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Resumen

El objetivo principal de esta tesis es introducir y analizar una nueva formulacién
variacional mixta para un problema de flujos magnetohidrodindmicos estacionarios
en medios porosos, cuyas ecuaciones gobernantes vienen dadas por las ecuaciones
estacionarias de Brinkman—Forchheimer acopladas con las ecuaciones de Maxwell.
Ademas de la velocidad, el campo magnético y un multiplicador de Lagrange aso-
ciado a la condicién de divergencia nula del campo magnético, se introducen como
incognitas adicionales una traslacion conveniente del gradiente de velocidad y el
tensor de pseudoesfuerzo. Como consecuencia, obtenemos una formulacion varia-
cional mixta basada en espacios de Banach, donde las cinco variables previamente
mencionadas son las principales incégnitas del sistema. El esquema mixto que re-
sulta se escribe de forma equivalente como una ecuacién de punto fijo, de modo que
para demostrar la solubilidad de los sistemas continuos y discretos, se aplican el
conocido teorema de Banach, combinado con resultados cldsicos sobre operadores
no lineales monoétonos y un supuesto de dato suficientemente pequeno. En particu-
lar, el analisis del esquema discreto requiere un supuesto de cuasiuniformidad de la
malla. La discretizacién por elementos finitos considera elementos Raviart—Thomas
de orden k£ > 0 para el tensor de pseudoesfuerzo, elementos polinomiales disconti-
nuos a trozos de grado k para la velocidad y la traslacion del gradiente de velocidad,
elementos Nédélec de grado k para el campo magnético y elementos de Lagrange
de grado k£ + 1 para el multiplicador de Lagrange asociado. Para el esquema de
Galerkin asociado se obtienen estimaciones de estabilidad, convergencia y error a

priori Optimo. Finalmente, pruebas numéricas ilustran los resultados tedricos.
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Abstract

The main goal of this thesis is to introduce and analyze a new mixed variational
formulation for a stationary magnetohydrodynamic flows in porous media problem,
whose governing equations are given by the steady Brinkman-Forchheimer equa-
tions coupled with the Maxwell equations. Besides the velocity, magnetic field and
a Lagrange multiplier asssociated to the divergence-free condition of the magnetic
field, a convenient translation of the velocity gradient and the pseudostress tensor
are introduced as further unknowns. As a consequence, we obtain a five-field Banach
spaces-based mixed variational formulation, where the aforementioned variables are
the main unknowns of the system. The resulting mixed scheme is then written equiv-
alently as a fixed-point equation, so that the well-known Banach theorem, combined
with classical results on nonlinear monotone operators and a sufficiently small data
assumption, are applied to prove the unique solvability of the continuous and discrete
systems. In particular, the analysis of the discrete scheme requires a quasi-uniformity
assumption on mesh. The finite element discretization involves Raviart—Thomas ele-
ments of order k > 0 for the pseudostress tensor, discontinuous piecewise polynomial
elements of degree k for the velocity and the translation of the velocity gradient,
Nédélec elements of degree k for the magnetic field and Lagrange elements of degree
k + 1 for the associated Lagrange multiplier. Stability, convergence, and optimal a
priori error estimates for the associated Galerkin scheme are obtained. Numerical

tests illustrate the theoretical results.
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Introduccion

La magnetohidrodindmica (MHD) es el estudio del flujo de fluidos conductores de
electricidad en presencia de campos magnéticos. El interés por el estudio de la MHD
ha crecido con respecto a los problemas cientificos y de ingenieria en los 1iltimos anos.
De hecho, las aplicaciones de la MHD abarcan una gama muy amplia de elementos
de la fisica, desde metales liquidos hasta plasmas cosmicos. En cuanto al modelo
matematico de la MHD, éste se basa en las ecuaciones que describen el movimiento
de fluidos en presencia de campos magnéticos y en las ecuaciones que describen los
campos electromagnéticos de fluidos en movimiento. En pocas palabras, se trata de
un sistema acoplado en el que las ecuaciones de Navier—Stokes se acoplan con las
ecuaciones de Maxwell a través de la fuerza de Lorentz y la ley de Ohm. Sin embargo,
varias situaciones fisicas requieren, a veces, una modificacién o una simplificacién de

estas ecuaciones para captar de forma maés realista los fenémenos fisicos de interés.

Como se explica en [35], hoy en dia, es comun utilizar la ley de Darcy para
modelar el movimiento de un fluido a través de un medio poroso. La ley empirica
de Darcy representa una relaciéon lineal simple entre el gradiente de la presién y
la velocidad en un medio poroso. Sin embargo, esta ecuacion fundamental puede
ser inexacta para modelar el flujo de fluidos a través de medios porosos con altos
nimeros de Reynolds o a través de medios altamente porosos (ver, por ejemplo,
[30, B2, 18] y sus referencias). Para superar esta limitacién, es posible considerar
las ecuaciones de Brinkman—Forchheimer (ver por ejemplo [10, []), en las que se
anaden términos a la ley de Darcy para considerar flujos a alta velocidad y medios
altamente porosos. De acuerdo a esto y el creciente interés por la modelizacion de la
MHD en un medio poroso ha motivado la introduccién del problema acoplado entre

las ecuaciones de Brinkman—Forchheimer y Maxwell.

En cuanto a la literatura, podemos encontrar algunos trabajos dedicados al



2 Introduccién

analisis matematico de las ecuaciones acopladas de Brinkman—Forchheimer y Max-
well (ver, por ejemplo, [1] y [35]). Comenzamos mencionando [I], donde, para el
problema acoplado estacionario, los autores demuestran existencia de soluciones
débiles y unicidad bajo supuestos de datos pequenos. Ademds, en [I] también se
establece un resultado de convergencia, cuando el coeficiente de Brinkman tiende a
cero, de las soluciones débiles a una solucién del sistema formado por las ecuaciones
de Darcy-Forchheimer y la ecuacién de induccién magnética. Posteriormente, en
[35] los autores demuestran que el problema evolutivo también estd bien planteado.
Sin embargo, ni en [I] ni en [35] se desarrolla andlisis numérico. Hasta donde el
autor conoce, no existe literatura centrada en el analisis numérico de este problema
acoplado. Por otro lado, varios trabajos se han dedicado al diseno y al analisis
de esquemas numéricos para la simulacién de la MHD clasica. De hecho, podemos
empezar mencionando [24] donde los autores estudian el buen planteamiento y el
analisis de convergencia de un MEF conforme para MHD. Utilizan elementos inf-sup
estables para las variables hidrodinamicas velocidad-presion y elementos finitos con-
formes estdndar H' para el campo magnético. En [21] y [26] también observamos
que los autores buscan el campo magnético en H'(Q)3. Sin embargo, en un do-
minio poliédrico no convexo, la induccion magnética puede tener regularidad menor
que H'(2)? y una aproximacién por elementos finitos nodales puede converger a
un campo magnético que pase por alto ciertas componentes menos regulares de la
solucién inducidas por vértices o aristas reentrantes (ver [I3]). Para evitar este in-
conveniente, en [34] se propuso imponer débilmente la condicién de divergencia nula
del campo magnético y haciendo esto, el campo magnético puede ser aproximado
por elementos finitos de Nédélec. Por lo tanto, el supuesto de dominio convexo ya
no es necesario. Existen otras alternativas que superan esta dificultad. Podemos
mencionar [25] (ver también [I4]) donde los autores introdujeron un método mixto
de elementos finitos basado en regularizacién mediante pesos para el sistema MHD

incompresible.

Existen muchas discretizaciones diferentes para el problema clasico de MHD in-
compresible. En [29] se propone un método completamente DG para una variante
linealizada del sistema MHD incompresible clasico, en el cual todas las variables se
aproximan a través de espacios de elementos finitos discontinuos. Sin embargo, esta

aproximacién requiere un gran numero de grados de libertad. En [23] los autores
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disenan una nueva discretizacion por elementos finitos, en un intento de superar las
dificultades antes mencionadas. El campo de velocidad se discretiza utilizando ele-
mentos Brezzi-Douglas-Marini (BDM) y el campo magnético se aproxima mediante
elementos Nédélec. Recientemente en [36] los autores han estudiado un esquema
mixto de elementos finitos para ecuaciones magnetohidrodinamicas estacionarias
sin induccién en un dominio general Lipschitz. Aproximan la velocidad y la densi-
dad de corriente mediante elementos finitos H(div) conformes. La continuidad de la
velocidad en H'! se impone usando aproximacién discontinua. Sin embargo, en este

enfoque el campo magnético se considera como dato.

El objetivo del presente trabajo es contribuir al desarrollo de un nuevo método
numérico para el modelo MHD en medios porosos. En esta tesis llevamos a cabo el
analisis matematico y numérico del sistema acoplado. Las principales ventajas de
nuestro esquema propuesto son el orden de convergencia éptimo alcanzado incluso
en dominios no convexos y la posibilidad de calcular mas variables de interés, en las
que no se aplica diferenciacion numérica y, por tanto, no surgen mas fuentes de error.
Nuestro esquema se basa en un nuevo método de elementos finitos mixtos para las
ecuaciones estacionarias de Brinkman—Forchheimer y de doble difusion introducido
recientemente en [8]. De hecho, la principal novedad introducida en dicho trabajo es
que no es necesario aplicar ninguna estrategia de aumento en la formulacién. Esto
ha sido posible gracias a la introduccion de métodos de elementos finitos mixtos
basados en espacios de Banach adecuados. Una idea similar se aplicé en [12] para el
problema estacionario de Boussinesq. Por otro lado, recientemente en [9] los autores
han extendido el resultado presentado en [8] a las ecuaciones no estacionarias de
Brinkman—Forchheimer introduciendo la velocidad, el gradiente de velocidad y el
tensor de pseudoestrés como las principales incégnitas del sistema. En el mismo
espiritu de los trabajos anteriores, podemos mencionar [6]. En él los autores han
propuesto un nuevo método de elementos finitos mixtos para el sistema MHD clésico.
Este articulo introduce espacios de Banach no estandar para aproximar las incognitas
hidrodinamicas, y espacios de Hilbert para las variables electromagnéticas. Nuestro
trabajo es una adaptacion del andlisis realizado en [§] para el problema de Brinkman—
Forchheimer y el andlisis presentado para las ecuaciones de Maxwell en [34] (ver

también [6]) a nuestro problema estacionario de MHD en medios porosos.

La tesis se organiza como sigue. El resto de la Introducciéon describe la notacién
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estandar y los espacios de funciones que se emplearan a lo largo del estudio. En el
Capitulo (1] introducimos el problema modelo, lo reformulamos como un conjunto
de ecuaciones equivalentes y obtenemos nuestra formulacion variacional mixta. A
continuacion, en el Capitulo [2| establecemos la solubilidad de este esquema continuo
mediante resultados clasicos sobre operadores no lineales mondétonos y el teorema
del punto fijo de Banach. El esquema Galerkin asociado se introduce y analiza
en el Capitulo [3] Su solubilidad se consigue imitando la teorfa desarrollada para
el problema continuo bajo una suposicion de cuasiuniformidad en la malla. En el
Capitulo[4 establecemos la correspondiente estimacién de Céa y las correspondientes
tasas de convergencia. Finalmente, en el Capitulo |5 presentamos algunos ejemplos
numéricos que ilustran el buen comportamiento de nuestro método de elementos

finitos mixtos y confirman las tasas tedricas de convergencia.

Notaciones preliminares

Sea 0 C R?, un dominio acotado con frontera poliedral I, y denotemos por n el
vector normal unitario exterior a I'. Utilizaremos notaciones estandar para los espa-
cios de Lebesgue LP(Q2), con p € [1,00] y los espacios de Sobolev W*P(2) con s > 0,
provistos de las normas ||+ |00 ¥ || - ||s.p:0, T€spectivamente. Notar que W = LP((Q))
y si p = 2, escribimos H*(Q) en lugar de W#2(Q2), con las correspondientes normas de
Lebesgue y Sobolev denotadas por ||-|jo.q ¥ ||*||s.0, respectivamente. Ademéas, HY/2(T")
es el espacio de trazas de funciones de H'(Q2) y H=%/%(T") denota su dual. Con (-, ),
denotamos el correspondiente producto de dualidad entre H/2(T") y H=Y/2(T"). Por M
y M denotaremos las correspondientes contrapartes vectorial y tensorial del espacio
funcional escalar genérico M. A su vez, para cualquier campo vectorial v = (v;);—1 3,

definimos los operadores gradiente, divergencia y curl, respectivamente, como

3
Vv = (avz> , le(V) = Z % y
ij=13

Y
8xj 1 81‘]'

=

Ovs Ovy Ov;  Ovs Ovy  Oug ) ¢

CU.I"I(V> = (61’2 B 8$37 81‘3 B 81'1’ le 81’2

El producto cruz de dos vectores u = (u;)i=13 y Vv = (v;)i=13 en R? estd dado por

t
U X V= (Ug V3 — U3 Vg, U3 V1 — Uy U3, Uy Vg — Ug V)" .
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A su vez, se puede demostrar que para cualesquiera vectores u, vy w en R?, la

siguiente identidad es verdadera
(uxv)-w=—(wWxv) -u.

Ademas, para cualesquiera campos tensoriales T = (7;5)i =13 ¥ ¢ = ((ij)i,j=13, sea
div(7) el operador de divergencia div que actia a lo largo de las filas de 7, y defi-
nimos la transpuesta, la traza, el producto interior tensorial, y el tensor desviador,

respectivamente, como

3

3
1
= (Tji)ij=13, tr(7T):= ;m, T:(:= Z 7iiCij, Y di=7— gtr(T)]L

1,j=1

donde T es la matriz identidad en R3*?. Ademads, recordamos los espacios de Hilbert

H(div; Q) = {T c12(Q): div(r) e L?(Q)}

H(curl; Q) := {v eL*(Q): curl(v) € LQ(Q)}
provistos de las normas

1730 = ITlloe + 1div(T)Be v [IVIZue = [VIGe + llcurl(v)[5q,
respectivamente. Ambos espacios son estandar en problemas mixtos y de electromag-
netismo, respectivamente. Denotamos por H(div’; Q) el subespacio de H(div; Q) con
divergencia cero. Ademas, en lo que sigue, haremos uso de la conocida desigualdad
de Holder dada por

1
+-=1.

1
/Q!fgl < [ fllopellgloge ¥ fel?(2), Vg e L), con P

Por tltimo, recordemos la inyeccién continua i, de H'(Q) en LP(2) para p € [1, 6]

en R? (cf. [33, Teorema 1.3.4]). Més precisamente, tenemos la siguiente desigualdad

ope < llipll wlie VweHY(Q),

[

con |iy|| > 0 dependiendo sélo de || y p. Denotaremos por i, la versién vectorial

de i,.
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Introduction

Magnetohydrodynamics (MHD) is the study of the flow of electrically conduct-
ing fluids in the presence of magnetic fields. The interest in the study of MHD has
increased with respect to scientific and engineering problems in recent years. In fact,
the MHD applications cover a very wide range of physical objects, from liquid met-
als to cosmic plasmas. Concerning to the mathematical model of MHD, it is based
on the equations governing fluid motion in the presence of magnetic fields and the
equations governing electromagnetics fields in moving fluids. Briefly speaking, it is
a coupled system where the Navier—Stokes equations are coupled with the Maxwell
equations trought the Lorentz force and Ohm’s law. However, several physical sit-
uations require, sometimes, a modification or a simplification of these equations in

order to capture in a more realistic way the physical phenomena of interest.

As it is explained in [35], nowadays, it is common to use Darcy’s law in the
modeling of the fluid motion through a porous medium. Darcy’s empirical law rep-
resents a simple linear relationship between the flow rate and the pressure drop in
a porous medium. Nevertheless, this fundamental equation may be inaccurate for
modeling fluid flow through porous media with high Reynolds numbers or through
media with high porosity (see, e.g., [30} 32, [18] and references therein). To overcome
this limitation, it is possible to consider the Brinkman—Forchheimer equations (see
for instance [10, O]), where terms are added to Darcys law in order to take into
account high velocity flow and high porosity. The latter and the increasing interest
in the modelling of MHD in a porous media has motivated the introduction of the

coupled problem between the Brinkman—Forchheimer and Maxwell equations.

Concerning literature, we can find some papers devoted to the mathematical
analysis of the coupled Brinkman—Forchheimer and Maxwell equations (see, for in-

stance, [I] and [35]). We begin mentioning [I], where, for the stationary coupled

7



8 Introduction

problem, the authors prove existence of weak solutions and uniqueness under small
data assumptions. In addition, a convergence result, as the Brinkman coefficient
tends to 0, of the weak solutions to a solution of the system formed by the Darcy—
Forchheimer equations and the magnetic induction equation is also established in
[1]. Later on, in [35] the authors show that the transient problem is also well-posed.
However, neither [I] nor in [35] numerical analysis is developed. Up to the author’s
knowledge, there are no literature focused on the numerical analysis of this coupled
problem. On the other hand, several papers have been devoted to the design and the
analysis of numerical schemes for the simulation of the classical MHD. In fact, we
can start mentioning [24] where the authors study well-posedness and convergence
analysis of a conforming FEM for MHD. They use inf-sup stable velocity-pressure
elements for the hydrodynamic variables and standard H'-conforming finite ele-
ments for the magnetic field. In [21] and [26] we also observe that the authors look
for the magnetic field in H'(Q)3. However, in a non-convex polyhedral domain, the
magnetic induction may have regularity below H'(2)? and a nodal finite element
approximation can converge to a magnetic field that misses certain singular solution
components induced by reentrant vertices or edges (see [I3]). To circumvent this
inconvenient, in [34] was proposed to impose weakly the divergence-free condition
of the magnetic field and by doing that, the magnetic field can be approximated
by curl-conforming Nédélec elements. Thus, the convex domain assumption is not
longer required. There exist other alternatives overcoming this difficulty. Meanwhile,
we can mention [25] (see also [14]) where the authors introduced a mixed finite ele-

ment method based on weighted regularization for the incompressible MHD system.

There exist many different discretizations for the classical incompressible MHD
problem. A fully-DG method is proposed in [29] for a linearized variant of the classi-
cal incompressible MHD system, whereby all the variables are approximated through
discontinuous finite element spaces. However, this approach requires a large number
of degrees of freedom. In [23] the authors design a new finite element discretization,
in an attempt to overcome the above mentioned difficulties. The velocity field is dis-
cretized using divergence-conforming Brezzi—Douglas—Marini (BDM) elements and
the magnetic field is approximated by curl-conforming Nédélec elements. Recently
in [36] the authors have studied a mixed finite element scheme for stationary in-

ductionless magnetohydrodynamic equations on a general Lipschitz domain. They
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approximate the velocity and the current density by H(div)-conforming finite el-
ements. The H'-continuity of the velocity is enforced by discontinuous approach.

However, in this approach the magnetic field is considered as a datum.

The goal of the present work is to contribute to the development of a new nu-
merical method for the MHD model in porous media. We carry out in this thesis
mathematical and numerical analysis of the coupled system. The main advantages
of our proposed scheme are the optimal order of convergence reached even in non-
convex domains and the possibility of computing further variables of interest, in
which no numerical differentiation is applied, and hence no further sources of error
arise. Our scheme is based on a new mixed finite element method for the steady
Brinkman—Forchheimer and double-diffusion equations recently introduced in [§].
In fact, the main novelty introduced in that paper is that no augmentation proce-
dure needs to be incorporated into the formulation. This has been possible thanks
to the introduction of mixed methods of finite elements based on suitable Banach
spaces. A similar idea was applied in [12] for the steady Boussinesq problem. On
the other hand, recently in [9] the authors have extended the result presented in
[8] to the transient Brinkman—Forchheimer equations introducing the velocity, the
velocity gradient, and the pseudostress tensor as the main unknowns of the system.
In the same spirit of the previous works, we can mention [6]. In there the authors
have proposed a new mixed finite element method for the classical MHD system.
This article introduces non-standard Banach spaces for approximating the hydrody-
namic unknowns, and Hilbert spaces for the electromagnetics variables. Our work is
an adaptation of the analysis realized in [§] for the Brinkman—Forchheimer problem
and the analysis presented for the Maxwell equations in [34] (see also[6]) to our

stationary MHD problem in porous media.

The thesis is organized as follows. The remainder of this Introduction describes
standard notation and function spaces to be employed throughout the study. In
Chapter [I| we introduce the model problem, reformulate it as an equivalent set of
equations and derive our mixed variational formulation. Next, in Chapter [2| we es-
tablish the well-posedness of this continuous scheme by means of classical results
on nonlinear monotone operators and the Banach fixed point theorem. The associ-
ated Galerkin scheme is introduced and analyzed in Chapter [3| Its well-posedness

is attained by mimicking the theory developed for the continuous problem under a
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quasi-uniformity assumption on the mesh. In Chapter {4 we establish the correspond-
ing Céa’s estimate and the consequent rates of convergence. Finally, in Chapter
we present some numerical examples illustrating the good performance of our mixed

finite element method and confirming the theoretical rates of convergence.

Preliminary notations

Let Q C R3, denote a bounded domain with polyhedral boundary I', and denote
by n the outward unit normal vector on I'. Standard notations will be adopted for
Lebesgue spaces LP(€2), with p € [1,00] and Sobolev spaces W*P(Q2) with s > 0,
endowed with the norms ||+ [|op.0 and || - [|s p.0, respectively. Note that WO = LP((2)
and if p = 2, we write H¥(Q2) in place of W*2(Q)), with the corresponding Lebesgue
and Sobolev norms denoted by |- |lo.c and ||-||s.q, respectively. In addition, H/?(T) is
the space of traces of functions of H*(2) and H=/2(T") denotes its dual. With (-, ),
we denote the corresponding product of duality between H'/?(I') and H~'/?(T"). By
M and M we will denote the corresponding vectorial and tensorial counterparts of
the generic scalar functional space M. In turn, for any vector field v = (v;);=1 3, we

set the gradient, divergence, and curl operators, respectively, as

ov; °. O
Vv = ( Z) , div(v) == E —2 and
O ij=1,3

Y
= Ox;

I(v) := — —
cut (V) ((9$2 8(1337 (91'3 81'1’ 8.1'1 8:)52

The cross product of two vectors u = (u;);=13 and v = (v;);=1 3 in R? is given by

8'03 802 81}1 8113 8’02 (%1)t

t
uxv= (u203—u302,u3vl—ulvg,ulvg—mvl) .

In addition, it can be proved that for any vectors u, v and w in R?, the following
identity is true

(uxv)-w=—(Wxv)- u. (0.1)

Furthermore, for any tensor fields 7 = (75)i =13 and ¢ = ()i j=1,3, we let
div(7) be the divergence operator div acting along the rows of 7, and define the
transpose, the trace, the tensor inner product, and the deviatoric tensor, respectively,

as
3

3
1
’7't = (Tji)i,jzl,i}a tI'(T) = ;Tiia T C = Z TijCija and ’Td =T — 5 tl"('T) ]I,

ij=1
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where T is the identity matrix in R**3. Additionally, we recall the Hilbert spaces
H(div; Q) = {T cL2(Q): div(r) e LQ(Q)}

and
H(curl; Q) := {v cL2(Q): cul(v) e L2(Q)}

endowed, respectively, with the norms
7 lgv0 = 750 + [div(T) 5o and  [[VIEuma = [VIEa + lleurl(v)[[5 -

Both spaces are standard in mixed and electromagnetism problems, respectively. We
denote by H(div’; Q) the subspace of H(div; Q) with divergence zero. In addition,

in the sequel we will make use of the well-known Hoélder inequality given by
1 1

L1191 < W losslglogn ¥7 €L/, ¥g e L@, with 42— 1.
Q

Finally, we recall the continuous injection i, of H'(Q2) into LP(2) for p € [1,6] in R?
(cf. [33, Theorem 1.3.4]). More precisely, we have the following inequality

lwllope < il lwlhe YweH(Q), (0.2)

with ||i,]| > 0 depending only on |2 and p. We will denote by i, the vectorial version

of 7.
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CHAPTER 1

The continuous formulation

In this chapter we introduce the model problem and derive its corresponding

weak formulation.

1.1 The model problem

We are interested in analyzing the behaviour of stationary magnetohydrody-
namic flows in a fluid-saturated porous medium. To that end, we consider a slight
modification of the model analyzed in [I] (see also [35]) and, for simplicity, we as-
sume that the bounded Lipschitz polyhedral domain Q C R? is simply-connected
and with a connected boundary I'. More precisely, we focus on solving the coupling
of the Brinkman—Forchheimer and Maxwell equations, which reduces to finding a

velocity field u, a pressure field p, and a magnetic field b, such that

v Au+au+F|uf2ut Vp— %curl(b) «b=f in Q (1.1a)
div(u) =g in Q, (1.1b)

i curl(curl(b)) + VA — curl(u x b) =f,, in €, (1.1¢)

div(b) =0 in €, (1.1d)

where, the unknown A is the corresponding Lagrange multiplier associated with
(L.1d)) (see [34] and [6] for similar approaches), whereas g; € L*(§2) denotes a nonzero
mass source, and f; € L8°(Q), f,, € L*(Q) are external forces, which in particular

are taken as 0 and %curl(J o) in [I} eq. (13)], respectively, with Jy denoting the source

13
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electric current density and o > 0, the electric conductivity. In turn, the constant
v > 0 is the Brinkman coefficient, a > 0 is the Darcy coefficient, F > 0 is the
Forchheimer coefficient, p € [3,4] is a given number, and p > 0 is the magnetic

permeability. In addition, we consider the following boundary conditions:
u=up, nxb=0, and A=0 on T, (1.2)
where up € HY2(T') is the prescribed velocity on I' satisfying the compatibility

Juon= [ (1.3)

In addition, due to (|1.1al), and in order to guarantee uniqueness of the pressure, this

condition

unknown will be sought in the space

13 ={scrr@: [0}

Next, in order to derive a new mixed formulation for ([1.1])—(1.3]), we proceed as in
[12] and [§]. More precisely, we now introduce as further unknowns a translation of
the velocity gradient t and the pseudostress tensor o, which are defined, respectively,

by

1
t::Vu—ggf]I and o:=vVu—pl in Q. (1.4)

In this way, applying the matrix trace to the tensors t and o, and utilizing the

condition ([1.1bf), one arrives at tr(t) = 0 in Q and

v

5 91 in . (1.5)

1
S
p=—gztr(o) +
Hence, replacing back ([1.5)) in the second equation of ([1.4)) and after simple compu-
tations, we find that the model problem (1.1))—(1.2) can be rewritten, equivalently,

as follows: Find (u,t,o) and (b, \), in suitable spaces to be indicated below, such
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that
1 :
Vu—ggf]lzt in Q, (1.6a)
vt=0%in Q, (1.6b)
1
au+F[uf?u—div(e) — —curl(b) x b=f; in (1.6¢)
i

/Q (tr(o) —vgs) =0, (1.6d)

1 1 1 1
—— curl(curl(b)) + —VA — —curl(u x b) = —f,, in Q| 1.6e
Y (curl(b)) . . ( ) . (1.Ge)
div(b)=0 in Q, (1.6f)
u=up, nxb=0, and A=0 on TI. (1.6g)

At this point we stress that, as suggested by , pis eliminated from the present
formulation and computed afterwards in terms of o and g; by using that identity.
This fact justifies , which aims to ensure that the resulting p does belong to
LZ(€). Notice also that further variables of interest, such as the velocity gradient
G = Vu, the vorticity w = 5 (Vu — Vu'), and the stress & := v (Vu+ Vu') — pl

can be computed, respectively, as follows

14

1
G:t+—gfﬂ, w = 3

I. 1.7
3 gy (1.7)

(t—tt), and o = o+ vt'+

N | —

1.2 The variational formulation

In this section we derive our five-field mixed variational formulation for the sys-
tem ([1.6). To that end, we first proceed as in [12] and [§] to derive the mixed
formulation associated to the Brinkman—Forchheimer equations. In fact, multiply-
ing , and by suitable test functions 7,s, and v, respectively,
integrating by parts and using the Dirichlet boundary condition u = up on I', we

get
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/Qt:T—l—/Qu-div(T)z—%/ggftf(T)+<Tn7uD>F’

(1.8a)
V/Qt:s—/ﬂad:s:o,
(1.8b)
a/ﬂu-v—i—F/Q|u|p_2u-v—/ﬂdiv(a)-V—%/Q(curl(b)xb)-V:/fo-v,
(1.8¢)

for all (7,s,v) € X x Q x M, where X, Q and M are spaces to be defined below.
On the other hand, for the Maxwell equations ((1.6¢)—(1.6f), we proceed as in [34]

(see also [6] for a similar approach), that is, we introduce the space
Hy(curl; Q) := {d e H(curl;2): nxd=0 on F} :

and multiply (1.6€) by d € Hg(curl; 2), and integrate by parts, to get

1 1 1 1
—— | curl(b) - curl(d —i——/V)\-d——/uxb-curld :—/fm-d.
op? Jo (b) @ ©Jo It Q( ) @ wJo

Then, applying the identity (0.1)) to u, b, and curl(d) in the third term of the forego-
ing equation, and testing ([1.6f) by £ € H}(Q2), integrating by parts, and multiplying
the resulting equation by 1/, we obtain

1 1 1 1
— Curl(b)-curl(d)—i——/V)\-d—i——/(curl(d)><b)-u = —/fm-d,
K Ja HJo Q

ou? Jo v
(1.9a)
%/b-vg =0,
Q
(1.9b)

for all (d,&) € Hy(curl; Q) x H}(Q). In this way, at first we are interested in finding
oceX, te€Q ueM,b e Hy(curl; 2) and X € H}(Q) satisfying (L.8)—-(L.9) and
the condition (|1.6dJ).

Now, we turn to specify the spaces X, Q, and M. We begin by noting that
the first term in is well defined for t,s € L?(2), but due to the condition
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tr(t) = 0 in €2, it makes sense to look for t, and consequently the test function s, in
(

Q =L%(Q), with
L2(Q) := {s cL2(Q): tr(s)=0 in Q} .

This implies that (1.8b)) can be rewritten equivalently as
V/t:s—/a:s:o Vs € L2(Q). (1.10)

Q Q
In turn, we let
C = {d € Hy(curl; Q) : /d -VE=0 VEe Hé(Q)}
Q

= Hy(curl; Q) N H(div%; Q),

(1.11)

and observe that, since b satisfies with constant p > 0, then b € C (see [22]
Section 1.2.2]). Then, since C is continuously embedded into H*(2) for some s > 1/2
(cf. [2, Proposition 3.7]), which in turn is continuously embedded into L3+°(Q), for
some d > 0 (see [33, Theorem 1.3.4]), we obtain

[bllos+e0 < c1|[blleuo Vb e C.
Therefore, using the well-known embedding inequality

[Vliloge < c2l[vloen Va€[1,6), (1.12)

and defining 0* := f—fé > (), it follows that

< lewl(d)[loq [bllostse [Vlios-s0

/(curl(d) X b)-v
Q

(1.13)
S Os ||d||curl;Q ||b||curl;Q ||V||0,6;Q )

for all d € H(curl;2),b € C and v € L5(Q), with C, the resulting constant from
the aforementioned embedding inequalities. According to the above, the fourth and
third terms in and (1.94)), respectively, are well defined if we set M := L5((2),
which, thanks to , is consistent with the first and second terms of , and
consequently, the second and third terms in and , respectively, are well
defined if div(o) and div(7) belong to L%°(€2). In addition, using the fact that the
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first and second terms in ((1.8a)) and (|1.8b]) (or (1.10])), respectively, are well defined

if o, 7 € L*(Q), we introduce the Banach space

H(dive)s; Q) == {’7’ e L2(Q): div(r) € L6/5(Q)} ,

equipped with the norm ”7'H<2:1iv6/5;ﬂ = |75 + [|div(7)]3 /5.0, and deduce that
(1.8)) is well defined if we choose the spaces Q := L2 (Q), M := L5(Q), and X :=
H(divgs; 2), with their respective norms: || - |[o., || - |lo,6:0, and || - ||div6/5;g.

Now, for convenience of the subsequent analysis and similarly as in [6] (see also

[5, 12]) we consider the decomposition
H(div6/5; Q) = ]HIO(CHV(;/E)7 Q) @ R,]I s

where
Hg(diV6/5; Q) = {T S H(le6/5, Q) : /tI‘(T) = 0} ’
Q

that is, RI is a topological supplement for Hy(divg/s; €2). More precisely, each T €

H(divg/s;2) can be decomposed uniquely as

1
T =T+ d]I, with To € Ho(diV6/5; Q) and d:= m / tl"(T) eR.
Q

In particular, using from ([1.6d]) that /tr(o') = V/ gf, we obtain
Q Q

o=o00+cl with oy Hy(dive;; Q) and ¢ = ﬁ /ng. (1.14)

In this way, knowing explicitly ¢y in terms of gy, it remains to find the Hy(dive/s; £2)-
component o of o to fully determine it. In this regard, using the fact that div(o) =
div(og) and o : s = 0y : s, for all s € L2 (€2), we deduce that (L.8b)—(L.8¢) remain
unchanged if o is replaced there by oy. Moreover it is easy to see, thanks to the
compatibility condition satisfied by the Dirichlet datum up, that both sides of
vanish for 7 = I, and hence, testing this equation against 7 € H(divg/s; (2)
is equivalent to doing it against 7 € Hy(dive/s; ).

According to the above, and redenoting from now on o as simply o € Hy(divg/s; §2),
we arrive to the variational problem: Find (u, t, o) € L5(Q2) x LZ(Q) x Ho(dive/5; ©2)
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and (b, \) € Hy(curl; Q) x H}(Q2), such that

[ar(u, ), (v,8)] + [c(D) (D), v] + [bf (v, 5), 0] = [F1, (v,8)], (1.15a)
b(u,t), 7] = [F, 7], (1.15b)

[am (D), d] + [em(b)(w), d] + [bm(d), A] = [F3,d], (1.15¢)
[brm(b), €] =0, (1.15d)

for all (v,s) € LO(Q) x LZ.(Q), T € Ho(dive/s; ), d € Hy(curl; ), and £ € Hj(2),
where the operators ag, by, G, by, Cf(g), cm(B), for a given b € C (cf. (1.11))), are

defined, respectively, as

laf(u,t), (v,s)] = a/Qu-v—i—F/Q\u\pzu~v+u/Qt:s, (1.16)
be(v,s), 7] == —/Q‘T:S—/QV-diV(T), (1.17)
1 1
n(®).d] = — [ curl(b) - curlid). (@), = ;/Qde, (1.18)
and
s (B)(b),v] = —1/(cur1(b)xﬁ)-v,
R 1“ 0 ) (1.19)
[ (b)(u),d] = m /Q(curl(d) xb)-u,

for all (v,s,7) € L5(Q) x LZ,(Q) x Hy(dive/s; Q) and (d, &) € Ho(curl; Q) x Hj(Q).

In turn, Fi, F5, and F3 are the bounded linear functionals defined by

[F1, (v,s)] == /fo-v, [Fo, 7| = %/ngtr(T) — (Tn,up)y , (1.20)
and
[F3,d] := l/fm-d. (1.21)
HJa
In all the terms above, [-, -] denotes the duality pairing induced by the corresponding
operators.

Let us define the global unknown and space:

= (u,t,b) € X := LYQ) x L2(Q) x C, (1.22)
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where X is endowed with the norm
V% = lI(v.s,d)[[% = IV[§60 + Islho + 1dl2me VYV :i=(v,s,d) € X. (1.23)

Now, recalling that the operator b, (cf. (1.18)) satisfies the inf-sup condition
(see [34], Section 2.4] or [28, Section 5.4]):

b (d),
sup el g e e e my@), (1.24)
dEHggzurl;Q) ”d”curl;Q

0

with (,, > 0, analogously to [34], it is not difficult to see that ((1.15]) can be rewritten
equivalently (to be proved below in Lemma as the following coupled problem:
Find (U, o) € X x Hy(divg,s; €2) such that

[A(b)(d),V]+ [B(V),o] = [F,v] VveX,
(1.25)
B(u), 7] = [G,7] V7 e Hy(divgs; ),
where, given be C, the operator A(B) : X — X' is defined by
[A(b)(4), V] = [a(d), V] + [e(b)(d), V] (1.26)
with
[a(d), V] = [ar(u,t), (v,s)] + [am(b),d], (1.27)
[e(B)(@), V] = [es(B)(b), V] + e (B) (w). ], (1.28)
whereas the operator B : X — H(divg/s; )" is given by
B(V), 7| := [bs(v,s), T]. (1.29)
In turn, the functionals F and G are set as
[F, V] := [F1,(v,s)] + [F5,d] and [G,7T] := [Fy,T]. (1.30)

The following lemma establishes that problems (1.15) and (|1.25)) are in fact

equivalents.

Lemma 1.1 If (u,t,0) € L5(Q) x L2 (Q) x Ho(divg/s; Q) and (b, \) € Ho(curl; Q)
x H(Q) is a solution of (L.15), then b € C and (4,0) = ((u,t,b),0) € X x
Ho(divgs; Q) is a solution of (L.2F]). Conversely, if (d,0) € X x Hy(dives; Q) is
a solution of (L.25), then there exists A € H(Q) such that (u,t,0) and (b, \) is a
solution of .
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Proof. The first assertion is evident.

On the other hand, let (4, o) € X x Ho(divg/s; ©2) be a solution of (1.2F). Note that
directly implies ([1.15a]), and ((1.15d)). Thus it only remains to show the
existence of A € H{(2) such that is satisfied. We prove this fact proceeding
similarly as in [6, Corollary 3.8]. Indeed, let F' € Ho(curl; 2) be the unique element

in Hy(curl; Q) (guaranteed by the Riesz representation theorem), such that

(F,d). = [F3,d] — [am(b),d] — [cm(b)(u),d] Vd e Hy(curl;Q),

curl

with <'7 '>cur1
(1.25), with v = (0,0,d), we deduce that (F,d)_,, = 0 for all d € C, that is,
F € C*. Then, owing to the inf-sup condition , and according to [20, Lemma
2.1-(ii)], we deduce that there exists a unique A € H}(€2), such that

being the inner product of Hg(curl;2). Testing the first equation of

[bm(d), Al = (F, d) . = [F3, d] = [am(b), d] = [ (b)(w), d], (1.31)

curl —

for all d € Hy(curl; ) which implies that (u,t,0) € L(Q) x L2.(Q) x Hy(dive/s; Q)
and (b, \) € Hy(curl; Q) x H} () is solution of ([1.15)), completing the proof. O

As a consequence of the above, in what follows we focus on analyzing problem
(11.25)).
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CHAPTER 2

Analysis of the coupled problem

In this chapter we combine classical results on nonlinear monotone operators with
the Banach fixed-point theorem, to prove the well-posedness of (|1.25)) (equivalently
(1.15))) under suitable smallness assumptions on the data. To that end we first collect

some previous results and notations that will serve for the forthcoming analysis.

2.1 Preliminaries

We begin by stating a slight adaptation of the abstract result established in [8],
Theorem 3.1].

Theorem 2.1 Let X1, X5, X3 andY be separable and reflexive Banach spaces, being
X1, Xy and X3 uniformly convex, and set X := X; x Xo X X3. Let A: X — X’ be
a nonlinear operator, B € L(X,Y"), and let V be the kernel of B, that is,

Vo= {17: (01, 09,03) € X :  B(@) = 0}.
Assume that

(i) there exist constants L > 0 and py, pa, p3s > 2, such that

3
_ _ =2
JA@ ~ A@) e < L3 {llus = il + (sl +llesll)” e = wsllx,
j=1

fO’F all 4 = (UI,UQ,Ug), U= (Ul,UQ,Ug) € X,

23
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(ii) the family of operators {.A( +2): V-V Ze X} is uniformly strongly

monotone, that is there exists o > 0 such that
[A(i@ + 2) = A(T + 2),d — 0] > ajd—d]%,
for all Z € X, and for all u,v € V, and

(ili) there exists f > 0 such that

sup B(©), 7] > Bllrlly Vrey.

Then, for each (F,G) € X' x Y’ there exists a unique (,0) € X XY such that

[A(@), ] + [B(0),0] = [F,0] VieX,
B(d), 7] = [G,7] VreY.

(2.1)

Moreover, there exist positive constants Cy and Cs, depending only on L, «, and (3,

such that

d]|x < C1t M(F,Q) (2.2)
and

3
lolly < Co {M(f, G)+ > M(F, Q)pjl} , (2.3)

j=1

where ,
M(F,G) = ||Fllx + Gl + > _IGI% " + 1AO) | x - (2.4)

j=1

Next, we establish the stability properties of some of the operators involved in
(1.15) and (1.25). We begin by observing that the operators a,,, B and functionals
F5, F, G are linear. In turn, from (1.18)), (1.29)), (1.21)), (1.30), and employing Holder

and Cauchy—Schwarz inequalities, there holds

1
|[am(b)7d]| S 2 ||b||curl;Q “d“curl;Qu (25)
oK
BM), 7]l < [I¥llx 17 [ldives0 (2.6)
1
[F5,d]] < L [fmlloolldllcue  Vd € H(curl;Q2), (2.7)

[, 9] < Cr (IErllossse + [Enllog) [¥]x (2.8)
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for all b,d € H(curl; ), v € L°(Q) x L{(Q) x H(curl; Q), 7 € Hy(divgs; ), and
d € H(curl;Q), with Cg := max {1,1/u}. Notice that and also hold
for all v € X. We have written and in a more general form since both
inequalities will be used later on to prove well-posedness of the Galerkin scheme
proposed in Chapter [3[ and to derive the a priori error analysis (cf. Lemma . In
addition,

G, 7]l < Ca (lgslloe + lupllijzr) 1T laive 0 V7 € Ho(divess;Q),  (2.9)

where Cg := max {1/v/3,Cq} and Cy, is a positive constant depending on ||ig|| (for
more details see [5, Lemma 3.5] and (0.2)).

Finally, using and the definition of the operators cf(B) ,cm(g) ,C(B) (cf.
(L.19), (1.28)), we observe that for any be C, there hold

-~ C, ~
[les(b)(b), v]| < 1 IPllew [Pllewa [IVlloga v (b, v) € Hcurl; 2) x L(Q),

(2.10)
~ C, ~ .
|[cm(b)(u),d]| < — ||bllecura luljosa l|d]|cue V¥ (u,d) € L°(Q) x H(curl; ),
(2.11)
ga~<§g 2 bl2 1/2 2 dli2 1/2
|[e(b) (1), ¥]| < . Ibllcue (Tull5sa + Ibllewe) ™~ (V1560 + ldl2ume)
Cs o . . _ S
s Ibllcurse [[H][x [Vx Vi = (u,t,b),V=(v,sd)eX,
(2.12)
and, in addition,
[c(b)(¥),¥] = 0 VVeX. (2.13)

2.2 A fixed point strategy

We begin the solvability analysis of ((1.25]) (equivalently (1.15))) by defining the
operator T : C — C by

T(b) :=b VbeC, (2.14)
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where b is part of the element (d,0) = ((u,t,b), o) in X x Hy(dive/s; Q) satisfying

[A(Db)(T), V] + [B(V),0] = [F,¥] VveX,
(2.15)
[B(ﬁ),T] = [G,T] VTEHo(diVG/g);Q).

Notice that solving ((1.25)) is equivalent to finding b € C such that
T(b) = b.

In this way, in what follows we focus on proving that T possesses a unique fixed-
point. To that end, we first show that the coupled problem is well-posed, which
means, equivalently, that T (cf. is indeed well-defined. We observe that, given
b e C, the problem has the same structure as the one in Theorem (cf.
(2.1])). Therefore, in order to apply this abstract result, we notice that, thanks to the
uniform convexity and separability of LP(Q2), for p € (1, +00), all the spaces involved
in (2.15), that is, L°(Q), L%(2), C and Hy(divg/s, ), share the same properties.
We continue our analysis by proving that, given be C, the nonlinear operator
A(b) (cf. ) satisfies hypothesis (i) of Theorem with p; = p € [3,4] and
p2 =p3 = 2.
Lemma 2.2 Let p € [3,4]. Given be C, there exists Lyy > 0, depending on v, F,
a, |9, Cs, o0, and u, such that

[A(b) (1) — A(b)(V)[x < LMH{(1+ Bllewt) (e = viloge + b= dflcue)

+ [t =slloe + (oo + [Vilosa)" lu— VHO,G;Q} ,
(2.16)
for alld = (u,t,b), v=(v,s,d) € L5(Q) x L2(Q) x H(curl; Q).
Proof. Let 4 = (u,t,b), v = (v,s,d), and w = (w,r,e) € L(Q) x LZ(Q) x
H(curl; Q). From the definition of the operator A(b) (cf. (1.26)), the Cauchy—
Schwarz and Holder inequalities, the continuity bound of ¢(b) (cf. (2.12)), and simple

computations, we deduce that

[A(b)(d) — A(b)(V), W] < Fll[ulP™u—[v[P*v]joqn [Wlope

+alQ? u = vlosalwlosa + vt = sllog lIrllose + o b = dllcure [[e]lcune

Cs o
i Illewia (e = vloge + b = dllcute) (Wlloso + llellcune) .

(2.17)
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where 1/p+1/q = 1. In turn, using [3, Lemma 2.1, eq.(2.1a)] to bound the first term
on the right hand side of (2.17)), and the embedding (1.12)) of L¢(Q) into LP(£2), with
p € [3,4], we deduce that there exists ¢, > 0, depending only on |2] and p, such
that

Il = [v[P"*v o0 [[Wllopo

IN

2
Cp (||u||0,p;ﬂ + HVHO,p;Q)p [u — V”O,p;Q HWHO,p;Q

— -2
< 6 [P (Jullose + [Vlose)” ™ u = viose [Wloss-

(2.18)
Thus, replacing back (2.18)) into (2.17)), we obtain (2.16]) with
1 C,
LMH = max {Oé |Q|2/3a Fcp |Q‘(6_p)/67 v, o _} y
o2’ pu
which completes the proof. 0]

At this point we observe that since holds for all W and v in L5(2) x
LZ(Q) x H(curl; Q), it is clear that it also holds for all d and v in X (cf. (1.22)).
We write in the current general form since it will be used later on to derive
the a priori error analysis (cf. Lemma [4.1)).

Now, let us look at the kernel of the operator B (cf. (1.29)) that is

V={v=(v,s,d)eX: [B(V),7]=0 V7 €H(dive;;Q)}
which, proceeding similarly to [12} eq. (3.34)] reduce to
V=KxC,
where
K={(v,s) eLY(Q) xLy(?): Vv=s and veHQ)}. (2.19)
In addition, we recall from [31), Corollary 3.51] that

leurl(@) 5o > o [d][Cye  ¥d € C. (2.20)

~

Thus, the following lemma shows that the operator A (b) satisfies hypothesis (ii)
of Theorem [2.1] with p; = p € [3,4] and py = p3 = 2.
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Lemma 2.3 Given b € C, the family of operators {A(B)( +Z): V=V :ZeX}
1s uniformly strongly monotone, that is, there exists ayy > 0, depending on v, «,

am, %], 0, and p such that
[A(D)(G+2) — AD)(V+2),0—V] > o ||i — V|% (2.21)
for all Z = (z,r,e) € X, and for all d = (u,t,b), v = (v,s,d) € V.

Proof. Let Z = (z,r,e) € X and U = (u,t,b),V = (v,s,d) € V. Bearing in mind the
definition of A(b), a, and ¢(b) (cf. (T.26), (L.27), (L.28)), and the identity (2.13),

we get

AD)(G+Z) — AD)(V+2),1— V|

7) —a(V+2),d— V] + [c(b)(d — V), d — V|

+

= [a(d
= allu-v[jo+F /Q (ju+zP?(u+z)—[v+zP?(v+2z) (u—v)

+u||t—s||09+ ||Cur1(b d)[5a-
(2.22)
In turn, using [3, Lemma 2.1, eq.(2.1b)], there exists C}, > 0 depending only on |Q]
and p, such that

/(\u+z|p_2(u—|—z) —v+zP?(v+2z) (u—v) > Cllu=v|f,q >0,
Q

which, together with (2.20)) and ([2.22)), yields

Ab)(@+7) - AD)(T+7), 0] > alla=vIia+vle=sla+ 5 b-dl0.

(2.23)
Next, employing the fact that t —s = V(u—v) € Q and u — v € H{(Q) in (cf.
(2.19)), and using the continuous injection ig of H*() into L6(Q) (cf. (0.2)), we
deduce that

||t—S||§,Q+Q b — dllZum0

a, }|!16||2Hu V|\om+ It —slgq + o —= b —dllaua
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which yields (2.21]) with
g = min{”iﬁH_Q min {a,i} " } . (2.24)

2072 o2
O
As a corollary of Lemma replacing d, v.€ V and Z € X in (2.21)) by d — Vv,
0 € V and V € X, respectively, we arrive at
[A(b) (1) — A(D)(¥), 6~ ¥] > am|ii — V%, (2.25)

for all u,v € X such that i —v € V.
We end the verification of the hypotheses of Theorem [2.1], with the corresponding

inf-sup condition for the operator B (cf. (1.29), (1.17).

Lemma 2.4 There exists a positive constant Oy, such that

B(V), T .
sup [B).7] (4) ] > Bun |7 || divg 530 V7 € Hy(divgs; Q). (2.26)
vex  [IVlIx
V#0
Proof. First, we note that from a slight adaptation of [12, Lemma 3.3] the following

inf-sup condition for b holds

be(v,s), T .
sup frv.5). 7] > P [T llaive 0 V7 € Ho(diveys; Q). (2.27)
(v,s)ELE(Q) L2 () [(v,s)]|
(v.8)70

Thus, (2.26]) follows straightforwardly from (2.27)) and the definition of the operator
B (cf. (T29)). O

Now, we are in a position of establishing the solvability of the nonlinear problem
(2.15)).

Lemma 2.5 For each b € C, the problem (2.15) has a unique solution (U,o) =

((u,t,b),0) € X x Hy(dive/s;2), and hence T(b) :=b € C is well-defined. More-

over, there exists a positive constant Ct, independent of B, such that

IT(b) [eurr:c

_ i—1
< Jillx < Cr < Ifrllossse + Ifnlloa+ D> (lgrlloa + luplyzr)’
j€{p,2}

(2.28)
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Proof. Given be C, we first recall from , and that B, F and G are
all linear and bounded. Thus, thanks to Lemmas[2.2]and [2.3] the inf-sup condition of
B given by , a straightforward application of Theorem , with py = p € [3,4]
and p; = p3 = 2 to problem completes the proof. In particular, given be C,
noting from that A(B)(O) is the null functional, we get from that

-1
M(F, G) = [[Fllx + 3[[Gllm(aive 50 + |Gl divg 50 -
and hence the a priori estimate (2.2) yields

— -1
llx < C1 {IFllx: + [ Gloiveor + 1G I iy oy |

with a positive constant C; depending only on Ly, cuyg and [yy. The foregoing
inequality together with the bounds of [|F||x and ||G||m,(dives:0) (cf. , )
imply with Cp depending on ||ig||, Lmg, cum, p and Pyg, thus completing the
proof. O

For later use in the work we note here that, applying , and using again
the bounds and for |[F([x: and ||G|lgy(divs 50 Tespectively, the a priori
estimate for the second component of the solution to the problem defining T (cf.

(2.15)) reduces to

Ha'HdiV6/5;Q
i—1
i1
< Co > | Ifllossa + lfnlloa+ D (lgrlog + lluplljr)’ ,
ie{p,2} je{p.2}
(2.29)

with C, depending on Lyy, ayy, g and Pyy.

2.3 Well-posedness of the continuous formulation

Having proved the well-posedness of the coupled problem which ensures
that the operator T is well defined, we now aim to establish the existence of a
unique fixed-point of the operator T. For this purpose, in what follows we will
verify the hypothesis of the Banach fixed-point theorem. We begin by providing

suitable conditions under which T maps a ball into itself.



Chapter 2: Analysis of the coupled problem 31

Lemma 2.6 Given r > 0, let W be the closed ball in C with center at the origin

and radius v, and assume that the data satisfy

j—1
Cr 4 Ifrlloesso + IEnlloe + D (lgrlloa + lupllzr)’ ™ p <r. (230)

je{p.2}
Then, there holds T(W) C W.
Proof. It is a direct consequence of the a priori estimate (2.28)) and the assumption

(-30). O

We now aim to prove that the operator T is Lipschitz continuous.

Lemma 2.7 Let C,, ayy, and Cp be given by (1.13)), (2.24), and (2.28]), respectively.
Then, there holds

~ ~ Cs Cr
IT(b) — T(bo)lcunio < o {||ff||0,6/5;9 +Ealloa+ Y (lgrloe
" Jp:2) (2.31)

1 - -
+||uD||1/2,F)] }Hb_bO”curl;Qa

for all B, Bo e C.

Proof. Given b, by € C, we let (d4,0) := ((u,t,b),o) and (dy, o9) := ((uo, to, bo),
00) € X x Hy(divgs; ) be the corresponding solutions of so that b := T(lA))
and by = T(BO). Then, subtracting the corresponding problems from , and
using the definition of the operator A(b) (cf. (1.26)), we obtain

[A(by)(3) — A(bo) (Gi), ¥] + [B(¥), 0 — o] = —[e(b — o) (), 7]
(2.32)
[B(d —up), 7] = 0,
for all Vv .€ X and 7 € Hy(divg/s;§2). We note from the second equation of ([2.32)
that U —dp € V (cf (2.19)). Hence, taking v := d — uy € V in the first equation of
(2.32)), applying (2.25)) with 4, dy € X, and using the continuity bound of c(g) (cf.
(2.12)), we obtain

o [ — ol < [A(Bo) () — A(Bo)(iho), i — to] = —[e(B — bo)(d), & - o]

C — ™ T~ — —
— [l [[b = bolleune [0 — dol|x

IA
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which, together with (2.28) to bound ||dl|x, implies (2.31]), completing the proof. OJ
We are now in position to establish the main result concerning the solvability of
(11.25))

Theorem 2.8 Given r > 0, let W be the closed ball in C with center at the origin
and radius T, and assume that the data satisfy (2.30]) and

Cs Cr
H Cenn

IE7llos/s0 + Mfnllon + D (loslle + fupllr)’™ 5 < 1. (233)
je{p,2}

Then the operator T has a unique fized point b € W. Equivalently, the coupled

problem has a unique solution (ui,o) € X x Hy(dive/s;€2), with b € W.

Moreover, there exist positive constants Cr, Cy, depending on Cs, v, F, a, apy, ||,

0, W, and Pug, such that the following a priori estimates hold

ldlx < Cr S Ifsllogssa + Ifnlloa+ D (lgrllog + lupllyzr)’™ p . (234)

Jj€{p,2}

||l aivgs0
i—1
< Co Y | Isllogsa+ Ifalloa+ Y- (lgsllos+ luplyzr)’™
i€{p,2} Jje{p,2}
(2.35)
Proof. We begin by recalling from Lemma that, under the assumption , T
maps the ball W into itself, and hence, for each b € W we have that both ||b||cum.0
and ||T(b)|lcur.o are bounded by 7. In turn, it is clear from in Lemma
and Hypotheses that T is a contraction. Therefore, the Banach fixed-point
theorem provides the existence of a unique fixed point b € W of T, equivalently, the
existence of a unique solution (i, o) € X x Hy(divg/s;€2), of the coupled problem
(1.25), with b € W. In addition, it is clear that the estimates and follow
straightforwardly from and , respectively, which finishes the proof. [J
We end this chapter by establishing the well-posedness of .

Corollary 2.9 Let f; € L°(Q), f,, € L*(Q), g5 € L*), and up € HY*(I),
such that ([2.30) and ([2.33)) hold. Then, there exist a unique (u,t,0) € L5(Q) x
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LE(Q) x Hy(dives; Q) and (b, ) € Ho(curl; Q) x H§(Q) solution to (1.15)). In ad-

dition, (u,t,b) and o satisfy (2.34) and (2.35)), respectively, and for A, there exits
a constant Cy depending on Cs, v, F, o, au, |, 0, i, P, and By, such that

)
2

—1
Me < O | IEllossa + Ealloe + > (lgsllog + l[uplliyzr)’
i=1 j€{p,2}

(2.36)

Proof. We begin by recalling from Lemma that the problems (|1.15)) and (|{1.25])
are equivalents. Thus, the well-posedness of ([1.15]) and stability bounds for (u,t,b)

and o follow from Theorem [2.8/ On the other hand, using the identity (1.31]), the

inf-sup condition ([1.24)), and the continuity bounds of a,,, F5 and ¢, (cf. (2.5)), (2.7)),
(2.11))), we deduce that

Bolhe < sup oAl lan(b).d] = en(b)(w).d

deHy(curl;Q2) Hdchrl;Q
d#£0

1 1 C,
< - ”meOﬂ + ) ||b”curl;ﬂ +— ||b||cur1;ﬂ ||u||0,6;Q :
K oH K

Finally, bounding ||b||cu1.0 [|ulloe.0 by ||d]/% in the foregoing inequality, and employ-

ing (2.34)), we obtain (2.36)), completing the proof. O
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CHAPTER 3

Galerkin scheme

In this chapter we introduce and analyze the corresponding Galerkin scheme for
the five-field mixed formulation (|1.15)) (equivalently ) We mention in advance
that, as we shall see in the forthcoming subsections, the well-posedness analysis
follows straightforwardly by adapting the results derived for the continuous problem

to the discrete case, so most of the details are omitted.

3.1 Discrete setting

We first let {75, }n>0 be a regular family of triangulations of the polyhedral region
Q made up of tetrahedra 7" in R? of diameter hp such that Q = U{T T e ’771}
and define h := max {hT T e 77L}. Given an integer [ > 0 and a subset S of R3,
we denote by P;(S) the space of polynomials of total degree at most [ defined on S,
E(S ) the space of homogeneous polynomials of degree exactly [ on S and M;(S) the
space of polynomials p in f’l(S) satisfying p(x)-x = 0 on S, where x := (21, 9, 23)"
is a generic vector of R3. Hence, for each integer & > 0 and for each T € T, we
define the local Raviart-Thomas and Nédélec elements of order k (see for instance

[4] and [31]), respectively, by

RT,(T) := Pi(T) ® P(T)x and NDy(T) := Py(T) ® My (T).

35
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In this way, introducing the finite element subspaces:
H} = {vpeL(Q): wlreP(T) VT €T},
HE = {r, € L2(Q): rulr €Pu(T) VT €T},
HY = {74 € Ho(divg/5;Q): c'my|r € RTR(T) Ve eR®, VT eT,},
Hy = {dy € Ho(cwl;Q): dply € ND(T) VT €Ty},

Hy = {£€€H)(Q): &lre€P(T) VT €T},
(3.1)

the Galerkin scheme for ([1.15)) reads: Find (uy, ty, o) € HP xHE xHZ and (by, A\p) €
HP x Hy, such that

[af(un, tr), (Vo sn)] + [er(br)(br), vi] + [bf(Va, 81), 04] = [F1, (Va,sn)],  (3.2a)

[by(an, th), Tr] = [Fo, T4, (3.2b)
[am(br), dp] + [ (br) (un), dn] + [bm(dn), An] = [F3, da] (3.2¢)
[bi(br), €] =0, (3.2d)

for all (vy,sp, ) € HY x Hb x HZ and for all (dy, &) € HP x H.
Now, analogously to the continuous case, from [28, Section 5.4] we recall that

the bilinear form b,,, satisfies the discrete inf-sup condition:

().
sup Umlded&l o g e ve, e 1D (3.3)
drert [l dnllewse

dj,#0
with 8, > 0 being the same constant satisfying (1.24)), which certainly is indepen-
dent of h. Then, defining the discrete version of C (cf. (1.11))) as

C, = {dheH};: /th-vghzo vgheHg}, (3.4)
and denoting from now on
Gy, := (up, ty, br), Vi i= (v, s, dp) € X, := H} x H} x Gy,
the discrete version of reads: Find (up, o) € X;, x HY such that:

[A(by)(tr), Vi] + [B(Vh),on] = [F,Vh] YV, eX,, .
3.5
[B(tn), 7a] = [G,Th] V7, € HY,
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where, as in the continuous case, given Bh € Cy, the operator A(Bh) : Xy — X, s
defined by

(A (br) (i), V) = [a(idh), Vo] + [e(br) (T), ¥ (3.6)
where X, is endowed with the norm defined in (|1.23)).

At this point, we observe that owing to the discrete inf-sup condition , and
using similar arguments to the ones employed in Lemma [I.I] the discrete prob-
lems and are equivalent. According to this, in what follows we focus on
analyzing (3.5).

We now develop the discrete analogue of the fixed-point approach utilized in

Section [2.2] To this end, we introduce the operator Ty : C;, — C;, defined by
Td(gh) = by, Vgh € Ch, (37)

where (U, o) = ((up, tp, by), o) € X, xHT is the unique solution (to be confirmed

below) of the problem

[A(by)(Gn), V4] + [B(¥a),00] = [F, ] V¥, € Xy,
(3.8)
[B(ﬁh),’rh] = [G,Th] V’Th - Hz .
Therefore solving (3.5)) is equivalent to seeking a fixed point of the operator Ty, that
is: Find by, € Cj, such that

Ta(by) = by (3.9)

3.2 Solvability analysis

We begin by proving that is well-posed, or equivalently that Ty (cf. )
is well defined. We remark in advance that the respective proof, being the discrete
analogue of the one of Lemma 2.5 makes use again of the abstract result given by
Theorem We note also that the discrete kernel of b,,, namely C; (cf. ),
is not included in its continuous counterpart C (cf. ), and consequently, we
can not employ the embedding C C H?*(2) for some s > 1/2. In order to overcome
this drawback, as we shall see in the following lemma, from now on we need to
assume that the mesh is quasi-uniform. Then, recalling the inverse inequality (see
[T, Theorem 3.2.6)):

llloge < Crh*WaPligllopa, 1< p < q < oo, (3.10)
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for all piecewise polynomial functions £ and C; > 0 independent of h, we are able

to establish general versions of (2.10)), (2.11]), and (2.12)).

Lemma 3.1 Assume that {Tp}n>o s a family of quasi-uniform triangulations.
Given b € C + Cy, there exists a positive constant Csq4, independent of h and the

physical parameters, such that

~ Csq
|[es(b)(b), V]| < =2 |bllealbllamsa [Vioea ¥ (b,v) € HY x LY(Q), (3.11)
~ Coiq .\~
Hcma))(u)vd]‘ < ,u’d Hbchrl;Q ||u||076;Q ||d||cur1;Q v (u> d) S L6<Q) X HE (3'12>
and
~ o Csa o 1/2 1/2
[e)(@). ¥]] < =22 bllaue (Il gq + [bl2ma) " (V12 gq + [dl2ma)
Cs,d

IN

Ibleurto l0lx [[V]1x
(3.13)
for alld = (u,t,b), v = (v,s,d) € L}(Q) x L2(Q) x HP.

Proof. In order to show ([3.11]), we proceed similarly to the proof of [34, Proposition
3.2]. First, notice that given b € C, follow straightforwardly from ([2.10)),
since b € HP C H(curl; ). Now, let b € C;, and (b,v) € H? x L(Q). In order to
prove we let S : C;, — C be a linear operator such that (see [28, Section 4])

curl(d) = curl(S(d)) Vd e C, (3.14)

satisfying
|ld —S(d)|loo < Csh’|curl(d)|on VdeCy, (3.15)

where s > 1/2 is the parameter such that C C H*(Q2) (see [28, Lemma 4.5]). Next,

adding and subtracting S(b) in the operator ¢;(b) and using triangle inequality, we

obtain

~ ~ ~

[les (B)(b), V]| < |les(b = S(b))(b), V]| + [lcr(S(b))(b). V] . (3.16)

In order to bound the first term on the right-hand side of (3.16)) we apply Holder’s
inequality, the inverse inequality (3.10]), with ¢ = 3 and p = 2, and the estimate
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(3.15)), to obtain

les (b= S(b))(b),v]| < —Ilb S(b)llog llewl(b)[loz0 [Vlloso

C C
= SM =172 leurl(B) [o.0lleurl(B) o0/ V]ose  (3.17)
CsC
= S,u — 1/2Hbchrl;Q”b”curl;ﬂ||V||0,6;Q'
In turn, using the estimates (2.10) and ([2.20)), and the identity (3.14]), we are able

to deduce

~ O, ~
|[er(8(b))(b). V]| < — I8 llew [Plleue [1vilo:o

C, ~

< — 77 lewd(S(b))[lo.c [[bllewa Vo (3.18)
M Om
C, -~

< — 77 [Iblleane [Ibllewsa [[Vios -

Thus, replacing back (3.17] - ) and (3.18)) into - and using the fact that h*~1/2 < 1,
since s > 1/2, we obtain with C’s,d =CsCr + Cs/am independent of A and
the physical parameters. The proof of follows analogously to , reason
why is omitted, whereas follows from the definition of the operator C(B) (cf.
([1.28)) and estimates (3.11)), (3.12). O
The following result establishes that the nonlinear operator A bh (cf. .
satisfies hypothesis (i) of Theorem 2.1 with p; = p € [3,4] and p, = p3 = 2.

Lemma 3.2 Assume that {Ty}n>0 is a family of quasi-uniform triangulations. Let
p € [3,4]. Given by € Cy,, there exits Lygq > 0, depending on v, F, a, ||, Csq, 0,
and p, such that

|A(by)(dr) — A(br) (Vi) x;,
< LMH,d {(1 + ||Bh||curl;9) (Huh - Vh||0,6;Q + ||bh - dh||cur1;(2) + ||th - ShHO,Q

—2
+ (||11hHo,6;Q + HVhHO,G,Q)p |luy, — Vh||0,6;9} )
(3.19)

fOT all ﬁh = (uh,th,bh), V_;l = (Vh,Sh,dh) - Xh.

Proof. First, given by € C),, we observe from the definition of the operator A(gh)
(cf. (3.6))) that for U, = (un, t,bn), Vi = (v, sn, dp) € X, there certainly holds

IA(by)(Ts) — A(by)(V)llx, < lla(dn) — a@)lx;, + lle(by) (@ — ¥i)x; -
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Then, employing similar arguments to (2.16) and considering (3.13), we obtain
BI9). with

1 C
Lyng := max { o |Q¥3 Fe, |QEP/6 , — 2241
’ v o®’ p

0
Next, in order to prove the hypotheses (ii) and (iii) of Theorem 2.1} we set the
discrete kernel of the operator B, which is given by V;, := K, x C;, with

K, = {(Vh,sh) € H}! x Hf : —/ Th:Sh —/Vh'diV<Th) =0 Vr,¢€ HZ}
! ! (3.20)
Then, from a slight adaptation of [8, Lemma 4.1], which in turn follows by using
similar arguments to the ones developed in [12, Section 5], we now provide the
discrete inf-sup condition for the operator by (cf. (1.17)) and an intermediate result

that will be used to show later on the strong monotonicity of A(Eh) on Vi,

Lemma 3.3 There exist positive constants Buga and Cy such that

[y (Vh,Sh), T

sup > B |1 Tl dive 550 VT, € Hj (3.21)
(Vh,sp)EHE XHE ||(Vh7 Sh)” 678 "
(Vh,sh)#0
and
HShHQQ > Cd||Vh||076;Q v (Vh,Sh) - Kh . (322)

In addition, we recall from [28, Theorem 4.7] that

Jeurl(da) |20 > amalldiluye  Vdi € Ch. (3.23)

We now establish the discrete strong monotonicity property of A(Bh) (cf. (3.6)).

Lemma 3.4 Given Bh € Cy,, the family of operators {A(Bh)( +7Zp): Vi, = V)
Zn € Xh} is uniformly strongly monotone, that is, there exists cuq > 0, depending

on v, oma, Cq, 0, and p such that

~ -~

[A(bp) (U + Z1) — A(bn) (Vh +Zp), U — Vi] > ama || — Vil (3.24)

fOT all Zh = (zh,rh,eh) c Xh, and fO?” all ﬁh = (uh, th,bh),\_/"h = (Vh, Sh, dh) €V,
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Proof. We follow an analogous reasoning to the proof of Lemma In fact, let
Zy, = (zn,th,en) € Xy, and Uy, = (up, ty, by), Vi = (vi,sp,dp) € Vi, = Kj x Cy, (cf.
(3.20])). Then, according to the definition of A(Bh) (cf. (3.6)), and using the identity
(2-13) (which is also true when b € C, and v € X},), [3, Lemma 2.1, eq.(2.1b)], and

(3.23), we get, similarly to (2.23) that

~

[A(by)(8n + Z1) — A(by) (V1 + Z1), Ty, — V]
, . e , (3.25)
> allup = villgo + vt —sullon + Q—M’Q br — da|gumo -

Next, bounding below the first term on the right hand side of (3.25)) by 0, and using
the fact that 4, — v, := ((uy, — vy, t, — sp), by, — dy) € K x Cp, in combination
with the estimate (3.22]), we obtain

[A(by) (T, + Zn) — A(by)(Vh + Z3), Ty, — V]

v v Amd
> 503 lun — vallg e + 5 lIth = sullg.a + QZQ by, — dil2ra »

which yields (3.24]) with

v vG am‘}. (3.26)

Quy,d = mln{a,T, Q,uz

O
Similar to the continuous case, replacing uy, v, € V;, and z;, € X, by u;, — vy,

0 € V,, and V), € X, in (3.24)), we arrive at

~ ~

[A(by)(dr) — A(by)(Vh), G — V] > caa |8 — Valx (3.27)

for all uj,, vy, € X}, such that u, — v, € V.

We continue with the discrete inf-sup condition for the operator B (cf. (1.29)),
(L.17)).

Lemma 3.5 There exists a positive constant Puna, such that

sup [B(Vh), 1]

VheXp, "vhl‘x
G, 40

> Buna ||Th||div6/5;Q V1, € H . (3.28)

Proof. The statement follows directly from the definition of the operator B (cf.

(£2) and E2D). 0

We are now in position of establishing the discrete analogue of Lemma [2.5]
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Lemma 3.6 Assume that {T,}nso s a family of quasi-uniform triangulations.
Then, for each b, € Cy, the problem (3.8) has a unique solution (U, o)) =
((up, tp,bp),on) € X, x HY, and hence Td(Bh) := by, € Cy, is well-defined. More-

over, there ezists a positive constant Ct,, independent of Bh, such that

ITa(br) [ ewnto

_, i—1
< Jinllx < Cn,Q frllogssa + Ifalloe + D (lgsllog + llupllyzr)’
j€{p,2}

(3.29)

Proof. According to Lemmas and and the discrete inf-sup condition for B
provided by (cf. Lemma , the proof follows from a direct application
of Theorem , with py = p € [3,4] and p; = p3 = 2, to the discrete setting
represented by . In particular, the a priori bound is consequence of the
abstract estimate applied to (3.8), which makes use of the bounds for ||F||x;
and ||G||Hg' (cf. @8), @) O

We remark here that, proceeding similarly to the derivation of , we obtain

||Uh||div6/5;ﬂ
1—1
—1
< Coy Y | Ifrllossse + Enlloa+ D (lgslloe + lupllyzr)’ ,
ie{p,2} j€{p.2}
(3.30)

with Co-d depending Only on LMH,d7 QMH, 4 and BMH,d'

We now proceed to analyze the fixed-point equation (3.9). We begin with the
discrete version of Lemma [2.6] whose proof, follows straightforwardly from Lemma
2.0l

Lemma 3.7 Given r > 0, let W}, be the closed ball in C;, with center at the origin

and radius v, and assume that the data satisfy

Cr, 4 [Ify]

j—1
oo/ma + lfnlloa+ Y (lgrloe + luplliar)’™ p < 7. (3.31)
Jj€{p,2}

Then, there holds Tq(Wp,) € Wy,
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Next, we address the discrete counterpart of Lemma [2.7, whose proof, being
almost verbatim of the continuous ones, is omitted. We just remark that Lemma
below is derived using the strong monotonicity of A(by) on V,, (cf. (3-24)) and
the continuity bound of c(by) (cf. (3-13)). Thus, we simply state the corresponding

result as follow.

Lemma 3.8 Assume that {Ty}n>0 is a family of quasi-uniform triangulations. Let

Csa, aama, and Ct, be given by (3.13)), (3.26), and (3.29), respectively. Then, there
holds

oot Y (llgrllos

Jj€{p,2}

-~ -~ C,aCr,
ITa(br) — Ta(bop)|lewro < ‘—T{nff 06/50 + [[fm

U Qv a

i - A
+||uD||1/2,F)j }th_bo,hncurl;Qy

(3.32)
fO’f’ all Bh;BO,h S Ch.

We are now in position of establishing the well-posedness of (3.5))

Theorem 3.9 Assume that {Tp}n=0 is a family of quasi-uniform triangulations.
Given r > 0, let W, be the closed ball in C;, with center at the origin and radius r,
and assume that the data satisfy (3.31) and

Cs,d CTd

M Qv g

j—1
IErllos/se + 1Eallon + Y (lgrloa + lupllier)”™ p < 1. (3.33)

je{p,2}

Then the operator T4 has a unique fixed point b, € Wy,. Equivalently, the problem
(3.5) has a unique solution (U, o) € Xy x HY, with b, € Wy,. Moreover, there
exist positive constants Cry, Cy,, depending on Csq, v, F, o, ama, ||, 0, 1, and

Bwaa, such that the following a priori estimates hold

lallx < Cm, Q Ifrllossso + IEnlloe + D (lgflloa + lupllyzr)’™ ¢, (3:34)
j€{p,2}

|1 |dive 50

—1
< Cop > | Mlogssa + Ifnlloa+ D (lgrlloa + [upllizr)’
ie{p,2} j€{p.2}

(3.35)
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Proof. Tt follows similarly to the proof of Theorem [2.8 Indeed, we first notice from
Lemma that T4 maps the ball W, into itself. Next, it is easy to see from ([3.32)
(cf. Lemma and that Ty is a contraction, and hence the existence and
uniqueness results follow from the Banach fixed-point theorem. In addition, it is
clear that the estimates (3.34]) and (3.35) follow straightforwardly from and

(3.30)), which ends the proof. O

We end this chapter by establishing the well-posedness of (3.2)), whose proof is
omitted since it follows analogously to the proof of Corollary [2.9] We just remark
that Corollary below is derived using the discrete inf-sup condition of by, (cf.

(3-3)) and the continuity bound of ¢,,(by) (cf. (3.12)).

Corollary 3.10 Assume that {Tp}ns0 s a family of quasi-uniform triangulations.
Let f; € LS/5(Q), £,, € L), g; € L%(), and up € HY2(T), such that and
hold. Then, there exist a unique (up,ty, o) € HY x Hf x HY and (by, A\) €
H} x H), solution to (3.2). In addition, (uy, ty, by) and o, satisfy and (3.35),
respectively, and for A\, there exits a constant C, depending on Cs 4, v, F, c, |2, 0, 1,
Bwra, and By, such that

2
i1
Mullre < Ca D | Ifrllossse + IEnloa + D (lgglloe + l[upllyzr)’



CHAPTER 4

A priori error analysis

In this chapter we derive Céa’s estimate for the Galerkin scheme with the
finite element subspaces given by (cf. Section [3.1)), and then use the approxima-
tion properties of the latter to establish the corresponding rates of convergence. In
fact, let (u,t,0) € LS(Q) x LE(Q) x Ho(dive/s; Q) and (b, \) € Ho(curl; Q) x H{(€2),
with b € W, be the unique solution of the problem and let (up,tn,04) €
H} x HY x H? and (b, \,) € HP x H), with b, € W}, be the unique solution of
the discrete problem . Then, we are interested in obtaining an a priori estimate

for the global error

lu—uplloee + [t —trlloe + o= onllaive s + [P=bullcaa + [|A=Anllre - (4.1)

For this purpose, in what follows we introduce some definitions. Hereafter, given a

subspace X, of a generic Banach space (X, | - ||x), we set as usual
dist (z, X)) := inf ||z — x| x Vee X.
rhEX)

We stress here that in order to derive an a priori bound for the global error (4.1J),
we first bound, separately, the terms [|d — ty[|x + [[0 — opldivg 5;0 and [[A = An[[1.0,
being (i, o) = ((u,t,b),0) € X x Hy(divg/s; 2) the unique solution of the problem
, and (Up, o) = ((up,tp,bp), o) € Xp, x HY the unique solution of the
discrete problem (3.5]). This is done below in Lemmas [£.1] and respectively. We
begin by bounding [|d — Uy[|x + ([0 — oplldivg/5;0- To that end, we first notice that
differently to [8] we can not apply directly the Strang-type lemma derived in [8]

Lemma 5.1] since Cj, is not included in its continuous counterpart C. Nevertheless,

45
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most of the arguments used to prove [8, Lemma 5.1] are employed below in Lemma

for the context given by ([1.25) and (3.5)), namely discrete strong monotocity of
A(by,) (cf. (3.27)), continuity of the operator c(by) (cf. (3.13)), and discrete inf-sup
condition of B (cf. (3.28)).

Next, we define the set
VS = {\ﬁh e Xy : [B(W/;J,Th] = [G,Th] V1, € Hg} , (42)

which is clearly nonempty, since holds. Note from the second equation of
that 4, € V& and then u;, — w;, € V}, for all w;, € V&, In addition, we recall
that the discrete inf-sup conditions and , and a classical result on mixed
methods (see, for instance, [20, eq. (2.89) in Theorem 2.6]) ensure the existence of
C1,Cy > 0, independent of h, such that:

dist (&, VS) < O, dist (6, X,) < O (dist (u, HY) + dist (t, HY) + dist (b, Cy)
(4.3)
and
dist (b, C,) < Cydist (b, HY). (4.4)

Throughout the rest of the work, given any r > 0, both ¢(r) and C(r), with or
without sub-indexes, denote positive constants depending on r, and eventually on
other constants or parameters.

The announced preliminary result regarding ||d — Uxlx + [0 — o4 |ldive)s:0 18

established as follows.

Lemma 4.1 Assume that {Ty}n>0 is a family of quasi-uniform triangulations. Let
fr € LS/°(Q), £, € L2(Q), g; € L2(Q), and up € HYA(T), satisfying

Cs,d C1T

M Cmp g

j—1
I7llo6/50 + Ealloo + Y (lgsllog + [lanlljzr)’ < (4.5)

Jj€{p,2}

Then, there ezists a positive constant Cy(r), independent of h, such that
[0 — tp[[x + [[o = opldive 50
< Cq(r) Z (dist (u, H}!) + dist (t, H}) + dist (b, HE))j_l + dist (o, HY))

je{p.2}

(4.6)
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Proof. We begin by noting that the first equation in ([1.25)) is well-defined even dough
for test functions in X;. Then, we subtract the first equations of (1.25) and ({3.5)),

to obtain

[A(b)(ﬁ),\_f'h] — [A(bh)(ﬁh), \_"h] + [B(\_f'h), o — O'h] =0 Vv,eX,. (47)
Next, let Wj, = (Wy,Th,ep,) be an arbitrary element in V& (cf. (4.2)), adding and
subtracting suitable terms in (4.7)), we arrive at

[A(br)(Wn) — A(by)(Un), V] = [A(br)(Wa), Vi] — [A(b)(W4), V)]
(4.8)
+ [A(b)(Wp) — A(b) (1), V4] — [B(Vh), 0 — o],
for all v, € X,,. Testing (4.8) with v, = w;, — u), € V,, using (3.27) (cf. Lemma
and the fact that [B(w), — uy), o, — 7] = 0 for all 7, € HY, we get
a |[Wh — Uall% < |[A(br)(Wa), Wi, — U] — [A(b)(Wn), Wy, — U]
(4.9)
+ [[A(b)(Wn) — A(b) (1), W), — ]| + |[B(Ws —tin), 0 — 74]|,
where, using the definitions of A(b) (cf. (1.26])) and A(by,) (cf. (3.6)), and employing
Lemma [3.1] and triangle inequality, we first deduce that

|[A(by)(Wh), Wi, — ts] — [A(b)(Wh), Wy, — ts]| = |[c(by — b)(W), Wh — U]

S Cs,d

1o = ballewro (1T — W llx + [[0]x) [[Wr, — tallx

Cs,d

< = (I llewr + Iballurs) 15 = Wl + 1 b = ballon 15— Glx.

Then, using the fact that b € W, b, € W, and bounding ||b — by|lcuro by
|d — dp||x, we arrive at
[[A(by) (W), Wi, — dy] — [A(b) (W), W), — ]|

C.a (4.10)

< (Cl(T)Hﬁ — Willx + (|| [[d — ﬁh||X> W — tnllx

with ¢;(r) depending on Cs 4, 1, and r. In turn, using Lemma and simple com-

putations, we get

[[A(b)(W4) — A(b) (&), Wy, — tp]| < |A(b)(W),) — A(b)(W)|x|[Wn — Tnllx
< L { (1 IPleusio) (Ju = Willoso + b = enlcurie)

—2 - —
+ [t = rulloe + (2[lullose + [u—willose)” [u— Wh||0,6;9}||Wh — Upx ,



48 Chapter 4: A priori error analysis

which combined with the property (a + b)? < 2P~!(a? 4 b7) for a,b > 0 and p > 1,
the fact that b € W, using (2.34) in conjunction with (2.30)) to bound |[ul/oe.q by
r, and similar arguments to the ones employed in (4.10)), we deduce
[[A(b)(Wr) — A(b)(u), W), — ]|
(4.11)
< co(r){ 1 — Wl + 16— W5 I —
with ¢(r) depending on Lyy, p, and r. In addition, we observe from (2.6)), that

HB(W/h — ﬁh), o — ThH < ||0’ — Th||div6/5;Q ||\ﬁh — ﬁhHX VT}Z € Hg . (412)

Thus, replacing back (4.10), (4.11) and (4.12)) into (4.9), and bounding ||ul||x by
(2.34)), we obtain

W = Gl < es(r) {1 = Wallx + & = W lk "+ llor = Tillaivy 0 }

C(s,d C(T j—1 = =
+ =22 i llossmo + Ifnlloa+ Y (lgrlloa + lupllijer)’™ ¢ 16— dulx,
H Ovp g .
je{p,2}
with ¢3(r) depending on aymg, Csa, p, Luw, p, and 7. Hence, triangle inequality

U — dpl|x < ||d — Wpl||x + ||Wr — Ur||x, and the assumption (4.5)), yields
i = Galx < ealr) {15 = Fallx + 16— 5"+ o = mallang ) o (413

with ¢4(r) only depending on cumg, Csa, i, Lma, p, and 7.
On the other hand, to estimate the term ||o—o, ||div6/5;9, we consider an arbitrary
element 7, € HY and use the discrete inf-sup condition (3.28)), to get

B(v,), 0, — o] — [B(Vy), 0 — T
5MH,dH0'h—7'thiv6/5;Q < sup B, o |~ [B() d

FpeXn V]l
¥, 20

. (4.14)

where, using again (4.7) and adding and subtracting suitable terms, we obtain
[B(Vh), o1 — o] = [A(b)(t), V] — [A(by)(Us), V] 4 [A(b) () — A(b)(tds), V4] -

In turn, similarly to (4.10) and (4.11]), using (2.34]) and (3.34) in conjunction with
(2.30) and (3.31) to bound |lullpe.q, ||unlloeq, and ||Uy||x by r, and the fact that

b € W, we deduce, respectively, that

Q

|[A(by)(Tr), ¥r] — [A(D) (), V)| < =6 — Gnllx [[dallx [[¥allx
I (4.15)

< es(r) |Jd — dallx [[Vallx
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and
[[A(b)(1ix) — A(b)(d), ]
< LMH\/g{l + Ibllewe + (Julloga + |yuh||0,6;g)p‘2} 4 — drlx||Vallx  (4.16)
< c6(r) [Jd — Unllx||Vallx

with ¢5(r) and ¢(r) only depending on Cj 4, i, Ly, p, and r. Thus, replacing back

(4.15) and (4.16) into (4.14)), using (2.6)), triangle inequality, and some algebraic

manipulations, we obtain

o = Tulldivesio < o = Tullaives0 + 170 — onlldivg 50
(4.17)
< erlr) {llo = Tallawypio + [ — tnllx }

with ¢7(r) only depending on Csg4, pt, Lug, P, Suna and r. Finally, combining
and , using the fact that w;, € V& and 7, € HY are arbitrary, taking infimum
over the corresponding discrete subspaces V& and HY, and applying f, we
conclude completing the proof. O

The aforementioned result regarding ||\ — Ay||1,o is established as follows.

Lemma 4.2 Assume that {T,}n=0 is a family of quasi-uniform triangulations. As-
sume further that the data satisfy (4.5). Then, there exists a positive constant Cy(r),
independent of h, such that

A= Mille < Calr) { S (dist (u, Hp) + dist (¢, ;) + dist (b, HP))' ™

je{p;2}
+ dist (o, HY ) + dist (A, Hy) }

(4.18)

Proof. Let &, be an arbitrary element in Hy. From the discrete inf-sup condition

(3.3) and simple computations, we have that

B ll€h = Mnlle < sup (B (dn), € = A + [bm(dn), A = M|

dycHb [[dx|
dj,#0

(4.19)
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In turn, subtracting (3.2d|) to (1.15¢) and after adding and subtracting suitable terms
there holds

b (dp), A=An] = —[am(b—by), ds] + [cm(br—b)(un), dp] + [cn(b)(up —n), ds]

(4.20)
for all d;, € H?. Next, using , (2.11)) and (3.12)) to bound, respectively, the three
terms on the right-hand side of , we deduce that

Hbm(dh)a)‘ - )‘hH
4.21)
1 — — CS — CS — — — (
< {_2 [0 — dpllx + ( dn)lx + — HUHX> [0 — uh||X} [ lcur -
op m o

Thus, replacing back (4.21]) into (4.19)), using triangle inequality, (2.34]) and (3.34)
in conjunction with (2.30) and (3.31) to bound both [|t||x and ||u,||x by 7, we get

IA=Mlle < IA=&llie + 6 —=Anla < o) {la—dullx + A=&la}, (4.22)

with ¢(r) depending on S,,, 0, i, Csq, Cs, p, and r. Finally, combining (4.22) and
(4.6), and using the fact that &, € Hj is arbitrary, we conclude (4.18)) completing
the proof. O

We are now in position of establishing the Céa estimate of (3.2]). The aforemen-
tioned result follows straightforwardly from Lemmas [4.1] and [4.2]

Theorem 4.3 Assume that {Tp}n=0 is a family of quasi-uniform triangulations.
Assume further that the data satisfy . Then, there exists a positive constant
C(r), independent of h, but depending on r, Lyga, cwma, 0, i, Csa, Cs, Lun, D, Bm
and Buna, such that

[u—wlloso + It — tulloo + [[b = ballcuo + |lo = onllaivg 0 + IA = Anll1e

< C(r){ S (dist (w, HY) + dist (¢, HE) + dist (b, HE))' ™

je{p,2}

+ dist (o, HT ) + dist (X, Hg)}.

In order to establish the rate of convergence of the Galerkin scheme (3.2)), we

recall next the approximation properties of the finite element subspaces H}', H,
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HZ, HP and Hy (cf. (3.1))), whose derivations can be found in [4], [19], [20], [22], [31,
Theorem 5.41] and [7, Section 3.1] (see also [12, Section 5]):

(AP)gg: there exist positive constants C, Co, and C3, independent of h, such that
for each v.€ WFHL6(Q), s € HFMH(Q) NLA(Q), and 7 € HFH(Q) N Hy(dives; Q)
with div(T) € W*+L6/5(Q) | there hold

dist (v, Hy) := V}iglu v —valloge < CLR"™ [VIkasa
€Hy

dist (s, H}) := inf |ls —sullon < Oy ¥ ||s|lkr10,
rhGH}:L
and
dist (7 H7) = it |7 = Tullaivg o < b {70+ v fersosso )
h &y

(AP)y: there exist positive constants Cy and Cj, independent of h, such that for
each d € H*"(Q) N Hy(curl; ) with curl(d) € H*"(Q), and £ € H*2(Q) N H{(Q),
there hold
dist (d.HP) = inf [[d ~ il < Con** {[[dflcer + feurl(@linn }
h h
and
dist (€, Hy) := inf [[€ = &lla < Cs W €]kt
£neHy

Now we are in a position to provide the theoretical rate of convergence of the
Galerkin scheme (3.2]).

Theorem 4.4 In addition to the hypotheses of Theorems and [{.3, given
an integer k > 0, assume that u € WHL6(Q) ¢ € HM1(Q)NL2(Q), o € HL(Q)N
Ho(dives; Q) with div(o) € WHLS/5(Q) b € H¥1(Q)NHy(curl; Q) with curl(b) €
H(Q), and X € H*2(Q) N HL(Q). Then, there exists a positive constant Crate,
independent of h, such that

[u—wlloso + It — tulloo + [[b = ballcuno + |lo = onllaivg 50 + 1A = Anll1e

j—1
< ch{ S° (lullesion + [tlino + [Blkrro + feurl(B)x0)

j€{p,2}

+ o llkr1,0 + |div(o) || kr1,6/50 + |’>\\|k+2,ﬂ} :
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Proof. The result follows from a direct application of Theorem and the approx-
imation properties provided by (AP)gr and (AP)y. Further details are omitted.
O

We end this chapter by introducing suitable approximations for other variables
of interest, such as the pressure p, the velocity gradient G = Vu, the vorticity
w = 1 (Vu—Vu'), and the stress & := v (Vu + Vu') — pL, are all them written

in terms of the solution of the discrete problem ([3.2a)—(3.2b)). In fact, using ((1.5)),
(1.7), and (|1.14), and after simple computations, we deduce that at the continuous

level, there hold
1
ggf—co, G=t+-9/I, w=

1
— ¢
p r(o) + 3

3

N | =

(- t).
, (4.23)

and 5:a+utt—|—(3gf+co>]l, with cozﬁ/ggh

provided the discrete solution (uy, t;, uy) € H x HE x HY of problem ({3.2a)—(3.21)),

we propose the following approximations for the aforementioned variables:
v

1 1
5 91— Co; Gr=ty+-grl, wp==(th—t}),

3 2
v
3
The following result, whose proof follows directly from Theorem establishes the

1
Dh = 3 tr(op) +
(4.24)

and &h:ah—l—yt}tl—i—( gf—l—co) I.

corresponding approximation result for this post-processing procedure.

Corollary 4.5 Let (u,t,0) € L(Q) x L2 () x Hy(dive/s; Q) and

(b, A) € Ho(curl; Q) x H{(Q) be the unique solution of the continuous problem (L.15)),
and let p, G,w and o given by . In addition, let p, Gp,w), and o, be the
discrete counterparts introduced in . Let an integer k > 0 and assume that the
hypotheses of the Theorem be hold. Then, there exists a positive constant Cposs,
independent of h, such that

1P — pulloe + |G — Gy

0.0+ [[w—willoa + ||l — orllos

J
< Cpost B! { 3 <||u||k:+1,6;9 + [tllk+10 + [[Bllrrio + ||Cur1(b)\|k+17sz>

Jj€{p,2}

+ o llkr1,0 + [div(o) || k16/50 + |’>\\|k+2,ﬂ} :
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Proof. Recalling the formulae given in (4.23]) and (4.24)), and employing suitable al-

gebraic manipulations it is not difficult to show that there exists C' > 0, independent

of h, such that the following estimate holds
1P = prlloe + |G = Grllog + [lw — whlloe + |60 — Trllog

< C{Ht—th

00+ |lo— O'thiv6/5;Q} :

Then, the result follows straightforwardly from Theorem [4.4. We omit further details.
O
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CHAPTER 5

Numerical results

In this chapter we report two examples illustrating the performance of the mixed
finite element method , on a set of quasi-uniform triangulations of the respec-
tive 3D domains, and considering the finite element subspaces defined by (cf.
Section . In what follows, we refer to the corresponding sets of finite element
subspaces generated by £ = 0 as simply Pg—Py—RTy—NDy—P;. Our implementa-
tion is based on a FreeFemm++ code [27], in conjunction with the direct linear solver
UMFPACK [17]. In order to solve the nonlinear problem (3.2)), given 0 # w € L¢((Q)

we introduce the Gateaux dirivative and functional associated, respectively, to a;

and Fy (cf. (1.16]), (1.20), that is

Day(w)(w,t), (v,5)] == a /

u-v—i—F/|w|p_2u-v
Q Q

<Fp=2) [ [P v) v [ e

and

Fi(w), (v,8)] = [F1, (v,8)] + F (p — 2) / wPw - v,

for all (u,t),(v,s) € L5(Q) x LZ(Q). In this way, we propose the Newton-type
strategy: Given 0 # u) € HY, for i > 1, solve

[a’m(bz% dh] + [Cm(b;'z)(uz_l>’ dh] + [bm<dh>7 /\;z] = [F37 dh] )
(5.1)

[br(b}). 6] = 0,

95
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for all d, € HY and &, € Hj, and
[Dag(u, ), t1), (Vaysn)] + [bp(visn), 3] = [Fi(ay ), (va,sn)]
= [es(b})(b}), va], (5.2
by (W, t), 7n] = [Fo, 7,

for all (vy,sp) € H x Hf and 7, € HY. More precisely, we first solve the linear
system ([5.1)) with the given uf), whose solution is denoted (bj, A}). Next, we solve
(5.2)) with the given (u?, b}), so that, starting from u? := (0, 1E —6,0)*, we perform
just one Newton iteration to obtain (u},t},o}) as an approximate solution of it.
Then, the process continues with uj, for each ¢ > 1. In this way, for a fixed tolerance
tol = 1E — 6, the above iterations are terminated, which yields the number of
Newton iterations reported in the tables below, once the relative error between two

consecutive iterates, say coeff™ and coeff™ " is sufficiently small, i.e.,

|coeff™ ! — coeff™ |

< tol
HcoefmeH - ’

where || - || stands for the usual Euclidean norm in RP% with DOF denoting the total
number of degrees of freedom defining the finite element subspaces Hy, Hf, HZ, HP
and H;.

We now introduce some additional notations. The individual errors are denoted

by:

e(u) := flu —wpllogo, e(t) =t —tulloa, e(o):=llo = onlldiv0;

e(b> = ||b - bh”curl;Q 5 e<)\> = H)\ — >\h

1,9 e(p) = ||P _thO,Qy

o(G) =[G =Guloa, elw):=llw-wiloa, el@):=]o—-anla,

where the pressure p, the velocity gradient G, the vorticity w, and the shear stress
tensor o are further variables of physical interest that are recovered by using the
corresponding postprocessing formulae py,, G, wy, and o, detailed in f.
Next, as usual, for each x € {u, t,o,b, \,p, G, w, 5’} we let r(x) be the experimental
rate of convergence given by

) i 08/ (4)
T T los(h/W)
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where h and A’ denote two consecutive meshsizes with errors e and ¢ respectively.
The examples to be considered in this chapter are described next. In all them
we take for sake of simplicity v = 1,4 = 1, = 1,F = 10, and o = 1, and set the
vector 1 := (1,1,1)* € R3. In addition, the mean value of tr(o?) over 2, with i > 1,
is fixed via a Lagrange multiplier strategy (adding one row and one column to the

matrix system that solves (5.2) for ui, t:, and o%).

Example 1: Accuracy assessment with a smooth solution in

a convex domain.

In the first example we illustrate the performance of the Galerkin scheme ({5.1))—
(5.2) (cf. (3.2))) in a convex domain. We consider the domain €2 := (0, 1) x (0,0.5) x
(0,0.5), the inertial power p = 3, and choose the data f, f,,, g; and up such that

the exact solution is given by

sin(mxy) cos(mxy) cos(mrs)
u(x) := | —2cos(mz;) sin(mwxs) cos(mas) | ,

cos(mzy) cos(mas) sin(3mws)

p(x) = zoxz(x; —0.5),
b(x) = curl(z}(z2 — 0.5)%z% cos(mzs)?1),
Ax) = zyx973 (29 —0.5) (23 —0.5)(2; — 1).

The model problem is then complemented with the appropriate Dirichlet boundary
conditions. Table shows the convergence history for a sequence of quasi-uniform
mesh refinements, including the number of Newton iterations. Notice that we are
able not only to approximate the original unknowns but also the pressure field, the
velocity gradient tensor, the vorticity, and the shear stress tensor through the for-
mula ({4.24). Note also that e(t) = ¢(G) since t (resp. t;) is just a translation of
G (resp. Gy,). The results confirm that the optimal rates of convergence O(h**+1)
predicted by Theorem and Corollary are attained for £ = 0. The Newton
method exhibits a behavior independent of the meshsize, converging in four itera-
tions in all cases. In Figure we display some solutions obtained with the five-field
mixed Py — Py — RTy — NDy — Py approximation with meshsize h = 0.0505 and
32,928 tetrahedra elements (actually representing 613,593 DOF).
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Example 2: Accuracy assessment with a smooth solution in

a non-convex domain.

In the second example we test the iterative method (5.1)—(5.2) (cf. (3.2))) in a

non-convex domain. In fact, we consider the Fichera’s corner domain  := (—1,1)3\
[0,1)3, where, due to the regularity of the Neumann problem (see [I5] and [16]
for details), there holds Ho(curl; Q) N H(div%; Q) € H*(Q2) for s € (1/2,2/3). We
consider the inertial power p = 4 and choose the data fy, f,,,, gy and up so that the

exact solution is given by

—x1 (22 — 23) (12 + 23)
u(x) = 225 (21 — 23) (71 + 23) )

— a3 (v1 — 22) (21 + 72)

p(xX) = T1Xx3— Cp,
b(x) := curl(sin®(m2) sin®(wzs) sin®(ra3)1),
A(x) = sin(mz) sin(mxg) sin(mrs),

where ¢, € R is chosen in such a way p € L(Q). The convergence history for a
set of quasi-uniform mesh refinements using £ = 0 is shown in Table Again,
the mixed finite element method converges optimally with order O(h), as it was
proved by Theorem and Corollary [4.5] In addition, some components of the
numerical solution are displayed in Figure [5.2] which were built using the five-field
mixed Py — Py — RTy — NDy — P; approximation with meshsize h = 0.1414 and
42,000 tetrahedra elements (actually representing 782,121 DOF). We observe that
for this example the second diagonal components of the velocity gradient and its

translation, namely Gaaj and tasp, look quite similar since they only differ in the
term 3 gy (cf. (£.24)), with gy = div(u) = 27 — 23 small in Q.
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DOF‘ h ‘iter H e(u) ‘ r(u) ‘ e(t) ‘ r(t) ‘ e(o) ‘ r(o) ‘ e(b) ‘ r(b)

1977 | 0.3536
28791 | 0.1414
115905 | 0.0884
298959 | 0.0643
613593 | 0.0505

= s R

0.3140
0.1405
0.0889
0.0649
0.0510

- 1.0919
0.877 | 0.4788
0.974 | 0.3055
0.990 | 0.2241
0.995 | 0.1768

- 6.0263
0.900 | 2.6277
0.956 | 1.6499
0.974 | 1.1985
0.983 | 0.9402

- 0.0518
0.906 | 0.0235
0.990 | 0.0148
1.004 | 0.0108
1.006 | 0.0085

0.864
0.977
0.991
0.995

eN) | 1) | e) | rp) | e(@) | 1@) | ew) | rw) | e@) | r(6)

0.0014
0.0006
0.0004
0.0003
0.0002

0.853
0.964
0.984
0.991

0.4359
0.2133
0.1272
0.0879
0.0665

0.780
1.100
1.158
1.158

1.0919
0.4788
0.3055
0.2241
0.1768

0.900
0.956
0.974
0.983

0.5534
0.2463
0.1565
0.1145
0.0902

0.883
0.965
0.981
0.988

2.0283
0.9004
0.5692
0.4143
0.3252

0.886
0.976
0.998
1.004

Table 5.1: [Example 1] Number of degrees of freedom, meshsizes, Newton iteration

count, errors, and rates of convergence for the five-field mixed Py — Py — RTy —

ND,—P; approximation for the coupling of the Brinkman—Forchheimer and Maxwell

equations.
DOF | A |iter | e(w) | r(w) | et) | r(t) | e(@) | r(o) | e(b) | r(b)
6665 | 0.7071 5 0.6801 — 4.6074 — 84.4548 — 39.3474 —
51249 | 0.3536 6 0.3526 | 0.948 | 1.7824 | 1.370 | 47.1319 | 0.841 | 18.3178 | 1.103
170713 | 0.2357 6 0.2371 1 0.979 | 0.9743 | 1.490 | 30.2412 | 1.094 | 12.5493 | 0.933
402017 | 0.1768 6 0.1784 | 0.988 | 0.6758 | 1.271 | 22.7760 | 0.985 | 9.5022 | 0.967
782121 | 0.1414 | 6 | 0.1430 | 0.993 | 0.5186 | 1.187 | 18.2251 | 0.999 | 7.6352 | 0.980

eV | ) | e) | ) | e(G) [ r(G) | ew) | nw) | e@) | r@)

4.0629
2.4151
1.6693
1.2684
1.0210

0.750
0.911
0.955
0.973

4.0174
1.1982
0.6539
0.4065

0.2758

1.745
1.494
1.652
1.738

4.6074
1.7824
0.9743
0.6758
0.5186

1.370
1.490
1.271
1.187

2.6043
1.1494
0.6562
0.4623
0.3570

1.180
1.383
1.218
1.159

10.3055
3.4249
1.8323
1.2116
0.8913

1.589
1.543
1.438
1.376

Table 5.2: [Example 2] Number of degrees of freedom, meshsizes, Newton iteration

count, errors, and rates of convergence for the five-field mixed Py — Py — RTy —

ND(—P; approximation for the coupling of the Brinkman—Forchheimer and Maxwell

equations.
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5.4

-1.8 1.8
LIRS T sy

54 1
I

0.027 0.053 0.08
L1l

045 41 7.8 1 b 0
1] bt 10 (D]

- 01 098 21 3.1 A7 8L 18 01 e B S0 32
Ol2,n WS i W12 11,7 '

Figure 5.1: [Example 1] Computed magnitude of the velocity, translation of the
velocity gradient component, computed magnitude of the pseudostress tensor and
magnetic field (top plots); pressure field, shear stress tensor component, vorticity

component, and velocity gradient component (bottom plots).
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Figure 5.2: [Example 2] Computed magnitude of the velocity, translation of the
velocity gradient component, computed magnitude of the pseudostress tensor, and
magnetic field (top plots); pressure field, shear stress tensor component, vorticity

component, and velocity gradient component (bottom plots).
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Conclusions and future works

Conclusions

In this thesis, we proposed, developed and analyzed a new mixed variational formu-
lation for the coupled system given by the Brinkman—Forchheimer equations and the
Maxwell equations. This set of equations describe the flow of electrically conducting
fluids in the presence of magnetics fields. Furthermore, we proved that the continu-
ous and discrete problems have a unique solution, as well as verified the convergence
and optimal a priori error estimate for the Galerkin scheme by means of examples
and numerical simulations.

The main conclusions of this work, in order of development, are as follows:

1. We introduced a five-field mixed formulation for stationary magnetohydrody-
namic flows in porous media. The original problem was reformulated by means
of a variational approach for the stationary Brinkman—Forchheimer equations

coupled with Maxwell’s equations.

2. We developed the corresponding analysis of the continuous problem through
a Banach fixed-point strategy, some results on nonlinear monotone operators
and a sufficiently small data assumption. Consequently we introduced and
analyzed the discrete problem following and mimicking the theory developed in
the continuous problem, however in this case we considered a quasi-uniformity

assumption on the mesh.

3. We established the a priori error analysis for the five-field mixed finite element
method for stationary magnetohydrodynamic flows in porous media, obtaining

stability estimates and an optimal order of convergence to the solution.
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4. We developed FREEFEM-++ codes to validate the theoretical results. More

precisely, two numerical examples illustrating the performance of the mixed
finite element method and confirming the theoretical rate of convergence, were

reported.

As a consequence of the work developed in this thesis we have the following preprint

under review:

e L. ANGELO, J. CAMANO, AND S. CAUCAO, A five-field mixed formulation

for stationary magnetohydrodynamic flows in porous media. Preprint 2023-08,
Centro de Investigacién en Ingenieria Mateméatica (CI*°MA), Universidad de
Concepcidn, (2023).

Future works

The method developed and the results obtained in this thesis have motivated several

future projects. Some of them are described below:

1. A posteriori error analysis for the Brinkman—Forchheimer/Maxwell

coupled problem
In order to improve the error robustness to problems involving complex geo-
metries or solutions with high gradients, we are interested in carrying out an

a posteriori error analysis for the coupled problem studied in this thesis.

. Numerical analysis of a mixed formulation for transient magnetohy-

drodynamic flows in porous media
As a complement to our study in this thesis, we are interested in extending

our work to the transient problem.

. Numerical analysis of a new mixed formulation for transient convec-

tive magnetohydrodynamic flows in porous media
Finally, we are interested in developing and analyzing a new mixed formulation

for convective magnetohydrodynamic flows for the model proposed in [35]:

e E.S. TiTI AND S. TRABELSI, Global well-posedness of a 3D MHD model
in porous media. J. Geom. Mech. 11 (2019), no. 4, 621-637.
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More specifically, we are interested in the following problem: Let  C R3, a
bounded domain with polyhedral boundary I'. We assume that €2 is simply-
connected and with a connected boundary I'. We are interested in finding a

velocity field u, a pressure field p and a magnetic field b, such that

1
W, —vAu+u-Vu+Fluf?u+Vp— —curllb)xb = f in Qr,
1
diviu) = 0 in Qr,
1
b; + — curl(curl(b)) —curl(lu xb) = 0 in Qr,
op
div(b) = 0 in Qr,
where Qr = Q x (0, T), T > 0 is a given finite final time, f is an external
force, v > 0 is the Brinkman coefficient, F > 0 is the Forchheimer coefficient,
p € [3,4] is a given number, ¢ > 0 is the electric conductivity and g > 0 is the

magnetic permeability. The previous system is considered in conjunction with

the following boundary conditions and initial values,

u=0, nxb=0 on St
u(to) = Uy, b(to) :bo in Q,

where Sy = 9Q x (0, T'), n is the outer unit normal of J€2 and the initial
magnetic field by satisfies div(bg) = 0.

We will start studying the stationary equations, to later extend the results to

the evolutive case.
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Conclusiones y trabajos futuros

Conclusiones

En esta tesis propusimos, desarrollamos y analizamos una nueva formulacién varia-
cional mixta para el problema acoplado de Brinkman—Forchheimer con Maxwell
que describen el movimiento de fluidos conductores de electricidad en presencia
de campos magnéticos en medios porosos. Ademdas, demostramos que los proble-
mas continuo y discreto tienen una tunica solucion, asi como también verificamos la
convergencia y estimacion del error a priori 6ptima para el esquema de Galerkin
asociado mediante ejemplos y simulaciones numéricas.

Las conclusiones principales de esta tesis, en orden de desarrollo, son:

1. Se introdujo una formulacién mixta para flujos magnetohidrodinamicos esta-
cionarios en medios porosos. El problema original fue reformulado mediante un
enfoque variacional para las ecuaciones estacionarias de Brinkman—Forchhei-

mer acoplado con las ecuaciones de Maxwell.

2. Desarrollamos el analisis correspondiente del problema continuo a través de
una estrategia de punto fijo de Banach, algunos resultados sobre operadores
no lineales mondtonos y un supuesto de dato suficientemente pequeno. Conse-
cuentemente introdujimos y analizamos el problema discreto siguiendo e imi-
tando la teoria desarrollada en el problema continuo, sin embargo en este caso

consideramos un supuesto de cuasiuniformidad de la malla.

3. Establecimos el andlisis de error a priori para el método de elementos finitos
mixtos para flujos magnetohidrodinamicos estacionarios en medios porosos,
obteniendo estimaciones de estabilidad y un orden 6ptimo de convergencia a

la solucién.
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4. Desarrollamos cédigos FREEFEM+-+ para validar los resultados tedricos. Mas
precisamente, dos ejemplos numéricos que ilustran el desempenio del método
de elementos finitos mixtos y que confirman la tasa de convergencia tedrica,

son reportados.

Como consecuencia del trabajo desarrollado en esta tesis, tenemos la siguiente pre-

publicacion sometida a revision:

e L. ANGELO, J. CAMANO, AND S. CAUCAO, A five-field mixed formulation
for stationary magnetohydrodynamic flows in porous media. Preprint 2023-08,
Centro de Investigacién en Ingenieria Matematica (CI*°MA), Universidad de
Concepcidn, (2023).

Trabajos futuros

El método desarrollado y los resultados obtenidos en esta tesis han motivado varios

proyectos a futuro. Algunos de ellos son descritos a continuacién:

1. Anadlisis de error a posteriori para el problema acoplado de Brink-
man—Forchheimer /Maxwell
Con el fin de mejorar la robustez del error ante problemas en los cuales se
involucran geometrias complejas o soluciones con altos gradientes, es que es-
tamos interesados en llevar a cabo un andlisis de error a posterior: para el

problema acoplado estudiado en esta tesis.

2. Analisis numérico de una formulacion mixta para flujos magneto-
hidrodinamicos no estacionarios en medios porosos
Como complemento al estudio realizado en esta tesis, estamos interesados en

extender nuestro trabajo al problema evolutivo.

3. Andlisis numérico de una nueva formulacién mixta para flujos mag-
netohidrodinamicos convectivos no estacionarios en medios porosos
Finalmente, se propondra y analizarda una formulacién mixta para el modelo

de flujos magnetohidrodindmicos convectivos propuesto en [35]:

e E.S. TiTI AND S. TRABELSI, Global well-posedness of a 3D MHD model
in porous media. J. Geom. Mech. 11 (2019), no. 4, 621-637.
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Mas especificamente, estamos interesados en el siguiente problema: Dado 2 C
R? un dominio acotado, poliedral y simplemente conexo con frontera poliédrica
y conexa [', queremos encontrar el campo de velocidades u, la presion p, y el

campo magnético b tales que las siguientes ecuaciones sean satisfechas:

1
w,—vAu+u-Vu+Fluf?u+Vp——curllb)xb = f en Qr,
1
diviu) = 0 en Qr,
1
b; + — curl(curl(b)) —curllu xb) = 0 en Qr,
op
div(b) = 0 en Qr,
donde Q7 = Q2 x (0, T'), T" > 0 es un tiempo final y finito dado, f una fuerza
externa dada, v > 0 es el coeficiente de Brinkman, F > 0 es el coeficiente de
Forchheimer, p € [3,4] es un niimero dado, ¢ > 0 es la conductividad eléctrica

y i > 0 es la permeabilidad magnética. El sistema anterior se considera en

conjunto con las siguientes condiciones de frontera y valores iniciales,

u=0, nxb=0 en Sy
u(to) =uo, b(t) =bo en,

donde Sy = 92 x (0, T'), n es el vector normal unitario exterior a df2 y el
campo magnético inicial by satisface div(bg) = 0.

Pretendemos comenzar estudiando las ecuaciones estacionarias, para luego ex-

tender los resultados al caso evolutivo.
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