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RESUMEN

En esta tesis se estudia un problema inverso para una ecuación

parabólica fuertemente degenerada que modela la separación de una

mezcla de sólido y fluido por sedimentación. El problema inverso

(PI) consiste en la determinación de los coeficientes en la ecuación

diferencial que gobierna el proceso a partir de mediciones de la con-

centración de sólidos que es la variable cuya evolución es descrita

por el modelo o problema directo. El PI es formulado como un

problema de minimización para una adecuada función de costo que

compara la solución del modelo con las observaciones. Se realiza un

análisis de PI para dos casos de interés: la sedimentación por efecto

de la gravedad (sedimentación) y la sedimentación bajo acción de

fuerzas centŕıpetas (centrifugación). En ambos casos se demuestra

un resultado de continuidad de la solución entrópica con respecto a

los coeficientes que implica la existencia de soluciones del PI respec-

tivo. La obtención de los puntos estacionarios de la función costo

son obtenidos por un método de descenso donde el gradiente es for-

malmente calculado a través de una formulación Lagrangiana que

lleva a la introducción de un estado adjunto dado por un problema

retrógrado con valores en la frontera para una ecuación diferen-

cial parabólica lineal fuertemente degenerada y con coeficientes dis-

continuos. Haciendo un cálculo similar a esta deducción formal del

gradiente, se obtiene un método que permite calcular de manera efi-

ciente el gradiente exacto para el modelo discretizado. Este método

es utilizado para la identificación de los parámetros que intervienen

en el flujo de densidad y el coeficiente de difusión, a través de las

relaciones constitutivas propias del modelo.





ABSTRACT

In this thesis we study an inverse problem for a strongly de-

generate parabolic equation modelling the separation of a mixture

of solid and fluid by sedimentation. The inverse problem (IP) con-

sists in the determination of coefficients of the differential equation

governing the processes from concentration measurements, which is

the unknown of the model or direct problem. We formulate the IP

as a minimization problem for an appropriate cost function which

optimize the difference of the solution of the model with the observa-

tions. We analyze the IP for two cases of interest: the sedimentation

under the acceleration of gravity (sedimentation) and the sedimen-

tation by the influence of centripetal forces (centrifugation). In both

cases, we prove a continuous dependence of entropy solution with

respect to the coefficients, which implies the existence of solutions

for IP. We obtain the stationary points of the cost function by a

steepest descent method where the gradient is formally calculated

by a Lagrangian formulation which permits the introduction of an

adjoint state consisting in a linear backward boundary value prob-

lem for a strongly degenerate parabolic equation with discontinuous

coefficients. Following a similar computation to the formal deduc-

tion of the gradient, we obtain an efficient computation of the exact

gradient for the discrete model. This method is used to identify the

parameters of the flux density function and diffusion coefficient in

the constitutive relations obtained by the modelling assumptions.
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Introducción General

El compendio de trabajos que se presentan en esta tesis estudian el problema

de identificación de las nolinealidades de una ecuación parabólica fuertemente de-

generada a partir de un conocimiento de su solución y de sus condiciones iniciales

y de frontera. El interés inicial para realizar esta investigación fué el estudio de los

métodos numéricos para resolver problemas inversos originados en el modelamiento

matemático de los procesos de sedimentación-consolidación a través de la teoŕıa

fenomenológica.

La sedimentación es un proceso mecánico para la separación de una mezcla. Su

gran utilidad en los procesos industriales lo convierten en un fenómeno relevante

para la investigación cient́ıfica (ver [33, 28]). Los principales aspectos históricos de

la evolución de esta teoŕıa aparecen detallados en [25] y [35]. En estos trabajos, se

establece como modelo matemático para la descripción del fenómeno de separación

sólido-fluido, una ecuación parabólica fuertemente degenerada. Los términos convec-

tivos y difusivos que interviene en este modelo parabólico degenerado, se determinan

en la práctica a través de hipótesis constitutivas dadas por expresiones que dependen

de un número finito de parámetros.

La teoŕıa fenomenológica de sedimentación está basada en la Teoŕıa de Mezclas

de la Mecánica del Medio Continuo y su proceso de modelamiento y puede ser

resumido en las siguientes etapas (ver [9, 10, 11, 23, 24, 25, 28]) :

Etapa 1. Se supone que la mezcla, constituida por un sólido finamente dividido

inmerso en un fluido, es un sistema particulado que está compuesto de dos medios

cont́ınuos superpuestos obedeciendo a las siguientes restricciones:

M1 Las part́ıculas sólidas son pequeñas con respecto al recipiente de sedimentación

y tienen la misma densidad, tamaño y forma.

M2 El sólido y el fluido son incompresibles.

M3 No hay transferencia de masa entre el sólido y el fluido.

i
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Etapa 2. Las hipótesis M1-M3 permiten aplicar un balance local de masa y mo-

mento en el sistema y aśı obtener

∂φ

∂t
+ ∇ · (φvs) = 0, (1)

∂(1 − φ)

∂t
+ ∇ · ((1 − φ)vf) = 0, (2)

ρsφ

(

∂vs

∂t
+ (vs · ∇)vs

)

= ∇ · Ts + ρsφbs + m, (3)

ρf(1 − φ)

(

∂vf

∂t
+ (vf · ∇)vf

)

= ∇ · Tf + ρf(1 − φ)bf − m, (4)

donde φ denota la fracción volumétrica local de sólidos (concentración), t el tiempo,

m la fuerza de interacción sólido-fluido por unidad de volúmen y vs, ρs, Ts, bs, vf ,

ρf , Tf , bf denotan la velocidad, la densidad de masa, el tensor de esfuerzo de Cauchy

y la fuerza de cuerpo externa para la fase sólida y las cantidades correspondientes

para la fase ĺıquida, respectivamente.

Definiendo la velocidad volumétrica promedio como q = φvs + (1 − φ)vf y al

sumar (1) y (2) se deduce la ecuación

∇ · q = 0. (5)

Etapa 3. Se introduce hipótesis constitutivas que permiten simplificar el sistema

de ecuaciones (1)-(4).

La hipótesis de separación de fases, un cambio de variables teóricas por variables

experimentalmente medibles y un análisis del estado de equilibrio cuando t → ∞
(ver [26]), implican que Ts,Tf y m se escriban como

Tc = −pcI, c ∈ {s, f}, (6)

ps = φp+ σe, pf = (1 − φ)p, (7)

m = mb + md, mb = p∇φ, md = αvr, (8)

donde vr = vs − vf denota la velocidad relativa de la mezcla; p la presión de los

poros; α el coeficiente de rozamiento del sedimento; σe el esfuerzo efectivo de sólidos

y pc, c ∈ {s, f}, las presiones de cada una de las fases. Las relaciones (6)-(8) en

conjunto con las ecuaciones (3)-(4) permiten deducir

vr =
1 − φ

α
∇σe +

φ(1 − φ)

α

[

ρs

(

∂vs

∂t
+ (vs · ∇)vs

)

− ρf

(

∂vf

∂t
+ (vf · ∇)vf

)]

+
φ(1 − φ)

α
(ρsbs − ρfbf) (9)
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En este punto se hacen dos hipótesis que permiten simplificar el procedimiento

general, hecho hasta el momento, a los casos de interés para el presente trabajo: la

sedimentación bajo acción de la gravedad (sedimentación) y la sedimentación por

efecto de fuerzas centŕıfugas o centrifugación. Primeramente se consideran que las

fuerzas de cuerpo están dadas por bs = bf = −gk para la sedimentación y para la

centrifugación por

bc = −gk − ω × ω × r − 2ω × vc, c ∈ {s, f}, (10)

donde g es la constante de aceleración de la gravedad, k es el vector unitario y

ω = ωk es la velocidad angular. En (10), el primer término representa la fuerza

gravitacional, el segundo término la fuerza inercial originada por la fuerza centŕıpeta

y el tercer término la aceleración de Coriolis. En segundo lugar, se supone que la

mezcla está contenida en un recipiente impermeable con paredes de fricción des-

preciable. Además, se supone que todas las variables son constantes a lo largo de

cualquier sección transversal en el caso de la sedimentación y que existe simetŕıa

axial para el caso de la centrifugación. Esta última suposición reduce las ecuaciones

multidimensionales consideradas a una sola variable espacial.

La hipótesis constitutiva sobre σe y α es que ambas son funciones solamente de

la fracción volumétrica de sólidos y satisfacen

σe(φ)

{

= 0 for φ ≤ φc,

> 0 for φ > φc,
σ′

e(φ) =
dσe(φ)

dφ

{

= 0 for φ ≤ φc,

> 0 for φ > φc,
(11)

fbk(φ) = −(ρs − ρf)gφ
2(1 − φ)2

α(φ)
, fbk(φ) < 0, ∀φ ∈]0, φmax] ⊂ [0, 1] (12)

donde φc ∈]0, φmax[ representa la concentración cŕıtica, fbk(φ) la función de flujo

densidad y φmax el valor máximo de la concentración.

Etapa 4. De (9) se obtiene la siguiente expresión (ver [28, 26]):

vr =
fbk(φ)

∆ρgφ2(1 − φ)
[σ′

e(φ) + ∆ρφg] , ∆ρ = ρs − ρf , (13)

en el caso de la sedimentación y una expresión similar para el proceso de centrifu-

gación (ver [11]). Sustituyendo (13) en φvs = φq(t) + φ(1 − φ)vr, donde q = q(t) es

consecuencia de (5), se obtiene para la sedimentación el sistema

∂φ

∂t
+

∂

∂z
(φq(t) + fbk(φ)) =

∂2

∂z2
A(φ), A(φ) =

∫ φ

0

a(s)ds, (14)

∂pe

∂z
= −∂σe(φ)

∂z
− ∆ρgφ, pe = p− ρfg(L− z), (15)
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y para la centrifugación el sistema

∂φ

∂t
+

∂

∂r

(

−fbk(φ)
w2r

g
− σ

A(φ)

r

)

=
∂2

∂r2
A(φ) + σ

(

fbk(φ)
ω2

g
+
A(φ)

r2

)

(16)

∂pe

∂r
= −∂σe(φ)

∂r
+ ∆ρφω2r, pe = p− ρf

1

2
ω2r2, (17)

donde z representa la altura, L la altura inicial de la suspensión, r el radio o distancia

al eje de rotación, A es la primitiva del coeficiente de difusión

a(φ) = −fbk(φ)σ′
e(φ)

∆ρgφ
, (18)

y σ ∈ {0, 1} es un parámetro introducido de acuerdo con los casos especiales de

centrifugación considerados (ver Figura 2.1). De ambos sistemas, (14)-(15) y (16)-

(17), se deduce que los procesos de sedimentación y centrifugación quedan modelados

completamente por las ecuaciones escalares (14) y (16), respectivamente. Las ecua-

ciones (15) y (17) son utilizadas para calcular la presión de poros local.

Etapa 5. Para completar el modelo se debe considerar condiciones iniciales y de

frontera para (14) y (16).

En el caso de la sedimentación se asume que el flujo de sólidos en z = 0 se

reduce a su parte convectiva q(t)φ(0, t) y que la concentración no cambia cuando el

sedimento sale del sedimentador, lo que implica la condición de frontera

(

fbk(φ) − ∂A(φ)

∂z

)

(0, t) = 0. (19)

En z = L se considera dos tipos diferentes de condiciones de frontera dadas por

φ(L, t) = φL(t) (20)
(

fbk(φ) + q(t)φ− ∂A(φ)

∂z

)

(L, t) = fF (t), (21)

donde φL y fF son funciones dadas, modelando la concentración de sólidos y el flujo

de alimentación de sólidos, respectivamente. La concentración inicial es dada por

φ(z, 0) = φ0(z), z ∈ [0, L]. (22)

Los problemas de valores iniciales y de frontera (14), (19), (20), (22) y (14), (19),

(21), (22) son llamados “Problema A” y “Problema B”, respectivamente. Note que

la diferencia entre ambos problemas es la condición de borde en x = L, el Problema
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A tiene una condición Dirichlet y el Problema B una condición de flujo. Un caso

especial de estos problemas aparece cuando se considera un sedimentador cerrado

en x = 0, correspondiendo a considerar q = 0, llamado proceso de sedimentación

batch.

En el caso de la centrifugación se considera que la velocidad de la fase sólida se

anula en ambos lados r = R0 y r = R. Aśı, las condiciones de frontera para (16)

están dadas por
(

fbk(φ)
ω2rb
g

− ∂A(φ)

∂r

)

(rb, t) = 0, rb ∈ {R0, R}. (23)

La condición inicial esta dada por φ(r, 0) = φ̂0(r), r ∈ [R0, R].

En resumen, de las etapas de modelamiento descritas (Etapa1-Etapa5), se deduce

que la forma general de las ecuaciones no lineales involucradas en este estudio está

dada por la ecuación parabólica

∂tu+ ∂xF (x, t, u) = ∂2
xxA(u) +G(x, t, u), (x, t) ∈ QT =]a, b[×]0, T [

u(x, 0) = u0(x) x ∈]a, b[ (24)

Γ`(x`, t, u) = γ`(t) t ∈]0, T [, x` ∈ {a, b}, ` = 0, 1,

donde

∂xA(u) ≥ 0, u ∈ [0, 1]. (25)

Los coeficientes toman las formas particulares

F (x, t, u) = q(t)u+ fbk(u), G(x, t, u) = 0 y

F (x, t, u) = −ω
2r

g
fbk(u) −

σ

x
A(u), G(x, t, u) = σ

[ω2

g
fbk(u) +

A(u)

x2

]

,

para la sedimentación gravitatoria y centrifugación, respectivamente. Las condi-

ciones de frontera en esta nueva notación son:

Γ0(x0, t, u(x0, t)) = F (x0, t, u(x0, t)) − ∂xA(u(x0, t)), γ0(t) = q(t)u(x0, t),

Γ1(x1, t, u(x1, t)) = u(x1, t), γ1(t) = φ1(t),

para el Problema A,

Γ`(x`, t, u(x`, t)) = F (x`, t, u(x`, t)) − ∂xA(u(x`, t)), ` ∈ {0, 1}
γ0(t) = q(t)u(x0, t), γ1(t) = fF (t),
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para el Problema B y

Γ`(x`, t, u(x`, t)) = F (x`, t, u(x`, t)) − ∂rA(u(x`, t)) +
σ

x`
A(u(x`, t))

γ0(t) = γ1(t) = 0.

para la centrifugación. La caracteŕıstica fundamental del modelo matemático está

dada por el hecho que el término difusivo de la ecuación (24) se degenera fuertemente

en el sentido dado por la condición (25) y que es consecuencia de (11) y (18).

El análisis matemático de las ecuaciones (24)-(25) ha recibido en las últimas

décadas una atención especial ya que su nolinealidad y cambio de comportamiento

de parabólico a hiperbólico hacen que la solución se comporte como en las Leyes

de Conservación nolineales, es decir se observa la formación de discontinuidades

(choques) o una regularización (ondas de rarefacción) en la solución independien-

temente de la regularidad de las condiciones iniciales y de frontera impuestas (ver

[31, 47, 69]). De esta manera las soluciones para (24) deben ser entendidas en el

sentido de la entroṕıa de Kružkov.

Un análisis para el problema de Cauchy asociado a la ecuación (24) fue hecho

por Carrillo en un extenso y profundo trabajo (ver [31]). Este art́ıculo establece as-

pectos intŕınsicos del comportamiento de la solución bajo hipótesis generales sobre

los coeficientes. A pesar de la generalidad en la que se enuncian estos resultados su

adaptación al problema con valores en la frontera no es directa, apareciendo com-

plejidades meritorias de un análisis especial. Bürger y coautores en [15], siguiendo

el trabajo de Carrillo (ver [31]), realizaron el estudio del modelo de sedimentación

(Problema A y Problema B) cuando los coeficientes y datos satisfacen condiciones

de regularidad que son detalladas en los caṕıtulos 1 y 3 (ver secciones 1.2 y 3.2). El

Problema A necesita una redefinición de la frontera Dirichlet que permita evitar el

conflicto con la condición de entroṕıa, esta desigualdad es presentada en [15] y fue

obtenida previamente en [23], basándose en los resultados de Volpert y Hudjaev (ver

[88, 89]). El estudio de existencia, unicidad y estabilidad con respecto a la condición

inicial del problema de centrifugación fue hecho en [20], siguiendo también la técnica

de [31, 15].

El método de Volúmenes Finitos es la herramienta natural para la simulación

numérica de Leyes de Conservación (ver [48]). Aśı, en el caso de la ecuación (24)

resulta también ser la técnica numérica mas adecuada. La discretización de (24)

considerada en esta tesis está dada por tres familias de esquemas: uno formulado

de manera impĺıcita, otro de manera semi-impĺıcita y otro de manera expĺıcita. En

los tres casos se considera la discretización en el interior del dominio f́ısico y se

incorporan adecuadamente las condiciones de frontera. El flujo numérico (para la

convección) utilizando en las simulaciones numéricas es el de Engquist-Osher (ver
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[42]), cuya evidencia de buen comportamiento y coherencia para reflejar el fenómeno

modelado es presentada en los trabajos de R. Bürger y colaboradores, principalmente

en [19], donde fue introducido.

En el proceso de simulación es imprescindible determinar valores numéricos para

los distintos parámetros f́ısicos que intervienen en los términos convectivo y difusivo

de la ecuación parabólica degenerada. A pesar que experimentalmente o mediante

tablas se puede obtener aproximaciones, la determinación de estos datos, o valores

numéricos de los parámetros, es por lo general un problema dif́ıcil. Aśı, la cali-

bración y validación de estos parámetros se hace a partir de cuán cerca está la

solución obtenida mediante simulación numérica del modelo, de una determinada

observación experimental. El tratamiento matemático se traduce en un problema de

identificación de parámetros que es una situación particular del siguiente problema

inverso :

PI. Dadas las funciones u0, γ`, ` = 0, 1 y un conjunto de mediciones experimen-

tales uobs(x, t) encontrar F,G,A de tal manera que la solución entrópica de

(24) esté lo “mas cercana posible” de uobs(x, t).

La formulación PI establecida para el problema inverso es equivalente al problema

de optimización

min
F,G,A

J (u, uobs), sujeto a que u sea solución débil de (24), (26)

donde la función costo J se escoge para dar precisión matemática (anaĺıtica y

numérica) del término ambiguo “mas cercana posible”. El funcional natural J y que

será considerado a lo largo de este trabajo es el de mı́nimos cuadrados, el cual com-

para las funciones u y uobs en la norma L2 (ver caṕıtulos 1 y 2). El planteamiento (26)

de PI permite estudiar su existencia-unicidad y formular técnicas para su solución.

De una manera general el estudio del problema inverso es posible dividirlo de la

siguiente forma

• Análisis de su buen planteamiento.

• Aproximación Numérica.

• Convergencia de los esquemas numéricos.

• Aplicación a datos experimentales.

Todos estos subproblemas, para cada uno de los modelos previamente descritos, son

estudiados y reportados en la presente tesis.

La existencia de soluciones para (26) está basado en la dependencia continua

de la solución entrópica con respecto a los coeficientes. Sin embargo, la unicidad
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de soluciones para (26), es un problema mal-puesto, pudiéndose construir ejemplos

expĺıcitos para el caso de las Leyes de Conservación (ver [62]).

La técnica utilizada en esta tesis, para la solución numérica de (26) está basada en

el método del gradiente. La nolinealidad de la ecuacion (24) implica que su solución

no dependa expĺıcitamente de los coeficientes, dificultando de este modo la obtención

del gradiente. Sin embargo, haciendo cálculos muy similares a los realizados por

James y Sepúlveda para el caso de la Leyes de Conservación (ver [62]) es posible la

deducción formal de un gradiente continuo para J . Este procedimiento se resume

en los siguientes pasos :

Paso1 Se introduce una formulación lagrangiana de (26)

L(u, p; e) = J (u, uobs) − E(u, p; e), (27)

donde e denota el vector de los parámetros en las funciones F,G,A, que se van a

identificar y E la formulación variacional de (24) dada por

E(u, p; e) = −
∫ ∫

QT

(u∂tp+ F (x, t, u)∂xp+ A(u)∂2
xp+G(x, t, u)p)dtdx

+

∫ b

a

up
∣

∣

∣

T

t=0
dx +

∫ T

0

((F (x, t, u) − ∂xA(u))p+ A(u)∂xp)
∣

∣

∣

b

x=a
dt,

∀p “suficientemente suave” (28)

y J la función costo, que se asume de la forma

J (u, uobs) =
1

2

∫ ∫

QT

|u(x, t) − uobs(x, t)|2dxdt. (29)

La función test p puede ser considerado como un multiplicador de Lagrange gene-

ralizado ( ver [62]). En (28), para cada uno de los casos en estudio se debe sustituir

la condición de borde adecuadas.

Paso2 Se introduce la ecuación adjunta para (26). El gradiente de la función costo

en (27) está dado por

∇eJ (u(e)) =< ∂uL(u(e), p; e),∇e(u) > +∇eL(u(e), p; e), (30)

debido a que E(u(e), p; e) = 0. En esta derivación formal de la derivada total de

la función costo ∇e(u) no puede ser calculado, dado que la solución del problema

directo u no puede ser calculado expĺıcitamente en términos de e. Aśı, se hace



Introducción General ix

necesaria la introducción de una función test p de modo que ∂uL(u(e), p; e) = 0, es

decir que anula el primer término del lado derecho de (30). La derivada de L en la

dirección δu está dada formalmente por

< ∂uL(u(e), p; e), δu >=

∫ ∫

QT

(∂tp+ ∂uF (x, t, u)∂xp+ ∂uA(u)∂2
xp

+∂uG(x, t, u)p+ (u− uobs)(x, t))dtdx+

∫ b

a

u(x, T )p(x, T )dx

+

∫ T

0

(∂u(F (x, t, u) − ∂xA(u))p+ ∂uA(u)∂xp)
∣

∣

∣

b

x=a
dt. (31)

A fin de anular esta expresión, basta que p satisfaga la denominada ecuación adjunta

∂tp+ ∂uF (x, t, u)∂xp = −a(u)∂2
xxp− ∂uG(x, t, u) (x, t) ∈ QT ,

p(x, t) = ∂uJ , x ∈]a, b[, (32)

Γ′
`(x`, t, u, p) = γ′`(t), t ∈]0, T [,

donde Γ′
` y γ′` toman distintas formas de acuerdo a cada uno de los problemas

directos en estudio.

Paso3 Se obtiene el gradiente. Siendo p solución del problema adjunto (32) se sigue

que el gradiente de la J viene dado por

∇eJ (u(e)) = ∇eL(u(e), p; e) = −∇eE(u(e), p; e)

=

∫ ∫

QT

(∇eF (x, t, u)∂xp + ∇eA(u)∂2
xp+ ∇eG(x, t, u)p)dtdx

−
∫ T

0

(∇e(F (x, t, u) − ∂xA(u))p+ ∇eA(u)∂xp)
∣

∣

∣

b

x=a
dt (33)

Los Pasos 1 a 3 describen un cálculo formal que permite resolver el problema

de minimización asociado al problema inverso. Sin embargo, aparecen dos dificul-

tades. La primera, se presenta a nivel continuo, y es acerca de la validez de este

cálculo. En efecto, debido a las discontinuidades de la solución del problema directo,

y de las eventuales discontinuidades del problema adjunto, la diferenciabilidad de

la función costo en un sentido clásico, no es un problema fácil de determinar, tal
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como se observa por ejemplo para el caso puramente hiperbólico (ver [62]). La se-

gunda dificultad, es acerca de la discretización del problema (33), para el cálculo

del gradiente discretizado. El problema (33) corresponde a una ecuación lineal de

convección-difusión fuertemente degenerada con coeficientes discontinuos, cuya exis-

tencia y unicidad de soluciones es hasta ahora un problema abierto. Si bien se puede

hacer una analoǵıa al caso hiperbólico, en que se tiene un conocimiento parcial de

existencia y unicidad, a través de las soluciones reversibles, el problema de escoger

un método numérico correcto que aproxime a la solución, sigue siendo un prob-

lema dif́ıcil (ver [27, 55]). En la práctica, subsanamos momentáneamente estos dos

problemas, repitiendo el cálculo formal para el caso discreto, es decir calculando un

esquema adjunto asociado al esquema del problema directo y luego un gradiente de

la función costo discretizada que resulta ser un gradiente exacto. La convergencia del

gradiente exacto al gradiente del problema continuo (o quizás a algún subgradiente)

sigue siendo hasta ahora un problema abierto.

A nivel discreto, partiendo de una aproximación por Volúmenes Finitos de (24)

dada por

un+1
j = unj − λ(F n

j+1/2 − F n
j+1/2) + µ(Anj+1/2 − Anj−1/2) + gnj , j = 1, . . . , J − 1

Γ∆(un` , F
n
`+1/2, A

n
`+1/2, g

n
` ) = γn, ` ∈ {−1, J} (34)

donde Γ∆
` denota la discretización de la condición de borde que se hace expĺıcitamente

para cada una de las condiciones de borde. Se continúa con una formulación La-

grangiana discreta que permite introducir el estado adjunto discreto

pnj = pn+1
j − λ∂u

K−1
∑

k=−K

∂un
j
F n
j+k+1/2(p

n+1
j+k − pn+1

j+k+1)

+µ

K̂−1
∑

k=−K̂

∂un
j
Anj+1/2(p

n+1
j+k − pn+1

j+k−1)

+
K̄−1
∑

k=−K̄

gnj p
n+1
j , j = 1, . . . , J − 1, (35)

Γ′
∆(un` , F

n
`+1/2, A

n
`+1/2, g

n
` , p

n+1
` ) = γ′(tn), ` ∈ {1, J − 1}

se calcula el siguiente gradiente discreto para la función costo

∇eJ = −∆t∆x
∑

(j,n)∈Q∆

{λ∇eF
n
j+1/2(p

n+1
j − pn+1

j+1 )

−µ∇eA
n
j+1/2(p

n+1
j − pn+1

j+1 ) −∇eg
n
j p

n+1
j } (36)
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Se observa que el gradiente calculado corresponde a la discretización expĺıcita del

problema directo, en el caso de los otros esquemas se deduce una expresión equiva-

lente muy similar.

Organización de la Tesis

La tesis es presentada de la siguiente manera:

En el Caṕıtulo 1 se presenta el estudio del problema inverso para el Problema A

cuyos resultados fueron publicados en [37]:

A. Coronel, F. James and M. Sepulveda, Numerical identification of parame-

ters for a model of sedimentation processes. Inverse Problems, 19(4):951–972, 2003.

En este Caṕıtulo se presenta un resultado de continuidad de la solución entrópica

del problema directo con respecto a los coeficientes, lo que implica la existencia de

soluciones del problema inverso. Los resultados numéricos de validación muestran la

eficacia del método, a pesar de la carencia de pruebas teóricas. En el art́ıculo [37]

no se consideraron datos experimentales reales, ya que no se contaba inicialmente

con ellos. Los datos que se muestran al final del Caṕıtulo 1, fueron obtenidos recien-

temente por Pamela Garrido. Se cosideró importante agregar una sección adicional

(ver Sección 1.6) respecto del articulo publicado para mostrar la validez del método

de identificacación de parámetros, al aplicarlo sobre datos observados provenientes

de columnas de sedimentación de laboratorio.

En el Caṕıtulo 2 se presenta el estudio del problema inverso para el caso de

centrifugación y corresponde a los resultados de los art́ıculos [5] y [6]:

S. Berres, R. Bürger, A. Coronel, and M. Sepúlveda. Numerical identifica-

tion of parameters for a strongly degenerate convection-diffusion problem modelling

centrifugation of flocculated suspensions. Technical Report 2003-14, Departamento

de Igenieŕıa Matemática, Universidad de Concepción, Chile, 2003. To appear in

Appl. Numer. Math.

S. Berres, R. Bürger, A. Coronel and M. Sepúlveda, Numerical identi-

fication of parameters for a flocculated suspension from concentration measure-

ments during batch centrifugation. Preprint 2004-06, Departamento de Ingenieŕıa

Matemática, Universidad de Concepción, Concepción, Chile, To appear in Chem.

Eng. J.

En [5] se demuestra una condición necesaria para la existencia de soluciones del

problema inverso y además se estudia numéricamente la convergencia del método del
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lagrangiano. En tanto que en [6] se enfatiza sobre los aspectos f́ısicos del problema,

los detalles del algoritmo numérico y su aplicación.

En el Caṕıtulo 3 se presenta el estudio teórico de convergencia del esquema de

Volúmenes Finitos (34) y corresponde el trabajo [8]:

R. Bürger, A. Coronel and M. Sepúlveda. Convergence of upwind schemes

for an initial-boundary value problem of a strongly degenerate parabolic equation

modelling sedimentation-consolidation processes. Preprint 2004-09, Departamento

de Ingenieŕıa Matemática, Universidad de Concepción. Submitted to Math. Comp.

Este art́ıculo presenta los resultados de convergencia para un esquema de Volúmenes

finitos general, bajo las caracteŕısticas de consistencia y conservación. Las pruebas

son presentadas para el problema B. Sin embargo, estos resultados son generalizables

al problema A y al modelo de centrifugación.

Problemas Abiertos

Dentro de las dificultades no resueltas en la presente tesis se mencionan las

siguientes:

• Los cálculos que conducen al gradiente continuo son formales. El gradiente

puede no existir, tal como fué observado, para el caso de las Leyes de Con-

servación, por F. James y M. Sepúlveda en [62]. Esto es consecuencia de que

las soluciones del problema directo son generalmente funciones discontinuas.

Esta dificultad puede ser solucionada dando al gradiente una interpretación

en un sentido débil, partiendo por considerar una diferenciabilidad débil de

la solución entrópica con respecto a los coeficientes. Sin embargo, lo único

que se conoce es un comportamiento de continuidad de la solución entrópica

con relación a los coeficientes (ver teoremas 1.3.2 y 2.4.1) y no algún tipo de

diferenciabilidad.

Un avance notable del estudio de la diferenciabilidad es el desarrollado por

Stefan Ulbrich para Leyes de Conservación (ver [86, 87]). En [86] se introduce

el concepto de “shift-differentiability” con el cual se deduce la diferenciabilidad

en el sentido de Fréchet para una clase de funcionales de costo. Está técnica es

basada fuertemente en el trabajo de las caracteŕısticas generalizadas de Dafer-

mos (ver [40]) y asumiendo que el flujo es convexo, siendo precisamente estas

dos restricciones las que no permiten su directa generalización al problema

estudiado en esta tésis.
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• El estudio anaĺıtico del problema adjunto (32). Esta ecuación, a pesar de ser

lineal, posee dos dificultades: la primera, originada debido a que los coeficientes

dependen de la solución del problema directo y por ende son generalmente

discontinuas, y la segunda, causada por la fuerte degeneración del término

difusivo.

El análisis de este tipo de problemas, sin considerar términos difusivos fuerte-

mente degenerados y términos fuente, fue hecho por F. Bouchut y F. James

en [27] y recientemente extendido en [86], al caso de términos fuente. Sin em-

bargo, la generalización de la técnica utilizada en [27] al estudio de (32) no es

directamente posible debido a que la condición de Lipschitz-continuidad de un

solo lado (OSLC) deja de ser válida.

• La consideración anterior acarrea otra dificultad: La falta de resultados de

convergencia del estado adjunto discreto. La carencia de una definición precisa

de solución para el problema adjunto (32) impide dar sentido a la convergencia

del estado adjunto discreto (35) y a cualquier otra aproximación numérica

que se considere. En este sentido cabe mencionar que un análisis similar al

desarrollado para la convergencia del problema directo (ver Capitulo 3) lleva

a establecer las condiciones necesarias utilizadas en [55] para la convergencia

de los esquemas de Volúmenes Finitos en las ecuaciones de transporte con

coeficientes discontinuos.

• Las hipótesis M1 puede ser relajada de modo de obtener un modelo mas realista

del fenómeno de sedimentación. Si se supone que las part́ıculas de sólido son de

distinto tamaño y densidad lleva al establecimiento de un sistema de ecuaciones

diferenciales no lineales de tipo parabólico fuertemente degenerado (ver [4, 7])

y por lo tanto más dificil de resolver.





Chapter 1

Numerical identification of

parameters for a model of

sedimentation processes

In this chapter we present the identification of parameters in the flux and diffusion

functions for a quasilinear strongly degenerate parabolic equation which models the phy-

sical phenomenon of flocculated sedimentation. We formulate the identification problem

as a minimization of a suitable cost function and we derive its formal gradient by means

of adjoint equation which is a backward linear degenerate parabolic equation with discon-

tinuous coefficients. For the numerical approach, we start with the discrete Lagrangian

formulation and assuming that the direct problem is discretized by the Engquist-Osher

scheme obtain a discrete adjoint state associated to this scheme. The conjugate gra-

dient method permits to find numerically the physical parameters. In particular, it allows

to identify as well the critical concentration level at which solid flocs begin to touch

each other and determines the change of parabolic to hyperbolic behavior in the model

equation.

1.1 Introduction

Batch sedimentation is a classical procedure to separate a flocculated suspension

into a concentrated sediment of practical interest, and a clear fluid. It is used, for

example in metallurgy and food industry. The experimental setting consists of a

vertical column, with a surface feed at the top, and a discharge surface at the

bottom. Under the influence of gravity, the suspension separates into a clear fluid

and a compressible sediment which is collected at the bottom of the column. See

[23, 24, 26, 16, 12, 28] for more complete descriptions and details.

1
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Under several constitutive and simplifying assumptions, it turns out that this

mixture of two continuous media (fluid and solid flocs) can be described by a single

model equation, namely a partial differential equation of mixed type: hyperbolic and

parabolic. The unknown is the volumetric solid concentration φ, which is a function

of the time t and the height in the column z.

The mixed type nature of the equation results from the different behaviour of

the solid flocs on the one hand and the fluid on the other. The former lies in a com-

pression region, where the solid effective stress σe is not constant, while in the fluid

zone it can be taken as equal to a constant. Therefore, in the solid zone (sediment),

the equation will be of parabolic type, and in the fluid zone, it will be hyperbolic.

More precisely, it can be assumed that σe is a nonlinear function of φ alone, with

the following shape:

σ′
e(φ) =

{

= 0 for φ ≤ φc
> 0 for φ > φc

The concentration φc is the so-called critical concentration, above which the flocs

get into contact with each other and form a network. The location of the interface

φ = φc is a specific problem in direct simulations.

Another constitutive relation can be obtained through Kynch’s kinematical the-

ory of sedimentation. This gives the velocity of the mixture as a function of the

concentration φ,

f(φ, t) = q(φ, t) + fbk(φ).

Here q is the volume average velocity of the mixture, q = vsφ+ vf (1− φ) (vs and vf
are the solid and fluid velocities), and fbk the so-called batch flux density function.

A constitutive equation should be formulated for this function.

We are interested here in the inverse problem which consists in identifying the

constitutive laws fbk and σe from experimental data. This kind of problem is in

general impossible to solve in its full generality, i.e. considering fbk and σe as general

functions. Therefore we shall consider more precise constitutive assumptions, which

give explicit expressions for both functions, depending on a finite number of param-

eters. Among these we emphasize the value of the critical concentration φc, which is

of great practical importance, and very difficult to access from experimental data.

We mention here that there are several experimental methods to obtain the involved

parameters, see [3, 13] for an overview. They employ a set of data of local concen-

tration and initial settling velocities for sedimentation, and concentration gradients

for consolidation, to obtain approximate correlations from which the settling and

consolidation parameters may be obtained by algebraic manipulations. In contrast,

in our approach we need only experimental concentration data and we compute the

optimal fbk and σe.
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There is a large list of authors who have proposed analytical and numerical

methods to solve inverse problems for partial differential equations of evolution.

For example, parameter identification methods for parabolic PDEs can be found in

[30, 29, 57, 70, 71] and references therein. Recently, Yamamoto and Zou [92] recons-

tructed the radiative coefficient and the initial data for a linear parabolic equation

using a piecewise linear finite-element method for the discretization and a nonli-

near gradient multigrid method for accelerating the reconstruction process. Several

difficulties arise in the case we consider, since we want to reconstruct nonlinear

coefficients, but such a strategy is likely to be useful to improve the results. Moreover,

the hyperbolic degeneracy gives rise to shocks in the concentration profiles. Both

the existence and uniqueness for weak solutions to the direct problem rely on the

specific entropy conditions, which has physical relevancy for the model, and must

be considered owing to the nonlinearity of the flux and degeneracy of the diffusion,

see [23, 24, 19].

The existence of solutions for the inverse problem is a consequence of the conti-

nuous dependence of the entropy solutions with respect to the flux and the diffusion

(see Theorem 1.3.2 below and [32, 46]). Uniqueness cannot be ensured because of

the hyperbolic behaviour, see [62, 61]. Therefore we shall rewrite the identification

problem by adapting the technique developed by James and Sepúlveda [62, 61, 63],

which is numerically tested as an efficient method to reconstruct the flux of a parti-

cular hyperbolic system. The idea is to write the inverse problem as an optimization

problem for an appropriate cost function and then to apply the classical conjugate

gradient method.

The continuous gradient stems from an adjoint state to the model consisting

of a backward linear degenerate convection-diffusion equation with discontinuous

coefficients and boundary conditions. As in the purely hyperbolic case, the adjoint

equation is ill-posed in uniqueness. We obtain the discrete gradient by computing

the exact gradient of the discrete formulation of the optimization problem. This

has become a classical technique, instead of computing the discretization of the

formal gradient, because identification problems are generally badly conditioned or

ill-posed, see [63]. All the computations are based upon the explicit (first and second

order), semi-implicit and implicit Engquist-Osher (or generalized upwind) schemes

for numerical computation of the solution of the sedimentation model, see Bürger

et al. [19]. In each case, the adjoint scheme and the discrete gradient are provided.

The remainder of this paper is organized as follows. In section 1.2 we provide

the formulation of the direct and inverse problems. In section 1.3 we analyse the

question of the well-posedness. In section 1.4 we present the formal calculus of the

gradient. In section 1.5 we introduce the numerical schemes for the identification of
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the parameters and we present some numerical results.

1.2 Statement of the problem

1.2.1 The direct problem

Summarizing the results given in [9, 23, 24, 26] for the mathematical model of

the sedimentation processes, we have the following IBVP

∂φ

∂t
+

∂

∂z
(q(t)φ+ fbk(φ)) = − ∂

∂z

(

fbk(φ)
σ′
e(φ)

∆ρgφ

∂φ

∂z

)

, (z, t) ∈ QT , (1.1)

φ(z, 0) = φ0(z) , z ∈ [0, L] , (1.2)

φ(L, t) = φ2(t) , t ∈ [0, T ] , (1.3)

fbk(φ)

(

1 +
σ′(φ)

∆ρgφ

∂φ

∂z

)
∣

∣

∣

∣

z=0

= 0 , t ∈ [0, T ] , (1.4)

where φ is the non-negative unknown function, QT = [0, L] × [0, T ], ∆ρ and g

are positive constants, q, fbk, σe, φ0 and φ2 are given functions with the following

supposed behaviour:

• q is a non-positive Lipschitz function, this is

q ∈ Lip([0, T ]) and q(t) ≤ 0 , ∀t ∈ [0, T ] . (1.5)

• fbk(φ) is a smooth function such that

fbk(φ) =

{

= 0 for φ ∈ R−]0, φmax[ ,

< 0 for φ ∈]0, φmax[ .
0 < φmax ≤ 1 (1.6)

• σe(φ) is a C3 function, constant for φ < φc, monotonically increasing for φ > φc
where φc ∈]0, φmax[ is a constant, and its first derivative, σ′

e, satisfies

σ′
e(φ) =

{

= 0 for φ ≤ φc ,

> 0 for φ > φc .
(1.7)

• φ0 and φ2 are piecewise continuous functions such that

0 ≤ φ0(z), φ2(t) ≤ φmax, z ∈ [0, L], t ∈ [0, T ] (1.8)

with φ2 changing its monotonicity behaviour a finite number of times.
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In the setting of sedimentation theory φ(z, t) denotes the volumetric solid con-

centration at height z in time t, q the volume-averaged velocity of a suspension, fbk
the Kynch batch flux density function, φmax the maximum concentration value, σe
the effective solid stress, L the height of thickener feeding level, T the total time for

the process, ∆ρ the difference of solid and fluid mass densities, g the acceleration

of gravity and φc a critical concentration value or gel point, see [9, 10, 26, 28] for

specific details.

The flux density function (briefly, flux) and the diffusion coefficient (briefly, dif-

fusion) associated with equation (1.1) are defined by

f(φ, t) = q(t)φ+ fbk(φ) and a(φ) = −fbk(φ)σ′
e(φ)

∆ρgφ
, (1.9)

respectively. Moreover we define the integrated diffusion coefficient A by

A(φ) =

∫ φ

0

a(s)ds . (1.10)

Due to (1.6), (1.7) and (1.9), (1.1) is a second order parabolic partial differential

equation for φ ∈]φc, φmax[, a nonlinear hyperbolic conservation law for φ ∈]0, φc[ and

a linear advection equation for φ ∈ R− [0, φmax]. In brief, the IBVP is referenced as

a quasilinear strongly degenerate parabolic equation. We remark that it is sufficient

to consider the degeneracy on [0, φc] ∪ {φmax} because for φ solution of the IBVP

we have that φ ∈ [0, φmax] almost everywhere, see [24].

1.2.2 The inverse problem

Experimental results obtained in industrial and laboratory processes for floccu-

lated sedimentation suggest we consider in the model (1.1)-(1.9), the dependence of

a finite number of parameters for the functions fbk and σe, see [9, 10, 26, 28]. The

determination of these parameters implies solving an “Identification Problem” (IP).

We can formulate this, in general way, as follows:

IP Given observation data φobs(z), at time T , and the functions q(t), φ(z, 0), φ(L, t),

explicitly, and φ(0, t), implicitly, satisfying (1.5), (1.2), (1.3) and (1.4) respec-

tively, find the flux f and the diffusion a with fbk and σe satisfying (1.6) and

(1.7) such that the weak solution φ(z, T ), in time T , of the IBVP (1.1)-(1.7)

is as close as possible to φobs(z) in some suitable norm.

We can write the IP, see [62, 61, 63], as the optimization of a cost function J

min
f,a

J(φ(·, T )) , (1.11)
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under the constraint that for φ satisfy weakly the IBVP (1.1)-(1.4), for some f and

a. A natural example of cost function J is

J(φ) =
1

2

∫ L

0

|φ(z, T ) − φobs(z)|2dz , (1.12)

for other examples see [61].

We particularize the general situation by considering the parametric dependent

analytic form of the flux and the diffusion. In this paper, we seek fbk by the usual

formula of Richardson and Zaki [81], and σe by a constitutive law, [19], i.e.

fbk(φ) = u∞φ(1 − φ

φmax
)C , (1.13)

σe(φ) =

{

Cte. for φ ≤ φc ,

α
(

(φ/φc)
β − 1

)

for φ > φc ,
(1.14)

where u∞ is the flow velocity of a singular particle in an unbounded medium and

C > 1, α > 0, β > 1, φc ∈]0, φmax[ are parameters(see [13, 28, 50] for other examples).

Thus, in this particular case, if we denote by e the parameters to find, the problem

(1.11) can be formulated in an equivalent way by

min
e

J(φe(·, T )) ,

where φe is a weak solution of IBVP (1.1)-(1.4) with fbk and σe given by (1.13)-

(1.14), respectively.

The nonlinearity and degeneracy implies that solutions of the IBVP may become

discontinuous in finite time. Thus, we need to interpret the IBVP in a weak way.

In addition, it is well known that the IBVP is ill-posed in the classical weak sense

because there is no uniqueness. In order to have a well-posed problem we must

consider an additional condition or entropy condition, see [23, 24, 15].

1.3 Theoretical analysis of the IBVP and the IP

1.3.1 The direct problem

We adopt in this paper the definition of the weak entropy solution introduced

by Bürger et al. [15].

Definition 1.3.1 Let φ ∈ L∞(QT ) ∩ BV (QT ) . Then φ is an entropy solution of

the IBVP if the following four conditions are valid:
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(i) ∂zA(φ) ∈ L2(QT )

(ii) For all k ∈ R and for all ϕ ∈ C∞(]0, 1]× [0, T ]) such that ϕ ≥ 0 and supp ϕ ⊂
]0, 1]×]0, T [ the entropy inequality
∫ ∫

QT

{

|φ− k|∂tϕ+ sgn(φ− k)(f(φ, t) − f(k, t) − ∂zA(φ))∂zϕ
}

dzdt

+

∫ T

0

{

− sgn(φ2(t) − k)[f(γ1φ, t) − f(k, t) − γ1∂zA(φ)]ϕ(1, t)

+[sgn(γ1φ− k) − sgn(φ2(t) − k)][A(γ1φ) − A(k)]∂zϕ(1, t)
}

dt > 0

is satisfied.

(iii) For almost all t ∈]0, T [

γ0(fbk(φ) − ∂zA(φ)) = 0

(iv) For almost all z ∈ [0, L]

lim
t→0

φ(z, t) = φ0(z)

The terms γ0 and γ1 denote the traces in BV (QT ) at z = 0 and z = 1, respec-

tively. For a precise definition see [24]. Item (i) is a technical regularity condition,

(ii) is the entropy condition, while (iii) and (iv) are the weak formulation for the

boundary condition (1.4) and the initial condition (1.2), respectively.

Deninition 1.3.1 implies that the direct problem is well-posed, this was proved in

[15], see also [24]. In those works, following the ideas Kružkov [72] and Carrillo [31],

are established several properties for the entropy solution of the direct problem. In

particular, on the basis of hypothesis (1.5)-(1.9), was proved the following theorem.

Theorem 1.3.1 There is almost one entropy solution φ for the IBVP (1.1)-(1.4).

1.3.2 Existence of solutions to the Inverse Problem

In this section we provide a sufficient condition for the existence of at least

one solution for our IP. The existence result is a consequence of the continuous

dependence of the entropy solution with respect to the flux and diffusion. The non-

uniqueness is a consequence of the degeneracy and the hyperbolic behaviour.

The continuous dependence for a Cauchy Problem with spatially dependent flux

was studied in [46, 68]. Their ideas, inspired by the works of Carrillo [31] and Cock-

burn and Gipenberg [32], can be extended to our IBVP with time dependent flux.

First, we need the following lemma.
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Lemma 1.3.1 Assume that A′ > 0, then for any ϕ ≥ 0 in C∞
0 (QT ) and k ∈ R we

have
∫∫

QT

{|φ− k|∂tϕ+ sgn(φ− k)(f(φ, t) − f(k, t) − ∂zA(φ))∂zϕ} dtdz

= lim
ε→0

∫∫

QT

A′(φ)(∂zφ)2sgn′
ε(φ− k)ϕdtdz, (1.15)

where φ is an entropy solution of the IBVP and

sgnε(r) =







−1 r < −ε,
r/ε −ε ≤ r ≤ ε,

1 r > ε.

Proof. Let ψε(z) = −sgnε(A
−1(z) − k) and Aψε

(φ) =
∫ φ

k
ψε(A(r))dr. Then, by

a “weak chain rule” (see [31, 15]) we have

−
∫ T

0

< ∂tφ,−sgnε(φ− k)ϕ > dt =

∫∫

QT

Aψε
(φ)∂tϕdtdz, (1.16)

where < ·, · > denotes the usual pairing between H−1(]0, L[) and H1
0 (]0, L[).

On the other hand, by definition 1.3.1, it follows that

−
∫ T

0

< ∂tφ, sgnε(φ− k)ϕ > dt

+

∫∫

QT

[f(φ, t) − f(k, t) − ∂zA(φ)]∂z(sgnε(φ− k)ϕ)dtdz = 0.(1.17)

Combining (1.16) with (1.17) and passing to the limit when ε → 0, we obtain

(1.15). �

Theorem 1.3.2 Let u and v be entropy solutions of the following IBVPs:

∂u

∂t
+

∂

∂z
(q1(t)u+ fbk1(u)) =

∂2A(u)

∂z2

u(z, 0) = u0(z), u(L, t) = uL(t), fbk1(φ) − A(u)
∂u

∂z

∣

∣

∣

∣

z=0

= 0,

and

∂v

∂t
+

∂

∂z
(q2(t)v + fbk2(v)) =

∂2B(v)

∂z2

v(z, 0) = v0(z), v(L, t) = vL(t), fbk2(v) − B(v)
∂v

∂z

∣

∣

∣

∣

z=0

= 0,
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respectively, where the assumptions (1.5)-(1.10) are fulfilled by each one of its co-

efficients, initial and boundary conditions. Then for almost all t ∈ [0, T ]

‖u(·, t)− v(·, t)‖L1([0,L]) ≤ ‖u0 − v0‖L1([0,L]) + tC‖q1 − q2‖Lip([0,T ])

+tC‖fbk1 − fbk2‖Lip([0,umax]) +
√
tC‖√a−

√
b‖L∞([φc,φmax])

where C > 0 is a constant and a(u) = A′(u), b(v) = B′(v).

Proof. It is sufficient to prove this theorem when the equations are uniformly

parabolic since the degenerate parabolic case is a consequence of the convergence of

the vanishing viscosity method, see [24, 15]. The proof will be done by the generalized

doubling of variables technique, see [31].

Let us introduce the test function ϕ ∈ C∞
0 (QT ×QT )

ϕ(z, t, y, s) =

{
∫ t−ν

−∞

ρθ(s)ds−
∫ t−τ

−∞

ρθ(s)ds

}

ρη(z − y)ρδ(t− s),

where ν, τ ∈]0, T [ are Lebesgue points of ‖u(·, t) − v(·, t)‖L1([0,L]), θ ∈]0,min{ν, T −
τ}[, η, δ > 0 and ρε(x) = (1/ε)ρ(x/ε) for ε > 0 with ρ ∈ C∞

0 (R) such that ρ is a

even function, ρ(r) = 0 for |r| > 1 and
∫

ρ(r)dr = 1.

We apply lemma 1.3.1 twice; Firstly with ϕ as a test function in (z, t), φ = u(z, t),

k = v(y, s) and integrate with respect to (y, s) ∈ QT . Then we apply the lemma

with ϕ as a test function in (y, s), φ = v(y, s) and k = u(z, t) and integrate with

respect to (z, t) ∈ QT . By summing up the results we obtain

−
∫∫∫∫

QT×QT

{

|u− v|(∂tϕ+ ∂sϕ)

+sgn(u− v)[(f(u, t) − f(v, t))∂zϕ− (g(v, s)− g(u, s))∂yϕ]

−[sgn(u− v)∂zA(u)∂zϕ+ sgn(v − u)∂yB(v)∂yϕ]
}

dzdtdyds

= − lim
ε→0

∫∫∫∫

QT ×QT

{

A′(u)(∂zu)
2 +B′(v)(∂yv)

2
}

sgn′
ε(v − u)ϕdzdtdyds

≤ − lim
ε→0

∫∫∫∫

QT×QT

2
√

A′(u)
√

B′(v)∂zu∂yv sgn′
ε(v − u)ϕdzdtdyds = S1.

Now, by triangle inequality we get

I1 + I2 + I3 ≤ −
∫∫∫∫

QT×QT

|u− v|(∂tϕ+ ∂sϕ)dzdtdyds ≤ S1 + S2 + S3

where

I1 = −
∫∫∫∫

QT×QT

|u(y, t)− v(y, t)|(∂tϕ+ ∂sϕ)dzdtdyds
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I2 = −
∫∫∫∫

QT×QT

|v(y, t)− v(y, s)|(∂tϕ+ ∂sϕ)dzdtdyds

I3 = −
∫∫∫∫

QT×QT

|u(z, t) − u(y, t)|(∂tϕ+ ∂sϕ)dzdtdyds

S2 =

∫∫∫∫

QT×QT

sgn(u− v)[(f(u, t) − f(v, t))∂zϕ− (g(v, s) − g(u, s))∂yϕ]dzdtdyds

S3 = −
∫∫∫∫

QT×QT

[sgn(u− v)∂zA(u)∂zϕ+ sgn(v − u)∂yB(v)∂yϕ]dzdtdyds.

Taking into account that ∂tϕ + ∂sϕ = [ρθ(t − ν) − ρθ(t − τ)]ρη(z − y)ρδ(t − s)

and ∂zϕ+ ∂yϕ = 0, we obtain that

lim
θ→0

I1 = ‖u(·, τ) − v(·, τ)‖L1(]0,L[) − ‖u(·, ν) − v(·, ν)‖L1(]0,L[),

lim
θ→0

I2 = 0,

lim
θ→0

I3 ≥ −2η sup
t∈(ν,τ)

|u(·, t)|BV (]0,L[),

lim
θ,η,δ→0

S2 ≤ (‖q1 − q2‖Lip + ‖fbk1 − fbk2‖Lip) sup
t∈(ν,τ)

|u(·, t)|BV (]0,L[)

and

lim
θ→0

S1 + S3 ≤ (τ − ν) sup
t∈(ν,τ)

|u(·, t)|BV (]0,L[)
2

η
‖
√
B′ −

√
A′‖2

L∞([φc,φmax]).

This estimates yields the result. �

Corollary 1.3.1 Let M = Lip([0, T ]) × Lip([0, umax]) × L∞([φc, φmax]). The ma-

pping J̃ : (q, fbk, a) 7→ J(φq,fbk,a) defined from M to R+ is continuous. Then, if

(q, fbk, a) ∈ F , where F is a compact subset of M, there exist at least one solution

for the IP.

Because the square root is not a Lipschitz function it is interesting to note that

if we consider the mapping Ĵ : (q, fbk,
√
a) 7→ J(φq,fbk,a) from M to R+ is Lipschitz

continuous, obtaining a strong result of the continuity of the cost function with

respect to “
√
a” rather than “a”.

It is known that IP is ill-posed in uniqueness if we consider for instance the

identification of the parameters of the flux only a shock observation, when A = 0

(see [39] for more details). We hope to solve this problem of uniqueness following

the idea of [39]: considering several experimental observations with rarefaction waves

and a limited number of real parameters to identify.
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1.4 Lagrangian formulation and formal calculus

We define a Lagrangian for the problem (1.11) by setting

L(φ, ψ; f, a) = J(φ) − E(φ, ψ; f, a),

where ψ is a smooth test function, φ is the state variable and

E(φ, ψ; f, a) = −
∫

QT

(

φ
∂ψ

∂t
+ f(φ)

∂ψ

∂z
+ A(φ)

∂2ψ

∂z2

)

+

∫

z=L

(

ψf(φ2) − ψ
∂A

∂z
(φ2) + A(φ2)

∂ψ

∂z

)

−
∫

z=0

(

ψq(t)φ+ A(φ)
∂ψ

∂z

)

+

∫

t=T

ψφ−
∫

t=0

ψφ0 .

When we formally take the derivative of L in the direction δφ we obtain
〈

∂L
∂φ

, δφ

〉

=

∫

QT

δφ

(

∂ψ

∂t
+ f ′(φ)

∂ψ

∂z
+ a(φ)

∂2ψ

∂z2

)

+

∫

z=0

δφ

(

ψq(t) + a(φ)
∂ψ

∂z

)

+

∫

t=T

δφ(φ− φobs − ψ) ,

where we used the fact that φ0, φ2 and φobs are fixed. Now, we are interested in

cancelling ∂L/∂φ, then ψ should be a solution of

∂ψ

∂t
+ (q(t) + f ′

bk(φ))
∂ψ

∂z
= −a(φ)

∂2ψ

∂z2
, (z, t) ∈ QT , (1.18)

ψ(z, T ) = φ(z, T ) − φobs(z) , z ∈ [0, L] , (1.19)

ψq(t) − a(φ)
∂ψ

∂z

∣

∣

∣

∣

z=0

= 0 , t ∈ [0, T ] . (1.20)

This problem is a backward boundary value problem for a linear parabolic degen-

erate equation with discontinuous coefficients. The end condition (1.19) depends on

the cost function, in this case it corresponds to J . In more general case we have

the relation
∫

t=T
δφψ =< ∂J/∂φ, δφ >, for all δφ smooth. No boundary condition

is needed at z = L, for the case of batch sedimentation q = φ2 = 0, since the

characteristics are in the domain for the direct problem.

Let φf,a be solution of the IBVP. If φf,a is smooth, then we have E(φf,a, ψ; f, a) =

0 for each ψ smooth. In this way, L(φf,a, ψ; f, a) = J(φf,a) = J̃(f, a). Thus

∇J̃(f, a) =

(〈

∂L
∂φf,a

, φf,a

〉

+
∂L
∂f

,

〈

∂L
∂φf,a

, φf,a

〉

+
∂L
∂a

)

=

〈

∂L
∂φf,a

, φf,a

〉

(1, 1) +

(

∂L
∂f

,
∂L
∂a

)

·
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In this equality, for the ψ solution of (1.18)-(1.20) the first term in the right-hand

side is zero, so that we obtain
〈

∇J̃ , (δf, δa)
〉

= 〈∇L, (δf, δa)〉 = −〈∇E, (δf, δa)〉

=

∫

QT

(

δf(φf,a)
∂ψ

∂z
, a(φf,a)

∂2ψ

∂z2

)

+

∫

z=L

(

δf(φ2)ψ, a(φ2)
∂ψ

∂z

)

−
∫

z=0

(

0, a(φ1)
∂ψ

∂z

)

.(1.21)

1.5 Numerical schemes and discrete study

We divide the interval (0, L) into M subintervals of length ∆z = L/M and the

interval (0, T ) into N subintervals of length ∆t = T/N . For n = 0, . . . , N and

j = 0, . . . ,M we will denote by φnj the value of the numerical solution at (j∆z, n∆t)

and by φ0
j , φ

n
2 , φ

obs
j the corresponding approximation of φ0, φ2, φ

obs, respectively.

At the discrete level the minimization corresponds to the following problem

min
e

J∆(φnj (e))

where J∆ is the discrete form of the cost function. In the case of (1.12) this is given

by

J∆(φnj (e)) =
1

2

M
∑

j=0

∆z|φNj − φobsj |2 .

In this way we define the discrete associated Lagrangian by

L·(φ
n
j , ψ

n
j ; e) =

1

∆z
J∆(φnj ) − E∆(φnj , ψ

n
j ; e) ,

where E∆(φnj , ψ
n
j ; e) denotes a discrete weak formulation, this is obtained by su-

mmation by parts of the numerical scheme by the same means as we calculated the

numerical solution of the IBVP and ψnj will be chosen as the solution of a discrete

adjoint problem.

1.5.1 First and second-order explicit EO scheme

In [19] the IBVP was well discretized by means of the first- and second-order

Engquist-Osher scheme. The first-order EO scheme is

φn+1
j − φnj

∆t
+ q(n∆t)

φnj+1 − φnj
∆z

+
fEObk (φnj , φ

n
j+1) − fEObk (φnj−1, φ

n
j )

∆z

=
A(φnj+1) − 2A(φnj ) + A(φnj−1)

(∆z)2
, j = 1, . . . ,M − 1, (1.22)
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where

fEObk (φnj , φ
n
j+1) = f+

bk(φ
n
j ) + f−

bk(φ
n
j+1)

=

[

fbk(0) +

∫ φn
j

0

max(f ′
bk(s), 0)ds

]

+

[
∫ φn

j+1

0

min(f ′
bk(s), 0)ds

]

.

The second order EO scheme is defined by

φn+1
j − φnj

∆t
+ q(n∆t)

φLj+1 − φRj
∆z

+
fEObk (φRj , φ

L
j+1) − fEObk (φRj−1, φ

L
j )

∆z

=
A(φnj+1) − 2A(φnj ) + A(φnj−1)

(∆z)2
, j = 1, . . . ,M − 1, (1.23)

where

φLj = φnj −
∆z

2
snj and φRj = φnj +

∆z

2
snj .

Here sn1 = snM−1 = 0 and for j = 2, . . . ,M − 2 we have

snj = mm(θ
φnj − φnj−1

∆z
,
φnj+1 − φnj−1

2∆z
, θ
φnj+1 − φnj

∆z
) , θ ∈ [0, 2],

with mm the minmod function

mm(a, b, c) =







min(a, b, c), if a, b, c > 0,

max(a, b, c), if a, b, c < 0,

0, otherwise.

In both cases, first and second order, φnM is obtained by φnM = φ2(n∆t) and φn0 by

the following formula:

φn+1
0 − φn0

∆t
+ q(n∆t)

φn1 − φn0
∆z

+
fEObk (φn0 , φ

n
1)

∆z
=
A(φn1 ) − A(φn0)

(∆z)2
·

Denoting by λ = ∆t/∆z and ν = ∆t/(∆z)2 the discrete weak formulation

E∆ = E∆(φnj , ψ
n
j , e) for (1.22) is given by

E∆ =
∑

n,j

{

φn+1
j − φnj + λq(n∆t)(φnj+1 − φnj ) + λ

(

fEObk (φnj , φ
n
j+1, e)

−fEObk (φnj−1, φ
n
j , e)

)

− ν(A(φnj+1, e) − 2A(φnj , e) + A(φnj−1, e))
}

ψn+1
j

=
∑

n,j

{

φnj

[

ψnj − ψn+1
j + λq(n∆t)(ψn+1

j−1 − ψn+1
j )

]

+λfEObk (φnj , φ
n
j+1, e)(ψn+1

j − ψn+1
j+1 ) − νA(φnj , e)(ψn+1

j−1 − 2ψn+1
j + ψn+1

j+1 )
}
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+

M−1
∑

j=0

{

φNj ψ
N
j − φ0

jψ
0
j

}

+
N−1
∑

n=0

{

λ
[

q(n∆t)φnMψ
n+1
M−1 − q(n∆t)φn0ψ

n+1
−1 + fEObk (φnM−1, φ

n
M , e)ψn+1

M

]

−ν
[

A(φnM , e)ψn+1
M−1 − A(φnM−1, e)ψn+1

M − A(φn0 , e)(ψn+1
−1 − ψn+1

0 )
]}

,

where we have approximated the boundary condition at z = 0 by

fbk(φ)

(

1 +
σ′(φ)

∆ρgφ

∂φ

∂z

)
∣

∣

∣

∣

z=0

≈ fEObk (φn−1, φ
n
0) −

A(φn0 ) − A(φn−1)

∆z
= 0 .

Taking the derivative of E∆ with respect to φnj we obtain

∂E∆

∂φnj
= ψnj − ψn+1

j + λq(n∆t)(ψn+1
j−1 − ψn+1

j )

+λ
{

min(f ′
bk(φ

n
j ), 0)ψn+1

j−1 + |f ′
bk(φ

n
j )|ψn+1

j − max(f ′
bk(φ

n
j ), 0)ψn+1

j+1

}

−νa(φnj )(ψn+1
j−1 − 2ψn+1

j + ψn+1
j+1 ) + ψNj δn,N

−
[

λq(n∆t)ψn+1
−1 − νa(φn0 )(ψn+1

−1 − ψn+1
0 )

]

δj,0

+
[

λmax(f ′
bk(φ

n
M−1), 0) + νa(φnM−1)

]

ψn+1
M δj,M−1 .

If we consider that (∂L∆)/(∂φnj ) should be zero we have the following adjoint

scheme to (1.22)

ψnj − ψn+1
j

∆t
+ q(n∆t)

ψn+1
j−1 − ψn+1

j

∆z
+
FA1

∆z
=

a(φnj )(ψ
n+1
j−1 − 2ψn+1

j + ψn+1
j+1 )

(∆z)2
,

ψNj =
∂J∆

∂φNj
,

q(n∆t)ψn+1
−1 − a(φn0 )

ψn+1
−1 − ψn+1

0

∆z
= 0 ,

[

λmax(f ′
bk(φ

n
M−1), 0) + νa(φnM−1)

]

ψn+1
M = 0 ,

where

FA1 = min(f ′
bk(φ

n
j ), 0)ψn+1

j−1 + |f ′
bk(φ

n
j )|ψn+1

j − max(f ′
bk(φ

n
j ), 0)ψn+1

j+1 . (1.24)

Thus, we obtain the discrete gradient

∇Ĵ∆(e) = −∇eE∆∆z
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= −
∑

n,j

{

∆t∇ef
EO
bk (φnj , φ

n
j+1, e)(ψn+1

j − ψn+1
j+1 )

−λ∇eA(φnj , e)(ψn+1
j−1 − 2ψn+1

j + ψn+1
j+1 )

}

−
N−1
∑

n=0

{

∆t∇ef
EO
bk (φnM−1, φ

n
M , e)ψn+1

M − λ
[

∇eA(φnM , e)ψn+1
M−1

−∇eA(φnM−1, e)ψn+1
M −∇eA(φn0 , e)(ψn+1

−1 − ψn+1
0 )

]}

.

If we use (1.23) instead of (1.22) we get the adjoint scheme

ψnj − ψn+1
j

∆t
+
q(n∆t)Fq

∆z
+
FA2

∆z
=

a(φnj )(ψ
n+1
j−1 −2ψn+1

j +ψn+1
j+1 )

∆z2

ψNj =
∂J∆

∂φNj

q(n∆t)
∂φL0
∂φn0

ψn+1
−1 − a(φn0 )

ψn+1
−1 − ψn+1

0

∆z
= 0

λmax(f ′
bk(φ

R
M−1), 0)

∂φRM−1

∂φn0
ψn+1
M−1 + νa(φnM−1)ψ

n+1
M = 0,

where

FA2 = min(f ′
bk(φ

L
j−1), 0)

∂φLj−1

∂φnj
(ψn+1

j−2 − ψn+1
j−1 )

+

{

max(f ′
bk(φ

R
j−1), 0)

∂φRj−1

∂φnj
+ min(f ′

bk(φ
L
j ), 0)

∂φLj
∂φnj

}

(ψn+1
j−1 − ψn+1

j )

+

{

max(f ′
bk(φ

R
j ), 0)

∂φRj
∂φnj

+ min(f ′
bk(φ

L
j+1), 0)

∂φLj+1

∂φnj

}

(ψn+1
j − ψn+1

j+1 )

+ max(f ′
bk(φ

R
j+1), 0)

∂φRj+1

∂φnj
(ψn+1

j+1 − ψn+1
j+2 ),

F q =

(

∂φLj−1

∂φnj
− ∂φRj−1

∂φnj

)

(ψn+1
j−2 − ψn+1

j−1 ) +

(

∂φLj
∂φnj

− ∂φRj
∂φnj

)

(ψn+1
j−1 − ψn+1

j )

+

(

∂φLj+1

∂φnj
− ∂φRj+1

∂φnj

)

(ψn+1
j − ψn+1

j+1 ).

In this case the gradient is given by
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∇Ĵ∆(e) = −
∑

n,j

{

∆t∇ef
E0
bk (φRj , φ

L
j+1, e)(ψn+1

j − ψn+1
j+1 )

−λ∇eA(φnj , e)(ψn+1
j+1 − 2ψn+1

j + ψn+1
j+1 )

}

−
N−1
∑

n=0

{

∆t∇ef
E0
bk (φRM−1, φ

L
M , e)ψn+1

M−1 − λ
[

∇eA(φnM , e)ψn+1
M−1

−∇eA(φnM−1, e)ψn+1
M −∇eA(φn0 , e)(ψn+1

0 − ψn+1
−1 )

]}

.

If the CFL condition

λ max
t∈[0,T ]

|q(t)| + λ max
φ∈[0,φmax]

|f ′
bk(φ)| + 2ν max

φ∈[φc,φmax]
|a(φ)| ≤ 1 ,

is satisfied, then the first- and second-order schemes are stable. For another CFL

condition see [19].

1.5.2 Implicit and semi-implicit schemes

The direct problem can be discretized by the semi-implicit scheme

φn+1
j − φnj

∆t
+ q(n∆t)

φnj+1 − φnj
∆z

+
fEObk (φnj , φ

n
j+1) − fEObk (φnj−1, φ

n
j )

∆z

=
A(φn+1

j+1 ) − 2A(φn+1
j ) + A(φn+1

j−1 )

(∆z)2
, j = 1, . . . ,M − 1 (1.25)

or by the implicit scheme

φn+1
j − φnj

∆t
+ q((n + 1)∆t)

φn+1
j+1 − φn+1

j

∆z
+
fEObk (φn+1

j , φn+1
j+1 ) − fEObk (φn+1

j−1 , φ
n+1
j )

∆z

=
A(φn+1

j+1 ) − 2A(φn+1
j ) + A(φn+1

j−1 )

(∆z)2
, j = 1, . . . ,M − 1 (1.26)

In both cases the boundary condition at z = L is discretized by φn+1
M = φ2((n+1)∆t)

while the boundary condition at z = 0 is calculated by the interior scheme with the

following approximation:

(

fbk(u) −
∂A(u)

∂z

)
∣

∣

∣

∣

z=0

≈ fEObk (φn+1
−1 , φ

n+1
0 ) − A(φn+1

0 ) − A(φn+1
−1 )

∆z
= 0 .
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Applying the same strategy as in the previous section to calculate the gradient, we

have the adjoint state

ψnj − ψn+1
j

∆t
+ q(n∆t)

ψnj−1 − ψnj
∆t

+
FA1

∆z
= a(φnj )

ψnj−1 − 2ψnj + ψnj+1

(∆z)2

(1 + 2νa(φNj ))ψNj =
∂J∆

∂φNj

q(n∆t)ψn+1
−1 − a(φn0)

ψn−1 − ψn0
∆z

= 0

λmax{f ′
bk(φ

n
M−1), 0}ψn+1

M + νa(φnM−1)ψ
n
M = 0

for (1.25) and

ψnj − ψn+1
j

∆t
+ q(n∆t)

ψnj−1 − ψnj
∆t

+
FAI

∆z
= a(φnj )

ψnj−1 − 2ψnj + ψnj+1

(∆z)2

ψNj =
∂J∆

∂φN−1
j

q(n∆t)ψn−1 − a(φn0 )
ψn−1 − ψn0

∆z
= 0

{λmax{f ′
bk(φ

n
M−1), 0} + νa(φnM−1)}ψnM = 0

for (1.26), where FA1 is given by (1.24) and

FAI = min(f ′
bk(φ

n
j ), 0)ψnj−1 + |f ′

bk(φ
n
j )|ψnj − max(f ′

bk(φ
n
j ), 0)ψnj+1 .

The gradient in the semi-implicit case is given by

∇Ĵ∆(e) = −∇eE∆∆z

= −
∑

n,j

{

∆t∇ef
EO
bk (φnj , φ

n
j+1, e)(ψn+1

j − ψn+1
j+1 )

−λ∇eA(φnj , e)(ψnj−1 − 2ψnj + ψnj+1)
}

−
N−1
∑

n=0

{

∆t∇ef
EO
bk (φnM−1, φ

n
M , e)ψn+1

M − λ
[

∇eA(φnM , e)ψnM−1

−∇eA(φnM−1, e)ψnM −∇eA(φn0 , e)(ψn−1 − ψn0 )
]}

,

whereas in the implicit case is

∇Ĵ∆(e) = −∇eE∆∆z

= −
∑

n,j

{

∆t∇ef
EO
bk (φnj , φ

n
j+1, e)(ψnj − ψnj+1)
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−λ∇eA(φnj , e)(ψnj−1 − 2ψnj + ψnj+1)
}

−
N−1
∑

n=0

{

∆t∇ef
EO
bk (φnM−1, φ

n
M , e)ψnM − λ

[

∇eA(φnM , e)ψnM−1

−∇eA(φnM−1, e)ψnM −∇eA(φn0 , e)(ψn−1 − ψn0 )
]}

.

The CFL condition for the semi-implicit scheme is given by

λ

(

max
t∈[0,T ]

|q(t)| + max
φ∈[0,φmax]

|f ′
bk(φ)|

)

≤ 1.

Meanwhile, the implicit scheme is “CFL free”, see [19].

The unconditional stability of the implicit scheme is useful because it allows

the choice of a coarse grid without losing the convergence to the entropy solution.

Therefore, the implicit scheme is a good alternative to simulate numerically the

physical problem with a few (reasonable) steps of time as opposed to the cumbersome

number of steps of time in the explicit and semi-implicit schemes.

1.5.3 Numerical tests

In this section we show some numerical experiments for our parameter identifi-

cation method described below.

Identification from analytic data.

In our numerical experiments, we always assume that the observation data have

some observation errors. In this example, we consider a solution φ1 using exact data,

and a noisy data given by (1 + δ)φ1, with δ = 0.01. Let us consider fbk and σe as in

(1.13) and (1.14) with the value of the parameters as given by table 1.1. Then the

function φ1(z, t) = z2 + (t/30000)2 is the solution of the following IBVP:

∂φ

∂t
+

∂

∂z
(fbk(φ)) =

∂2A(φ)

∂2z
+ g1(z, t) (z, t) ∈ QT

φ(z, 0) = 0.05 z ∈ [0, 1]

φ(1, t) = φ1(1, t) t ∈ [0, T ]

fbk(φ) − ∂A(φ)

∂z

∣

∣

∣

z=0
= b1(t) t ∈ [0, T ]

where the source term g1 is defined by

g1(z, t) =
∂φ1

∂t
+

∂

∂z
(fbk(φ1)) −

∂2A(φ1)

∂2z
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C α β φc
15.6 5.0 6.0 0.1

Table 1.1: Parameters for direct simulation [34].

φobs J C α β φc
φ1 8.245e-6 16.09203 5.50039 6.50071 0.10053

1.01φ1 4.553e-6 16.08856 5.50039 6.50069 0.10280

Table 1.2: Identified parameters with the second order EO explicit scheme.

and the boundary condition b1 is given by

b1(t) = fbk(φ1(0, t)) −
∂A(φ1(0, t))

∂z
·

The identified parameters given in table 1.2 are obtained with the second-order

explicit EO scheme (θ = 1.0), the observed data φ1(z, 12000) and the noisy form

1.01φ1(z, 12000). The grid parameters are M = 200 and CFL = 0.98. The initial

guess corresponds to C = 16.1, α = 5.5, β = 6.5 and φc = 0.2. See Figures 1.1 and

1.2.

Figures 1.1 and 1.2 show the errors between the identified flux and the identified

diffussion with respect to the exact data φ1 and the noisy data (1 + δ)φ2. From

both figures and for this example, we can observe that the diffusion identification

will be more sensitive to the measurement errors than the flux identification. Thus,

we expect a better identification for the coefficient C, and larger errors for the

coefficients of the difussion α and β.

Identification from simulated data.

We present here a validation of the above Lagrangian method as well as a com-

parison between the four numerical schemes developed. Since we did not have access

to real experimental data, the idea consists in using as an observation the result of

a direct simulation. We used the standard simulation given by Concha [34], which is

very close to experimental data results. All tests are developed for batch sedimen-

tation velocity q = 0, with an initially homogeneous suspension of concentration,

namely φ0 = 0.05. The column is assumed to be closed, that is φ2 = 0. The physical

constants considered are u∞ = −1.7200×10−4, φmax = 0.7, ∆ρ = 1500 and g = 9.81.
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Figure 1.1: The identified flux for the observations φ1 and 1.01φ1, with the second

order EO scheme at T = 12000 with ∆x = 0.005, CFL = 0.98 and θ = 1.
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Figure 1.2: The identified diffusion for observations φ1 and 1.01φ1, with the second

order EO scheme at T = 12000 with ∆x = 0.005, CFL = 0.98 and θ = 1.
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M EO1 EO2 EOS EOI

10 15.34225 15.78555 17.21670 14.00079

50 15.62241 15.95830 15.50107 15.25519

100 15.60076 15.77236 15.70925 15.39562

200 15.58900 15.66536 15.64600 15.47951

Table 1.3: Identification of the flux: values of the parameter C.

We summarize in table 1.1 the parameters used for this simulation, which we want

to recover in the inverse problem.

Three tests are performed, the first one is concerned only with the flux identifi-

cation, parameter C. The second test identifies the diffusion together with the flux,

that is parameters C, α and β, the critical concentration φc being fixed. Finally, we

perform complete identification on the four parameters. We start with the following

values: e = (16.5, 5.0, 6.0, 0.1), e = (16.5, 5.5, 6.5, 0.1) and e = (16.5, 5.5, 6.5, 0.2) for

the test 1, 2 and 3 respectively. Several other initial points were considered with

very similar and close results. The identification problem is solved at T = 12144s in

the three cases, and a simulation at T = 30000s with the identified parameters is

proposed.

For each test, we compare the four numerical schemes presented above, namely

the first order scheme EO1, the second order scheme EO2, the semi-implicit scheme

EOS and the fully implicit scheme EOI. For the explicit and semi-implicit schemes

we employ CFL = 0.5 and in the case of explicit second order scheme we consider

θ = 1. For the implicit scheme we take ∆t = ∆x. Four different meshes were used,

with M = 10, 50, 100, 200 steps.

In Figures 1.3 and 1.4 and table 1.3 we show numerical results for the first test.

Figures 1.5 and 1.6 and table 1.4 shows the results of the second test and the results

for the third test are given in figures 1.7 and 1.8 and table 1.5.

All schemes give satisfactory results, and it should be emphasized that the value

of the critical concentration φc is correctly recovered. The explicit scheme is of course

the simplest to implement, but turns out to be the worst in terms of computational

time. Indeed, the stability restriction requires such a high number of time steps that

the benefit of the computational simplicity is lost (here ∆t ≈ ∆x2). In the semi-

explicit and fully implicit schemes, Gauss-Seidel and Newton methods are needed

to solve linear and nonlinear systems, but this is compensated by the less restrictive

CFL condition. For the semi-explicit scheme the restriction becomes the same as in

the hyperbolic case, that is ∆t ≈ ∆x, and finally the implicit scheme is CFL free.
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M Scheme C α β

EO1 15.28574 5.48153 6.46587

10 EO2 15.73031 5.48855 6.47817

EOS 17.02054 5.53600 6.38967

EOI 13.92483 5.47128 6.46003

EO1 15.59482 5.37159 6.07586

50 EO2 15.90027 5.43575 6.25493

EOS 15.72207 5.47796 6.46396

EOI 15.16180 5.45272 6.43251

EO1 15.54214 5.30271 6.12221

100 EO2 15.69580 5.42393 6.34055

EOS 15.57037 5.44297 6.40494

EOI 15.31271 5.37628 6.30522

EO1 15.59575 5.13254 5.86232

200 EO2 15.66016 5.30389 6.02822

EOS 15.58839 5.27715 6.13142

EOI 15.48579 5.12949 5.88291

Table 1.4: Identification of the flux and diffusion except the critical concentration φc.
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Figure 1.3: Numerical and observed concentration curves at T = 12144 for test 1.
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Figure 1.4: Isoconcentrations curves for test 1 with M = 200, T = 30000. We denote

by . − .− the results for EO1, by · · · for EO2, by − for EOS, by −− for EOI and

by + + + for the observation data.
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Figure 1.5: Numerical and observed concentration curves at T = 12144 for test 2.
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Figure 1.6: Isoconcentrations curves for test 2 with M = 200, T = 30000. We denote

by . − .− the results for EO1, by · · · for EO2, by − for EOS, by −− for EOI and

by + + + for the observation data.
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Figure 1.7: Numerical and observed concentration curves at T = 12144 for test 3.
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M Scheme C α β φc
EO1 15.55524 5.50000 6.50000 0.20000

10 EO2 15.97224 5.50000 6.50000 0.20000

EOS 17.67741 5.49970 6.49966 0.32618

EOI 14.29822 5.50000 6.50000 0.20000

EO1 15.82567 5.50008 6.50008 0.10650

50 EO2 16.04526 5.50008 6.50008 0.10196

EOS 16.05873 5.50019 6.50023 0.10593

EOI 15.83821 5.50004 6.50003 0.11159

EO1 16.06191 5.50020 6.50023 0.10849

100 EO2 16.07651 5.50023 6.50026 0.10225

EOS 16.08611 5.50028 6.50039 0.10886

EOI 16.09204 5.50019 6.50021 0.11058

EO1 16.08896 5.50026 6.50035 0.10551

200 EO2 16.10939 5.50028 6.50037 0.10183

EOS 16.09543 5.50031 6.50047 0.10635

EOI 16.09969 5.50026 6.50034 0.10711

Table 1.5: Identification of the flux and diffusion.

1.6 Parameters identification results using expe-

rimental data as observation.

In this section, which is not considered in [37], we present the identification

from an experimental data profile given by Pamela Garrido (see [54]). The obser-

vation data of volumetric solid-concentration is the conversion of conductivity mea-

surements performed by electronic sensors at different fixed heights of the settling

column and for a finite number of time values.

The physical parameters in the experiment are: L = 0.477 m, T = 15873 s,

∆ρ = 1500 kg/m3, u∞ = −1.40×10−4 m/s and the initial concentration is φ0 = 0.16.

The flux density function is usually approximated by performing several settling

experiments with different initial conditions. The parameters of solid effective stress

may be obtained from the momentum equation at equilibrium. This experimental

determination of the coefficients of the model is detailed in [33]. The resulting pa-

rameters usually have an error, but can be used as initial guess for the gradient

method.
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In this section, we consider σe given by

σe(φ) =

{

Cte. for φ ≤ φc ,

α exp(βφ) for φ > φc ,

instead of (1.14).

The Figure 1.9 shows the identified profile using the EOI scheme with M = 150

and N = 500. The set of identified parameters are

C = 15.000357, α = 10.074600, β = 5.500340, φc = 0.25001.

The initial guess considered is: C = 10.81, α = 43.77, β = 7.22 and φc = 0.2.

We observe that the algorithm gets a set of parameters such that the numerical

solution of the fenomenological model predicts the behavior of flocculated suspen-

sions reasonably well. However, the agreement of observed and identified profiles

are not of the similar quality of those calculated in the numerical tests (see Sec-

tion 1.5.3). This leads to the problem of convergence and sensitivity study, which

remains to be done in a future work.

Finally, we should be comment that this section is a part of the validation study of

the numerical method of parameter identification using experimental measurements

which is in progress (see [36]).
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continuous line correspond to the identified profile, the line with � to the linear

interpolation of experimental observed data and the doted line to the initial concen-

tration in the column.





Chapter 2

Numerical identification of

parameters for a strongly

degenerate convection-diffusion

problem modelling centrifugation

of flocculated suspensions

This chapter presents the identification of parameters in the flux and diffusion func-

tions for a quasilinear strongly degenerate parabolic equation which models the cen-

trifugation of flocculated suspensions. We consider both a rotating tube and a basket

centrifuge at a given angular velocity, and assume that the radius (i.e., the distance to

the center of rotation) is the only spatial coordinate. The identification problem is for-

mulated as the problem of minimization of a suitable cost function. Its formal gradient is

derived by means of an adjoint equation, which is a backward linear degenerate parabolic

equation with discontinuous coefficients. For the numerical approach, the direct prob-

lem is discretized by the Engquist-Osher scheme. The discrete Lagrangian formulation

provides an associated discrete adjoint state. The conjugate gradient method permits to

find numerically the physical parameters. In particular, it allows to identify the critical

concentration value at which the model equation changes from second-order parabolic

to first-order hyperbolic type. Physically, this critical value is the concentration value

at which the solid particles begin to touch each other and determines the change of

parabolic to hyperbolic behaviour in the model equation. The new feature as compared

to the previous treatment of gravity settling in a column of sedimentation is the depen-

dence of the flux function on the space variable.

29
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2.1 Introduction

There is a large list of authors who have proposed analytical and numerical me-

thods for inverse problems in evolution partial differential equations. For example,

parameter identification methods for parabolic PDE can be found in [29, 30, 57,

70, 71] and the references cited in these papers. Recently, in [92] Yamamoto and

Zou reconstructed the radiative coefficient and the initial data for a linear parabo-

lic equation using a piecewise linear finite element method for the discretization.

Analytical and numerical parameter identification for hyperbolic equations can be

found in [61, 62], where it is confirmed that these problems are highly ill-posed, which

implies non-uniqueness in most situations. In this chapter, we consider a nonlinear

second-order parabolic equation which degenerates to first-order hyperbolic type,

where the location of type change is unknown a priori and therefore part of the

solution of the problem. For the discretization we consider a finite volume scheme

in conservative form with an Engquist-Osher approximation for the numerical flux

[11, 19, 42]. For a similar case of gravity settling in a column, such a technique, based

on numerical parameter identification, was presented recently by Coronel, James and

Sepúlveda [37]. It is the purpose of the present chapter to demonstrate that an ana-

logous treatment also applies to centrifugal separations. In particular, the numerical

technique obtained herein could also be applied to extract these model functions

from measurements obtained from the newly developed laboratory centrifuge (the

so-called “LumiFuge”) described in [49].

We adopt a spatially one-dimensional model for centrifugation of flocculated

suspensions that is described in detail in [11], and which is a special case of a

spatially multi-dimensional mathematical framework for these mixtures provided

by [26]. For a (brief) mathematical analysis of the model, we refer to [20], while

an extension to polydisperse flocculated suspensions is studied in [4]. Figure 2.1

shows the two configurations considered: (a) a tube and (b) a basket centrifuge,

both rotating at a given angular velocity ω. To distinguish between these cases, we

introduce a parameter σ taking the values σ = 0 and σ = 1 in the former and

latter case, respectively. The unique spatial coordinate is the radius r, which varies

between an inner radius R0 > 0 and an outer radius R > R0, corresponding to the

suspension meniscus and the outer wall, respectively.

The resulting mathematical model is an initial-boundary value problem for the

following strongly degenerate quasilinear parabolic partial differential equation for

the solids concentration φ as a function of radius r and time t (see [11] for its detailed
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Figure 2.1: (a) Rotating tube with constant cross-section (σ = 0), (b) rotating

axisymmetric cylinder (σ = 1). The concentration zones are the clear liquid (φ = 0),

the hindered settling zone (0 < φ 6 φc) and the compression zone φ > φc.

derivation):

∂tφ+
1

rσ
∂r

(

−ω
2

g
r1+σfbk(φ)

)

=
1

rσ
∂r(r

σ∂rA(φ)), (r, t) ∈ QT , (2.1)

where QT := (R0, R) × (0, T ) and g is the acceleration of gravity. The functions

fbk(φ) and A(φ) are the Kynch batch flux density function and the integrated di-

ffusion coefficient, respectively, which account for hindered settling and sediment

compressibility, respectively. Generically, we assume that fbk(φ) is a Lipschitz con-

tinuous function satisfying fbk(φ) = 0 for φ 6 0 and φ > φmax, where φmax is the

maximum solids concentration, and fbk(φ) < 0 for 0 < φ < φmax. The function A(φ)

is given by

A(φ) =

∫ φ

0

a(s) ds, a(φ) := −fbk(φ)σ′
e(φ)

∆%gφ
,

where ∆% is the solid-fluid density difference, σe is the effective solid stress function,

and σ′
e is its derivative. The effective solid stress is assumed to be zero as long as
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the solid flocs are in hindered settling and not in contact, which occurs wherever φ

does not exceed a critical concentration φc, and to be a strictly increasing function

of φ for φ > φc, i.e., we have

σe(φ)

{

= 0 for φ 6 φc,

> 0 for φ > φc,
σ′
e(φ)

{

= 0 for φ 6 φc,

> 0 for φ > φc.

Combining the assumptions on fbk and on σe, we see that a(φ) = 0 for φ 6 φc and

φ > φmax and a(φ) > 0 for φc < φ < φmax. Thus, (2.1) is a first-order hyperbolic

partial differential equation for φ 6 φc and φ > φmax and a second-order parabolic

partial differential equation for φc < φ < φmax. Since the degeneracy to hyperbolic

type takes place on an interval of solution values of positive length, (2.1) is called

strongly degenerate parabolic.

In this work, we limit the discussion to two common parametric forms of the

model functions fbk and σe. We assume that according to the common formulas by

Michaels and Bolger [78] (where 0 < φm 6 φmax) and Richardson and Zaki [80]

(where φm = 1), fbk is given by

fbk(φ) =

{

u∞φ(1 − φ/φm)C for 0 < φ < φmax,

0 for φ 6 0 and φ > φmax,
u∞ < 0, C > 1, (2.2)

while the function σe is defined by the power-law function [83]

σe(φ) =

{

0 for φ 6 φc,

σ0((φ/φc)
k − 1) for φ > φc,

σ0 > 0, k > 1. (2.3)

We limit the treatment furthermore to the case φm = 1 corresponding to the Richard-

son and Zaki [80] flux density function. Observe that by the use of (2.3), the function

σ′
e(φ) and therefore also the diffusion coefficient a(φ) do not only vanish on [0, φc],

but are in general even allowed to be discontinuous at φ = φc. This case is, however,

covered by the well-posedness analysis of the direct problem. Solutions of (2.1) are

in general discontinuous and have to be defined as weak solutions with an additional

selection criterion or entropy condition. The complete model for the centrifugation

of a suspension of an initial concentration φ0 = φ0(r) is given by (2.1) together with

the initial condition

φ(r, 0) = φ0(r), r ∈ [R0, R], (2.4)

where we assume φ0(r) ∈ [0, φmax] for all r ∈ [R0, R], and the kinematic boundary

conditions

(ω2rb
g

fbk(φ) + ∂rA(φ)
)

(rb, t) = 0, t > 0, rb ∈ {R0, R}, (2.5)
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Figure 2.2: Numerical simulation of batch centrifugation of a flocculated suspension

of initial concentration φ0 = 0.07 in a rotating tube (case σ = 0).

which express that the flux through r = R0 and r = R is zero.

Before proceeding with the discussion, we include here a numerical example to

illustrate some basic features of the model. To this end, we use the parameters of

Bürger and Concha [11], which shall also be employed for the numerical examples

of parameter identification in this chapter, and consider a rotating tube (σ = 0).

The initial concentration is chosen homogeneously as φ0 = 0.07 on the domain r ∈
[R0, R] = [0.06 m, 0.3 m]; the flux function is chosen in accordance with (2.2), where

φm = 1, u∞ = 0.0001 m/s, C = 5 and φmax = 0.66, and the angular velocity ω is

such that Rω2 = 10000g. Additionally, we consider the power law function (2.3) with

σ0 = 5.7 Pa, k = 9 and φc = 0.1 for the effective solid stress ; and finally, the density

∆% = 1660 kg/m3 and the usual gravitational acceleration g = 9.81 m/s2. Figure 2.2

shows the numerical solution for this problem calculated for 0 6 t 6 T = 1.2 s

and using an explicit version of the second-order numerical scheme of Section 2.7

with [R0, R] being subdivided into 200 intervals. Figure 2.2 displays some typical

features of the solutions produced by the centrifugation model. There are two moving

interfaces, the suspension-supernate interface moving towards the outer radius, and

the suspension-sediment interface, at which the concentration exceeds the critical

concentration φc, rising from the outer wall. The former is a curved shock that merges

with the sediment-suspension interface after roughly 0.6 s. Furthermore, observe that

the concentration of the suspension is not constant but decreases as a function of

time. Finally, note that the system quickly attains a steady-state sediment profile.
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Although it has been possible in recent years to embed this and related sedimen-

tation-consolidation models into a well-posedness framework for strongly degenerate

parabolic equations as well as to design numerical discretizations for their solution

[16, 19], the main disadvantage of the model, namely the necessity to determine the

functions fbk(φ) and σe(φ) by experimentation, has persisted. In some cases [13, 14,

50] it has been possible to determine suitable model functions for published settling

experiments by combining published information on the material properties with a

trial-and-error procedure. For this procedure to produce reliable results, independent

concentration and pore pressure measurements are necessary. The latter are usually

obtained by standpipes or transducers, while the concentration is measured by X-

ray or γ-ray equipment. This considerable experimental apparatus can be reduced

by means of mathematical techniques that permit to obtain these model functions

merely from the concentration data, and additional measurement techniques such

as computerized axial tomography or small-scale light extinction sensors are can

be applied when the pore pressure is not recorded. This chapter presents such a

technique.

We restrict ourselves to the parametric forms given by (2.2) and (2.3) and assume

that u∞ is known, such that the problem of determining suitable model functions

fbk(φ) and σe(φ) from observations reduces to that of identifying the parameter

vector

e = (C, φc, σ0, k)
T ∈ R

4.

The method consists in minimizing an appropriate cost function which indicates

the difference between the solution of the direct problem and the experimentally

measured observations. The physical parameters as solutions of the inverse problem

are found by minimizing the cost function by a gradient method that in turn relies

on the solution of the adjoint equation. The existence of solutions for the inverse

problem is a consequence of the continuous dependence of the entropy solutions

on the flux and the diffusion for a degenerate parabolic equation (see Theorem 4.1

below, and [32, 37, 46]).

The new aspect here is the dependence of the flux function on the space variable

due to the varying body force and the rotating frame of reference. Moreover, in the

application observations all over in the physical domain (not only at a single time

or location, but at least on a grid) are permitted, and thus need to be considered in

the inverse problem.

An aspect that deserves some discussion is the one-dimensionality (and the possi-

bility of extension to several space dimensions) of the model and the parameter iden-

tification method. It should be emphasized that the reduction of the sedimentation-
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consolidation model to one radial space dimension represents a strong simplification

that is acceptable under several restrictions only. In particular, we presume that the

angular velocity ω is large enough such that the centrifugal body force is dominant

and the gravitational can be neglected, and on the other hand, and on the other

hand we assume that ω is not so excessively large that Coriolis effects would become

important. Physical phenomena that otherwise appear, and that are therefore ex-

cluded by the one-dimensional model, include the effects of gravity settling and the

sedimentation of particles onto the backward wall (in the sense of rotation) of a tube

centrifuge or a basket centrifuge with compartment walls. We refer to the review

paper by Schaflinger [82] for an overview on these and other effects. The limitations

of such one-dimensional models, which were first introduced by Anestis and Schnei-

der [1, 2] (see also [77]), are clearly discussed by Ungarish [85]. We assume here

the viewpoint that the conditions allowing for the above-mentioned simplification

are satisfied. This view is supported by a series of recently published centrifugation

experiments [49, 75], which exhibit good agreement with the predictions of one-

dimensional models. It should also be mentioned that most measurement principles

that are utilized in practice to obtain the raw data for parameter identification, in-

cluding light extinction measurements [49, 74, 75] and capillary suctioning of samples

at fixed radial positions [41], are implicitly based on the assumption that during the

centrifugation process, the solids concentration varies in a spatially one-dimensional

manner only.

For a more accurate description of the centrifugation process, multi-dimensional

versions of the sedimentation-consolidation model utilized here are available [4].

However, passing to several space dimensions does not just simply mean that a

multi-dimensional version of the scalar convection-diffusion equation (2.1) has to be

solved; rather, we also have to solve equations of motion (for example, a variant of

the Navier-Stokes system for incompressible flow) that are strongly coupled to the

convection-diffusion equation. These equations of motion yield the volume average

velocity of the mixture and the excess pore pressure; in one dimension, the former

quantity is determined by boundary conditions (in particular, the mixture velocity

vanishes in a closed settling tube or centrifuge), while the latter may be calculated a

posteriori from the concentration distribution. Thus, an extension of the model used

herein to several space dimensions is feasible at the cost of a significant increase of

complexity.

The formal calculus that is employed here to derive a numerical scheme is

very general, and may be applied to a large class of problems, including systems

of equations (as in [60, 61]) and problems with multi-dimensional spatial domain

[57, 70, 71, 92], and could probably also be applied to the more complex multi-
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dimensional version of the sedimentation-consolidation model. Finally, in the exam-

ples shown in this paper we limit ourselves to ‘one-dimensional’ observation data

(concentration profiles given either as a function of radius at a fixed time or as a

function of time at a fixed radial position); however, the description of the algorithm

also admits ‘two-dimensional’ observation data, i.e. a dense spatial and temporal grid

of concentration measurements.

The remainder of this chapter is organized as follows. In Section 2.2, the a-

ppropriate entropy solution concept for the direct problem is stated and a known

existence and uniqueness result is reviewed. In Section 2.3 the parameter identifica-

tion problem is formulated as an optimization problem. The existence of a solution

to the inverse problem is a direct consequence of a continuous dependence result for

entropy solutions of the direct problem, which is stated in Section 2.4. The numerical

optimization scheme for the solution of the parameter identification problem, which

mimics the formal exact calculus of Section 2.3, is developed in Section 2.5. Calcu-

lations of the appropriate weak and discrete weak formulations are collected in an

Appendix (Section A.1). A delicate ingredient of the numerical scheme are deriva-

tives of the numerical flux, for which explicit expressions are provided in Section 2.6.

The performance of the numerical parameter identification scheme is demonstrated

in Section 2.7 by three numerical examples.

2.2 Entropy solutions of the direct problem

2.2.1 General form of the equations

For the analysis of the direct initial-boundary value problem (2.1), (2.4), (2.5),

it is useful to study equations of the general form

∂tφ+ ∂rf(φ, r) = ∂2
rA(φ) + g(φ, r), (2.6)

i.e., equations in conservative form with a source term, which includes (2.1) if we

choose

f(φ, r) := −ω
2r

g
fbk(φ) − σ

r
A(φ), g(φ, r) := σ

[ω2

g
fbk(φ) +

A(φ)

r2

]

. (2.7)

For the analysis it is useful to recall that f(φ, r) and g(φ, r) can be written as

f(φ, r) = k1(r)f
1(φ) + k2(r)f

2(φ), (2.8)

k1(r) := −ω2r/g, k2(r) := −σ/r, f 1(φ) := fbk(φ), f 2(φ) := A(φ), (2.9)

g(φ, r) = g1(φ) + k3(r)g
2(φ),

k3(r) := σ/r2, g1(φ) :=
σω2

g
fbk(φ), g2(φ) := A(φ). (2.10)
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The boundary conditions (2.5) then take the form

(f(φ, rb) − ∂rA(φ))(rb, t) = − σ

rb
A(φ(rb, t)), t > 0, rb ∈ {R0, R}. (2.11)

2.2.2 Entropy solutions of the direct problem

It is well known that solutions of the initial-boundary value problem (2.1), (2.4),

(2.5) (or equivalently, of the initial-boundary value problem (2.4), (2.6), (2.11) )

develop discontinuities due to both the nonlinearity of the flux and the degenerate

diffusion term, and have to be characterized as weak solutions. To ensure uniqueness,

weak solutions have to be defined as entropy solutions.

Definition 2.2.1 A function φ ∈ L∞(QT ) ∩BV (QT ) is an entropy solution of the

initial-boundary value problem (2.4), (2.6), (2.11) if the following conditions are

satisfied:

1. The integrated diffusion coefficient has the regularity ∂rA(φ) ∈ L2(QT ).

2. The boundary condition (2.11) holds in the following sense:

γ(rb, t)
(

f(φ, rb) − ∂rA(φ) +
σ

rb
A(φ(rb, t))

)

= 0, t > 0, rb ∈ {R0, R}.(2.12)

where γ(·, t) is the trace operator.

3. The initial condition (2.4) holds in the following sense:

lim
t↓0

φ(r, t) = φ0(r) for almost all r ∈ (R0, R).

4. The following entropy inequality holds:

∀ϕ ∈ C∞
0 (QT ), ϕ > 0, ∀k ∈ R :

∫ ∫

QT

{

|φ− k|∂tϕ+ sgn(φ− k)

×
[

(f(φ, r) − f(k, r) − ∂rA(φ))∂rϕ+ (fr(k, r) − g(φ, r))ϕ
]}

dt dr > 0.

The proof of existence of an entropy solution of the direct problem, following the

standard method of vanishing viscosity, is outlined in [20]. That paper also presents

a sketch of the uniqueness proof, which in particular relies on results by Carrillo

[31] that permit applying Kružkov’s “doubling of the variables” technique [72] to

strongly degenerate parabolic equations. Both existence and uniqueness proofs are

slight modifications of the detailed treatments given in [15]. These results allow us

to state the following theorem.

Theorem 2.2.1 The initial-boundary value problem (2.4), (2.6), (2.11) has a unique

entropy solution.
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2.3 Identification as optimization

2.3.1 The inverse problem as an optimization problem with

PDE constraint

The parameters of the constitutive functions, which are collected in the common

parameter vector e, depend on the material properties of the suspension considered.

The observation data φ̂(r, t) are assumed to be piecewise constant on rectangles of

size ∆r × ∆t, and are thus given on a structured grid with

(r, t) ∈ Q̂ := {r1, . . . , rĴ} × {t1, . . . , tN̂} ⊂ QT := [R0, R] × [0, T ].

The aim is to determine the parameter vector e for which the solution of the model

problem, φ(r, t), approximates best the observed data φ̂(r, t) (in a sense yet to be

described). That solution φ = φ(e) depends on the chosen parameters since the

constitutive functions f = f(e) and A = A(e) do. This universal dependence of both

the solution and the constitutive functions on the parameters will be suppressed for

notational convenience.

The parameter identification problem can be written as a constrained optimiza-

tion problem, where the constraint is given by the direct initial-boundary value

problem (2.1), (2.4), (2.5) in its appropriate weak formulation, see Definition 2.2.1

below. Thus, the optimization problem can be written as

minimize J (φ) under the constraint φ = φ(e),

where the ‘cost function’ J = J (φ) measures the quality of approximation. That

cost function depends on the parameter vector e mediated by the model solution.

A natural choice is the L2 distance between the observed data φ̂ and the solution

φ = φ(e) of the model function, which gives rise to the cost function

J (φ(e)) :=
1

2

∫

Q̂

(φ(r, t) − φ̂(r, t))2 dt dr.

Since first-order equations generally have discontinuous solutions, the governing

equation (2.1) as constraint on φ = φ(e) is replaced by its weak form

E(φ, p; e) := −
∫ ∫

QT

(φ∂tp+ f(φ, r)∂rp+ A(φ)∂2
rp+ g(φ, r)p)dt dr

+

∫ R

R0

φp
∣

∣

∣

T

t=0
dr +

∫ T

0

A(φ)
(

∂rp− σ
p

r

)
∣

∣

∣

R

r=R0

dt = 0,
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where p is a test function. Summarizing, we have formulated the parameter identifi-

cation problem, where a parametrization of the model equations for a given observa-

tion is sought, as an optimization problem, where the deviation of the model solution

(which has to satisfy the model equations as constraint) from the observations is

minimized with respect to the set of all parameters.

2.3.2 Lagrangian formulation

In classical optimization, it is a common technique to reformulate the optimiza-

tion problem by adding (or subtracting) the constraint to the cost function. Thus, we

consider the following Lagrangian for the problem “minimize J (φ(e)) with respect

to e”

L(φ, p; e) := J (φ) − E(φ, p; e).

The test function p appears here as a generalized Lagrange multiplier related to the

constraint φ = φ(e). Furthermore, since E(φ(e), p; e) = 0, we have that

L(φ(e), p; e) = J (φ(e)).

In the current application, the cost function is not parametrized by the parame-

ters but only depends on the parameters via the solution of the constraining PDE.

Therefore, the cost function cannot simply be differentiated with respect to the

parameters. However, optimization algorithms for nonlinear equations (as the con-

jugate gradient or the Newton method) rely on the total derivative of the cost

function, which can here be rewritten and specified with the help of the Lagrangian

formulation as

dJ (φ(e))

de
=

dL(φ(e), p; e)

de
+
dE(φ(e), p; e)

de

=
〈

∂φL(φ(e), p; e),
dφ(e)

de

〉

+
dL(φ(e), p; e)

de
,

where dE/de vanishes since φ(e) is considered to remain on the manifold of solutions

to the weak formulation. This formal calculation of the total derivative of the cost

function splits the problem of finding the total derivative of the cost function up

into two parts, corresponding to the two terms in the last sum.

1. The gradient ∇eφ(e) (and therefore dφ(e)/de) cannot be calculated, since the

solution φ(e) is not an explicit function of the parameters. This problem can

be circumvented if we require that ∂φL vanishes. The requirement ∂φL = 0

leads to adjoint equations that restrict the test function p. That idea has

been introduced and exploited in previous works by James, Sepúlveda, and

co-workers [56, 60, 61, 62].



40 Chapter 2

2. Now, given a test function which lets the term ∂φLdφ(e)/de vanish, the cal-

culation of the total derivative of the cost function reduces to the calculation

of the gradient of the Lagrangian with respect to the parameter vector.

2.3.3 Adjoint state

The adjoint state is given by the requirement that ∂φL = 0, which ensures that

the term ∂φLdφ(e)/de vanishes. The conditions on the test function p are obtained

after the following straightforward derivation of the derivative of L taken in the

direction of δφ:

〈∂φL(φ, p; e), δφ〉 = 〈∂φJ (φ) − ∂φE(φ, p; e), δφ〉

=

∫ ∫

QT

δφ(φ(r, t) − φ̂(r, t))δ(r,t)∈Q̂ dt dr

+

∫ ∫

QT

δφ(∂tp+ ∂φf(φ, r)∂rp+ ∂φA(φ)∂2
rp+∂φg(φ, r)p)dt dr

−
∫ R

R0

δφp(r, T ) dr +

∫ T

0

δφ∂φA(φ)
(

∂rp− σ
p

r

)
∣

∣

∣

R

r=R0

dt.

The test function p has to be determined in such a way that this quantity vanishes,

which leads to the adjoint equation

∂tp+ ∂φf(φ, r)∂rp+ ∂φA(φ)∂2
rp = −(φ− φ̂)δ(r,t)∈Q̂ − ∂φg(φ, r)p for (r, t) ∈ QT ,

which is a conservation equation for the unknown function p that arises as a back-

ward problem with end and boundary conditions

p(r, T ) = 0 for r ∈ [R0, R] and
(

∂rp− σ p
rb

)

(rb, t) = 0 for t < T, rb ∈ {R0, R}.

The adjoint equation is ill-posed since its solution is not unique; different initial

settings could lead to the same prescribed end state.

2.3.4 Gradient of cost function

Under the condition that the test function p satisfies the adjoint equations and

noting that the cost function J (φ(e)) is not a function of the parameter vector e

(thus the gradient ∇eJ (φ(e)) vanishes), the total derivative of the cost function is

given by

dJ (φ(e))

de
=

L(φ(e), p; e)

e
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=
dJ (φ(e))

de
− dE(φ(e), p; e)

de

= −dE(φ(e), p; e)

de

=

∫ ∫

QT

(df(φ, r)

de
∂rp +

dA(φ, r)

de
∂2
rp+

dg(φ, r)

de
p
)

dt dr, (2.13)

which can be used to employ any gradient algorithm in order to minimize the cost

function.

2.4 Existence of a solution of the inverse problem

We now establish a sufficient condition for the existence of a solution of the in-

verse problem. The existence follows from the continuous dependence of the entropy

solution of the direct problem with respect to the nonlinearities. The continuous

dependence for an initial-value problem with spatially dependent flux was studied

in [46, 68]. It is straightforward to extend these results, which in turn are based

on works of Carrillo [31] and Cockburn and Gripenberg [32], to the present initial-

boundary value problem. The difference to the analysis in [37] consists in slightly

different boundary conditions and the presence of a source term in (2.6). We first

state the following lemma, where we use the following approximation of the sign

function:

sgnε(x) =

{

sgn(x) for |x| > ε,

x/ε for x 6 ε.

Lemma 2.4.1 Assume that the function A(·) is smooth and satisfies A′(s) > 0.

Then the following inequality holds for any ϕ ∈ C∞
0 (QT ) with ϕ > 0 and k ∈ R:

∫ ∫

QT

{

|φ− k|∂tϕ+ sgn(φ− k)(f(φ, r) − f(k, r) − ∂rA(φ))∂rϕ− sgn(φ− k)

×(∂rf(φ, r) − g(φ, r))ϕ
}

dtdr = lim
ε↓0

x

QT

A′(φ)(∂rφ)2sgn′
ε(φ− k)ϕdtdr. (2.14)

Proof. As in [37], we define

ψε(z) := −sgnε(A
−1(z) − k), Aψε

(φ) :=

∫ φ

k

ψε(A(s)) ds.

In the proof of this lemma, let 〈·, ·〉 denote the usual pairing between H−1(a, b) and

C1
0 (R0, R). Then the “weak chain rule” (see [31, 68]) implies

−
∫ T

0

〈∂tφ,−sgnε(φ− k)ϕ〉 dt =
x

QT

Aψε
∂tϕdt dr. (2.15)
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On the other hand, from Definition 2.2.1 we obtain

−
∫ T

0

〈∂tφ, sgnε(φ− k)ϕ〉dt+
x

QT

{

(f(φ, r) − f(k, r) − ∂tA(φ))∂r(sgnε(φ− k)ϕ)

−(∂rf(φ, r)− g(φ, r))sgnε(φ− k)ϕ
}

dtdr = 0. (2.16)

Inequality (2.14) follows by combining (2.15) and (2.16) and letting ε ↓ 0. �

Theorem 2.4.1 Let u and v be the entropy solutions of the initial-boundary value

problems

∂tu+ ∂rf1(u, r) = ∂2
rA(u) + g1(u, r), (r, t) ∈ QT ,

u(r, 0) = u0(r), r ∈ (R0, R), (2.17)

(f1(u, rb) − ∂rA(u))(rb, t) = − σ

rb
A(u(rb, t)), rb ∈ {R0, R}, t > 0

and

∂tv + ∂rf2(v, r) = ∂2
rB(v) + g2(v, r), (r, t) ∈ QT ,

v(r, 0) = v0(r), r ∈ (R0, R), (2.18)

(f2(v, rb) − ∂rB(v))(rb, t) = − σ

rb
B(v(rb, t)), rb ∈ {R0, R}, t > 0,

respectively, where fi(u, r) = k1(r)f
1
i (u) + k2(r)f

2
i (u), i = 1, 2, f 2

1 (u) = A(u) and

f 2
2 (u) = B(u), and k1(r) and k2(r) are specified in 2.9. Then there exist constants

C1 and C2 such that the inequality

‖u(·, t) − v(·, t)‖L1 6 exp(C̃3t)
{

‖u0 − v0‖L1 + t
[

C1

(

‖f 1
1 − f 1

2 ‖Lip + ‖f 2
1 − f 2

2 ‖Lip

)

+C2

(

‖g1
1 − g1

2‖L∞[0,φmax] + ‖g2
1 − g2

2‖L∞

)]

+ CD

√
t‖√a−

√
b‖L∞

}

(2.19)

holds for almost all t ∈ [0, T ], where L1 = L1(R0, R), L∞ = L∞[0, φmax], a(u) =

A′(u), b(u) = B′(u), and

C̃3 := ‖g1
2‖Lip + ‖k3‖L∞[R0,R]‖g2

2‖Lip.

Observe that the convective flux in our problem is given by the the sum of two

terms of the form “k(r)f(u)”, as in [68] (see also [69]). However, in our application

the functions k1(r) and k2(r) do not express a material property for which identifi-

cation is sought, and therefore they are considered to be the same for two different

solutions that are compared. Thus, the continuous dependence estimate (2.19) does

not express continuity with respect to k1 or k2.

Proof. The proof is a straightforward extension of the analysis by Evje, Karlsen

and Risebro [46] including an application of Gronwall’s inequality. �

The following corollary is a direct consequence of Theorem 2.4.1.
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Corollary 2.4.1 The mapping

J̃ : [Lip ∩ L∞
[0,φmax]] × L∞

[0,φmax] × [Lip ∩ L∞
[0,φmax]] =: M 3 (f, A, g) 7→ J ∈ R

is continuous. Further, if (f, g, A) ∈ F , where F is a compact subset of M, then

there exists at least one solution of the inverse problem.

2.5 Optimization scheme for identification

Since a simple discretization of the formal gradient (2.13) leads to an incorrect

and unstable scheme, the formal exact calculus of Section 2.3 needs to be transferred

to its discrete version. We introduce a standard rectangular grid on QT by choosing

J,N ∈ N and setting ∆r := (R − R0)/J , ∆t := T/N , rj := R0 + j∆r and tn :=

n∆t. The numerical scheme for the solution of the direct problem is written in

conservative form as a marching formula for the interior points (“interior scheme”),

for j = 1, . . . , J − 1,,

φn+1
j = φnj − λj(F

n
j+1/2(e) − F n

j−1/2(e)) + µj(An
j+1/2(e) −An

j−1/2(e)), (2.20)

where λj = µj := ∆t/(rσj ∆r), supplemented by the initial condition

φ0
j = φinit

j , j = 0, . . . , J (2.21)

and the following discrete versions of the boundary conditions (2.5):

λ0F
n
−1/2(e) − µ0An

−1/2(e) = 0, (2.22)

λJF
n
J+1/2(e) − µJAn

J+1/2(e) = 0. (2.23)

Inserting (2.22) and (2.23) into the formula for the interior scheme, (2.20), we obtain

update formulae for the boundary solution values φn0 and φnJ , respectively (“boundary

scheme”).

The numerical flux

F n
j+1/2 = F n

j+1/2(φ
n
j−K+1, . . . , φ

n
j+K, rj+1/2)

and the numerical diffusion term

An
j+1/2 = An

j+1/2(φ
n
j−K+1

, . . . , φn
j+K

, rj+1/2)

are specified in the next section.

The discrete versions of the unknown φ and the test function p are denoted by φ∆

and p∆, and φnj and pnj are the constant values of φ∆ and p∆ at (rj, tn), (j, n) ∈ Q∆,

respectively, where Q∆ := (0, . . . , J−1)×(0, . . . , N−1). The calculus for the discrete

formulation is analogous to the formal continuous one and thus will also be presented

in an analogous structuring. Whereas the formal calculus has focused on the formal

motivation, the discrete calculus is focused on an efficient scheme as result.
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2.5.1 Discrete optimization with PDE as constraint

The discrete minimization problem is stated as

minimize J∆(φ∆(e)) with respect to e,

where the discrete cost function is

J∆(φ∆(e)) :=
∆r∆t

2

∑

(j,n)∈Q̂∆

(φnj (e) − φ̂nj )
2,

where we assume that the identification points in Q̂ are actually grid points and

Q̂∆ ⊂ Q∆ is the index set associated with Q̂. The constraint to the optimization

problem,

E∆(φ∆(e), p∆; e) = 0,

serves as a numerical scheme for the computation of p∆ and is defined by the ex-

pression

E∆(φ∆, p∆; e) :=
∑

(j,n)∈Q∆

{

φnj (p
n
j − pn+1

j ) + F n
j+1/2(e)(λjp

n+1
j − λj+1p

n+1
j+1 )

−An
j+1/2(e)(µjp

n+1
j − µj+1p

n+1
j+1 )

}

+
J−1
∑

j=0

(φNj p
N
j − φ0

jp
0
j), (2.24)

which is derived by multiplying the scheme with pn+1
j and summing over j and n such

that in the final form, the sums are taken over differences of the test function. This

imitates the continuous weak form, as is detailed in the Appendix (see Section A.1).

2.5.2 Discrete Lagrangian formulation

The discrete Lagrangian formulation

L∆(φ∆, p∆; e) :=
1

∆t∆r
J∆(φ∆) − E∆(φ∆, p∆; e) (2.25)

is again used to allow an explicit expression for the total derivative of the cost

function

dJ∆(φ∆)

de
= ∆t∆r

[dL∆(φ∆, p∆; e)

de
+
dE∆(φ∆, p∆; e)

de

]

= ∆t∆r
〈

∂φ∆
L∆(φ∆, p∆; e),

dφ

de

〉

+ ∆t∆r
dL∆(φ∆, p∆; e)

de
,

which again splits the problem up into two parts: If, firstly, the adjoint equation

prescribes the test function p∆ such that ∂φ∆
L = 0 and the corresponding term va-

nishes, then, secondly, the gradient with respect to the parameters of the Lagrangian

gives a descent direction of the parameter vector for the algorithm.
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2.5.3 Discrete adjoint state

From

∂φn
j
L∆ = ∂φn

j
J∆(φ∆) − ∂φn

j
E∆(φ∆, p∆; e)

= pnj − pn+1
j + pNj δnN +

K−1
∑

k=−K

∂φn
j
F n
j+k+1/2(e)(λj+kp

n+1
j+k − λj+k+1p

n+1
j+k+1)

−
K−1
∑

`=−K

∂φn
j
An
j+`+1/2(e)(µj+`p

n+1
j+` − µj+`+1p

n+1
j+`+1) + (φnj (e) − φ̂nj )δ(j,n)∈Q̂∆

we see that the adjoint scheme for the the discrete test function pnj is given by

pnj = pn+1
j −

K−1
∑

k=−K

∂φn
j
F n
j+k+1/2(e)(λj+kp

n+1
j+k − λj+k+1p

n+1
j+k+1)

+
K−1
∑

`=−K

∂φn
j
An
j+`+1/2(e)(µj+`p

n+1
j+` − µj+`+1p

n+1
j+`+1) − (φnj (e) − φ̂nj )δ(j,n)∈Q̂∆

for j = 0, 1, . . . , J and n = N − 1, N − 2, . . . , 0 (2.26)

with the end condition pNj = 0 for j ∈ {0, . . . ,max(K,K)} ∪ {J − max(K,K) +

1, . . . , J}, and we consider the conventional notation F n
k+1/2 = An

`+1/2 = 0 for `, k 6

−1 and `, k > J .

2.5.4 Discrete gradient of cost function

The discrete gradient of the cost function

∇eJ∆(e) = ∆r∆t∇eL∆(φ∆(e), p∆; e) = −∆r∆t∇eE∆(φ∆(e), p∆; e)

where

∇eE∆ =
∑

(j,n)∈Q∆

∇eF
n
j+1/2(e)(λjp

n+1
j − λj+1p

n+1
j+1 ) −∇eAn

j+1/2(e)(µjp
n+1
j + µj+1p

n+1
j+1 )

finally gives the steepest descent direction. Summarizing, the discrete calculus pro-

vides a precise procedure for the treatment of the optimization problem. Note

that the calculus performed up to now is independent of the numerical flux func-

tion. Now, it only remains to specify how the derivatives of the numerical flux

(as desired in (2.27)) are obtained, i.e. “explicit” expressions for the gradients

∇eF
n
j+1/2 and ∇eAn

j+1/2 and, more important, for the partial derivatives ∂φn
j
F n
j+k+1/2

for k = −K, . . . , K − 1 and ∂φn
j
An
j+`+1/2 for ` = −K, . . . , K − 1 need to be derived.

These quantities are required in the adjoint scheme 2.26.
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2.6 Derivatives of numerical fluxes

The numerical scheme (2.20) is based on the non-conservative form (2.1) of the

governing equation. Thus, the numerical fluxes F n
j+1/2 approximate the physical flux

f(φ, r) = −ω2r1+σfbk(φ)/g, and An
j+1/2 is an approximation of

Â := rσ∂rA(φ).

Here, we consider the forward finite difference approximation of ∂rA, which gives

An
j+1/2 :=

A(φnj+1) − A(φnj )

∆r
rσj+1/2.

2.6.1 Engquist-Osher numerical flux

We employ the numerical flux function corresponding to the Engquist-Osher

generalized upwind scheme [11, 19, 42] defined by

FEO(u, v, r) := f(0) +

∫ u

0

max{∂sf(s, r), 0}ds+

∫ v

0

min{∂sf(s, r), 0}ds.

In the present application, where the dependence of the numerical flux on the posi-

tion r is of multiplicative type, and the function f(·, r) has only one single maximum,

denoted um, the integrals in this definition can be easily evaluated, and leads to the

explicit formula

FEO(u, v, r) =



















f(u, r) for u ≤ um, v ≤ um,

f(u, r) + f(v, r)− f(um, r) for u ≤ um, v > um,

f(um, r) for u > um, v ≤ um,

f(v, r) for u > um, v > um,

which is used to the evaluation of F n
j+1/2 as will be specified below in (2.27).

2.6.2 Differentiation with respect to the parameters

In view of (2.27), and (2.27), the problem of calculating the gradient of the

numerical flux F n
j+1/2 with respect to the parameters is shifted to the calculation

of the gradient of the flux f . In addition, from (2.27) the calculation of ∇eAn
j+1/2

is given in terms of ∇eÂ. In our application, the terms introducing the dependence

on r do not depend on the parameters, i.e. we do not deal with shape optimization.

Thus, ∇eF
n
j+1/2 is calculated in terms of ∇ef(φ, r) = r1+σ∇efck(φ), where fck(φ) =

−ω2fbk(φ)/g and ∇eAn
j+1/2 is calculated in terms of ∇eA by

∇eAn
j+1/2 :=

rσj+1/2

∆r
(∇eA(φnj+1) −∇eA(φnj )).
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2.6.3 Differentiation with respect to the unknown

We note that K = 1 in (2.27), which implies the following local derivatives of

An
j+1/2:

∂φn
j
An
j+1/2 = −

a(φnj )r
σ
j+1/2

∆r
and ∂φn

j+1
An
j+1/2 =

a(φnj+1)r
σ
j+1/2

∆r
.

The local derivatives of the numerical fluxes with respect to the solution φnj are, for

the first-order scheme with F n
j+1/2 = FEO(φnj , φ

n
j+1, r

n
j+1/2) (i.e., K = 1) and as a

consequence of (2.27), given by

∂φn
j
Fj+1/2 = max{∂φn

j
f(φnj , rj+1/2), 0}, ∂φn

j+1
Fj+1/2 = min{∂φn

j+1
f(φnj+1, rj+1/2), 0}.

On the basis of the numerical flux, a second-order scheme can be constructed with

a linear reconstruction of the unknown by the slopes

snj = MM
(

θ
φnj − φnj−1

∆r
,
φnj+1 − φnj−1

2∆r
, θ
φnj+1 − φnj

∆r

)

,

where θ ∈ [0, 2] is a parameter and the standard minmod function

MM(a, b, c) :=







min{a, b, c} if a, b, c > 0,

max{a, b, c} if a, b, c ≤ 0,

0 otherwise

is used to ensure the TVD property. In order to facilitate the latter calculus, we

introduce the local slopes

s−j := θ
φnj − φnj−1

∆r
, s0

j :=
φnj+1 − φnj−1

2∆r
, s+

j := θ
φnj+1 − φnj

∆r

and the indicator functions

χ∗
j :=

{

1 if s∗j = max{s−j , s0
j , s

+
j } > 0 or s∗j = min{s−j , s0

j , s
+
j } ≤ 0,

0 otherwise,

which select the active slope such that

snj = MM(s−j , s
0
j , s

+
j ) = χ−

j s
−
j + χ0

js
0
j + χ+

j s
+
j .

In terms of the reconstructions of the solution at the cell boundaries

φR
j = φnj +

∆r

2
snj , φL

j = φnj −
∆r

2
snj ,
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the numerical flux for the second-order scheme used in (2.20) is based on the eval-

uation

F n
j+1/2 = FEO(φR

j , φ
L
j+1, rj+1/2).

¿From 2.27, we see that, in this case K = 2. An application of the chain rule shows

that the local derivatives of the second order numerical flux are given by

∂φn
j−1
F n
j+1/2 = ∂φR

j
F n
j+1/2∂φn

j−1
φR
j ,

∂φn
j
F n
j+1/2 = ∂φR

j
F n
j+1/2∂φn

j
φR
j + ∂φL

j+1
F n
j+1/2∂φn

j
φL
j+1,

∂φn
j+1
F n
j+1/2 = ∂φR

j
F n
j+1/2∂φn

j+1
φR
j + ∂φL

j+1
F n
j+1/2∂φn

j+1
φL
j+1,

∂φn
j+2
F n
j+1/2 = ∂φL

j+1
F n
j+1/2∂φn

j+2
φL
j+1,

where

∂φR
j
F n
j+1/2 = max{∂φR

j
f(φR

j , rj+1/2), 0} and ∂φL
j+1
F n
j+1/2 = max{∂φL

j+1
f(φL

j+1, rj+1/2), 0}

and where the derivatives of φR
j and φL

j+1 are evaluated from

∂φn
j−1
φR
j =

∆r

2
∂φn

j−1
snj , ∂φn

j
φR
j = 1 +

∆r

2
∂φn

j
snj , ∂φn

j+1
φR
j =

∆r

2
∂φn

j+1
snj ,

∂φn
j−1
φL
j = −∆r

2
∂φn

j−1
snj , ∂φn

j
φL
j = 1 − ∆r

2
∂φn

j
snj , ∂φn

j+1
φL
j = −∆r

2
∂φn

j+1
snj ,

which are a consequence of (2.27). The slope derivatives are in turn given by

∂φn
j−1
snj = − θ

∆r
χ−
j − 1

2∆r
χ0
j , ∂φn

j
snj =

θ

∆r
(χ−

j − χ+
j ), ∂φn

j+1
snj =

1

2∆r
χ0
j +

θ

∆r
χ+
j .

2.7 Numerical examples

In these numerical examples, we utilize the parameters introduced in Section 2.1,

and consider two kinds of observation data: a profile of concentration at t = T as

a function of r, and a solution profile at the fixed position r = R as a function

of time. Moreover, we consider the case of a rotating tube (σ = 0) only. These

observations are generated by a numerical simulation of the direct problem with the

explicit second-order Engquist-Osher-scheme and with the discretization parameters

J = 200 and N such that the following CFL condition (cf. [11]) holds:

Rω2

g
max

φ∈[0,φmax]
|f ′

bk(φ)|∆t
∆r

+ 2 max
φ∈[0,φmax]

a(φ)
∆t

(∆r)2 < 1. (2.27)
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The stability requirement imposed by (2.27) to the explicit scheme implies that

we need extremely small values of ∆t(≈ (∆x)2), which considerably increases com-

putational time. This disadvantage is removed by considering a fully implicit scheme

which is unconditionally stable. Thus, for the identification results presented we con-

sider the following first-order implicit discretization of (2.13):

φn+1
j = φnj − λj(F

n+1
j+1/2(e) − F n+1

j−1/2(e)) + µj(An+1
j+1/2(e) −An+1

j−1/2(e)),

φ0
j = φinit

j , λ0F
n+1
−1/2(e) − µ0An+1

−1/2(e) = λJF
n+1
J+1/2(e) − µJAn+1

J+1/2(e) = 0.
(2.28)

Since the scheme converges to an entropy solution only for ∆x→ 0 and ∆t → 0 [8]

(even though the ratio does not need to be fixed), we find it convenient to link ∆x

and ∆t by setting N = J . Choosing ∆t smaller or larger will increase or decrease the

temporal accuracy, which is critical since our method is first order in time only. More

importantly, however, for our identification problem, J and N are also the numbers

of data points of the “observed” spatial and temporal concentration profiles used

for parameter identification. To be able to compare the numerical results of both

choices of observed data it seemed useful to us to set J = N .

The weak formulation E∆ = E∆(φ∆(e), p∆; e) is given by

E∆ = E∆(φ∆(e), p∆; e) is given by

E∆ =
∑

(j,n)∈Q∆

{

φnj (p
n
j − pn+1

j ) +F n
j+1/2(λjp

n
j − λj+1p

n
j+1) −An

j+1/2(µjp
n
j − µj+1p

n
j+1)

}

+

J
∑

j=0

{

[φNj + λj(F
N
j+1/2 − FN

j−1/2) − µj(AN
j+1/2 −AN

j−1/2)]p
N
j (2.29)

−[φ0
j + λj(F

0
j+1/2 − F 0

j−1/2) − µj(A0
j+1/2 −A0

j−1/2)]p
0
j

}

.

The adjoint scheme and the gradients which are given below are obtained with the

methodology developed in Sections 2.5 and 2.6.

We use the conjugate gradient method in the modified form of Polak and Ribière

to minimize the objective function J (φ(e)), starting with the initial vector e =

(5.5, 6.5, 9.5, 0.08). In order to solve the linear minimization step with the conjugate

gradient algorithm we employ Wolfe’s linear search algorithm as described in [58].

2.7.1 Example 1: Profile of concentration at t = T as obser-

vation

In this example we consider the radial profiles at fixed times φ̂(r, T ) with T ∈
{0.1 s, 0.3 s, 1.2 s} as observation data, such that the cost function is given by

J (φ) =
1

2

∫ R

R0

(φ(r, T ) − φ̂(r, T ))2 dr.
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T J C σ0 k φc L2 error rate

0.1 IG 5.500000 6.500000 9.500000 0.080000 1.437 × 10−2 –

100 5.500019 6.499972 9.499787 0.103858 3.074 × 10−3 –

150 5.499859 6.499976 9.499794 0.106275 2.294 × 10−3 0.722

200 5.500190 6.499977 9.499799 0.107336 2.188 × 10−3 0.164

0.3 IG 5.500000 6.500000 9.500000 0.080000 2.567 × 10−2 –

100 5.500066 6.499970 9.499746 0.109268 2.800 × 10−3 –

150 5.499963 6.499959 9.499700 0.108991 2.766 × 10−3 0.030

200 5.500081 6.499966 9.499729 0.108849 2.766 × 10−3 0.000

1.2 IG 5.500000 6.500000 9.500000 0.080000 3.933 × 10−2 –

100 5.500434 6.499983 9.499801 0.110288 1.427 × 10−3 –

150 5.500173 6.499975 9.499766 0.109467 7.190 × 10−4 1.691

200 5.500364 6.499981 9.499813 0.109645 6.116 × 10−4 0.562

Table 2.1: Example 1: Initially guessed (IG) and numerically identified parameters

for the observation profiles at T = 0.1, T = 0.3 and T = 1.2 along with the L2 errors

and estimated convergence rates (where applicable).

Let P n := (pn0 , . . . , p
n
J), and denote, for the implicit calculation of the adjoint scheme,

by An the J × J tridiagonal matrix with entries

anj,j−1 = λj−1∂φn
j
F n
j−1/2 − µj−1∂φn

j
An
j−1/2, j = 2, . . . , J,

anj,j = 1 + λj(∂φn
j
F n
j+1/2 − ∂φn

j
F n
j−1/2) − µj(∂φn

j
An
j+1/2 − ∂φn

j
An
j−1/2),

j = 1, . . . , J − 1,

anj,j+1 = −λj+1∂φn
j
F n
j+1/2 + µj+1∂φn

j
An
j+1/2, j = 1, . . . , J − 1,

an0,0 = 1 + λ0∂φn
0
F n

1/2 − µ0∂φn
0
An

1/2,

anJ,J = 1 − λJ∂φn
J
F n
J−1/2 + µJ∂φn

J
An
J+1/2.

Then P 0 is the solution of the linear implicit adjoint scheme

AnP
n = P n+1, for n = N − 1, . . . , 0,

with the end condition

pNj =
φNj − φ̂Nj
aNj,j

for j ∈ {0, 1, . . . , J}.

The gradient of the discrete cost function is

∇eJ∆(e) = −∆r∇eE∆(φ∆(e), p∆; e),
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Figure 2.3: Example 1: Comparison of the observed and identified profiles at T = 0.1.

where the gradient of the discrete weak form with respect to the parameters is

evaluated from

∇eE∆ =
∑

(j,n)∈Q∆

{

∇eF
n
j+1/2(λjp

n
j − λj+1p

n
j+1) −∇eAn

j+1/2(µjp
n
j − µj+1p

n
j+1)

}

+

M
∑

j=0

{

[λj(∇eF
N
j+1/2 −∇eF

N
j−1/2) − µj(∇eAN

j+1/2 −∇eAN
j−1/2)]p

N
j

−[λj(∇eA0
j+1/2 −∇eA0

j−1/2) − µj(∇eA0
j+1/2 −∇eA0

j−1/2)]p
0
j

}

.

The identified parameters are shown in Table 2.1 and the profiles for the three

different observation times are presented in Figures 2.3, 2.4 and 2.5. These figures

present the results with several step sizes of resolution and thus show the convergence

of the numerical identification scheme when the accuracy increases.

2.7.2 Example 2: Profile of concentration at z = R̄ ∈ [R0, R]

as observation

In the second example, a profile φ(R̄, t) with t ∈ [0, T ] and R̄ = R = 0.3 m is

considered, leading to the cost function

J (φ) =
1

2

∫ T

0

(φ(R, t) − φ̂(R, t))2 dt. (2.30)



52 Chapter 2

0.1 0.15 0.2 0.25 0.3
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

r[m]

φ[
−

]

observation
init. guess
init. condition
J=100
J=150
J=200

0.285 0.29 0.295
0.32

0.33

0.34

0.35

0.36

0.37

0.38

0.39

Figure 2.4: Example 1: Comparison of the observed and identified profiles at T = 0.3.

J C σ0 k φc L2 error rate

IG 5.500000 6.500000 9.500000 0.080000 1.138 × 10−1 –

100 5.500259 6.499978 9.499804 0.112781 6.127 × 10−3 –

150 5.500328 6.499982 9.499830 0.111601 7.331 × 10−3 -0.443

200 5.500368 6.499986 9.499840 0.111226 3.553 × 10−3 2.518

Table 2.2: Example 2: Initially guessed (IG) and numerically identified parameters

for the observation profile given at R̂ = R = 0.3 along with the L2 errors and

estimated convergence rates (where applicable).

In this case, the adjoint scheme is given by

AnP
n = P n+1 + c for n = N − 1, . . . , 0,

where c = (0, . . . , 0, φnJ − φ̂nJ)
T with the end condition pNj = 0. The gradient is

calculated from

∇eJ∆(e) = −∆t∇eE∆(φ∆(e), p∆; e),

where ∇eE∆ is given by (2.30). The numerical results are shown in Table 2.2 and

the profiles are given in Figure 2.6.
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Figure 2.5: Example 1: Comparison of the observed and identified profiles at T = 1.2.

J C σ0 k φc

100 5.500140 6.499936 9.499538 0.109727

200 5.500043 6.499962 9.499705 0.110450

Table 2.3: Example 2: The identified parameters for the observation profile at R̂ =

0.286.

2.7.3 Example 3: Profile of concentration with σ = 1 at r =

R̄ ∈ [R0, R] as observation

In this example, we consider a cylindrical centrifuge (σ = 1) and assume that a

profile φ(R̄, t) with t ∈ [0, 1.2] and R̄ = 0.286 m is observed, that is, concentrations

are measured at a fixed (radial) location as a function of time. This leads to the cost

function of the form (2.30).

In this case, the adjoint scheme is given by AnP
n = P n+1+c for n = N−1, . . . , 0

with the end condition pNj = 0, and where the column vector c = (c1, . . . , cJ)
T is

given by

cj =

{

φnj − φ̂nj if R̄ ∈ [rj−1/2, rj+1/2],

0 otherwise,
j = 1, . . . , J.

The gradient is calculated from ∇eJ∆(e) = −∆t∇eE∆φ∆(e), p∆; e), where ∇eE∆ is
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Figure 2.6: Example 2: Comparison of the observed and identified profiles at the

boundary r = R = 0.3 with temporal resolution ∆t = 0.006.
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Figure 2.7: Example 3: Comparison of the observed and identified profiles at r =

R̄ = 0.286 with temporal resolution ∆t = 0.012.
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φ̂ J C σ0 k φc

φ1 1.0667784e-06 5.494702 6.499970 9.500670 0.104333

1.01φ1 1.0992580e-06 5.499093 6.499970 9.499876 0.104148

Table 2.4: Example 3: The identified parameters from analytic observation and noisy

data.

given by (2.30).

The numerically identified parameters, are shown in Table 2.3 and the profiles

are given in Figure 2.6.

2.7.4 Example 4: Analytic data as observation

The test performed before does not consider measurement errors. As the inverse

problem is ill-posed, small perturbations in the observation data can have large

effects on the considered solutions. In order to test the sensitivity of the method

with respect to perturbations of the observation data we consider the analytic data

φ̂(r, t) = φ1(r, t) defined by

φ1(r, t) =
φmax

2

[

1 + cos(t) sin
( 4π

R− R0
(r − R0) −

π

3

)]

.

This function satisfies the equation

∂tφ+ ∂r

(

−ω
2

g
rfbk(φ)

)

= ∂2
rA(φ) + s(r, t), (r, t) ∈ QT ,

with the initial condition φ(r, 0) = φ1(r, 0) and the boundary conditions

(

−ω
2

g
fbk(φ)rb + ∂rA(φ)

)

(rb, t) = c(rb, t), t > 0, rb ∈ {R0, R},

where

s(r, t) = ∂tφ1 + ∂r

(

−ω
2r

g
fbk(φ1)

)

− ∂2
rA(φ1),

c(r, t) = −ω
2r

g
fbk(φ1) + ∂rA(φ1).

We consider the perturbation (1 + δ)φ1 with δ = 0.01 and we obtain the results

shown in Table 2.4. From these results we see that the scheme is stable with respect

to noisy data.
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2.7.5 Concluding remarks

We now comment on the quality of the parameter identification in these exam-

ples, which more precisely present problems of parameter recognition. One would

expect that the scheme accurately reproduces the parameters that have actually

been uses for the simulation. However, we observe in Tables 2.1 and 2.2 that the

identification moves away very little from the initially guessed values of C, σ0 and k,

while there are considerable changes in the φc component, namely from 0.08 to val-

ues around 0.11, where as the value that is actually used is 0.10. Of course, this is no

flaw of the method, since Figures 2.3–2.6 and the generally observed decrease of the

L2 error, measured between the numerical solution and the observation data in each

case, clearly illustrate that the profiles calculated using the parameters identified by

our numerical method approximate well the observed data. Rather, these examples

seem to alert to the ill-posedness of the problem, which means that the solution to

the identification problem in general fails to be unique, and therefore the method

may converge to a solution that is not the intend one. Moreover, its appears that

the solution profiles of the direct problem depend very critically on the choice of

φc, and to a lesser degree on the other parameters. This leads to the problem of

determining the sensitivities of the solution with respect to each of the parameters

involved, which remains to be done in future work.

Finally, we recall that the method used for the solution of the direct problem is

formally first-order in time and second order in space. This characterization is rig-

orously valid for smooth solutions, and near discontinuities our scheme falls back to

first order. Since we are interested in solutions that include both traveling discontinu-

ities (as the suspension-clear liquid interface) as well as steady-state discontinuities

(as the sediment-clear liquid interface), we should expect overall convergence rates

to be lower than one. This is consistent with the recorded error histories for the

direct problem in [19]. It is interesting to note that in our Example 1, the errors and

convergence rates are most favourable for the identification time T = 1.2 s, when

the solution has attained steady state (see Figure 2.2).

The choice of the scheme has in part been motivated by its amenability to math-

ematical (convergence) analysis [8, 19, 47]. The basic first-order in space and time

scheme analyzed in [8, 47] was extended in [19] to second order in space by MUSCL

(Monotonic Upstream-Centered Scheme for Conservation Laws) extrapolation, and

its implicit variant is used here for the solution of the direct problem as well as for

the construction of a scheme of the adjoint problem. Though numerical results of

the extrapolated scheme have turned out satisfactory throughout, a rigorous con-

vergence analysis is still lacking. To attain a full second-order scheme, it would be

necessary to consider also second-order accuracy in time. This can be done by re-
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placing the forward Euler time discretization by a linear multi-step method or a

Runge-Kutta type discretization; general references to these methods are [59, 76].

Alternatively, the MUSCL idea can also be applied to attain formal second-order

accuracy in time. The resulting so-called MUSCL-Hancock schemes are outlined, for

example, in [84]. Since a suitable discretization of the adjoint problem, and there-

fore of the parameter identification problem, can be obtained in a straightforward

manner from an accurate scheme for the direct problem, second-order in both space

and time schemes for the parameter identification problem appear to be feasible by

modifying the scheme (2.28) by Runge-Kutta time stepping or a MUSCL-Hancock

extrapolation.





Chapter 3

Convergence of an upwind scheme

for an initial-boundary value

problem of a strongly degenerate

parabolic equation modelling

sedimentation-consolidation

processes

We prove the convergence of an explicit monotone finite difference scheme ap-

proximating an initial-boundary value problem for a spatially one-dimensional quasi-

linear strongly degenerate parabolic equation, which is supplied with two different in-

homogeneous flux-type boundary conditions. This problem arises in the modeling of

sedimentation-consolidation process. We formulate the definition of entropy solution of

the model in the sense of Kružkov and prove the convergence of the numerical scheme

to the unique BV entropy solution of the problem, up to satisfaction of one of the

boundary conditions.

3.1 Introduction

In this paper we prove convergence of an upwind difference scheme for an initial-

boundary value problem for scalar strongly degenerate parabolic equation. Our in-

terest in this problem, and some of the assumptions entering the analysis, arise

from a model of batch or continuous sedimentation-consolidation processes of in-

59
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dustrial particulate suspensions [7, 15, 26, 28]. However, under slight modifications,

the initial-boundary value problem studied herein can also be understood as a spa-

tially finite model of two-phase flow in porous media [43] or traffic flow with driver

reaction [17, 79].

The initial-boundary value problem (IBVP) is given on the rectangular domain

QT := I × T , I := (0, 1), T := (0, T ) by

∂tφ+ ∂x(f(φ, t)) = ∂2
xA(φ), (x, t) ∈ QT , (3.1)

φ(x, 0) = φ0(x), x ∈ I, (3.2)

(f(φ, t) − ∂xA(φ))(1, t) = Ψ(t), t ∈ T , (3.3)

(b(φ) − ∂xA(φ))(0, t) = 0, t ∈ T , (3.4)

where t is time, x is the spatial coordinate, T is the final time, φ is the unknown

function, f(φ, t) = q(t)φ+ b(φ) is the total flux, where q(t) is a control function and

b(φ) is a material-dependent flux density function, and A is the integrated diffusion

function, i.e.

A(φ) =

∫ φ

0

a(s) ds,

where a(φ) > 0 is a diffusion function that is allowed to vanish on entire intervals

of positive length.

In the framework of the sedimentation-consolidation model, the coordinate x

increases vertically, and φ is the sought solids volume fraction. The IBVP (3.1)-(3.4)

describes a one-dimensional ideal continuous thickener for the settling of industrial

suspensions; see [7, 15, 26, 28] and the references cited therein for details. In some of

these works, a Dirichlet boundary condition is considered instead of (3.3). However,

our flux boundary condition (3.3) describes the same physical process in a simpler

way: at the top boundary x = 1, a feed source is located, through which fresh

suspension is fed into the unit at the feed rate Ψ(t) (see [19] for details). At the

bottom (x = 0), the total solids flux f(φ, t) − ∂xA(φ) is reduced to its convective

part q(t)φ(0, t), which leads to the boundary condition (3.4). A subcase included

here is that of batch settling of a suspension in a closed column, which corresponds

to setting q ≡ 0.

The basic assumptions on the coefficient functions q(t), b(φ) and A(φ) and on the

initial and boundary data arising from the sedimentation-consolidation model are

the following. The function q(t) is the non-positive volume-averaged velocity of the

suspension, which can be controlled externally. The function b(φ) is a continuous,
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piecewise smooth function satisfying

b(φ) =

{

= 0 for φ 6 0 and φ > φmax,

< 0 for φ ∈ (0, φmax),
(3.5)

where φmax ∈ (0, 1] is the maximum concentration value. This function b(φ) is some-

times called Kynch batch flux density function [28, 73] or hindered settling function,

and models the concentration-dependent hindrance of the settling of a solid parti-

cle due to the presence of other particles. The degenerating diffusion function a(φ)

models the sediment compressibility, and is assumed to satisfy

a(φ)

{

= 0 for φ 6 φc and φ > φmax,

> 0 for φc < φ < φmax,
0 6 φc 6 φmax, (3.6)

where φc is a critical concentration or gel point at which the solid particles get into

contact with each other. The functions a(φ) and b(φ) reflect the specific material

properties of the suspension being considered. Since (3.1) reduces to a first-order

conservation law on the interval of positive length [0, φc], this equation is called

strongly degenerate. Finally, the initial function specified by (3.2) is a piecewise

continuous function with 0 ≤ φ0(x) 6 φmax, while the feed flux Ψ(t) satisfies Ψ(t) 6

0 and Ψ(t) must be larger than the minimum of f(·; t).
To put this paper in the proper perspective, we mention that an analysis of the

IBVP (3.1)-(3.4) is given in [15]. Since solutions of equation (3.1) are discontinuous

in general, they need to be defined as weak solutions along with an entropy condition

to select the physically relevant weak solution. In [15] the existence of BV entropy

weak solutions to (3.1)-(3.4) in the sense of Kružkov [72] and Vol’pert and Hudjaev

[88, 89] is shown via the vanishing viscosity method, while their uniqueness is shown

by a technique introduced by Carrillo [31]. On the other hand, Evje and Karlsen [47]

show that explicit monotone finite difference schemes, which were first introduced

by Crandall and Majda [38] for conservation laws, converge to BV entropy solutions

for initial-value problems of equation (3.1) (in the slightly simpler case that the flux

does not depend on t). These results are extended to implicit schemes in [45], and to

several space dimensions in [67]. The extension of these schemes to initial-boundary

value problems with flux-type boundary conditions is utilized for the simulation

of spatially one-dimensional sedimentation-consolidation processes defined by the

IBVP (3.1)-(3.4) in a number of papers including [7, 16, 21, 51, 52]. We also refer

to these articles for numerical examples illustrating the scheme an physical model

used in this paper.

In [19], the analyses of [15] and [47] are summarized, and a detailed error study

of the monotone scheme presented herein (as well as of a MUSCL extrapolation
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to formal second-order spatial accuracy) is presented. However, convergence of the

scheme is not proved in [19]. The present contribution to supplies this convergence

analysis, which in part relies on [47, 67] but includes some new proofs required by

the presence of boundary conditions. Convergence of monotone schemes towards an

entropy solution has also been proved for conservation laws and strongly degener-

ate convection-diffusion equations with discontinuous flux [22, 18, 21, 65, 66]. Such

equations arise, for example, if the sedimentation-consolidation model studied herein

is extended to so-called clarifier-thickener units. In addition, the convergence proof

of monotone finite difference schemes is important for the justification of the nu-

merical parameter identification scheme for the sedimentation-consolidation model

advanced in [37].

The remainder of this paper is organized as follows. In Section 3.2, we recall

the definition of an entropy solution of (3.1)-(3.4) and the characterization of the

traces for this kind of degenerate parabolic equations, and we describe the numerical

schemes. In Section 3.3, we derive BV and L∞ estimates for the numerical solution

of the finite difference scheme, and the Lipschitz continuity estimates of the discrete

integrated diffusion function. Finally, in Section 3.4, we show that the schemes satisfy

a cell entropy inequality which permits to prove that the discrete solutions converge

to a limit that satisfies the entropy condition. We also show that the limit satisfies

the initial condition, and one of the boundary conditions. Combining the results

of Section 3.3 and Section 3.4, we obtain that the scheme converges to a solution

that satisfies all ingredients of the definition of entropy weak solutions except for

the boundary condition at x = 0. Available numerical results, however, indicate

that also this boundary condition is properly approximated, and for the special case

q = 0, we prove in Section 3.4 that the limit does satisfy the boundary condition at

x = 0, and therefore is the unique entropy weak solution of (3.1)-(3.4).

3.2 Preliminaries

3.2.1 Definition of entropy solution

We consider a concept of entropy solutions that is similar to the one introduced

for “Problem B” in [15].

Definition 3.2.1 A measurable function φ = φ(x, t) is an entropy solution of the

initial-boundary value problem (3.1)-(3.4) if the following conditions are satisfied:

(S1) φ ∈ L∞(QT ) ∩BV (QT ).

(S2) A(φ) ∈ C1,1/2(QT ).
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(S3) For all test functions ϕ ∈ C∞
0 (QT ), ϕ > 0, and any k ∈ R, the following

entropy inequality holds:

x

QT

{

|φ− k|∂tϕ+ sgn(φ− k)[(f(φ, t) − f(k, t)) − ∂xA(φ)]∂xϕ
}

dx dt > 0.(3.7)

(S4) The boundary condition at x = 0 is satisfied in the following sense:

γ0(b(φ) − ∂xA(φ)) = 0 for almost all t ∈ T , (3.8)

where γ0v denotes the trace of v with respect to x ↓ 0.

(S5) The boundary condition at x = 1 is satisfied in the following sense:

γ1(f(φ, t) − ∂xA(φ)) = Ψ(t) for almost all t ∈ T , (3.9)

where γ1v denotes the trace of v with respect to x ↑ 1.

(S6) The initial condition is satisfied in the following sense:

lim
t→0

φ(x, t) = φ0(x) for almost all x ∈ I. (3.10)

The traces γ0φ = (γφ)(0, t) and γ1φ = (γφ)(1, t) are well defined by the result given

in [91].

Note that in [15], it was first assumed that ∂xA(u) ∈ L2(QT ), and then A(u) ∈
C1,1/2(QT ) was proved as an additional regularity property. Here, we impose this

regularity property a priori. The existence, uniqueness and stability of the entropy

solutions for the initial-boundary value problem (3.1)-(3.4) was proved in [15] under

the following hypotheses:

(H1) The function b is continuous, piecewise differentiable with ‖b′‖∞ ≤ ∞, and

satisfies (3.5).

(H2) The function q is locally Lipschitz continuous such that q(t) ≤ 0 for almost all

t ∈ T , TVT (q) <∞ and TVT (q′) <∞.

(H3) The function a is bounded, piecewise continuous with supp a ⊂ supp b, and

satisfies (3.6).

(H4) As a consequence of (H3), A is a monotonically non-increasing Lipschitz con-

tinuous function. In particular, sgn(k1 − k2)(A(k1)−A(k2)) = |A(k1)−A(k2)|
for all k1, k2 ∈ R.
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(H5) We assume that TVT (Ψ) <∞ and

min
φ∈[0,φmax]

f(φ, t) ≤ Ψ(t) ≤ 0, Ψ(t) ≥ f(φmax, t), t ∈ T .

(H6’) The initial datum φ0 belongs to the set

B′ := {φ ∈ BV (I) : φ(x) ∈ [0, φmax] ∀x ∈ I

∧∃M0 > 0 : TVI(∂xAε(φ)) < M0 uniformly in ε},

where

Aε(φ) :=

∫ φ

0

aε(s) ds =

∫ φ

0

((a+ ε) ∗ ωε)(s) ds, ε > 0,

where ωε is a standard C∞ mollifier with support in (−ε, ε). This condition is

in particular satisfied if φ0 is a constant.

The hypotheses (H1)–(H5) and (H6’) are the mathematical statements of the mod-

elling assumptions stated in Section 3.1 in order to get well-posedness of the IBVP

(3.1)-(3.4). Condition (H6’), stated in [15], refers to the viscous approximation of

(3.1)-(3.4), and is necessary to make a uniform estimate of the spatial variation of

the time derivative of the solutions of the regularized, strictly parabolic problem

possible. For the analysis of the difference schemes, we need to replace (H6’) by a

condition that involves the spatial discretization. To this end, let J ∈ N denote the

number of space steps, ∆x := 1/J , x−1/2 := 0, xJ+1/2 := 1, xj+1/2 := (j + 1/2)∆x

for j = 0, . . . , J − 1, Ij := [xj−1/2, xj+1/2), and

φ0
j :=

1

∆x

∫

Ij

φ0(x) dx, j = 0, . . . , J. (3.11)

The new condition can be stated as follows.

(H6) The initial datum belongs to the set

B :=
{

φ0 ∈ BV (I) : φ0(x) ∈ [0, φmax] ∀x ∈ I ∧ ∃M0 > 0 :

J−1
∑

j=1

|A(φ0
j+1) − 2A(φ0

j) + A(φ0
j−1)| 6 M0∆x uniformly in ∆x

}

.

This condition is satisfied, for example, if the initial datum is constant. Moreover,

in [15] the uniform bounds for the spatial total variation were derived under the

condition that either Ψ = 0 or there exist positive constants ξ and Mg such that

ξa(φ)− (q(t)+ b′(φ)) ≥Mg. This condition, which is due to Wu [90], is not required

in this work. Instead, we impose the following condition.
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(H7) There exists a finite number N of piecewise continuous functions ϕ1(t) 6

ϕ2(t) 6 . . . 6 ϕN (t) such that

f(u, t) = Ψ(t) =⇒ u ∈ {ϕ1(t), . . . , ϕN (t)} ∀t ∈ T ,

i.e., the functions ϕ1(t), . . . , ϕN (t) denote the time-dependent intersections of

the functions f1(u; t) := f(u, t) and f2(u; t) = Ψ(t). Moreover, we assume that

there exists a constant C1 such that TVT (ϕj) 6 C1 for j = 1, . . . ,N .

The hypotheses (H7) is satisfied under very general assumptions, for example

when b is a polynomial function of u and Ψ is a smoothly varying function of t. Note

that (H7) is an assumption on the relationship between the model function b(u)

and the control function Ψ(t), and does not involve any evaluation of the unknown

solution itself.

3.2.2 The difference schemes

In addition to the notation introduced in the previous section, let N ∈ IN be

the number of time steps, ∆t = T/N , and In := [tn, tn+1), where tn = n∆t for

n = 0, . . . , N . We denote by φnj the numerical solution at (xj, tn), assume that the

values for n = 0 are given by (3.11), and consider a numerical approximation to

the solutions of the IBVP (3.1)-(3.4) obtained by a 3-point explicit finite difference

scheme. The scheme is defined by an ‘interior’ formula, which is consistent to the

governing equation (3.1), and two ‘boundary’ schemes that are produced by inserting

the discrete versions of the boundary conditions (3.4) and (3.3) into the interior

formula, respectively. The scheme is defined by

φn+1
0 = φn0 − λgn1/2 + µdn1/2 + λq(tn)φn0 , (3.12)

φn+1
j = φnj − λ(gnj+1/2 − gnj−1/2) + µ(dnj+1/2 − dnj−1/2), j = 1, . . . , J − 1, (3.13)

φn+1
J = φnJ + λgnJ−1/2 − µdnJ−1/2 − λΨ(tn). (3.14)

The scheme (3.12)-(3.14) is defined for n = 0, . . . , N − 1, and we let λ := ∆t/∆x,

µ := ∆t/(∆x)2, dnj+1/2 := A(φnj+1) − A(φnj ) and gnj+1/2 := g(φnj , φ
n
j+1, t

n), where

g(u, v, t) is the numerical flux. We assume that g : R
3 → R is a locally Lipschitz

continuous function such that:

(G1) The function g restricted to [0, φmax]× [0, φmax]× [0, T ] is nondecreasing in its

first argument and nonincreasing in its second.

(G2) The function g is consistent with f in the standard sense, i.e., g(φ, φ, t) =

f(φ, t) for all (φ, t) ∈ [0, φmax] × [0, T ].
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An example of g is the upwind numerical flux considered in [19], where g(u, v, t) :=

q(t)v + bEO(u, v), and bEO is the Engquist-Osher [42] numerical flux given by

bEO(u, v) := b(0) +

∫ u

0

max{b′(s), 0}ds+

∫ v

0

min{b′(s), 0}ds.

3.2.3 Compactness criterion

We carry out the pass to the limit in the approximate solutions φ∆ by the

appealing to the embedding of L∞(QT ) ∩ BV (QT ) in L1(QT ) (see [44]) and using

the following well-known L1 compactness criterion.

Lemma 3.2.1 Let {zh}h>0 be a sequence of functions defined on QT . Assume that

there exist constants C0, . . . , C3 which may depend on T , but not on h, such that

‖zh‖L∞(QT ) 6 C0, ‖zh‖L1(QT ) ≤ C1,

‖zh(· + y, ·) − zh(·, ·)‖L1(QT ) ≤ C2(|y| + h) for all y ∈ R as h ↓ 0,

‖zh(·, · + τ) − zh(·, ·)‖L1(QT ) ≤ C3(τ + h) for all τ > 0 as h ↓ 0.

Then {zh}h>0 is compact in the strong topology of L1
loc(QT ). Moreover, any limit

point of {zh}h>0 belongs L1(QT ) ∩ L∞(QT ) ∩ C([0, T ], L1(I)).

3.2.4 Mollifiers and related functions

Let ω ∈ C∞
0 (R) be a function that satisfies ω > 0, supp ω ⊂ (−1, 1) and

‖ω‖L1(R) = 1. A standard mollifier with support in (−h, h), h > 0, is then defined

by ωh(x) := ω(x/h)/h. For sufficiently small h > 0 we define the functions

ρh(x) :=

∫ x

−∞

ωh(ξ) dξ, µh(x) := 1 − ρh(x− 2h), νh(x) := ρh(x− (1 − 2h)),

which satisfy |µ′
h(x)|, |ν ′h(x)| 6 Cµ/h and |µ′′

h(x)|, |ν ′′h(x)| 6 Cµ/h
2 with a constant

Cµ that is independent of h, and which have the following property (see [15]).

Lemma 3.2.2 Let v ∈ L1(T ;L∞(I)). If the traces γ0v := (γv)(0, t) and γ1v :=

(γv)(1, t) exist a.e. in T , then we have for ϕ ∈ C∞(QT )

lim
h↓0

x

QT

∂x(ϕ(x, t)(µh(x) + νh(x)))v(x, t) dt dx =

∫ T

0

(ϕ(1, t)γ1v − ϕ(0, t)γ0v) dt.
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3.3 Estimates on the approximate solutions

The aim of this section is to prove the stability and some regularity properties

of the approximate solution values {φnj } = {φnj : 0 6 j 6 J, 0 6 n 6 N}. We mainly

follow the the classical work of Crandall and Majda [38] and its generalizations given

by Karlsen et al. in [45, 47, 67].

3.3.1 L∞ stability

Lemma 3.3.1 If the CFL condition

2λ max
t∈[0,T ]

‖∂φf(., t)‖∞ + 2µ‖a‖∞ ≤ 1 (3.15)

holds, then the approximate solution {φnj } of the IBVP (3.1)-(3.4) obtained by the

explicit scheme (3.12)-(3.14) is L∞ stable. More precisely,

φnj ∈ [0, φmax] for 0 6 j 6 J , 1 6 n 6 N . (3.16)

Proof. The proof is by induction on n. Let us first introduce the following

notation. For j = 0, . . . , J − 1, we set

Bn
j+1/2 :=

g(φnj , φ
n
j+1, t

n) − g(φnj , φ
n
j , t

n)

φnj+1 − φnj
,

Cn
j+1/2 :=

g(φnj , φ
n
j+1, t

n) − g(φnj+1, φ
n
j+1, t

n)

φnj − φnj+1

, Dn
j+1/2 :=

dnj+1/2

φnj+1 − φnj

if φnj+1 6= φnj and Bn
j+1/2 = Cn

j+1/2 = Dn
j+1/2 = 0 otherwise. We can then rewrite the

interior explicit scheme as

φn+1
j = B̃n

j φ
n
j−1 + C̃n

j φ
n
j + D̃n

j φ
n
j+1 for j = 1, . . . , J − 1, (3.17)

where we define for j = 1, . . . , J − 1

B̃n
j := λCn

j−1/2 + µDn
j−1/2,

C̃n
j := 1 + λ(Bn

j+1/2 − Cn
j−1/2) − µ(Dn

j+1/2 +Dn
j−1/2),

D̃n
j := −λBn

j+1/2 + µDn
j+1/2.

The monotonicity property (G1) of the numerical flux, the hypothesis (H4) and the

CFL condition (3.15) imply that B̃n
j , C̃

n
j and D̃n

j are non-negative. Furthermore,

since the coefficients in (3.17) sum up to one for each j, we conclude that if φnj ∈
[0, φmax] for j = 0, . . . , J , then φn+1

j ∈ [0, φmax] for j = 1, . . . , J − 1. It remains
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to deal with the boundary schemes. A straightforward computation shows that the

boundary scheme for x = 0 is equivalent to

φn+1
0 =

(

1 − λ
g(φn0 , φ

n
1 , t

n) − g(φn0 , φ
n
0 , t

n)

φn0 − φn1
− µDn

1/2

)

φn0 (3.18)

+

(

λ
g(φn0 , φ

n
1 , t

n) − g(φn0 , φ
n
0 , t

n)

φn0 − φn1
+ µDn

1/2

)

φn1 − λb(φn0 ).

In view of the CFL condition, Dn
1/2 > 0 and since g is monotonically decreasing in its

second argument, we see that the coefficients of φn0 and φn1 in (3.18) are nonnegative,

and obviously sum up to one. Since λb(φn0 ) 6 0, we deduce from (3.18) that if φn0 > 0

and φn1 > 0, then φn+1
0 > 0. Applying a similar argument to the boundary scheme

(3.14), rewritten as

φn+1
J =

(

λ
g(φnJ−1, φ

n
J , t

n) − g(0, φnJ, t
n)

φnJ−1

+ µDn
J−1/2

)

φnJ−1 (3.19)

+

(

1 + λ
g(0, φnJ, t

n) − g(0, 0, tn)

φnJ
− µDn

J−1/2

)

φnJ − λΨ(tn),

we see that also φn+1
J > 0 if φnJ−1 > 0 and φnJ > 0. Furthermore, to bound the

boundary solution values from above, we rewrite the boundary scheme at x = 0 as

φn+1
0 =

(

1 − λ
g(φn0 , φ

n
1 , t

n) − g(φmax, φ
n
1 , t

n)

φn0 − φmax

+ λq(tn) − µDn
1/2

)

φn0 + µDn
1/2φ

n
1

+

(

λ
g(φn0 , φ

n
1 , t

n) − g(φmax, φ
n
1 , t

n)

φn0 − φmax
− λq(tn)

)

φmax + P0,

P0 := λ(g(φmax, φmax, t
n) − g(φmax, φ

n
1 , t

n)).

Again, we can argue that the coefficients of φn0 , φn1 and φmax are positive and sum

up to one. Moreover, P0 6 0 since g is monotonically decreasing with respect to its

second argument. We conclude that if φn0 6 φmax and φn1 6 φmax, then φn+1
0 6 φmax.

Finally, we rewrite the boundary scheme at x = 1 as

φn+1
J = µDn

J−1/2φ
n
J−1 +

(

1 + λ
g(φmax, φ

n
J , t

n) − g(φmax, φmax, t
n)

φnJ − φmax
− µDn

J−1/2

)

φnJ

+

(

−λg(φmax, φ
n
J , t

n) − g(φmax, φmax, t
n)

φnJ − φmax

)

φmax + PJ ,

PJ := λ(g(φnJ−1, φ
n
J , t

n) − g(φmax, φJ , t
n)) + λ(f(φmax, t

n) − Ψ(tn)).

The first and the second term in PJ are non-positive due to the monotonicity of g

with respect to the first argument and due to assumption (H5), respectively. Thus,

we have PJ 6 0, and using the same arguments as for the boundary x = 0, we
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conclude that φnJ 6 φmax if φnJ−1 6 φmax and φnJ 6 φmax. We now have shown that

φnj ∈ [0, φmax] for j = 0, . . . , J implies φn+1
j ∈ [0, φmax] for j = 0, . . . , J . Thus, the

explicit scheme (3.12)-(3.14) satisfies the discrete maximum principle. 2

3.3.2 BV estimates

Lemma 3.3.2 Under the assumptions of Lemma 3.3.1, the numerical solution φ∆

of the IBVP (3.1)-(3.4) produced by the explicit scheme (3.12)-(3.14) satisfies the

inequality

J−1
∑

j=0

|φnj+1 − φnj | ≤
J−1
∑

j=0

|φ0
j+1 − φ0

j | + C4,

where C4 is a constant independent of ∆.

Proof. We define wn
j+1/2 := φnj+1 − φnj for j = 0, . . . , J − 1. From (3.17) we see

that

wn+1
j+1/2 = Ānj+1/2w

n
j−1/2 + B̄n

j+1/2w
n
j+1/2 + C̄n

j+1/2w
n
j+3/2, j = 1, . . . , J − 2, (3.20)

where we define

Ānj+1/2 := λCn
j−1/2 + µDn

j−1/2, j = 1, . . . , J, (3.21)

B̄n
j+1/2 := 1 − λ(Cn

j+1/2 −Bn
j+1/2) − 2µDn

j+1/2, j = 0, . . . , J − 1, (3.22)

C̄n
j+1/2 := µDn

j+3/2 − λBn
j+3/2, j = −1, . . . , J − 2. (3.23)

From the boundary scheme (3.12) we obtain

wn+1
1/2 = λb(φn0 ) + B̄1/2w

n
1/2 + C̄n

1/2w
n
3/2, (3.24)

while the boundary scheme (3.14) leads to

wn+1
J−1/2 = ĀJ−1/2w

n
J−3/2 + B̄J−1/2w

n
J−1/2 + λ(f(φJ , t

n) − Ψ(tn)). (3.25)

For our proof, we need two auxiliary solution values φn−1 and φnJ+1/2. We define φn−1

to be the largest solution u = φn−1 of the equation

Υ(u;φn0) := −bEO(u, φn0) − µ(A(u) − A(φn0)) = 0. (3.26)

Note that φn−1 is well defined, since Υ is a monotonically decreasing, continuous

function of u with Υ(φn0 ;φ
n
0 ) = −b(φn0 ) > 0 and

Υ(φmax;φ
n
0 ) = −bEO(φmax, φ

n
0 ) − µ(A(φmax) − A(φn0 ))

6 −bEO(φmax, φmax) − µ(A(φmax) − A(φn0))

= µ(A(φn0 ) − A(φmax)) 6 0.
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This discussion implies in particular that φn0 6 φn−1. Moreover, we define φnJ+1 to be

the smallest solution v = φnJ+1 of the equation

Θ(v;φnJ) := µ(A(v) − A(φnJ)) − λg(φnJ , v, t
n) = −λΨ(tn). (3.27)

Again, we note that φnJ+1 is well defined, since Θ is a monotonically increasing

function of v with

Θ(0;φnJ) = −µA(φnJ) − λg(φnJ , 0, t)

6 −µA(φnJ) − λg(0, 0, t) = −µA(φnJ) 6 0 6 −λΨ(tn),

Θ(φmax;φ
n
J) = µ(A(φmax) − A(φnJ)) − λg(φnJ , φmax, t

n) > −λg(φnJ , φmax, t
n)

> −λg(φmax, φmax, t
n) = −λf(φmax, t

n) > −λΨ(tn),

where the last inequality is a consequence of (H5). We now set

Cn
−1/2 :=

g(φn−1, φ
n
0 , t

n) − g(φn0 , φ
n
0 , t

n)

φn−1 − φn0
, Dn

−1/2 :=
A(φn−1) − A(φn0 )

φn−1 − φn0

if φn−1 6= φn0 and Cn
−1/2 = Dn

−1/2 = 0 otherwise, and extend the definition (3.21) to

j = 0 by setting Ān1/2 := µCn
−1/2 + µDn

−1/2. Likewise, we set

Bn
J+1/2 :=

g(φnJ , φ
n
J+1, t

n) − g(φnJ , φ
n
J , t

n)

φnJ+1 − φnJ
, Dn

J+1/2 :=
A(φnJ+1) − A(φnJ)

φnJ+1 − φnJ

if φnJ+1 6= φnJ and Bn
J+1/2 = Dn

J+1/2 = 0 otherwise, and extend (3.23) to j = J − 1

by setting C̄n
J−1/2 := µDn

J+1/2 − λBn
J+1/2. Defining wn

−1/2 := φn0 − φn−1 and wnJ+1/2 :=

φnJ+1 − φnJ , we can now rewrite (3.24) and (3.25) as

wn+1
1/2 = Ān1/2w

n
−1/2 + B̄n

1/2w
n
1/2 + C̄n

1/2w
n
3/2, (3.28)

wn+1
J−1/2 = ĀnJ−1/2w

n
J−3/2 + B̄n

J−1/2w
n
J−1/2 + C̄n

J−1/2w
n
J+1/2. (3.29)

Thus, (3.20) is valid for j = 0, . . . , J − 1. Moreover, we have

Ānj+1/2, B̄
n
j+1/2, C̄

n
j+1/2 > 0, Ānj+3/2 + B̄n

j+1/2 + C̄n
j−1/2 = 1, j = 0, . . . , J − 1.(3.30)

We now obtain from (3.20), (3.28) and (3.29)

J−1
∑

j=0

|wn+1
j+1/2| 6 Ān1/2sgn(wn−1/2)w

n
−1/2 + (B̄n

1/2 + Ān3/2)|wn1/2|

+(B̄n
J−1/2 + C̄n

J−3/2)|wnJ−1/2| + C̄n
J−1/2sgn(wnJ+1/2)w

n
J+1/2

+
J−2
∑

j=1

(Ānj+3/2 + B̄n
j+1/2 + C̄n

j−1/2)|wnj+1/2|. (3.31)
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Taking into account that the boundary condition (3.12) can be written as

φn+1
0 = φn0 + (µDn

1/2 − λBn
1/2)(φ

n
1 − φn0 ) − λb(φn0 ) = φn0 + C̄−1/2w

n
1/2 − λb(φn0 ),

we get

Ān1/2w
n
−1/2 = λb(φn0 ) = φn0 − φn+1

0 + C̄n
−1/2w

n
1/2. (3.32)

Similarly, rewriting the boundary condition (3.14) as

φn+1
J = φnJ − (λCn

J−1/2 + µDn
J−1/2)(φ

n
J − φnJ−1) + λ(f(φnJ , t

n) − Ψ(tn))

= φnJ − ĀJ+1/2w
n
J−1/2 + λ(f(φnJ , t

n) − Ψ(tn))

yields

C̄n
J−1/2w

n
J+1/2 = λ(f(φnJ , t

n) − Ψ(tn)) = φn+1
J − φnJ + ĀnJ+1/2w

n
J−1/2. (3.33)

Our construction implies sgn(wn
−1/2) ∈ {−1, 0}. If sgn(wn

−1/2) = −1, then (3.32)

implies

sgn(wn−1/2)Ā1/2w
n
−1/2 = φn+1

0 − φn0 − C̄−1/2w
n
1/2; (3.34)

if sgn(wn−1/2) = wn−1/2 = 0, then (3.32) implies that the right-hand side of (3.34)

vanishes. Consequently, inserting (3.32) and (3.34) into (3.31), we obtain

J−1
∑

j=0

|wn+1
j+1/2| 6 φn+1

0 − φn0 +
J−1
∑

j=0

(Ānj+3/2 + B̄n
j+1/2 + C̄n

j−1/2)|wnj+1/2|

+sgn(wn
J+1/2)(φ

n+1
J − φnJ).

In light of (3.30), this inequality implies

J−1
∑

j=0

|wn+1
j+1/2| 6 φn+1

0 − φn0 +
∑J−1

j=0 |wnj+1/2| + sgn(wn
J+1/2)(φ

n+1
J − φnJ). (3.35)

Let M ∈ {1, . . . , N}. Clearly, (3.35) leads to

J−1
∑

j=0

|wMj+1/2| 6 φM0 − φ0
0 +

J−1
∑

j=0

|wnj+1/2| + S, S :=
M−1
∑

n=0

sgn(wnJ+1/2)(φ
n+1
J − φnJ). (3.36)

It remains to estimate S. To this end, we recall that C̄n
J−1/2 > 0, and C̄n

J−1/2 = 0 if

and only if wn
J+1/2 = φnJ+1 − φnJ = 0. Thus, we obtain from (3.33)

sgn(wnJ+1/2) = sgn(f(φnJ , t
n) − Ψ(tn)),
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and therefore

S =
M−1
∑

n=0

sgn(f(φnJ , t
n) − Ψ(tn))(φn+1

J − φnJ). (3.37)

We cannot simply estimate all summands in (3.37) by |φn+1
J − φnJ |, since we do

not have control of the temporal variation of the discrete solution values at a fixed

location. However, we may still estimate S. To this end, let m be the smallest integer

such there are numbers n0 := −1, n1, n2, . . . , nm−1, nm := M − 1 with

n0 + 1 = 0 6 n1, n1 + 1 6 n2, n2 + 1 6 n3, . . . , nm−1 + 1 6 nm

such that

sgn(f(φnJ , t
n) − Ψ(tn)) > 0 or sgn(f(φnJ , t

n) − Ψ(tn)) 6 0

for n = nl + 1, . . . , nl+1, l = 0, . . . , m− 1.
(3.38)

Defining τl := tnl+1 for l = 0, . . . , m − 1 and σl := sgn(f(φnl+1
J , τl) − Ψ(τl)) for

l = 0, . . . , m− 1, we can rewrite S as

S =

m−1
∑

l=0

σl

nl+1
∑

k=nl+1

(φk+1
J − φkJ) =

m−1
∑

l=0

σl(φ
nl+1+1
J − φnl+1

J ).

Note that σl = 0 cannot occur, and that σl 6= σl+1 for l = 0, . . . , m−2, since otherwise

in both cases we could merge two neighbouring index segments where (3.38) holds

to one, in contradiction to the assumption that m is minimal. Consequently, we have

σl = (−1)l or σl = −(−1)l, and thus

S = ±
m−1
∑

l=0

(−1)l(φ
nl+1+1
J − φnl+1

J ), (3.39)

where the sign multiplying the sum depends on σ0. To bound (3.39), we assume

without loss of generality that σ0 = 1, and rewrite the sum as

S = −φn0+1
J + 2φn1+1

J − 2φn2+1
J

+2φn3+1
J − . . .+ (−1)m−1 · 2φnm+1

J − (−1)m−1φnm+1
J .

Now recall that due to (H5), f(0, t) = 0 > Ψ(t) and f(φmax, t) 6 Ψ(t) for all t ∈ T .

Consequently, the assumption σ0 = 1, i.e., f(φn0+1
J , τ0) > Ψ(τ0), implies that there

exists an intersection point ϕk(0)(τ0) such that φn0+1
J 6 ϕk(0)(τ0), where we assume

that k(0) ∈ {1, . . . ,N} is minimal. Similarly, since σ1 = −1, we have f(φn1+1
J , τ1) 6
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Ψ(τ1), such that φn1+1
J 6 ϕk(1)(τ1), where we assume that k(1) ∈ {1, . . . ,N} is

maximal, and so on. Proceeding in this way, we obtain

S 6 −ϕk(0)(τ0) + 2ϕk(1)(τ1) − 2ϕk(2)(τ2) + 2ϕk(3)(τ3)

− . . .+ (−1)m−1 · 2ϕk(m−1)(τm−1) − (−1)m−1ϕk(m)(τm)

= [ϕk(1)(τ1) − ϕk(0)(τ0)] − [ϕk(2)(τ2) − ϕk(1)(τ1)] + [ϕk(3)(τ3) − ϕk(2)(τ2)]

+ . . .+ (−1)m−1[ϕk(m)(τm) − ϕk(m−1)(τm−1)]. (3.40)

Consider now the first difference in squared brackets. Since ϕi(t) 6 ϕj(t) for i 6 j,

1 6 i, j 6 N , we can estimate this expression from above by

ϕk(1)(τ1) − ϕk(0)(τ0) 6 ϕp1(τ1) − ϕp1(τ0), p1 := max{k(0), k(1)}.

Similarly, we can estimate the second difference in squared brackets from below by

ϕk(2)(τ2) − ϕk(1)(τ1) > ϕp2(τ2) − ϕp2(τ1), p2 := min{k(1), k(2)}.

Proceeding in analogous way for all differences in (3.40) by setting

pl :=

{

max{k(l), k(l − 1)} if l is odd,

min{k(l), k(l − 1)} if l is even,

we obtain

|S| 6

m
∑

l=1

|ϕpl
(τl) − ϕpl

(τl−1)| 6

N
∑

p=1

m
∑

l=1

|ϕp(τl) − ϕp(τl−1)| 6

N
∑

p=1

TV[0,tM ](ϕp). (3.41)

By our assumption (H7), the last sum in (3.41) is bounded independently of the

discretization. Combining (3.36) and (3.41), we finally obtain

J−1
∑

j=0

|φMj+1 − φMj | 6

J−1
∑

j=0

|φ0
j+1 − φ0

j | + φM0 − φ0
0 +

N
∑

p=1

TV[0,tM ](ϕp)

6 φmax + TV(φ0
∆) +

N
∑

p=1

TV[0,tM ](ϕp), (3.42)

which concludes the proof. 2

Lemma 3.3.3 Under the CFL condition (see (3.15)) the approximate solution {φnj }
of the IBVP (3.1)-(3.4) obtained by the scheme (3.12)-(3.14), satisfies

∆x
J
∑

j=0

|φn+1
j − φnj | ≤ C5∆t for n = 0, . . . , N − 1, (3.43)
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where C5 is a constant independent of ∆.

Proof. We define

B̂
n+1/2
j :=

g(φnj−1, φ
n+1
j , tn+1) − g(φnj−1, φ

n
j , t

n+1)

φn+1
j − φnj

if φn+1
j 6= φnj and B̂

n+1/2
j := 0 otherwise for j = 1, . . . , J ,

Ĉ
n+1/2
j :=

g(φn+1
j , φn+1

j+1 , t
n+1) − g(φnj , φ

n+1
j+1 , t

n+1)

φn+1
j − φnj

if φn+1
j 6= φnj and Ĉ

n+1/2
j := 0 otherwise for j = 0, . . . , J − 1, and

D̂
n+1/2
j :=

A(φn+1
j ) − A(φnj )

φn+1
j − φnj

if φn+1
j 6= φnj and D̂

n+1/2
j := 0 otherwise for j = 0, . . . , J . Thus, we can write the

numerical scheme (3.12)-(3.14) in terms of u
n+1/2
j := φn+1

j − φnj as follows:

u
n+3/2
0 = (1 − λĈ

n+1/2
0 − µD̂

n+1/2
0 + λq(tn+1))u

n+1/2
0 (3.44)

+(−λB̂n+1/2
1 + µD̂

n+1/2
1 )u

n+1/2
1 + λ(q(tn+1) − q(tn))(φn0 − φn1 ),

u
n+3/2
j = (λĈ

n+1/2
j−1 + µD̂

n+1/2
j−1 )u

n+1/2
j+1 (3.45)

+(1 − λĈ
n+1/2
j + λB̂

n+1/2
j − 2µD̂

n+1/2
j )u

n+1/2
j

+(−λB̂n+1/2
j+1 + µD̂

n+1/2
j+1 )u

n+1/2
j+1 , j = 1, . . . , J − 1,

u
n+3/2
J = (λĈ

n+1/2
J−1 + µD̂

n+1/2
J−1 )u

n+1/2
J−1 + (1 + λB̂

n+1/2
J − µD̂

n+1/2
J )u

n+1/2
J (3.46)

+λ(q(tn+1 − q(tn))φnJ − λ(Ψ(tn+1) − Ψ(tn)).

Using the CFL condition (3.15) and a summation by parts, we obtain the inequality

J
∑

j=0

|un+3/2
j | 6

J
∑

j=0

|un+1/2
j | + λ|q(tn+1) − q(tn)||φn0 − φn1 |

+λ|q(tn+1) − q(tn)|φnJ + λ|Ψ(tn+1) − Ψ(tn)|. (3.47)

We can now proceed inductively to obtain

J
∑

j=0

|un+3/2
j | 6

J
∑

j=0

|u1/2
j |

+λ

n
∑

ν=0

{

|q(tν+1) − q(tν)|(|φν0 − φν1| + φνJ) + |Ψ(tν+1) − Ψ(tν)|
}

6

J
∑

j=0

|u1/2
j | + 2λφmaxTV[0,tn](q) + λTV[0,tn](Ψ).
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To conclude the proof, we need to show that the sum in the last right-hand side is

bounded. However,

∆x

J
∑

j=0

|u1/2
j | = ∆x

J
∑

j=0

|φ1
j − φ0

j |

= ∆x|λg0
1/2 − µd0

1/2 − λq(0)φ0
0|

+∆x
J−1
∑

j=1

|λ(g0
j+1/2 − g0

j−1/2) − µ(d0
j+1/2 − d0

j−1/2)|

+∆x|λg0
J−1/2 − µd0

J−1/2 − λΨ(t0)|

≤ ∆t

∣

∣

∣

∣

g(φ0
0, φ

0
1, 0) − g(0, φ0

1, 0)

φ0
0

∣

∣

∣

∣

|φ0
0| + ∆t|q(t0)||φ0

1 − φ0
0|

+∆t
J−1
∑

j=1

|B0
j+1/2||φ0

j+1 − φ0
j | + ∆t

J−1
∑

j=1

|C0
j−1/2||φ0

j − φ0
j−1|

+λ
J−1
∑

j=1

|A(φ0
j+1) − 2A(φ0

j) + A(φ0
j−1)|

+∆t

∣

∣

∣

∣

g(φ0
J−1, φ

0
J , 0) − g(φ0

J−1, 0, 0)

φ0
J

∣

∣

∣

∣

|φ0
J | + |Ψ(t0)|.

The last right-hand side is uniformly bounded due the property (G1) and the as-

sumptions (H5) and (H6). 2

3.3.3 Global estimates on A(φ∆)

In this section we present the space and time translate estimates for A(φ∆), where

φ∆ is an approximate solution of the IBVP (3.1)-(3.4). The proof of the following

Lemma 3.3.4 is a slight modification of a proof given in [67], which includes the

boundary conditions, while the proof of Lemma 3.3.5 does to not appeal to boundary

conditions, and is therefore a sub-case of the derivation leading to Theorem 4.1 in

[67].

Lemma 3.3.4 If the CFL condition (3.15) holds, then there exists a constant C6

independent of ∆ such that

|A(φnj ) − A(φni )| 6 C6|j − i|∆x for 0 6 i, j 6 J

for φnj obtained by the explicit scheme (3.12)-(3.14).
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Proof. We choose j ∈ {0, . . . , J − 1} and i = j + 1; then the quantity to be

estimated is |dnj+1/2|. For j = J − 2, the statement follows immediately from the

following inequality, which is a consequence of the boundary scheme (3.14):

1

∆x
|dnJ−1/2| 6

1

λ
|φn+1
J − φnJ | + |gnJ−1/2| + ‖Ψ‖∞.

For j = 0, . . . , J − 2, we may use Lemma 3.3.3 to obtain

1

∆x
|dnj+1/2| − |gnj+1/2| 6

∣

∣

∣
gnj+1/2 −

1

∆x
dnj+1/2

∣

∣

∣

=

∣

∣

∣

∣

j
∑

m=1

∆+

(

gnm−1/2 −
1

∆x
dnm−1/2

)

+ gn1/2 −
1

∆x
dn1/2

∣

∣

∣

∣

6
1

λ

j
∑

m=0

|φn+1
m − φnm| + φmax‖q‖∞ 6 C5 + φmax‖q‖∞,

where we use the standard notation ∆+V
n
j := V n

j+1 − V n
j , ∆−V

n
j := V n

j − V n
j−1. The

statement of Lemma 3.3.4 follows with C6 = C5 + φmax‖q‖∞ + ‖g‖∞. The proof for

the semi-implicit is analogous. 2

An immediate consequence of Lemma 3.3.4, we obtain that there exists a constant

C7 independent of ∆ such that

λ

J−1
∑

j=0

N−1
∑

n=0

(A(φnj+1) − A(φnj ))
2 ≤ C7. (3.48)

Lemma 3.3.5 Under the assumptions of Lemma 3.3.4, there exists a constant C8

independent of ∆ such that

|A(φnj ) − A(φmj )| 6 C8

√

|n−m|∆t, 0 6 n,m 6 N, j = 0, . . . , J. (3.49)

The proof of Lemma 3.3.5 is analogous to the proof of Lemma 4.3 in [65], which

in turn is an adaptation of a technique introduced in [47], and therefore is omitted.

3.4 Convergence Analysis

In the sequel, we denote by φ∆ (where ∆ = (∆x,∆t)) the interpolant of degree

one associated with the data points {φnj }, see [45, 47]. Note that φ∆ is continu-

ous everywhere and differentiable almost everywhere. From Lemmas 3.3.1–3.3.3 we

deduce that there is a constant C9 = C9(T ) such that

‖φ∆‖L∞(QT ) + TVQT
(φ∆) 6 C9, (3.50)
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while Lemmas 3.3.4 and 3.3.5 imply that there is a constant C10 such that

|A(φ∆(y, τ)) − A(φ∆(x, t))|
6 C10

(

|x− y| +
√

|t− τ | + ∆x +
√

∆t
)

∀(x, t), (y, τ) ∈ QT .
(3.51)

Consequently, in view of the embedding of L∞(QT )∩BV (QT ) in L1(QT ) [44], there

exists a sequence {∆i}i∈N with ∆i → 0 for i → ∞ and a function φ ∈ L∞(QT ) ∩
BV (QT ) such that φ∆ → φ a.e. on QT . Furthermore, the Arzelà-Ascoli theorem

implies that A(φ∆) → A(φ) uniformly on QT , and we have that A(φ) ∈ C1,1/2(QT ).

It remains to show that φ satisfies the entropy condition (S3), and we need to

examine the boundary conditions.

3.4.1 The discrete entropy inequality

Lemma 3.4.1 For the numerical approximation φ∆ of the IBVP (3.1)-(3.4) ob-

tained by the explicit scheme (3.12)-(3.14), under the CFL condition (3.15) and for

all k ∈ R, the discrete entropy inequalities

|φn+1
0 − k| − |φn0 − k| + λGn

1/2 − µAn
1/2 − λq(tn)|φn0 − k| ≤ 0, (3.52)

|φn+1
j − k| − |φnj − k| + λ(Gn

j+1/2 −Gn
j−1/2)

−µ(An
j+1/2 −An

j−1/2) ≤ 0, j = 1, . . . , J − 1, (3.53)

|φn+1
J − k| − |φnJ − k| − λGn

J−1/2 + µAn
J−1/2 ≤ 0 (3.54)

hold, with the discrete entropy flux and diffusion functions

Gn
j+1/2 := Gn

j+1/2(φ
n
j , φ

n
j+1, t

n, k)

:= g(φnj>k, φnj+1>k, tn) − g(φnj⊥k, φnj+1⊥k, tn),
An
j+1/2 := An

j+1/2(φ
n
j , φ

n
j+1, k)

:= A(φnj+1>k) − A(φnj>k) − A(φnj+1⊥k) + A(φnj⊥k),

where we use the standard notation a>b := max{a, b} and a⊥b := min{a, b}.

Proof. We begin by introducing the functions H0, . . . ,HJ such that the explicit

scheme (3.12)-(3.14) can be written in the form φnj = Hj(φ
n
0 , φ

n
1 , . . . , φ

n
J , t

n) for

j = 0, . . . , J . In the sequel, we write out only the relevant arguments of H0, . . . ,HJ .

Thus, the functions H0(φ
n
0 , φ

n
1 , t

n), Hj(φ
n
j−1, φ

n
j , φ

n
j+1, t

n) for j = 1, . . . , J − 1 and

HJ(φ
n
J−1, φ

n
J , t

n) are defined by the right-hand sides of (3.12), (3.13), and (3.14),

respectively. Clearly, these functions satisfy

H0(k, k, t
n) = (1 + λq(tn))k, Hj(k, k, k, t

n) = 0, j = 1, . . . , J,

HJ(k, k, t
n) = k − λΨ(tn).
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From the CFL condition (3.15), (G1) and (H4) we can see that the functions

H0, . . . ,HJ are increasing functions of their φ-arguments. This implies

φn+1
0 ≤ H0(φ

n
0>k, φn1>k, tn),

φn+1
j ≤ Hj(φ

n
j−1>k, φnj>k, φnj+1>k, tn), j = 1, . . . , J,

φn+1
J ≤ HJ(φ

n
J−1>k, φnJ>k, tn),

k ≤ H0(φ
n
0>k, φn1>k, tn) − λq(tn)k,

k ≤ Hj(φ
n
j−1>k, φnj>k, φnj+1>k, tn), j = 1, . . . , J,

k ≤ HJ(φ
n
J−1>k, φnJ>k, tn) + λΨ(tn).

These inequalities imply

φn+1
0 >k ≤ H0(φ

n
0>k, φn1>k, tn) − λq(tn)k, (3.55)

φn+1
j >k ≤ Hj(φ

n
j−1>k, φnj>k, φnj+1>k, tn), j = 1, . . . , J, (3.56)

φn+1
J >k ≤ HJ(φ

n
J−1>k, φnJ>k, tn) + λΨ(tn). (3.57)

We proceed analogously to the proof of

φn+1
0 ⊥k ≥ H0(φ

n
0⊥k, φn1⊥k, tn) − λq(tn)k, (3.58)

φn+1
j ⊥k ≥ Hj(φ

n
j−1⊥k, φnj⊥k, φnj+1⊥k, tn), j = 1, . . . , J, (3.59)

φn+1
J ⊥k ≥ HJ(φ

n
J−1⊥k, φnJ⊥k, tn) + λΨ(tn). (3.60)

Subtracting (3.59) from (3.56), (3.58) from (3.55) and (3.60) from (3.57) and recall-

ing that |φn+1
j − k| = φn+1

j >k− φn+1
j ⊥k, we get the desired cell entropy inequalities

(3.52), (3.53) and (3.54), respectively. 2

3.4.2 Satisfaction of the entropy inequality

We now show that the limit function φ satisfies the continuous entropy inequality

stated in (S3). More precisely we have the following Lemma.

Lemma 3.4.2 Let φ∆ the numerical solution of the IBVP (3.1)-(3.4), φ ∈ L∞(QT )∩
BV (QT ) such that φ∆ → φ in L1

loc. If φ∆ is obtained by the explicit scheme (3.12)-

(3.14) under the CFL condition (3.15) then φ satisfies the entropy inequality (S3).

Proof. Let φ∆ denote the linearly interpolated approximation φ∆ of the IBVP

(3.1)-(3.4) obtained by (3.12)-(3.14) and let ϕ ∈ C∞
0 (QT ) be a nonnegative function.

We multiply the discrete entropy inequality (3.53) by ϕ(x, tn), integrate over Ij =
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[xj−1/2, xj+1/2), and sum over (j, n) ∈ {0, . . . , J} × {0, . . . , N − 1}. This yields an

inequality E∆
1 + E∆

2 + E∆
3 + E∆

4 ≤ 0, where

E∆
1 :=

N−1
∑

n=0

J
∑

j=0

(|φn+1
j − k| − |φnj − k|)

∫

Ij

ϕ(x, tn) dx,

E∆
2 :=

N−1
∑

n=0

J−1
∑

j=1

λ(Gn
j+1/2 −Gn

j−1/2)

∫

Ij

ϕ(x, tn) dx

+λ

N−1
∑

n=0

{

Gn
1/2

∫

I0

ϕ(x, tn) dx−Gn
J−1/2

∫

IJ

ϕ(x, tn) dx
}

,

E∆
3 := −

N−1
∑

n=0

J−1
∑

j=1

µ(An
j+1/2 −An

j−1/2)

∫

Ij

ϕ(x, tn) dx

+µ

N−1
∑

n=0

{

An
J−1/2

∫

IJ

ϕ(x, tn) dx−An
1/2

∫

I0

ϕ(x, tn) dx
}

,

E∆
4 := −

N−1
∑

n=0

λq(tn)|φn0 − k|
∫

I0

ϕ(x, tn) dx.

Note that E∆
4 > 0 since q(t) 6 0, which implies E∆

1 + E∆
2 + E∆

3 6 0. A summation

by parts and using that ϕ has compact support yield

E∆
1 =

J
∑

j=0

{

|φNj − k|
∫

Ij

ϕ(x, T ) dx− |φ0
j − k|

∫

Ij

ϕ(x, 0) dx

−∆t
N−2
∑

n=0

|φn+1
j − k|

∫

Ij

ϕ(x, tn+1) − ϕ(x, tn)

∆t
dx
}

= −∆t

J
∑

j=0

N−2
∑

n=0

|φn+1
j − k|

∫

Ij

ϕ(x, tn+1) − ϕ(x, tn)

∆t
dx

Another summation by parts, using the consistency of g with f and Lemma 3.3.2

imply

E∆
2 = −∆t

N−1
∑

n=0

J−1
∑

j=0

Gn
j+1/2

∫

Ij

∆+ϕ(x, tn)

∆x
dx

= −∆t
N−1
∑

n=0

J−1
∑

j=0

sgn(φnj − k)(f(φj, t
n) − f(k, tn))

∫

Ij

∆+ϕ(x, tn)

∆x
dx+ O(∆x),
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where ∆−V (x, tn) := V (x+ ∆x, tn) − V (x, tn). Finally, we get

E∆
3 = −∆t

N−1
∑

n=0

J−1
∑

j=1

|A(φnj ) − A(k)|
∫

Ij

∆+∆−ϕ(x, tn)

∆x2 dx

+λ

N−1
∑

n=0

{

|A(φnJ) − A(k)|
∫

IJ−1

∆+ϕ(x, tn)

∆x
dx

−|A(φ0) − A(k)|
∫

I0

∆+ϕ(x, tn)

∆x
dx
}

= −∆t

N−1
∑

n=0

J−1
∑

j=1

|A(φnj ) − A(k)|
∫

Ij

∆+∆−ϕ(x, tn)

∆x2 dx + O(∆x).

Since ϕ is smooth, we now may state the inequality −E∆
1 − E∆

2 − E∆
3 > 0 as

s
QT

{

|φ∆ − k|∂tϕ+ sgn(φ∆ − k)(f(φ∆, t) − f(k, t)) + |A(φ∆) − A(k)|∂2
xϕ
}

dx dt

> −C11(∆t+ ∆x).

Taking ∆ → 0 and doing integration by parts, we see that the limit function φ

satisfies (3.7). 2

3.4.3 Satisfaction of initial and boundary conditions

Lemma 3.4.3 Let φ∆ be the linearly interpolated numerical solution of the IBVP

(3.1)-(3.4) and φ ∈ L∞(QT ) ∩ BV (QT ) such that φ∆ → φ in L1. If φ∆ is obtained

by the explicit scheme (3.12)-(3.14) under the CFL condition (3.15) then φ satisfies

the boundary condition (S5) and the initial condition (S6).

Proof. Multiplying the boundary scheme (3.14) by
∫

IJ
ϕ(x, tn) dx, where the test

function ϕ is given by ϕ(x, t) := Φ(t)νh(x) with Φ ∈ C∞
0 (T ), summing the result

over n = 0, . . . , N − 1, using summation by parts and (3.13) and (3.14), we get

0 =
N−1
∑

n=0

λΨ(tn)Φ(tn)

∫

IJ

νh(x) dx

+

N−1
∑

n=0

(φn+1
J − φnJ − λgnJ−1/2 + µdnJ−1/2)Ψ(tn)

∫

IJ

νh(x) dx

= ∆t
N−1
∑

n=0

J−1
∑

j=0

Ψ(tn)Φ(tn)

∫

Ij

∆+νh(x)

∆x
dx
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+

N−1
∑

n=0

{

(φn+1
J − φnJ)

∫

IJ

νh(x) dx− (φn+1
J−1 − φnJ−1)

∫

IJ−1

νh(x) dx

−(λgnJ−1/2 − µdnJ−1/2)

∫

IJ

νh(x) dx

+(λgnJ−3/2 − µdnJ−3/2)

∫

IJ−1

νh(x) dx
}

Φ(tn)

+
N−1
∑

n=0

J−1
∑

j=1

{

(φn+1
j+1 − φnj+1)

∫

Ij+1

νh(x) dx− (φn+1
j − φnj )

∫

Ij

νh(x) dx

−(λgnj+1/2 − µdnj+1/2)

∫

Ij+1

νh(x) dx

+(λgnj−1/2 − µdnj−1/2)

∫

Ij

νh(x) dx
}

Φ(tn)

= ∆t

N−1
∑

n=0

J−1
∑

j=0

Ψ(tn)Φ(tn)

∫

Ij

∆+νh(x)

∆x
dx+

N−1
∑

n=0

(φn+1
J − φnJ)Φ(tn)

∫

IJ

νh(x) dx

−∆t

N−1
∑

n=0

(

gnJ−1/2 −
dnJ−1/2

∆x

)

Φ(tn)

∫

IJ−1

∆+νh(x)

∆x
dx

−
N−1
∑

n=0

J−2
∑

j=0

{

(λgnj+3/2 − µdnj+3/2)

∫

Ij+1

νh(x) dx

−(λgnj+1/2 − µdnj+1/2)

∫

Ij

νh(x) dx
}

Φ(tn)

=: S1 + S2 + S3 + S4.

Firstly, we have that

S1 =

∫∫

QT

Ψ(t)Φ(t)ν ′h(x) dx+ O(∆x). (3.61)

Assuming that ∆x is chosen small enough such that νh = 0 on I0, we get

S2 =
{

φNJ Φ(tN−1) −
N−1
∑

n=1

φnJ(Φ(tn) − Φ(tn−1))
}

∫

IJ

νh(x) dx, (3.62)

which implies

|S2| 6 φmax(‖Φ‖∞ + TVT (Φ))∆x = C12∆x, (3.63)
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where the constant C12 depends on the choice of Φ, but not on ∆. Moreover, we

assume that ∆x < h, which implies S3 = 0. Next, we get

S4 = −
N−1
∑

n=0

J−2
∑

j=0

{

∆+(λgnj+1/2 − µdnj+1/2)

∫

Ij+1

νh(x) dx

+(λgnj+1/2 − µdnj+1/2)

∫

Ij

∆+νh(x) dx
}

Φ(tn)

= −
N−1
∑

n=0

J−1
∑

j=1

(φn+1
j − φnj )Φ(tn)

∫

Ij

νh(x) dx

−∆t
N−1
∑

n=0

J−1
∑

j=1

(

gnj−1/2 −
dnj−1/2

∆x

)

Φ(tn)

∫

Ij−1

∆+νh(x)

∆x
dx =: S1

4 + S2
4 .

Note that

S1
4 = −

J−1
∑

j=1

(

N−1
∑

n=0

(φn+1
j − φnj )Φ(tn)

)

∫

Ij

νh(x) dx

= −
J−1
∑

j=1

(

φNj Φ(tN−1) +

N−1
∑

n=1

(Φ(tn) − Φ(tn−1))φnj

)

∫

Ij

νh(x) dx,

which implies the estimate

|S1
4 | 6 φmax(‖Φ‖∞ + TVT (Φ))

∫

I

νh(x) dx 6 C13h, (3.64)

where the constant C13 does not depend on ∆ or h. Finally, we see that

S2
4 = −∆t

N−1
∑

n=0

J−1
∑

j=1

(

gnj−1/2 −
dnj−1/2

∆x

)

Φ(tn)

∫

Ij−1

ν ′h(x) dx+ O(∆x)

= −∆t
N−1
∑

n=0

{J−1
∑

j=1

gnj−1/2Φ(tn)

∫

Ij−1

ν ′h(x) dx+
A(φn0 )

∆x

∫

I0

ν ′h(x) dx

−A(φnJ−1)

∆x

∫

IJ−2

ν ′h(x) dx+ ∆x
J−2
∑

j=1

A(φnj )

∫

Ij−1

ν ′′h(x) dx

}

Φ(tn) + O(∆x).

We assume that ∆x is sufficiently small, such that ν ′h = 0 on I0 and IJ−2. This

assumption implies

S2
4 = −∆t

N−1
∑

n=0

{J−1
∑

j=1

gnj−1/2

∫

Ij−1

ν ′h(x) dx+
J−2
∑

j=1

A(φnj )

∫

Ij−1

ν ′′h(x) dx

}

Φ(tn)
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+O(∆x)

= −∆t

N−1
∑

n=0

{J−1
∑

j=1

∫

Ij−1

(

gnj−1/2ν
′
h(x) + A(φnj )ν

′′
h(x)

)

Φ(tn) dx

}

+O(∆x(1 + h−2))

= −
x

QT

(f(φ∆, t)ν
′
h(x) + A(φ∆)ν ′′h(x))Φ(t) dx dt+ O(∆x(1 + h−2)).

Using an integration by parts, we get

S2
4 = −

x

QT

(f(φ∆, t) − ∂xA(φ∆))Φ(t)ν ′h(x) dx dt+ O(∆x(1 + h−2)). (3.65)

Combining (3.61), (3.63), S3 = 0, (3.64) and (3.65), we obtain
x

QT

(Ψ(t) − f(φ∆, t) + ∂xA(φ∆))Φ(t)ν ′h(x) dx dt = O(∆x(1 + h−2)). (3.66)

Letting jointly ∆ → 0 and h → 0 in such a way that ∆x/h2 → 0 (for example, by

choosing ∆x = h3), and considering that f(φ∆, t) − ∂xA(φ∆) as well as its spatial

total variation is uniformly bounded, we may pass to the limit in (3.66) to obtain

∫ T

0

γ1(Ψ(t) − f(φ∆, t) + ∂xA(φ∆))Φ(t) dt = 0, (3.67)

which implies that boundary condition (S5) is satisfied.

From Lemma 3.3.3 we deduce that
∫

I

|φ∆(x,∆t) − φ∆(x, 0)| dx 6 C∆t.

Taking ∆t → 0 we see that the initial condition (S6) is satisfied. 2

For the general case q 6≡ 0, we have not been able to prove that the limit φ

satisfies the boundary condition (S4). The basic difficulty becomes apparent when

one attempts to repeat the proof of Lemma 3.4.3 for the boundary x = 0, starting

from the discrete boundary scheme (3.12), multiplying that scheme by
∫

I0
ϕ(x, tn) dx,

where ϕ(x, t) = Φ(t)µh(x), and summing the result over n = 0, . . . , N − 1. This

procedure will lead to the necessity to estimate terms like

N
∑

n=1

J
∑

j=1

q(tn)Φ(tn)(φnj+1 − φnj )

∫

Ij

µh(x) dx.

The latter would be possible if we had more accurate information of the behaviour

of the discrete solution in an O(h) strip [0, C · h] × T . By our present analysis,
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we cannot exclude that a strongly oscillatory (in time) boundary layer forms near

x = 0, although our numerical experiments [19, 51, 52] illustrate that this does not

happen. A related question is whether the functions φ∆(0, ·) converge to a meaningful

function of t as ∆ → 0.

Let us point out, however, that in the case q ≡ 0, which corresponds to the

practically important case of batch settling in a closed column, we can straightfor-

wardly prove that the boundary condition (S4) is satisfied by repeating the proof of

Lemma 3.4.3 under the modifications given above.

Finally, the series of previously established lemmas form a proof of the following

theorem.

Theorem 3.4.1 Let us assume that (H1)–(H7) hold. Under the CFL condition

(3.15) the interpolated approximate solution φ∆ obtained by the explicit scheme

(3.12)-(3.14) converge in the strong topology of L1(QT ) for ∆ → 0 to a function

φ ∈ L1(QT ) ∩ BV (QT ), which has the properties (S1)–(S3), (S5) and (S6) stated

in the definition of an entropy weak solution. In the special case q ≡ 0, also the

boundary condition at x = 0, (S4), is satisfied, and the limit function is an entropy

weak solution.



Appendix A

A.1 Weak and discrete weak formulations

To derive the weak formulation of an initial-boundary value problem of the form

∂tu+ ∂rf(u, r) = ∂2
rA(u, r) + g(u, r) (A.1)

u(r, 0) = u0(r), (A.2)

f(u(r, t)) − ∂rA(u(r, t))|r∈{R0,R}
= Γ(r, t)|r∈{R0,R}

, (A.3)

Equation (A.1) is multiplied by a test function p and integrated over QT = (R0, R)×
(0, T ) to obtain

x

QT

(∂tu+ ∂rf(u, r) − ∂2
rA(u, r))p dt dr =

x

QT

g(u, r)p dt dr.

Integrating by parts in combination with the initial and boundary conditions(A.2)-

(A.3), the weak formulation E(u(e), p; e) = 0 is obtained with

E(u(e), p; e) = −
x

QT

(u∂tp+ f(u, r)∂rp+ A(u, r)∂2
rp+ g(u, r)p)dt dr

+

∫ R

R0

up
∣

∣

∣

T

t=0
dr +

∫ T

0

f(u, r)p
∣

∣

∣

R

r=R0

dt

−
∫ T

0

(∂rA(u, r)p− A(u, r)∂rp)
∣

∣

∣

R

r=R0

dt

= −
x

QT

(u∂tp+ f(u, r)∂rp+ A(u, r)∂2
rp+ g(u, r)p)dtdr

+

∫ R

R0

up
∣

∣

∣

T

t=0
dr +

∫ T

0

(Γ(r, t)p+ A(u, r)∂rp)
∣

∣

∣

R

r=R0

dt.

85
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To derive the discrete weak formulation, we start from the scheme written in con-

servation form as

un+1
j = unj − λj(F

n
j+1/2 − F n

j−1/2) + µj(An
j+1/2 −An

j−1/2) + gnj (A.4)

with the initial condition u0
j = u0(rj, 0) and the boundary conditions

λjF
n
j−1/2 − µjAn

j−1/2 = Γnj for j ∈ {0, J + 1}.

Moreover, in the notation we suppress the dependence of the numerical fluxes on

the parameter vector e. Multiplying (A.4) by pn+1
j and summing the result over

(j, n) ∈ Q∆, we obtain

∑

(j,n)∈Q∆

{

(un+1
j − unj ) + λj(F

n
j+1/2 − F n

j−1/2) − µj(An
j+1/2 −An

j−1/2) − gnj

}

pn+1
j = 0.

In view of the “summation by parts” identities

N−1
∑

n=0

un+1
j pn+1

j =

N−1
∑

n=0

unj p
n
j + uNj p

N
j − u0

jp
0
j ,

J
∑

j=0

λjF
n
j−1/2p

n+1
j =

J
∑

j=0

λj+1F
n
j+1/2p

n+1
j+1 + λ0F

n
−1/2p

n+1
0 − λJ+1F

n
J+1/2p

n+1
J+1,

J
∑

j=0

µjAn
j−1/2p

n+1
j =

J
∑

j=0

µj+1An
j+1/2p

n+1
j+1 + µ0An

−1/2p
n+1
0 − µJ+1An

J+1/2p
n+1
J+1,

the discrete weak formulation becomes E∆(u∆(e), p∆; e) = 0, where

E∆ :=
∑

(j,n)∈Q∆

unj (p
n
j − pn+1

j ) +

J
∑

j=0

(uNj p
N
j − u0

jp
0
j)

+
∑

(j,n)∈Q∆

F n
j+1/2(λjp

n+1
j − λj+1p

n+1
j+1 ) +

N−1
∑

n=0

λ0F
n
−1/2p

n+1
0

−
N−1
∑

n=0

λJ+1F
n
J+1/2p

n+1
J+1 −

∑

(j,n)∈Q∆

An
j+1/2(µjp

n+1
j − µj+1p

n+1
j+1 )

−
N−1
∑

n=0

µ0An
−1/2p

n+1
0 +

N−1
∑

n=0

µJ+1An
J+1/2p

n+1
J+1 −

∑

(j,n)∈Q∆

gnj p
n+1
j

=
∑

(j,n)∈Q∆

{

φnj (p
n
j − pn+1

j ) + F n
j+1/2(λjp

n+1
j − λj+1p

n+1
j+1 )
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−An
j+1/2(µjp

n+1
j − µj+1p

n+1
j+1 ) − gnj p

n+1
j

}

+
J
∑

j=0

(uNj p
N
j − u0

jp
0
j) +

N−1
∑

n=0

(Γn0 − ΓnJ+1)p
n+1
0 .
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