3.2 Fully discrete HDG formulation

Let 0 =ty < t; < -+- < tpy = T be a uniform partition of the time interval [0,7] with time step At =
tm — tm—1, and define 9;x™ = (At)~1(x™ — x™!) to be the first-order discrete time derivative, where
X™ = X(tm). Let Iy : [L?(Q)]*> — V, be the L2-orthogonal projection onto V,. Then the fully discrete
method reads: Given u% = ITyup (any extension of ug to 2 may be used, since only Ju2 enters the scheme),
find, for each 1 <m < M,

~t,m t
(zn'up' op', Uy, op') € Vi X Vi x P x Mj, x Ay

such that
(Mzizn’w)n - (uzn,curl UJ) <uh w X ’I’I,>8771 =
(0Bpup',v)7, + (21", curlv) g, + (2™, v X n)o,
+ ((,Oh ,le(S’U))Td - <€’U n, Sph >8 ;fi *(gt;]m, ’U)Th7
(¢h's w)Tii + (euy’ 7v¢)7-}$l - <Euh’ >87’d =0, (7)

<TL X ,/Z\]t{m7ﬁ>a7—h\p = 0,
<€az7m 'n, 7])877;1 = Oa

(nxa,™, B)r = (g™ B,



for all
(wvvaww@ﬂ]) € Vh X vh X Ph X Ml;z X Ah'

The tangential and normal numerical fluxes, Ezm and @, respectively, at time level ¢,,, are defined by

nx 2™ =nx 2t +r(u™ —ay™)  on 7y, -
euy™ -mo=ceup' - n—1(0) — @5) on 87}?,

where 7 > 0 and 7, > 0 are stabilization parameters, which for simplicity we take constant. We stress that

fzfl’m and u,"™ are not unknowns: they are given in terms of the unknowns by (8), whereas the numerical

trace @y’ € Ap, is an unknown of the scheme. The first three equations in (7) are the local problems; the
fourth and fifth ones impose the weak continuity of the tangential and normal fluxes, and the last one
imposes the boundary condition. Since the fourth equation only involves faces not lying on I'" and the last
one only faces on I', the number of equations equals the number of unknowns.

We also remark that, taking in the fifth equation of (7) the function n € A equal to 1 on I'g and 0

elsewhere, we obtain
~n,m o
g / eu,” -n =0,

F
Feg,"

which is the discrete counterpart of (cu|q, - 70, 1)r, = 0. This condition is thus imposed without penalty
parameters, and only adds one global scalar unknown (the value of @}* on I'g), so that the static condensation
remains local.

We begin with an algebraic identity that will be used repeatedly in the sequel.

Lemma 3 Let (zp, p, pn, Uh, Pn) € Vi X Vi X Py x MY x Ap, and let n x Z}, and eq}} - n be given by (8)
(without the superscript m). Then

(1zn, zn)7;, — (up, curlzy) 7, — (@}, zp, x n)oT;,
+ (zn, curluy) 7, + (Zh, up x n)or,
+ (¢n, div(auh))ﬁ? — (euy, - m, @h)m—hd
+ (s on)7a + (Eun, Voor)ra — (euy, -, on) g (9)
— (n X 2}, W)or, + (et - 1, Pn)or

= IVazul7, + llonlFa
h h

t ]2 ~ |12
+ 71 [lub — bl + T llon — Brllora
Proof. We employ the elementwise integration-by-parts identities

(zn, curluy) 7, — (up, curl z) 7, = (N X wp, 21)o7,

and
(on, div(eun))ra + (eun, Vi) ra = (eun - 1, on) oo,



together with (U}, z), xn)a7, = (RXUYL, 21)a7,, (ZL, upxn)a7, = (NXZh, up)or,, and (nxa)-b = —(nxb)-a.
Then, the terms involving z; and uy, in (9) reduce to

2 ~ A~ 2 ~t 112
Vi znl7, + (nx (2] = zn),un — Gp)or, = Vi znllg, + 7 |Juh — |57

where we used (8) and the fact that, @l being tangential, (u}, —a}) - (u, —@}) = |u! — @} |?. Similarly, the
terms involving ¢y reduce to

2 ~ ~ 2 ~ 112
lonll7a + (e(un - n—uh - 1), on = Pr)ora = llenllTe + T llon = Pullra,
by virtue of (8). O

Theorem 4 (Existence and uniqueness of the fully discrete HDG problem) For each 1 < m <
M, the fully discrete HDG problem (7)—(8) admits a unique solution

At,m o~ t
(zn5up on', uy ", 0p') € Vi X Vi X Py x My, X Ay,

Proof. Since the scheme is linear and all discrete spaces are finite dimensional, it suffices to prove uniqueness,
that is, that the homogeneous problem (7)—(8) with

9 J™ =0, g" =0, ul =0,
only has the trivial solution. Let (2}, u}", ¢}, ﬁz’m, ©7') be a solution of this homogeneous problem. From
the last equation of (7), ﬁzm =0 on I, that is, ﬁi’m € M} (0). Testing the homogeneous system with

~t,m

_ . m _am _,m _ _ ~m
w = zp, UV =1uy, ¢—¢ha ﬁ__u’hv n=®n,

adding the resulting equations, and applying Lemma 3, we obtain the identity

_ 2 2
(A7 Vo up ||, + Vi 27, + ek 7

~t,m

t,m 2 m ~m||2 (10)

+ TtHU}{ — Uy Han + 7ullen’ — @ Hafrhd =0.
Consequently, z;* = 0 in Q, ¢} = 0 in Qq, u* = 0 in Q, ﬁzm = uzm on 97Ty, and @ = 0 on T4, It
remains to show that u}* = 0 in {14, which we do in four steps.

Step 1. Since z;' = 0 and ﬁzm = uzm, the first equation of (7) and an elementwise integration by parts
give (curlu}’, w)7, = 0 for all w € Vj, whence curlu}’|x = 0 for all K € T,. Moreover, uzm = ﬁzm is
single valued on interior faces and vanishes on I'. Hence u}' € Ho(curl; Q) and curluj’ = 0. Since 2 is
simply connected and T' is connected, there exists p € H}(2) such that u® = Vp (see, e.g., [9]).

Step 2. Since Vp = uj* = 0 in Q. and Q. is connected, p = cg in . for some ¢y € R, and hence
plre = co.

Step 3. Since )" = @' = 0, (8) gives eﬂZ’m -n = eu}’ - n. Then, the third equation of (7) yields
(div(eu),¥)x = 0 for all ¢ € Px(K) and, € being constant on K, div(cu})|x = 0 for all K € 7;%. Taking
in the fifth equation of (7) n supported on a single interior face F' € Eff, and noting that the jump of
eu)’ -m across I’ belongs to Py (F'), we deduce that this jump vanishes. Therefore eu}’'|q, € H(div;{q) with
div(euy') = 0 in Qq. Finally, taking n =1 on I'g and 0 elsewhere, (eu}" - ng, 1)r, = 0.



Step 4. Integrating by parts in {24, and using Steps 2 and 3 and p =0 on I,

(eup', up)o, = (eup', Vpla, = —(div(euy'), p)a, + co (eup’ - o, 1)ry = 0.
Hence u}" = 0 in Qq4, and then ﬁzm = uzm = 0. Therefore, the homogeneous problem has only the
trivial solution. This proves uniqueness. Existence now follows from linearity of the scheme and the finite
dimensionality of the discrete spaces. |

In contrast to stationary HDG formulations for Maxwell-type problems, where stability and well-
posedness can be established through coercivity arguments and energy identities associated with the
numerical fluxes (see, e.g., [16]), the analysis of time-dependent problems requires an additional discrete
energy estimate. Indeed, the presence of the time derivative introduces an evolution mechanism that cannot
be controlled solely by the spatial stability of the method. A discrete energy argument is therefore essential
to guarantee stability with respect to time, to prevent the growth of numerical errors, and to derive a priori
error estimates for the fully discrete scheme. An additional difficulty here is that o vanishes in §24, so that
the time derivative only provides control of the electric field in the conductor. In particular, the source term
cannot be bounded by a direct duality argument against u}' in €0y. Instead, we use the following discrete
integration-by-parts formula, which transfers the curl of the source onto z;* and onto the stabilization term.

Lemma 5 Let a € [HY(Q)]?, and let (pp,vp, Br) € Vi X Vi x M} (0) satisfy

(uph, w)7, — (vp, curlw)y, — (B, w X n)ar, =0 Vw e V. (11)
Then
(curla,vp,)7, = (upn,lva)7, + (n x (a—Iya),v), — Br)aT,- (12)
Consequently, there exists C' > 0, independent of h, such that
(curla, v)7; | < 72 [Viipaly, lally, +C B 2lalim o) [[vh — Bill,y. - (13)
Proof. Integrating by parts elementwise, we have
(curla, vy)7;, = (a,curlvy), + (n X a,vp)a7;,-

Since a € [H!(Q)]3, its tangential trace is single valued and, since 3}, is single valued and vanishes on T', we
get (n x a,Bp)a7, = 0. In addition, curlwvy, € V, so that (a, curlvy)7, = (Ilya, curlvy,) 7, . Integrating by
parts back and using (11) with w = Iy a, we find

(Ilya, curlwvy,)7, = (vp, curlllya)y, + (n x vy, [Iya)sr,
= (upn,Ilva)y, — (n x Ilya, vy — Br)or, -

Collecting terms, and noting that n x (-) is tangential, we obtain (12). The bound (13) follows from the

Cauchy—Schwarz inequality, [[IIyallz < |la]|7 , and the estimate [|a — IIyal[y; < C’h%2|a|H1(K) (see Lemma
8 below). O
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tm/\'m

Theorem 6 (Discrete energy stability) Assume g = 0, and let (2", u’, ¢}, u,", )") be the solution
of the fully discrete problem (7)—(8) at time level t,,. Then there exists a constant C > 0 independent of h
and At such that, for each £ € {1,..., M}, there holds

J4
2
J4 2
|vaui)| +ae > (v, +21er5,
m=1

~t,m

t»
+ rillup™ = @ 3, + 2mlleh = Bl ) (14)

< |lVoufl?
+ (7 + Chry ) 10 s 720 2,1 ey

Proof. First, we fix m € {1,..., M}. Since g = 0, we have ﬁzm € M!(0). In a similar way to Theorem
4, we take as test functions in (7)
_ .m _am .. m ~t,m _~m
w=zp, UV =1uy, w—gphv 6—_ n=%h-

Adding the resulting equations and applying Lemma 3, we obtain:

3 2
(0D, il )7, + IVE 27 I, + 125 17
™ — B B+ Tl — BT (15)
—(curl O:HZ", uj") T, -

For the temporal term, we employ the identity 2(a — b)a = a® — b + (a — b). Thus, we have:

2At[H\F“ZLHTh H\/E 1H7'h
+ [|Ve (i =17 (16)
[H\f upt||7, = Vo up =[]

CRRTARTOIES

- 2At

Now we estimate the right-hand side term of (15). Invoking Lemma 5, with a = 9, H™ and (py, vs, Br) =
(2", uy ,uzm) and after applying Young’s inequality, we deduce

3 1 2, By
(curl BT wf)r | < o Vi =2, + 2 a3,

Tt t,m Atm Ch = m2 (17)
+ 5”“;Z - HaTh o ——[0H 1)
Substituting (16) and (17) into (15), and multiplying by 2A¢, we obtain:
m||2 m—1]|2 m||2 mi|2
IVauirly, = Vo w15 + at(Ivazii, + 212
tm _ ot, ~
+ rillug™ = @ 3, + 2l — G5y (18)

< At(A+Chr ) 0HN 3 g

11



At this point we notice that 9;H™ = (At)~! fti:il 0;Hg ds. Cauchy—Schwarz inequality gives

¢
ALY 0ET 50y < 10H s |72 7 ) (19)

m=1

Then, summing up (18) from m =1 to m = ¢ € {1,..., M}, and after applying telescopic property and (19),
we arrive to (14) and we end the proof. O

Remark 7 Thanks to the telescoping structure of the o-weighted norm, no discrete Gronwall argument is
needed in the proof of Theorem 6; hence the scheme is unconditionally stable and the constant in (14) does
not depend on T. Note also that H\/EugHTh <72 ||lug| . -

4 Error estimates

In this section, we conduct the a priori error analysis of the HDG method. For this purpose, we begin by
introducing the projectors, followed by the derivation of the error equation. We conclude by establishing
the convergence properties of the method.

4.1 L?-orthogonal projections and their approximation properties

We use the L2-orthogonal projection Iy : [L?(€2)]3 — V), introduced above, both for z and u; to keep
the notation, we write Iy, := IIyy when it is applied to z. For the tangential traces, we introduce the
space L2(&,) == {B € [L*(&))P? : (B -n)|p = 0 VF € &} and the facewise L2-orthogonal projection
I, : L? (&) — MY, defined by

MIyB—-B.Yr=0 VyeMjlp, VFEE,. (20)
Since the exact multiplier vanishes (cf. Proposition 2), no projection is needed for ¢ and its trace.

Lemma 8 The projections Iy and I1Y, satisfy the following properties:

(i) For k € {u,0,e} and every w € [L*(Q)]3, (k(w — Hyw),v)7, = 0 for all v € V. In particular,
(w — yw,curlv)y, =0 for all v € Vy,, and (e(w — IIyw), Vd’)Tf =0 for all ¢ € Py,

(ii) Ty commutes with Oy, that is, O; yw™ = Iy O,w™.

(iii) For every B3 € L?(E), v € Vi, and F € &, there hold (3 —14,8,v)r = (3—1,8,v x n)p = 0, since
vi|p and (v x n)|p belong to M}|p.

(iv) There exists a constant C > 0, independent of h, such that for all K € T, w € [H*(K)]® and
1<s<k+1,

Jw — Mywllx < Chiclwl i), (21a)

lw — Ty wlox < Ch3 2wl o - (21b)

12



Proof. (i) — (i) follow directly from the definitions, since u, o and € are constant on each element, and
Kv|k, curlv|g and Vi)|k are polynomials of degree at most k. For the proof of (iv)we refer to [18,22]. O
We also introduce the temporal consistency errors

Z)T} = gtum - 8tu(tm), Em = gtHgn - atHs(tm),

_ (22)
so that 9, J™ — 0,J(t,,) = curl £™.
Let (z,u,9) = (2,u,0) be the exact solution of (4), and assume that z(t),w(t) € [H'(75)]3. Since
z,u € H(curl; Q) and culg, € H(div;yq), the traces u’, n x z and eu - n are single valued on interior
faces (up to the orientation of m). Then, it is readily seen that the HDG method is consistent: for each
m, the quintuple (z(t,), w(tm), 0, u'(ty,),0) satisfies (7) (with numerical fluxes n x z(t,,) and eu(t,,) - n),
with Ugtuzn and 9;J™ replaced by cdu(t,) and 9;J(t;,), respectively. We decompose the errors into
approximation and discrete components as follows:

Tm . _m m m . ..m m
0y =2" —Ily=z", O =u" — Ilyu™,
and
m o.__ m m mo.__ m m mo.__ m
e, =Ilyz" — z;", e, = Ilyu™ —uy’, ey = —¢h
For the traces, we set
tm 11t m\t ~tm -m ._ __~m
el =y (u™) —u,", €y = =0

We also define the numerical flux errors by

nx e i=nx el +n((en) - ef"), (23)
and
el = gell m — (€l — €, (24)

which have the same structure as (8).
Subtracting the fully discrete HDG scheme (7) from the consistency relations above, and inserting the
projections, we obtain the following error system: for each 1 <m < M,

t,m

(nel', w)g, — (e, curlw)y, — (e, w x n)s7, =0, (25)

(00rel, v)7, + (eF, curlv)y, + (n x e2™, v)or,

+ (e div(av))Thd — (ev - n,€$>37hd (26)

= (o7, 0)7;, + (curl €™, v) 7, — (n x 37" + 7(5)", v) o,
(efé‘, w)’rhd + (ceqs Vw)Thd - <5e%’m "n, 1/1>a’rhd = <53177 : na"‘/’>@’f,§7 (27)
(n x ™, Bornr = —(n x 37 + (5", B)omrs (28)
(ceg™  m, Mot = — (0 - m, M eords (29)

for all (w,v,9,B8,1n) € Vi x Vi, x Pp x M4 x Aj. In addition, 2™ € M (0).
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Indeed, in (25) the terms (pd™, w)T,, (0™, curl w)7, and ((u™)! =115, (u™)", wxn)s7, vanish by Lemma
8 (i), (i4i). In (26), Lemma 8 (7), (ii) give

(o(Opu(ty) — 5tu2”), V)T, = (agteﬂ,v)ﬁ — (opy,v)7;, and
(ggl, curlv)r, =0,

while a direct computation from (8) and (23) shows that
nx 2" —nx 2" =nxel™ +nx 67 + 760 — 7 ((u™)t — I, (™)),

whose last term is orthogonal to v and 3 by Lemma 8 (i44); this also yields (28). Similarly, eu™ n—ct, " n =
e 6™ - m and (£07, V))7a = 0, which give (27) and (29). Finally, from the last equation of (7)
and Lemma 8 (i), (n X e%’m, v = (nxu™ B)r— (g™ B)r =0 for all B3 € M! and hence eA =0onl.
We note that, thanks to the use of L?-projections and of piecewise constant coefficients, (25) is homoge-
neous, and the only spatial consistency terms are the face terms involving g;” and 3:7
We now recall the discrete Gronwall’s inequality in the form given in [24] (see also [30]).

Lemma 9 (Discrete Gronwall’s inequality) Let At > 0, B > 0, and let am, by, Ym > 0 for m > 1 be
such that

l J4
ag—I—AthmSAtZymamjLB Ve>1.
m=1 m=1
IfvYm>1: Atyy, <1, then
l 4
ag+Athm§exp(AtZ$)B V> 1.
m=1 m=1 m

Lemma 10 Let (e 2”
Then, for each ¢ € {1,

m
u’

NN eam,/\’g) be the solution of the error system (25)—(29), and assume At < 1/2.
- M}:
L

L

IVaeulF, +at > (Ivmerif, + ]2,
m=1
Fril(en) - e "l 4l ez ) (30)
< eQT(\|\/Ee3|y2Th + 2A¢ Z @m),
m=1

where )
— ~m — -1
O™ = §||\/Epu, H%’h + i Hgm”?}h Ty HEm Ilvgm"(%7h

=2
11 - g ~
+ 27 HIO2 I3, + 2mllon 13, + 5 162137
n
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Proof. Fix m > 1 and set E; := (e)! — eA and E, — e}y We select the test functions

_ ,m _ ,m _.m _ t,m _~m
w=e, v=e Y =ey, B=—-e;", n=ey,

which are admissible since eA € M (0). Substituting these choices into (25)—(29), summing the resulting
equations, and applying Lemma 3 to the left-hand side, yields

(0derss en)7s + I VieZ Iz, + 165 |70 + el EBellam, + 7all Bullhr
= (opy ey )T, + (curl§™, el)) 7, (31)
—(n x 5m +Tt(5 ) Eor, + (e0u - n?En>87;§lv

where we used that n x 25\;” and (gZ‘)t are tangential.
In a similar way to (16) we obtain

(i em > 5 (VeI — IVaer13,). (32)
For the terms on the right-hand side of (31), we apply the Cauchy—Schwarz and Young inequalities.

For the second one, we notice that, by (25) and egm € M} (0), we can apply Lemma 5 with a = €™ and

m M

(Ph,vn, Br) = (e7' ey, e ) ‘We have:

1 1
(o7 €] < 51%33% +5Ivaenl3,
(cune”. el < 5 IVEerE, + I,

||EtH8Th + €™ ~ Hvé’“\l?m,

(33)
[ x 07 + 7 (50), Br)or, | < = ”EtHaTh

1
+ 27, 107 137, + 27t||5m||a7ha
22
S Sm2
[(€dy" - 1, En) gral < 5 1B 57 + TnHWHand-
Substituting (32) and (33) into (31), multiplying by 2A¢, summing up from m = 1 to m = ¢, and after
applying telescopic property, we obtain

l
3
12
IV bl + At Y- (5Ivi eI, +20ef 1%+l Eildy, + mall Eallyra)
mt , (34)

¢
<AL IWVoeRlF + Vo el llF, +2At Y o
m=1 m=1

We now apply Lemma 9 to (34) with a,, = ge™|2, vm = 1, by, the term in parentheses, and B =
ppLy w 1Ty Y ’ p ’

Hﬁe%”%—h +2At Zﬁlzl O™ (for fixed ¢, B bounds the right-hand side of (34) for all ¢ < ¢). Since At < 1/2,

we have (1 — At)~! < 2, and the exponential factor is bounded by exp(2¢At) < e?”. This proves (30). O
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Theorem 11 Assume that the exact solution and the source satisfy
z € HY0,T; [H* YT, we HY0,T; [H"(T)]?),

ulo, € H?(0, T3 [L*(Q)]°), Hs € H*(0,T; [H'(Q)]),

and choose the stabilization parameters 7. ~ 1 and 7, ~ 1, and At < 1/2. Then, there erists a constant
C > 0, independent of h and At, such that

1/2
2
(dnax Vo (u(tm) = uif)li7, + (At > Nz (tm) Z?Hﬁ)

M 1/2
¥ (At S lpttn) - go;:‘n%g) < COFI/2 1 A,
m=1

Proof. The result follows from Lemma 10, the approximation properties of Lemma 8, and standard
estimates for the temporal consistency errors (22). We bound the terms on the right-hand side of (30).

For the initial error, since u(0) = ug in Q. and Iy acts elementwise, we have /o e = /o (IIyu(0) —
Hv’u,g) =0.

For the temporal consistency term pl', Taylor expansion with integral remainder yields

— 1 tm
P = B — (i) = 50 / (b1 — 5)00u(s) ds,
tm—1
whence A
||5ZLH522C < ?||attuH%Q(tm_l,tm;[LQ(Qc)P)’

and then, since o = 0 in g,

T At? 5
At Z Vo 5117 < —3 I0uwleoryraone)-

2 .
In the same way, AtZi‘f 1H€m‘|2 ) < ATtHattHsH%Q(mT;[Hl(Q)}g) and, by (21b) with s = 1, [|¢™ —
HVémHaT < Ch|§m|H1 Therefore

M
At (ElE™IE, + 7t Ie™ — ve™ 3y, ) < C At

m=1

For the spatial consistency terms, (21b) with s = k + 1 gives
Sm|2 Tm )2 2k 2
B2, + 18213, < C (2t B

+ ’u(tm)|§_[k+l(7‘h))7
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and, since H'(0,T; [H*1(T;,)]?) c C([0, T); [H*(Th)]?), we get

M
AEST (18217, + 18 137,) < € W2,
m=1

Substituting these bounds into (30), we obtain

M
omax [V en3 + S (IVEerl, +IerZ) < 4+ ).
- m=1

Finally, we write wu(t,,) — u}’ = SZL +ey, z(tm) — 25 = g;” + el and ¢(ty) — ¢ = ey, and use (21a),
which gives ||67]|7, + [02]|7;, < C h*+1. This yields (35). O

Remark 12 The estimate (35) is optimal in time, but suboptimal by h/2 in space. This loss comes from
the face terms in (26)—(29), which do not vanish for L?-projections. Recovering the rate h*T' would require
an HDG projection adapted to the curl-curl structure of the problem, for which these face terms vanish (in
the spirit of the projections introduced in [21] for diffusion problems, and of the projection-based analysis
of [23] for the static Mazwell equations); the construction of such a projection is left for future work.

Remark 13 The form J = curl Hg is needed only in Qq, where (30) gives no L? control of €. Let J =
curl Hg + J., with Hg as in Theorem 11 and J. € H?(0,T; [L?(2.)]?) extended by zero to Q4. Proposition 2
still holds, since the function Vv in its proof vanishes in Qc. The term ™ := O J™ — 0y I (t) is added to
the right-hand side of (26), and it is bounded together with opy, in the first line of (33). Hence (35) holds,
with a constant that also depends on Oud..

This class contains every J € H?(0,T;[L*(Q)]3) such that div] = 0 in Q4 and the fluz of J|q, through
Ty vanishes, which are the compatibility conditions of [5]. Indeed, such a restriction is the curl of a field
in H*(0,T;[H*(Q4)]?), by [9] and a bounded linear right inverse of the curl on divergence-free fields with
vanishing fluzes, and that field extends to €.

5 Numerical results

In this section we illustrate the performance of the fully discrete HDG scheme (7)—(8). In Example 1 (Section
5.1) we test Theorem 11 with a manufactured solution that satisfies its assumptions, and in Example 2
(Section 5.2) we repeat the experiments with a source in the class of Remark 13. In Example 3 (Section
5.3) we remove the time discretization error in order to measure the spatial order alone; and in Example 4
(Section 5.4) we apply the method to a model problem of magnetic shielding by eddy currents, for which
no closed-form solution is available.

The method has been implemented in MATLAB. On each element we use scaled monomial basis, and on
each face a basis of Py (F) for each component of @}, with respect to an orthonormal pair of tangent vectors.
Volume and face integrals are computed with collapsed Gauss rules, which are exact for the polynomial
integrands of the local matrices. The local unknowns (z;",u}',}") are eliminated element by element
(static condensation), so that the global system only involves ﬁ%m and @}'. Since @} is fixed to zero on
I'" and to a single unknown constant on I'g, the latter adds only one scalar unknown to the global system.
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The condensed matrix is symmetric, indefinite and independent of m; it is factorized once (by an LDL*
factorization) and the factors are reused at every time step.
In all the examples, Q = (0,1)3, the conductor is the cube Q. = (0.2,0.8)3, and Qq = Q \ Q.. We take
p=1in Q, e=11in Q, o =10 in Q,
o =0 in Qq, =Ty =1, T=1.

We use the structured tetrahedral meshes described in Table 1, obtained by subdividing €2 into N3 cubes
and each cube into six tetrahedra; all of them are conforming with the interface I'y.

Table 1: Meshes used in the numerical experiments: number N of cubes per direction, number of tetrahedra,
mesh size h, and size of the condensed global system.

Global unknowns
Mesh N  Elements h k=0 k=1 k=2

1 5 750 0.3464 3673 11017 22033

2 10 6000 0.1732 31393 94177 188353
3 15 20250 0.1155 108217 324649 649297
4 20 48000 0.0866 259201 777601 1555201

In all the examples with a manufactured solution (Examples 1, 2 and 3), the errors are measured as
follows. We report the quantities appearing in (35), in relative form:

wa, [Vo(ultn) ~ uf)ly (zm = (tm) - zz”n%)” i
S IE, |

E, =
“ max, [|vo w(tn)ll7, >om 12t
and, since ¢ = 0, the absolute error E, := (At), ||g0hm|]2rd )1/ ?. All maxima and sums are taken over
h
1 <m < M. The experimental orders of convergence are
L log(EZ/ElJrl)
TAt = )
IOg(Ati/AtH_l)
- log(EZ/ElJr]_)
 log(hi/hiv1)’

for two consecutive time steps on a fixed mesh, or two consecutive meshes with a fixed time step, respectively.
We also monitored the discrete flux }_ . . Jpeuy™ - m: in all the runs of Examples 1-3 it was below
h

2 x 1074, that is, the discrete counterpart of the flux condition on I'y holds up to round-off.

5.1 Example 1: a source of the form J = curl Hg

We first consider an exact solution for which the source is of the form J = curl Hg assumed in Section 2
and used in the proof of Theorem 11. Let a := 7/0.6, p(s) := sin (a(s — 0.2)), ¥(x) := p(z )p(y)p(z) and

U := curl(0,0,¢). _The function " vanishes on I'g, since p(0.2) = p(0.8) = 0; consequently, U-no=0on
I'g. Moreover, div U =0 and, since — Aw = 3a2¢}, curlcurlU = 3¢2U. We take the exact solution

u(t,x) = g(t) U(), z = !curlu, v =0, (36)
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with g(t) = 1 + sin(27t), and the source
Itz)=— (o g(t) + 3a2,u_1G(t)) Ul(z) = curl Hy(t, z),

G(t) = /0 o(s) ds,

H(t,@) = — (o g(t) + 30271 G(1)) (0,0, (=)).
Indeed, o is constant in Q. and in 4, and Hg is continuous across 'y because {/; = 0 there; hence Hg €
H?(0,T;[H'(€2)]3) and its curl has no singular part on I'g. The boundary datum g = m x u on I', which
does not vanish, and the initial datum are computed from u, and (z,u,0) is the exact solution of (4). Thus
this example satisfies the assumptions of Theorem 11.

For each mesh of Table 1 and each k € {0, 1, 2}, we computed the solution with At = 0.1.277, j =0,..., 4.
According to (35), the error is bounded by Cyh*+1/2 4 CyAt, and which of the two terms dominates depends
on k.

Table 2 shows the results for £k = 2 on mesh 4. For k = 2 the spatial part of the error is negligible on
the finer meshes (on meshes 3 and 4 the errors F,, and E, differ by at most 2%), and the scheme is of first
order in At. For k = 1 the same behavior is observed while the temporal part dominates; for instance, on
mesh 4 the orders of E, are 0.96, 0.94 and 0.85.

Table 2: Example 1: relative errors and orders of convergence in At.

At £, TAt L, TAt

0.1 1.22e-01 - 1.23e-01 -
0.05 6.30e-02  0.96 6.26e-02 0.97
0.025  3.25e-02 096 3.17e-02 0.98
0.0125 1.65e-02 0.98 1.59e-02 0.99
0.00625 8.35e-03 0.98 7.99e-03 0.99

k=2
mesh 4

Table 3 shows the errors for At = 0.00625. For k = 0 the errors are essentially independent of At (for
At <£0.025, Ey and E, change by less than 1%, and E, by less than 4%). The relative errors are large on
the coarse meshes, since piecewise constants resolve 1,;, which completes a half period across the conductor,
only on fine meshes; nevertheless, all the orders are above the rate h/2 guaranteed by Theorem 11. Those
of Fy and E, increase towards 1 = k + 1, and those of E, exceed 1. For k = 1, £, and E, converge with
order close to 2 = k + 1, above the guaranteed rate h3/2 and so does E, up to mesh 3; between meshes 3
and 4 its temporal part, which is about 8 x 1072 for this At (Table 2), is no longer negligible. The model

E =~ ((AhP)?+(B At)?) 1/2, fitted to the 20 values of each error for k = 1, gives p = 1.85 for E,, and p = 1.90
for £, with maximum relative deviations of 10% and 2%, respectively. For k = 2, the error E,, which is not
affected by the time discretization, converges with orders 3.01, 2.91 and 2.90 between consecutive meshes.
The discrete flux on 'y was below 2 x 10714 in all the runs. Therefore, the experiments are consistent with
Theorem 11: the scheme is of first order in At, and the spatial part of the error decreases at least with order
k +1/2, and with order close to k + 1 for k =1, 2.
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Table 3: Example 1: errors and orders of convergence in h for At = 0.00625. {: the temporal part of the
error is not negligible.

mesh h F. Th E, Th E, Th

1 0.3464 1.27e+00 - 5.43e-01 - 1.16e+4-00 -
E—0 2 0.1732  8.09¢-01 0.66 3.17¢-01 0.78  4.54e-01 1.35
N 3 0.1155 5.87¢-01 0.79 2.24e-01 0.85 2.54e-01 1.43
4 0.0866  4.59e-01 0.85 1.74e-01 0.88 1.72e-01 1.36

0.3464  3.87e-01 - 1.25e-01 - 2.53e-01 -
b1 0.1732 1.17e-01 1.73 3.46e-02 1.86 6.84e-02 1.89

0.1155 5.41e-02 1.89 1.73e-02 1.70 2.83e-02 2.18
0.0866 3.09e-02 1.94 1.19e-02 1.317  1.52¢-02 2.16

N

5.2 Example 2: convergence in time and space

We now consider a source that is not a curl in €2, but that belongs to the class of Remark 13. Let ¢(x) =
sin(wrz) sin(ry) sin(rz) and U := curl(0,0,%). Then divU = 0 and curlcurlU = 372U. We take the
exact solution

u(t,z) = g(t)U(x), z=p 'ecurlu, 0 =0, (37)

with ¢(¢) = 1 + sin(2nt), and the source

J(t,a:):—(ag(t)+3772,u_1G(t))U(m), G(t):/o g(s) ds,

so that odyu + curl(p~! curlu) = —9,J in Q. The boundary datum g = n x w on I' and the initial datum
uo = U are computed from u. Since div(eu) = 0 in Q4 and (eu - ng, 1)p, = 0, the triple (z,u,0) is the
exact solution of (4). Since the normal component of J jumps across I'g, J is not of the form curlHg. It
belongs to the class of Remark 13, with Hg = —372u~1G(¢) (0,0,%) and J. = —og(t)U. As shown below,
the observed orders are similar to those of Example 1. As in (7), the source enters the scheme through 9;J™.

For each mesh and each k € {0,1,2}, we computed the solution with At = 0.1-277, j = 0,...,4.
According to (35), the error is bounded by C; RF+1/2 4 Cy At, and which of the two terms dominates depends
on k. For k = 2 the spatial part is negligible already on mesh 2: on meshes 2 to 4 the errors F, and E,
differ by less than 2%, so that they measure the time discretization error alone. Table 4 shows the results
on mesh 4: the scheme is of first order in At, as predicted by Theorem 11 and Remark 13. For k = 1 the
order of F, decreases for the smallest time step, because the error approaches its spatial part, which is no
longer negligible compared with the temporal one.
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Table 4: Example 2: relative errors and orders of convergence in At.

At FE, TAt E, TAt

0.1 7.17e-02 - 9.27e-02 -
P 0.05 3.72e-02 0.95 4.77e-02 0.96
mesh 4 0.025 1.95e-02 0.93 2.44e-02 0.97
0.0125  1.05e-02 0.89 1.26e-02 0.96
0.00625 8.02e-03 0.39 6.80e-03 0.89

0.1 7.13e-02 - 9.26e-02 —
E— 9 0.05 3.67e-02 0.96 4.76e-02 0.96
0.025 1.89¢-02 0.96 2.42e-02 0.98

mesh 4

0.0125  9.60e-03 0.98 1.22e-02 0.99
0.00625 4.84e-03 0.99 6.11e-03 0.99

For k = 0 the situation is the opposite: the spatial part dominates and, for At < 0.025, the errors E,,
and E, change by less than 1% on all the meshes (E, by less than 7%), so that they can be used to measure
the order in h. For k = 1 both parts are of the same size on the finer meshes. Table 5 shows the errors for
At = 0.00625. For k = 0 all the orders are above the rate h'/? guaranteed by Remark 13. Those of E,, and
E, increase towards 1 = k + 1, and those of E, exceed 1. For k = 1, E,, and E, converge with order close
to 2 = k + 1, again above the guaranteed rate h3/2. For E., instead, the temporal part of the error, which
is about 6 x 1073 for this At (Table 4), dominates on meshes 3 and 4, so that its order in h cannot be read

from Table 5. To separate both contributions for k£ = 1, we fitted the model F ~ ((A hP)? + (B At)2)1/2
to the 20 values (four meshes and five time steps) of each error by nonlinear least squares, and obtained
p=1.93 for E, and p = 1.88 for F,, with maximum relative deviations of 10% and 3%, respectively.

Table 5: Example 2: errors and orders of convergence in h for At = 0.00625. {: the temporal part of the
error dominates.

mesh h E, rh E. rh E, Th

1 0.3464  4.58e-01 - 3.05e-01 - 2.55e-01 -
k-0 2 0.1732 2.86e-01 0.68 1.72¢-01 0.82 1.21e-01 1.08
N 3 0.1155 2.08e-01 0.79 1.21e-01 0.87 7.59e-02 1.15
4 0.0866 1.63e-01 0.85 9.42e-02 0.88 5.44e-02 1.16

0.3464 1.04e-01 4.23e-02 — 3.78e-02 -
b1 0.1732 3.00e-02 1.79 1.27e¢-02 1.74 1.09e-02 1.79

0.1155 1.39e-02 1.90 7.99e-03 1.14T 4.75e-03 2.05
0.0866 8.02¢-03 1.91 6.80e-03 0.567 2.64e-03 2.04

- W N

5.3 Example 3: convergence in space

To measure the spatial order without the influence of the time discretization, we take (37) (the solution of
Example 2) with g(t) = 1+t, and replace 9;J" by 0;J(t,,) in (7). Since w is linear in ¢, dyu(t,,) = dyu(ty,),
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so that the exact solution satisfies the time-discrete equations exactly, and the error is only due to the spatial
discretization. Accordingly, when At goes from 0.1 to 0.05 the errors change by less than 0.2% (by 1.6% for
E,, whose definition involves a sum in time). Table 6 shows the results for £ = 2 and At = 0.05. All the
errors, including F,, and E,, converge with order close to 3 = k + 1, above the rate h*/2 of Theorem 11.

Table 6: Example 3 (g(t) = 1 + ¢, no time discretization error): errors and orders of convergence in h for
At = 0.05.

mesh h E, rh E, Th K, Th

1 0.3464 1.18e-02 — 4.21e-03 — 5.51e-03 —
b9 2 0.1732 1.65e-03 2.85 5.42e-04 2.96 7.30e-04 2.92
- 3 0.1155 4.99e-04 2.95 1.62e-04 2.98 2.25e-04 2.91
4 0.0866 2.12e-04 2.98 6.83e-05 2.99 9.70e-05 2.92

The experiment_above uses the source of Example 2. To complete the picture, we also repeated it
with the function ¢ of Example 1, that is, with u(t,x) = (1 + ¢t) U(«x), for which J = curlHg and the
assumptions of the theorem hold. In both experiments w is linear in ¢ and the scheme is modified as above,
so the right-hand side of the error equation reduces to the face terms, and the proof of Theorem 11 applies,
also to the source of Example 2, without Lemma 5. Again, when At goes from 0.1 to 0.05 the errors change
by less than 0.2% (by 1.6% for E,). Table 7 shows the results for & = 2 and At = 0.05. All the errors
converge with order close to 3 = k4 1; in particular, the orders of F,, and E,, which could not be measured
in Example 1 because of the time discretization error, are 2.81, 2.92, 2.96 and 2.93, 2.97, 2.99, respectively,
above the rate h%/2 of Theorem 11. The discrete flux on I'y was below 4 x 1071 in all the runs.

Table 7: Example 3 with the function QZ of Example 1 (g(t) = 1+t, J = curl Hg, no time discretization
error): errors and orders of convergence in h for At = 0.05.

mesh h FE, Th E, Th K, Th

1 0.3464 8.95e-02 - 2.16e-02 — 6.11e-02 -
PR 2 0.1732 1.28e-02 2.81 2.83e-03 2.93 7.62e-03 3.00
B 3 0.1155 3.90e-03 2.92 8.47e-04 2.97 2.35e-03 2.90
4 0.0866 1.67e-03 2.96 3.59e-04 2.99 1.02¢-03 2.89

Summarizing, the experiments are consistent with Theorem 11 and Remark 13: the scheme is of first
order in At, and the spatial part of the error decreases at least with order k + 1/2. In fact, the observed
order in h is close to k + 1 for £k = 1,2, and for £ = 0 it approaches or exceeds 1 as the mesh is refined,
which, on the structured meshes used here, suggests that the loss of h!/2 in (35) is due to the analysis (see
the remark on the loss of h'/? after Theorem 11).
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5.4 Example 4: magnetic shielding by eddy currents

We now consider a configuration of physical interest, with no current source (J = 0), in which the conductor
is exposed to an external magnetic field that is switched on at ¢ = O:

H,(t) = Ho(t)e.,  Hu(t)=Ho(1—e '),  Hy=1, t =0.02.

In vacuum, this uniform field is generated by the vector potential A, (¢, x) = %Ha(t)( —(y— %), T — %, 0),
with curl A, = uH,, and the associated electric field is E, = —3;A,. The field is applied through the
boundary condition on I', with datum

gm:nx(—gtAZ‘), m=1,..., M.

This discrete datum is consistent with the treatment of the source in (7): with it, the magnetic flux entering
through I" between ¢y and t,, coincides exactly with that of H,(¢,,). If g™ is instead evaluated pointwise
as n X Ey(ty), part of the applied flux is lost in the first steps (where H, varies rapidly compared with
At), and the field inside the conductor stabilizes at about 0.77 Hy instead of Hy; this value is precisely the

right-endpoint rectangle rule Aty - H)(tm) = 2 =2 Hy ~ 0.771 Hy for At = 0.01.

tr 1—e—At/tr

Lcurlu, the magnetic field is recovered from the

Initially ug = 0. Since u0yH = —curlE and z = pu~
HDG solution by

H) =0, m=H - Atz m=1,..., M,

and we also compute the induced current density Jo := o}’ and the Joule power P(t,,) := H\/EUZLH%LC
We take £k =1, At =0.01 and T = 1.

When the external field is switched on, the currents induced in the conductor oppose the variation of
the magnetic flux (Lenz’s law), so that the field enters the conductor with a delay. Inside the conductor, H
satisfies ;H = (uo)~! AH, and the delay is governed by a diffusion time which, for a cube of side L with
H = H, on its surface, is 7 = poL?/(372), the inverse of the first Dirichlet eigenvalue of —(uo)~! A. For
L = 0.6 this gives 7 /=~ 0.1216. This value is only an estimate here, since the field on I'y is not prescribed
but results from the coupling with q.

Figure 1 shows the evolution of the vertical component of Hy, at the center . = (%, %, %) of the conductor
for meshes 1 to 4. When the applied field has practically reached its final value (¢ ~ 0.1), the field at the
center is still below 20% of Hy on meshes 2 to 4; after the first steps it increases monotonically and reaches
99.9% of Hy at t = 1 on meshes 3 and 4. On mesh 1 the field at the center becomes slightly negative in
the first steps (down to —0.06 Hp), which is not physical; this artifact is reduced under refinement (below
0.003 Hy in absolute value on mesh 2), and the curves of meshes 2 to 4 are almost indistinguishable. Table
8 lists several quantities of interest. Between meshes 3 and 4, the field at the center changes by about 1%
for t > 0.21 (by 4% at t = 0.11, where it is small), the time at which it reaches 63% of Hy does not change,
and the Joule power changes by less than 0.5% for ¢ < 0.21 (the relative changes are larger in the tail,
where P is several orders of magnitude smaller). The diffusion time 73, obtained by a least-squares fit of
Ho—Hp .(t,x.) = C e~!/™ on the interval [0.3t*,t*], where t* is the last time with Ho—Hj, . (t,z.) > 1073 H,,
decreases under refinement and, on mesh 4, differs from the estimate 7 by 1.4%. We note that 7, is less
accurate than the other quantities, since it is obtained from the tail of the solution, where Hy — Hj, , is
small.
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Figure 1: Magnetic shielding: vertical component of Hj, at the center of the conductor, compared with the
applied field, for meshes 1 to 4 (k = 1, At = 0.01). Right: detail for 0 <t < 0.3

Table 8: Magnetic shielding: quantities of interest for meshes 1 to 4 (k =1, At = 0.01).

Mesh 1 Mesh 2 Mesh 3 Mesh 4
Hp,.(0.11,x.)/Ho 0.265 0.174 0.196 0.188
Hp,,.(0.21,z.)/Ho 0.648 0.592 0.595 0.589
Hp-(1,z.)/Ho 0.9939 0.9982 0.9989 0.9992
time at which Hy, . (¢, z.) = 0.63 Hy 0.21 0.23 0.23 0.23
diffusion time 75, (7 & 0.1216) 0.2048 0.1444 0.1309 0.1233
P(0.06) 0.915 1.040 1.052 1.052
P(0.21) 0.0771 0.0694 0.0683 0.0680

1.37 x 107 8.54 x 1072 6.51 x 1072 5.44 x 1072
1.17 x 1072 6.06 x 107% 3.70 x 107* 2.62 x 1074
26x1071% 25%x1071% 23x10715 1.2x 1071

masx of 1

I

max,, discrete flux on I'g

The spatial distribution of the solution on mesh 4 is shown in Figures 2 and 3 (elementwise averages). At
t = 0.02 the field is expelled from the conductor and concentrates in the dielectric between the conductor and
the outer boundary, where it reaches about 1.4 H,. This concentration is enhanced by the outer boundary:
the boundary condition on I fixes the magnetic flux through I', so that the flux expelled from the conductor
has to cross the dielectric (if the whole field were expelled, the mean field in the dielectric on a horizontal
section would be H,/(1 — 0.36) ~ 1.56 H,); for a conductor in free space, the field around it would be less
concentrated. The induced currents are confined to a thin layer near the surface of the conductor. As time
increases, the field penetrates from the faces of the conductor towards its center, the currents move to the
interior and decay, and at t = 1 the field is again uniform. Figure 3 shows that the induced currents circulate
around the z-axis in the direction that generates a magnetic field opposite to H,, as predicted by Lenz’s

law.
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Figure 2: Magnetic shielding, mesh 4: vertical cut y = % Top: Hp,./Hu(t). Bottom: |J¢|. The dashed line
is the boundary of the conductor

t=0.02 t=0.1 t=0.3

Figure 3: Magnetic shielding, mesh 4: horizontal cut z = 1. Color: |Je|; arrows: direction of Jo

Finally, the discrete flux on I'y vanishes up to round-off for all the meshes, and ¢} tends to zero under
refinement (Table 8), in agreement with Proposition 2. The rate is lower than for £ = 1 in Examples 1
and 2 (about 1 for Hgoﬂ/[ HTd): in this problem the solution is not smooth near the edges and corners of (),
which are reentrant for Qd;h in particular, the regularity assumed in Theorem 11 does not hold here, and the
theorem does not predict the rates for this problem, although all the computed quantities converge under
refinement. The abrupt switching of the applied field also produces the large values of ¢y in the first time

step. The residual currents at ¢ = 1 are also concentrated near the vertical edges of the conductor (Figure
3).
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6 Conclusions

We have proposed and analyzed a fully discrete HDG method for the transient eddy current problem in terms
of the electric field, in a domain composed of a conductor and a dielectric region. A Lagrange multiplier
imposes the divergence-free condition in the dielectric, and the charge condition on the interface adds a
single global scalar unknown. We proved that the scheme is well posed and stable, and that the error is of
order O(h*+1/2 4 At) for the electric field in the conductor, for the variable 2z, and for the multiplier. To
the best of our knowledge, these are the first error estimates for an HDG method applied to the transient
eddy current problem.

In the experiments with manufactured solutions, the scheme is of first order in At when the temporal
part of the error dominates, and the spatial order exceeds k + 1/2. It is close to k + 1 for k£ = 1,2, and it
approaches or exceeds 1 for £ = 0. On the structured meshes used here, this suggests that the estimate is
not sharp. Similar orders are observed for a source whose normal component jumps across the interface, a
case covered by Remark 13. In Example 4 we notice that the regularity assumed in Theorem 11 fails. The
computed quantities are still reasonable under mesh refinement, and the method reproduces the delay of
the field inside the conductor due to the induced currents and its subsequent diffusion.
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