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niña siempre me inculcó el estudio como una prioridad que requiere de mucha res-

ponsabilidad, a mis hermanas Jhoselyn, Heydi y Kimberly por escucharme siempre

que lo necesité y a Mateo mi sobrino por ser mi lugar feliz.

v



vi

Agradecer también a la familia Solar Fernandez por la hospitalidad que me brin-

dan durante mi estad́ıa en Chile, en especial a la señora Gladyz por hacerme sentir
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exclusivamente al maǵıster y culminarlo en el tiempo previsto.

Finalmente, agradecer a la matemática porque gracias a ella pude y espero poder

vivir nuevas experiencias.

Lady Araceli Angelo Diaz



Resumen

El objetivo principal de esta tesis es introducir y analizar una nueva formulación

variacional mixta para un problema de flujos magnetohidrodinámicos estacionarios

en medios porosos, cuyas ecuaciones gobernantes vienen dadas por las ecuaciones

estacionarias de Brinkman–Forchheimer acopladas con las ecuaciones de Maxwell.

Además de la velocidad, el campo magnético y un multiplicador de Lagrange aso-

ciado a la condición de divergencia nula del campo magnético, se introducen como

incógnitas adicionales una traslación conveniente del gradiente de velocidad y el

tensor de pseudoesfuerzo. Como consecuencia, obtenemos una formulación varia-

cional mixta basada en espacios de Banach, donde las cinco variables previamente

mencionadas son las principales incógnitas del sistema. El esquema mixto que re-

sulta se escribe de forma equivalente como una ecuación de punto fijo, de modo que

para demostrar la solubilidad de los sistemas continuos y discretos, se aplican el

conocido teorema de Banach, combinado con resultados clásicos sobre operadores

no lineales monótonos y un supuesto de dato suficientemente pequeño. En particu-

lar, el análisis del esquema discreto requiere un supuesto de cuasiuniformidad de la

malla. La discretización por elementos finitos considera elementos Raviart–Thomas

de orden k ≥ 0 para el tensor de pseudoesfuerzo, elementos polinomiales disconti-

nuos a trozos de grado k para la velocidad y la traslación del gradiente de velocidad,

elementos Nédélec de grado k para el campo magnético y elementos de Lagrange

de grado k + 1 para el multiplicador de Lagrange asociado. Para el esquema de

Galerkin asociado se obtienen estimaciones de estabilidad, convergencia y error a

priori óptimo. Finalmente, pruebas numéricas ilustran los resultados teóricos.
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Abstract

The main goal of this thesis is to introduce and analyze a new mixed variational

formulation for a stationary magnetohydrodynamic flows in porous media problem,

whose governing equations are given by the steady Brinkman–Forchheimer equa-

tions coupled with the Maxwell equations. Besides the velocity, magnetic field and

a Lagrange multiplier asssociated to the divergence-free condition of the magnetic

field, a convenient translation of the velocity gradient and the pseudostress tensor

are introduced as further unknowns. As a consequence, we obtain a five-field Banach

spaces-based mixed variational formulation, where the aforementioned variables are

the main unknowns of the system. The resulting mixed scheme is then written equiv-

alently as a fixed-point equation, so that the well-known Banach theorem, combined

with classical results on nonlinear monotone operators and a sufficiently small data

assumption, are applied to prove the unique solvability of the continuous and discrete

systems. In particular, the analysis of the discrete scheme requires a quasi-uniformity

assumption on mesh. The finite element discretization involves Raviart–Thomas ele-

ments of order k ≥ 0 for the pseudostress tensor, discontinuous piecewise polynomial

elements of degree k for the velocity and the translation of the velocity gradient,

Nédélec elements of degree k for the magnetic field and Lagrange elements of degree

k + 1 for the associated Lagrange multiplier. Stability, convergence, and optimal a

priori error estimates for the associated Galerkin scheme are obtained. Numerical

tests illustrate the theoretical results.
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Introducción

La magnetohidrodinámica (MHD) es el estudio del flujo de fluidos conductores de

electricidad en presencia de campos magnéticos. El interés por el estudio de la MHD

ha crecido con respecto a los problemas cient́ıficos y de ingenieŕıa en los últimos años.

De hecho, las aplicaciones de la MHD abarcan una gama muy amplia de elementos

de la f́ısica, desde metales ĺıquidos hasta plasmas cósmicos. En cuanto al modelo

matemático de la MHD, éste se basa en las ecuaciones que describen el movimiento

de fluidos en presencia de campos magnéticos y en las ecuaciones que describen los

campos electromagnéticos de fluidos en movimiento. En pocas palabras, se trata de

un sistema acoplado en el que las ecuaciones de Navier–Stokes se acoplan con las

ecuaciones de Maxwell a través de la fuerza de Lorentz y la ley de Ohm. Sin embargo,

varias situaciones f́ısicas requieren, a veces, una modificación o una simplificación de

estas ecuaciones para captar de forma más realista los fenómenos f́ısicos de interés.

Como se explica en [35], hoy en d́ıa, es común utilizar la ley de Darcy para

modelar el movimiento de un fluido a través de un medio poroso. La ley emṕırica

de Darcy representa una relación lineal simple entre el gradiente de la presión y

la velocidad en un medio poroso. Sin embargo, esta ecuación fundamental puede

ser inexacta para modelar el flujo de fluidos a través de medios porosos con altos

números de Reynolds o a través de medios altamente porosos (ver, por ejemplo,

[30, 32, 18] y sus referencias). Para superar esta limitación, es posible considerar

las ecuaciones de Brinkman–Forchheimer (ver por ejemplo [10, 9]), en las que se

añaden términos a la ley de Darcy para considerar flujos a alta velocidad y medios

altamente porosos. De acuerdo a esto y el creciente interés por la modelización de la

MHD en un medio poroso ha motivado la introducción del problema acoplado entre

las ecuaciones de Brinkman–Forchheimer y Maxwell.

En cuanto a la literatura, podemos encontrar algunos trabajos dedicados al
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2 Introducción

análisis matemático de las ecuaciones acopladas de Brinkman–Forchheimer y Max-

well (ver, por ejemplo, [1] y [35]). Comenzamos mencionando [1], donde, para el

problema acoplado estacionario, los autores demuestran existencia de soluciones

débiles y unicidad bajo supuestos de datos pequeños. Además, en [1] también se

establece un resultado de convergencia, cuando el coeficiente de Brinkman tiende a

cero, de las soluciones débiles a una solución del sistema formado por las ecuaciones

de Darcy–Forchheimer y la ecuación de inducción magnética. Posteriormente, en

[35] los autores demuestran que el problema evolutivo también está bien planteado.

Sin embargo, ni en [1] ni en [35] se desarrolla análisis numérico. Hasta donde el

autor conoce, no existe literatura centrada en el análisis numérico de este problema

acoplado. Por otro lado, varios trabajos se han dedicado al diseño y al análisis

de esquemas numéricos para la simulación de la MHD clásica. De hecho, podemos

empezar mencionando [24] donde los autores estudian el buen planteamiento y el

análisis de convergencia de un MEF conforme para MHD. Utilizan elementos inf-sup

estables para las variables hidrodinámicas velocidad-presión y elementos finitos con-

formes estándar H1 para el campo magnético. En [21] y [26] también observamos

que los autores buscan el campo magnético en H1(Ω)3. Sin embargo, en un do-

minio poliédrico no convexo, la inducción magnética puede tener regularidad menor

que H1(Ω)3 y una aproximación por elementos finitos nodales puede converger a

un campo magnético que pase por alto ciertas componentes menos regulares de la

solución inducidas por vértices o aristas reentrantes (ver [13]). Para evitar este in-

conveniente, en [34] se propuso imponer débilmente la condición de divergencia nula

del campo magnético y haciendo esto, el campo magnético puede ser aproximado

por elementos finitos de Nédélec. Por lo tanto, el supuesto de dominio convexo ya

no es necesario. Existen otras alternativas que superan esta dificultad. Podemos

mencionar [25] (ver también [14]) donde los autores introdujeron un método mixto

de elementos finitos basado en regularización mediante pesos para el sistema MHD

incompresible.

Existen muchas discretizaciones diferentes para el problema clásico de MHD in-

compresible. En [29] se propone un método completamente DG para una variante

linealizada del sistema MHD incompresible clásico, en el cual todas las variables se

aproximan a través de espacios de elementos finitos discontinuos. Sin embargo, esta

aproximación requiere un gran número de grados de libertad. En [23] los autores
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diseñan una nueva discretización por elementos finitos, en un intento de superar las

dificultades antes mencionadas. El campo de velocidad se discretiza utilizando ele-

mentos Brezzi–Douglas–Marini (BDM) y el campo magnético se aproxima mediante

elementos Nédélec. Recientemente en [36] los autores han estudiado un esquema

mixto de elementos finitos para ecuaciones magnetohidrodinámicas estacionarias

sin inducción en un dominio general Lipschitz. Aproximan la velocidad y la densi-

dad de corriente mediante elementos finitos H(div) conformes. La continuidad de la

velocidad en H1 se impone usando aproximación discontinua. Sin embargo, en este

enfoque el campo magnético se considera como dato.

El objetivo del presente trabajo es contribuir al desarrollo de un nuevo método

numérico para el modelo MHD en medios porosos. En esta tesis llevamos a cabo el

análisis matemático y numérico del sistema acoplado. Las principales ventajas de

nuestro esquema propuesto son el orden de convergencia óptimo alcanzado incluso

en dominios no convexos y la posibilidad de calcular más variables de interés, en las

que no se aplica diferenciación numérica y, por tanto, no surgen más fuentes de error.

Nuestro esquema se basa en un nuevo método de elementos finitos mixtos para las

ecuaciones estacionarias de Brinkman–Forchheimer y de doble difusión introducido

recientemente en [8]. De hecho, la principal novedad introducida en dicho trabajo es

que no es necesario aplicar ninguna estrategia de aumento en la formulación. Esto

ha sido posible gracias a la introducción de métodos de elementos finitos mixtos

basados en espacios de Banach adecuados. Una idea similar se aplicó en [12] para el

problema estacionario de Boussinesq. Por otro lado, recientemente en [9] los autores

han extendido el resultado presentado en [8] a las ecuaciones no estacionarias de

Brinkman–Forchheimer introduciendo la velocidad, el gradiente de velocidad y el

tensor de pseudoestrés como las principales incógnitas del sistema. En el mismo

esṕıritu de los trabajos anteriores, podemos mencionar [6]. En él los autores han

propuesto un nuevo método de elementos finitos mixtos para el sistema MHD clásico.

Este art́ıculo introduce espacios de Banach no estándar para aproximar las incógnitas

hidrodinámicas, y espacios de Hilbert para las variables electromagnéticas. Nuestro

trabajo es una adaptación del análisis realizado en [8] para el problema de Brinkman–

Forchheimer y el análisis presentado para las ecuaciones de Maxwell en [34] (ver

también [6]) a nuestro problema estacionario de MHD en medios porosos.

La tesis se organiza como sigue. El resto de la Introducción describe la notación
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estándar y los espacios de funciones que se emplearán a lo largo del estudio. En el

Caṕıtulo 1 introducimos el problema modelo, lo reformulamos como un conjunto

de ecuaciones equivalentes y obtenemos nuestra formulación variacional mixta. A

continuación, en el Caṕıtulo 2 establecemos la solubilidad de este esquema continuo

mediante resultados clásicos sobre operadores no lineales monótonos y el teorema

del punto fijo de Banach. El esquema Galerkin asociado se introduce y analiza

en el Caṕıtulo 3. Su solubilidad se consigue imitando la teoŕıa desarrollada para

el problema continuo bajo una suposición de cuasiuniformidad en la malla. En el

Caṕıtulo 4 establecemos la correspondiente estimación de Céa y las correspondientes

tasas de convergencia. Finalmente, en el Caṕıtulo 5 presentamos algunos ejemplos

numéricos que ilustran el buen comportamiento de nuestro método de elementos

finitos mixtos y confirman las tasas teóricas de convergencia.

Notaciones preliminares

Sea Ω ⊂ R3, un dominio acotado con frontera poliedral Γ, y denotemos por n el

vector normal unitario exterior a Γ. Utilizaremos notaciones estándar para los espa-

cios de Lebesgue Lp(Ω), con p ∈ [1,∞] y los espacios de Sobolev Ws,p(Ω) con s ≥ 0,

provistos de las normas ‖·‖0,p;Ω y ‖·‖s,p;Ω, respectivamente. Notar que W0,p = Lp(Ω)

y si p = 2, escribimos Hs(Ω) en lugar de Ws,2(Ω), con las correspondientes normas de

Lebesgue y Sobolev denotadas por ‖·‖0,Ω y ‖·‖s,Ω, respectivamente. Además, H1/2(Γ)

es el espacio de trazas de funciones de H1(Ω) y H−1/2(Γ) denota su dual. Con 〈·, ·〉Γ
denotamos el correspondiente producto de dualidad entre H1/2(Γ) y H−1/2(Γ). Por M

y M denotaremos las correspondientes contrapartes vectorial y tensorial del espacio

funcional escalar genérico M. A su vez, para cualquier campo vectorial v = (vi)i=1,3,

definimos los operadores gradiente, divergencia y curl, respectivamente, como

∇v :=

(
∂vi
∂xj

)
i,j=1,3

, div(v) :=
3∑
j=1

∂vj
∂xj

, y

curl(v) :=

(
∂v3

∂x2

− ∂v2

∂x3

,
∂v1

∂x3

− ∂v3

∂x1

,
∂v2

∂x1

− ∂v1

∂x2

)t

.

El producto cruz de dos vectores u = (ui)i=1,3 y v = (vi)i=1,3 en R3 está dado por

u× v = (u2 v3 − u3 v2, u3 v1 − u1 v3, u1 v2 − u2 v1)t .
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A su vez, se puede demostrar que para cualesquiera vectores u, v y w en R3, la

siguiente identidad es verdadera

(u× v) ·w = − (w × v) · u .

Además, para cualesquiera campos tensoriales τ = (τij)i,j=1,3 y ζ = (ζij)i,j=1,3, sea

div(τ ) el operador de divergencia div que actúa a lo largo de las filas de τ , y defi-

nimos la transpuesta, la traza, el producto interior tensorial, y el tensor desviador,

respectivamente, como

τ t := (τji)i,j=1,3, tr(τ ) :=
3∑
i=1

τii, τ : ζ :=
3∑

i,j=1

τijζij, y τ d := τ − 1

3
tr(τ ) I,

donde I es la matriz identidad en R3×3. Además, recordamos los espacios de Hilbert

H(div; Ω) :=
{
τ ∈ L2(Ω) : div(τ ) ∈ L2(Ω)

}
y

H(curl; Ω) :=
{

v ∈ L2(Ω) : curl(v) ∈ L2(Ω)
}

provistos de las normas

‖τ‖2
div;Ω := ‖τ‖2

0,Ω + ‖div(τ )‖2
0,Ω y ‖v‖2

curl;Ω := ‖v‖2
0,Ω + ‖curl(v)‖2

0,Ω ,

respectivamente. Ambos espacios son estándar en problemas mixtos y de electromag-

netismo, respectivamente. Denotamos por H(div0; Ω) el subespacio de H(div; Ω) con

divergencia cero. Además, en lo que sigue, haremos uso de la conocida desigualdad

de Hölder dada por∫
Ω

|fg| ≤ ‖f‖0,p;Ω‖g‖0,q;Ω ∀ f ∈ Lp(Ω), ∀ g ∈ Lq(Ω), con
1

p
+

1

q
= 1 .

Por último, recordemos la inyección continua ip de H1(Ω) en Lp(Ω) para p ∈ [1, 6]

en R3 (cf. [33, Teorema 1.3.4]). Más precisamente, tenemos la siguiente desigualdad

‖w‖0,p;Ω ≤ ‖ip‖ ‖w‖1,Ω ∀w ∈ H1(Ω) ,

con ‖ip‖ > 0 dependiendo sólo de |Ω| y p. Denotaremos por ip la versión vectorial

de ip.
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Introduction

Magnetohydrodynamics (MHD) is the study of the flow of electrically conduct-

ing fluids in the presence of magnetic fields. The interest in the study of MHD has

increased with respect to scientific and engineering problems in recent years. In fact,

the MHD applications cover a very wide range of physical objects, from liquid met-

als to cosmic plasmas. Concerning to the mathematical model of MHD, it is based

on the equations governing fluid motion in the presence of magnetic fields and the

equations governing electromagnetics fields in moving fluids. Briefly speaking, it is

a coupled system where the Navier–Stokes equations are coupled with the Maxwell

equations trought the Lorentz force and Ohm’s law. However, several physical sit-

uations require, sometimes, a modification or a simplification of these equations in

order to capture in a more realistic way the physical phenomena of interest.

As it is explained in [35], nowadays, it is common to use Darcy’s law in the

modeling of the fluid motion through a porous medium. Darcy’s empirical law rep-

resents a simple linear relationship between the flow rate and the pressure drop in

a porous medium. Nevertheless, this fundamental equation may be inaccurate for

modeling fluid flow through porous media with high Reynolds numbers or through

media with high porosity (see, e.g., [30, 32, 18] and references therein). To overcome

this limitation, it is possible to consider the Brinkman–Forchheimer equations (see

for instance [10, 9]), where terms are added to Darcys law in order to take into

account high velocity flow and high porosity. The latter and the increasing interest

in the modelling of MHD in a porous media has motivated the introduction of the

coupled problem between the Brinkman–Forchheimer and Maxwell equations.

Concerning literature, we can find some papers devoted to the mathematical

analysis of the coupled Brinkman–Forchheimer and Maxwell equations (see, for in-

stance, [1] and [35]). We begin mentioning [1], where, for the stationary coupled

7



8 Introduction

problem, the authors prove existence of weak solutions and uniqueness under small

data assumptions. In addition, a convergence result, as the Brinkman coefficient

tends to 0, of the weak solutions to a solution of the system formed by the Darcy–

Forchheimer equations and the magnetic induction equation is also established in

[1]. Later on, in [35] the authors show that the transient problem is also well-posed.

However, neither [1] nor in [35] numerical analysis is developed. Up to the author’s

knowledge, there are no literature focused on the numerical analysis of this coupled

problem. On the other hand, several papers have been devoted to the design and the

analysis of numerical schemes for the simulation of the classical MHD. In fact, we

can start mentioning [24] where the authors study well-posedness and convergence

analysis of a conforming FEM for MHD. They use inf-sup stable velocity-pressure

elements for the hydrodynamic variables and standard H1-conforming finite ele-

ments for the magnetic field. In [21] and [26] we also observe that the authors look

for the magnetic field in H1(Ω)3. However, in a non-convex polyhedral domain, the

magnetic induction may have regularity below H1(Ω)3 and a nodal finite element

approximation can converge to a magnetic field that misses certain singular solution

components induced by reentrant vertices or edges (see [13]). To circumvent this

inconvenient, in [34] was proposed to impose weakly the divergence-free condition

of the magnetic field and by doing that, the magnetic field can be approximated

by curl-conforming Nédélec elements. Thus, the convex domain assumption is not

longer required. There exist other alternatives overcoming this difficulty. Meanwhile,

we can mention [25] (see also [14]) where the authors introduced a mixed finite ele-

ment method based on weighted regularization for the incompressible MHD system.

There exist many different discretizations for the classical incompressible MHD

problem. A fully-DG method is proposed in [29] for a linearized variant of the classi-

cal incompressible MHD system, whereby all the variables are approximated through

discontinuous finite element spaces. However, this approach requires a large number

of degrees of freedom. In [23] the authors design a new finite element discretization,

in an attempt to overcome the above mentioned difficulties. The velocity field is dis-

cretized using divergence-conforming Brezzi–Douglas–Marini (BDM) elements and

the magnetic field is approximated by curl-conforming Nédélec elements. Recently

in [36] the authors have studied a mixed finite element scheme for stationary in-

ductionless magnetohydrodynamic equations on a general Lipschitz domain. They
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approximate the velocity and the current density by H(div)-conforming finite el-

ements. The H1-continuity of the velocity is enforced by discontinuous approach.

However, in this approach the magnetic field is considered as a datum.

The goal of the present work is to contribute to the development of a new nu-

merical method for the MHD model in porous media. We carry out in this thesis

mathematical and numerical analysis of the coupled system. The main advantages

of our proposed scheme are the optimal order of convergence reached even in non-

convex domains and the possibility of computing further variables of interest, in

which no numerical differentiation is applied, and hence no further sources of error

arise. Our scheme is based on a new mixed finite element method for the steady

Brinkman–Forchheimer and double-diffusion equations recently introduced in [8].

In fact, the main novelty introduced in that paper is that no augmentation proce-

dure needs to be incorporated into the formulation. This has been possible thanks

to the introduction of mixed methods of finite elements based on suitable Banach

spaces. A similar idea was applied in [12] for the steady Boussinesq problem. On

the other hand, recently in [9] the authors have extended the result presented in

[8] to the transient Brinkman–Forchheimer equations introducing the velocity, the

velocity gradient, and the pseudostress tensor as the main unknowns of the system.

In the same spirit of the previous works, we can mention [6]. In there the authors

have proposed a new mixed finite element method for the classical MHD system.

This article introduces non-standard Banach spaces for approximating the hydrody-

namic unknowns, and Hilbert spaces for the electromagnetics variables. Our work is

an adaptation of the analysis realized in [8] for the Brinkman–Forchheimer problem

and the analysis presented for the Maxwell equations in [34] (see also[6]) to our

stationary MHD problem in porous media.

The thesis is organized as follows. The remainder of this Introduction describes

standard notation and function spaces to be employed throughout the study. In

Chapter 1 we introduce the model problem, reformulate it as an equivalent set of

equations and derive our mixed variational formulation. Next, in Chapter 2 we es-

tablish the well-posedness of this continuous scheme by means of classical results

on nonlinear monotone operators and the Banach fixed point theorem. The associ-

ated Galerkin scheme is introduced and analyzed in Chapter 3. Its well-posedness

is attained by mimicking the theory developed for the continuous problem under a
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quasi-uniformity assumption on the mesh. In Chapter 4 we establish the correspond-

ing Céa’s estimate and the consequent rates of convergence. Finally, in Chapter 5

we present some numerical examples illustrating the good performance of our mixed

finite element method and confirming the theoretical rates of convergence.

Preliminary notations

Let Ω ⊂ R3, denote a bounded domain with polyhedral boundary Γ, and denote

by n the outward unit normal vector on Γ. Standard notations will be adopted for

Lebesgue spaces Lp(Ω), with p ∈ [1,∞] and Sobolev spaces Ws,p(Ω) with s ≥ 0,

endowed with the norms ‖ · ‖0,p;Ω and ‖ · ‖s,p;Ω, respectively. Note that W0,p = Lp(Ω)

and if p = 2, we write Hs(Ω) in place of Ws,2(Ω), with the corresponding Lebesgue

and Sobolev norms denoted by ‖·‖0,Ω and ‖·‖s,Ω, respectively. In addition, H1/2(Γ) is

the space of traces of functions of H1(Ω) and H−1/2(Γ) denotes its dual. With 〈·, ·〉Γ
we denote the corresponding product of duality between H1/2(Γ) and H−1/2(Γ). By

M and M we will denote the corresponding vectorial and tensorial counterparts of

the generic scalar functional space M. In turn, for any vector field v = (vi)i=1,3, we

set the gradient, divergence, and curl operators, respectively, as

∇v :=

(
∂vi
∂xj

)
i,j=1,3

, div(v) :=
3∑
j=1

∂vj
∂xj

, and

curl(v) :=

(
∂v3

∂x2

− ∂v2

∂x3

,
∂v1

∂x3

− ∂v3

∂x1

,
∂v2

∂x1

− ∂v1

∂x2

)t

.

The cross product of two vectors u = (ui)i=1,3 and v = (vi)i=1,3 in R3 is given by

u× v = (u2 v3 − u3 v2, u3 v1 − u1 v3, u1 v2 − u2 v1)t .

In addition, it can be proved that for any vectors u, v and w in R3, the following

identity is true

(u× v) ·w = − (w × v) · u . (0.1)

Furthermore, for any tensor fields τ = (τij)i,j=1,3 and ζ = (ζij)i,j=1,3, we let

div(τ ) be the divergence operator div acting along the rows of τ , and define the

transpose, the trace, the tensor inner product, and the deviatoric tensor, respectively,

as

τ t := (τji)i,j=1,3, tr(τ ) :=
3∑
i=1

τii, τ : ζ :=
3∑

i,j=1

τijζij, and τ d := τ − 1

3
tr(τ ) I,
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where I is the identity matrix in R3×3. Additionally, we recall the Hilbert spaces

H(div; Ω) :=
{
τ ∈ L2(Ω) : div(τ ) ∈ L2(Ω)

}
and

H(curl; Ω) :=
{

v ∈ L2(Ω) : curl(v) ∈ L2(Ω)
}

endowed, respectively, with the norms

‖τ‖2
div;Ω := ‖τ‖2

0,Ω + ‖div(τ )‖2
0,Ω and ‖v‖2

curl;Ω := ‖v‖2
0,Ω + ‖curl(v)‖2

0,Ω .

Both spaces are standard in mixed and electromagnetism problems, respectively. We

denote by H(div0; Ω) the subspace of H(div; Ω) with divergence zero. In addition,

in the sequel we will make use of the well-known Hölder inequality given by∫
Ω

|fg| ≤ ‖f‖0,p;Ω‖g‖0,q;Ω ∀ f ∈ Lp(Ω), ∀ g ∈ Lq(Ω), with
1

p
+

1

q
= 1 .

Finally, we recall the continuous injection ip of H1(Ω) into Lp(Ω) for p ∈ [1, 6] in R3

(cf. [33, Theorem 1.3.4]). More precisely, we have the following inequality

‖w‖0,p;Ω ≤ ‖ip‖ ‖w‖1,Ω ∀w ∈ H1(Ω) , (0.2)

with ‖ip‖ > 0 depending only on |Ω| and p. We will denote by ip the vectorial version

of ip.
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CHAPTER 1

The continuous formulation

In this chapter we introduce the model problem and derive its corresponding

weak formulation.

1.1 The model problem

We are interested in analyzing the behaviour of stationary magnetohydrody-

namic flows in a fluid-saturated porous medium. To that end, we consider a slight

modification of the model analyzed in [1] (see also [35]) and, for simplicity, we as-

sume that the bounded Lipschitz polyhedral domain Ω ⊂ R3 is simply-connected

and with a connected boundary Γ. More precisely, we focus on solving the coupling

of the Brinkman–Forchheimer and Maxwell equations, which reduces to finding a

velocity field u, a pressure field p, and a magnetic field b, such that

−ν ∆u + αu + F |u|p−2u +∇p− 1

µ
curl(b)× b = ff in Ω , (1.1a)

div(u) = gf in Ω , (1.1b)

1

% µ
curl(curl(b)) +∇λ− curl(u× b) = fm in Ω , (1.1c)

div(b) = 0 in Ω , (1.1d)

where, the unknown λ is the corresponding Lagrange multiplier associated with

(1.1d) (see [34] and [6] for similar approaches), whereas gf ∈ L2(Ω) denotes a nonzero

mass source, and ff ∈ L6/5(Ω), fm ∈ L2(Ω) are external forces, which in particular

are taken as 0 and 1
%
curl(J0) in [1, eq. (13)], respectively, with J0 denoting the source

13



14 Section 1.1: The model problem

electric current density and % > 0, the electric conductivity. In turn, the constant

ν > 0 is the Brinkman coefficient, α > 0 is the Darcy coefficient, F > 0 is the

Forchheimer coefficient, p ∈ [3, 4] is a given number, and µ > 0 is the magnetic

permeability. In addition, we consider the following boundary conditions:

u = uD, n× b = 0, and λ = 0 on Γ , (1.2)

where uD ∈ H1/2(Γ) is the prescribed velocity on Γ satisfying the compatibility

condition ∫
Γ

uD · n =

∫
Ω

gf . (1.3)

In addition, due to (1.1a), and in order to guarantee uniqueness of the pressure, this

unknown will be sought in the space

L2
0(Ω) :=

{
q ∈ L2(Ω) :

∫
Ω

q = 0

}
.

Next, in order to derive a new mixed formulation for (1.1)–(1.3), we proceed as in

[12] and [8]. More precisely, we now introduce as further unknowns a translation of

the velocity gradient t and the pseudostress tensor σ, which are defined, respectively,

by

t := ∇u− 1

3
gf I and σ := ν∇u− p I in Ω . (1.4)

In this way, applying the matrix trace to the tensors t and σ, and utilizing the

condition (1.1b), one arrives at tr(t) = 0 in Ω and

p = −1

3
tr(σ) +

ν

3
gf in Ω . (1.5)

Hence, replacing back (1.5) in the second equation of (1.4) and after simple compu-

tations, we find that the model problem (1.1)–(1.2) can be rewritten, equivalently,

as follows: Find (u, t,σ) and (b, λ), in suitable spaces to be indicated below, such
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that

∇u − 1

3
gf I = t in Ω , (1.6a)

ν t = σd in Ω , (1.6b)

αu + F |u|p−2u− div(σ)− 1

µ
curl(b)× b = ff in Ω , (1.6c)∫

Ω

(
tr(σ)− ν gf

)
= 0 , (1.6d)

1

% µ2
curl(curl(b)) +

1

µ
∇λ− 1

µ
curl(u× b) =

1

µ
fm in Ω , (1.6e)

div(b) = 0 in Ω , (1.6f)

u = uD, n× b = 0, and λ = 0 on Γ . (1.6g)

At this point we stress that, as suggested by (1.5), p is eliminated from the present

formulation and computed afterwards in terms of σ and gf by using that identity.

This fact justifies (1.6d), which aims to ensure that the resulting p does belong to

L2
0(Ω). Notice also that further variables of interest, such as the velocity gradient

G = ∇u, the vorticity ω = 1
2

(
∇u−∇ut

)
, and the stress σ̃ := ν (∇u +∇ut)− p I

can be computed, respectively, as follows

G = t +
1

3
gf I, ω =

1

2

(
t− tt

)
, and σ̃ = σ + ν tt +

ν

3
gf I . (1.7)

1.2 The variational formulation

In this section we derive our five-field mixed variational formulation for the sys-

tem (1.6). To that end, we first proceed as in [12] and [8] to derive the mixed

formulation associated to the Brinkman–Forchheimer equations. In fact, multiply-

ing (1.6a), (1.6b) and (1.6c) by suitable test functions τ , s, and v, respectively,

integrating by parts and using the Dirichlet boundary condition u = uD on Γ, we

get
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∫
Ω

t : τ +

∫
Ω

u · div(τ ) = −1

3

∫
Ω

gf tr(τ ) + 〈τn,uD〉Γ ,

(1.8a)

ν

∫
Ω

t : s−
∫

Ω

σd : s = 0 ,

(1.8b)

α

∫
Ω

u · v + F

∫
Ω

|u|p−2u · v −
∫

Ω

div(σ) · v − 1

µ

∫
Ω

(
curl(b)× b

)
· v =

∫
Ω

ff · v ,

(1.8c)

for all (τ , s,v) ∈ X×Q×M, where X,Q and M are spaces to be defined below.

On the other hand, for the Maxwell equations (1.6e)–(1.6f), we proceed as in [34]

(see also [6] for a similar approach), that is, we introduce the space

H0(curl; Ω) :=
{

d ∈ H(curl; Ω) : n× d = 0 on Γ
}
,

and multiply (1.6e) by d ∈ H0(curl; Ω), and integrate by parts, to get

1

% µ2

∫
Ω

curl(b) · curl(d) +
1

µ

∫
Ω

∇λ · d− 1

µ

∫
Ω

(u× b) · curl(d) =
1

µ

∫
Ω

fm · d .

Then, applying the identity (0.1) to u, b, and curl(d) in the third term of the forego-

ing equation, and testing (1.6f) by ξ ∈ H1
0(Ω), integrating by parts, and multiplying

the resulting equation by 1/µ, we obtain

1

% µ2

∫
Ω

curl(b) · curl(d) +
1

µ

∫
Ω

∇λ · d +
1

µ

∫
Ω

(curl(d)× b) · u =
1

µ

∫
Ω

fm · d ,

(1.9a)

1

µ

∫
Ω

b · ∇ξ = 0 ,

(1.9b)

for all (d, ξ) ∈ H0(curl; Ω)×H1
0(Ω). In this way, at first we are interested in finding

σ ∈ X, t ∈ Q, u ∈ M, b ∈ H0(curl; Ω) and λ ∈ H1
0(Ω) satisfying (1.8)–(1.9) and

the condition (1.6d).

Now, we turn to specify the spaces X, Q, and M. We begin by noting that

the first term in (1.8b) is well defined for t, s ∈ L2(Ω), but due to the condition
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tr(t) = 0 in Ω, it makes sense to look for t, and consequently the test function s, in

Q = L2
tr(Ω), with

L2
tr(Ω) :=

{
s ∈ L2(Ω) : tr(s) = 0 in Ω

}
.

This implies that (1.8b) can be rewritten equivalently as

ν

∫
Ω

t : s−
∫

Ω

σ : s = 0 ∀ s ∈ L2
tr(Ω) . (1.10)

In turn, we let

C :=

{
d ∈ H0(curl; Ω) :

∫
Ω

d · ∇ξ = 0 ∀ ξ ∈ H1
0(Ω)

}
= H0(curl; Ω) ∩H(div0; Ω) ,

(1.11)

and observe that, since b satisfies (1.9b) with constant µ > 0, then b ∈ C (see [22,

Section I.2.2]). Then, since C is continuously embedded into Hs(Ω) for some s > 1/2

(cf. [2, Proposition 3.7]), which in turn is continuously embedded into L3+δ(Ω), for

some δ > 0 (see [33, Theorem 1.3.4]), we obtain

‖b‖0,3+δ;Ω ≤ c1 ‖b‖curl;Ω ∀b ∈ C .

Therefore, using the well-known embedding inequality

‖v‖0,q;Ω ≤ c2 ‖v‖0,6;Ω ∀ q ∈ [1, 6) , (1.12)

and defining δ∗ := 4 δ
1+δ

> 0, it follows that∣∣∣∣∫
Ω

(curl(d)× b) · v
∣∣∣∣ ≤ ‖curl(d)‖0,Ω ‖b‖0,3+δ;Ω ‖v‖0,6−δ∗;Ω

≤ Cs ‖d‖curl;Ω ‖b‖curl;Ω ‖v‖0,6;Ω ,

(1.13)

for all d ∈ H(curl; Ω),b ∈ C and v ∈ L6(Ω), with Cs the resulting constant from

the aforementioned embedding inequalities. According to the above, the fourth and

third terms in (1.8c) and (1.9a), respectively, are well defined if we set M := L6(Ω),

which, thanks to (1.12), is consistent with the first and second terms of (1.8c), and

consequently, the second and third terms in (1.8a) and (1.8c), respectively, are well

defined if div(σ) and div(τ ) belong to L6/5(Ω). In addition, using the fact that the
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first and second terms in (1.8a) and (1.8b) (or (1.10)), respectively, are well defined

if σ, τ ∈ L2(Ω), we introduce the Banach space

H(div6/5; Ω) :=
{
τ ∈ L2(Ω) : div(τ ) ∈ L6/5(Ω)

}
,

equipped with the norm ‖τ‖2
div6/5;Ω := ‖τ‖2

0,Ω + ‖div(τ )‖2
0,6/5;Ω, and deduce that

(1.8) is well defined if we choose the spaces Q := L2
tr(Ω), M := L6(Ω), and X :=

H(div6/5; Ω), with their respective norms: ‖ · ‖0,Ω, ‖ · ‖0,6;Ω, and ‖ · ‖div6/5;Ω.

Now, for convenience of the subsequent analysis and similarly as in [6] (see also

[5, 12]) we consider the decomposition

H(div6/5; Ω) = H0(div6/5; Ω)⊕ R I ,

where

H0(div6/5; Ω) :=

{
τ ∈ H(div6/5; Ω) :

∫
Ω

tr(τ ) = 0

}
,

that is, R I is a topological supplement for H0(div6/5; Ω). More precisely, each τ ∈
H(div6/5; Ω) can be decomposed uniquely as

τ = τ 0 + d I , with τ 0 ∈ H0(div6/5; Ω) and d :=
1

3 |Ω|

∫
Ω

tr(τ ) ∈ R .

In particular, using from (1.6d) that

∫
Ω

tr(σ) = ν

∫
Ω

gf , we obtain

σ = σ0 + c0 I with σ0 ∈ H0(div6/5; Ω) and c0 =
ν

3 |Ω|

∫
Ω

gf . (1.14)

In this way, knowing explicitly c0 in terms of gf , it remains to find the H0(div6/5; Ω)-

component σ0 of σ to fully determine it. In this regard, using the fact that div(σ) =

div(σ0) and σ : s = σ0 : s, for all s ∈ L2
tr(Ω), we deduce that (1.8b)–(1.8c) remain

unchanged if σ is replaced there by σ0. Moreover it is easy to see, thanks to the

compatibility condition (1.3) satisfied by the Dirichlet datum uD, that both sides of

(1.8a) vanish for τ = I, and hence, testing this equation against τ ∈ H(div6/5; Ω)

is equivalent to doing it against τ ∈ H0(div6/5; Ω).

According to the above, and redenoting from now on σ0 as simply σ ∈ H0(div6/5; Ω),

we arrive to the variational problem: Find (u, t,σ) ∈ L6(Ω)×L2
tr(Ω)×H0(div6/5; Ω)
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and (b, λ) ∈ H0(curl; Ω)× H1
0(Ω), such that

[af (u, t), (v, s)] + [cf (b)(b),v] + [bf (v, s),σ] = [F1, (v, s)] , (1.15a)

[bf (u, t), τ ] = [F2, τ ] , (1.15b)

[am(b),d] + [cm(b)(u),d] + [bm(d), λ] = [F3,d] , (1.15c)

[bm(b), ξ] = 0 , (1.15d)

for all (v, s) ∈ L6(Ω)× L2
tr(Ω), τ ∈ H0(div6/5; Ω), d ∈ H0(curl; Ω), and ξ ∈ H1

0(Ω),

where the operators af , bf , am, bm, cf (b̂), cm(b̂), for a given b̂ ∈ C (cf. (1.11)), are

defined, respectively, as

[af (u, t), (v, s)] := α

∫
Ω

u · v + F

∫
Ω

|u|p−2u · v + ν

∫
Ω

t : s , (1.16)

[bf (v, s), τ ] := −
∫

Ω

τ : s−
∫

Ω

v · div(τ ) , (1.17)

[am(b),d] :=
1

% µ2

∫
Ω

curl(b) · curl(d) , [bm(d), ξ] :=
1

µ

∫
Ω

d · ∇ξ , (1.18)

and

[cf (b̂)(b),v] := − 1

µ

∫
Ω

(
curl(b)× b̂

)
· v ,

[cm(b̂)(u),d] :=
1

µ

∫
Ω

(
curl(d)× b̂

)
· u ,

(1.19)

for all (v, s, τ ) ∈ L6(Ω)× L2
tr(Ω)×H0(div6/5; Ω) and (d, ξ) ∈ H0(curl; Ω)× H1

0(Ω).

In turn, F1, F2, and F3 are the bounded linear functionals defined by

[F1, (v, s)] :=

∫
Ω

ff · v , [F2, τ ] :=
1

3

∫
Ω

gf tr(τ ) − 〈τn,uD〉Γ , (1.20)

and

[F3,d] :=
1

µ

∫
Ω

fm · d . (1.21)

In all the terms above, [·, ·] denotes the duality pairing induced by the corresponding

operators.

Let us define the global unknown and space:

~u := (u, t,b) ∈ X := L6(Ω)× L2
tr(Ω)×C , (1.22)
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where X is endowed with the norm

‖~v‖2
X = ‖(v, s,d)‖2

X = ‖v‖2
0,6;Ω + ‖s‖2

0,Ω + ‖d‖2
curl;Ω ∀ ~v := (v, s,d) ∈ X. (1.23)

Now, recalling that the operator bm (cf. (1.18)) satisfies the inf-sup condition

(see [34, Section 2.4] or [28, Section 5.4]):

sup
d∈H0(curl;Ω)

d6=0

[bm(d), ξ]

‖d‖curl;Ω

≥ βm ‖ξ‖1,Ω ∀ ξ ∈ H1
0(Ω) , (1.24)

with βm > 0, analogously to [34], it is not difficult to see that (1.15) can be rewritten

equivalently (to be proved below in Lemma 1.1) as the following coupled problem:

Find (~u,σ) ∈ X×H0(div6/5; Ω) such that

[A(b)(~u), ~v] + [B(~v),σ] = [F, ~v] ∀ ~v ∈ X ,

[B(~u), τ ] = [G, τ ] ∀ τ ∈ H0(div6/5; Ω) ,

(1.25)

where, given b̂ ∈ C, the operator A(b̂) : X→ X′ is defined by

[A(b̂)(~u), ~v] := [a(~u), ~v] + [c(b̂)(~u), ~v] (1.26)

with

[a(~u), ~v] := [af (u, t), (v, s)] + [am(b),d] , (1.27)

[c(b̂)(~u), ~v] := [cf (b̂)(b),v] + [cm(b̂)(u),d] , (1.28)

whereas the operator B : X→ H0(div6/5; Ω)′ is given by

[B(~v), τ ] := [bf (v, s), τ ] . (1.29)

In turn, the functionals F and G are set as

[F, ~v] := [F1, (v, s)] + [F3,d] and [G, τ ] := [F2, τ ] . (1.30)

The following lemma establishes that problems (1.15) and (1.25) are in fact

equivalents.

Lemma 1.1 If (u, t,σ) ∈ L6(Ω)×L2
tr(Ω)×H0(div6/5; Ω) and (b, λ) ∈ H0(curl; Ω)

× H1
0(Ω) is a solution of (1.15), then b ∈ C and (~u,σ) = ((u, t,b),σ) ∈ X ×

H0(div6/5; Ω) is a solution of (1.25). Conversely, if (~u,σ) ∈ X × H0(div6/5; Ω) is

a solution of (1.25), then there exists λ ∈ H1
0(Ω) such that (u, t,σ) and (b, λ) is a

solution of (1.15).
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Proof. The first assertion is evident.

On the other hand, let (~u,σ) ∈ X×H0(div6/5; Ω) be a solution of (1.25). Note that

(1.25) directly implies (1.15a), (1.15b) and (1.15d). Thus it only remains to show the

existence of λ ∈ H1
0(Ω) such that (1.15c) is satisfied. We prove this fact proceeding

similarly as in [6, Corollary 3.8]. Indeed, let F ∈ H0(curl; Ω) be the unique element

in H0(curl; Ω) (guaranteed by the Riesz representation theorem), such that

〈F,d〉curl = [F3,d]− [am(b),d]− [cm(b)(u),d] ∀d ∈ H0(curl; Ω) ,

with 〈·, ·〉curl being the inner product of H0(curl; Ω). Testing the first equation of

(1.25), with ~v = (0,0,d), we deduce that 〈F,d〉curl = 0 for all d ∈ C, that is,

F ∈ C⊥. Then, owing to the inf-sup condition (1.24), and according to [20, Lemma

2.1-(ii)], we deduce that there exists a unique λ ∈ H1
0(Ω), such that

[bm(d), λ] = 〈F,d〉curl = [F3,d]− [am(b),d]− [cm(b)(u),d] , (1.31)

for all d ∈ H0(curl; Ω) which implies that (u, t,σ) ∈ L6(Ω)×L2
tr(Ω)×H0(div6/5; Ω)

and (b, λ) ∈ H0(curl; Ω)× H1
0(Ω) is solution of (1.15), completing the proof. �

As a consequence of the above, in what follows we focus on analyzing problem

(1.25).
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CHAPTER 2

Analysis of the coupled problem

In this chapter we combine classical results on nonlinear monotone operators with

the Banach fixed-point theorem, to prove the well-posedness of (1.25) (equivalently

(1.15)) under suitable smallness assumptions on the data. To that end we first collect

some previous results and notations that will serve for the forthcoming analysis.

2.1 Preliminaries

We begin by stating a slight adaptation of the abstract result established in [8,

Theorem 3.1].

Theorem 2.1 Let X1, X2, X3 and Y be separable and reflexive Banach spaces, being

X1, X2 and X3 uniformly convex, and set X := X1 ×X2 ×X3. Let A : X → X ′ be

a nonlinear operator, B ∈ L(X, Y ′), and let V be the kernel of B, that is,

V :=
{
~v = (v1, v2, v3) ∈ X : B(~v) = 0

}
.

Assume that

(i) there exist constants L > 0 and p1, p2, p3 ≥ 2, such that

‖A(~u)−A(~v)‖X′ ≤ L
3∑
j=1

{
‖uj − vj‖Xj +

(
‖uj‖Xj + ‖vj‖Xj

)pj−2‖uj − vj‖Xj
}

for all ~u = (u1, u2, u3), ~v = (v1, v2, v3) ∈ X,

23



24 Section 2.1: Preliminaries

(ii) the family of operators
{
A( · + ~z) : V → V ′ : ~z ∈ X

}
is uniformly strongly

monotone, that is there exists α > 0 such that

[A(~u+ ~z)−A(~v + ~z), ~u− ~v] ≥ α ‖~u− ~v‖2
X ,

for all ~z ∈ X, and for all ~u,~v ∈ V , and

(iii) there exists β > 0 such that

sup
~v∈X
~v 6=0

[B(~v), τ ]

‖~v‖X

≥ β ‖τ‖Y ∀ τ ∈ Y .

Then, for each (F ,G) ∈ X ′ × Y ′ there exists a unique (~u, σ) ∈ X × Y such that

[A(~u), ~v] + [B(~v), σ] = [F , ~v] ∀~v ∈ X ,

[B(~u), τ ] = [G, τ ] ∀ τ ∈ Y .
(2.1)

Moreover, there exist positive constants C1 and C2, depending only on L, α, and β,

such that

‖~u‖X ≤ C1M(F ,G) (2.2)

and

‖σ‖Y ≤ C2

{
M(F ,G) +

3∑
j=1

M(F ,G)pj−1

}
, (2.3)

where

M(F ,G) := ‖F‖X′ + ‖G‖Y ′ +
3∑
j=1

‖G‖pj−1
Y ′ + ‖A(0)‖X′ . (2.4)

Next, we establish the stability properties of some of the operators involved in

(1.15) and (1.25). We begin by observing that the operators am, B and functionals

F3, F, G are linear. In turn, from (1.18), (1.29), (1.21), (1.30), and employing Hölder

and Cauchy–Schwarz inequalities, there holds

|[am(b),d]| ≤ 1

% µ2
‖b‖curl;Ω ‖d‖curl;Ω , (2.5)

|[B(~v), τ ]| ≤ ‖~v‖X ‖τ‖div6/5;Ω , (2.6)

|[F3,d]| ≤ 1

µ
‖fm‖0,Ω‖d‖curl;Ω ∀d ∈ H(curl; Ω) , (2.7)

|[F, ~v]| ≤ CF

(
‖ff‖0,6/5;Ω + ‖fm‖0,Ω

)
‖~v‖X , (2.8)
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for all b,d ∈ H(curl; Ω), ~v ∈ L6(Ω) × L2
tr(Ω) ×H(curl; Ω), τ ∈ H0(div6/5; Ω), and

d ∈ H(curl; Ω), with CF := max
{

1, 1/µ
}

. Notice that (2.6) and (2.8) also hold

for all ~v ∈ X. We have written (2.6) and (2.8) in a more general form since both

inequalities will be used later on to prove well-posedness of the Galerkin scheme

proposed in Chapter 3 and to derive the a priori error analysis (cf. Lemma 4.1). In

addition,

|[G, τ ]| ≤ CG

(
‖gf‖0,Ω + ‖uD‖1/2,Γ

)
‖τ‖div6/5;Ω ∀ τ ∈ H0(div6/5; Ω) , (2.9)

where CG := max
{

1/
√

3, CΩ

}
and CΩ is a positive constant depending on ‖i6‖ (for

more details see [5, Lemma 3.5] and (0.2)).

Finally, using (1.13) and the definition of the operators cf (b̂) , cm(b̂) , c(b̂) (cf.

(1.19), (1.28)), we observe that for any b̂ ∈ C, there hold

∣∣[cf (b̂)(b),v]
∣∣ ≤ Cs

µ
‖b̂‖curl;Ω ‖b‖curl;Ω ‖v‖0,6;Ω ∀ (b,v) ∈ H(curl; Ω)× L6(Ω) ,

(2.10)∣∣[cm(b̂)(u),d]
∣∣ ≤ Cs

µ
‖b̂‖curl;Ω ‖u‖0,6;Ω ‖d‖curl;Ω ∀ (u,d) ∈ L6(Ω)×H(curl; Ω) ,

(2.11)∣∣[c(b̂)(~u), ~v]
∣∣ ≤ Cs

µ
‖b̂‖curl;Ω

(
‖u‖2

0,6;Ω + ‖b‖2
curl;Ω

)1/2 (‖v‖2
0,6;Ω + ‖d‖2

curl;Ω

)1/2

≤ Cs
µ
‖b̂‖curl;Ω ‖~u‖X ‖~v‖X ∀ ~u = (u, t,b), ~v = (v, s,d) ∈ X ,

(2.12)

and, in addition,

[c(b̂)(~v), ~v] = 0 ∀ ~v ∈ X . (2.13)

2.2 A fixed point strategy

We begin the solvability analysis of (1.25) (equivalently (1.15)) by defining the

operator T : C→ C by

T(b̂) := b ∀ b̂ ∈ C , (2.14)
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where b is part of the element (~u,σ) = ((u, t,b),σ) in X×H0(div6/5; Ω) satisfying

[A(b̂)(~u), ~v] + [B(~v),σ] = [F, ~v] ∀ ~v ∈ X ,

[B(~u), τ ] = [G, τ ] ∀ τ ∈ H0(div6/5; Ω) .

(2.15)

Notice that solving (1.25) is equivalent to finding b ∈ C such that

T(b) = b .

In this way, in what follows we focus on proving that T possesses a unique fixed-

point. To that end, we first show that the coupled problem (2.15) is well-posed, which

means, equivalently, that T (cf. 2.14) is indeed well-defined. We observe that, given

b̂ ∈ C, the problem (2.15) has the same structure as the one in Theorem 2.1 (cf.

(2.1)). Therefore, in order to apply this abstract result, we notice that, thanks to the

uniform convexity and separability of Lp(Ω), for p ∈ (1,+∞), all the spaces involved

in (2.15), that is, L6(Ω), L2
tr(Ω), C and H0(div6/5,Ω), share the same properties.

We continue our analysis by proving that, given b̂ ∈ C, the nonlinear operator

A(b̂) (cf. (1.26)) satisfies hypothesis (i) of Theorem 2.1 with p1 = p ∈ [3, 4] and

p2 = p3 = 2.

Lemma 2.2 Let p ∈ [3, 4]. Given b̂ ∈ C, there exists LMH > 0, depending on ν, F,

α, |Ω|, Cs, %, and µ, such that

‖A(b̂)(~u)−A(b̂)(~v)‖X′ ≤ LMH

{(
1 + ‖b̂‖curl;Ω

)(
‖u− v‖0,6;Ω + ‖b− d‖curl;Ω

)
+ ‖t− s‖0,Ω +

(
‖u‖0,6;Ω + ‖v‖0,6,Ω

)p−2‖u− v‖0,6;Ω

}
,

(2.16)

for all ~u = (u, t,b), ~v = (v, s,d) ∈ L6(Ω)× L2
tr(Ω)×H(curl; Ω).

Proof. Let ~u = (u, t,b), ~v = (v, s,d), and ~w = (w, r, e) ∈ L6(Ω) × L2
tr(Ω) ×

H(curl; Ω). From the definition of the operator A(b̂) (cf. (1.26)), the Cauchy–

Schwarz and Hölder inequalities, the continuity bound of c(b̂) (cf. (2.12)), and simple

computations, we deduce that

[A(b̂)(~u)−A(b̂)(~v), ~w] ≤ F ‖|u|p−2u− |v|p−2v‖0,q;Ω ‖w‖0,p;Ω

+α |Ω|2/3 ‖u− v‖0,6;Ω‖w‖0,6;Ω + ν ‖t− s‖0,Ω ‖r‖0,Ω +
1

%µ2
‖b− d‖curl;Ω ‖e‖curl;Ω

+
Cs
µ
‖b̂‖curl;Ω

(
‖u− v‖0,6;Ω + ‖b− d‖curl;Ω

)(
‖w‖0,6;Ω + ‖e‖curl;Ω

)
,

(2.17)
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where 1/p+1/q = 1. In turn, using [3, Lemma 2.1, eq.(2.1a)] to bound the first term

on the right hand side of (2.17), and the embedding (1.12) of L6(Ω) into Lp(Ω), with

p ∈ [3, 4], we deduce that there exists cp > 0, depending only on |Ω| and p, such

that

‖|u|p−2u− |v|p−2v‖0,q;Ω ‖w‖0,p;Ω

≤ cp

(
‖u‖0,p;Ω + ‖v‖0,p;Ω

)p−2‖u− v‖0,p;Ω ‖w‖0,p;Ω

≤ cp |Ω|(6−p)/6
(
‖u‖0,6;Ω + ‖v‖0,6;Ω

)p−2 ‖u− v‖0,6;Ω ‖w‖0,6;Ω .

(2.18)

Thus, replacing back (2.18) into (2.17), we obtain (2.16) with

LMH := max

{
α |Ω|2/3, F cp |Ω|(6−p)/6, ν,

1

%µ2
,
Cs
µ

}
,

which completes the proof. �

At this point we observe that since (2.16) holds for all ~u and ~v in L6(Ω) ×
L2

tr(Ω) ×H(curl; Ω), it is clear that it also holds for all ~u and ~v in X (cf. (1.22)).

We write (2.16) in the current general form since it will be used later on to derive

the a priori error analysis (cf. Lemma 4.1).

Now, let us look at the kernel of the operator B (cf. (1.29)) that is

V :=
{
~v = (v, s,d) ∈ X : [B(~v), τ ] = 0 ∀ τ ∈ H0(div6/5; Ω)

}
which, proceeding similarly to [12, eq. (3.34)] reduce to

V := K×C ,

where

K =
{

(v, s) ∈ L6(Ω)× L2
tr(Ω) : ∇v = s and v ∈ H1

0(Ω)
}
. (2.19)

In addition, we recall from [31, Corollary 3.51] that

‖curl(d)‖2
0,Ω ≥ αm ‖d‖2

curl;Ω ∀d ∈ C . (2.20)

Thus, the following lemma shows that the operator A(b̂) satisfies hypothesis (ii)

of Theorem 2.1 with p1 = p ∈ [3, 4] and p2 = p3 = 2.
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Lemma 2.3 Given b̂ ∈ C, the family of operators
{
A(b̂)(·+~z) : V→ V′ : ~z ∈ X

}
is uniformly strongly monotone, that is, there exists αMH > 0, depending on ν, α,

αm, ‖i6‖, %, and µ such that

[A(b̂)(~u + ~z)−A(b̂)(~v + ~z), ~u− ~v] ≥ αMH ‖~u− ~v‖2
X (2.21)

for all ~z = (z, r, e) ∈ X, and for all ~u = (u, t,b), ~v = (v, s,d) ∈ V.

Proof. Let ~z = (z, r, e) ∈ X and ~u = (u, t,b), ~v = (v, s,d) ∈ V. Bearing in mind the

definition of A(b̂), a, and c(b̂) (cf. (1.26), (1.27), (1.28)), and the identity (2.13),

we get

[A(b̂)(~u + ~z)−A(b̂)(~v + ~z), ~u− ~v]

= [a(~u + ~z)− a(~v + ~z), ~u− ~v] + [c(b̂)(~u− ~v), ~u− ~v]

= α ‖u− v‖2
0,Ω + F

∫
Ω

(
|u + z|p−2(u + z)− |v + z|p−2(v + z)

)
· (u− v)

+ ν ‖t− s‖2
0,Ω +

1

% µ2
‖curl(b− d)‖2

0,Ω .

(2.22)

In turn, using [3, Lemma 2.1, eq.(2.1b)], there exists Cp > 0 depending only on |Ω|
and p, such that∫

Ω

(
|u + z|p−2(u + z)− |v + z|p−2(v + z)

)
· (u− v) ≥ Cp ‖u− v‖p

0,p;Ω ≥ 0 ,

which, together with (2.20) and (2.22), yields

[A(b̂)(~u+~z)−A(b̂)(~v+~z), ~u−~v] ≥ α ‖u−v‖2
0,Ω +ν ‖t−s‖2

0,Ω +
αm
% µ2
‖b−d‖2

curl;Ω .

(2.23)

Next, employing the fact that t − s = ∇(u − v) ∈ Ω and u − v ∈ H1
0(Ω) in (cf.

(2.19)), and using the continuous injection i6 of H1(Ω) into L6(Ω) (cf. (0.2)), we

deduce that

[A(b̂)(~u + ~z)−A(b̂)(~v + ~z), ~u− ~v]

≥ min
{
α,
ν

2

}
‖u− v‖2

1,Ω +
ν

2
‖t− s‖2

0,Ω +
αm
% µ2
‖b− d‖2

curl;Ω

≥ min
{
α,
ν

2

}
‖i6‖−2 ‖u− v‖2

0,6;Ω +
ν

2
‖t− s‖2

0,Ω +
αm
% µ2
‖b− d‖2

curl;Ω ,
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which yields (2.21) with

αMH := min

{
‖i6‖−2 min

{
α,
ν

2

}
,
ν

2
,
αm
% µ2

}
. (2.24)

�

As a corollary of Lemma 2.3, replacing ~u, ~v ∈ V and ~z ∈ X in (2.21) by ~u− ~v,

0 ∈ V and ~v ∈ X, respectively, we arrive at

[A(b̂)(~u)−A(b̂)(~v), ~u− ~v] ≥ αMH ‖~u− ~v‖2
X , (2.25)

for all ~u, ~v ∈ X such that ~u− ~v ∈ V.

We end the verification of the hypotheses of Theorem 2.1, with the corresponding

inf-sup condition for the operator B (cf. (1.29), (1.17)).

Lemma 2.4 There exists a positive constant βMH, such that

sup
~v∈X
~v 6=0

[B(~v), τ ]

‖~v‖X
≥ βMH ‖τ‖div6/5;Ω ∀ τ ∈ H0(div6/5; Ω) . (2.26)

Proof. First, we note that from a slight adaptation of [12, Lemma 3.3] the following

inf-sup condition for bf holds

sup
(v,s)∈L6(Ω)×L2

tr(Ω)
(v,s) 6=0

[bf (v, s), τ ]

‖(v, s)‖
≥ βMH ‖τ‖div6/5;Ω ∀ τ ∈ H0(div6/5; Ω) . (2.27)

Thus, (2.26) follows straightforwardly from (2.27) and the definition of the operator

B (cf. (1.29)). �

Now, we are in a position of establishing the solvability of the nonlinear problem

(2.15).

Lemma 2.5 For each b̂ ∈ C, the problem (2.15) has a unique solution (~u,σ) =

((u, t,b),σ) ∈ X×H0(div6/5; Ω), and hence T(b̂) := b ∈ C is well-defined. More-

over, there exists a positive constant CT, independent of b̂, such that

‖T(b̂)‖curl;Ω

≤ ‖~u‖X ≤ CT

‖ff‖0,6/5;Ω + ‖fm‖0,Ω +
∑

j∈{p,2}

(
‖gf‖0,Ω + ‖uD‖1/2,Γ

)j−1

 .

(2.28)
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Proof. Given b̂ ∈ C, we first recall from (2.6), (2.8) and (2.9) that B, F and G are

all linear and bounded. Thus, thanks to Lemmas 2.2 and 2.3, the inf-sup condition of

B given by (2.26), a straightforward application of Theorem 2.1, with p1 = p ∈ [3, 4]

and p2 = p3 = 2 to problem (2.15) completes the proof. In particular, given b̂ ∈ C,

noting from (1.26) that A(b̂)(0) is the null functional, we get from (2.4) that

M(F,G) = ‖F‖X′ + 3‖G‖H0(div6/5;Ω)′ + ‖G‖p−1
H0(div6/5;Ω)′ ,

and hence the a priori estimate (2.2) yields

‖~u‖X ≤ C1

{
‖F‖X′ + ‖G‖H0(div6/5;Ω)′ + ‖G‖p−1

H0(div6/5;Ω)′

}
,

with a positive constant C1 depending only on LMH, αMH and βMH. The foregoing

inequality together with the bounds of ‖F‖X′ and ‖G‖H0(div6/5;Ω)′ (cf. (2.8), (2.9))

imply (2.28) with CT depending on ‖i6‖, LMH, αMH, µ and βMH, thus completing the

proof. �

For later use in the work we note here that, applying (2.3), and using again

the bounds (2.8) and (2.9) for ‖F‖X′ and ‖G‖H0(div6/5;Ω)′ , respectively, the a priori

estimate for the second component of the solution to the problem defining T (cf.

(2.15)) reduces to

‖σ‖div6/5;Ω

≤ Cσ

∑
i∈{p,2}

‖ff‖0,6/5;Ω + ‖fm‖0,Ω +
∑

j∈{p,2}

(
‖gf‖0,Ω + ‖uD‖1/2,Γ

)j−1

i−1

,

(2.29)

with Cσ depending on LMH, αMH, µ and βMH.

2.3 Well-posedness of the continuous formulation

Having proved the well-posedness of the coupled problem (2.15) which ensures

that the operator T is well defined, we now aim to establish the existence of a

unique fixed-point of the operator T. For this purpose, in what follows we will

verify the hypothesis of the Banach fixed-point theorem. We begin by providing

suitable conditions under which T maps a ball into itself.
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Lemma 2.6 Given r > 0, let W be the closed ball in C with center at the origin

and radius r, and assume that the data satisfy

CT

‖ff‖0,6/5;Ω + ‖fm‖0,Ω +
∑

j∈{p,2}

(
‖gf‖0,Ω + ‖uD‖1/2,Γ

)j−1

 ≤ r . (2.30)

Then, there holds T(W) ⊆W.

Proof. It is a direct consequence of the a priori estimate (2.28) and the assumption

(2.30). �

We now aim to prove that the operator T is Lipschitz continuous.

Lemma 2.7 Let Cs, αMH, and CT be given by (1.13), (2.24), and (2.28), respectively.

Then, there holds

‖T(b̂)−T(b̂0)‖curl;Ω ≤ CsCT

µαMH

{
‖ff‖0,6/5;Ω + ‖fm‖0,Ω +

∑
j∈{p,2}

(
‖gf‖0,Ω

+ ‖uD‖1/2,Γ

)j−1

}
‖b̂− b̂0‖curl;Ω ,

(2.31)

for all b̂, b̂0 ∈ C.

Proof. Given b̂, b̂0 ∈ C, we let (~u,σ) := ((u, t,b),σ) and (~u0,σ0) := ((u0, t0,b0),

σ0) ∈ X×H0(div6/5; Ω) be the corresponding solutions of (2.15) so that b := T(b̂)

and b0 := T(b̂0). Then, subtracting the corresponding problems from (2.15), and

using the definition of the operator A(b̂) (cf. (1.26)), we obtain

[A(b̂0)(~u)−A(b̂0)(~u0), ~v] + [B(~v),σ − σ0] = −[c(b̂− b̂0)(~u), ~v] ,

[B(~u− ~u0), τ ] = 0 ,

(2.32)

for all ~v ∈ X and τ ∈ H0(div6/5; Ω). We note from the second equation of (2.32)

that ~u− ~u0 ∈ V (cf (2.19)). Hence, taking ~v := ~u− ~u0 ∈ V in the first equation of

(2.32), applying (2.25) with ~u, ~u0 ∈ X, and using the continuity bound of c(b̂) (cf.

(2.12)), we obtain

αMH ‖~u− ~u0‖2
X ≤ [A(b̂0)(~u)−A(b̂0)(~u0), ~u− ~u0] = −[c(b̂− b̂0)(~u), ~u− ~u0]

≤ Cs
µ
‖~u‖X ‖b̂− b̂0‖curl;Ω ‖~u− ~u0‖X ,
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which, together with (2.28) to bound ‖~u‖X, implies (2.31), completing the proof. �

We are now in position to establish the main result concerning the solvability of

(1.25)

Theorem 2.8 Given r > 0, let W be the closed ball in C with center at the origin

and radius r, and assume that the data satisfy (2.30) and

CsCT

µαMH

‖ff‖0,6/5;Ω + ‖fm‖0,Ω +
∑

j∈{p,2}

(
‖gf‖0,Ω + ‖uD‖1/2,Γ

)j−1

 < 1 . (2.33)

Then the operator T has a unique fixed point b ∈ W. Equivalently, the coupled

problem (1.25) has a unique solution (~u,σ) ∈ X × H0(div6/5; Ω), with b ∈ W.

Moreover, there exist positive constants CT, Cσ, depending on Cs, ν, F, α, αm, |Ω|,
%, µ, and βMH, such that the following a priori estimates hold

‖~u‖X ≤ CT

‖ff‖0,6/5;Ω + ‖fm‖0,Ω +
∑

j∈{p,2}

(
‖gf‖0,Ω + ‖uD‖1/2,Γ

)j−1

 , (2.34)

‖σ‖div6/5;Ω

≤ Cσ

∑
i∈{p,2}

‖ff‖0,6/5;Ω + ‖fm‖0,Ω +
∑

j∈{p,2}

(
‖gf‖0,Ω + ‖uD‖1/2,Γ

)j−1

i−1

.

(2.35)

Proof. We begin by recalling from Lemma 2.6 that, under the assumption (2.30), T

maps the ball W into itself, and hence, for each b ∈W we have that both ‖b‖curl;Ω

and ‖T(b)‖curl;Ω are bounded by r. In turn, it is clear from (2.31) in Lemma 2.7

and Hypotheses (2.33) that T is a contraction. Therefore, the Banach fixed-point

theorem provides the existence of a unique fixed point b ∈W of T, equivalently, the

existence of a unique solution (~u,σ) ∈ X × H0(div6/5; Ω), of the coupled problem

(1.25), with b ∈W. In addition, it is clear that the estimates (2.34) and (2.35) follow

straightforwardly from (2.28) and (2.29), respectively, which finishes the proof. �

We end this chapter by establishing the well-posedness of (1.15).

Corollary 2.9 Let ff ∈ L6/5(Ω), fm ∈ L2(Ω), gf ∈ L2(Ω), and uD ∈ H1/2(Γ),

such that (2.30) and (2.33) hold. Then, there exist a unique (u, t,σ) ∈ L6(Ω) ×
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L2
tr(Ω) × H0(div6/5; Ω) and (b, λ) ∈ H0(curl; Ω) × H1

0(Ω) solution to (1.15). In ad-

dition, (u, t,b) and σ satisfy (2.34) and (2.35), respectively, and for λ, there exits

a constant Cλ depending on Cs, ν, F, α, αm, |Ω|, %, µ, βMH, and βm, such that

‖λ‖1,Ω ≤ Cλ

2∑
i=1

‖ff‖0,6/5;Ω + ‖fm‖0,Ω +
∑

j∈{p,2}

(
‖gf‖0,Ω + ‖uD‖1/2,Γ

)j−1

i

.

(2.36)

Proof. We begin by recalling from Lemma 1.1 that the problems (1.15) and (1.25)

are equivalents. Thus, the well-posedness of (1.15) and stability bounds for (u, t,b)

and σ follow from Theorem 2.8. On the other hand, using the identity (1.31), the

inf-sup condition (1.24), and the continuity bounds of am, F3 and cm (cf. (2.5), (2.7),

(2.11)), we deduce that

βm‖λ‖1,Ω ≤ sup
d∈H0(curl;Ω)

d6=0

[F3,d]− [am(b),d]− [cm(b)(u),d]

‖d‖curl;Ω

≤ 1

µ
‖fm‖0,Ω +

1

% µ2
‖b‖curl;Ω +

Cs
µ
‖b‖curl;Ω ‖u‖0,6;Ω .

Finally, bounding ‖b‖curl;Ω ‖u‖0,6;Ω by ‖~u‖2
X in the foregoing inequality, and employ-

ing (2.34), we obtain (2.36), completing the proof. �
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CHAPTER 3

Galerkin scheme

In this chapter we introduce and analyze the corresponding Galerkin scheme for

the five-field mixed formulation (1.15) (equivalently (1.25)). We mention in advance

that, as we shall see in the forthcoming subsections, the well-posedness analysis

follows straightforwardly by adapting the results derived for the continuous problem

to the discrete case, so most of the details are omitted.

3.1 Discrete setting

We first let {Th}h>0 be a regular family of triangulations of the polyhedral region

Ω made up of tetrahedra T in R3 of diameter hT such that Ω = ∪
{
T : T ∈ Th

}
and define h := max

{
hT : T ∈ Th

}
. Given an integer l ≥ 0 and a subset S of R3,

we denote by Pl(S) the space of polynomials of total degree at most l defined on S,

P̃l(S) the space of homogeneous polynomials of degree exactly l on S and Ml(S) the

space of polynomials p in P̃l(S) satisfying p(x) ·x = 0 on S, where x := (x1, x2, x3)t

is a generic vector of R3. Hence, for each integer k ≥ 0 and for each T ∈ Th, we

define the local Raviart–Thomas and Nédélec elements of order k (see for instance

[4] and [31]), respectively, by

RTk(T ) := Pk(T )⊕ P̃k(T )x and NDk(T ) := Pk(T )⊕Mk+1(T ) .

35
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In this way, introducing the finite element subspaces:

Hu
h := {vh ∈ L6(Ω) : vh|T ∈ Pk(T ) ∀T ∈ Th} ,

Ht
h := {rh ∈ L2

tr(Ω) : rh|T ∈ Pk(T ) ∀T ∈ Th} ,

Hσ
h :=

{
τ h ∈ H0(div6/5; Ω) : ctτ h|T ∈ RTk(T ) ∀ c ∈ Rn, ∀T ∈ Th

}
,

Hb
h := {dh ∈ H0(curl; Ω) : dh|T ∈ NDk(T ) ∀T ∈ Th} ,

Hλ
h := {ξ ∈ H1

0(Ω) : ξh|T ∈ Pk+1(T ) ∀T ∈ Th} ,
(3.1)

the Galerkin scheme for (1.15) reads: Find (uh, th,σh) ∈ Hu
h×Ht

h×Hσ
h and (bh, λh) ∈

Hb
h × Hλ

h, such that

[af (uh, th), (vh, sh)] + [cf (bh)(bh),vh] + [bf (vh, sh),σh] = [F1, (vh, sh)], (3.2a)

[bf (uh, th), τ h] = [F2, τ h] , (3.2b)

[am(bh),dh] + [cm(bh)(uh),dh] + [bm(dh), λh] = [F3,dh] , (3.2c)

[bm(bh), ξh] = 0 , (3.2d)

for all (vh, sh, τ h) ∈ Hu
h ×Ht

h ×Hσ
h and for all (dh, ξh) ∈ Hb

h × Hλ
h.

Now, analogously to the continuous case, from [28, Section 5.4] we recall that

the bilinear form bm satisfies the discrete inf-sup condition:

sup
dh∈Hb

h
dh 6=0

[bm(dh), ξh]

‖dh‖curl;Ω

≥ βm ‖ξh‖1,Ω ∀ ξh ∈ Hλ
h , (3.3)

with βm > 0 being the same constant satisfying (1.24), which certainly is indepen-

dent of h. Then, defining the discrete version of C (cf. (1.11)) as

Ch :=

{
dh ∈ Hb

h :

∫
Ω

dh · ∇ξh = 0 ∀ ξh ∈ Hλ
h

}
, (3.4)

and denoting from now on

~uh := (uh, th,bh) , ~vh := (vh, sh,dh) ∈ Xh := Hu
h ×Ht

h ×Ch ,

the discrete version of (1.25) reads: Find (~uh,σh) ∈ Xh ×Hσ
h such that:

[A(bh)(~uh), ~vh] + [B(~vh),σh] = [F, ~vh] ∀ ~vh ∈ Xh ,

[B(~uh), τ h] = [G, τ h] ∀ τ h ∈ Hσ
h ,

(3.5)
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where, as in the continuous case, given b̂h ∈ Ch, the operator A(b̂h) : Xh → X′h is

defined by

[A(b̂h)(~uh), ~vh] := [a(~uh), ~vh] + [c(b̂h)(~uh), ~vh] , (3.6)

where Xh is endowed with the norm defined in (1.23).

At this point, we observe that owing to the discrete inf-sup condition (3.3), and

using similar arguments to the ones employed in Lemma 1.1, the discrete prob-

lems (3.2) and (3.5) are equivalent. According to this, in what follows we focus on

analyzing (3.5).

We now develop the discrete analogue of the fixed-point approach utilized in

Section 2.2. To this end, we introduce the operator Td : Ch → Ch defined by

Td(b̂h) := bh ∀ b̂h ∈ Ch , (3.7)

where (~uh,σh) = ((uh, th,bh),σh) ∈ Xh×Hσ
h is the unique solution (to be confirmed

below) of the problem

[A(b̂h)(~uh), ~vh] + [B(~vh),σh] = [F, ~vh] ∀ ~vh ∈ Xh ,

[B(~uh), τ h] = [G, τ h] ∀ τ h ∈ Hσ
h .

(3.8)

Therefore solving (3.5) is equivalent to seeking a fixed point of the operator Td, that

is: Find bh ∈ Ch such that

Td(bh) = bh . (3.9)

3.2 Solvability analysis

We begin by proving that (3.8) is well-posed, or equivalently that Td (cf. (3.7))

is well defined. We remark in advance that the respective proof, being the discrete

analogue of the one of Lemma 2.5, makes use again of the abstract result given by

Theorem 2.1. We note also that the discrete kernel of bm, namely Ch (cf. (3.4)),

is not included in its continuous counterpart C (cf. (1.11)), and consequently, we

can not employ the embedding C ⊆ Hs(Ω) for some s > 1/2. In order to overcome

this drawback, as we shall see in the following lemma, from now on we need to

assume that the mesh is quasi-uniform. Then, recalling the inverse inequality (see

[11, Theorem 3.2.6]):

‖ξ‖0,q;Ω ≤ CI h
3 (1/q−1/p)‖ξ‖0,p;Ω, 1 ≤ p ≤ q ≤ ∞ , (3.10)
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for all piecewise polynomial functions ξ and CI > 0 independent of h, we are able

to establish general versions of (2.10), (2.11), and (2.12).

Lemma 3.1 Assume that {Th}h>0 is a family of quasi-uniform triangulations.

Given b̂ ∈ C + Ch, there exists a positive constant Cs,d, independent of h and the

physical parameters, such that∣∣[cf (b̂)(b),v]
∣∣ ≤ Cs,d

µ
‖b̂‖curl;Ω‖b‖curl;Ω ‖v‖0,6;Ω ∀ (b,v) ∈ Hb

h × L6(Ω) , (3.11)

∣∣[cm(b̂)(u),d]
∣∣ ≤ Cs,d

µ
‖b̂‖curl;Ω ‖u‖0,6;Ω ‖d‖curl;Ω ∀ (u,d) ∈ L6(Ω)×Hb

h (3.12)

and∣∣[c(b̂)(~u), ~v]
∣∣ ≤ Cs,d

µ
‖b̂‖curl;Ω

(
‖u‖2

0,6;Ω + ‖b‖2
curl;Ω

)1/2 (‖v‖2
0,6;Ω + ‖d‖2

curl;Ω

)1/2

≤ Cs,d
µ
‖b̂‖curl;Ω ‖~u‖X ‖~v‖X

(3.13)

for all ~u = (u, t,b), ~v = (v, s,d) ∈ L6(Ω)× L2
tr(Ω)×Hb

h.

Proof. In order to show (3.11), we proceed similarly to the proof of [34, Proposition

3.2]. First, notice that given b̂ ∈ C, (3.11) follow straightforwardly from (2.10),

since b ∈ Hb
h ⊆ H(curl; Ω). Now, let b̂ ∈ Ch and (b,v) ∈ Hb

h × L6(Ω). In order to

prove (3.11) we let S : Ch → C be a linear operator such that (see [28, Section 4])

curl(d) = curl(S(d)) ∀d ∈ Ch (3.14)

satisfying

‖d− S(d)‖0,Ω ≤ CS h
s ‖curl(d)‖0,Ω ∀d ∈ Ch , (3.15)

where s > 1/2 is the parameter such that C ⊆ Hs(Ω) (see [28, Lemma 4.5]). Next,

adding and subtracting S(b̂) in the operator cf (b̂) and using triangle inequality, we

obtain ∣∣[cf (b̂)(b),v]
∣∣ ≤ ∣∣[cf (b̂− S(b̂))(b),v]

∣∣+
∣∣[cf (S(b̂))(b),v]

∣∣ . (3.16)

In order to bound the first term on the right-hand side of (3.16) we apply Hölder’s

inequality, the inverse inequality (3.10), with q = 3 and p = 2, and the estimate
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(3.15), to obtain∣∣[cf (b̂− S(b̂))(b),v]
∣∣ ≤ 1

µ
‖b̂− S(b̂)‖0,Ω ‖curl(b)‖0,3;Ω ‖v‖0,6;Ω

≤ CSCI
µ

hs−1/2‖curl(b̂)‖0,Ω‖curl(b)‖0,Ω‖v‖0,6;Ω

≤ CSCI
µ

hs−1/2‖b̂‖curl;Ω‖b‖curl;Ω‖v‖0,6;Ω .

(3.17)

In turn, using the estimates (2.10) and (2.20), and the identity (3.14), we are able

to deduce∣∣[cf (S(b̂))(b),v]
∣∣ ≤ Cs

µ
‖S(b̂)‖curl;Ω ‖b‖curl;Ω ‖v‖0,6;Ω

≤ Cs

µα
1/2
m

‖curl(S(b̂))‖0,Ω ‖b‖curl;Ω ‖v‖0,6;Ω

≤ Cs

µα
1/2
m

‖b̂‖curl;Ω ‖b‖curl;Ω ‖v‖0,6;Ω .

(3.18)

Thus, replacing back (3.17) and (3.18) into (3.16), and using the fact that hs−1/2 < 1,

since s > 1/2, we obtain (3.11) with Cs,d = CSCI + Cs/α
1/2
m independent of h and

the physical parameters. The proof of (3.12) follows analogously to (3.11), reason

why is omitted, whereas (3.13) follows from the definition of the operator c(b̂) (cf.

(1.28)) and estimates (3.11), (3.12). �

The following result establishes that the nonlinear operator A(b̂h) (cf. (3.6))

satisfies hypothesis (i) of Theorem 2.1 with p1 = p ∈ [3, 4] and p2 = p3 = 2.

Lemma 3.2 Assume that {Th}h>0 is a family of quasi-uniform triangulations. Let

p ∈ [3, 4]. Given b̂h ∈ Ch, there exits LMH,d > 0, depending on ν, F, α, |Ω|, Cs,d, %,

and µ, such that

‖A(b̂h)(~uh)−A(b̂h)(~vh)‖X′h

≤ LMH,d

{(
1 + ‖b̂h‖curl;Ω

)(
‖uh − vh‖0,6;Ω + ‖bh − dh‖curl;Ω

)
+ ‖th − sh‖0,Ω

+
(
‖uh‖0,6;Ω + ‖vh‖0,6,Ω

)p−2‖uh − vh‖0,6;Ω

}
,

(3.19)

for all ~uh = (uh, th,bh), ~vh = (vh, sh,dh) ∈ Xh.

Proof. First, given b̂h ∈ Ch, we observe from the definition of the operator A(b̂h)

(cf. (3.6)) that for ~uh = (uh, th,bh), ~vh = (vh, sh,dh) ∈ Xh there certainly holds

‖A(b̂h)(~uh)−A(b̂h)(~vh)‖X′h ≤ ‖a(~uh)− a(~vh)‖X′h + ‖c(b̂h)(~uh − ~vh)‖X′h .
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Then, employing similar arguments to (2.16) and considering (3.13), we obtain

(3.19), with

LMH,d := max

{
α |Ω|2/3, F cp |Ω|(6−p)/6, ν,

1

%µ2
,
Cs,d
µ

}
.

�

Next, in order to prove the hypotheses (ii) and (iii) of Theorem 2.1, we set the

discrete kernel of the operator B, which is given by Vh := Kh ×Ch, with

Kh :=

{
(vh, sh) ∈ Hu

h ×Ht
h : −

∫
Ω

τ h : sh −
∫

Ω

vh · div(τ h) = 0 ∀ τ h ∈ Hσ
h

}
.

(3.20)

Then, from a slight adaptation of [8, Lemma 4.1], which in turn follows by using

similar arguments to the ones developed in [12, Section 5], we now provide the

discrete inf-sup condition for the operator bf (cf. (1.17)) and an intermediate result

that will be used to show later on the strong monotonicity of A(b̂h) on Vh.

Lemma 3.3 There exist positive constants βMH,d and Cd such that

sup
(vh,sh)∈Hu

h×H
t
h

(vh,sh) 6=0

[bf (vh, sh), τ h]

‖(vh, sh)‖
≥ βMH,d ‖τ h‖div6/5;Ω ∀ τ h ∈ Hσ

h (3.21)

and

‖sh‖0,Ω ≥ Cd‖vh‖0,6;Ω ∀ (vh, sh) ∈ Kh . (3.22)

In addition, we recall from [28, Theorem 4.7] that

‖curl(dh)‖2
0,Ω ≥ αm,d ‖dh‖2

curl;Ω ∀dh ∈ Ch . (3.23)

We now establish the discrete strong monotonicity property of A(b̂h) (cf. (3.6)).

Lemma 3.4 Given b̂h ∈ Ch, the family of operators
{
A(b̂h)(· + ~zh) : Vh → V′h :

~zh ∈ Xh

}
is uniformly strongly monotone, that is, there exists αMH,d > 0, depending

on ν, αm,d, Cd, %, and µ such that

[A(b̂h)(~uh + ~zh)−A(b̂h)(~vh + ~zh), ~uh − ~vh] ≥ αMH,d ‖~uh − ~vh‖2
X , (3.24)

for all ~zh = (zh, rh, eh) ∈ Xh, and for all ~uh = (uh, th,bh), ~vh = (vh, sh,dh) ∈ Vh.
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Proof. We follow an analogous reasoning to the proof of Lemma 2.3. In fact, let

~zh = (zh, rh, eh) ∈ Xh and ~uh = (uh, th,bh), ~vh = (vh, sh,dh) ∈ Vh = Kh ×Ch (cf.

(3.20)). Then, according to the definition of A(b̂h) (cf. (3.6)), and using the identity

(2.13) (which is also true when b̂ ∈ Ch and ~v ∈ Xh), [3, Lemma 2.1, eq.(2.1b)], and

(3.23), we get, similarly to (2.23) that

[A(b̂h)(~uh + ~zh)−A(b̂h)(~vh + ~zh), ~uh − ~vh]

≥ α ‖uh − vh‖2
0,Ω + ν ‖th − sh‖2

0,Ω +
αm,d
% µ2

‖bh − dh‖2
curl;Ω .

(3.25)

Next, bounding below the first term on the right hand side of (3.25) by 0, and using

the fact that ~uh − ~vh := ((uh − vh, th − sh),bh − dh) ∈ Kh × Ch in combination

with the estimate (3.22), we obtain

[A(b̂h)(~uh + ~zh)−A(b̂h)(~vh + ~zh), ~uh − ~vh]

≥ ν

2
C2
d ‖uh − vh‖2

0,6;Ω +
ν

2
‖th − sh‖2

0,Ω +
αm,d
% µ2

‖bh − dh‖2
curl;Ω ,

which yields (3.24) with

αMH,d := min

{
ν

2
,
ν C2

d

2
,
αm,d
% µ2

}
. (3.26)

�

Similar to the continuous case, replacing ~uh, ~vh ∈ Vh and ~zh ∈ Xh by ~uh − ~vh,
0 ∈ Vh and ~vh ∈ Xh in (3.24), we arrive at

[A(b̂h)(~uh)−A(b̂h)(~vh), ~uh − ~vh] ≥ αMH,d ‖~uh − ~vh‖2
X , (3.27)

for all ~uh, ~vh ∈ Xh such that ~uh − ~vh ∈ Vh.

We continue with the discrete inf-sup condition for the operator B (cf. (1.29),

(1.17)).

Lemma 3.5 There exists a positive constant βMH,d, such that

sup
~vh∈Xh
~vh 6=0

[B(~vh), τ h]

‖~vh‖X
≥ βMH,d ‖τ h‖div6/5;Ω ∀ τ h ∈ Hσ

h . (3.28)

Proof. The statement follows directly from the definition of the operator B (cf.

(1.29)) and (3.21). �

We are now in position of establishing the discrete analogue of Lemma 2.5.
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Lemma 3.6 Assume that {Th}h>0 is a family of quasi-uniform triangulations.

Then, for each b̂h ∈ Ch, the problem (3.8) has a unique solution (~uh,σh) =

((uh, th,bh),σh) ∈ Xh × Hσ
h , and hence Td(b̂h) := bh ∈ Ch is well-defined. More-

over, there exists a positive constant CTd
, independent of b̂h, such that

‖Td(b̂h)‖curl;Ω

≤ ‖~uh‖X ≤ CTd

‖ff‖0,6/5;Ω + ‖fm‖0,Ω +
∑

j∈{p,2}

(
‖gf‖0,Ω + ‖uD‖1/2,Γ

)j−1

 .

(3.29)

Proof. According to Lemmas 3.2 and 3.4 and the discrete inf-sup condition for B

provided by (3.28) (cf. Lemma 3.5), the proof follows from a direct application

of Theorem 2.1, with p1 = p ∈ [3, 4] and p2 = p3 = 2, to the discrete setting

represented by (3.8). In particular, the a priori bound (3.29) is consequence of the

abstract estimate (2.2) applied to (3.8), which makes use of the bounds for ‖F‖X′h
and ‖G‖Hσ

h
′ (cf. (2.8), (2.9)). �

We remark here that, proceeding similarly to the derivation of (2.29), we obtain

‖σh‖div6/5;Ω

≤ Cσd

∑
i∈{p,2}

‖ff‖0,6/5;Ω + ‖fm‖0,Ω +
∑

j∈{p,2}

(
‖gf‖0,Ω + ‖uD‖1/2,Γ

)j−1

i−1

,

(3.30)

with Cσd
depending only on LMH,d, αMH,d and βMH,d.

We now proceed to analyze the fixed-point equation (3.9). We begin with the

discrete version of Lemma 2.6, whose proof, follows straightforwardly from Lemma

3.6.

Lemma 3.7 Given r > 0, let Wh be the closed ball in Ch with center at the origin

and radius r, and assume that the data satisfy

CTd

‖ff‖0,6/5;Ω + ‖fm‖0,Ω +
∑

j∈{p,2}

(
‖gf‖0,Ω + ‖uD‖1/2,Γ

)j−1

 ≤ r . (3.31)

Then, there holds Td(Wh) ⊆Wh.
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Next, we address the discrete counterpart of Lemma 2.7, whose proof, being

almost verbatim of the continuous ones, is omitted. We just remark that Lemma

3.8 below is derived using the strong monotonicity of A(b̂h) on Vh (cf. (3.24)) and

the continuity bound of c(b̂h) (cf. (3.13)). Thus, we simply state the corresponding

result as follow.

Lemma 3.8 Assume that {Th}h>0 is a family of quasi-uniform triangulations. Let

Cs,d, αMH,d, and CTd
be given by (3.13), (3.26), and (3.29), respectively. Then, there

holds

‖Td(b̂h)−Td(b̂0,h)‖curl;Ω ≤ Cs,dCTd

µαMH,d

{
‖ff‖0,6/5;Ω + ‖fm‖0,Ω +

∑
j∈{p,2}

(
‖gf‖0,Ω

+ ‖uD‖1/2,Γ

)j−1

}
‖b̂h − b̂0,h‖curl;Ω ,

(3.32)

for all b̂h, b̂0,h ∈ Ch.

We are now in position of establishing the well-posedness of (3.5)

Theorem 3.9 Assume that {Th}h>0 is a family of quasi-uniform triangulations.

Given r > 0, let Wh be the closed ball in Ch with center at the origin and radius r,

and assume that the data satisfy (3.31) and

Cs,dCTd

µαMH,d

‖ff‖0,6/5;Ω + ‖fm‖0,Ω +
∑

j∈{p,2}

(
‖gf‖0,Ω + ‖uD‖1/2,Γ

)j−1

 < 1 . (3.33)

Then the operator Td has a unique fixed point bh ∈Wh. Equivalently, the problem

(3.5) has a unique solution (~uh,σh) ∈ Xh × Hσ
h , with bh ∈ Wh. Moreover, there

exist positive constants CTd
, Cσd

, depending on Cs,d, ν, F, α, αm,d, |Ω|, %, µ, and

βMH,d, such that the following a priori estimates hold

‖~uh‖X ≤ CTd

‖ff‖0,6/5;Ω + ‖fm‖0,Ω +
∑

j∈{p,2}

(
‖gf‖0,Ω + ‖uD‖1/2,Γ

)j−1

 , (3.34)

‖σh‖div6/5;Ω

≤ Cσd

∑
i∈{p,2}

‖ff‖0,6/5;Ω + ‖fm‖0,Ω +
∑

j∈{p,2}

(
‖gf‖0,Ω + ‖uD‖1/2,Γ

)j−1

i−1

.

(3.35)
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Proof. It follows similarly to the proof of Theorem 2.8. Indeed, we first notice from

Lemma 3.7 that Td maps the ball Wh into itself. Next, it is easy to see from (3.32)

(cf. Lemma 3.8) and (3.33) that Td is a contraction, and hence the existence and

uniqueness results follow from the Banach fixed-point theorem. In addition, it is

clear that the estimates (3.34) and (3.35) follow straightforwardly from (3.29) and

(3.30), which ends the proof. �

We end this chapter by establishing the well-posedness of (3.2), whose proof is

omitted since it follows analogously to the proof of Corollary 2.9. We just remark

that Corollary 3.10 below is derived using the discrete inf-sup condition of bm (cf.

(3.3)) and the continuity bound of cm(b̂h) (cf. (3.12)).

Corollary 3.10 Assume that {Th}h>0 is a family of quasi-uniform triangulations.

Let ff ∈ L6/5(Ω), fm ∈ L2(Ω), gf ∈ L2(Ω), and uD ∈ H1/2(Γ), such that (3.31) and

(3.33) hold. Then, there exist a unique (uh, th,σh) ∈ Hu
h ×Ht

h ×Hσ
h and (bh, λh) ∈

Hb
h×Hλ

h solution to (3.2). In addition, (uh, th,bh) and σh satisfy (3.34) and (3.35),

respectively, and for λh, there exits a constant Cλd depending on Cs,d, ν, F, α, |Ω|, %, µ,
βMH,d, and βm, such that

‖λh‖1,Ω ≤ Cλd

2∑
i=1

‖ff‖0,6/5;Ω + ‖fm‖0,Ω +
∑

j∈{p,2}

(
‖gf‖0,Ω + ‖uD‖1/2,Γ

)j−1

i

.



CHAPTER 4

A priori error analysis

In this chapter we derive Céa’s estimate for the Galerkin scheme (3.2) with the

finite element subspaces given by (3.1) (cf. Section 3.1), and then use the approxima-

tion properties of the latter to establish the corresponding rates of convergence. In

fact, let (u, t,σ) ∈ L6(Ω)×L2
tr(Ω)×H0(div6/5; Ω) and (b, λ) ∈ H0(curl; Ω)×H1

0(Ω),

with b ∈ W, be the unique solution of the problem (1.15) and let (uh, th,σh) ∈
Hu
h × Ht

h × Hσ
h and (bh, λh) ∈ Hb

h × Hλ
h, with bh ∈ Wh, be the unique solution of

the discrete problem (3.2). Then, we are interested in obtaining an a priori estimate

for the global error

‖u−uh‖0,6;Ω + ‖t−th‖0,Ω + ‖σ−σh‖div6/5;Ω + ‖b−bh‖curl;Ω + ‖λ−λh‖1,Ω . (4.1)

For this purpose, in what follows we introduce some definitions. Hereafter, given a

subspace Xh of a generic Banach space (X, ‖ · ‖X), we set as usual

dist (x,Xh) := inf
xh∈Xh

‖x− xh‖X ∀x ∈ X .

We stress here that in order to derive an a priori bound for the global error (4.1),

we first bound, separately, the terms ‖~u− ~uh‖X + ‖σ−σh‖div6/5;Ω and ‖λ−λh‖1,Ω,

being (~u,σ) = ((u, t,b),σ) ∈ X×H0(div6/5; Ω) the unique solution of the problem

(1.25), and (~uh,σh) = ((uh, th,bh),σh) ∈ Xh × Hσ
h the unique solution of the

discrete problem (3.5). This is done below in Lemmas 4.1 and 4.2, respectively. We

begin by bounding ‖~u− ~uh‖X + ‖σ − σh‖div6/5;Ω. To that end, we first notice that

differently to [8] we can not apply directly the Strang-type lemma derived in [8,

Lemma 5.1] since Ch is not included in its continuous counterpart C. Nevertheless,

45
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most of the arguments used to prove [8, Lemma 5.1] are employed below in Lemma

4.1 for the context given by (1.25) and (3.5), namely discrete strong monotocity of

A(bh) (cf. (3.27)), continuity of the operator c(bh) (cf. (3.13)), and discrete inf-sup

condition of B (cf. (3.28)).

Next, we define the set

VG
h :=

{
~wh ∈ Xh : [B(~wh), τ h] = [G, τ h] ∀ τ h ∈ Hσ

h

}
, (4.2)

which is clearly nonempty, since (3.28) holds. Note from the second equation of

(3.5) that ~uh ∈ VG
h and then ~uh − ~wh ∈ Vh for all ~wh ∈ VG

h . In addition, we recall

that the discrete inf-sup conditions (3.28) and (3.3), and a classical result on mixed

methods (see, for instance, [20, eq. (2.89) in Theorem 2.6]) ensure the existence of

C1, C2 > 0, independent of h, such that:

dist (~u,VG
h ) ≤ C1 dist (~u,Xh) ≤ C1

(
dist (u,Hu

h) + dist (t,Ht
h) + dist (b,Ch)

)
(4.3)

and

dist (b,Ch) ≤ C2 dist (b,Hb
h) . (4.4)

Throughout the rest of the work, given any r > 0, both c(r) and C(r), with or

without sub-indexes, denote positive constants depending on r, and eventually on

other constants or parameters.

The announced preliminary result regarding ‖~u − ~uh‖X + ‖σ − σh‖div6/5;Ω is

established as follows.

Lemma 4.1 Assume that {Th}h>0 is a family of quasi-uniform triangulations. Let

ff ∈ L6/5(Ω), fm ∈ L2(Ω), gf ∈ L2(Ω), and uD ∈ H1/2(Γ), satisfying

Cs,dCT

µαMH,d

‖ff‖0,6/5;Ω + ‖fm‖0,Ω +
∑

j∈{p,2}

(
‖gf‖0,Ω + ‖uD‖1/2,Γ

)j−1

 ≤ 1

2
. (4.5)

Then, there exists a positive constant C1(r), independent of h, such that

‖~u− ~uh‖X + ‖σ − σh‖div6/5;Ω

≤ C1(r)

 ∑
j∈{p,2}

(
dist (u,Hu

h) + dist (t,Ht
h) + dist (b,Hb

h)
)j−1

+ dist (σ,Hσ
h )

 .

(4.6)
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Proof. We begin by noting that the first equation in (1.25) is well-defined even dough

for test functions in Xh. Then, we subtract the first equations of (1.25) and (3.5),

to obtain

[A(b)(~u), ~vh]− [A(bh)(~uh), ~vh] + [B(~vh),σ − σh] = 0 ∀ ~vh ∈ Xh . (4.7)

Next, let ~wh = (wh, rh, eh) be an arbitrary element in VG
h (cf. (4.2)), adding and

subtracting suitable terms in (4.7), we arrive at

[A(bh)(~wh)−A(bh)(~uh), ~vh] = [A(bh)(~wh), ~vh]− [A(b)(~wh), ~vh]

+ [A(b)(~wh)−A(b)(~u), ~vh]− [B(~vh),σ − σh] ,
(4.8)

for all ~vh ∈ Xh. Testing (4.8) with ~vh = ~wh − ~uh ∈ Vh, using (3.27) (cf. Lemma

3.4) and the fact that [B(~wh − ~uh),σh − τ h] = 0 for all τ h ∈ Hσ
h , we get

αMH,d ‖~wh − ~uh‖2
X ≤

∣∣[A(bh)(~wh), ~wh − ~uh]− [A(b)(~wh), ~wh − ~uh]
∣∣

+
∣∣[A(b)(~wh)−A(b)(~u), ~wh − ~uh]

∣∣ +
∣∣[B(~wh − ~uh),σ − τ h]

∣∣ , (4.9)

where, using the definitions of A(b) (cf. (1.26)) and A(bh) (cf. (3.6)), and employing

Lemma 3.1 and triangle inequality, we first deduce that∣∣[A(bh)(~wh), ~wh − ~uh]− [A(b)(~wh), ~wh − ~uh]
∣∣ =

∣∣[c(bh − b)(~wh), ~wh − ~uh]
∣∣

≤ Cs,d
µ
‖b− bh‖curl;Ω

(
‖~u− ~wh‖X + ‖~u‖X

)
‖~wh − ~uh‖X

≤ Cs,d
µ

{(
‖b‖curl;Ω + ‖bh‖curl;Ω

)
‖~u− ~wh‖X + ‖~u‖X‖b− bh‖curl;Ω

}
‖~wh − ~uh‖X .

Then, using the fact that b ∈ W, bh ∈ Wh, and bounding ‖b − bh‖curl;Ω by

‖~u− ~uh‖X, we arrive at∣∣[A(bh)(~wh), ~wh − ~uh]− [A(b)(~wh), ~wh − ~uh]
∣∣

≤

(
c1(r)‖~u− ~wh‖X +

Cs,d
µ
‖~u‖X ‖~u− ~uh‖X

)
‖~wh − ~uh‖X ,

(4.10)

with c1(r) depending on Cs,d, µ, and r. In turn, using Lemma 2.2, and simple com-

putations, we get∣∣[A(b)(~wh)−A(b)(~u), ~wh − ~uh]
∣∣ ≤ ‖A(b)(~wh)−A(b)(~u)‖X′‖~wh − ~uh‖X

≤ LMH

{(
1 + ‖b‖curl;Ω

)(
‖u−wh‖0,6;Ω + ‖b− eh‖curl;Ω

)
+ ‖t− rh‖0,Ω +

(
2 ‖u‖0,6;Ω + ‖u−wh‖0,6,Ω

)p−2‖u−wh‖0,6;Ω

}
‖~wh − ~uh‖X ,
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which combined with the property (a + b)p ≤ 2p−1(ap + bp) for a, b > 0 and p > 1,

the fact that b ∈W, using (2.34) in conjunction with (2.30) to bound ‖u‖0,6;Ω by

r, and similar arguments to the ones employed in (4.10), we deduce

|[A(b)(~wh)−A(b)(~u), ~wh − ~uh]|

≤ c2(r)
{
‖~u− ~wh‖X + ‖~u− ~wh‖p−1

X

}
‖~wh − ~uh‖X ,

(4.11)

with c2(r) depending on LMH, p, and r. In addition, we observe from (2.6), that∣∣[B(~wh − ~uh),σ − τ h]
∣∣ ≤ ‖σ − τ h‖div6/5;Ω ‖~wh − ~uh‖X ∀ τ h ∈ Hσ

h . (4.12)

Thus, replacing back (4.10), (4.11) and (4.12) into (4.9), and bounding ‖~u‖X by

(2.34), we obtain

‖~wh − ~uh‖X ≤ c3(r)
{
‖~u− ~wh‖X + ‖~u− ~wh‖p−1

X + ‖σ − τ h‖div6/5;Ω

}
+
Cs,dCT

µαMH,d

‖ff‖0,6/5;Ω + ‖fm‖0,Ω +
∑

j∈{p,2}

(
‖gf‖0,Ω + ‖uD‖1/2,Γ

)j−1

 ‖~u− ~uh‖X ,
with c3(r) depending on αMH,d, Cs,d, µ, LMH, p, and r. Hence, triangle inequality

‖~u− ~uh‖X ≤ ‖~u− ~wh‖X + ‖~wh − ~uh‖X, and the assumption (4.5), yields

‖~u− ~uh‖X ≤ c4(r)
{
‖~u− ~wh‖X + ‖~u− ~wh‖p−1

X + ‖σ − τ h‖div6/5;Ω

}
, (4.13)

with c4(r) only depending on αMH,d, Cs,d, µ, LMH, p, and r.

On the other hand, to estimate the term ‖σ−σh‖div6/5;Ω, we consider an arbitrary

element τ h ∈ Hσ
h and use the discrete inf-sup condition (3.28), to get

βMH,d ‖σh − τ h‖div6/5;Ω ≤ sup
~vh∈Xh
~vh 6=0

[B(~vh),σh − σ]− [B(~vh),σ − τ h]
‖~vh‖

, (4.14)

where, using again (4.7) and adding and subtracting suitable terms, we obtain

[B(~vh),σh − σ] = [A(b)(~uh), ~vh]− [A(bh)(~uh), ~vh] + [A(b)(~u)−A(b)(~uh), ~vh] .

In turn, similarly to (4.10) and (4.11), using (2.34) and (3.34) in conjunction with

(2.30) and (3.31) to bound ‖u‖0,6;Ω, ‖uh‖0,6;Ω, and ‖~uh‖X by r, and the fact that

b ∈W, we deduce, respectively, that∣∣[A(bh)(~uh), ~vh]− [A(b)(~uh), ~vh]
∣∣ ≤ Cs,d

µ
‖~u− ~uh‖X ‖~uh‖X ‖~vh‖X

≤ c5(r) ‖~u− ~uh‖X ‖~vh‖X
(4.15)
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and ∣∣[A(b)(~uh)−A(b)(~u), ~vh]
∣∣

≤ LMH

√
3
{

1 + ‖b‖curl;Ω +
(
‖u‖0,6;Ω + ‖uh‖0,6;Ω

)p−2
}
‖~u− ~uh‖X‖~vh‖X

≤ c6(r) ‖~u− ~uh‖X‖~vh‖X ,

(4.16)

with c5(r) and c6(r) only depending on Cs,d, µ, LMH, p, and r. Thus, replacing back

(4.15) and (4.16) into (4.14), using (2.6), triangle inequality, and some algebraic

manipulations, we obtain

‖σ − σh‖div6/5;Ω ≤ ‖σ − τ h‖div6/5;Ω + ‖τ h − σh‖div6/5;Ω

≤ c7(r)
{
‖σ − τ h‖div6/5;Ω + ‖~u− ~uh‖X

}
,

(4.17)

with c7(r) only depending on Cs,d, µ, LMH, p, βMH,d and r. Finally, combining (4.13)

and (4.17), using the fact that ~wh ∈ VG
h and τ h ∈ Hσ

h are arbitrary, taking infimum

over the corresponding discrete subspaces VG
h and Hσ

h , and applying (4.3)–(4.4), we

conclude (4.6) completing the proof. �

The aforementioned result regarding ‖λ− λh‖1,Ω is established as follows.

Lemma 4.2 Assume that {Th}h>0 is a family of quasi-uniform triangulations. As-

sume further that the data satisfy (4.5). Then, there exists a positive constant C2(r),

independent of h, such that

‖λ− λh‖1,Ω ≤ C2(r)

{ ∑
j∈{p,2}

(
dist (u,Hu

h) + dist (t,Ht
h) + dist (b,Hb

h)
)j−1

+ dist (σ,Hσ
h ) + dist (λ,Hλ

h)

}
.

(4.18)

Proof. Let ξh be an arbitrary element in Hλ
h. From the discrete inf-sup condition

(3.3) and simple computations, we have that

βm ‖ξh − λh‖1,Ω ≤ sup
dh∈Hb

h
dh 6=0

[bm(dh), ξh − λ] + [bm(dh), λ− λh]
‖dh‖

. (4.19)
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In turn, subtracting (3.2c) to (1.15c) and after adding and subtracting suitable terms

there holds

[bm(dh), λ−λh] = − [am(b−bh),dh] + [cm(bh−b)(uh),dh] + [cm(b)(uh−u),dh] ,

(4.20)

for all dh ∈ Hb
h . Next, using (2.5), (2.11) and (3.12) to bound, respectively, the three

terms on the right-hand side of (4.20), we deduce that∣∣[bm(dh), λ− λh]
∣∣

≤

{
1

% µ2
‖~u− ~uh‖X +

(
Cs,d
µ
‖~uh‖X +

Cs
µ
‖~u‖X

)
‖~u− ~uh‖X

}
‖dh‖curl;Ω .

(4.21)

Thus, replacing back (4.21) into (4.19), using triangle inequality, (2.34) and (3.34)

in conjunction with (2.30) and (3.31) to bound both ‖~u‖X and ‖~uh‖X by r, we get

‖λ−λh‖1,Ω ≤ ‖λ−ξh‖1,Ω + ‖ξh−λh‖1,Ω ≤ c(r)
{
‖~u−~uh‖X + ‖λ−ξh‖1,Ω

}
, (4.22)

with c(r) depending on βm, %, µ, Cs,d, Cs, p, and r. Finally, combining (4.22) and

(4.6), and using the fact that ξh ∈ Hλ
h is arbitrary, we conclude (4.18) completing

the proof. �

We are now in position of establishing the Céa estimate of (3.2). The aforemen-

tioned result follows straightforwardly from Lemmas 4.1 and 4.2.

Theorem 4.3 Assume that {Th}h>0 is a family of quasi-uniform triangulations.

Assume further that the data satisfy (4.5). Then, there exists a positive constant

C(r), independent of h, but depending on r, LMH,d, αMH,d, %, µ,Cs,d, Cs, LMH, p, βm

and βMH,d, such that

‖u− uh‖0,6;Ω + ‖t− th‖0,Ω + ‖b− bh‖curl;Ω + ‖σ − σh‖div6/5;Ω + ‖λ− λh‖1,Ω

≤ C(r)

{ ∑
j∈{p,2}

(
dist (u,Hu

h) + dist (t,Ht
h) + dist (b,Hb

h)
)j−1

+ dist (σ,Hσ
h ) + dist (λ,Hλ

h)

}
.

In order to establish the rate of convergence of the Galerkin scheme (3.2), we

recall next the approximation properties of the finite element subspaces Hu
h , Ht

h,
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Hσ
h , Hb

h and Hλ
h (cf. (3.1)), whose derivations can be found in [4], [19], [20], [22], [31,

Theorem 5.41] and [7, Section 3.1] (see also [12, Section 5]):

(AP)BF: there exist positive constants C1, C2, and C3, independent of h, such that

for each v ∈ Wk+1,6(Ω), s ∈ Hk+1(Ω) ∩ L2
tr(Ω), and τ ∈ Hk+1(Ω) ∩ H0(div6/5; Ω)

with div(τ ) ∈Wk+1,6/5(Ω), there hold

dist (v,Hu
h) := inf

vh∈Hu
h

‖v − vh‖0,6;Ω ≤ C1 h
k+1 ‖v‖k+1,6;Ω ,

dist (s,Ht
h) := inf

rh∈Ht
h

‖s− sh‖0,Ω ≤ C2 h
k+1 ‖s‖k+1,Ω ,

and

dist (τ ,Hσ
h ) := inf

τh∈Hσ
h

‖τ − τ h‖div6/5;Ω ≤ C3 h
k+1
{
‖τ‖k+1,Ω + ‖div(τ )‖k+1,6/5;Ω

}
.

(AP)M: there exist positive constants C4 and C5, independent of h, such that for

each d ∈ Hk+1(Ω)∩H0(curl; Ω) with curl(d) ∈ Hk+1(Ω), and ξ ∈ Hk+2(Ω)∩H1
0(Ω),

there hold

dist (d,Hb
h) := inf

dh∈Hb
h

‖d− dh‖curl;Ω ≤ C4 h
k+1
{
‖d‖k+1,Ω + ‖curl(d)‖k+1,Ω

}
,

and

dist (ξ,Hλ
h) := inf

ξh∈Hλh

‖ξ − ξh‖1,Ω ≤ C5 h
k+1 ‖ξ‖k+2,Ω .

Now we are in a position to provide the theoretical rate of convergence of the

Galerkin scheme (3.2).

Theorem 4.4 In addition to the hypotheses of Theorems 2.8, 3.9, and 4.3, given

an integer k ≥ 0, assume that u ∈Wk+1,6(Ω), t ∈ Hk+1(Ω)∩L2
tr(Ω), σ ∈ Hk+1(Ω)∩

H0(div6/5; Ω) with div(σ) ∈Wk+1,6/5(Ω), b ∈ Hk+1(Ω)∩H0(curl; Ω) with curl(b) ∈
Hk+1(Ω), and λ ∈ Hk+2(Ω) ∩ H1

0(Ω). Then, there exists a positive constant Crate,

independent of h, such that

‖u− uh‖0,6;Ω + ‖t− th‖0,Ω + ‖b− bh‖curl;Ω + ‖σ − σh‖div6/5;Ω + ‖λ− λh‖1,Ω

≤ Crate h
k+1

{ ∑
j∈{p,2}

(
‖u‖k+1,6;Ω + ‖t‖k+1,Ω + ‖b‖k+1,Ω + ‖curl(b)‖k+1,Ω

)j−1

+ ‖σ‖k+1,Ω + ‖div(σ)‖k+1,6/5;Ω + ‖λ‖k+2,Ω

}
.
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Proof. The result follows from a direct application of Theorem 4.3 and the approx-

imation properties provided by (AP)BF and (AP)M. Further details are omitted.

�

We end this chapter by introducing suitable approximations for other variables

of interest, such as the pressure p, the velocity gradient G = ∇u, the vorticity

ω = 1
2

(
∇u − ∇ut

)
, and the stress σ̃ := ν (∇u + ∇ut) − p I, are all them written

in terms of the solution of the discrete problem (3.2a)–(3.2b). In fact, using (1.5),

(1.7), and (1.14), and after simple computations, we deduce that at the continuous

level, there hold

p = −1

3
tr(σ) +

ν

3
gf − c0 , G = t +

1

3
gf I , ω =

1

2

(
t− tt

)
,

and σ̃ = σ + ν tt +
(ν

3
gf + c0

)
I , with c0 =

ν

3 |Ω|

∫
Ω

gf ,

(4.23)

provided the discrete solution (uh, th,uh) ∈ Hu
h×Ht

h×Hσ
h of problem (3.2a)–(3.2b),

we propose the following approximations for the aforementioned variables:

ph = −1

3
tr(σh) +

ν

3
gf − c0 , Gh = th +

1

3
gf I , ωh =

1

2

(
th − tth

)
,

and σ̃h = σh + ν tth +
(ν

3
gf + c0

)
I .

(4.24)

The following result, whose proof follows directly from Theorem 4.4, establishes the

corresponding approximation result for this post-processing procedure.

Corollary 4.5 Let (u, t,σ) ∈ L6(Ω)× L2
tr(Ω)×H0(div6/5; Ω) and

(b, λ) ∈ H0(curl; Ω)×H1
0(Ω) be the unique solution of the continuous problem (1.15),

and let p,G,ω and σ̃ given by (4.23). In addition, let ph,Gh,ωh and σ̃h be the

discrete counterparts introduced in (4.24). Let an integer k ≥ 0 and assume that the

hypotheses of the Theorem 4.4 be hold. Then, there exists a positive constant Cpost,

independent of h, such that

‖p− ph‖0,Ω + ‖G−Gh‖0,Ω + ‖ω − ωh‖0,Ω + ‖σ̃ − σ̃h‖0,Ω

≤ Cpost h
k+1

{ ∑
j∈{p,2}

(
‖u‖k+1,6;Ω + ‖t‖k+1,Ω + ‖b‖k+1,Ω + ‖curl(b)‖k+1,Ω

)j−1

+ ‖σ‖k+1,Ω + ‖div(σ)‖k+1,6/5;Ω + ‖λ‖k+2,Ω

}
.
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Proof. Recalling the formulae given in (4.23) and (4.24), and employing suitable al-

gebraic manipulations it is not difficult to show that there exists C > 0, independent

of h, such that the following estimate holds

‖p− ph‖0,Ω + ‖G−Gh‖0,Ω + ‖ω − ωh‖0,Ω + ‖σ̃ − σ̃h‖0,Ω

≤ C
{
‖t− th‖0,Ω + ‖σ − σh‖div6/5;Ω

}
.

Then, the result follows straightforwardly from Theorem 4.4. We omit further details.

�
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CHAPTER 5

Numerical results

In this chapter we report two examples illustrating the performance of the mixed

finite element method (3.2), on a set of quasi-uniform triangulations of the respec-

tive 3D domains, and considering the finite element subspaces defined by (3.1) (cf.

Section 3.1). In what follows, we refer to the corresponding sets of finite element

subspaces generated by k = 0 as simply P0−P0−RT0−ND0−P1. Our implementa-

tion is based on a FreeFemm++ code [27], in conjunction with the direct linear solver

UMFPACK [17]. In order to solve the nonlinear problem (3.2), given 0 6= w ∈ L6(Ω)

we introduce the Gâteaux dirivative and functional associated, respectively, to af

and F1 (cf. (1.16), (1.20)), that is

[Daf (w)(u, t), (v, s)] := α

∫
Ω

u · v + F

∫
Ω

|w|p−2u · v

+ F(p− 2)

∫
Ω

|w|p−4(w · u)(w · v) + ν

∫
Ω

t : s

and

[F1(w), (v, s)] := [F1, (v, s)] + F (p− 2)

∫
Ω

|w|p−2w · v ,

for all (u, t), (v, s) ∈ L6(Ω) × L2
tr(Ω). In this way, we propose the Newton-type

strategy: Given 0 6= u0
h ∈ Hu

h , for i ≥ 1, solve

[am(bih),dh] + [cm(bih)(u
i−1
h ),dh] + [bm(dh), λ

i
h] = [F3,dh] ,

[bm(bih), ξh] = 0 ,

(5.1)
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for all dh ∈ Hb
h and ξh ∈ Hλ

h, and

[Daf (ui−1
h )(uih, t

i
h), (vh, sh)] + [bf (vh, sh),σ

i
h] = [F1(ui−1

h ), (vh, sh)]

− [cf (b
i
h)(b

i
h),vh] ,

[bf (u
i
h, t

i
h), τ h] = [F2, τ h] ,

(5.2)

for all (vh, sh) ∈ Hu
h × Ht

h and τ h ∈ Hσ
h . More precisely, we first solve the linear

system (5.1) with the given u0
h, whose solution is denoted (b1

h, λ
1
h). Next, we solve

(5.2) with the given (u0
h,b

1
h), so that, starting from u0

h := (0, 1E−6, 0)t, we perform

just one Newton iteration to obtain (u1
h, t

1
h,σ

1
h) as an approximate solution of it.

Then, the process continues with uih for each i ≥ 1. In this way, for a fixed tolerance

tol = 1E − 6, the above iterations are terminated, which yields the number of

Newton iterations reported in the tables below, once the relative error between two

consecutive iterates, say coeffm and coeffm+1, is sufficiently small, i.e.,

‖coeffm+1 − coeffm‖
‖coeffm+1‖

≤ tol ,

where ‖ · ‖ stands for the usual Euclidean norm in RDOF with DOF denoting the total

number of degrees of freedom defining the finite element subspaces Hu
h , Ht

h, Hσ
h , Hb

h

and Hλ
h.

We now introduce some additional notations. The individual errors are denoted

by:

e(u) := ‖u− uh‖0,6;Ω , e(t) := ‖t− th‖0,Ω , e(σ) := ‖σ − σh‖div6/5;Ω ,

e(b) := ‖b− bh‖curl;Ω , e(λ) := ‖λ− λh‖1,Ω , e(p) := ‖p− ph‖0,Ω ,

e(G) := ‖G−Gh‖0,Ω , e(ω) := ‖ω − ωh‖0,Ω , e(σ̃) := ‖σ̃ − σ̃h‖0,Ω ,

where the pressure p, the velocity gradient G, the vorticity ω, and the shear stress

tensor σ̃ are further variables of physical interest that are recovered by using the

corresponding postprocessing formulae ph, Gh, ωh, and σ̃h detailed in (4.23)–(4.24).

Next, as usual, for each ? ∈
{

u, t,σ,b, λ, p,G,ω, σ̃
}

we let r(?) be the experimental

rate of convergence given by

r(?) :=
log(e(?)/e′(?))

log(h/h′)
,
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where h and h′ denote two consecutive meshsizes with errors e and e′ respectively.

The examples to be considered in this chapter are described next. In all them

we take for sake of simplicity ν = 1, µ = 1, α = 1, F = 10, and % = 1, and set the

vector 1 := (1, 1, 1)t ∈ R3. In addition, the mean value of tr(σih) over Ω, with i ≥ 1,

is fixed via a Lagrange multiplier strategy (adding one row and one column to the

matrix system that solves (5.2) for uih, t
i
h, and σih).

Example 1: Accuracy assessment with a smooth solution in

a convex domain.

In the first example we illustrate the performance of the Galerkin scheme (5.1)–

(5.2) (cf. (3.2)) in a convex domain. We consider the domain Ω := (0, 1)× (0, 0.5)×
(0, 0.5), the inertial power p = 3, and choose the data ff , fm, gf and uD such that

the exact solution is given by

u(x) :=


sin(πx1) cos(πx2) cos(πx3)

−2 cos(πx1) sin(πx2) cos(πx3)

cos(πx1) cos(πx2) sin(3πx3)

 ,

p(x) := x2 x3 (x1 − 0.5) ,

b(x) := curl
(
x2

1 (x2 − 0.5)2x2
3 cos(πx3)21

)
,

λ(x) := x1 x2 x3 (x2 − 0.5)(x3 − 0.5)(x1 − 1) .

The model problem is then complemented with the appropriate Dirichlet boundary

conditions. Table 5.1 shows the convergence history for a sequence of quasi-uniform

mesh refinements, including the number of Newton iterations. Notice that we are

able not only to approximate the original unknowns but also the pressure field, the

velocity gradient tensor, the vorticity, and the shear stress tensor through the for-

mula (4.24). Note also that e(t) = e(G) since t (resp. th) is just a translation of

G (resp. Gh). The results confirm that the optimal rates of convergence O(hk+1)

predicted by Theorem 4.4 and Corollary 4.5 are attained for k = 0. The Newton

method exhibits a behavior independent of the meshsize, converging in four itera-

tions in all cases. In Figure 5.1 we display some solutions obtained with the five-field

mixed P0 − P0 − RT0 − ND0 − P1 approximation with meshsize h = 0.0505 and

32, 928 tetrahedra elements (actually representing 613, 593 DOF).
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Example 2: Accuracy assessment with a smooth solution in

a non-convex domain.

In the second example we test the iterative method (5.1)–(5.2) (cf. (3.2)) in a

non-convex domain. In fact, we consider the Fichera’s corner domain Ω := (−1, 1)3 \
[0, 1)3, where, due to the regularity of the Neumann problem (see [15] and [16]

for details), there holds H0(curl; Ω) ∩ H(div0; Ω) ⊆ Hs(Ω) for s ∈
(
1/2, 2/3

)
. We

consider the inertial power p = 4 and choose the data ff , fm, gf and uD so that the

exact solution is given by

u(x) :=


− x1 (x2 − x3) (x2 + x3)

2x2 (x1 − x3) (x1 + x3)

− x3 (x1 − x2) (x1 + x2)

 ,

p(x) := x1 x2 x3 − cp ,

b(x) := curl
(

sin2(πx1) sin2(πx2) sin2(πx3)1
)
,

λ(x) := sin(πx1) sin(πx2) sin(πx3) ,

where cp ∈ R is chosen in such a way p ∈ L2
0(Ω). The convergence history for a

set of quasi-uniform mesh refinements using k = 0 is shown in Table 5.2. Again,

the mixed finite element method converges optimally with order O(h), as it was

proved by Theorem 4.4 and Corollary 4.5. In addition, some components of the

numerical solution are displayed in Figure 5.2, which were built using the five-field

mixed P0 − P0 − RT0 − ND0 − P1 approximation with meshsize h = 0.1414 and

42, 000 tetrahedra elements (actually representing 782, 121 DOF). We observe that

for this example the second diagonal components of the velocity gradient and its

translation, namely G22,h and t22,h, look quite similar since they only differ in the

term 1
3
gf (cf. (4.24)), with gf = div(u) = x2

1 − x2
3 small in Ω.
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DOF h iter e(u) r(u) e(t) r(t) e(σ) r(σ) e(b) r(b)

1977 0.3536 4 0.3140 – 1.0919 – 6.0263 – 0.0518 –

28791 0.1414 4 0.1405 0.877 0.4788 0.900 2.6277 0.906 0.0235 0.864

115905 0.0884 4 0.0889 0.974 0.3055 0.956 1.6499 0.990 0.0148 0.977

298959 0.0643 4 0.0649 0.990 0.2241 0.974 1.1985 1.004 0.0108 0.991

613593 0.0505 4 0.0510 0.995 0.1768 0.983 0.9402 1.006 0.0085 0.995

e(λ) r(λ) e(p) r(p) e(G) r(G) e(ω) r(ω) e(σ̃) r(σ̃)

0.0014 – 0.4359 – 1.0919 – 0.5534 – 2.0283 –

0.0006 0.853 0.2133 0.780 0.4788 0.900 0.2463 0.883 0.9004 0.886

0.0004 0.964 0.1272 1.100 0.3055 0.956 0.1565 0.965 0.5692 0.976

0.0003 0.984 0.0879 1.158 0.2241 0.974 0.1145 0.981 0.4143 0.998

0.0002 0.991 0.0665 1.158 0.1768 0.983 0.0902 0.988 0.3252 1.004

Table 5.1: [Example 1] Number of degrees of freedom, meshsizes, Newton iteration

count, errors, and rates of convergence for the five-field mixed P0 − P0 − RT0 −
ND0−P1 approximation for the coupling of the Brinkman–Forchheimer and Maxwell

equations.

DOF h iter e(u) r(u) e(t) r(t) e(σ) r(σ) e(b) r(b)

6665 0.7071 5 0.6801 – 4.6074 – 84.4548 – 39.3474 –

51249 0.3536 6 0.3526 0.948 1.7824 1.370 47.1319 0.841 18.3178 1.103

170713 0.2357 6 0.2371 0.979 0.9743 1.490 30.2412 1.094 12.5493 0.933

402017 0.1768 6 0.1784 0.988 0.6758 1.271 22.7760 0.985 9.5022 0.967

782121 0.1414 6 0.1430 0.993 0.5186 1.187 18.2251 0.999 7.6352 0.980

e(λ) r(λ) e(p) r(p) e(G) r(G) e(ω) r(ω) e(σ̃) r(σ̃)

4.0629 – 4.0174 – 4.6074 – 2.6043 – 10.3055 –

2.4151 0.750 1.1982 1.745 1.7824 1.370 1.1494 1.180 3.4249 1.589

1.6693 0.911 0.6539 1.494 0.9743 1.490 0.6562 1.383 1.8323 1.543

1.2684 0.955 0.4065 1.652 0.6758 1.271 0.4623 1.218 1.2116 1.438

1.0210 0.973 0.2758 1.738 0.5186 1.187 0.3570 1.159 0.8913 1.376

Table 5.2: [Example 2] Number of degrees of freedom, meshsizes, Newton iteration

count, errors, and rates of convergence for the five-field mixed P0 − P0 − RT0 −
ND0−P1 approximation for the coupling of the Brinkman–Forchheimer and Maxwell

equations.
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Figure 5.1: [Example 1] Computed magnitude of the velocity, translation of the

velocity gradient component, computed magnitude of the pseudostress tensor and

magnetic field (top plots); pressure field, shear stress tensor component, vorticity

component, and velocity gradient component (bottom plots).
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Figure 5.2: [Example 2] Computed magnitude of the velocity, translation of the

velocity gradient component, computed magnitude of the pseudostress tensor, and

magnetic field (top plots); pressure field, shear stress tensor component, vorticity

component, and velocity gradient component (bottom plots).
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Conclusions and future works

Conclusions

In this thesis, we proposed, developed and analyzed a new mixed variational formu-

lation for the coupled system given by the Brinkman–Forchheimer equations and the

Maxwell equations. This set of equations describe the flow of electrically conducting

fluids in the presence of magnetics fields. Furthermore, we proved that the continu-

ous and discrete problems have a unique solution, as well as verified the convergence

and optimal a priori error estimate for the Galerkin scheme by means of examples

and numerical simulations.

The main conclusions of this work, in order of development, are as follows:

1. We introduced a five-field mixed formulation for stationary magnetohydrody-

namic flows in porous media. The original problem was reformulated by means

of a variational approach for the stationary Brinkman–Forchheimer equations

coupled with Maxwell’s equations.

2. We developed the corresponding analysis of the continuous problem through

a Banach fixed-point strategy, some results on nonlinear monotone operators

and a sufficiently small data assumption. Consequently we introduced and

analyzed the discrete problem following and mimicking the theory developed in

the continuous problem, however in this case we considered a quasi-uniformity

assumption on the mesh.

3. We established the a priori error analysis for the five-field mixed finite element

method for stationary magnetohydrodynamic flows in porous media, obtaining

stability estimates and an optimal order of convergence to the solution.
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4. We developed FreeFem++ codes to validate the theoretical results. More

precisely, two numerical examples illustrating the performance of the mixed

finite element method and confirming the theoretical rate of convergence, were

reported.

As a consequence of the work developed in this thesis we have the following preprint

under review:

• L. Angelo, J. Camaño, and S. Caucao, A five-field mixed formulation

for stationary magnetohydrodynamic flows in porous media. Preprint 2023-08,

Centro de Investigación en Ingenieŕıa Matemática (CI2MA), Universidad de

Concepción, (2023).

Future works

The method developed and the results obtained in this thesis have motivated several

future projects. Some of them are described below:

1. A posteriori error analysis for the Brinkman–Forchheimer/Maxwell

coupled problem

In order to improve the error robustness to problems involving complex geo-

metries or solutions with high gradients, we are interested in carrying out an

a posteriori error analysis for the coupled problem studied in this thesis.

2. Numerical analysis of a mixed formulation for transient magnetohy-

drodynamic flows in porous media

As a complement to our study in this thesis, we are interested in extending

our work to the transient problem.

3. Numerical analysis of a new mixed formulation for transient convec-

tive magnetohydrodynamic flows in porous media

Finally, we are interested in developing and analyzing a new mixed formulation

for convective magnetohydrodynamic flows for the model proposed in [35]:

• E.S. Titi and S. Trabelsi, Global well-posedness of a 3D MHD model

in porous media. J. Geom. Mech. 11 (2019), no. 4, 621–637.
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More specifically, we are interested in the following problem: Let Ω ⊂ R3, a

bounded domain with polyhedral boundary Γ. We assume that Ω is simply-

connected and with a connected boundary Γ. We are interested in finding a

velocity field u, a pressure field p and a magnetic field b, such that

ut − ν ∆u + u · ∇u + F |u|p−2u +∇p− 1

µ
curl(b)× b = f in QT ,

div(u) = 0 in QT ,

bt +
1

% µ
curl(curl(b))− curl(u× b) = 0 in QT ,

div(b) = 0 in QT ,

where QT = Ω × (0, T ), T > 0 is a given finite final time, f is an external

force, ν > 0 is the Brinkman coefficient, F > 0 is the Forchheimer coefficient,

p ∈ [3, 4] is a given number, % > 0 is the electric conductivity and µ > 0 is the

magnetic permeability. The previous system is considered in conjunction with

the following boundary conditions and initial values,

u = 0 , n× b = 0 on ST

u(t0) = u0 , b(t0) = b0 in Ω ,

where ST = ∂Ω × (0, T ), n is the outer unit normal of ∂Ω and the initial

magnetic field b0 satisfies div(b0) = 0.

We will start studying the stationary equations, to later extend the results to

the evolutive case.
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Conclusiones y trabajos futuros

Conclusiones

En esta tesis propusimos, desarrollamos y analizamos una nueva formulación varia-

cional mixta para el problema acoplado de Brinkman–Forchheimer con Maxwell

que describen el movimiento de fluidos conductores de electricidad en presencia

de campos magnéticos en medios porosos. Además, demostramos que los proble-

mas continuo y discreto tienen una única solución, aśı como también verificamos la

convergencia y estimación del error a priori óptima para el esquema de Galerkin

asociado mediante ejemplos y simulaciones numéricas.

Las conclusiones principales de esta tesis, en orden de desarrollo, son:

1. Se introdujo una formulación mixta para flujos magnetohidrodinámicos esta-

cionarios en medios porosos. El problema original fue reformulado mediante un

enfoque variacional para las ecuaciones estacionarias de Brinkman–Forchhei-

mer acoplado con las ecuaciones de Maxwell.

2. Desarrollamos el análisis correspondiente del problema continuo a través de

una estrategia de punto fijo de Banach, algunos resultados sobre operadores

no lineales monótonos y un supuesto de dato suficientemente pequeño. Conse-

cuentemente introdujimos y analizamos el problema discreto siguiendo e imi-

tando la teoŕıa desarrollada en el problema continuo, sin embargo en este caso

consideramos un supuesto de cuasiuniformidad de la malla.

3. Establecimos el análisis de error a priori para el método de elementos finitos

mixtos para flujos magnetohidrodinámicos estacionarios en medios porosos,

obteniendo estimaciones de estabilidad y un orden óptimo de convergencia a

la solución.
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4. Desarrollamos códigos FreeFem++ para validar los resultados teóricos. Más

precisamente, dos ejemplos numéricos que ilustran el desempeño del método

de elementos finitos mixtos y que confirman la tasa de convergencia teórica,

son reportados.

Como consecuencia del trabajo desarrollado en esta tesis, tenemos la siguiente pre-

publicación sometida a revisión:

• L. Angelo, J. Camaño, and S. Caucao, A five-field mixed formulation

for stationary magnetohydrodynamic flows in porous media. Preprint 2023-08,

Centro de Investigación en Ingenieŕıa Matemática (CI2MA), Universidad de

Concepción, (2023).

Trabajos futuros

El método desarrollado y los resultados obtenidos en esta tesis han motivado varios

proyectos a futuro. Algunos de ellos son descritos a continuación:

1. Análisis de error a posteriori para el problema acoplado de Brink-

man–Forchheimer/Maxwell

Con el fin de mejorar la robustez del error ante problemas en los cuales se

involucran geometŕıas complejas o soluciones con altos gradientes, es que es-

tamos interesados en llevar a cabo un análisis de error a posteriori para el

problema acoplado estudiado en esta tesis.

2. Análisis numérico de una formulación mixta para flujos magneto-

hidrodinámicos no estacionarios en medios porosos

Como complemento al estudio realizado en esta tesis, estamos interesados en

extender nuestro trabajo al problema evolutivo.

3. Análisis numérico de una nueva formulación mixta para flujos mag-

netohidrodinámicos convectivos no estacionarios en medios porosos

Finalmente, se propondrá y analizará una formulación mixta para el modelo

de flujos magnetohidrodinámicos convectivos propuesto en [35]:

• E.S. Titi and S. Trabelsi, Global well-posedness of a 3D MHD model

in porous media. J. Geom. Mech. 11 (2019), no. 4, 621–637.
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Más espećıficamente, estamos interesados en el siguiente problema: Dado Ω ⊂
R3 un dominio acotado, poliedral y simplemente conexo con frontera poliédrica

y conexa Γ, queremos encontrar el campo de velocidades u, la presión p, y el

campo magnético b tales que las siguientes ecuaciones sean satisfechas:

ut − ν ∆u + u · ∇u + F |u|p−2u +∇p− 1

µ
curl(b)× b = f en QT ,

div(u) = 0 en QT ,

bt +
1

% µ
curl(curl(b))− curl(u× b) = 0 en QT ,

div(b) = 0 en QT ,

donde QT = Ω× (0, T ), T > 0 es un tiempo final y finito dado, f una fuerza

externa dada, ν > 0 es el coeficiente de Brinkman, F > 0 es el coeficiente de

Forchheimer, p ∈ [3, 4] es un número dado, % > 0 es la conductividad eléctrica

y µ > 0 es la permeabilidad magnética. El sistema anterior se considera en

conjunto con las siguientes condiciones de frontera y valores iniciales,

u = 0 , n× b = 0 en ST

u(t0) = u0 , b(t0) = b0 en Ω ,

donde ST = ∂Ω × (0, T ), n es el vector normal unitario exterior a ∂Ω y el

campo magnético inicial b0 satisface div(b0) = 0.

Pretendemos comenzar estudiando las ecuaciones estacionarias, para luego ex-

tender los resultados al caso evolutivo.



70 Conclusiones y trabajos futuros



Bibliograf́ıa

[1] Y. Amirat, L. Chupin, and R. Touzani, Weak solutions to the equations of

stationary magnetohydrodynamic flows in porous media. Commun. Pure Appl.

Anal. 13 (2014), no. 6, 2445–2464.

[2] C. Amrouche, C. Bernardi, M. Dauge, and V. Girault, Vector poten-

tials in three-dimensional non-smooth domains. Math. Methods Appl. Sci. 21

(1998), no. 9, 823–864.

[3] J.W. Barrett and W.B. Liu, Finite element approximation of the p-

Laplacian. Math. Comp. 61 (1993), no. 204, 523–537.

[4] F. Brezzi and M. Fortin, Mixed and Hybrid Finite Element Methods.

Springer Series in Computational Mathematics, 15. Springer-Verlag, New York,

1991.
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