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Resumen

En esta tesis se analizan algunos problemas de corrientes inducidas en dominios acotados con el
fin de resolver el problema de conformado electromagnético tridimensional sin alguna simetria en
particular. Se estudiard especialmente el caso en que las fuentes de corriente estan proporcionadas

en términos de intensidades y/o voltajes impuestos en partes de la frontera del dominio.

Inicialmente se demuestra la equivalencia entre dos formulaciones para el problema de corrientes
inducidas en régimen armoénico. La primera, es una formulacién en términos del campo magnético
en el conductor y un potencial escalar magnético en el dieléctrico. La segunda es una formulacién en
términos del campo magnético en todo el dominio y un multiplicador de Lagrange en el dieléctrico.
La equivalencia se muestra a nivel discreto. Se muestran resultados numéricos que resaltan las

ventajas e inconvenientes de cada una de las formulaciones.

A continuacién, se analiza un método numérico para la formulacién en términos del campo
magnético del problema transitorio de corrientes inducidas con intensidades de corriente como
dato. Se demuestra que la formulacién débil tiene una tinica solucién que satisface en cierto sentido
el problema de partida. Se propone un espacio de elementos finitos para la discretizacion espacial
basada en elementos de aristas de Nédélec. A continuacion, se introduce un esquema de Euler
implicito para la discretizacion en tiempo. Se demuestran estimaciones éptimas de error para los
esquemas semidiscreto y totalmente discreto. Ademads, se introduce un potencial escalar magnético
en el dieléctrico para imponer la condicién de rotacional nulo, lo cual conduce a un ahorro com-
putacional importante. Finalmente, el método se aplica para resolver dos problemas: un test con

solucién analitica conocida y una aplicacién al conformado electromagnético.

La implementacién de la formulacién anterior, campo magnético/potencial escalar magnético,
requiere la construccion de las llamadas superficies de corte en el dominio dieléctrico, cuando éste no
es simplemente conexo. La construccion de estas superficies puede ser muy compleja en la préctica.
Por ello, a continuacién se aborda el problema de corrientes inducidas transitorio en términos
de la primitiva del campo eléctrico. En este caso se estudia el problema con fuentes no locales
en términos de intensidades y voltajes. En el dieléctrico es necesario introducir un multiplicador
de Lagrange y el andlisis conduce al estudio de un problema mixto parabdlico degenerado. Se
demuestran resultados de existencia y unicidad de solucién asi como resultados de convergencia
para el método numeérico propuesto. El método numérico es validado con un ejemplo con solucién
analitica conocida; se aplica ademas para calcular las corrientes inducidas en una topologia donde

la introduccién de la superficie de corte no es trivial.



Finalmente, se aborda un problema transitorio de corrientes inducidas en un dominio acotado
donde el dominio conductor cambia con el tiempo. En este caso, para simplificar el analisis,
se plantea el problema con condiciones de contorno esenciales y una fuente voliimica conocida.
Se propone una formulacion en términos del campo magnético para la cual se demuestra que
existe solucién. Se propone también una técnica de penalizacién para imponer la restriccién de
rotacional nulo en el dieléctrico. Se demuestra que esta estrategia es eficaz para el problema con
conductor fijo, tanto para el problema continuo como para su discretizacion con elementos finitos
de Nédélec y un esquema de Euler implicito. Asi mismo se demuestran estimaciones optimas del
error para este esquema numérico uniformes respecto al pardametro de penalizacién. Se presentan
ensayos numeéricos que confirman la convergencia del método de penalizacion propuesto. El método
numeérico con penalizacién se aplica a un caso donde el conductor se desplaza a lo largo del tiempo.
Los resultados ponen de manifiesto que cabria esperar un orden de convergencia similar al caso de

conductor fijo.
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Introduccion

0.1 Motivacion

El conformado electromagnético es un proceso que consiste en la deformacién de piezas metélicas
sometidas a la accién de campos electromagnéticos de gran intensidad. Este proceso, conocido en
inglés con las siglas EMF, Electromagnetic Metal Forming, se desarroll alrededor de 1960 y se
caracteriza porque la deformacién de las piezas se produce en respuesta a la fuerza de Lorentz

producida por una bobina préxima alimentada por una corriente eléctrica transitoria.

El proceso se inicia con un pulso de corriente muy intenso (ver Figura 1) que se hace pasar a
través de una bobina por medio de la descarga rapida de un capacitor de alto voltaje. Esto crea
un campo electromagnético variable muy potente que genera, a través de la inducciéon magnética,
una corriente en la pieza metalica que se quiere deformar. De acuerdo a la ley de Lenz, los campos
magnéticos dentro de la pieza y de la bobina se repelen fuertemente, de manera que se supera

facilmente la resistencia de la pieza causando una deformacién permanente.

X 104
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Figure 1: Intensidad de corriente (A) vs. tiempo (s) en un ejemplo tipico de conformado electro-
magnético.

El proceso de conformado electromagnético ocurre de manera extremadamente rapida (en de-
cenas de microsegundos) y, dada la magnitud de las fuerzas, partes de la pieza a deformar alcanzan

aceleraciones importantes. Esta técnica forma parte de los denominados procesos de conformado a

iii



iv Introduccion

alta velocidad y es ampliamente utilizada en la industria para el tratamiento de materiales ligeros,
como el aluminio o el magnesio, que responden peor a métodos tradicionales, frente a los cuales
presenta numerosas ventajas como la reduccién de arrugas, la alta repetibilidad de las piezas o
la capacidad de reproducir pequenos micro-detalles. En el conformado electromagnético la pieza
metdlica puede ser deformada sin entrar en contacto con herramienta alguna, por ello este proceso
es muy usado para encoger o expandir tubos cilindricos, pero también para dar forma a hojas
metdlicas al hacerlas impactar sobre un molde a alta velocidad (Figura 2).

Before forming After forming
Coil around tube . .
and Insert Coil around tu_be is
insert compressed mtn
grooves of fitting
Workpiece

Coil inserted inside
tube surrounded
by die and insert

Tube is expanded
into die to form beading

Workpiece
Cil Die

Coil placed

= "~ Flat sheetis
un_der Tlal sheet foriied 16 rorors
with die on top _
of die

Figure 2: Ejemplos de aplicaciones de conformado electromagnético: expansién/compresion de tubos
y estampado de ldminas. Foto adquirida en http://nptel.iitm.ac.in/.

Figure 3: Ejemplos de productos obtenidos por conformado electromagnético. Fotos adquiridas en
http://www.iap.com/magnetic-compaction.html y en http://www.amire.net/labeinweb.

El conformado electromagnético es una tecnologia en desarrollo que necesita de la simulacién
numérica para disenar sistemas de conformado eficientes. Se trata de un proceso multifisico, de
modo que su modelado matematico debe tener en cuenta fenémenos electromagnéticos, térmicos
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y estructurales, todos ellos acoplados entre si. Asi, la simulacién numérica de este proceso re-
quiere resolver un modelo electromagnético basado en las ecuaciones de Maxwell para un cuerpo
en movimiento, un modelo estructural no lineal con leyes constitutivas termo-viscoplasticas y un
modelo térmico. En particular, destaca el acoplamiento magneto-mecédnico debido a que la fuerza
de Lorentz calculada en el modelo electromagnético es la fuerza volimica que deforma la pieza y
la deformacién de ésta, modifica el dominio del submodelo electromagnético con el tiempo.

Una buena referencia para este proceso es el articulo [30] de El-Azab et al. Alli puede encon-
trarse una descripcion del método de conformado electromagnético y sus aplicaciones, asi como el
marco matematico que debe tenerse en cuenta a la hora de desarrollar métodos numéricos para
la simulacién numérica del proceso; ver también [53, 54] para un estudio detallado del modelo
magneto-mecanico en piezas que se derforman. Existe ademdas una extensa lista de articulos que
estudian distintos modelos para simular el conformado electromagnético. En general, estos traba-
jos se ocupan del modelado y/o resolucién numérica del problema magneto-mecanico mediante
métodos de elementos finitos [10, 35, 36, 50, 55, 61, 62, 64, 63, 66, 69], centrandose en muchos casos
en sistemas de conformado con simetria cilindrica [35, 62, 64]. Si ademéds la pieza a deformar es
muy delgada el modelo electromagnético podria abordarse mediante modelos de placas (ver, por
ejemplo, [40]). Sin embargo, el andlisis matemdtico y numérico de los modelos que surgen en este
campo da lugar a problemas matemaéticos que no han sido tratados en su mayor parte. Un objetivo
de esta tesis es hacer una primera aproximacién del analisis matemético y numérico del modelo

electromagnético tridimensional que surge en el proceso de conformado electromagnético.

El modelo electromagnético estd basado en el modelo de corrientes inducidas o eddy currents,
que se obtiene a partir de las ecuaciones de Maxwell despreciando las corrientes de desplazamiento
eléctrico en la ley de Ampére-Maxwell (ver seccion 0.2). Hay que senalar que el anélisis de problemas
tridimensionales de corrientes inducidas esta fuertemente determinado por la formulacién elegida
(en términos de campos o potenciales) y por la forma de imponer las fuentes (fuentes volimicas
o fuentes dadas por un circuito externo, a saber, intensidades de corriente y/o caidas de voltaje).
En [7] puede encontrarse, un estudio muy completo del anélisis matematico y numérico de dichos
problemas en régimen armonico. Dado que el proceso de conformado electromagnético se inicia con
un pulso de corriente eléctrica transitoria, el modelo que mejor se ajusta a esta situacién, es el
modelo de corrientes inducidas en régimen transitorio con fuentes dadas por un circuito externo.
En la literatura se encuentran bastantes trabajos que abordan el andlisis numérico del problema
transitorio de corrientes inducidas [1, 2, 26, 44, 45, 46, 48, 49, 72]. Sin embargo, todos ellos estudian
el problema transitorio con fuente de corriente volimica y, en caso de dominios acotados, con
condiciones de contorno naturales y/o esenciales dependiendo de la variable principal. Por tal
motivo, en los Capitulos 2 y 3 se estudia el problema transitorio de corrientes inducidas en un
dominio acotado cuando la fuente de corriente se proporciona en términos de las intensidades de
corriente y/o caidas de potencial. Asi, el modelo electromagnético estudiado permite considerar el
acoplamiento entre el circuito de descarga eléctrica y el modelo de corrientes inducidas. El andlisis
matematico y numérico desarrollado en dichos capitulos extiende los resultados ya obtenidos en

régimen arménico en [8, 19]. Cabe senalar ademds que el Capitulo 1 estard también motivado por
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el problema de corrientes inducidas con datos intensidades, aportando contribuciones a su estudio

en régimen armonico y considerando topologias generales.

Por otra parte, dado que en el proceso de conformado electromagnético la pieza a deformar
puede desplazarse, el modelo electromagnético transitorio de corrientes inducidas deberia tener en
cuenta dicho movimiento a lo largo del tiempo. En particular, el modelo de corrientes inducidas con
conductores méviles tiene un gran interés desde el punto de vista de las aplicaciones ya que surge
en la simulacién de otros dispositivos como maquinas eléctricas rotatorias [26], procesos de levita-
cién magnética [47] o sistemas de induccién con inductores méviles [29]. Sin embargo, son pocos
los trabajos de la literatura que se ocupan del andlisis matematico y numérico de este problema
tanto en dominios bidimensionales como tridimensionales. Asi, en [26, 57, 58] se analiza el problema
transitorio de corrientes inducidas que se obtiene del modelamiento de motores eléctricos. Aunque
el modelo electromagnético estudiado en estos trabajos tiene en cuenta el movimiento del rotor,
la geometria ocupada por el dominio en movimiento siempre es la misma, lo cual no ocurre en un
proceso de conformado. Ademads, el movimiento de rotacién es esencial en el andlisis del problema.
Por otro lado, recientemente en [16] se estudia el problema transitorio de corrientes inducidas con
movimiento de la pieza en simetria axial en el marco de conformado electromagnético. En conse-
cuencia, el estudio del problema en dominios genuinamente tridimensionales y con movimientos
mas generales de las piezas conductoras ofrece una linea de investigaciéon abierta. El Capitulo 4
de la tesis pretende aportar contribuciones en esta linea. En particular, se estudia el problema
transitorio de corrientes inducidas con conductores moéviles en un dominio acotado. Como un paso
inicial, se considera una fuente de corriente volimica conocida soportada en un dominio fijo y con

condiciones de contorno homogéneas.

0.2 Modelo de corrientes inducidas en un dominio acotado

Las ecuaciones de Maxwell son las ecuaciones que describen los fenémenos electromagnéticos.
Reciben su nombre de James Clerk Maxwell quién recopilo la ley de Gauss para electricidad, la ley
de Gauss para magnetismo, la ley de Faraday y la ley de Ampére.

Las ecuaciones de Maxwell en su forma diferencial son las siguientes:

oD —curlH = —J ley de Ampere-Maxwell,
O;B+curlE = 0 ley de Faraday,

divD = p ley de Gauss,

divB =0 ley de Gauss del magnetismo,

donde
e E es la intensidad de campo eléctrico,
e D es el desplazamiento eléctrico,

e H es la intensidad de campo magnético,
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e B es la inducciéon magnética,
e J es la densidad de corriente y
e p es la densidad de carga libre.

Todos los campos que aparecen en estas ecuaciones son funciones vectoriales que dependen de la

variable espacial € R? y del tiempo t.

La ley de Ampere-Maxwell coincide con la ley de Ampere salvo por el término adicional 0;D

introducido por Maxwell y conocido en la literatura como corrientes de desplazamiento.

Laley de Gauss y la ley de Gauss del magnetismo son consecuencia de la ley de Ampere-Maxwell
y la ley de Faraday, bajo el supuesto de conservacién de la carga. Formalmente, esto se demuestra

tomando divergencia en la ley de Ampere-Maxwell y Faraday; asi se obtiene
div(oyD) = —divd y div(9,B) =0.
Por otra parte, si se conserva la carga, p y J estan relacionados mediante la expresion
divd 4+ 0ip =0,

y por lo tanto
Oy div B = 9y(div D — p) = 0.

Asi, sila ley de Gauss y la ley de Gauss del magnetismo se cumplen en un tiempo inicial, se cumplen

para todo instante de tiempo.

Los distintos campos E, D, B y H estan relacionados por medio de las leyes constitutivas, las
cuales dependen de los materiales que forman el dominio de estudio. En la practica, el dominio
estd compuesto por distintos materiales, es decir, es no homogéneo. Si las propiedades del material
no dependen de la direccién del campo se dice que éste tiene un comportamiento isotropico. Si
ademas las propiedades fisicas no dependen del campo aplicado, el material es lineal. En esta tesis

se consideraran unicamente materiales lineales e isotrépicos; por tanto, las leyes constitutivas son

B = uH,
D = ¢F,

donde € es la permitividad eléctrica y u es la permeabilidad magnética; € y p son coeficientes que
solo dependen de los materiales.
El sistema se completa con la ley de Ohm que relaciona la densidad de corriente en el conductor

con el campo eléctrico:

J = oFE,
siendo o es la conductividad eléctrica; o es un coeficiente positivo en los materiales conductores y
nulo en los no conductores o dieléctricos.

Para resolver estas ecuaciones deben considerarse asi mismo términos fuente y condiciones

iniciales. Respecto a los primeros, una forma usual de imponerlos es a través de una densidad de
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corriente conocida Jg en un subdominio fijo. En tal caso, en lugar de la ley de Ohm se utiliza la asi
llamada Ley de Ohm generalizada
J =ocE+J,

con div Jg = 0.
Si las fuentes de corriente se imponen mediante el acoplamiento de las ecuaciones de Maxwell con
un circuito externo, Jy = 0y, en tal caso, los términos fuentes seran definidos mediante condiciones

de contorno.

Utilizando las leyes constitutivas anteriores y la ley de Ohm generalizada, las ecuaciones de
Maxwell pueden expresarse unicamente en términos de los campos de principal interés fisico, E y
H |, obteniéndose el sistema:

Oi(eE) —curlH = —cE — J, (1)
O(nH) +curl E = 0, (2)
div (eE) = p, (3)
div (nH) = 0. (4)

El modelo de corrientes inducidas resulta de despreciar el término del desplazamiento eléctrico
en la ley de Ampere-Maxwell (1). Eliminar este término es aceptable cuando la magnitud de las
corrientes de desplazamiento es despreciable respecto al resto de términos de (1) (hipdtesis cuasi-
estdtica); ver por ejemplo, [22, Capitulo 15], o [7, Capitulo 1], para un anélisis mas detallado de
esta hipétesis en el caso arménico. En tal caso, unicamente se considerard la ecuacién (3) en el

dieléctrico si se pretende determinar el campo eléctrico en los dominios dieléctricos.

En esta tesis se propondran métodos de elementos finitos para resolver el modelo de corrientes

inducidas, tratando asi de determinar los campos E y H que verifiquen:

curlH = oE + J,
O(pH) +curlE = 0,
div (pH) = 0.

Dado que estas ecuaciones estan definidas en R?, para resolver el problema mediante un método
de elementos finitos es necesario restringir las ecuaciones a un dominio acotado §2 e imponer condi-

ciones sobre su frontera de tal forma que el problema tenga una tnica solucién.

En los Capitulos 1, 2 y 3, las fuentes de corriente se proporcionardn a través de un circuito
eléctrico externo, mediante intensidades de corriente y/o voltajes impuestos en partes de la frontera
por lo que J, = 0. Para ello, es necesario introducir alguna notacién que serd utilizada en dichos
capitulos y que permitira explicar con mayor claridad la organizaciéon de la tesis.

Sea €2 un dominio acotado simplemente conexo, formado por dos partes, Q2 y €1, siendo €2
el dominio conductor y €2, el dominio dieléctrico. La frontera de {2 se supone conexa, Lipschitz
continua y se descompone de la forma 092 = I' ;U I},, donde I', y I}, son las fronteras exteriores

de Q. y Q,, respectivamente. Sea n el vector normal unitario dirigido hacia el exterior de 0f.
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Se supone que las componentes conexas del conductor Qé, e ,Qg/l son disjuntas y de dos tipos:
inductores Q, n = 1,...,N, y piezas inducidas (workpieces) 07, n = N + 1,..., M; los primeros
intersecan la frontera de €2 y las segundos estan totalmente contenidos en € (ver Figura 4). Ademés,
se supone que la frontera de cada inductor tiene dos componentes conexas disjuntas I'7" y I''; se
denota I := FEl u---u FEN y I, = FJl u---u FJN . En un ejemplo de conformado electromagnético,
la bobina seria un inductor y el objeto a deformar una pieza inducida.

Figure 4: Esquema del dominio tridimensional €2 con fuentes intensidades de corriente y/o voltajes.

Dominios conductores fijos.

Si se conocen las intensidades de corriente I, a la entrada de cada inductor Qf, n =1,..., N,
el problema de corrientes inducidas se reduce a

curlH = ¢E en [0,7] x Q, (5)

O(nH)+curlE = 0 en [0,7T] x Q, (6)

div(uH) = 0 en [0,T] x Q, (7)

/ curlH(t) - n=1,(), n=1,....,N, te][0,T], (8)
F’ﬂ
J

Exn=0 en[0,7T]xI,UT,, 9)

puH-n=0 en[0,7] x 092, (10)

con la condicién inicial H(0) = Hy, donde Hy es el campo magnético en el instante inicial (7°
denota el tiempo final). El término I,, en (8) representa la intensidad de corriente a través de la
superficie I'"". Las condiciones (9)-(10) han sido introducidas en [22] en un contexto mas general.
La primera implica suponer que la corriente eléctrica es perpendicular a las superficies de entrada
y salida de corriente, mientras que la ultima significa que el campo magnético es tangencial en la
frontera. Estas condiciones son aproximaciones admisibles si los conductores que llevan la corriente
eléctrica son suficientemente largos cerca de la frontera exterior del dominio y ortogonales a la

misma.
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Como consecuencia de (6) y (10), se demuestra que existe un potencial superficial V' (¢) definido
en 0f) tal que n x E(t) x n = —grad, V() en 012, donde grad, denota el gradiente superficial.
Ademas, la condicién (9) implica que V() debe ser constante en cada componente conexa de I}
y I La diferencia entre estas constantes en cada conductor QF, V;,(t) := V|pEn (t) — V|pJn (1), es la
caida de potencial (o voltaje) entre I' y I, n=1,..., N.

Por tanto, si en lugar de las intensidades de corriente se conocen las caidas de voltaje V;,(t),
n=1,...,N, el problema de corrientes inducidas se reduce a

curlH = 0E en [0,7T] x Q, (11)
O(wH)+curlE = 0 en[0,7] xQ, (12)
div(uH) = 0 en [0,7] x Q, (13)

nx Exn=—grad,V endq, COHV’Fg—V‘F}z:Vn, n=1,...,N, te[0,T], (14)
Exn=0 enl0,T]xI,UIl,, (15)

pH -n=0 en[0,T] x 0. (16)

Por otra parte, en el Capitulo 4 se estudia un problema con conductores méviles, lo cual intro-
duce dificultades importantes en el andlisis tedrico. Por esta razén la topologia y las condiciones de
contorno se simplificaran notablemente. Se considerard inicamente un dominio {2 conteniendo una
bobina ) con fuente de corriente conocida Jg, una pieza conductora Q’é que se mueve a lo largo
del tiempo y el aire alrededor. Se considerard un dominio suficientemente grande de modo que en

la frontera del dominio se impondrd la condicién de contorno H x i = 0 en 0f2.

Figure 5: Esquema del dominio con fuente volimica Jg conocida en la bobina. Dominio conductor

en movimiento.

Por tanto, el problema definido en el dominio €2, puede resumirse en este caso mediante el

conjunto de ecuaciones:

curlH = cE+J, en[0,T] xQ, (17)
O(nH)+curlE = 0 en [0,7] x £, (18)
Hxn=0 enl0,T] x09Q, (19)

donde Jj tiene su soporte en Q2 CC €, con condicién inicial H(0) = H( como en el caso anterior.
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0.3 Organizacion de la tesis

En esta seccion se describen brevemente las aportaciones de cada uno de los capitulos de la
tesis.

En el Capitulo 1 se estudia el problema de corrientes inducidas en régimen armonico en un
dominio acotado proporcionando las fuentes de corriente en términos de intensidades. Como se
ha mencionado previamente, el conformado electromagnético requiere un modelo de corrientes
inducidas genuinamente transitorio. Sin embargo, en la primera etapa de la tesis al abordar el
problema en dominios con topologias generales, se observé que la formulacién introducida en [5] en
régimen armdnico podia extenderse al caso de fuentes no locales dadas en términos de intensidades
de corriente en la frontera. Eso motivé la inclusién de este capitulo.

El modelo de corrientes inducidas en régimen armonico se obtiene al suponer que todos los
campos que aparecen en las ecuaciones de Maxwell son sinusoidales en tiempo, es decir, tienen la

forma
F(z,t) = Re [e“"F(z)]

donde F es la amplitud compleja del campo F' y el pardmetro w # 0 es la frecuencia angular,
w = 27 f, siendo f la frecuencia de corriente. Esta hipdtesis es adecuada por ejemplo en régimen de
corriente alterna. Por tanto, el modelo de corrientes inducidas en régimen armoénico puede escribirse
en términos de las amplitudes complejas de los distintos campos. En este capitulo, se abordara
dicho problema en una topologia como la descrita en la Figura 4 y considerando conocidas las
intensidades a la entrada de los inductores. En particular, si las intensidades de corriente son
sinusoidales, I,,(t) = Re [¢'Z,(t)], se probaré la equivalencia entre dos formulaciones distintas

para resolver el problema

curlH = 0€ en Q, (20)
iwpH +curl€ = 0 en €, (21)
div(uH) = 0 en Q, (22)
/ curlH-n=17Z, enl,n=1,...,N, (23)
Fn
J
Exn=0 enl UT, (24)
uH-n=0 en 0. (25)

donde € y H son las amplitudes complejas asociadas al campo eléctrico y al campo magnético,
respectivamente. Nétese que en régimen arménico, la ecuacién (22) es una consecuencia de la ley
de Faraday (21).

En [18] se ha analizado una formulacién en términos del campo magnético para este problema.
La restriccion curl’ H = 0 en el dominio dieléctrico, €2, se impone en ese caso reemplazando
el campo magnético en {2, por un potencial escalar magnético. Esta alternativa conduce a un

ahorro computacional muy importante pero requiere construir ciertas superficies de corte si el



xii Introduccion

dominio dieléctrico no es simplemente conexo. Estas superficies, denotadas por 3; en la Figura 4,
pueden ser dificiles de construir en la practica. La Figura 6 muestra un ejemplo donde el dieléctrico
es el aire que rodea al conjunto hélice-cilindro y donde la construccién de dicha superficie no es
trivial; esta configuracién geométrica es clésica en problemas de calentamiento por induccién ([11]).
Una alternativa que evita construir estas superficies es la propuesta en [5] en un caso con fuentes
voltimicas y conductores totalmente contenidos en el dieléctrico. En este capitulo, inspirandose en
tal formulacién, se introduce un multiplicador de Lagrange para imponer la restriccién de rotacional
nulo en el dieléctrico y resolver el problema con datos intensidades (20)—(25). Se demostrara un
resultado de equivalencia entre la formulacién mixta y la formulacién campo magnético/potencial
escalar magnético a nivel discreto. De hecho, el campo magnético calculado en ambas formulaciones
es exactamente el mismo. Esto hace innecesario obtener estimaciones del error para la segunda

formulacién ya que para la primera ya fueron demostradas en [18].

Figure 6: Ejemplo de configuracién geométrica con dominio dieléctrico no simplemente conexo.

El esquema discreto propuesto para la formulacién mixta estd basado en elementos finitos
Nédélec para el campo magnético en 2 y en el rotacional de los elementos finitos de Nédélec para el
multiplicador de Lagrange en (). Las estimaciones de error para dicho esquema surgen del resultado
de equivalencia demostrado. Dado que el esquema conduce a un sistema linear singular, se introduce
un nuevo multiplicador de Lagrange en ), que garantiza unicidad y que es aproximado mediante
elementos finitos de Crouzeix-Raviart. Por tanto, el esquema numérico propuesto involucra un
gran numero de incégnitas, pero evita la construcciéon de las superficies de corte. En el capitulo,
se muestran resultados numéricos que confirman los resultados de equivalencia demostrados y la
aplicacion a topologias generales como la presentada en la Figura 6.

Algunos de los resultados de este capitulo se recogen en la publicacién [13]:

e BERMUDEZ, A., LOPEZ-RODRIGUEZ, B., RODRIGUEZ, R., & SALGADO, P. (2010) Equiva-

lence between two finite element methods for the eddy current problem, Comptes Rendus de
I’Académie des Sciences, 34, 769-774.

En el Capitulo 2 se analiza un método numérico para resolver el problema transitorio de corrien-

tes inducidas con intensidades de corriente I,,(t), n = 1,..., N, como dato, es decir, el problema
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(5)—(10). Se consideran topologias bastante generales y se propone una formulacién en términos del
campo magnético. Si las intensidades de corriente son suficientemente regulares, se prueba que la
formulacion débil tiene una tinica solucién mediante un levantamiento adecuado de las condiciones
(8). Ademas, se demuestran las propiedades que verifica dicha solucién débil. En particular, la

densidad de corriente y el campo eléctrico se determinan de forma tunica en el dominio conductor
1

mediante la relacion J = curl H y E := — curl H. En el dieléctrico no se determina el campo

eléctrico por lo que la ecuacién (6) solo se obtiene en el conductor.

Se propone un método de elementos finitos para la discretizacién espacial del problema basada
en elementos finitos de Nédélec para aproximar el campo magnético. Se demuestra la existencia
de solucion del sistema semidiscreto y se obtienen estimaciones éptimas de error. El hecho de que
la interpolada de Nédélec de la solucién verifique exactamente la condicién de intensidades (8),
permite obtener dichas estimaciones. Para la discretizacién temporal se introduce un esquema de
Euler implicito y se demuestran estimaciones de error para el esquema totalmente discreto. Por
otra parte, la restricciéon curl H = 0 en el dieléctrico se resuelve introduciendo un potencial escalar
magnético.

Aunque la parte central del capitulo aborda el problema con intensidades como dato, se realizan
las observaciones necesarias para extender los resultados al caso en el que los datos son caidas de
potencial. El esquema numérico se ha implementado y se presentan resultados numéricos para un
test analitico con solucién conocida y un ejemplo de aplicacién al conformado electromagnético.

Los resultados de este capitulo dieron origen al articulo [14]:

e BERMUDEZ, A., LOPEZ-RODRIGUEZ, B., RODRIGUEZ, R., & SALGADO, P. Numerical solu-
tion of transient eddy current problems with input current intensities as boundary data, IMA
Journal of Numerical Analysis (online; doi: 10.1093/imanum/drr028).

Tal y como se ha mencionado previamente, esta formulacién campo magnético/potencial escalar
magnético permite un ahorro computacional muy importante pero requiere la construccién de las
superficies de corte. Para evitar esta dificultad en geometrias complejas, en el Capitulo 3 se propone
una formulacién del problema transitorio en términos de una nueva variable: una primitiva del

campo eléctrico. Concretamente, la incégnita principal del problema serd

u(t,x) = /Ot E(s,x)ds.

Cabe senalar que en la literatura la incégnita “u” ha sido introducida en el modelo de corrientes
inducidas en [31] y se ha utilizado especialmente en dominios conductores (ver, por ejemplo, [42,
43]). En este capitulo u estard definida en todo el dominio.

Las fuentes de corriente serdn las proporcionadas por un circuito externo y se analizara sepa-

radamente el problema con datos intensidades (5)—(10) y el problema con datos voltajes (11)—(16).

Con el objetivo de analizar el problema en términos de u, es necesario establecer ecuaciones
adicionales que permitan determinar esta variable de manera tinica. En principio, el campo eléctrico

E en el dieléctrico queda inicamente determinado si se dispone de su componente normal eE(t)]q_ -
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n en la frontera exterior del dieléctrico I',. En tal caso, deben anadirse a las ecuaciones (5)—(10) (o

bien (11)—(16) en el caso de datos voltajes) las siguientes

div(eE) =0 en (0,T) x Q,, (26)

¢Elo -m=g en[0,T] xT}, (27)

/ eE(t)lo, n=0, k=2,....,M, tel0,T], (28)
Tk
I

donde, como ya se dijo, g es un dato adicional y FI]‘“ =Q,N 89’2, k=1,...,M.

Nétese que el campo eléctrico verifica la ecuacién (26) en ausencia de cargas en el dieléctrico.
Para imponer estas restricciones se introduce un multiplicador de Lagrange en el dieléctrico obte-
niéndose como resultado una formulacién mixta parabdlica degenerada. Se demuestra la existencia
y unicidad de solucién tanto con datos intensidades como con datos voltajes; para este analisis,
la formulacién en campo magnético introducida en el Capitulo 2 y las propiedades de su solucion
débil seran esenciales.

Un inconveniente de esta formulacion es que requiere un dato adicional: g = EE|QD -mn en
[0,T] x I',. Sin embargo demostraremos que las principales cantidades fisicas, es decir, el campo
magnético en todo el dominio y el campo eléctrico en el dominio conductor, son independientes del
valor de g. Por esta razon, es posible considerar otro modelo que no requiere del dato adicional g.
En efecto, si el campo eléctrico E en el dieléctrico no es una magnitud de interés, pueden resolverse
las mismas ecuaciones pero con un dato g arbitrario (por ejemplo, ¢ = 0). En este caso, aunque
sigamos denotandola por E, esta variable en el dieléctrico no serd el verdadero campo eléctrico,

sino simplemente una variable auxiliar que permite resolver el problema.

Para la discretizacién espacial se proponen elementos finitos de Nédélec para aproximar w y
elementos finitos lineales a trozos y continuos para el multiplicador. Para demostrar que el esquema
semidiscreto tiene una unica soluciéon se realiza un levantamiento del dato g y el diagrama de
De Rham a nivel discreto ([9]). Para la discretizacién en tiempo, se introduce un esquema de
Euler implicito y se demuestran estimaciones de error para los esquema semidiscreto y totalmente
discreto. Esta misma formulacion del problema de corrientes inducidas en términos de w, pero con
fuente volimica de corriente y condiciones de contorno esenciales homogéneas, ha sido analizado
previamente en [2]. Cabe resaltar que la condicién de contorno que se utiliza para incorporar las

fuentes de corriente genera cambios significativos en las demostraciones existentes.

El método numérico implementado se ha aplicado para resolver un problema con solucién
analitica conocida asi como un problema de induccién en la configuracién geométrica presentada

en la Figura 6.

Los resultados de este capitulo se recogen en el siguiente articulo [12]:

e BERMUDEZ, A., LOPEZ-RODRIGUEZ, B., RODRIGUEZ, R., & SALGADO, P. An eddy current
problem in terms of a time-primitive of the electric field with non-local source conditions,

Preprint del Departamento de Ingenieria Matematica de la Universidad de Concepcion, 2012.
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Finalmente, el Capitulo 4 aborda el problema transitorio de corrientes inducidas teniendo en
cuenta el movimiento de las partes conductoras para poder simular de un modo mas realista un
problema de conformado electromagnético. El hecho de que las ecuaciones sean de distinta natu-
raleza en conductor y dieléctrico introduce dificultades notables en el analisis del problema. Por
ello, para centrarse en el movimiento, se simplifica el dominio, las fuentes y condiciones de contorno
y se estudia el problema (17)—(19) suponiendo que la velocidad de la pieza es conocida. Para el
analisis matematico del problema se ha valorado trabajar en términos de H o en términos de w.
En el primer caso, la dificultad mas relevante es la restriccion curl H = 0 en el dieléctrico y en
el segundo caso, restricciones del tipo (26)—(28) también definidas en el dieléctrico. Nétese que
el movimiento de la pieza hace que estas restricciones estén definidas en un dominio que cambia
con el tiempo. Hasta el momento sélo se ha conseguido demostrar un resultado de existencia de
solucién para una formulacién débil en términos del campo magnético. En este capitulo se propone
un método numérico que tenga en cuenta el movimiento de la pieza en dominios tridimensionales,

evitando el remallado en cada paso de tiempo, y que al mismo tiempo no sea excesivamente costoso.

El método numérico propuesto se basa en un método de penalizacién (ver, por ejemplo, [38])

en términos del campo magnético, que consiste en reemplazar las ecuaciones

curl H = 0 en el aire,

curl H = J.

s en la bobina,

por

curl H = ¢E en el aire,

curl H — J, = ¢eE en la bobina,

donde ¢ es un parametro positivo suficientemente pequeno y destinado a tender a cero. Desde un
punto de vista fisico, en el modelo de corrientes inducidas, el método de penalizacién supone de

algin modo reemplazar aire y bobina por un conductor muy pobre.

En primer lugar, se demuestra que esta estrategia de penalizacién conduce a un problema con
solucién unica que converge al problema de partida cuando ¢ tiende a cero. Se propone una dis-
cretizacién espacial y temporal del problema parabdlico penalizado y se demuestra asimismo la
convergencia del esquema totalmente discreto. Los resultados numéricos obtenidos con dominio
conductor fijo confirman los resultados de convergencia demostrados teéricamente. Posteriormente,
se plantea el problema parabdlico penalizado para el modelo de corrientes inducidas con dominio
conductor en movimiento y el esquema totalmente discreto correspondiente. Se presentan los re-
sultados numéricos obtenidos para un problema con soluciéon analitica conocida y para un ejemplo
axisimétrico que permite realizar comparaciones con el c6digo desarrollado en [16]. Estos resultados
ponen de manifiesto que el método de penalizacién ofrece una alternativa interesante para simular

problemas tridimensionales de conformado electromagnético.

Con los resultados de este capitulo se espera redactar el siguiente articulo:

e BERMUDEZ, A., LOPEZ-RODRIGUEZ, B., RODRIGUEZ, R., & SALGADO, P. Numerical so-

lution of a transient 3D eddy current model with moving conductors (en preparacién).
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Cabe senalar que cada capitulo de la tesis es autocontenido al corresponderse con trabajos
publicados o pendientes de publicacién. Por ello, la notacion utilizada para los espacios funcionales y
campos vectoriales sera la misma que la utilizada en la publicacién correspondiente e independiente

en cada capitulo.

La tesis finaliza con las conclusiones y con una breve descripcion de las lineas de investigacién
abiertas.



Chapter 1

Equivalence between two finite
element methods for the harmonic
eddy current problem

1.1 Introduction

In this chapter, we will deal with the time-harmonic eddy current model in a bounded domain
which includes conducting and dielectric parts by imposing the current intensities as boundary
data. This problem involves non-local source conditions and has been analyzed in terms of different
unknowns (see, for instance, [7], [19]). In particular, we refer the reader to Chapter 8 of [7], where
authors give an exhaustive description of different formulations used to solve the problem. The
advantages and drawbacks of each formulation are usually related with the topology of the dielectric
domain and the definition of the interface and boundary conditions.

We consider two different formulations of the problem. One of them, is in terms of magnetic
field/magnetic scalar potential and was introduced in [17] and analyzed in [19]. The other one, is a
mixed formulation in terms of the magnetic field and a Lagrange multiplier to impose the curl-free
condition in the dielectric domain. This formulation was introduced and analyzed in [5] in the case
of volumic source current as data. We adapt this formulation to our problem with current intensities
as boundary data and prove that the corresponding finite element approximation is equivalent to
that of the previous formulation. Therefore, there is no need of an additional convergence analysis.

Although the mixed formulation leads to an increasing of the number of unknowns, it avoids
building cutting surface which is necessary for the application of the other formulation (see [19]).
A reduced version of this chapter has been published in [13].

The outline of the chapter is the following: in Section 1.2 we describe the time-harmonic eddy
current model with current intensities as boundary data and detail the topology of the bounded
domain that will be considered. Section 1.3 is devoted to recall the magnetic field /scalar magnetic
potential formulation, the well-posedness results and its discretization. In Section 1.4 we will prove

equivalence results between this formulation and the mixed one proposed in the same section.



2 Chapter 1

Finally, some numerical results are presented in Section 1.5 which validate the theoretical results

and show the applicability of the numerical method proposed.

1.2 Statement of the problem

We start introducing the time-harmonic eddy current problem:

curl H = J, (1.1)
iwpH + curl E = 0, (1.2)
J=0FE, (1.3)

where F is the complex amplitude of the electric field, H the complex amplitude of the magnetic
field, J the complex amplitude of the current density, w the angular frequency, i the magnetic
permeability and o the electric conductivity.

We are interested in solving these equations in a simply connected three-dimensional bounded
domain €2, which consists of two parts, Q. and 2, occupied by conductors and dielectrics, re-
spectively. The electric conductivity o vanishes in the dielectric domain. We denote Qé, e ,Qg/[
the disjoint connected components of {2, which are of two types: “inductors” which go through
the boundary of € and represent the conducting parts directly connected to an external circuit,

and “workpieces” which have their closure included in €2, where only induced currents exist. We

denote Q(lj, e ,Qév the former and QéVH, e ,Qg/l the latter. Moreover, we assume that the latter,
Qf,n=N+1,..., M, are connected and have a connected boundary 9. We also assume that

2, is connected.

The domain 2 is assumed to have a Lipschitz-continuous connected boundary 952, which splits
into two parts: 02 = I' ,UI},, with I, := 0Q,N 0Q and I}, := 09, N I being the outer boundaries
of the conducting and dielectric domains, respectively. We denote I := 9Q, N 082, the interface
between dielectrics and conductors. Note that I = Uﬁil I, where I7" := 0Q,N00Q%, n=1,..., M.
Notice that, for n = N +1,..., M, IT* = 9Q7. If we denote I} :=T},U UnN:1 ["* then the boundary
of O, has M — N + 1 disjoint connected components, namely, I'% ,FIN o ,FIM . We also denote
by n and n the outer unit normal vectors to 92 and €, respectively. We assume that the outer
boundary of each connected component, 9QF NI, n=1,..., N, has two connected components,
both with non-zero measure: the current entrance, I'", where it is connected to a wire supplying
alternating electric current, and the current exit, I'". Finally, we denote I} := FJl U---u FJN and
I,:=T[!U---ULY, and we assume that I, N T, = (). (See a sketch of the domain in Figure 1.1.)

By following [22], we are interested in solving equations (1.1)—(1.3) with the following boundary
conditions considered initially in [19]:

/curlH-n:In onl}', n=1,...,N, (1.4)
FTL
J

Exn=0 onl,ul

J)

pH -n =0 on 05, (1.6)
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I, I,

Figure 1.1: Sketch of the domain with a zoom around Sy

where the only data are the complex amplitudes of the current intensities I,, through each wire.
Conditions (1.4) account for the input current intensities through each I7*. Conditions (1.5)-
(1.6) have been proposed in [22] in a more general setting. They will appear as natural boundary
conditions of the weak formulation of the problem to be given below. The former implies the
assumption that the electric current is normal to the current entrance and exit surfaces, whereas the
latter means that the magnetic field is tangential to the boundary. (See [18] for further discussions
on these boundary conditions and [19] for its application to the modeling of an electric furnace.)

1.3 The magnetic field/magnetic scalar potential formulation

In this section we recall the magnetic field/scalar magnetic potential formulation introduced in
[19] for solving the above problem and its numerical solution by a finite element method.
Let
X := {G € H(curl;Q) : curlG=0inQ}

and a : H(curl; Q) x H(curl; 2) — C be the sesquilinear continuous form defined by

_ 1 —
a(H,G) = iw/uH-G—i—/ —curl H - curl G.
Q Q.9

C

Given I := (I,,) € CV, we introduce the closed linear manifold of X defined as follows:
V(I):={GeX: (curlG-n,1)p, =1, n=1,...,N}.
J

A weak formulation of the above eddy current problem in terms of the magnetic field has been

obtained in [19] and reads as follows:

Problem 1.1 Given I € CV, find H € V(I) such that

a(H,G) =0 VG € V(0).
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Notice that this formulation needs to impose the curl-free constraint in the space V(I). An
alternative to deal with this constraint consists in replacing the magnetic field by a scalar potential
in the dielectric domain. Next, we summarize this procedure.

We assume there exist L connected “cut” surfaces ¥,, C Q,, n=1,---, L, such that 9%, C 9,
and Q= Q_\ UL_, &, is pseudo-Lipschitz and simply connected (see, for instance, [9]). We also
assume that %, N3, = 0 for n # m (see Figure 1.1). For each inductor, Qf, n=1,...,N, there
exists one cut surface ¥, satisfying 0%, NI, # 0 (see Figure 1.1). The remaining cut surfaces,
YN+1,-.., 21, are assumed to be contained in the interior of 2, (see Figure 1.1, again).

For each cut surface 3,, we assume that there exists a surface .S,, C Qg, with 95, C 007 and
such that its boundary =, is a simple closed curve which intersects %,, once and only once, and
does not intersect 3,,, m # n. Note that, for n = 1,..., N, we can take S,, = I'"'. We denote the

two faces of each 3, by X~ and ;. We choose an orientation for each ~,, by taking its initial and
+

-+, respectively. We denote by t,, the unit vector tangent to <, according

end points on ¥ and X
to this orientation.
For any function ¥ € Hl(ﬁD), we denote by

[[‘I’]]zn = ‘I"z; - \I"z:{

the jump of ¥ through X, along n,,. The gradient of ¥ in D’(?ZD) can be extended to L2(,)? and
will be denoted by grad 0.
Let © be the linear subspace of H'(€,) defined by

O = {\TJ € H1(§~2D) : [[\Tl]]zn = constant, n = 1,...,L}.

Then, for ¥ € HI(QD), we have that g/;a_la Ve H(curl; ©2,) if and only if U € O, in which case
curl(g/;a_la ¥) = 0 (see Lemma 3.11 in [9]).

We use the following notation: given G € L?(Q2.)? and G, € L*(Q,)3, (G.|G,) denotes the
field G € L2(Q)3 defined by G]QC =G and G]QD =G,

Let us denote by Y the linear space given by

Y= {(G,(Ivf) € H(curl; Q) x (©/C) : (G|g/r;;ii’) € H(curl;Q)}.

Then (G, ¥) € Y if and only if (G g/r?;i{lvf) €X.

Given I € CV, it is natural to search the solution of our problem in the linear manifold
W(I) = {(G,\Tl) ey: [U]y =1, n= 1,...,N}

(see [19]).
Let a: Y x Y — C be the sesquilinear elliptic form defined by

i ((H,8).(G.9)) = a((H| grad &), (G|grad 1)) .

Then, Problem 1.1 can be written in terms of the magnetic field/magnetic scalar potential as

follows.
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Problem 1.2 Given I € CV, find (H,®) € W(I) such that
a ((H, ), (G,xf/)) =0 Y(G,T)eW().

For the numerical solution let us assume that €2, €2 and €2, are Lipschitz polyhedra and consider
regular tetrahedral meshes 7j of €1, such that each element K € 7}, is contained either in Q, or
in Q_ (h stands as usual for the corresponding mesh-size). We employ “edge” finite elements to

approximate the magnetic field. More precisely, the lowest-order Nédélec finite element space:
NL(Q) :={G), € H(curl; Q) : G|, € N(K) VK € T},
where, for each tetrahedron K,
N(K)={G,LePi(K)’: Gp(z)=axz+b, a,beC’ xzcK}.
We introduce the finite-dimensional space
X ={GLeNLQ): curlG, =0 inQ .} C X

and the linear manifolds V,(I) := V(I) N X, I € CV.

Then, the discrete problem reads as follows.

Problem 1.3 Given I € CV, find H;, € V;,(I) such that
a(Hp,Gp) =0 VG € Vi(0).

In [19] it is proved that this problem has a unique solution which is an optimal order approxima-
tion of the solution to Problem 1.1. In that paper, a discrete multivalued magnetic scalar potential
is introduced in the dielectric domain in order to approximate Problem 1.2. Next, we recall the
corresponding discrete approximation.

Assume that the cut surfaces X,, are polyhedral and the meshes are compatible with them, in the
sense that each X, is a union of faces of tetrahedra K € 7j,. Therefore, 7;LQD = {K eTh: KC QD}
can also be seen as a mesh of QD.

Let us introduce the following discrete spaces:

~ ~ ~ = Q
Lh(,) = {\ph eHY(Q,): Tpl, € PIK) VK €T, D} ,
O, = {i’h € Eh(QD) : [[i'h]]zn = constant, n =1,... L} and
Y, = {(Gh, Ty) € Mn(Q) x (O4/C) : G, x n, = grad ¥, x n, on rl} .
Given I € CV, let

Wi (I) = {(Ghv\ih) EVn: [[\T’h]]zn =1I,, n= 1,...,N}.

Now, consider the following discrete problem.



6 Chapter 1

Problem 1.4 Given I € CV, find (Hy, ;1V>h) € Whi(I) such that
a((Hp, @), (G, 03)) =0 Y(Gh, ¥3) € Wh(0).
Next theorem, proved in [19], shows that Problems 1.3 and 1.4 are equivalent.

Theorem 1.5 Given I € CV, H}, is a solution of Problem 1.3 if and only if there exists d), € O
such that Hylo = grad @), and (Hplo, ®n) is a solution of Problem 1.4.

Problem 1.4 leads to an important saving in computational effort, since it involves a scalar field
instead of a vector field in the dielectric. Notice that its implementation requires imposing the

following constraints:
o G Xxn,= g/;a_l;l \T/h x ng on I, which arises from definition of Yj;
° [[(f/h]]zn = constant, n = 1,..., N, which arise from definition of ©y.

A procedure to impose these constraints was proposed in [17], where numerical experiments
exhibiting the performance of the method were also reported. In particular, the last condition

involves the explicit building of cutting surfaces in the dielectric mesh.

1.4 Mixed formulations and equivalence results

As we have noticed above, Problem 1.4 represents a less expensive alternative to approximate
the proposed eddy current model. The only drawback is that it needs finite element meshes involving
“cuts”, which sometimes can be difficult to build. In what follows we will introduce a mixed discrete
formulation of the same eddy current model given above, which does not need any cut, and we will
show that it is completely equivalent to Problem 1.3.

This mixed formulation has been previously analyzed in [5] for other boundary conditions,
without establishing any relation with a magnetic field/magnetic scalar potential discretization as
that of Problem 1.3 and, consequently, without taking advantage of the equivalence between such
discrete problems. The formulation is based on using a Lagrange multiplier to impose the curl-free
constraint in the dielectric instead of introducing the scalar potential in 2, so that cuts are not

required in the mesh.
Given I € CV, let

Uuyl) = {Ghe./\fh(Q): /Fncurl(;'h-n:[n7 nzl,...,N}.
J

Notice that

Fj, € RTy(2,) : divFy, =0, fF*Fh-nZO
D

1 Q =
curl (NV3(Q,)) and [ Fr,-n=0, k=N+1,....M [’
I

where RT1,(€,,) is the space of lowest-order Raviart-Thomas elements (see, Lemma III.5.11 in
[38]). Thus, the discrete mixed problem reads as follows.
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Problem 1.6 Given I € CV, find H;, € Uy, (I) and Z;, € curl (J\fh(QD)) such that
a(Hh, Gh) + / Zy, - curl (_;h =0 VG, € Llh(O), (17)
QD

/ curl H, - F;, =0 VF), € curl (M(Q))). (1.8)
Q

D

Since {Gh e Up(0) : [, curlG - F;, = 0VF;, € curl (J\/h(QD))} = UR(0)N X and a is
D
coercive on X, we only need the following inf-sup condition to conclude that Problem 1.6 has a

unique solution.

Proposition 1.7 There exist a constant B, > 0 such that

‘fQD Fy, - curl G’h‘

sup

> By || Fn VF), € curl (N},(2))).
GreUL(0): G1#0 ||GhHH(curl;Q) H HLQ(QD) ( ( D))

Proof. Since dim,(0) < oo, it is enough to prove that for all non-vanishing F, € curl (N4 (€,,))
there exists G, € Up(0) such that fQD Fj, -curlGy, # 0. Let U, € N3(Q) be such that Fj, =
curl Uy, in Q. In general Uy, ¢ U,(0), but if we are able to find Y, € N, (Q) satisfying curl Y, =
0 in 2, and f% Y, -t,=— f% Up-t,,n=1,..., N, it is straightforward to check that G}, :=
U + Y, satisfies the above requirements (recall 7, := OI’J") Such a Y, can be defined as follows:

N

YhI:—Z< Uhtm>Y;7,na
Ym

m=1

where Y7 € N, (Q) is such that Y}'lo = g/r'\éa@m, with ;IShm € O, satisfying [[(5?]]& = Snm,
nm=1,...,N. [

An inf-sup condition analogous to that in Proposition 1.7 has been proved to hold uniformly in
h, in the proof of Theorem 5.2 from [5] for the problem considered in that paper. However, this is
not necessary, at least in our case, since we will obtain error estimates for the component H}, of
the solution to Problem 1.6 as a direct consequence of the following equivalence result.

Proposition 1.8 Given I € CV, a discrete field Hy € N1, (Q) is solution of Problem 1.3 (equiv-
alently, of Problem 1.4) if and only if there exists Zj, € curl (N,(Qy)) such that (H}, Zy) solves
Problem 1.6.

Proof. Since each problem has a unique solution, it is enough to prove that if (Hp, Z}) solves
Problem 1.6, then H} solves Problem 1.3. For this purpose, let us take F'j, = curl Hj, as test
function in (1.8). We deduce curl Hj, = 0 in Q and then H}, € V;(I). Finally, we complete the
proof by testing (1.7) with G}, € V;,(0). [ |

Although Problem 1.6 has a unique solution, its direct implementation leads to a singular
linear system. Indeed, when functions F'; € curl (J\f h(QD)) are written as F'j, = curlUy, with

U, € Nn(,), such Uy, is clearly not unique and this leads to a singular matrix. However, as
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stated in [5, Remark 5.1], since the kernel of this matrix is well separated from the rest of the
spectrum, a conjugate gradient type method will work for its numerical solution.

An alternative leading to a system with a non-singular matrix was also proposed in [5]. Let Qp,
be the space of piecewise constant functions in 7',;QD and CRy(§2,) the space of lowest-order 3D
Crouzeix-Raviart elements (see [5], for instance), namely

Q.= {F e 12(@,) : Ak €y VK € T},

qn € L2(Q0) : qnlx € P VK € 7;QD and ¢, is continuous at }

the centroid of any face f common to two elements in 771913

CRL(Q,) = {

We consider the subspace

fork=N-+1,..., M, q,(x) = ¢ (constant) for all midpoints x of faces of FIk

CRY(Q,) = { qn € CRA(Y,) : gn(x) = 0 for all midpoints x of faces of I}, and, }

For q;, € CRY(Q,), let grad, g, denote the vector field in Q} defined by (grad, qn)|lx =
grad(qn|x), K € 7',?‘3. The following result has been proved in [51, Theorem 4.9] (see also [5,

Lemma 5.4] for o€, non connected).

Lemma 1.9 Q) = curl (M;(Q,)) @ grad, (CR)(2,)) and the decomposition is orthogonal in
L2(,)%.

Taking into account this decomposition, we consider the following discrete problem.

Problem 1.10 Given I € CV, find H, € Uy(I), Z), € Q3 and pj, € CRY () such that

a(Hh, Gh) + /Q Z;, - curl éh =0 VG, € Llh(O), (1.9)
D
/ curth-Fh—i—/ grad, p, - F, =0 VF), € Q?l, (1.10)
QD QD
/ Zy, -grad;, g, =0 Vg, € CRY(S,). (1.11)
QD

Next result shows that Problem 1.10 is equivalent to Problems 1.6 and, hence, to Problem 1.3
and 1.4, too.

Proposition 1.11 Let I € CN. If (Hy,, Z},) is solution of Problem 1.6, then (H}, Z,0) solves
Problem 1.10. Conversely, if (Hy, Zp,pr) solves Problem 1.10, then p, = 0 and (Hp,Z},) is
solution of Problem 1.6.

Proof. Let (Hy}, Z},) be solution of Problem 1.6. Then (Hyp, Zy,0) satisfies (1.9) and (1.10),
the latter by virtue of Lemma 1.9. On the other hand, (1.11) follows from the fact that Z; €
curl (J\fh(QD)) and Lemma 1.9 again. Conversely, let (H}, Zy, p) be solution of Problem 1.10. By
testing (1.10) with F', = grady, py, it follows from Lemma 1.9 that pp = 0. The same lemma and
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(1.11) imply that Z), € curl (M(€,)). Hence, for p, = 0, (1.9) and (1.10) shows that (H}, Z)
solves Problem 1.6. |

As a consequence of the above proposition and the well-posedness of Problem 1.6, it follows
that Problem 1.10 has also a unique solution. Thus, using standard basis for the finite element
spaces leads to a linear system with a non-singular matrix. On the other hand, the approximation
properties proved in [19] for Problem 1.3, automatically lead to optimal order error estimates for
the component H, of the solution to Problem 1.10.

1.5 Numerical experiments

In this section we report some numerical results obtained with a MATLAB code which implements
the numerical methods described above.

First, we have solved an example to confirm the theoretical equivalence proved above. Figure 1.2
shows a sketch of the domain where the conducting part 2, and the whole domain ) are coaxial

cylinders.

Conductor (QQ¢) Dielectric ({2 p) FE

El

Figure 1.2: Sketch of the domain in the analytical example.

This example has been previously used in [19] to validate the computer code. In this section, we
have compared the solution obtained with the formulation based on the magnetic field/magnetic
scalar potential (Problem 1.6) and the code based on the mixed Problem 1.10. The numerical results
provided by both techniques coincide up to rounding errors. Notice that in this simple geometry,
the cutting surface can be placed in any plane #-constant and the magnetic field/magnetic scalar
potential formulation has clear advantages in terms of the number of unknowns; namely, in the
finest mesh used for this geometry, Problem 1.6 involves 146,500 unknowns while Problem 1.10
requires almost 9 times this number, 1,298,499. At this point, we would like to remark that the
mixed Problem 1.10 guarantees uniqueness of solution, but we could also avoid the cutting sur-
faces by solving the singular Problem 1.6 by means of a suitable iterative solver with an efficient
preconditioner. Indeed, we have experimented with a preconditioned gradient method based on the
preconditioner described in [67] and we have obtained the same results if the convergence tolerance

is low enough; the number of unknowns is in this case 586,659 (4 times those of Problem 1.6).
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The advantage of the mixed formulation is clear in cases with complex geometries. For instance,
we have computed the induced currents produced in a cylindrical workpiece which is surrounded by
a helical coil carrying an alternating current. This configuration is typical, for instance, in induction

heating furnaces (see [11]). The coil and the workpiece are shown in Figure 1.3, which also shows

the box ) surrounding the conducting domain.
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Figure 1.3: Domain composed by an helical coil, a cylindrical workpiece and air around.

Notice that the cutting surface which is needed in the dielectric mesh for Problem 1.4 is not easy
to build in this case. To avoid it, we have solved the mixed discrete Problem 1.10. Concerning the
physical data of the experiment, we have considered p = 47 x 10" Hm ™!, o0 = 11 x 106 (Qm)~! in
the workpiece and 58 x 10° (2m) ! in the coil. The amplitude of the alternating current intensity is
taken equal to 40000 A and the angular frequency 27 x 35000 Hz. Figures 1.4 and 1.5 show the real
part of the current density vector field in the conducting domain. Figure 1.6 shows the modulus of

the current density in the conducting domain.

Figure 1.4: Distribution of the current density (real part) in the workpiece.
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Figure 1.6: Modulus of the current density in the conductor.






Chapter 2

Numerical solution of transient eddy
current problems with input current

intensities as boundary data

2.1 Introduction

The objective of this work is to analyze a time-dependent eddy current problem defined in a
three-dimensional domain including conducting and dielectric materials, when the source is given
in terms of current intensities. This model arises in applications where the problem is posed in a
bounded domain and it is necessary to link the electromagnetic fields with the sources provided
by external circuits modeled by voltage drops and/or current intensities (see, for instance,[22]). In
particular, we are interested in imposing the current intensities entering some conducting regions
by means of boundary conditions. In this framework, we refer the reader to [6], where the authors
give a systematic approach to eddy-current problems driven by voltage or current intensity in the
harmonic regime. Numerical analysis of different finite element methods to solve this kind of models
can be found in [19] and [8]; in both cases, the proposed numerical methods have been applied to
simulate metallurgical furnaces by means of harmonic eddy current models subjected to boundary
conditions proposed in [22]. However, if the exciting source is non-sinusoidal or if the materials have
a non-linear behavior, a genuine transient eddy current problem must be solved. The present paper
aims to extend the analysis of the model studied in [19] for the harmonic regime to the general
transient situation.

Several papers devoted to the numerical analysis of the three-dimensional time-dependent eddy
current model, both in bounded and unbounded domains, by using finite element and coupled
boundary element - finite element methods, can be found in the literature: [1, 2, 45, 46, 48, 49, 72].
However, in all these works, the current source is given as a volume current in a conducting region.
Moreover, the models proposed in bounded domains only deal with homogeneous essential and/or
natural boundary conditions. To the authors’ knowledge, the transient linear eddy current problem

with source current intensities as boundary data has not been analyzed before, and this is the main

13
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objective of the present paper.

Following [19], we propose a formulation based on the magnetic field in the conductor regions and
a scalar magnetic potential in the dielectric one. The scalar potential is defined from the curl-free
condition of the magnetic field in dielectrics and can be multivalued on certain cut surfaces in order
to consider general topologies. Note that the introduction of this potential has two main advantages:
it leads to an important saving from a computational point of view and it allows direct imposing
of the current intensities in terms of the jumps of the scalar potential. From a mathematical
point of view, we will obtain a parabolic problem and, provided the input intensities are smooth
enough, we prove its well-posedness by using a suitable lifting of the boundary conditions. Then,
we show that the weak solution satisfies, in some sense, the eddy current model initially posed. We
propose a finite element method combined with a backward Euler time discretization to numerically
solve the problem. Concerning the space discretization, the magnetic field is approximated by the
lowest-order Nédélec edge finite elements and the magnetic potential by standard piecewise linear
continuous elements. The current intensities are imposed as jumps of the multivalued magnetic
potential on some prescribed cut surfaces. We obtain convergence results for the main physical
quantities, namely, the magnetic field and the current density.

The outline of the paper is as follows: In Section 2.2 we introduce the transient eddy cur-
rent model and state the geometrical framework for the analysis. In Section 2.3 we obtain a weak
formulation of the problem and prove that it is well-posed. In Section 2.4 we introduce a space dis-
cretization based on finite elements and prove error estimates. In Section 2.5 we propose a backward
Euler scheme for time discretization and obtain error estimates for the fully discretized problem.
In Section 2.6 we report some numerical results; firstly, we present the results obtained for a test
problem with known analytical solution, which confirms the order of convergence predicted by the
theory and allows us to assess the performance of the method; secondly, we simulate an applica-
tion to electromagnetic forming, where the transient simulation in the time domain is mandatory.
We end the paper with an appendix where we prove an additional regularity result for parabolic

problems that we have used in Section 2.3.

Throughout the paper, we use standard notation for function spaces, norms, and duality pair-

ings.

2.2 A time-dependent eddy current problem with input current

intensities as boundary data

Three dimensional eddy current problems describe low-frequency electromagnetic phenomena.

In this case, displacement currents may be neglected (see, for instance, [21, Chapter 8]), so that
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Maxwell’s equations become

curl H =J in (0,T) x R3, (2.1)

Of(pH) +curlE=0 in (0,T) x R?, (2.2)
div(uH) =0 in (0,T) x R, (2.3)
J=0FE in (0,T) x R (2.4)

where E(t,x) is the electric field, H(¢,x) is the magnetic field, J(¢,x) the current density, u the
magnetic permeability and o the electric conductivity. Here and thereafter, we use boldface letters
to denote vector fields and variables as well as vector-valued operators.

To solve these equations we restrict them to a simply connected three-dimensional bounded
domain 2, which consists of two parts, 2, and €, occupied by conductors and dielectrics, respec-
tively. The mathematical framework we are going to analyze covers transient eddy current problems
posed on different geometrical settings. We sketch in Figure 2.1 a particular case including several

connected components of the conducting domain with different topological properties.

Figure 2.1: Sketch of the domain with a zoom around Sy.

The domain §2 is assumed to have a Lipschitz-continuous connected boundary 9€2. We denote
by I, I, and T} the open surfaces such that T, := QN is the outer boundary of the conductors
domain, T}, := 9Q, N dQ that of the dielectrics domain and T := 9Q, N 98, the interface between
both domains. We also denote by n, n and n the outer unit normal vectors to 92, 9, and 0%,
respectively. Note that no=n on I, n, =n on I}, and n, = —n on I,

As shown in Figure 2.1, the connected components of the conducting domain are of two types:
“inductors” which go through the boundary of €2, and “workpieces” which have their closure in-
cluded in 2. We denote Qé, . ,Qév the former and QéVH, .. ,Qg/[ the latter.

We assume that the outer boundary of each inductor, Q7 NI (n = 1,..., N), has two disjoint
connected components, both being the closure of open surfaces: the current entrance I'"", where the

inductor is connected to a transient electric current source, and the current exit I'’. We denote
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I := FJl u-- -UFJN and I}, := I;Jl u-- -UI’;V. Furthermore, we assume that f]" ﬂf’]m = (), f’gﬂfgl =0,
1<m,n<N,m=#n,and [NT,=0.
We consider that p and o are time-independent and that there exist constants p, @, @ and o

such that

O<p<p(x)<pm, ae xcl,
0< o

<o(x)<oT, aecxzecQ, and o=0inQ,.

We have to complete the model with an initial condition, H(0) = H, and suitable boundary
conditions. For the latter, we consider the following ones, which were proposed in [22] and were

analyzed in [19] in the harmonic regime:

/ curl H(t) n=1,(), n=1,...,N, te][0,T], (2.5)
I'n
J

Exn=0 onl0,7T]xI, (2.6)

Exn=0 on[0,T]xI, (2.7)

pH-m=0 on[0,7T] x 09, (2.8)

where the only data are the current intensities I,, through each surface I'".

Conditions (2.5) account for the input current intensities through each I7'. Conditions (2.6)-
(2.8) have been proposed in [22] in a more general setting. They will appear as natural boundary
conditions of our weak formulation of the problem. The former implies the assumption that the
electric current is normal to the current entrance and exit surfaces, whereas the latter means that
the magnetic field is tangential to the boundary. (See [18] for further discussions on these boundary
conditions and [19] for its application to the modeling of an electric furnace.)

2.3 Variational formulation. Existence and uniqueness of the so-

lution

Our first goal is to give a variational formulation of the transient eddy current problem (2.1)—
(2.8) in terms of the magnetic field. To do this, we follow the arguments from [19], which we include
for the sake of completeness.

Let G be a smooth function such that

curlG=0 in Q, and /curlG-n:O, n=1,...,N. (2.9)
F?’L
J

From the first equation above, we have that these functions satisfy
curlG-n, =0 on0Q,. (2.10)

On the other hand, for each connected component 27}, there holds /. aqn curl G -n = 0. Therefore,
C

/curlG-n:—/ curlG - n, n=1,...,N. (2.11)
rr rr

E J
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We test (2.2) with a function G of this kind:
/,u(?tH-G+/curlE-G:0. (2.12)
Q Q

Formal calculations allow us to show that boundary condition (2.8) implies that the tangential
component of the electric field F is a gradient. Indeed, after integrating ud;H - n on any surface S
contained in 9€, by using (2.2) and Stokes’ Theorem, we obtain

0:/u8tH-n:—/curlE-n:— E-t:—/nx(Exn)-t,
S S as as

with ¢ being a unit vector tangent to 9S. Therefore, since 02 is simply connected, we can assert
that there exists a sufficiently smooth function V' defined in € up to a constant, such that V]sq is
a surface potential of the tangential component of E; namely, E x n = —grad V' x n on 9. On
the other hand, (2.6) and (2.7) imply that V' must be constant on each connected component of T},

and I,. Then, we can transform the second term of (2.12) by using a Green’s formula as follows:

/curlE-G:/E-curlG—/ Exn-G:/E-curlG, (2.13)
Q Q o0 Q

the last equality because

—/ Exn-G= graden-G:/gradV-curlG: VeurlG-n=0, (2.14)
o9 o9 Q o9
where, for the last equality, we have used that V' is constant on each I') and I, (2.9), (2.10) and
(2.11).

Now, by substituting (2.13) into (2.12), we obtain

/,uatH-G+/E-curlG:O.
Q Q

Moreover, because of the first equation in (2.9), the second integral above reduces to the conducting
domain €, whereas (2.1) and (2.4) lead to E = 1 curl H. Thus, we obtain

1
/ uo H - G+/ —curlH - curlG = 0.
Q 0. C
Let
X :={G € H(curl;Q): curlG=01in Q_}.

We denote by (-, )5 the duality pairing in H/2 (9Q) x H'/2 (9Q). For all G € X, we have that
curl G-n € H7Y/2 (99Q) and curl G-n = 0 on T, the latter in the following sense: (curl G - n, () 5o, =
0 for all ¢ € HY/2(9Q) that vanishes on I'.. In fact, for any such (, let ¢ e H'(Q) be such that
CA|BQ = ( with 6|QC = 0. Then, (curlG-n,()yq = [, curl G - grad { = 0 because curl G = 0 in
Q, and grad ( = 0 in Q.

Moreover, for G € X, the expression (curlG - n, 1>pJn makes sense. Indeed, let (, be any

smooth function defined on 92 such that Cn|me = Opm and ¢, = 0 on I}, (such functions exist since
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PO =0, m # n, and T"NT, = 0). Then, (curl G - n, 1), := (curl G - n, () yq is well defined,
since its value does not depend on the particular choice of ¢, because curl G-n = 0 on I,. Hence,
we define the following closed subspace of X:

VY = {GEX: (curlG-n,1>FJn =0, nzl,...,N}.

Thus we arrive at the following problem: find H : [0,7] — X such that

/ curl H(t) - n=1,(), n=1,...,N, (2.15)
o
/ wo H(t) -G +/ écurl H(t) -curlG=0 VG eV, (2.16)
Q O

H(0) = Hy. (2.17)

Remark 2.1 Many physical applications also involve voltage drops as boundary data. In such a
case, the above approach also works and yields a very similar problem. For instance, let us suppose
that the boundary data consist of the input current intensities I,,, forn =1,... ,N, and the voltage
drops V, = V\FJn — V’FEr}, forn = N+ 1,...,N. Then, we must use test functions G lying in the
space V= {G €X: (curlG-n, 1>FJn =0, n=1,... ,N} For such a function G, by proceeding
as to derive (2.14), we have that

N
- Exn -G= VeurlG-n= Va
/(99 0N Z T

curl G - n.
— n
n=N+1 J

Therefore, we are led to the following problem instead of (2.15)—(2.17): find H : [0,T] — X such
that

/ curl H(t) -n = I,(t), n=1,...,N,
Fn
J

N
1 ~
/u@tH(t)-G+/ —curl H(t) - curl G = — E Vn(t)/ curlG-n VG eV,
Q Q.9 N1 rn
H(0) = H,.

2.3.1 Introducing a magnetic potential

In what follows we show how problem (2.15)—(2.17) can be rewritten by replacing the magnetic
field in the dielectric domain € by a (scalar) magnetic potential.

We assume there exist L connected “cut” surfaces ¥,, C Q,, n=1,---, L, such that 9%, C 9,
and QD =0,\ Uﬁzl Y, is pseudo-Lipschitz and simply connected (see, for instance, [9]). We also
assume that %, N ¥, = 0 for n # m (see Figure 2.1). For each inductor, Qf,n=1,...,N, there
exists one cut surface X, such that, necessarily, 9%, N T, # 0 (see Figure 2.1). The remaining cut

surfaces, ¥n41,...,2L, are assumed to be contained in the interior of Q (see Figure 2.1, again).
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For each cut surface X,, we assume that there exists a surface .S,, C Qg, with 95,, C GQZ and
such that its boundary -, is a simple closed curve which intersects ¥,, once and only once, and
does not intersect ,,, m # n. Note that, for n = 1,..., N, we can take S,, = I'"". We denote the

two faces of each ¥, by ¥~ and X;F. We choose an orientation for each 7, by taking its initial and
Jr

-, respectively. We denote by t,, the unit vector tangent to v, according

end points on ¥ and X
to this orientation.

Each function ¥ € Hl(QD) has in general different traces on each face of ¥, and we denote by
[[‘I’]]zn = \I"z:; - \I”z;

the jump of U through X,. The gradient of ¥ in D’/(2,) can be extended to L2(€2,)? and will be
denoted by grad v,
Let © be the linear subspace of H'(€,) defined by

O = {i’ € HI(QD) : [[{Ivf]]zn = constant, n=1,... ,L} .

Then, for ¥ € HY(Q,), we have that grad ¥ H(curl; Q) if and only if ¥ € ©, in which case
curl(g/tl\z;i T) = 0 (see [9, Lemma 3.11]).

We use the following notation: given G, € L?(Q.)? and G, € L%(Q,)3, (G_|G,,) denotes the
field G € L2(Q2)? defined by G’|QC = G, and G’|QD =G,

Let us denote by Y the linear space given by

Y= {(G, T) € H(curl; Q) x (O/R) : <G| g/r;;ii’) e H(curl; Q)} .

Then (G, ¥) € Y if and only if (G\ g&ﬁ@) €X.
When a magnetic potential U e H1(§~2D) is used, boundary condition (2.15) can be imposed
by fixing its jumps on the cut surfaces. Indeed, if (G,¥) € Y is smooth enough for the following

integrals to make sense, we have that

(curlG-n,1>Fn:/ curlG-n:/ G-tn:/ ﬁi{lvf-tn:[[i’]]z, (2.18)
J rey Tn Tn "

J

where we have used Stokes” Theorem and the fact that n, x (G X n.) = n, x (grad ¥ x n_) on
I D . -
Therefore, problem (2.15)-(2.17) reduces to find (H,®) : [0,7] — Y such that

[2(t)]y, = In(t), n=1,...,N, (2.19)
/ wo H (t) - G+/ u@tg/ﬁ;i;l;(t) . g/r;;i{ff +/ lcurlH(t) ceurlG =0 Y(G,¥) e )",
Qq Qp Qg o
(2.20)
<H(0)\ grad 5(0)) = H), (2.21)
where

YO . {(G,\Tx)ey : [P]y =0, n:1,...,N}.

n
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2.3.2 Existence and uniqueness of the solution

In this section we will prove the existence and uniqueness of the solution to the transient
eddy current problem (2.15)—(2.17). With this aim, we recall the classical functional framework
for functions defined on a bounded interval [0,7] and with values in a separable Hilbert space
X. We use the notation C(]0,7]; X) for the Banach space consisting of all continuous functions
f:[0,T] — X. We also consider the space L2(0,T; X) of classes of functions f : [0,7] — X that
are Béchner-measurable and such that || f|lr20,7.x) = <f0T If)NI% dt) i < 00. Furthermore, we
will use the space H'(0,T; X) := {f € L2(0,T;X) : of € L2(0,T; X)} (We will use indistinctly
the notations 9, f and ili_J; for the derivative with respect to the variable t.) Analogously, we define
H*(0,T; X) for all k € N.

We denote by #Hy, the closure of V in L2(Q)% and by V'’ the dual space of V with respect to
the pivot space Hy with measure u(x)dx (which is topologically equivalent to L%(Q)3 with the

standard Lebesgue measure). Hence, for F € Hy, we have
(F,G)yyy = / uF -G VG e V.
Q

We will also use the closure of X in L2(Q)3, which we denote by Hx, and the dual space X’ of X

with respect to the pivot space Hxy with measure p(x) de. We have the following characterization.

Lemma 2.2
Hxy = {G e L*(Q)?: curlG=0inQ,}.

Proof. Given that {G € L?(Q2)%: curl G =0 in Q,} is a closed subspace of L?(Q)3, it is enough
to prove that X is densely included in this subspace.

With this aim, let G € L2(Q)3 be such that curl G = 0 in Q.. Let G € H(curl; Q) be such that
G = G in Q. Since D(Q,) is dense in L2(€), there exists a sequence {®y}ren C D(Q)? such
that || ®, — (G — C~¥)||L2(QC)3 — 0 as k — oo. If we denote by @), the extension by zero of ®;, to €2,
then ®; + G € X for all k € Nand [|(®x + G) — Glr2()s — 0 as k — oo. [

Let a be defined over X x X by

ao(K,G) ::/ lcurlI{ -curl G.

g
QC

This is a continuous bilinear form and it satisfies the following Garding’s inequality: for each A > 0
there exists a > 0 such that

G(G, G) + )‘“G”iQ(Q)?’ > aHGH%{(curl;Q) VG € X. (222)
Therefore, problem (2.15)—(2.17) can be written as follows:
Problem 2.3 Find H € L2(0,T; X) NHY(0,T;Hx) such that
(curl H(t) - n, 1>pJn =1I,(t), n=1,...,N, (2.23)
/Q WOH(L) - G+ a(H(1),G) =0 YG eV, (2.24)

H(0) = H,. (2.25)
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For the data of this problem we make the following assumptions (the reason for them will be

clear below):

I, € H*(0,7), n=1,...,N, (2.26)
Hye X and (curlHj- n,1>FJn =1,(0), n=1,...,N. (2.27)

In order to show that Problem 2.3 has a unique solution, our first step is to build an auxiliary
function H € H?(0,T; X) satisfying (2.23). With this aim, we will use the unique solutions w, €
Hl(Qg), n=1,..., N, of the following problems:

—Aw, =0 in Q],

1
Fn
Own _ area(I'™) ot
on 0 on 9" N T,
w, =0 on I
Let Q,, € L2(22)? be defined by
gradw, in QF,
Q,=¢0 inQF, 1<m< M, m#n,

0 in Q.

Since div(grad w,) = 0 in Q7 and gradw, - n. = 0 on 9N} NI}, we have that Q,, € H(div; )
and div Q,, = 0 in €. Then, since 0f2 is connected, there exists a vector potential H,, € H(curl; )
such that

curl /ﬁn =Q,,

which satisfies div H, = 0 and H,, - n = 0 on 0 (see [38, Theorem 1.3.5]).

Therefore, we define

H(t):=> I,(t)H,. (2.28)

Note that, by virtue of (2.26), He H2(0,T; X) and, clearly,

N
IH || 72 (0,132) < CZ 1 nll120,7)3 (2.29)
n=1
here and thereafter C' denotes a generic constant not necessarily the same at each occurrence.

Moreover,

<curlﬁ(t) -n, e = (I,(1)Q,, -, 1)pn = I,,(t) Qun _ I,(t), n=1,...,N, (2.30)
J J FJn on

so that H satisfies (2.23).
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We propose to find a solution to Problem 2.3 of the form H = H + H. To this end, we define
f:0,T] = V' by

o~

(F(1), Gy = — /Q pOH() -G —a(H(t),G), GeV. (2.31)

Then, H has to be a solution to the following problem:
Problem 2.4 Find H € L2(0,T; V) NH(0,T; V') such that

(OH (1), G)yry + a(H (), G) = (f(t),G)yry VG EV,

H(0) = Hy— H(0).

Regarding the data of this problem, from (2.28) and (2.31), we have that

N N
[FOle {Z L@+ |In(7f)|2}
n=1 n=1

and, hence, f € L2(0,7;V’). On the other hand, as a consequence of (2.27) and (2.30) we have
that Ho — H(0) €V C Hy.

Thus we are in a position to apply the classical theory for parabolic problems (see, for instance,
[28, Chapter XVIII]) combined with an exponential shift (since a is not elliptic but satisfies a
Garding’s inequality) to conclude that Problem 2.4 has a unique solution and there exists a constant

C > 0, independent of I,, and H, such that

T N
sup [|H ()22 + / I () |y ey e < C {||Ho||52(ms +> ||In||%p<o,T)} :
t€[0,7) 0 o]
However, the previous argument is not enough to derive that H = H + H is a solution to Prob-
lem 2.3, since such a solution has to satisfy H € H'(0,T;Hx). To obtain this, we must prove
additional regularity for the solution to Problem 2.4.

With this aim, note that f € H'(0,7;V"). In fact, d;f : [0,T] — V' is given by

(O F (), Gy 1= — /Q WO H @) -G — a0 H1),G),  GeV,

and hence

N N
03 < C {Z @+ lfé(t)\Z} :
n=1

n=1
Therefore, we have the following result, whose proof can be found in the appendix (cf. Corol-
lary A.2).

Lemma 2.5 The solution to Problem 2.j satisfies H ¢ L*>(0,T;V) and Btﬁ € L2(0,T;Hy).
Moreover, there exists a constant C > 0, independent of I,, and Hg, such that

N
IH I 0.2:9) + 10:H 120 730,) < C {HHOH%{(curl;Q) +> HInH?p(om} - (2.32)
n=1
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Now, we are in a position to prove that Problem 2.3 is well-posed.

Theorem 2.6 Let I,, n=1,...,N, and Hy satisfy (2.26) and (2.27). Then, Problem 2.3 has a
unique solution H . Furthermore, H € L*°(0,T; X) and there exists a constant C > 0, independent
of I, and Hy, such that

N
HHHiw(O,T;X) + HatHH%,Q(O,T;’HX) <C {HHOHI%I(curI;Q) + Z H[nH%{Q(O,T)}

n=1

Proof. Let H be the function defined by (2.28) and H the unique solution to Problem 2.4.
According to Lemma 2.5, Btﬁ € L0, T;Hy) C L2(0,T;Hx), whereas H < H2(0,T; X). There-
fore, H := H+H e H(0,T;Hx) is a solution to Problem 2.3, which furthermore satisfies
H € L*>(0,T; X). Moreover, from (2.32) and (2.29), we immediately obtain the estimate of the
theorem.

There only remains to prove that the problem has at most one solution. With this aim, let H
be a solution of the corresponding problem with vanishing data I,, =0, n=1,..., N, and Hy = 0.
Then, by taking G = H(t) and integrating over [0,t], we obtain

1 Loy .
S0 R + [ o). () ds <0,
Hence, since a(H (s), H(s)) > 0, we have that H = 0. Thus, we conclude the proof. [

Remark 2.7 The analysis above can be readily adapted to show that the problem introduced in
Remark 2.1 also has a unique solution, provided V,, € H'(0,T), n = N+ 1,...,N.

Other quantities of physical interest can be computed from the solution H to Problem 2.3; in
particular, J(t) := curl H(t) in Q and E(t) := 1J(t) in Q. Our next goal is to prove that these
quantities satisfy equations (2.1)—(2.8) in their respective domains of definition.

Theorem 2.8 Let H be the solution to Problem 2.3, with data Hg satisfying
div(uHp) =0 inQ and puHy-n=0 on 09.

Let J(t) := curl H(t) and E(t) := (1J(t))|,, . Then, the following properties hold true a.e.
C
€ (0,7):

div(uH (t)) =0 in Q, (2.33)

po H(t) + curl E(t) =0 in Q, (2.34)
Jt)=0 inQ, (2.35)

(curl H(t) - m, L)rr = In(t ) n=1,...,N, (2.36)
uwH(t) -n on 08, (2.37)

E(t)xn on T (2.38)
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Proof. The proof follows the lines of that of Theorem 7 from [19]. Given v € D(12), it follows that
gradv € V. Then (2.24) yields

/ wo H (t) - grad v = 0.
Q

Hence, div(pud H (t)) = 0 and, consequently, 9, div(uH (t)) = 0 (see [71, Theorems 111 & 113]).
Therefore, (2.33) follows from the fact that div(uH (0)) = div(uHg) = 0.
Now, let G € D(Q)? be such that supp G C Q.. Then G € V too and (2.24) yields

/u@tH(t)-G+/ lcurlH(t)-curleO.
Q

o
c Qg

Hence, E(t) := (L curl H(t)) ‘QC satisfies (2.34).

Equation (2.35) follows from the definition of J(¢) and the fact that H(t) € X, whereas equa-
tion (2.36) follows from (2.23).

To prove (2.37), note that pd; H (t) € H(div; Q) because of (2.33). Then ud;H (t)-n € H~1/2 (9Q).
Moreover, given v € H' (), we have that

(LOLH (t) - m,v)g0 = /Qdiv (no H (t)) v+ /Q po H(t) - gradv = 0,

the last equality because of (2.33) and (2.24), since gradv € V. Therefore 0;(nH (t)) - n = 0 in
H~1/2(9Q), which together with the fact that uHg-n = 0 on 99 leads to (2.37).

Finally, to prove (2.38), let v € H/2(9Q,)? be such that v|r, = 0. Let G € H!(Q)3 vanishing in
), and such that G]aﬂc = v. Clearly, G € X. In what follows, we prove that (curl G - n, 1>FJ” =0,
n=1,...,N. With this aim, let (, be a smooth function defined in {2 such that Cn|me = Opm and

Cn = 0 on I,. Then, using Green’s formula twice,
(curlG - n, 1) := (curl G - n, () oo = / curl G - grad ¢,
J Q

=— Gxn-grad{n:—/Gxn-graan,
B r,

the last equality because G vanishes in 2, and, hence, G x n = 0 on I},. Consequently,
(curlG -n, 1), = —/ G x n-grad(, :/ grad(, xn-v =0,
J I, rn

the last equality because ¢, is constant on I')'. Therefore, G € V and we can use it to test (2.24).
Using a Green’s formula and (2.34), we obtain

0:/u6tH(t)-G+/ E(t) - curlG
Q Qq

— / uoH(t) - G + / curl E(t) - G+ (E(t) x n, G>8Q
Q Q :

C C

= (E(t) x nc,v>aﬂc.

Since this holds for any v € HY2(99.)% with v|r, = 0, we obtain (2.38) in a weak sense and
conclude the proof. [ |
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Remark 2.9 The theorem above shows that Problem 2.3 allows us to determine the electric field
E only in Q.. This is not a drawback in most applications, where the typical goal is to model the
behavior of conductors. In the framework of the eddy current model with current intensities as
data, we refer the reader to [7, Theorem 8.6], where the authors introduce a problem whose unique
solution is an extension of the electric field, which satisfies equation (2.2) in the whole domain .
This theorem is proved for a particular topology and in the harmonic regime. The same arguments
can be used to obtain an analogous result in the transient regime.

2.4 Space discretization

From now on, we assume that Q, Q. and Q are Lipschitz polyhedra and consider regular
tetrahedral meshes 7j, of €, such that each element K € 7T}, is contained either in € or in Q (h
stands as usual for the corresponding mesh-size). We employ edge finite elements to approximate
the magnetic field, more precisely, lowest-order Nédélec finite elements:

Nu(Q) :={G}, € H(curl;Q) : Gy|x € N(K) VK € Tp}.
The magnetic field is approximated in each tetrahedron K by a polynomial vector field in the space
N(K):={G,eP}: Gh(z)=axxz+b, a,beR’ xeK}.
We introduce the following discrete spaces:

X, ={GrLeNLQ): curlG, =0in O} C X,
Vh::{GheXh: / curlGh-n:O,n:L...,N}CV.
Fn
J

Then, the space-discretization of Problem 2.3 reads as follows.

Problem 2.10 Find Hy, : [0,T] — X}, such that

/ curl Hy(t) - mn=1,(t), n=1,..., N, (2.39)
I
/ o Hp(t) - G+ a(Hp(t),Gp) =0 VYGp € Vp, (2.40)
Q

H,(0) = Hop, (2.41)

where Hgy, € Xy, is an approximation of Hy.

To prove that this problem is well-posed, we will use a function ﬁh € HY(0,T; X}) satisfying
fFJ” curl ﬁh(t)-n =I,(t),n=1,...,N,t €[0,T]. To define ﬁh, first we choose functions ﬁz e Xy,

such that f% ﬁi “t, = 0pj, jyn=1,...,N;such ﬁi are easy to construct, under our geometrical

assumptions, once a basis of X, is given (see Remark 2.14). Then we define

N .
Hy(t) = > Li(t)H, (2.42)
j=1
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Hence,
/ curl Hy(t) - n = / Hi(t) -t = le(t)/ Ho -t = L(t).
Jn Tn :

Since I,, € H%(0,T), n=1,..., N, we conclude that H, actually lies in H%(0,T; Xh)
Now, if we write Hj), = Hh + Hh, Problem 2.10 is equivalent to finding Hh € HY(0,T; V)
such that

/Q pOHy(t) - Gy + a(Hp(t),Gy) = — /Q PO HL(t) - G — a(Hu(),Gr) YGh € Vi,  (2.43)
H,(0) = Ho, — H(0). (2.44)

Next, let {®;}5, be a basis of V). We write

x) = iﬁi(t){n x
i=1
Let B(t) := (Bi(t)1<ickx and Fy(t) := (fa,(t)h1<i<x with
fun(t) = /Quatﬁh(t) &~ a(H,(1).®), 1<i<K
and let K and M be RE*K matrices given by
Kij = a(®;, ®;), M= /QM‘I%' - @y, 1<i,j < K.
Then problem (2.43)-(2.44) reads as follows: find 3 : [0, 7] — R¥ such that

MB'(t) + KB(t) = Fi(t),
B(0) = Bo.
Since M is symmetric positive definite, this linear system of differential equations has a unique

solution. Thus, we conclude that Problem 2.10 admits a unique solution, too.

Our next goal is to obtain error estimates for this semi-discrete scheme. For r € ( %, 1] let
X = {G € X: Glo_ € H (curk;Q) and Glo, € H"(QD)3} ,

where H (curl; Q) := {G € H"(Q,)? : curlG € H"(Q.)*}. If G € X7, then its Nédélec interpolant
ING e NW(Q) is well defined (see [17, Lemma 5.1] and [9]).

From now on, we assume that the solution to Problem 2.3 satisfies H € H!(0,T; X"), which in
particular implies that the initial condition Hy € X". Therefore, the Nédélec interpolant Z}/L\[ H(t)

is well defined and satisfies

/ curl ZVH(t) - n /INH() n_/ H{(t) - t, = (curl H(t) - n, 1)rn = I, (t).

Thus, we are allowed to use Hy, := I,/lvHO as initial data for Problem 2.10.
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Let py,(t) := H(t) — I,/lvH(t) and &(t) := TNV H(t) — Hy(t). Note that from the last equality
we have that d,(t) € V. A straightforward computation yields

/Quatéh(t) -G+ a(&h(t), Gh) = — /Q Matph(t) -Gy, — a(ph(t), Gh) VG, € Vy,. (2.45)
By taking Gy, := d5(t), using (2.22) and the Cauchy-Schwarz inequality, we obtain

Ol 0n(B)l[72(05 + 11080 |Feurt0) < C {H5h(t)\|iz(g)3 + (1o ()17 2 (2 + || curl ph(t)Hi?(Q)S} -
(2.46)
Integrating in time, using the fact that d,(0) = 0 and Gronwall’s inequality leads to

T
o) e < € { [ 100 e s+ [

Using this estimate on the right-hand side of (2.46) and integrating in time again, we have that

T
|| curl ph(s)Hig(Q)g ds} .

t T T
||5h(t)||i2(9)3 +/0 ||5h(5)||%{(cur1;g) ds <C {/0 ||3tph(8)\|%2(9)3 ds +/0 || curl ph(S)H%Q(Q)?) ds} :
(2.47)

On the other hand, by taking G}, := 9,0, (t) in (2.45), we obtain that

1d
111081 (D)[F2(0ps + 5 a(8n (1), 81 (1))

dt
<= [ 10ion(0) 080(0) + a@upn (1).80(0)) — Sralpn (0511,
Q

Integrating in time, since 1| curl 5h(t)\\ig(ﬂ)3 < a(dp(t),d0x(t)), the Cauchy-Schwarz inequality
yields

t
/0 10080 (5) 22 s s + || curl 83,(8)] 2

t T
<C {/ | curl 85, (s)[[7 20y ds +/ 1801 (5) [Fr(curt) ds + sup || curl ph(s)H%Q(Q)?’} :
0 0 0<s<T

Hence, using Gronwall’s inequality to estimate || curl 4, () ||52(Q)3 and substituting this term by the

resulting estimate on the right-hand side of the inequality above, we obtain

t
/0 1006(5)]1 22 s s + | curl 65(8) |2 g0

T
<C {/ 19: 01, () [Fr(eurt ) ds + sup || curl ph(s)”i%ﬂ)?’}'
0 0<s<T

Finally, combining this equation and (2.47) leads to

T
sup \\511(’5)”12{(cur1;9)+/ 1085 (1)[17 2 yy0 dt
0<t<T 0

T
<C {/ 1905 (1) fr(curt ) dE + sup || curl ph(t)Hi?(Q)?’}' (2.48)
0 0<t<T

Now, we are in a position to prove the following error estimate.



28 Chapter 2

Theorem 2.11 Let H be the solution to Problem 2.3 and Hy, that to Problem 2.10. If H €
HY(0,T; X"), with r € (%, 1] , then there exists a constant C' > 0, independent of h, such that

T
sup | H(t) — Hu(1)|feurto) +/ 10:(H () = Hu(8))[IF2 s dt
0<t<T 0

T
2r 2 2
< Ch {/0 {HatH(t)HHT(curl;Qc) + H&JLI(t)HH*(QD)3 d

+ sup [IHORrearng + IHOF @] } -

0<t<T
Proof. Note that the regularity on H implies that 8;(ZY H (t)) = TV (8, H (t)) a.c. t € [0,T] (see
[71, Theorems 111 & 113]). Therefore (see [17]),
lon(®)lleurtey < CH" {IHOllnr eurty + IH Ol }
10 () Imeuriey < B {10 ()l curag) + 10 () 1170, } -

Thus, the result follows by writing H (t) — Hp,(t) = p,(t) + 0x(t) and using estimate (2.48). W

For the implementation of Problem 2.10 we resort to its formulation in terms of a magnetic
potential. With this aim, we assume that the cut surfaces ¥,, are polyhedral and the meshes are
compatible with them, in the sense that each Y, is a union of faces of tetrahedra K € 7Tj,. Therefore,
7;LQD = {K €Ty : K CQ} can also be seen as a mesh of €.

We introduce an approximation of the space ©. Let

Lh(Qy) = {\Txh e HY(Q,) : Upl, € PL(K) VK € T,f’D}
and consider the finite-dimensional subspace of © given by
O = {\ffh € Ln(Q) : [[\T/h]]zn = constant, n =1,... ,L} .
We introduce the following finite-dimensional subspaces of Y and Y°, respectively:
Vi 1= { (G, Tn) € Nu(Q) % (O4/R) : (Gylgrad ¥y,) € H(curl; 2) },
0 = {(Gh,\ffh) EVn: [Whly, =0, n= 1,...,N}.

Proceeding as in [19], it is immediate to show that Problem 2.10 is equivalent to finding (H, &)h) :
[0,T] — Y}, such that

[®n(t)]g, = In(t), n=1,...,N, (2.49)
1 ~ —
/ wo Hp(t) - G + / —curl Hy(t) - curl G, + / uorgrad @, (t) - grad Uy, =0
o -
o o i V(G ) €Y, (2.50)
(Hh(o)\gfa/d%h(())) — 7V H,. (2.51)

Let us remark that the first equation above is actually equivalent to (2.39) because H(t) and
®,(t) are smooth enough for (2.18) to hold. The above problem can be seen as a discretization of

the magnetic field - magnetic potential formulation (2.19)—(2.21).
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2.5 Time discretization

We consider a uniform partition of [0, 7], tx := kAt, k =0,..., M, with time step At := % A

fully discrete approximation of Problem 2.3 is defined as follows.

Problem 2.12 Find H}' € X, m=1,..., M, such that

/ curl H' -n = [,(ty), n=1,...,N,

H™ — Hmfl
/MhA—thGh‘i‘a(H;ln,Gh):O VGhGVf“
Q
HY =7V H,.
Hence, at each iteration step we have to find H}' € X}, satisfying

/ curl H" -n = I,(t;,), n=1,...,N,
/,uHZl-Gh%—Ata(HZI,Gh):/,uHZ”1-Gh VG € V.
Q Q

The problem above has a unique solution. In fact, taking /ﬁh = Hh( m), with H), asin (2.42),
and writing H}' = Hh + Hh , this problem is equivalent to find Hh € V}, such that

—~m —~—m —~m—1 —~m—1 —m —m
Q Q Q Q

for all Gj, € Vp, which leads to a linear system of equations with a positive definite symmetric
matrix.

Our next goal is to obtain error estimates for this fully discrete scheme. Let

H (ty) — H(t;—1)
At

pli=H(ty) —INH®), 68 :=I)NH(t;)— HF and +F:= — O H (ty,).

A straightforward computation allows us to show that

R L o — phl

Choosing Gy, := 6],2 and using that

614; _ 6k—1 .
/QhTth 6h = 2A¢ {Hé HL2(Q H‘si 1”%2(9)3}

and a(6},8%) > 1 = curl o A ()3 together with the Cauchy-Schwarz inequality, yield

1851722y = 165 12 (e + At curl &5 [[72 g

k—12

P — Py

k
103 l1E2 0y + CALQ I F20ps + | 5

+ || curl p|[72 (s

- 2T’
LQ(Q)S
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Summing over k and using the discrete Gronwall’s inequality and the fact that 62 = 0, we obtain
foralm=1,..., M,

187117 2 (s + At Y || curl 85[[F2 o0
k=1

m ok — ph-1 2

k=1

+chrlpZ||iz(Q)3 . (2.53)
LQ(Q)S

k—1

b
On the other hand, by taking G}, := % A‘sth in (2.52) and using that

oF — §k-1 1
a(éi, N )zw {a0},08) —a(s} 657

and k k—1 k—1
oy — 07 1 pr—pt~
k Yh h k sk k—1 gk—1 h h k—1
a <Ph, AL ) = At {a(phaéh) —a(p, .9}, )} —a <7At .0y, )
together with the Cauchy-Schwarz inequality, we obtain

2
k k—1
s —oF

At
B At

+a(8F, %) —a(oh~1, 807 h)
L2(Q)3

E—12

oy — Py

< CAt HTkH%,Q(Q)S + N

k—
+ [l curl 83720
H(curL;Q2)

—2{a(pf,8f) — alpf ", 6571}
Summing over k leads to

2

Ati M + || curl 67|
et IS (O h 2
m ko k12
< C 4 lleurl o [Raqgye + A Y |17 oo + | Prlie + [l eurl 87 Iz g2
k=1 H(curl;Q)

m
Adding this inequality to (2.53) and using again (2.53) to estimate Atz || curl 5271\&2(9)3, we

k=1
obtain
m || sk sk—1]|2
0y — 6
9 h h
H(sZ]HH(curl;Q)—i_AtZ T
k=1 L2(Q)3
m K k1]
< 0 L curl g 2ar s+ A 175122 s + || 22— + [ curl pf||?
< P llL2(0)3 L?(Q)3 At PhilLae
k=1 H(curl;Q)

(2.54)
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Therefore, we are in position to write the main result of this paper which provides error estimates

for the physical quantities of interest, the magnetic field H and the current density J = curl H.

Theorem 2.13 Let H be the solution to Problem 2.3 and H’fl, k=1,...,M, that to Problem 2.12.
If H € HY(0,T;X") N H2(0, T; L2(2)3), with r € (%,1], then there exists a constant C > 0,
independent of h and At, such that

e ; m}—
lgllfaé)inH(tk) hHH(curl;Q) + At; 8tH(tk) B T L2(Q)3

2 2 2r 2 2
<C {(At) 1H oz + 7 e [IH Ol i) + IO,

T
+h27’/0 {HatH(t)HIz-Ir(curl;QC) + ||atH(t)H12_Ir(QD)3i| dt} .

Proof. A Taylor expansion shows that

M T
N / |04 H (1)]22 s .
L2(Q)? 0

tk
/ (tp — s)OuH (s)ds

tp—1

Z 17" 122y =

Moreover, since PZ = pu(ty), k=0,..., M, we have that

M k1|2 T
p — Py, 1 2
kz_:l — A < At/ 10epn () [ (curn) dt-

H(curl;Q2)
Using estimate (2.54) and the facts that

k— k k k-
HZ—th Pllﬁ Phl 5h_5h1 k

H(t) — HY — oF 4 5 Ht) — _ B
(tk) Ph + 6h and 815 (tk) At At + At T,
we obtain
i HY — HN? ?
1H (t) — Hi [Fieurro) + At Y || 0:H (t) — Th
k=1 L2(0)?
Pk 2 m
<COq ey HH(curl o+ Atz 7113 @3 T Atz Tth + Atz || curl pZH%Q(Q)S
= k=1 H(curl;2) k=1

T
- 2 2 2 2
<C {(At) /0 |0t H (£) [T 2(q2)s dt + /0 10en () [ (cury) 4t + OglaSXMth(tm)HH(curl;Q)} :

Thus, since p;, := H — I}/L\[ H, the result follows from the assumed regularity of H and standard

error estimates for the Nédélec interpolant. |
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For the actual computation of Problem 2.12 we proceed as for the semidiscrete problem and
rewrite it in terms of a magnetic potential: Find < n ;1;21) € Yp, m=1,..., M, such that
[®7]s, = In(tm), n=1,...,N

Hy — Hp ! 1 grad &) — grad & ! ——
/ n h—h . Gh + / _ Curl H;’Ln . Curl Gh + / 1 gra h gra h . grad \I]h =0

C C D ~ 0
V(G V) € V5,

)

(Hgy grad 62) — 7V H,.

This can be seen as a backward Euler time discretization of (2.49)—-(2.51). This is the discrete
problem that we have actually implemented in a computer code, because a less expensive scalar
variable ®7" is used instead of a vector field H}" in the dielectric domain.

Note that at each time t,, the following constraints must be imposed:

o ( i grad 5?) € H(curl; ©2), which arises from the definition of Yp;

° [[;1;;?]]2” = constant, n = 1,..., L, which arise from the definition of ©.

To deal with these conditions, we employ the following procedure (see [17] for more details).
For the first one we use that, for ( 7| grad 5?) € H(curl; Q2),

/Hhm b= /g/r?;l Oty =7 (PS) — & (P7)  Weedge of Tp: £CT, (2.55)
l 4

where P, and PZF are the endpoints of £ and ¢, the unit tangent vector pointing from P, to P;'.

Then the degrees of freedom (d.o.f.) of H}' associated with the edges ¢ C I are eliminated by

static condensation in terms of those of <T>hm corresponding to the vertices of the mesh on I.
Regarding the second constraint, for each cut surface 3,, we in principle distinguish the d.o.f.

of &)? on XF from those on ¥,,. Then the former are eliminated by using

?f\z; = mz; + [[q);zn]]zm
with [Up] 5, = 0 for the test functions and [[‘T)Zn]]zn = I,,(ty,) for the trial functions, where I,,(¢,,),
n=1,---, N, are the input current intensities and I,,(¢,,), n = N +1,--- , L, are unknowns of the

problem.

Remark 2.14 To prove that Problem 2.10 is well posed, we have used vector fields ﬁi e Xy,
satisfying f% ﬁz ty, =0pn;, j,n=1,...,N. Such ﬁz can be constructed as follows. Let i’% € 0y
be such that (IVI%SP) =1 for all vertices P lyirg]‘on 2;‘ and E’i(P)~: 0 for all other vertices P
of the mesh in Q. Therefore \I’mzj =1 and ‘I’i\z; = 0, so that [[\IJ%]]EJ_ = 1. Moreover, clearly
[[\I’m]zn =0,n#j. Let G, € N1(Q) be such that its d.o.f. corresponding to the edges ¢ C T, are
defined as in (2.55): fz G -t = \AIJlf1 (PZF) — \AIJlf1 (P[). The d.o.f. of G% ‘correspondmg to edges not
lying on T, can be chosen arbitrarily (for instance, equal to zero). Let /I-I?1 = (Gil| g/r\a/d @%) € Xy,.

Then, [ Hy ty=[¥)ly =0n, jn=1,...,N.
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2.6 Numerical experiments

In this section we report some numerical result obtained with a MATLAB code implementing
the numerical method described above. First, we present a test with a known analytical solution
to validate the computer code and to test the error estimates proved above. Finally, we will apply

the method to a problem arising from an electromagnetic forming process.

2.6.1 A test with known analytical solution

The problem solved in this section has been already solved in [17] in harmonic regime. This
is the reason why we only give here a brief description and refer the reader to this reference for
further details.

Conductor (QQ¢) Dielectric ({2 p) FE

El

Figure 2.2: Sketch of the domain in the analytical example and cut surface.

Figure 2.2 shows a sketch of the domain, where the conducting part €, and the whole domain
Q are coaxial cylinders. An alternating current of intensity I(t) = Iy cos(wt) enters the conductor
through FJl and goes through () in the axial direction; Iy denotes the amplitude of the intensity
and w the angular frequency. It is easy to obtain an analytical solution of the eddy current problem
in © by writing all the fields in the form F(t,x) = Re(e“!F(x)). In particular, the solution leads
to a magnetic field that has only an azimuthal component and is defined by a scalar multivalued
potential in the dielectric domain. Note that in this case we only need one cut surface in the
dielectric domain (see Figure 2.2).

The numerical method has been used on several successively refined meshes and the time step
has been accordingly reduced to determine the order of convergence with respect to both, the mesh

size and the time step simultaneously. More precisely, we have used a sequence of six meshes with
h

=

compared the obtained numerical solutions with the analytical one.

mesh size h,, : n=1,...,6, and, for each one, we have used a time step At,, := %. We have
Figure 2.3 shows log-log plots of the relative error for the magnetic field (left) and its time

derivative (right) in the discrete norms considered in Theorem 2.13 versus the number of d.o.f.
The slopes of the curves clearly show an order of convergence O(h + At) for both quantities,

which agrees with the theoretical results, since the solution is smooth and hence the hypotheses of
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Theorem 2.13 are fulfilled for r = 1.

2.6.2 A problem arising from an electromagnetic forming process

Electromagnetic forming is a metal-working process that relies on the use of electromagnetic
forces to deform metallic workpieces at high speeds. A transient electric current is induced in a
coil that produces a magnetic field that penetrates a nearby conductive workpiece where an eddy
current is generated. The magnetic field, together with the eddy current, induce Lorentz forces that
drive the deformation of the workpiece (see, for instance, [30]). In this section we have simulated the
electromagnetic behavior of a three-dimensional workpiece under the action of a coil. It corresponds
to a similar configuration to the one presented in [65] but with simpler geometry and workpiece
data. The coil and workpiece are presented in Figure 2.4, which also shows a typical mesh of the
conducting domain. Domain {2 has been chosen as a box surrounding the conductor. Note that
we only need one cut surface in the dielectric domain. The current intensity that enters the coil is
shown in Figure 2.5; it corresponds to a typical curve in electromagnetic forming. With regard to
the physical properties, the workpiece is a magnesium alloy and the coil is made with copper (see
Table 2 of [65]).

Figure 2.6 shows the computed resultant of the Lorentz force versus time in the workpiece;
the peak value corresponds to the time in which the input current intensity reaches its maximum
(0.00018 ). All the other reported results correspond to this time. Figure 2.7 shows the modulus
of the current density in the conducting domain. Figure 2.8 shows the current density vector field.

Finally, Figure 2.9 shows the Lorentz force in the workpiece.



35

2.6 Numerical experiments

Workpiece

v

o
AR
ol
0 iy iy
dgogogliy
oo ooty N
AR DR
oty ooy i O
oot oy A
Gy
Babudoaloaigigog/4
TR NN
%«nm%»«v«w ..%.,:ﬂo.ﬂmw

AV,

X2
W,
X5

KR

W
A,
XK

L

0
5
DS
et
SO
LR,
KERISIAREKT
KDALY,
RIS
LR

T

Yy
é:

Ve

vy
X
Vs

3

o,

X
",
)

&
5

7/
WA
A

Detail of the coil mesh (right).

Figure 2.4: Mesh of the conducting domain (left).
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Figure 2.6: Resultant of the Lorentz force

Figure 2.5: Current intensity (A) vs. time

(s).

(N) in the workpiece vs. time (s).

) at time 0.00018s.

underside

(

Figure 2.7: Modulus of the current density in coil and workpiece

Since this approach is also able to deal with non simply connected conductors we have solved

another example in which the workpiece is as shown in Figure 2.10. In this case an additional cut

, in this example,

surface contained in the interior of 2 is needed. As we have explained above
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Figure 2.8: Distribution of the current density (vector field) in coil and workpiece (underside) at
time 0.00018s.

Figure 2.9: Lorentz force in the workpiece at time 0.00018s.

the induced current intensity in the workpiece is an additional unknown which must be computed
at each time step. Figure 2.11 shows the modulus of the induced current density in the workpiece
at t = 0.00018s. Figure 2.12 shows the additional unknown (induced current intensity in the

workpiece) versus time.

A. Appendix

In this appendix, we will show an additional regularity result for evolution problems like Prob-
lem 2.4. We consider two real separable Hilbert spaces V and H. We suppose that V is densely and
continuously included in H, so that, by identifying H with its dual H’', we have that V — H — V’,
both inclusions being dense and continuous.

Given ug € H and g € L2(0,T; V"), we consider the following problem: find u € L2(0,7;V) N
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HY(0,T; V') such that

(Oru(t), v)vrxv + c(u(t),v) = (g(t), v)vrixv Vv eV, (A1)
u(0) = up, (A.2)

where ¢ : V x V' — R is a bounded bilinear form.
When c is elliptic, problem (A.1)—(A.2) has a unique solution and there exists C' > 0 such that

T
sup [|u(t)| + / lu®I? dt < ¢ {Jluolld + 912200 } -
te[0,T 0

(See Theorems 1 and 2, Section 3, Chapter XVIII from [28].) Moreover, we have the following

additional regularity result.
Theorem A.1 Let ¢ be elliptic, ug € V and g € H'(0,T;V'). Then, the solution to problem (A.1)-
(A.2) satisfies u € L>°(0,T;V), Oyu € L2(0,T; H) and

2 2 2 2
lwllteo o,y + 19eulli20. ) < € luolly + N9l o) 1>
( ) ( ) ( )

with C a positive constant independent of ug and g.
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Proof. The proof, which follows the lines of that of Theorem 5, Chapter 7 from [32], is based on
a Galerkin approximation technique (see Section 3, Chapter XVIII from [28]).

Let {w;}jen be a Hilbert basis of V. Let V}, be the finite-dimensional subspaces spanned by
{w; }Tzl’ m € N. For ug € V, let ug,, € V;, be the truncated expansion of ug in this basis, so that
Uom — up in V.

m
For fixed m € N, consider the following problem: find w,,(t) := Z & (t)w; satisfying

j=1

(Opum (), wi) g + c(um(t), w;) = (g(t), wi)yrxy, 1<i<m, (A.3)

U (0) = ugm.- (A4)

This is a well-posed initial value problem for a system of ordinary differential equations. By pro-

ceeding as in the proof of Theorem 3, Chapter 7 from [32], we know that there exists a subsequence

of {um tmen, that we also denote {uy, }men, such that

Uy, — u weakly in L2(0,7;V) and Oty — Opu weakly in L2(0,T; V). (A.5)

We multiply (A.3) by 5;(25) and sum from j = 1 to m, to obtain

3¢ = 2 g(0) D) v = (Do (D), 1 D -

Integrating over ¢, the ellipticity of ¢ and Cauchy-Schwarz inequality yield

t t t
[ 101061 s+ 1 O < € o+ sup a0+ [ N01g(6) s+ [ (o)1

19t (£) |77 + U (t), um(t))

t
SC{Mﬂ%+Mﬁmqu+AwaM@%}-

Hence, using Gronwall’s inequality, we obtain

2
(I < & {lnli + gl o }
Therefore .
2 2
| 100 de -+ ess sup (211 < € { ol + gl v }
0 0<t<T

Hence, passing to the limit as m — oo and using (A.5), we conclude the proof by proceeding as in
Step 2 of the proof of Theorem 5, Chapter 7 from [32]. |

Corollary A.2 Let us assume that the bilinear form c satisfies the following Garding inequality:
there exists A and o > 0, such that c(v,v) + A|v||3, > a||v||} for all v € V.. Then, problem (A.1)-
(A.2) has a unique solution and the previous theorem is also valid.

At

Proof. By doing the change of variable u = we™", we have that w satisfies

<8tw(t)’v>\/’><\/ + E(w(t)’v) = <ei)\tg(t)’v>V’><V Vo eV,
w(0) = wo,

where ¢(w, v) := ¢(w,v) + A(w,v) g is bilinear, bounded and elliptic. Thus, we are in a position to

apply the previous results to conclude the proof. |
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An eddy current problem in terms of
a time-primitive of the electric field

with non-local source conditions

3.1 Introduction

The goal of this paper is to analyze a time-dependent eddy current problem defined in a
three-dimensional bounded domain including conducting and dielectric materials, subject to source
boundary conditions feasible from the physical point of view. This model arises in applications
where the problem is reduced to a bounded domain and it is necessary to link the electromagnetic
fields with sources provided by an external circuit by means of current intensities or voltage drops
(see, for instance, [22, 41]). Both cases of source data will be separately analyzed in domains with
a rather complex geometry, which allows modeling a great variety of applications.

In the literature, we can find some papers related to the numerical analysis of the three-
dimensional time-dependent eddy current model in bounded domains containing conducting and
dielectric materials [2, 26, 44, 48, 72, 14]. Most of these articles deal with the case where the
conducting materials are strictly contained in the computational domain and the source current
is imposed in an inner subdomain. These formulations involve natural and/or essential boundary
conditions which differ depending on the primary unknown.

In order to consider sources provided by external circuits, the authors of this paper have recently
analyzed in [14] (cf. Chapter 2, this thesis) a transient eddy current problem where the input current
intensities are imposed in terms of source boundary conditions. The problem is written in terms
of the magnetic field, which must satisfy the curl-free condition in the dielectric domain. At the
discrete level, a magnetic scalar potential is introduced in the dielectric domain, which allows an
important saving in computational effort. However, this formulation requires to build “cutting”
surfaces to make the dielectric domain simply connected. These cutting surfaces can be difficult to
build in complex geometries.

The present paper analyzes a formulation of the problem based on the time-primitive of the

39
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electric field and a Lagrange multiplier to impose the divergence-free constraint of the electric
displacement. Although the computer cost is significantly more expensive than that of the method
proposed in [14], it does not need of cutting surfaces, which is a significant advantage in case of
complex geometries.

The time primitive of the electric field has been introduced in the literature of electrical engi-
neering in [31] and it is usually known as modified magnetic vector potential. This potential has
been used later by other authors (see, for instance, [42, 43, 68]) which usually couple this vector
field with different unknowns in the dielectric part.

The same variable, the time-primitive of the electric field, has been used as the main unknown
in the analysis of transient eddy current problems with inner current sources and standard es-
sential and natural boundary conditions in [2, 26]. In the present paper, we obtain a degenerate
parabolic problem as in these references; however, we cannot use the same arguments to prove
the well-posedness of continuous and discrete problems due to the presence of the non-local source
conditions. Thus, in order to analyze the resulting weak formulation, we resort to some results
obtained in [14].

As in [2], the formulation analyzed in this paper need as a data the normal component of the
electric displacement on the outer boundary. However, we prove that this boundary data has no
effect on the value of the main physical quantities, namely, the magnetic field in the whole domain
and the electric field in the conducting one. Thus, the data actually needed in practice for this
formulation reduces to inputs current intensities or voltage drops.

To discretize the mixed problem we propose a finite element method on tetrahedral meshes
based on Nédélec edge elements for the main variable and standard piecewise linear elements for
the Lagrange multiplier. We prove that this leads to a degenerate algebraic-differential problem,
which we prove is well-posed. Then, we obtain optimal order error estimates for this as well as for
a fully discrete problem obtained by an implicit time discretization.

Let us remark that under the assumption of time-independent electromagnetic coefficients,
similar arguments lead to a formulation in terms of the electric field, too. In principle the techniques
in this paper could be tried to analyze such a formulation, provided further smoothness in time
holds for the boundary data.

The outline of the paper is as follows. In Section 3.2 we introduce the transient eddy current
model and state the geometrical framework for the analysis. In Section 3.3 we analyze the problem
with input current intensities as boundary data. We obtain a time-dependent weak mixed formula-
tion of the problem with input current intensities as boundary data and prove that it is well-posed.
We introduce a space discretization based on finite elements and prove error estimates. We propose
a backward Euler scheme for time discretization and obtain error estimates for the fully discretized
problem. In Section 3.4 we perform a similar analysis for the transient eddy current problem, but
now with voltage drops as boundary data. In Section 3.5, we report some numerical results. We
present a test with known analytical solution which allows us to confirm the order of convergence
predicted by the theory in both cases, namely, using intensities or voltage drops as source data.
Finally, we apply the method to an application in non destructive testing which involves a more

complex geometry.
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3.2 Statement of the problem

Three dimensional eddy current problems describe low-frequency electromagnetic phenomena.
In this case, displacement currents may be neglected (see, for instance, [21, Chapter 8|), so that
Maxwell’s equations restricted to a domain 2 become

curlH =J in[0,T] x Q, (3.1)

O(uH) +curlE=0 in [0,7] x £, (3.2)
div(uH) =0 in [0,T] x ©, (3.3)
J=0E in[0,T]xQ, (3.4)

where E(t,x) is the electric field, H(¢t,x) the magnetic field, J(¢,x) the current density, p the
magnetic permeability and o the electric conductivity. Here and thereafter, we use boldface letters
to denote vector fields and variables as well as vector-valued operators.

We assume that €2 is a simply connected three-dimensional bounded domain, which consists
of two parts, 2, and €, occupied by conductors and dielectrics, respectively. We assume that €
is connected. The domain €2 is assumed to have a Lipschitz-continuous connected boundary. We
denote by T, T, and T} the open surfaces such that T, := Q.M 9 is the outer boundary of the
conductor domain, I} := 9Q, N IQ that of the dielectric domain and T} := 9Q,N N, the interface
between both domains. We also denote by n, n, and n the outer unit normal vectors to 02, 9,

and 0, respectively. Notice that n,=mn on I, n,=n on I, and n,= —n on I

Figure 3.1: Sketch of the domain.

As shown in Figure 3.1, the disjoint connected components of the conducting domain are of
two types: “inductors” which go through the boundary of €2, and “workpieces” which have their
closure included in 2. We denote Qé, cee Qév the former and QéVH, .. ,Qg/[ the latter. Moreover,
we assume that each QF, n =1,..., M, is simply connected with a connected boundary 9. We
assume that I} splits in connected components as follows: I = Uﬁil ", where I7* := I}, N 9Q7,
n=1,...,M.
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We assume that the outer boundary of each inductor, Q7 NIQ, n = 1,..., N, has two disjoint
connected components, both being the closure of open simply connected surfaces: the current
entrance I, where the inductor is connected to a transient electric current source, and the current
exit [''. We denote I}, := FJl U---u FJN and I, := T} U--- ULYN. Furthermore, we assume that
A =0, 12Nt =0,1<m,n<N,m#n,and I;)NT,; = 0.

We assume that for each inductor, (', n =1,..., N, there exists one connected “cut” surface
Yn C Qp, with 9%, C Q7 UL, such that §~2D = Q,\ ngl Yn is pseudo-Lipschitz and simply
connected (see, for instance, [9]). We also assume that X, N X, = 0 for n # m (see Figure 3.1).
We denote X := ngl ¥, and assume that I, and I}, \ 0% are connected.

We suppose that p and o are time-independent and there exist positive constants p, @i, o and
o such that

O<p<p(x)<p, ae xc,
0< olx) <o, aexzecQ, and oc=0in Q.
We have to complete the model with an initial condition, H(0) = Hy, the source terms and

suitable boundary conditions. For the latter, we consider the following ones:

Exn=0 on]|0,T]xI,, (3.5)
Exn=0 on0,T]xT,
pH-mn=0 on [0,7] x 0. (3.7)

Conditions (3.5), (3.6) and (3.7) have been proposed in [22] in a more general setting. They will
appear as natural boundary conditions of our weak formulation of the problem. The former mean
that the electric current density is normal to the current entrance and exit surfaces, whereas the
latter means that the magnetic field is tangential to the boundary of the whole domain €.

To consider sources provided by external circuits we have two possibilities: either the intensities
of the input current or the voltage drops most be given for each inductor O, n =1,..., N. In the

first case, from (3.4), we have that
/ oE-n=1, inl0,7T], (3.8)
L

where I, is the current intensity through the surface I7".

To write down the equation corresponding to the second case, let V;, be the input voltage drop
along the inductor Q7. It follows from (3.7) and (3.2) that curl E-n = 0 on [0,7] x 092. Hence,
there exists a surface potential V(¢,x) defined on the boundary of the whole © and such that
n x E(t,x) x n = —grad, V(t,z) on 022, where grad, denotes the surface gradient (cf. [25]).
Moreover, (3.5) and (3.6) imply that V' (¢, ) must be constant on each connected component of I},
and I,. The difference V,,(t) := V|[‘£ (t)— V|pJn (t) is the voltage drop along the conductor 7. Thus,

given V,,, the boundary condition reads

nx E xn=—grad_V on 00, with V|[‘£ - V|pJn =V, in[0,7T]. (3.9)
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Although in a same problem, we could consider that voltage drops are known for some inductors
and current intensities for the others, for simplicity we will study each case separately.

We have shown in [14] (cf. Chapter 2, this thesis) that equations (3.1)—(3.7) with boundary
data (3.8) or (3.9) and initial condition H satisfying appropriate assumptions, lead to a well-
posed problem. Note that, since the electric conductivity coefficient o vanishes in Q, we do not
have uniqueness of the electric field E in 2; in fact, if we add to a solution E the gradient of any
function with compact support in Q, the resulting field also solves (3.1)—(3.7).

Therefore, we must add equations so that F is uniquely determined. With this aim we introduce

the following conditions as in [2, 7] which assumes absence of electric charge in the dielectric domain:

div(eE) =0 in (0,T) x Q,, (3.10)

€Elo, -n=g onl0,T]x I, (3.11)

/ €Blg.-m=0, k=2,...,M, inl0,T], (3.12)
Tk

where € is the electric permittivity and ¢ is an additional data. Notice that fl‘l €E|QD -m is also
I
fixed. In fact, from the equations above and Gauss Theorem, frl eE ]QD n=— fF g.
I D

Boundary condition (3.11) involves the knowledge of an additional boundary data, the normal
trace of eE on I, which can be difficult to obtain in practice. However, we prove in the present
paper that E |QC and H in the whole domain ) are independent of the value of g. Hence, this
allows us to choose, for instance, g = 0 in (3.11) if we are not interested in the electric field in Q
(see Remark 3.5). In such a case, E ]QD is not the actual electric field but just an auxiliary variable
which allows us to compute the typical quantities of interest: E \QC and H.

Throughout this paper, we will use standard notation for Sobolev spaces and norms. We will
also use the well known Hilbert spaces H(curl; Q), H(div; Q), Hy(div’; Q), ete. (see, for instance,
9)).

Let us remark that, given  and ¢ € H=1/2 (092,), we say that n = ¢ on I', where I' is an open
surface contained in 0, if n = ¢ on H601/2 (I'); namely, if (1, ¢)aa, = (s, P)oa, V¢ € H(l]é2 (I,
where (-, ->BQD denotes the duality pairing in H=%/2(99,) x H/2 (9Q,). In particular, equation
(3.11) must be understood in this sense. Similarly, equation (3.8) has to be understood as the a
duality paring (cE(t) - n, 1>pJn. This paring is well defined because 0 E(t) - n = 0 on I (see, [33,
Proposition 3.3]). The same happens with equation (3.12).

3.3 Eddy current problem with input current intensities as source
data

The aim of this section is to analyze a formulation in terms of a time-primitive of the electric field
of the transient eddy current problem given by equations (3.1)—(3.8), the latter forn =1,..., N,
and (3.10)—(3.12) with an adequate initial condition Hg, under appropriate assumptions of the
data. In particular, we assume that g € L2(0,7;L2(T,)), I, € H*(0,T), n = 1,..., N, and the
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initial data H satisfies
H,c X, (curl Hy - n,L)rn = 1,(0), n=1,.... N, and  pHg € Hy(div®;Q), (3.13)
where
X :={G € H(curl;Q): curlG=01in Q_}.

Let us introduce the time-primitive of the electric field

u(t,x) = /OtE(s,;c)ds.

Integrating (3.2) over [0,¢] we obtain

w(x)H (t,x) — p(x)Ho(x) + curlu(t,z) = 0. (3.14)
Using that u(0,x) = 0, it is easy to write the transient eddy current equations in terms of u as
follows:
1
00yu + curl (— curl u> =curlHy in [0,7] x Q, (3.15)
1
curlu-n =0 on [0,7] x 09, (3.16)
uxn=0 onl0,T]xTI, (3.17)
div(ew) =0 in [0,7T] x Q, (3.18)
¢
cu(t) -n = / g(s)ds onT,, te]|0,T], (3.19)
0
<€’LL|QD n, e =0, k=2,...,M, in 0,7, (3.20)
I
¢
(ou(t) - n, 1>FJn = / I,(s)ds, n=1,...,N, te€][0,T], (3.21)
0
w(0) =0 in Q. (3.22)

Our next goal is to obtain a weak formulation of this problem. With this end, we introduce the
following space:

U:={weH(curl;Q) : wxn=0onTI,and curlw-n =0 on IN}.

Notice that, according to (3.16)—(3.17), we have that w(t) € U at each t € [0,7]. On the other
hand, for all w € U there exists a unique W € W such that n x w x n = —grad_ W on 0f2, where
W is defined by

W= {W e H/2(6Q) /R : W]pJn and W\pEn constant, n =1, ... ,N}

(see Lemma 2.1 in [18]).
Let L, :U - R, n=1,...,N, be defined by

Ly(w) := Wta = Wirn, (3.23)
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where W € W is the only function in this space such that n x w x n = —grad,. W on 02. We

have that L,, are bounded linear functionals. In fact,
1 1
L (w)] < T [1/2 [wllL>,) + |F|—1/2HU’HL2(FJ) < ClWllgrepo) < Cllwllaeuro)
E J

where, for the last inequality, we have used results from [25, Remark 5.2]. Here and thereafter C'
denotes a generic constant not necessarily the same at each occurrence.

The following lemma will be used to impose the boundary conditions involving the input current
intensities. Here and thereafter (-,-) denotes the duality pairing (-, '>H5§ /2
defined in Section 5 from [25].

(div,;09) XHgé/Q(curlT;BQ) as
Lemma 3.1 For all G € X and W € W we have

N
(G xn,grad, W) = Z <W|[‘£ - W|pJn) (curl G - n, 1>pJn.

n=1

Proof. Let ®,, be any smooth function defined in 2 and such that q)n|QgL =%, n=1,..., N,
m=1,...,M. Then, for G € X,

(curl G - n, 1>FJn + (curl G - n, 1>pEn = (curlG - n, P,)s0
= / curl G - grad ¢,
Q

= / curlG - grad ¢,, = 0.
Qn
C
Hence, (curlG - n, 1>1"Jn = —(curlG - n, 1>1"£, n=1,...,N.
Therefore, for W € W, if ¥ € HY(Q) is such that ¥|gq = W

(G x n,grad,_ W) = —/ curl G- grad ¥ = —(curl G - n, W)yq

Q
N N

N
Z (W\FEn — W\FJn) (curl G - n, 1>FJn.

n=1

Thus we conclude the proof. |
Now, we are in a position to obtain a weak formulation of (3.15)-(3.22). By testing (3.15) with
w € U we have

1 1
/a@tu-w—l—/—curlu-curlw—<—curlu><n,w>:/curlHO-w.
Q QM K Q

Provided H € X, according to (3.14), %curlu(t) € X. Then, since W € W, applying Lemma 3.1
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we have that

1 1
<— curl u(t) x n,w> =— <— curlu(t) x n,grad, W>

[ [
al 1
= - Z <W|pn - W|pn> <curl <— curlu(t)) -n, 1>
n=1 7 £ H I
J
N

=— Z L, (w)((c0iu(t) — curl Hy) - n, 1>FJn
n=1

N
= Lu(w)(In(t) — I(0)),

the last equality because of (3.15), (3.13) and (3.21).
Therefore

1
/ odyu(t) - w +/ —curlu(t) - curlw = Z L,( —1,(0)) +/ curl Hy - w YVw e U.
o QM Q

(3.24)
On the other hand, we introduce the following space to impose (3.18)—(3.20) by means of a
Lagrange multiplier:

M(Q,) = {gp cHY(Q) : g0|FI1 =0, g0|plk = constant, k =2, ... ,M} .

It is easy to show that, for u(t) € U,

/Qiu(t) .grad o = /FD</0tg(s) ds) © YoeM(Q,) & (::((E?gi?wf; _ Ofls ;?2, oM.

(3.25)

Thus, we are led to the following problem:

Problem 3.2 Given g € L2(0,T; L*(T,)), I, € H2(0,T), n=1,...,N, and Hq satisfying (3.13),
find w € L2(0, T;U) with ulo, € HY(0,T; Hr, (curl;Q)) and € € L2(0,T; M(S2,)) such that

/ oou(t) - w +/ 1 curlu(t) - curlw + / ew - grad £(t)
Q Q

c H Op

N
= ZLn('w)(In(t) —I1,(0)) +/chrl Hy w Ywel,
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As stated above, an alternative weak formulation of (3.1)—(3.8) in terms of the magnetic field
was analyzed in [14] (cf. Chapter 2, this thesis). In this reference it was shown (cf. [14, Theorem 3.6]
or Theorem 2.6 — this thesis) that there exists a unique H € L2(0,T; X) N H(0,T; Hx) such that

(curl H(t) - n, 1>pJn =1I,(t), n=1,...,N, (3.26)
1
/ o H(t) -G +/ —curl H(t) -curlG=0 VG eV, (3.27)
Q Q.9
H(0) = Ho, (3.28)

where
Hx = {G € L?(Q)?: curlG =0 in Q,} and V := {G e X: (curlG-n,l)FJn =0,n= 1,...,N}.

Moreover, it was shown in Theorem 3.8 of the same reference that defining E(t) := %curlH (t)
in Q, the following properties hold true a.e. t € (0,7'):

div(pH(t)) =0 in Q, (3.29)

wOH(t) +curl E(t) =0 in Q, (3.30)
J(t)=0 inQ,,, (3.31)

pH(t)-m=0 on 09, (3.32)

E (t)xn=0 onl,, (3.33)

(curl H(t) - n, 1>pJn =I,(t), n=1,...,N. (3.34)

We will use these results to prove that Problem 3.2 also has a unique solution. With this
aim, we need to extend E to the dielectric domain in order to define u as its primitive. Next
result shows how this can be done, taking into account that 6;H € L2(0,T;L?(Q)3), E. €
L?(0, T; Hr,, (curl; Q) and g € L*(0,7; L*(I,)).

Lemma 3.3 There exists a unique E € L2(0,T;H(curl;Q,)) which satisfies a.e. t € [0,T):
curl E (t) = —po H(t) in ), (3.35)
E (t)xn,=—-Et) xn, onl, (3.36)
div(eE(t)) =0 in ), (3.37)
¢Ey(t)-n=g(t) onT, (3.38)
(eED(t)-n,1>FIk:O, k=2,...,M. (3.39)
Proof. To prove that this problem is well-posed, let us write E(t) := E_(t) + E(t) a.c. t € [0,T],
where E(t), E(t) € H(curl;(2,) are respective solutions to the following problems:
curl E_(t) =0 in Q,,
E (t)xn,=0 onT,
div(eE (t)) =0 inQ,,
eE (t)-n=g(t) onT,,
(eE(t) - n, Dpe =0, k=2,...,M,
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and

curl E(t) = —ud H(t) in O,
ED(t) xny,=—-E(t)xn, onl,
div(eE(t) =0 in Q,
¢E(t):m=0 onl,,

(€Bo(t) - m, e =0, k=2,..., M.

It was proved in [33, Theorem 8.4] (see also [34, Lemma 3.2]) that for g(t) € L?(I,), the first
problem has a unique solution E_(t) which satisfies

HED(t)HH(curI;QD) < Cllg®)llrzr,)-

To prove that the second problem is also well-posed, we follow the steps of the proof of [7,
Theorem 8.6], where a similar result was obtained in the harmonic case and for a particular topology.
The key point of this proof is that the term pd;H(t,-) € L2(92,)3. Moreover, we also obtain

HED(t)HH(CurI;QD) < CA0cH )12, )8 + 1B H(curta,) [ -
D C

Thus, we have that E_(t) := E,(t)+ ED(t) is a solution to problem (3.35)—(3.39). Furthermore,
E_ € L2(0,T; H(curl; ©,))) because of the above estimates for E and E,. Moreover, this problem
has at most one solution as a consequence of [33, Proposition 6.3]. Thus, we conclude the proof. B

Now, we are in a position to conclude the following result.
Theorem 3.4 Problem 3.2 has a unique solution (u,§), with Lagrange multiplier £ = 0.

Proof. To prove existence, let H € L2(0,T; X)NH(0,T;Hx) be the solution of (3.26)—(3.28) and
let E:= %curlH]QC € L2(0,T; Hr, (curl;€2)), so that (3.29)-(3.34) hold true a.e. t € (0,T). Let

] Et) inQ,
mwf{EN)m%7 (3.40)

where E_ € L2(0,T;H(curl;Q,)) is the solution to (3.35)—(3.39) a.e. t € (0,T). As a consequence
of (3.36), E(t) € H(curl;Q2) a.e. t € (0,T) and, hence E € LQ(O,T;Hpc(curl;Q)). Thus, defining

u(t,x) = /Ot E(s,x)ds, tel0,T], xeQ, (3.41)

u € L2(0,T; Hr, (curl; Q)), too. Moreover, from (3.30) and (3.35) we have that curl E = —ud,H

in Q and integrating in time
curlu = pHy — nH in [0,77] x . (3.42)

Therefore, from (3.13) and (3.32) we conclude that u € L?(0,T;U) and, since ;u = E, we have
that ulo € HY(0,T; Hr, (curl; Q2.)).
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Our next step is to prove that (u,0) is a solution to Problem 3.2. With this aim, first we notice
that by virtue of (3.29)-(3.34), the definition of E(t) and (3.35)-(3.39), it is straightforward to
show that w(t, x) satisfies (3.15)—(3.22). Then, the same steps that lead to (3.24) allow us to prove
this expression in our case, which means that (u,0) satisfies the first equation of Problem 3.2.

On the other hand, we integrate in time (3.37)—(3.39) and use the fact that w(0) = 0 in , to
conclude that w(t) satisfies the conditions on the right hand side of (3.25), which was shown to be
equivalent to the second equation from Problem 3.2.

Thus, we have proved that (u,0) is a solution of Problem 3.2. There only remains to prove
that this problem has a unique solution. With this aim let (@, £) be a solution of Problem 3.2 with
vanishing data ¢ =0, I,, =0, n=1,..., N, and Hy = 0, namely,

/ oou(t) - w+ / ! curla(t) - curlw + / ew -grad£(t) =0 Yw e U, (3.43)

Q QM Qp

/ eu(t)-gradp =0 Vo € M(Q,), (3.44)
QD

w0)=0 inQ. (3.45)

By taking w = u(t) and ¢ = £(t), we obtain
1 1
Ld ola(t)? +/ “leurla(t)?> =0 ae. te0,7]
2dt Jo QK

and integrating in time

T b PR
— t — | ds <0
QQHU( )HL2(QC)3 —i—/o /Qlu\cur u(s)|”ds <0,

which implies that @(¢) = 0 in 2, and curl@(t) = 0 in €. From this (3.44) and (3.25), we deduce
that w(t) is a solution of (3.35)—(3.39) with vanishing right hand sides. Hence u(t) = 0 in Q (see

Proposition 6.3 in [33]) and we conclude that w(t) vanishes in the whole domain.

On the other hand, let £(¢) be the extension of £(¢) defined by: g(t)|9é =Wk, k=1,...,M.
I

Then grad £(t) € U and taking w = grad £(t) in (3.43) we obtain grad £(¢) = 0 in . Hence, £(t)
vanishes because 2, is connected and E(t)h“ll =0. |

Remark 3.5 As was shown in the proof of the previous theorem, actually w € H(0, T Hpc(curl; 2)).
Then, the physical quantities can be recovered from (3.41) and (3.42) as follows:

- — 1
E:=0u and H := Hy— —curlu.
1

Different choices of the data g lead to different solutions w to Problem 3.2. However only E|QD
actually depends on g. In fact, we have shown in the proof of the theorem above that H as defined
above is the solution H to problem (3.26)—(3.28) (which does not depend on g) and E]QC = Elqo, =
% curlH|QC. This is an important fact because, if we do not know the values of eE-n on I, and we
are not interested in computing E in the dielectric, then we can simply choose g = 0 and compute
the magnetic field H in Q) and the electric field E in Q. which are typically the most relevant

quantities in physical applications.
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3.3.1 Space discretization

From now on, we assume that 2, €, and €2, are Lipschitz polyhedra and consider regular
tetrahedral meshes 7}, of €, such that each element K € 7T}, is contained either in € or in Q (h
stands as usual for the corresponding mesh-size). Therefore, 7',;QD ={K eT,: K CQ_}isamesh
of Q.. We employ edge finite elements to approximate w, more precisely, lowest-order Nédélec finite
elements:

N(Q) := {wy, € H(curL;Q) : wy|x € N(K) VK € Ty},
where, for each tetrahedron K,
N(K) = {whE]P"rf’: wp(xz) =axxz+b, a,becR3 zeK}.
On the other hand, we use standard finite elements for the Lagrange multiplier ¢:
Lh(9) == {(ph e HY(Q) : pnlx € PL(K) VK € 7;”13}.
We introduce the following discrete spaces:
Uy, = {w, e Np(Q) : w, xn=0onT,and curlwy, -n =0 on 0},

Qy, = {Soh € Lp(2,) - gph|rll =0, goh|rlk = constant, k =2,... ,M} .

To discretize Problem 3.2, we consider a convenient way to compute the right hand side for the

discrete test functions. Let

L, (wy) = wy, -t Ywy, € Uy, (3.46)
Ch
where C;, is a simple curve on dQ joining ' with I'', n = 1,..., N, and ¢ being a unit vector

tangent to Cy,. It is easy to see that L, (wy) = Ly (wy) for all wy, € Uy, (cf. [18, Lemma 2.4]).
Then, the space discretization of Problem 3.2 reads as follows:

Problem 3.6 Given g € L(0,T;L?*(T,)), I, € H2(0,T), n = 1,..., N, and the initial condition
H, satisfying (3.13), find wy, : [0,T] — Uy, and &, : [0,T] — Qp, such that

1
/ oOpup(t) - wp +/ —curluy(t) - curlwy, +/ ewy, - grad &, (t)
Q QM

C QD
N ~
= Z L, (wp) (I (t) — I,(0)) +/ curl Hy - wy, Ywy, € Uy, (3.47)
n=1 Q
/QD eup(t) - grad o, = /FD (/0 g(s) ds) ©h Yon € Qp, (3.48)
up(0) =0 in Q. (3.49)

To prove that this problem is well-posed we will use the discrete kernel

ICh = {’whéuh :/
Q

and the following inf-sup condition.

ewy -grad pp, =0 Vop, € Qh}

D
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Lemma 3.7 There exists 5 > 0 (independent to h) such that

fQD ewy, - grad @y,

sup
wpEU, HwhHH(curl;Q)
wp, #0

> Bllenllaryz  Ven € Qn. (3.50)

Proof. For ¢, € Q) let ¢, be its extension to Q, defined by @plgr = @p|px (constant), k =
C 1
1,..., M. Then, grad ¢}, € U}, and

fQD ewy, - grad @y, fQD egrad @y, - grad ¢, €| grad goh||iQ(QD)3

sup > - > > Bllenllnr )3
wietdy | WnllH(Ccur10) | grad & [|i(curso) | grad onllr2(o, )3 ()
wp#0
where we have used Poincaré inequality since, for all ), € Qp, Lph\pll =0. [ |

Next step is to prove that there exist a particular solution to equation (3.48).

Lemma 3.8 Given g € L2(0,T; L*(T,)), there exists uj, € H(0, T;U},) such that

/Q tip (1) - grad o) — /F ( /O " 4(s) ds) on Von € O (3.51)

D D

. i
Proof. Consider the following auxiliary problem: for each ¢ € [0, 77, find vy, (t) € IC, “" such that

/Q vy (t) - grad ¢y, :/ g(t) e Ve € Q.

D 1—‘D

According to [38, Lemma 1.4.1(i7i)] because of the inf-sup condition (3.50), this problem has a

unique solution and the following estimate holds true:
[vn(®)llH(euro) < Cllg®)ll2r,), t€[0,T]

Now, let uy(t) = fot Up(s)ds. From the above inequality it is immediate to show that u, €
HY(0,T;U},) and that it satisfies (3.51). [
Now, if we write w;, = uj, + up, Problem 3.6 is equivalent to finding uy, : [0,7] — K}, such that

_ 1 _
/ ooy (t) - wy + / —curluy(t) - curlwy,
Q QK

C
Al 1
= ZLn('wh)(In(t) —1,,(0)) + / curl Hy - wy, — / ooup(t) - wy, — / —curluy(t) - curlwy,
- Q Qg QkK
Ywy, € ICy,
(3.52)
up(0) =0 in Q. (3.53)

In what follows we prove that this problem has a unique solution.

Lemma 3.9 There exists a unique u;, € H'(0,T;1K;,) solution of (3.52)-(3.53).
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Proof. Let {®;}X, be a basis of KCj, such that the last functions furnish a basis {‘I’z’}fiklﬂ of the
subspace {wy, € ICj, : wy, = 0 in O }. We write

K

ap(t,x) = > 0i(t)®i().

i=1

Let a(t) = (Oéi(t))lgiSK and b(t) = (bi(t))lgigK, with

N
~ N 1 ~
bi(t) := Z L, (®;)(L,(t) — 1,(0)) +/ curlHy - ®; — / ooup(t) - ®; — / —curluy(t) - curl ®;.
n=1 Q Qs QM
We consider M := (M;;)1<i, j<k and I := (Kjj)1<ij<k given by
1
Mij = / O"I)Z‘ . (I)j, Kij = / — curl (I)z - curl <I>j, 1 < Z,] < K. (354)
Q QM

C

Then, (3.52)-(3.53) reads as follows: Find « : [0, 7] — R¥ such that

M (t) + Ka(t) = b(t),

w(0)— 0. (3.55)

Because of the degenerate character of the problem, we decompose a(t) as follows:

with e (t) := (@i(t))1<i<k,. We use a similar decomposition for b(t) and matrices M and K to

b(t):[bl(t)], M:[A’;“ g], IC:[?TI 2] (3.56)

write

Provided IC,, is invertible, (3.55) is equivalent to

Muall (t) =b, (t) + [’Cu]cg_gllcz; - ’Cll]al (t) - K12K2_21b2 (t)7
a,(0) =0.

Therefore, in such a case, the existence and uniqueness of solution of (3.55) follows from the fact
that M, is positive definite.

Thus, to conclude that (3.52)—(3.53) has a unique solution, we are going to check that IC,, is
positive definite. First notice that

2

K
1
87KC,,8 = /Q Hewd [ S0 ad]| 2o
D

=K, +1
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K
Let us assume that the expression above vanishes. Then, wj, := Z B; P, satisfies
i=K,+1

wyp, € Nh(QD)7 (3.57)

curlwp, =0 in Q, (3.58)

wpxn=0 onl, (3.59)

/ ewy -grad pp, =0 Vo, € Q. (3.60)

Q

D

Since 2, \ X is pseudo Lipschitz and simply connected, as a consequence of (3.57) and (3.58) there
exists Uy, € L,(Q, \ £)/R such that wj, = gradd;,, where

Lp(Q,\2) = {Qh €C(Q\X):onlg € P1(K)VK € 7',?]3 with [on]y, = constant, n = 1,...,N},

with [-]y denoting the jump across ¥,,. From (3.59) we obtain grad, ¥, = 0 on I\ ¥. Thus, ¥}, is
constant on I\ ¥, which implies that [J]y, =0,n=1,..., N, and, whence, ¥}, can be extended
to a continuous function in Q. By setting 79h|r‘11 = 0 we obtain ¥, € Qp and, from (3.60), ¥}, is a
constant in 0 and then wj = 0 in . Therefore, we conclude that IC,, is positive definite.
Thus, we have shown that (3.55) has a unique solution o € H(0,7;R¥) and, consequently,
(3.52)—(3.53) also has a unique solution u;, € H'(0,T;Kp). [ |
Finally, notice that for any solution to Problem 3.6, the Lagrange multiplier &, necessarily

vanishes, as in the continuous case.
Lemma 3.10 If (up, &) is a solution to Problem 3.6, then &, = 0.

Proof. Let £, be extension to Q, of &, defined by &|qr = &lpe, k= 1,..., M. Then, grad &, € U,
C 1
and Zn(gradgh) =0, n = 1,...,N. Furthermore, / ooyuy, - gradgh = 0 and /curlHo-
Q Q
grad &, = 0, because grad £, vanishes in 1, and curl H( vanishes in §2,. Hence, taking w; =

grad &, in (3.47), we obtain that / e|grad &> = 0. Therefore, &, is a constant in Q,, and, since
QD

’Eh’ﬂl =0, we have &, = 0. |

Now, we are in a position to conclude the following result.
Theorem 3.11 Problem 3.6 has a unique solution (uy, &), with uy, € HY(0, T;Uy) and &, = 0.

Proof. Let u, := uj + uy, with u;, and wu; being respective solutions of (3.51) and (3.52)—
(3.53), then, for any &, : [0,T] — Qpn, (up, &) satisfies (3.47)—(3.49), the first equation only for
wy, € KCp,. Hence, because of [38, Lemma 1.4.1(77)] and the inf-sup condition (3.50), for each ¢ € [0, T
there exists a unique &,(t) € Qp, such that (3.47) holds for all wy, € U}p. Moreover, according to
Lemma 3.10, &, = 0. Finally, the uniqueness follows from the fact that (up, &) is a solution to
Problem 3.6 if and only if wj, = u — uy, is the unique solution to (3.52)—(3.53) (cf. Lemma 3.9) and
& = 0. m
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Our next goal is to obtain error estimates for this semi-discrete scheme. With this aim, from now
on, we assume that the solution to Problem 3.2 satisfies w € H'(0,T; H" (curl; Q)) for r € (3,1],
where H" (curl; Q) := {G € H"(Q)? : curl G € H"(Q)?}. Let T denote the Nédélec interpolant
operator. According to [18, Lemma 2.2], we have that if w € H"(curl; Q) NU, then TN w € Uy,.
We decompose the error of u as follows

u(t) — un(t) = py(t) — 6n(t), (3.61)
with
. _ N TN _
pn(t) :=u(t) — Iy u(t) and On(t) =I5 u(t) — up(t).
First, we prove the following auxiliary error estimate.
Lemma 3.12 Let uw be the solution to Problem 3.2 and wp that to Problem 3.6. If

w € HY(0,T; H" (curl; Q)) with r € (%,1], then there exists a constant C' > 0, independent of h,
such that

T
sup ||5h(t)\|i2(ﬂc)3 + sup | curldp(t)|fzo)p +/ ||3t5h(f)||i2(ﬂc)3 dt
0<t<T 0<t<T 0

T
< C{ sup || curl py, (8)[[2(q)s +/ 18: 01, (D) I eurt0 dt}-
0<t<T 0

Proof. Since £ = 0 and &, = 0 (cf. Theorem 3.4 and 3.11), subtracting the first equation in
Problem 3.6 from that in Problem 3.2, we have

/QC o0 (u(t) — up(t)) - wy, + /Q % curl(u(t) — up(t)) - curlwy, =0 Vwy € Uy,

A straightforward computation yields

/ g0i0p(t) - wy, +/ 1 curl d;(¢) - curlwy,
Q0 QM

1
= —/ a0py,(t) - wp, — / —curl p;,(t) - curlwy, Vwy, € Uy, (3.62)
Q0 QK

By taking wy, = d,(t), the hypotheses over o and p and Young’s inequality lead to

d

1 _ A
pr QOU\5h(t)\2+ﬁchrwh(t)Hiz(Q)a S/Q U’(sh(t)‘Z+0H8tph(t)Hi2(Qc)3+?chr1ph(t)u%,2(ﬂ)3'

C
(3.63)
Using Gronwall’s inequality together with the fact that d;(0) = 0 and integrating in time lead to

t
16002 0o + [ llourt 61(5) e s

T T
éc{/o Hatph(t)HiQ(Qc)gdtJr/o chrlph(t)Hig(Q)gdt}. (3.64)
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On the other hand, the assumed regularity of w implies that 0; (I,/l\/u(t)) = I}/L\[ (Opu(t)) a.e.t € [0,T]
(see Theorems 111 and 113 from [71]). Thus, by taking wy, = 0;05(t) in (3.62), from the hypotheses

over o and pu, straightforward computations lead to

a 1d
§Hat5h(t)Hi2(Qc)3 + ﬁEH curl &, (t) 720y
d 1

1
< o curl p;,(t) - curl §,,(t) + @H curl 8, ()72 (s + CllOson () [ficurro) (3:65)

Integrating in time, using again the fact that d;,(0) = 0 together with Young’s inequality we obtain

g [ 1
% [ 10042 0y ds-+ = eurl G40 s
< L lleurl oy 0oy + 5 / | curl 64(s) |2 s ds + C / 10001 ()2 curny A (3.66)

Using Gronwall’s inequality and the fact that d;,(0) = 0 we have that

T
| curl 84 (8) (172 (s < C{ sup || curl py, ()]s +/ 18: 01, (8) 1 curt;0) dt}-
0<t<T 0

Substituting this term in (3.66), we obtain
! 2 2
| 10350 s+ | curd 80)

T
< C{ sup || curl py, ()23 +/ 1860 (0)[f1 curti0 dt}-
0<t<T 0

Thus, the result follows from (3.64) and the above inequality. [

Now, we are in a position to prove the following error estimates.

Theorem 3.13 Let uw be the solution to Problem 3.2 and wuy that to Problem 3.6. If
w € HY(0,T;H" (curl; Q)) with r € (%,1], then there exists a constant C' > 0, independent of h,
such that

T
sup [[u(t) = un () e o+ sup |[curlu(®) - curlun (Ol e + [ 10(t) = un(e)) [ yo ot
0<t<T 0<t<T 0

T
< Ch2r { sSup Hu(t)HI%IT(curl;Q) +/0 ||atu(t)||12-lr(curl;§l) dt}

0<t<T
< Ch™ullf o 71 (eurti))-
Proof. Classical estimates for the Nédélec interpolant lead to
th(t)HH(curl;Q) < Chr”“(t)HHT(curl;Q)’ ||8tph(t)HH(curl;Q) < ChTHatu(t)HHT(curl;Q)- (3'67)

Thus, the result follows from the decomposition (3.61) by using these estimates and the previous

lemma. [ |
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Remark 3.14 This theorem allows us to obtain error estimates for the physical variables of interest
in most applications, E|QC and H . For the first one, we define Ep(t,x) := Opup(t,x) and we have

the following error estimate:

T
HE(t) - Eh(t)Hi?(Q )3 dt < Ch2rHu||12—11(0,T;H7"(curl;Q))'
0 C

To approzimate H, we make use of (3.14) and define Hy(t,x) := Hy(x) — %curl up(t,x). Then,

we have

sup HH(t) - Hh(t)Hi?(Q)S <C hzrHuHI%II(O,T;HT(curl;Q))'
0<t<T

Remark 3.15 The assumption u € H*(0,T; H" (curl;Q)) does not seem realistic when the mag-
netic permeability of conductor and dielectric are not the same (cf. (3.15)). However, Theorem 3.13

holds true if this assumption is substituted by

ulo, € H' (0, T;H" (curl; Q) and ulg, € H' (0, T;H" (curl; Q,)).

3.3.2 Time discretization

We consider a uniform partition of [0, 7], tx := kAt, k =0,..., M, with time step At := % A
fully discrete approximation of Problem 3.2 by means of a backward Euler scheme reads as follows:

Problem 3.16 Find u)* € Uy, and §' € Qp,, m=1,..., M, such that

At

C QD

U’ZL — Uzl_l 1 m m
o———"— wy+ | —curluy - curlw, + ewy, - grad &)
Q QM

N
=3 Eu(wn) (In(ta) — 1,(0)) + / curl Hy - wy  Vawy, € Up,
n=1 Q

tm
/ fuhm-gradtph=/ (/ g9(s) dS) on  Veon € Qp,
Q I 0

D D

u) =0 inQ.

We proceed as for the semi-discrete scheme. First, the same arguments allows us to show that
any solution of Problem 3.16 satisfies £} = 0, m = 1,..., M. Secondly, let u; € H'(0,T;U}) be
as above so that it satisfies (3.51). Let uy' := u,(t™) and u}' = uy,' + uy'. Then, it is clear that

Problem 3.16 has a unique solution if only if there exist unique u;' € IC,, m = 1,..., M, such that

_ 1 ~ U o e
/ auhm-wh—i—At/ —curluhm-curlwh:/ ouy' 1-wh—/ o(@y —ay ) -wy
Q QM Q Q

C C C

N
1 -
—At/ —curlay' -curlwy, + At E Ln(wh)(In(tm)—In(O))+At/ curl Hy-wy, Ywy, € ICp,
QM Q

n=1

with @) = 0.
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To prove that this problem has a unique solution, we proceed as in the proof of Lemma 3.9. We
write @), in the basis {®;}X, of Ky, u)' = Zfil a;"®;, and obtain the following matrix form of

the problem above:
Ma™ = Ma™ ! + Atb™,

with 8™ € R¥ beging the vector arising from the right hand side of the problem, M as in (3.54)

and

Mll —"_ At ]Cll At’CIQ

M= M+ ALK = ,
* AtKT AtK,,

where we have used the block matrices from (3.56). Since K is semi-positive definite and M, and
IC,, are positive definite, it is easy to check that M is also positive definite. Thus, we conclude
that Problem 3.16 has a unique solution.

Our next goal is to obtain error estimates for this fully discrete scheme. With this aim, we write

ub —ubml ph_ phtl gk ghe
by UYn " Un _ PL T Ph Ak .
where
tr) — u(lr—
pf = u(ty) — N u(ty), oF :=TNu(ty) —uf and  TF .= ulte) — ulte-1) Oru(ty).

At
Lemma 3.17 Let u be the solution to Problem 3.2 and ufl, k=1,...,M, that to Problem 3.16.
If w € HY(0, T; H" (curl; Q)) with r € (%, 1], then there exists a constant C' > 0, independent of h
and At, such that

k k M o — okt 2
2 ) k
1;!,1%>§\Jllah\lp(gc)3 + 12%}5\4” curl 6h||L2(Q)3 + At g AR
=t 12(Q)3
M ok _pk—l 2
k2 12 ; k
<C 12}%%||cur1ph\lp(m3 + At E |Ea ||L2(Qc)3 + N
k=1 LQ(QC)S

Proof. Proceeding as in the proof of Lemma 3.12 and using (3.68), a straightforward computation
allows us to show that

o — ot 1
_ — 16 - 1
/Q o Al wh—i—/ﬂ‘ucur n - curlwy,

C

ok — ph1 1
= / otk w), — / ot Th o, —/ — curl pf“; -curlw, Yw, €Uy (3.69)
Q Q At QK

C C

By taking wy, = 6%, using the inequality 2(p — q)p > p? — ¢ and Young’s inequality, yield

_ At
/ o8k /Q o185+ = curl 8 2

Q¢ c
2
ko k-1
o Py — Py,

At k|2 ﬁAt k2 512
< ﬁ/ﬂca|5h| +—H2 | curl pj [ 2(ys +4AtT/Q o|r*| +4AtT/ -

C QC
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Summing from k£ = 1 to m (m < M) and using the discrete Gronwall’s inequality and the fact that
89 = 0, we obtain

18511220 2 + ALY | curl 85[[72 gy
k=1

2
k k-1
Pr — Py

- (3.70)

m
< CALY LI B o + Il curl pf 122 s +
k=1

LQ(QC)S

k_ sk—1
On the other hand, by taking wy, = % A‘sth in (3.69), similar arguments and the equation

1 oF — ot
/ — curl p} - curl <h7h
QM At
1 oy —p! -1, 1 {/ 1 k k / 1 -1 k—l}
=— [ —curl [—>—"—| -curld + — —curl p} - curl 67 — —curl -curld
/Q u < At b A Y SO P Jq S g

lead to

2
At/a
Q

1 1
+/ —\curléff—/ —|curl 85712
o QK QM

1 1
<=2 {/ — curl pZ - curl & — / — curl pi_l - curl 62_1}
QM QM

2

8 — ot
At

pf —pi !

A + || curl 62_1\\52“2)3

1.2 (Q)3

+AtC HTkHi%QC)S +

1.2 (QC)S

m

Summing from k& =1 to m (m < M) and using to (3.70) to estimate Atz || curl 5i_1\|iz(9)3, we

k=1
obtain
N :
ALY —Ar + | curl 63 (7205
k=1 L2(Qc)?
m ok — ph1 2
2 k2 h— Pn k|12
< Ol curl pj![fa(q + C ALY 4 I IE2@pe + | = A7 — + [ curl p[|72 s
k=1 H(curL;Q?)
Finally, the result follows from the above inequality and (3.70). [

Now, we are in a position to write one of the main results of this paper.

Theorem 3.18 Let u be the solution to Problem 3.2 and u’fl, k=1,...,M, that to Problem 3.16. If
u € HY(0,T; H" (curl; Q)) forr € (%, 1], and u|QC € H2(0,T; L%(Q2)?), then there exists a constant
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C > 0, independent of h and At, such that

M k k=1 ||?
P ky|12 U — Y,
B t) ~ il g eurlutn) — byt A3 o) S5
= C

T T
<C {(At)Q / ||8ttu(t)||i2(gc)3 dt + h*" sup Hu(t)H%{T(curl;Q) + h*" / ||atu(t)||%{r(curl;ﬂ) dt}
0 0<t<T 0

<C {(At)QHu||12—12(0,T;L2(QC)3) + h2r||u||12-11(0,T;H7"(curl;Q))} :

Proof. A Taylor expansion shows that

M M tr T
ZHTkHig( Z / (ti — 5)Onu(s)ds < At /0 ||8ttu(t)||i2(gc)3 dt.
k=1 k=

th—1

L2(Q)3
Moreover,
k—1 T
p — Py, 1 2
T < Kt/o 10t (0) 20 s dt-
k=1 L2(Qc)?
Since u(ty) — uf = 8§ + pl, the result follows from (3.67), (3.68) and the previous lemma. [

Remark 3.19 As in the semi-discrete scheme, if we approrimate the electric field E and the

ko, k—1
magnetic field H at each time tg, kK = 1,..., M, by taking EZ = Zh Aqih and HZ = Hy —
1

m curl ufl, respectively, then

AtZHEtk Eh‘

2 2 2r 2
o < { Q02 ulfiaqo oy + 17 Tl o zyse eurron) }

12}235\4‘|H(tk) H§)||L2(Q)3 <C {( ) HUHH2 (0,T5L2(22,)3) +h2rHuHH1 (0,T;H" (curl; Q))}

Remark 3.20 The same observation made in Remark 3.15 holds in this case.

3.4 Eddy current problem with voltage drops as boundary data

The goal of this section is to analyze the transient eddy current problem with voltage drops as
boundary data. We consider equations (3.1)-(3.7) together with (3.9), forn =1,..., N, and (3.10)—
(3.12). Notice that the only difference with respect the problem studied in the previous section is
that (3.9) replaces (3.8). As in the previous section, we assume that the initial data H satisfies
(3.13) and that g€ L2(O T; L*(T,)). Furthermore, we assume that V,, € HY(0,7), n =1,..., N.

Let u(t fo s)ds as above. Integrating in time (3.9), we have

t t
nXxu(t) xn= —/ grad_V(s)ds = —grad. </ V(s) ds> on ON).
0 0
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Thus, according to (3.23), we have that L, (u(t)) = fg Vo(s)ds,n=1,...,N,t€0,T].
Therefore, the transient eddy current problem with voltage drops as boundary data written in

terms of u is given by equations (3.15)—(3.20) and
t
L,(u(t)) = / Vo(s)ds, n=1,....,N, tel0,T]
0
(the latter instead of (3.21)), with the initial condition (3.22).

Similar arguments to those used in Section 3.3 allow us to obtain the following problem:

Problem 3.21 Given g € L?(0,T;L*(T)), V, € HY(0,T), n = 1,...,N, and an initial con-
dition Hg satisfying (3.13), find w € L2(0,T;U) with ulo, € Hl(O,T;HFC (curl;Q2.)) and € €
L2(0,T; M(S,)) such that

L,(u(t)) = /t Vi(s) ds, n=1,...,N, ae te]|0,T], (3.71)
0
1
/Qcaatu(t) cw + /Q m curlu(t) - curlw + /QDew -grad{(t) = /chrlHO cw Vw € Uy,
(3.72)
/QD eu(t) - grad p = /FD </0 g(s) ds> @ Vo € M(Q,), (3.73)
u(0) =0 inQ, (3.74)

where U’ = {w e U : Ly(w)=0,n=1,...,N}.

A formulation of the same problem in terms of the magnetic field H was analyzed in [14] (cf.
Chapter 2, this thesis). In particular, it was shown in this reference that equations (3.1)—(3.7)
with voltage drops V,,(t), n = 1,..., N, as boundary data lead to a well-posed problem (cf. [14,
Remark 3.7] or Remark 2.7 — this thesis) which consists of finding H € L2(0,T; X) N H' (0, T; Hx)
such that

N
1
/ woH(t) -G +/ —curl H(t) - curl G = — g Vo (t){curl G - n, 1)pn VG e X, (3.75)
Q Q.0 7

C n=1

H(0) = H,. (3.76)

Defining E(t) := L curl H(t) in Q, the arguments from [14, Theorem 3.8] can be repeated to
prove that H (t) and E(t) satisfy (3.29)—(3.33), a.e. t € (0,7).

Theorem 3.22 Problem 3.21 has a unique solution (u,&) and the Lagrange multiplier £ vanishes.

Proof. The existence of solution follows by repeating the arguments of the proof of Theorem 3.4. In
fact, now we begin with the solution H of (3.75)—(3.76) (instead of that of (3.26)—(3.28)). Repeating
the steps of the proof of Theorem 3.4, we define E(t) := 1 curl H(t) in Q, and show that H(t)
and E(t) satisfy (3.29)-(3.33) a.e. t € (0,7"). Next, we define E_(t), t € [0,T], as the solution of
(3.35)—(3.39), E(t) as in (3.40) and u as in (3.41). Proceeding as in the proof of Theorem 3.4 and
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using the fact that L,(w) = 0 for w € U°, we prove that (u,0) satisfies (3.72)-(3.74). Thus, to
conclude the existence of solution, there only remains to prove that w satisfies (3.71).

To prove this, note that as a consequence of (3.30), (3.35), (3.36) and (3.32), there exists a
function V defined in € up to a constant, such that ‘N/|89 is a surface potential of the tangential
component of E; namely, n x E x n = —grad_ V on 99. On the other hand, (3.33) implies that
V is constant on each connected component of I, and I,.

From (3.75), using successively, the definition of E, a Green’s formula, (3.32), (3.2) and Lemma 3.1,

we have
al 1
— Z V,(t){curl G - n, 1>1"Jn = / wo H(t) - G + / —curl H(t) - curl G
n=1 Q Q¢ g

= / uoH(t) - G + / E(t) - curlG
Q Q _
= (E(t) xn,G) = —(grad_V(t) x n,G)

= _Z ( Fn - (t)|p£> (curl G - n,1>pJn VG e X.

Next, we take as test function G € X satisfying (curl G™ - n, 1>FJn = Omn, myn =1,..., N (see
[14, Remark 5.3] or Remark 2.14 — this thesis for the existence of such G™). By so doing, we obtain
Lo(E(t) = V(t)[rn = V()loy = Va(t), n=1,..., N, from which it follows (3.71).

Finally, the proof of uniqueness of solution is identical to that in Theorem 3.4. [ |

Remark 3.23 As in Section 3.3, we conclude that we can use the simplest choice of data g = 0
on I'y without affecting the quantities of main interest, namely, H in the whole domain Q0 and E

in the conducting domain €.

Next step is the space discretization of Problem 3.21. Let U;, and Qp, be as in Subsection 3.3.1.
Let U% ={wy, € Uy : Ly(wp) = 0,n =1,...,N} with L,, as defined in (3.46). The space-
discretization reads as follows:

Problem 3.24 Given g € L2(0,T; L*(L,)), V, € HY0,7), n =1,..., N, and Hy satisfying (3.13),
find uwp : [0,T] = Uy and &, = [0,T] — Qp such that

L (up(t)) = / (s)ds, m=1,...,N,

1
/Jatuh Swy, +/ — curluy(t) - curlwy, + / ewy, - grad &, (t) = / curl Hy - w;, Yw, € U%,
9) K o Q

/Qeuh( - grad ¢y, —/ (/ ) on  Von € Qp,

D

up(0) =0 in Q.

To prove that this problem is Well posed our first step is to build an auxiliary function @, €
HY(0,T;U),) satisfying L fo s)ds,n =1,...,N, t € [0,T]. To define ay, first we
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choose functions ®,, € U} such that Zn(i’m) = Omn, m,n = 1,...,N; such ®,, are easy to

construct once a basis of U, is given (see Remark 3.33 below). Then, we define

Z / s)ds ®,, (3.77)

Hence,
N

Z/ s) ds Ly ( ):/OtVn(s)ds.

Moreover, since V,, € H'(0,T), n = 1,--- , N, we conclude that a1, € H'(0,T;U}).
Now, if we write u, = up + @y, Problem 3.24 is equivalent to finding wy, : [0,7] — Ll2 and
&n [0, 7] — Qp, such that

1
/ opup(t) - wp +/ —curlay(t) - curlwy, +/ ewy, - grad &, (t)
Q QM Q

C D
1
= —/ oyt (t) - wy, —/ —curlay,(t) - curlwy, + / curl Hy - w, Vwy, € UY,
O QK Q
t
/ euy,(t) - grad o, = / </ g(s) ds> ©op — / ey (t) - grad ¢, Vo € Qp,
Q, , \Jo Q,

’l_l,h(O) =0 in Q.

The well-posedness of this problem is obtained by following the same arguments used for Prob-
lem 3.6 in Section 3.3.1. The main difference is that now we need a discrete inf-sup condition similar
o (3.50), but taking supremum in U instead of Uj,. However, for the proof of (3.50) it was used a
function wy, = grad @), which actually lies in U%. Altogether, we conclude that Problem 3.24 has
a unique solution.
Next, the arguments in Section 3.3.1 can be readily adapted to obtain the error estimate. With

this aim, we need the following result.
Lemma 3.25 If w € H (curl; Q) NU then zn(I,lew) =Ly(w),n=1,...,N.

Proof. We recall that for w € U there exists a unique W € W such that n xw xn = —grad_. W on
oY and L,(w) = W|p£ - W|pJn, n=1,...,N (cf. (3.23)). On the other hand, for w € H"(curl; )
we have that w|gg € H'~/2(9Q)3 and, hence, W € H"t1/2(9Q). Thus, w and W are smooth

enough to write
x INw xn = Z,/fw(n Xw X n)= —IhNQD(gradT W) = —grad, (ZFW) on dQ,

where Z}/L\/ 2P and Z}f denote the two-dimensional Nédélec and Lagrange interpolant operators, re-

spectively. Then,
Lo(ZNw) = / Nw-t= —/ grad (ZfW) -t = TEWlrn — TiWen = Wien = Wien = Ly(w).

Thus we conclude the proof. |

Now we are in a position to prove the following error estimate.



3.4 Eddy current problem with voltage drops as boundary data 63

Theorem 3.26 Let u be the solution to Problem 3.21 and wp that to Problem 3.24. If u €
HY(0,T; H" (curl; Q)) with r € (%,1], then there exists a constant C > 0, independent of h, such
that

T
sup [[a(t) — un(t) Fagqyp + sup || eurlu(t) — curluy (1) 22 oy + / 104 (u(t) — wn (1)), o
0<t<T 0<t<T 0

T
< C h*" { sSup Hu(t)le-P"(curl;Q) +/ Hatu(t)HIQ-IT(curl;Q) dt}
0<t<T 0

2 2
< CP |l 0,717 (curt))-

Proof. As a first step, we need to prove the analogue to Lemma 3.12 for u and u;, being solution to
Problem 3.21 and 3.24, respectively. The only difference in this proof is that, now, the test functions
wy, in (3.62) lie in UY instead of Uy,. Therefore, we need to ensure that &, (t) := I,/l\/(u(t))—uh(t) and
8,01,(t) belong to UY: namely, Ly, (85 (t)) = Ln(0:84(t)) = 0. The former follows from Lemma 3.25
and the fact that Ly (w(t)) = Ly (up(t)) (cf. the first equations in Problem 3.21 and 3.24). For the
latter we use the same arguments and the assumption w € H(0, T; H" (curl; Q)). The rest of the
proof follows identically as that of Theorem 3.13. |

Finally, we introduce the fully discrete approximation of Problem 3.21 defined as follows:

Problem 3.27 Given V,, € HY(0,T), n =1,...,N, and Hy satisfying (5.13), find u* € Uy, and
§reQp,m=1,...,M, such that

tm
Ln(uh(tm)):/ Vi(s)ds, n—=1,... N,
0

At

C D

tm
[ eurt - gradion = [ ( / g<s>ds) on Ve € On,
Q I 0

D D
u) =0 inQ.

u™ — ! 1
/O’M -wy, —|—/ —curlu}’ - curlwy, +/ cwy, - grad &' = / curl Hy - w;, Ywy € U?L,
Q QM 9) 9)

This problem has a unique solution. In fact, taking )" := 1, ("), with 4, as in (3.77), and writing
up' = uy' + a3, the m-th step of Problem 3.27 is equivalent to find u}' € U% and &' € 9y, such
that

1

/ oup' - wp + At/ —curlay' - curlwy, + At/ cwy, - grad &

Q¢ QM Qp
1

= / a'uhmfl swp + At/ curl Hy - wy, — / o(ap — 'ahmfl) Swp, — At/ —curla)' - curl wy,

Qg Q o QM 0

V’LUh S Uh,

tm
At/ eup' - grad p, = At/ </ g(s) ds) wn + At/ eup' - grad g, Yeop, € Q.
Q r, \Jo

D D QD
The well-posedness of this problem follows identically as that of Problem 3.16. The same happens
with the error estimates analogous to those in Theorem 3.18. Therefore, we conclude the following

result.
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Theorem 3.28 Let u be the solution to Problem 3.21 and ufl, k=1,...,M, that to Problem 3.27.
Ifu € HY(0, T; H" (curl; Q)) forr € (3,1] and ulo, € H2(0,T;L%(Q.)?), then there exists a constant
C > 0, independent of h and At, such that

k k—1|2
u, —u
8tu(tk‘)_ g At b

1<k<M

M
|2 ey |12
max [|u(ty) — UhHL2(QC)3+1g}%>§WH curl(u(ty) — Uh)\|L2(Q)3+Atl;

LQ(QC)S
2 T 2 2 2 2 T 2

<C S @02 [ uu®laqq g dt+ 02 sup (Ol cunton + 1 [ 10O cur
0 0<t<T 0

<C {(At)QHUH%{Q(O,T;LQ(QC)?’) + hQTHU’H%{l(O,T;HT(curl;Q))}'

Remark 3.29 Asin the case of Problem 3.16, we approximate the electric field E and the magnetic

k_ k=1
field H at each time ty, k = 1,..., M, by means of Efl = Lh Azh and Hfl = %curlui — Hy,

respectively. Then, Theorem 3.28 yields the following error estimates:

2
<C {(At)2||UHI2{2(0,T;L2(QC)3) + h2r||u\|12{1(o,T;Hr(cur1;Q))} ;

M
At HE ) — E’“‘
; (tx) — Ej 120

 max [[H (t) — H})|f20p < C {(At)QHu||12—12(0,T;L2(QC)3) + h2r||u||12-11(0,T;HT(curl;Q))} :

Remark 3.30 The same observation made in Remark 3.15 holds in this case.

Let us remark that the constraints Ly, (ws(tm)) = gm Vo(s)ds, n =1,...,N, can be imposed by

means of a Lagrange multiplier. In such a case, we are led to the following problem:

Problem 3.31 Given V,, € H'(0,T), n = 1,...,N, and Hy satisfying (3.13), find uj’ € Uy,
& e Qp and I = (I, ..., 1) eRN, m=1,...,M, such that

ult — ! 1 SN
/Q ahTh cwy, + / ; curlu}’ - curlwy, + /Q ewy, - grad &' + ZH?Ln(wh)

C Q D n=1

:/curlHO-wh Ywy, € Uy,
Q

/ euy' - grad ¢p, = /
Q I

D D

tm
</O q(s) d8> © Yo € Qp,
N

N t
ZLn(uZL)Jn:Z/ Vi(s)dsJ, ¥YI=(J1,...,Jn) € RY,
n=1

n=1 0

u) =0 in Q.
The following lemma shows that this and Problem 3.27 are actually equivalent:

Lemma 3.32 Given V,, € H'(0,T), n = 1,...,N, and Hy satisfying (3.13), (uy*,&N), m =
1,..., M, is the solution to Problem 3.24 if and only if there exist ™ € RN such that (upr, &, 1),
m=1,..., M, is the unique solution to Problem 3.31.
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Proof. The result is a consequence of the existence and uniqueness of the solution to Problem 3.27

and the fact that the bilinear form ¢ : Uy x RN — R defined by c(wp,,J) := S0 L(wp) In
satisfies a discrete inf-sup condition, see [18, Lemma 3.3]. |

The Lagrange multipliers I have a physical meaning. In fact, the equations of Problem 3.31
are exactly the same as those of Problem 3.16, with I instead of I,,(¢,,) — I,(0). Therefore by
solving Problem 3.31, we can compute the input currents on each conductor Qf by means of
I,(ty,) = I,(0) + I (provided I,,(0) is known).

3.5 Numerical experiments

In this section we present some numerical results obtained with a MATLAB code implementing
the numerical method described above. First, we give some details about the computer implemen-
tation. Then, we present a test with a known analytical solution which we use to validate the
computer code and to check the error estimates proved above. Finally, we apply the method to a

problem in a more realistic geometry.

3.5.1 Implementation issues

We have implemented in our codes matrix forms of Problem 3.6 and 3.31. In both cases we need

a basis of Uy. We have used the following one taken from [18, Section 3]
{<I>e te€ Sh} U {gradgpv TvE VZD} U {gradapi tn= 1,...,N} U {gradapg tn= 1,...,N},
where

° éh is the set of inner edges of the mesh 7} (i.e., edges e ¢_ 0Q) and, for each e € éh,
&, € N, (Q) is the Nedélée basis function associated to e;

r, . . . .
e V,” is the set of vertices of the mesh 7}, lying on the open surface I and, for all vertices
v e Q, ¢, € Ln(Q) is the piecewise linear function associated to v;

e o) is the piecewise linear function such that ) = 1 for all vertices of the mesh 7j, lying on

the closed surface f}" and ¢; = 0 otherwise;

e P is the piecewise linear function such that ¥ = 1 for all vertices of the mesh 7, lying on
the closed surface f’g and ¢F = 0 otherwise.

In spite of the fact that Ly, is defined by means of an integral on a particular curve C,, (cf. (3.46)),
in practice, there is no need to construct such curves. In fact, to impose the constraint L, (un(t;)) =

gk V,,(s) ds, it is enough to evaluate L,, for the basis functions of U, by means of (3.46). Thus, we

obtain
0, if wy, = ®,,
I
~ 0, if wy, = grad ¢, for v € V,°,
Ln(wh) = . h g 803} h
Omn, if wy, = grad gy,

—6mn, if wy, = grad gpg.
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On the other hand, a basis of Qp, is given by

{gpv : UGVZD}U{QOU v e FU{gr t k=2,...,M},

where ¢, are as defined above and j is the piecewise linear function such that ¢, = 1 for all
vertices of the mesh 7y, lying on the closed surface f’lk, k=2,...,M, and vanishing at all the other

vertices.

Remark 3.33 Let us recall that to prove that Problem 3.2/ is well-posed, we have used functions
P, satisfying En(‘I’m) = 0mn, myn =1,...,N. An example of one such ®,, is defined by ®,, :=

grad @], where ¢} is as above.

3.5.2 A test with known analytical solution

To test our codes, we applied the proposed method to the same problem solved in [17] in
harmonic regime. This is the reason why we only give here a brief description and refer the reader to

the quoted paper for further details. Figure 3.2 shows a sketch of the domain where the conducting

Conductor (QQ¢) Dielectric (€2 p) @1}

El

Figure 3.2: Sketch of the domain in the analytical example.

part Q. and the whole domain ) are coaxial cylinders of respective radius R, = 0.25m and
R, = 0.5m and height A = 0.5m. First, we solve the problem with input intensity as boundary
data. An alternating current of intensity I(¢t) = Ipcos(wt) enters the conductor through FJl and
crosses (), in the axial direction; Iy denotes the amplitude of the intensity and w the angular
frequency. Under these assumptions, by using a cylindrical coordinate system, it is easy to obtain
an analytical solution of the eddy current problem in Q by writing all the fields in the form
F(t,x) = Re(e“! F(x)).

To solve Problem 3.16 we also need the data g € L2(0,7;1L2(I,)). However, as stated above, the
most relevant physical quantities H and E ]QC are independent of the chosen g. Because of this, we
have solved Problem 3.16 by means of the easiest choice: g = 0.

The numerical method has been used on several successively refined meshes and the time-step

has been conveniently reduced to analyze the convergence with respect to both, the mesh-size
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and the time-step simultaneously. We have compared the obtained numerical solutions with the
analytical one.

In order to show the linear convergence with respect to the mesh-size and the time-step, we have
computed the relative errors of the different fields corresponding to %, %, n=1,...,7. Figure 3.3
shows log-log plots of the relative error for the physical variables of interest, the magnetic field and
the electric field in the conductor domain, in the discrete norms considered in Remark 3.19 versus
the number of degrees of freedom (d.o.f.).

Secondly we consider voltage drops as boundary data for the same problem. In this case it is easy

to show that the corresponding voltage drop is given by V(t) = Re(e“*V) (see [7, Section 8.1.5]),
where

_ YAy To(yRc) +iwuﬂ10g (@) ’
2noRc Z1(vR¢) 27 Re
with v = /iwpo and Zy, Z; the Bessel’s function of order 0 and 1, respectively.

We have compared the obtained numerical solutions with the analytical one. As in the previous
case, we have chosen g = 0. Figure 3.4 shows log-log plots of the relative errors for the magnetic
field and for the electric field in € in the discrete norms considered in Remark 3.29 versus the
number of degrees of freedom.

In both tests, with intensities or voltage drops as boundary data, the error curves show a very
good agreement with the theoretically predicted order of convergence. In fact, the relative error
of H behaves always very close to O(h 4+ At). The order of convergence of E is initially worse
(although the relative errors are smaller than those of H) but finally it is also almost O(h + At).
Moreover, these results are actually independent of the choice of g. In fact, we have also solved

Problems 3.6 and 3.24 with two other choices of g: a random one and the exact value of eE|r,
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Figure 3.5: Imposed current intensity (A) vs. time (s).

(which was obtained by analytical computations similar to those in [7, Section 8.1.5]). In all cases
the computed values of H ﬁ and E¥, the latter only in (1, coincide up to rounding errors.

Additionally, when the exact value of g = eE]pD was used, we have tested whether the computed
k_, k-1

values ——2— approximate the exact electric fields E, in §2,,. In this case, although the theoretical
results only guarantees such a convergence in €2, we checked an O(h + At) convergence, t0o.

3.5.3 A problem in a more complex geometry

In this section we have computed the eddy currents induced by a coil in a metallic plate. The
coil and the plate are shown in Figure 3.6, which also shows a typical mesh of the conducting

domain. Such configuration is usually found, for instance, in problems related to non destructive
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Figure 3.7: Modulus of the current density in coil and plate at time 0.00018 s (different scales).

testing or electromagnetic forming (see, e.g., [56]).
Domain 2 has been chosen as a sufficiently large box surrounding the conductor. Notice that

in order to introduce a scalar potential in the dielectric domain to use the formulation proposed
[14] (cf. Chapter 2, this thesis), we would need to build a cutting surface in this domain, what

would not be easy in this case.
The current intensity which enters the coil is shown in Figure 3.5. Here, we have used g = 0 on

[0,T] x I, too.

In this test, the eddy currents induced in the plate are in the range 2.7x10* — 1.8x10% A/m?.
They are significantly smaller than those in the coil (range 2.9x10% — 8.1x10% A/m?). This is the
reason why we show coil and plate on separate figures. Figure 3.7 shows the modulus of the current
density in the conducting domain. Figures 3.8 and 3.9 show the current density vector field. All the
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N

Figure 3.9: Distribution of the current density (vector field) in the plate at time 0.00018 s.

reported results correspond to the time at which the input current intensity reaches its maximum

(0.00018 s).



Chapter 4

Numerical solution of a transient 3D
eddy current model with moving
conductors

Introduction

In this chapter we propose a finite element method to solve a time-dependent eddy current
model in a three-dimensional bounded domain which contains moving conductors. As we have
detailed in the introduction of this thesis, this model arises in different physical applications and,
in particular, our work is motivated by the electromagnetic forming process (EMF) [30]. Thus, we
will focus on solving the transient eddy current model in the case where the conducting part is a
workpiece which moves along the time, while a coil which provides the current source is placed in
a fixed position.

As a first step in the modeling of the EMF, we will assume that the velocity of the workpiece
is known and our objective will consist in computing the electromagnetic fields in the workpiece
along the time.

The motion of the workpiece introduces serious difficulties in the mathematical analysis of
the eddy current model, mainly due to the different nature of the equations in dielectric and
conducting parts. In fact, we have not obtained until now a result which guarantees thoroughly the
well-posedness of the continuous problem. We emphasize that in the literature we can find only few
papers which deal with the analysis of the eddy current model by considering moving conductors
in either a two-dimensional or a three-dimensional framework.

In particular, in [24, 27], the authors analyze a two-dimensional transient eddy current problem
which arises in the modeling of electrical engines by considering the motion of the rotor. The three-
dimensional case is studied in [26], where a time-primitive of the electric field is used as the main
unknown, leading to a degenerate parabolic problem. We notice that while the electromagnetic
model used in these papers takes into account the motion of the rotor, the geometry occupied by

the moving part is always the same which does not happen in our case. Moreover, the fact that the

71
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motion is a rotation is essential in the theoretical proofs of existence and uniqueness of solution in
these problems

On the other hand, an axisymmetric eddy current model with workpiece motion has been
recently studied in [16], also in the framework of EMF. The main unknown in this case is the
magnetic vector potential and the resulting problem is also parabolic and degenerate; the authors
prove the well-posedness of the problem by means of a regularization argument.

The extension of the two previous formulations to our problem does not seem to lead to con-
venient numerical methods. Regarding the first one, for using a time primitive of the electric field,
we would need a Lagrange multiplier defined in the dielectric domain (see, [2, 12]). Regarding the
second one, in three-dimensional problems, the use of a vector potential as in [16] requires an addi-
tional scalar potential defined in the conducting domain [3, 20]. Since neither the dielectric nor the
conducting domain are fixed in time, the discretization of these formulations would need of moving
meshes or a fictitious domain approach (see for instance [39]).

Instead, we have chosen a formulation in terms of the magnetic field. This leads to a parabolic
problem for which, following ideas from [59], we obtained an existence result for its weak formula-
tion; however, the uniqueness is still an open question.

Next, we introduce a numerical method to solve this parabolic problem. It is based on Nédélec
finite element for the space discretization and a backward Euler scheme for time discretization; the
curl-free constraint in the dielectric domain is imposed by means of a penalty strategy (see, for
instance [38, Section 1.4.3]). This approach applied to the eddy current model corresponds in some
sense to replace the dielectric domain by a very poor conductor ([37]). Let us emphasize that, in
spite of the fact that the dielectric domain change along time, the proposed numerical method does
not need of moving meshes; namely, the mesh remains the same at all time steps.

In the case of fixed domains we have proved convergence of the penalized continuous problem
as the penalization parameter goes to zero. We also proved this result for the discrete problem
uniformly in the discretization parameters. Moreover, we obtain error estimates for the convergence
of the discrete penalized problem with respect to the penalization and the discretization parameters.
We also report some numerical test which allows us to assess the performance of this approach.

We do not have a convergence analysis for the numerical method applied to a problem with
a moving workpiece. However, we report very promissory numerical results obtained in some test
problems. This includes an EMF problem on a cylindrical geometry, which allows us to compare
our results with those obtained with the axisymmetric code from [16].

The outline of the chapter is as follows: in Section 4.1 we introduce the transient eddy current
model and state the geometrical framework for the analysis. In Section 4.2 we apply the abstract
results from [59] to prove an existence result. In Section 4.3 we introduce a penalty method to
approximate the H-formulation of the eddy current model in the case of fixed conducting parts. We
prove convergence results for the continuous penalty method and propose a fully discrete scheme to
approximate the corresponding problem. Convergence results are also provided in this discrete case.
Moreover, we report in this section the results of a numerical test which confirms the convergence
of the penalized approach. In Section 4.4 we describe the penalty technique to approximate the

H -formulation with moving conductors. We detail some implementation issues to consider a fixed
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mesh along the time and we report the results of a couple of tests. The numerical results predict

that we may expect a similar order of convergence as that proved for fixed domains.

4.1 Statement of the problem

Let us consider a workpiece whose position is changing along the time and a coil which carries a
given transient current density J. Let 2 be a simply connected bounded three-dimensional domain
with a Lipschitz continuous connected boundary which contains the coil, the workpiece and the air
around. We assume that J, is supported in QS where QS C ). We are interested in computing the
induced currents in the workpiece along the time. For each time ¢, we denote by Q’é the domain
of the workpiece at time ¢ and we assume that Q’é N Qg = (. We assume that Q’é is connected and
simply connected with connected boundary. We denote Q’; =0\ (qu Q) the domain occupied by
air and Q! _:= Q\ Q. We notice that Qg C QF , so that JS’QtC = 0 for all time ¢ (see Figure 4.1).

NC?

Figure 4.1: Sketch of the domain.
The problem to be solved is

O(uH)+curlE=0 in [0,7T] x , (4.1)
curlH =J=0E+J; in[0,7] x Q, (4.2)

where E(t,x) is the electric field, H(¢,x) the magnetic field, J(¢,x) the current density, p the
magnetic permeability and o the electric conductivity. Here and thereafter, we use boldface letters
to denote vector fields and variables as well as vector-valued operators.

We assume that J, € H! (0, T; Hy (div®; ©)). Since J, is supported in Q, this implies that JS|QS €
H' (0, T; Ho(div’; ©2)), too. On the other hand, we consider that there exist constants i, i, & and
o such that

(t,x)<p@m, aexec, aetel0,T]

=
IN

0< jz
0< o

S|
IN

(t,xz) <7, aecxzeQ and o=0inQ , ac tel0,T]

Moreover, we denote by g the constant magnetic permeability of vacuum.
We add the initial condition
H(0,z) = Ho(x) in ,
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where H € H(curl; Q) satisfies curl Hy = J,(0) in Q0 .
The model (4.1)—(4.2) is completed in the next section with suitable boundary conditions.
In particular, we will work with boundary conditions which guarantee the well-posedness of the

problem in the case of fixed conductors.

4.2 H-formulation

Our goal is to give a variational formulation, based on the magnetic field, of the transient eddy
current model (4.1)—(4.2) with appropriate boundary conditions and in the presence of moving
conductors.

The transient eddy current model (4.1)—(4.2) defined in the whole space R? with fixed conductors
has been studied in [49] by using the magnetic field as the main unknown. The results of this
reference can be easily adapted to bounded domains by using as boundary condition H xnn = 0 on
0N (see Subsection 4.3.1). These are the conditions that we are going to consider in our problem

with moving conductors, too; namely,

O(pH) 4+ curl E=0 in [0,7] x Q,
curlH =cE+ J, in[0,T] x Q,
Hxn=0 onl0,T]x 0.

Since J, € HY(0, T; Ho(div’; ©)), there exists H cH! (0,T;Hp(curl; ©)) such that curlﬁ(t) =
Jy(t) in Q, t € [0,T] and there exists C' > 0 such that ||ﬁ||H1(O,T;H(Cur1;Q)) < CHJSHHl(O,T;Ho(divO;QS))
([38, Theorem 1.3.6]). Notice that, in particular, ﬁ(()) satisfies curlﬁ(()) = J,(0) in QY .

Now, if we write H = H + H, we are led to the equations

Oy(uH) + curl E = —9,(uH) in [0,T] x €, (4.3)
curlH =cE in [0,7T] x , (4.4)
Hxn=0 onl0,T]x 0, (4.5)

with initial condition H(0) := Ho — H(0).
For each t € [0, 77, let

Y= {G € Ho(curl; Q) : curlG =0 in Q;C}
and let
L?(0,T;Y") := {G € L*(0,T;Hy(curl;Q2)) : G(t) € Y'}.

The latter is a closed subspace of L2(0, T; Ho(curl; ©2)) and hence a Hilbert space (cf. [59]).
Notice that because of (4.4), H € L? (O,T; yt). By testing (4.3) with a G € L? (O,T; yt), we
have that

/at(uﬁ)-G—k E-curlG:—/Bt(uﬁ)-G a.e. t € [0,T].
Q Q

t
QC
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Next, using (4.4) we have that

— 1 — —~
/@(uH)-G—k/ —curlH-curle—/@t(,uH)-G a.e. t €[0,7T]. (4.6)
Q Q Q

tCO'
Let f € L%(0,T; Hy(curl; Q)’) be defined by
(F0.G) =~ [ 2H)-G VG < Hyleurl: ),
Q

where (-,-) denotes the duality pairing between Hy(curl; 2) and Hy(curl; Q2)".
Let a(t;-,-) be the continuous bilinear form defined in Hy(curl; ) x Hy(curl; Q) by

a(t;é, G) = / L curl G - curl G
ar, o(t)

and c(t,-,-) be the continuous bilinear form defined in L?(Q)3 x L2(Q)3 by

(t:G,G) = /Qu(t) G-G.

In case that p(t,x) = po in the whole domain €2, integrating by parts in time the first term in
(4.6) lead us to the following problem:

Problem 4.1 Find H € 1.2 (O,T; yt) such that

T T T —
| et H®O. GOt~ [ ol He).060)d = [ (10, GO)de + c(0: H0), GO)
0 0 0
for all G € L2 (0, T;Y") NnH (0, T;L*(Q)*) with G(T) = 0.
Theorem 4.2 If u(t,x) = o, t € [0,T], © € Q, then Problem 4.1 has a solution.

Proof. The result is an immediate application of Theorem 1 from [59]. In what follows we check
the hypothesis of this theorem:

1. Y' C Hy(curl; Q) C L2(Q)3.

2. {c(t;-,-) : t € [0,T]} is a regular family on L2(Q)3; namely, for all G, G € L2(Q)?, the
function t — c(t; G, Q) is absolutely continuous in [0, 7] and there exists M € L'(0,T) such
that for all G, G € H(curl;2) we have

(G, )| < M1)|Glneurte) | Gllieurtoy,  ae. t € [0,T].
Both properties clearly hold in our case under the assumption u(t,x) = puo.
3. ¢(0;G,G) >0 VG € L2(Q)3.
4. YA € R, XA > 0 there exists a > 0, such that
Ae(t;G,G) 4+ (G, G) +a(t; G, G) > o||Gllueurn) VG € Vi, ae te€0,7],

which clearly holds in our case.
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Thus, we conclude the proof. |

However, we cannot apply Theorem 2 from [59] to conclude that Problem 4.1 has a unique
solution, because two of its hypothesis are not fulfilled. On one side, {a(t;-,-) : t € [0,T]} should
be a regular family on Y*. For this property to hold, apparently we would need a Reynold’s transport
formula for |curl G|? with G € Y' C Hy(curl;§2). Recently, a version of the Reynold’s transport
formula for functions with reduced smoothness was proved in [15]. However, it seems mandatory
that the integrand (in our case | curl G|?) be in W', which is not our case. On the other hand,
another hypothesis of Theorem 2 from [59] is that the family of spaces Y* has to be decreasing in
the sense that

t>s, t,s€[0,T] = Y' C Y°.

This would hold in our case only if the workpiece shrinked without other motion, which would
be a rather particular case. Thus, the uniqueness of the solution to Problem 4.1 remains an open
question.

In the following sections, we will focus on the numerical solution of the problem and we will

propose a penalty approach. With this aim, we first analyze this technique in fixed domains.

4.3 A penalized H-formulation in fixed domains

In this section we will introduce a penalty method to approximate the H-formulation of the
eddy current model in the case of fixed conducting parts. The main goal is to show that the
approximation by penalty works in this case to exploit the idea of its easy implementation in the
case of moving conductors. Thus, we proceed as follows; first, we describe the penalty method and
the convergence results for the continuous problem; next, we prove convergence results for the fully

discrete problem and finally, we illustrate the convergence by reporting some numerical results.

4.3.1 Continuous penalty formulation

In this section we suppose that the conducting workpiece occupies a fixed position which is
denoted by €. The complementary set of Q. in € is denoted by €, that is, Q.= Q\ Q.. We
also assume that u, o and € are time-independent. Let us introduce the following space

Y = {G € Hy(curl;Q) : curlG=01in Q. }.
Thus, the problem to be solved is
Problem 4.3 Find H € L?(0,T; Ho(curl; Q)) N HY(0, T; L2(Q)?) such that

curl H = J, in Q.
1

/u@tH-G—i—/ —curl H -curlG =0 VG e,

Q

g
QC

H(0) = Hy.
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Theorem 4.4 Let J, € H'(0,T;Ho(div’; Q) and Hy € Hy(curl; Q) satisfying curl Hy = J,(0)
in Qyo. Then, Problem 4.3 has a unique solution. Furthermore, H € L>(0,T;Ho(curl;Q2)) and
there exist C > 0 independent Hy and Jg such that

I H 1 o 0,710 (curtssr)) + 10:H 20 1203y < C{HHOHi%Q)?’ + HJS”%—I1(07T;HO(diVO;QS))} - (47

Proof. The proof follows lines similar to those developed in [14], Section 3.2 (or Section 2.3, this the-
sis). Let Hy be the closure of Y in L*(Q2)? characterized by Hy :={G € L*(Q)® : curl G = 0 in O}
(see [14, Lemma 3.2] or Lemma 2.2, this thesis). Since J, € H(0,T;Ho(div’;€y)) there exists
H c H! (0,75 Hp(curl; 2)) such that curl H = J in Q and there exists C' > 0 independent of Jg
such that

I ([ (0,75110 (curti)) < Cll sl 0,711 (aiv0:029)) - (4.8)

We consider the following problem: find H € L2(0,7;Y) N H(0, T; Hy) such that

N 1 N /\
/p@tH-G+/ —curlH-curlG:—/,u(?tH-G VG ey,
Q Q

o
Q¢

H(0) = H, — H(0).

As a consequence of [32, Theorem 5, Chapter 7| this problem has a unique solution H that satisfies
H € L*°(0,7;Y) and there exists C' > 0 independent of H( and Jg such that

I [Eee 07:30) + 1020 7005 < € {HHOHiQ(QP + HJsHI%Il(o,T;Ho(div“;ﬂg)} '

Now, if we write H := H + H then H € H'(0,7;L2(Q)3), because OH € L2(0,T; Hy) C
L2(0,T;L2(Q)?) and H e HY(0,T;Ho(curl; ). Thus, H is a solution to Problem 4.3. Moreover
H € L>(0,7;Hp(curl;2)) and as a consequence of the previous inequality and (4.8) we obtain
the estimate of the theorem. The uniqueness of the solution is an immediate consequence of this
estimate. |

The constraint curl H = J in {1 can be imposed in a weak form as in the following problem.

Problem 4.5 Find H € 1.2(0, T; Hy(curl; Q))NH (0, T;13(Q)%) and K € L2(0, T; Hpq (div®; Q)
such that

1
/u@tH-G+/ —curlH-curlG+/ curlG- K =0 VG € Hy(curl; Q),
Q Q.9 Qe
/ curl H - F :/ J,-F VF € Haq(div’; Q)
QNC QNC
H(0) = Hy.

Next, we prove that Problem 4.5 is actually equivalent to Problem 4.3.

Lemma 4.6 Given J, € HY(0,T; Ho(div’; Q) and Hy € Hy(curl; Q) satisfying curl Hy = J,(0)
in Qe let H be the solution of Problem 4.3. Then there exists K € L2(0, T} HaQ(diVO; Qo)) such
that (H, K) is the unique solution of Problem 4.5. Moreover, there exists C' > 0 independent of
Hg and Jg, such that

2 2 2
HKHLQ(QT;HaQ(diVO;QNC)) <C { ||H0||L2(Q)3 + HJSHHl(O,T;H()(diVO;QS))} . (4'9)
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Proof. Let H be the solution of Problem 4.3. Then we define h : [0, 7] — Hp(curl; Q)" by
1
(h(t),G) :== —/u@tH -G —/ —curl H - curl G
Q Q.9

and we have that h € L2(0, T; Hp(curl; Q)") and
(h(t),G) =0 VG € Hy(curl; Q). (4.10)

On the other hand, it is easy to show that the bilinear form b : Hy(curl; Q) x Hyo (div®; Q) — R

defined by b(G, F) = / curl G - F satisfies the following inf-sup condition (see, for instance [5,

NC

Lemma 5.3])

F
v NEF)

——— " > B||F|li2q 3 VF € Hopo(div?; Q).
GeHp(curl;2) HGHH(Curl;Q) H HL (o) ( NC)

Consequently, for each t € [0,T], because of (4.10) there exists a unique K(t) € Haq(div?; Q)
such that b(G, K(t)) = (h(t),G) VG € Hp(curl; Q) (see [38, Lemma 1.4.1]). Hence, (H,K) is a
solution of Problem 4.5. There only remains to prove that this problem has at most one solution.
With this aim consider (H, K) a solution of Problem 4.5 with data J,=0 and Hy = 0. For each
t € [0,T] we take G := H(t) and F := K (t), subtracting the resulting equations we obtain

/,u@,jf(t)-ff(t)—i—/ l\culrlIu{(t)\Q:O.
Q Q.0

C

1 v v N 1 o 9
Since / ~|lcurl H(t)|* >0, / wo H (t) - H(t) = 5%||H(t>”ig(g)3 and H(0) = 0, it follows that
0,0 Q

C

H(t) = 0. Finally, the inf-sup condition for b guarantees that K (t) = 0 and the estimate (4.9). W

Our next step is to introduce a penalization to impose the constraint
curl H(t) = J(t) in Q.. ae. te[0,T]

as follows:
curl H(t) — J(t) =¢E(t) in Q. ae.te][0,T],

where ¢ is a positive parameter which will tend to 0. Therefore, for 0 < ¢ < 1, we introduce the

following penalized problem to approximate Problem 4.3.

Problem 4.7 Find H. € L%(0,T;Hy(curl; Q)) N H'(0,7;L%(Q)3) such that

1

1
/u@tﬂs-G+/ —curl H, - curl G +
Q 0.0 e

C

1
/ curlHe-curlG:—/ Jg-curlG
Q Q

€
NC NC

VG € Hy(curl; ),
H.(0) = Hy.
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By applying Corollary A.2 from [14] (cf. Appendix—Chapter 2, this thesis), we conclude that
Problem 4.7 has a unique solution that satisfies H. € L*>°(0,T;Hp(curl;2)) and there exists a
constant C' > 0, independent of €, J; and H such that

| H ([ (0,710 (curt:)) + 10 H eI E2 0 71203y < C{||H0||i2(g)3 + ||JS||12—11(O,T;Ho(divO;QS))} '

To prove that H. — H when ¢ — 0 we also introduce the equivalent mixed variational formu-
lation of Problem 4.7.

Problem 4.8 Find H. € 12(0,T;Ho(curl; Q))NH (0, T; L2(2)?) and K. € L2(0,T; Hopq (div®; Q)
such that

1
/u@tHg-G—k/ —curlHE-curlG—i—/ curlG- K. =0 VG € Hy(curl; Q),
Q Q.9 Qe
/ curlHe-F—s/ K€-F:/ J,-F VF € Hapq(div?; Q,),
QNC QNC QNC
H_(0) = Hy.

Theorem 4.9 Given J, € H'(0,T;Ho(div®; Q) and Hy € Hy(curl; Q) satisfying curl Hy = J,(0)
in Q. and 0 < e < 1. Problem 4.8 has a unique solution and there exists C' > 0 independent of ¢,
Hg and Jg, such that

HHEH%OO(O,T;HO(curI;Q)) + HatHEHiQ(O,T;LQ(Q)S)
2 2 2
+ HKEHL?(O,T;HQQ(divO;QNC)) <C {||H0||L2(Q)3 + HJSHHl(O,T;Ho(divo;QS))} - (411)

Moreover, the following error estimate holds for e < eg small enough

sup [|H(t) — H:(t)|[12(q) + || curl H — curl H |1 207,12 (0)3)
0<t<T

+ \/EHK - KEHLQ(O,T;H(f;Q(diVO;QNC)) < \/EC {HH0HL2(Q)3 + HJSHH1(O,T;Ho(divo;ﬂs))} : (412)

Proof. The proof follows the lines of that of Theorem 1.4.3 from [38]. First, we show that Prob-
lem 4.8 has a solution; namely, for 0 < ¢ < 1 let H. be a solution to Problem 4.7. By taking
K, = %(curl H, — JS), (H., K.) is solution to Problem 4.8. Now, by taking G := H.(t) and
F := K_.(t) in Problem 4.8 we obtain the estimate (4.11) which also leads to the uniqueness of the
solution. Secondly, we prove the error estimate (4.12). To attain this goal, we subtract Problem 4.8
and Problem 4.5 to obtain

1
/u@t(Hg—H)-G—i—/ —curl(Ha—H)-curlG—i—/ curlG- (K. - K)=0
Q Q.7 Qe

VG € Hy(curl; 2), (4.13)

/ curl(H. — H)- F — 8/ K. - F=0 VF € Hoo(div’; Q,.), (4.14)
QNC QNC

H_(0) — H(0) = 0. (4.15)
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As a consequence of the inf-sup condition proved above for b, we have
b(G, K. (1) — K(t))
HGHH(curl;Q)

sup

BIIK:(t) — K(t)||12 3 <
1K :(t) = K ()20 cen® o

< O {IOUHL(0) ~ H0)|Za s + | eanl(H(t) ~ HO) P}

thus
(4.16)

2
1K = Klli2 0, Hao(diviQ2y)) = C{HH‘)HP 1 HH1(0 T5Ho (div;02 ))}
On the other hand, by taking G := H.(t) — H(t) and F := K.(t) — K(t) in (4.13) and (4.14),
and subtracting the resulting expression we obtain

;jt plHL(t) - (t)|2+/gcé|curl(H€(t)_H(t))|2+€/QNf{€(t)‘(Ke(t)_K(t)):0.

K(t)- (K.(t)-K(t)) and since e [ |K.(t)—K(t)]* >0

NC

By adding and subtracting the quantity
QNC

for all € we have

1d 1
L[ L) - HR + / = curl(H.(t) - H())]?
Q Q.9
C
g
< 5 <HK(t)H%‘2(QNC)3 + HKE(t) - K(t)“iQ(QNC)?’) :

By taking F' := curl(H.(t) — H(t)) — eK.(t) in (4.14) we obtain that curl(H.(t) — H(t))
eK.(t) in Q. and hence | curl(H.(t) — H(t))HiQ(QNc)?’ = 52”K5(t)\\iQ(QNC)3. Furthermore, we

know that there exists o« > 0 such that
1
/ L) curl(HL(t) — H(1)]? + / |curl(H.(t) - H(1)) > af| curl(H.(t) — H(0)[% 0y,
Q

¢ NC
therefore
1d ) 1 2 2
M|H (t)—H@)[" + —|ecurl(H.(t) — H(1))|" + |curl(H.(t) — H(t))|
2dt 00 L
1 d
> 5&&“115(1‘/) - H(t)HIz_,Q(Q)3 + o curl(H(t) — H(t))HiQ(Q)S

and we conclude that

1 d

2Pt H ()20 + al| curl (HL(t) = H(1)) 22 gy

—1H=(t) —
9
<5 (HK(t)H%,Q(QNC)C* +K:() - K(t)Hi2(QNC)3) +ae?| K:(t)lIf2a, -

Integrating in time we obtain

t
H.(t) — H(t)| P20 + 0 / | curl(F(s) — F(5)) 2 s ds

1
Pl

€ 2 2 2 2
= 2 HK’’L2(O,T;Han(divo;QNC)) + K~ KHL2(O,T;Hgm(divo;QNc))) tae HK€”LQ(O,T;HQQ(diVO;QNC))-
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Using (4.9), (4.16), (4.11) and the fact that when ¢ is sufficiently small €2 < &, we conclude that
there exists C' > 0, independent of ¢, J; and Hy, such that

. 2 2 2
S IH(@) — Ho0) o < eC {I1HolE2 (s + 19500 0 roptoaivss §

| curl H — curl H€\|ig(07T;L2(Q)3) < €C{||H0||ig(m3 + HJSH%{l(O,T;HO(diVO;QS))} .

Thus, the last estimate of the theorem follows from these inequalities and (4.16). n

4.3.2 Fully discrete penalty formulation

From now on, we assume that 2, Qg, Q., and Q. are Lipschitz polyhedra and consider regular
tetrahedral meshes 7j, of 2, such that each element K € 7T}, is contained either in {2, or in €2 or in
2\ (Q,U Q) (h stands as usual for the corresponding mesh-size). We employ edge finite elements

to approximate the magnetic field, more precisely, lowest-order Nédélec finite elements:
Nu(Q) :={G), € H(curl;Q) : Gy|x € N(K)VK € T} .
The magnetic field is approximated in each tetrahedron K by a polynomial vector field in the space
N(K):={G,eP}: Gh(z)=axxz+b, a,beR’ zeK}.
We introduce the following discrete spaces
NYUQ) :={G, e NL(Q): Gi xn =0 on 9} C Hy(curl;Q),
Vi ={G, e N}(Q) : curlG, =01in Q. } C V.

We consider a uniform partition of [0, T], t := kAt, k =0,..., M, with time step At := % A
fully discrete approximation based on an backward Euler scheme of Problem 4.5 reads as follows:

Problem 4.10 Find H' € N}(Q) and K} € curl (M)l ), m = 1,..., M, such that

e

Hm_Hm—l 1
/Mh—h-Gh+/ ;curlHZ”-curlGh+/ curlG, - Kj' =0 VGhGNg(Q),
Q Q Q

At
C NC
/ curl HY' - F), = / J(tm) - F, VF}, € curl <N2(9)|QNC) )
One N
H}OL = HOha

where Ho, € NO(Q) is an approzimation of H.

Theorem 4.11 For J, € H'(0,T; Ho(div®; Q)), Problem 4.10 admits a unique solution (Hﬁ7 Kﬁ),

k=1,...,M. Moreover, there exists a constant C' > 0, independent of h and At, such that
oY _ g
h — h

M
max ||H§H12-I(curlgﬂ) + At Z At

1<k<M
k=1

M
+ArY HKﬁ‘
L2(Q)3 k=1

< C{IHonlBieurtey + 193 0 210 o0

2
L2(Qy)?
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Proof. Since the bilinear form b satisfies a discrete inf-sup condition (see [5, Lemma 5.3]), the
theory of discrete mixed problems ensures the existence and uniqueness of the solution for all
k=1,...,M.

To prove that a priori estimate, let us define hy, : [0,7] — curl <N 2(9)\QNC), by

(h,(t), Gp,) == / curl Gy, - J (1), G}, € curl (N%(Q”QNC) ,

QNC
/
then hj, € H! (0, T curl <J\f 2(9)\QNC) ) and as a consequence of the discrete inf-sup condition, for

—~ L0 —~ —~
each ¢t € [0, 7] there exists a unique H(t) € thh(Q), Hy(t) € N9 (Q) such that b(Gy, Hy(t)) =

(h(t), Gy) VG, € N9(Q) and a constant 3 > 0 independent of h such that BHﬁh(t)HH(wrlﬂ) <
[ J5(t) [l (div?:0,)" Therefore,
HHhHHl(o,T;H(curl;Q)) = CHJSHHl(O,T,Ho(divo;QS))' (4.17)

—~k —k —k —
Now, if we write HZ = H, + H, where H; := H(t;), Problem 4.10 is equivalent to finding
—~k
H, € N°(Q) and KF € curl <N2(9)|QNC), k=1,..., M, such that

—k  ~k—
H, -H 1 ~k
/MM-G;%+/ —curth-curlGh+/ curl G, - K¥ =
Q At Q.0 Q

C NC

—k k—1

H, - H 1 T

—/M%'Gh_/ —curlH), -curlG, VG, € N} (), (4.18)
Q Qc 9

C

—~k
/ curlH, - F;, =0 VF) € curl (N%(Q”QNC) , (4.19)
Q

NC

NO —
H, = Hy, — Hj(0). (4.20)

—k
By taking G} := H,, in (4.18), using (4.19), the inequality 2(p — q)p > p? — ¢*> and Young’s

inequality, we obtain

— ~k—1 At ~k
/ :u|fIh|2 - / N|Hh |2 + TH curl HhHiQ(Q )3
Q (e} o C

—~k k-1
< T QMHh’ + C At chrthHLz(Qc)3+ — AL
L2(Q)3
M ||k k12
. . . H, -H,
Summing up from k& = 1 to m (m < M), using the estimate Atz — A <
k=1 L2(Q)3

CHﬁhH%p(O,T;H(curl;Q))7 the bound (4.17) and the discrete Gronwall’s inequality, we obtain

m

—m —~k

| H H12J2(Q)3 + Atz | curl HhH%,Q(QC)C* <C {HHOh”i%Q)?’ + HJSH2H1(0,T7H0(diV0;QS))}' (4.21)
k=1
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On the other hand, by taking Gy, := % in (4.18) and using that

~k k-1
1 —~k H,-H 1 1 —k 1 1 ~k—1
/ —curl H;, - curl h h > / —|curth|2——/ ~|curl H, |?,
0.0 At 2At QC (o2 2At QC (o2

C

—~—k k-1
1 —k H, - H 1 1 —k ~k
/ —curl H;, - curl <M> = —/ —curl H}, - curl H,,
Q Q

o At At o
C C
1 1 —k—1 ~k-1
- — —curlH, -curlH,
At QC (2

~k —~k—1

1 H, -H ~k—1

—/ —curl<%>-curth ,
0.0

C

together with (4.18) and the Young’s inequality, we obtain

At/,u
Q

2

1 ~k|? 1 ~k—1|2

+/ —‘curth‘ —/ —‘curth ‘
Q.9 Q.9

1 —k —~k 1 —k—1 —k—1
g—Q{/ —curth-curth—/ —curlH, -curlH, }
Q Q.9

~k k-1
H, — H),
At

(o2

C C
~k—12
o[ o

+ chrth L2,
C

H(curl;Q2)

Summing up from k£ =1 to m (m < M) leads to

2

m Nk Hk 1
h —m
Z + || curl H), ||i?(90)3
k=1 L2(Q)3
77012 77012 712
< C | lleurl Hy 2 (q ys + [[curl Hy|[f2(q ys + [ curl Hy [f2q s
= H — /ﬁk otk —~k—1
HaL) H : + [l curl Hy 20,
H(curL;Q2)
M || =<k —<k—1p2
. : H), -H, T 112
Using the estimate Atz — < ClH i1 0,11 (cur1,0))> the bound (4.17) and,
k=1 L2(Q)3
m+1
using (4.21) to estimate At Z || curl Hh HLQ o e obtain
k=2
m Hk; Hk_l 2
h— h T2 2 2
At; T o + H curl Hh HLQ(QC)3 < C {HHOhHH(curl;Q) + HJSH[—Il(0,T7H0(diVO;QS))} .
= L2(Q
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Note that, from (4.19), we have that curl /HVZI = 0 in O, therefore we have

NOY
ﬁk Hk*l 2

h — h —~m o ) )

T s + H curl Hh HL2(Q)3 < C {HHOhHH(curl;Q) + HJSHHl(O,T,Ho(diVO;QS))} .

k=1

Adding this inequality to (4.21) we obtain

—k—1112

Hh_Hh

-——m
I ey + A =~

k=1

< C{HHOhHI%I(curl;Q) + ||JS||§—]1 (07T,H0(diVO;QS))} .
L2(Q)3

—~k =k
Finally, since H ]fl = H, + H; and thanks to the boundedness (4.17), we conclude that

k k—1||2
HY - H!

H}
max [} ~

<C { ||H0h||%{(curl;ﬂ) + HJSH?’—II(QT,H()(diVO;QS))} ’
LQ(Q)S

The last step is to estimate the terms involving the Lagrange multipliers K i To do this, note

that as a consequence of the inf-sup condition we have

9 1/2

BIK L2, < sup + | curl HZH%P(QC)S

GLEND(Q) HGhHH(curl;Q) N

(G, KF) H HY — H’“ 1

H(curl;Q)
Therefore
M
k)2 2 2
Atz HKhHL2(QNC)3 <C {HHOhHH(curl;Q) + HJSH[—Il(0,T7H0(diVO;QS))} ’
k=1
which allows us to conclude the proof. |

Now, we are interested in obtaining an error estimate for the fully discrete scheme. With this
aim, we introduce for r € (3,1] the space H"(curl; Q) := {G € H"(Q) : curlG € H"(Q)}. If G €
H' (curl; Q) N Ho(curl; Q), then its Nédélec interpolant ZV G € N(Q) is well defined (see [9]).

From now on, we assume that the solution of Problem 4.3 satisfies H € H'(0,T; H" (curl; Q2)),
which in particular implies that the initial condition Hy € H"(curl;2). Therefore, the Nédélec
interpolant Z;Y H (t) for all t € [0,T] is well defined. Thus, we are allowed to use Hoy, := Z¥ Hy.

Next, let us write the error as follows
k Prk prh k
H(lx) — Hy, = (H(t) — Hy) + (H, — Hy)

where HZ € N9(Q) is such that HZ - Hﬁ € yh,/l\ﬁ =1,...,M. To obtain such HZ, we proceed
as in the proof of [38, Theorem II.1.1]; namely, let b be the bilinear form defined in Ho(curl; 2) x
curl <N2(Q)|QNC> by

E(G, Fy) = / curl G - Fy,.
Q

NC
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!/
Let us consider its associated operator B : Hy(curl; 2) — curl (N?L(Q)|QNC) defined by

~

(B(@),Gh) = b(G,Gr), GjeN(Q).
For t € [0,T), H(t) — IV H(t) € Ho(curl; Q) then B(H (t) — TV H(t)) € curl (N?L(Q)yQNC)'; thus,
as a consequence of inf-sup condition, there exists Z(t) € y:N?L(Q) such that
B(Z(t)) = B(H(t) - I} H(t))

and
BIZ 1 () e (curt:o) < |IB| [ H (t) _Iij\[H(t)HH(curl;Q)v

where ||B|| and 3 > 0 are independent of h. Moreover, if we denote H,(t) := Z,(t) +ZNH(t), then

/Q curl IEIh(t) - Fy, = /Q Jy(t)- F, VYF} € curl <N2(Q)|QNC)

NC NC

" IB|
. B
IH0) = B Olleunr < (1450 ) 1O - T H Ol

By using classical estimates for the Nédélec interpolant (see, for instance, [52, Theorem 5.41]) we
have that |G — I]{L\/GHH(CUI.I;Q) < Ch'|Glar(curtin) G € H'(curl; ©2). Therefore,

HH(t) - IQ{h(t)HH(curl;Q) < C hrHH(t)HHT(curl;Qﬁ (4'22)
|0:(H (t) — Hp(t))ln(curt,0) < Ch"[|0:H () |1 (curl,0)- (4.23)

Next, in order to obtain the error estimate we write

Hk_Hk—l pk pk 1 5k_6k—1
O H (t) — —1 N h - Ath + b Ath —rF (4.24)

where

8 . H(ty) — H(t,—
pi = H(tk) - Hh(tk)a 6% = Hh(tk:) - HZ and ‘Tk = ( k) Al ( k 1) - 8tH(tk)

Lemma 4.12 Let H be the first component of the solution to Problem 4.5 and HY¥, k=1,..., M,
that to Problem 4.10. If H € H'(0,T;H"(curl;Q)) for r € (%,1], then there exists a constant
C > 0, independent of h and At, such that

2

6k 1
max
1<k<M L2y
M M p pk 1|2
2 k
<c || HH(curlQ) o a%XMchrlthiQ(Qc)?’ +AtZHT \\%2(9)3 +Atz Tth
- k=1 k=1 H(curl;Q2)
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Proof. By testing with G}, € Y}, in the first equation to Problem 4.5 and in the first equation to

Problem 4.10, a straightforward computation allows us to show that

o — o) 1
/Q’UhTth -G + /Q ;curl&lﬁ -curl Gy,

C

k—1

1

:/,uTk-Gh—/,uM Gh—/ —curlp]fl-curlGh VG €Y. (4.25)
Q Q At 0.

By taking G}, := 6],2, using the inequality 2(p — ¢)p > p? — ¢ and Young’s inequality, we obtain

sk = [ st 4 S curt g

At

k k—1
< g | ot 0 (lewt phlaa o+ [ ulrP+ [

Pr — Py

Summing up from k =1 to m (m < M) and using the discrete Gronwall’s inequality, we obtain

185 1225 +Afz | eurl &5[72 o)

k k—12

Py — Py,

< (180 sy + 263 4 I s+l cturl g2 oo + 22

k=1

(4.26)

1.2 (Q)S

k—1

k_
On the other hand, by taking G}, := o A‘sth in (4.25), similar arguments and the fact that

1 S — o ! 1 P —p -
/Q;curlph curlT:—/ ;curl(T -curld,

C

r—’h\

1
- curl py - curl 8 — / —curl pf“‘;l - curl 621}
o

QC
lead to
2
o — oyt 1
At/,u “h ™ Th +/ —|cur16 ? / —|curl 8F 71
Q At QC CU
1 K k 1 k1 k-1
<=2 —curl p} - curl dy, — —curl py~" - curl§;
Q.7 Q.9
ok -t
+ALC [l + | P +ourl 65 2
H(curl;2)

m+1
Summing up from k=1 to m (m < M) and using to (4.26) to estimate At Z || curl 5],3_1]@2(9)3
k=2
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we obtain
N 2
ALY AL + [ eurl 6572 s
k=1 L2(Q)?
m . ok — ph—1 2 .
2 h 2
< (203 I oy + || 2l +leurl pf 726,
k=1 H(curl;Q2)

+ [ curl 52”123(%)3 + || curl PW?}(QC)S + || curl P%H%?(QC)S

Thus, the result follows by combining the above inequality with (4.26) and the fact that 5% € Yy
[ |

Now, we are in a position to write an optimal error estimate for this fully discrete scheme.

Theorem 4.13 Let H be the first component of the solution to Problem 4.5 and H’fl, k=1,....M,
that to Problem 4.10. If H € H'(0,T; H" (curl; Q)) for r € (%, 1], and H € H?(0,T;L%(Q)3), then
there exists a constant C' > 0, independent of h and At, such that

M o~ qH
k
max HH(tk) - Hh”%l(curl;fl) + Atz Th

Ht) —
1<k<M — O H (tr,)

L2(Q)3
T T
<C {(At)Q /0 ||attH(t)HiQ(Q)3 dt + hQTOi?ETHH(t)HI%IT(curl;Q) + h? /0 HatH(t)H%{T(curl;Q) dt}

<C {(At)2HH||%IQ(O,T;L2(Q)3) + h2rHHHI%Il(O,T;HT(curl;Q))} :

Proof. A Taylor expansion shows that

M 2

M t T
1 k
Dol =D | (tk — s)Ou H (s) ds <At |0uH ()72 0y dt.
@ At J, 0 ()
k=1 k=1 k=1 12(Q)3
Moreover,
ko k—1]|? T
Ph — Ph 1 : 2
Bl S M CICIOR AU A
k=1 H(curl;Q2)
and

H(S}OLH%—I(CUI‘I;Q) < 2”!’2”%{(cur1;9) + 2HH0 - Zi./z\/—HOHI%I(curl;Q) < CHHO _I/évHOH%I(curl;Q)'

Since H (ty) — HY = 6% + pf, the result follows from (4.22), (4.23), (4.24) and the previous lemma.
|

If our goal were to solve Problem 4.3 with a fixed conductor €1, the natural procedure would
be to implement Problem 4.10, for which the convergence results of the previous theorem hold.

However, when the conductors move, it would not be easy to introduce the space where the Lagrange
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multiplier K i lies, unless a different mesh were used at each time step. Taking this in mind, in
what follows we consider a penalization approach to overcome this drawback. Thus, to compute

the solution of Problem 4.3, we propose the following regularized problem.

Problem 4.14 Find H}}. € N)(Q), m=1,..., M, such that

mo Hmfl

h.e h.e 1 m 1 m

p——— G + —curl H)' - curl G}, + — curl H}', - curl Gy,
QO At 0.0 ’ € Ja ’

C NC

1
= —/ Js(tm) -curl G, VG, € N?L(Q)7
€ Jy,

HY . =T\ H,.

Note that, for 0 < € < 1 the Lax-Milgram theorem ensures the existence and uniqueness of the
solution for all m = 1,..., M. By using similar ideas as those developed in the continuous case, we

introduce the following equivalent mixed problem to analyze the convergence of Problem 4.14 to
Problem 4.3.

Problem 4.15 Find H}. € N9(Q) and K} € curl (N%(Q)mm), m=1,...,M, such that

m _Hm—l

h.e h,e 1 m m
/,u—-Gh—i—/ —curthe-curlGh—i—/ curlGy, - K;'. =0 VG, € Y,
Q Q.0 ' Q ’

At
C NC
/ curlHZfe-Fh—a/ KZfE'Fh:/ J(tm) - Fp, VF}, € curl (Ng(Q)’QNC>7
QNC QNC QNC
HY_ =T\ H,.

Now, we will show that this regularized fully discrete scheme converges with € to the fully
discrete scheme, as in the continuous case.

Theorem 4.16 Given J, € Hl(O,T;HQ(diVO;QS)), let H®, K’,ﬁ, k=1,...,M be the solution to
Problem 4.10 and H’fl,e, K’fl,s, k=1,...,M, be the solution to Problem 4.15. There exists C > 0,
independent of €, h and At, such that

M M

K k|2 k N K k|2
1?}6%\4\|Hh,5 — Hjllf2q)p + Atkzl | curl(H}, . — Hy)ll72 0y + Atkzl 1K e = Kz o, 8

2 2 2
< Ce {HHOHHT(curl;Q) + ||JS||H1(O,T,Ho(diVO;QS))} ’

Proof. If we denote ui = HII;E — Hlfl and Plfl = K],ie — K’fl, subtracting Problem 4.10 and
Problem 4.15 we obtain

k k—1
— 1
/MM'Gh+/ —curlu’fl-curlGh%—/ curlGh-PfL:0 VG, € Yy,
Q At QC g QNC
/ curlulfl “Fy, — 5/ p’;L -F), = 5/ K’fl - Fy, VF), € curl (N(})L(Q)’QNC)7
Qne Oxe One

u?L:O.
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By taking Gj, := ufl, Fy = Pi, using the inequality 2(p — q)p > p? — ¢® and Young’s inequality,
we get

At
otk = [l S curl e o+ AP IR 0 < AR R

Summing from k = 1 to m (m < M), using the discrete Gronwall’s inequality and the fact that
u?z = 0, we obtain

[y’ HL2 )3+AtZchrluhHL2(Q 3+AtZHP HL2(Q BE
k=1

<C€2AtZHK 1220 2

< C22At {uHonHr(cuﬂ;m LA AP

where the last inequality is a consequence of the estimate in Theorem 4.11. There only remains to
m

estimate Atz || curl uleig(QNc)g. With this aim, notice that we have curluf = ¢(P} + K¥) in

k=1
Qo Thus,

[ curluﬁHig(QNc)g < 2¢? (HP HL2(Q s + || K HL2 0)3) g

Hence from the two previous inequalities, we have

m
Atz | curl Ui”i?(ms <C (52 + 54) {HHOH%{T(curI;Q) + HJsHi[l(O,T,Ho(divO;QS))} :
k=1
Thus, we conclude the proof. [ |

Finally, we are in a position to write the main result of this section.

Theorem 4.17 Given J, € H'(0,T;Hy(div';€)), let H be the first component of the solution to
Problem 4.5 and th k=1,...,M, the solution to Problem 4.15. If H € H'(0,T;H" (curl;))
for some r € (5, ], and H € H%(0,T;1L2(Q)3), then there exists a constant C > 0, independent of
e, h and At, such that

M
k k
121}63%XMHH(tk) Hh75”%2(ﬂ)3 + At; H curl(H (t,) — Hhﬁ)HiQ(Q)?,

< C{(At)2”H”%{Q(O,T;LQ(QC)3)+h2THHHI%II(07T§HT(CUI‘1?Q))+€2Q‘HOHI%IT(CUI‘I;Q)—FHJSH%I(O,T;Ho(divo;ﬁs)))}'

From the equivalence between primal and mixed formulations of the problem (cf. Lemma 4.6)
and the analogous result for the corresponding penalized problems, we have the following corollary.

Corollary 4.18 Given J, € H'(0,T;Ho(div®;Qy)), let H be the solution to Problem 4.3 and
hs, k = 1,...,M, that to Problem 4.14. If H € HY0,T;H"(curl;Q)) for r € (%,1] and
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H < H%(0,T;1L2(Q)3), then there exists a constant C' > 0, independent of €, h and At, such
that

M

k k
éf}%XMHH(tk) — Hj, [[F2(0ys + At ; | curl(H (ty) — HE )72 (o)

< C{ (At)z HHH%{Q(O,T;LQ(QC)S)—’_hzr HHH%{I(OvT;Hr(curl;Q))—’_gQQ‘Ho HI%V(curl;ﬂ)"’_H JSHzl(O,T;Ho(divo;QS)))}'

4.3.3 Numerical experiments with fixed conductors

In this section we report some numerical results obtained with a MATLAB code which implements
the penalty method described above, to illustrate the convergence with respect to the parameter €.
In particular, we have implemented Problem 4.14 and an equivalent variant of Problem 4.10 and
compared the results at each time step for different values of the parameter ¢.

The implementation of Problem 4.14 is straightforward, but we give some details concerning
that of Problem 4.10. At each time step, this problem leads to a singular system, if the multiplier
is written as the curl of edge basis functions. To avoid this singularity, we implement a double
mixed problem by following the ideas from [5] which have also been developed in Chapter 1 of this
thesis in the harmonic case. More precisely, let Qj be the space of piecewise constant functions
in EQNC, where EQNC ={K e€T,: K CQ.}, and let CRp () be the space of lowest-order 3D

Crouzeix-Raviart elements; namely,

Q1= {Fy € LX) : Filx € By VK € Th},

qn € L2(QNC) : qn|lx € Py VK € Tp, and ¢, is continuous at
the midpoints of any face f common to two elements in 7;, |

CRL(Qye) = {
We consider the subspace:
CRY (Do) := {qn € CRu(Qyo) : qn(x) = 0 for all midpoints x of faces of 9N},
and, for g, € CRY(€2,), grady, g, denote the vector field in Q7 defined by
(grad;, qn)|k = grad(qn|x) VK € 77LQNC.
Thus, the problem to solve is the following:
Problem 4.19 Find H}" € N)(Q), Z7* € Q} and pi* € CRY (), m = 1,..., M, such that
1
/ wH7 - G+ At/ —curl H}" - curl Gy, + At/ Zy' - curl Gy, = / ,uHZ“1 -Gy,
Q Q.9 Qe Q
VGh € Ng(Q)a

At/ curl Hy' - F, + At/ grad, p;' - Fj, = At/ J(tm) - Fp VF), € Q3,
Q Q

NC NC QNC

C

At/Q Z;' - grad;, g, =0 Van € CRY(Qy0),
NC

HY =TV H,.
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Figure 4.2: Sketch of the domain with fixed conductor.

The results from [5] applied to the problem above at each time step show that Problem 4.19 is
equivalent to Problem 4.10.

Let us consider the geometry sketched in Figure 4.2. The workpiece and the whole domain are
cylinders of respective radius Rp = 1m and Rg = 2m, and heights Ap = 0.2m and Ag = 1.9m.
The coil € is a toroidal core of rectangular cross section .S, with inner radius equal to R. = 0.5m,
outer radius Rc = 1 m and height A = 0.5m. The source current density is supported in 4 and is
given by

T2
| Ve

t = 241 in Q)
(t, @) meas(.S) N M Sls

0

(4.27)

where the current intensity I(¢) in the coil is shown in Figure 4.3. The shape of the curve I(t)
is similar to a typical one used in EMF benchmark. Concerning the physical properties, we have

considered p = pp = 47 x 107" Hm ™! and ¢ = 1 x 10% (Qm)~! in the workpiece.

800
600
<
2
[ 400
Q
=
200
0 . ,
0 0.5 1 15 2
Time (s) %107

Figure 4.3: Current intensity (A) vs. time (s).

The problem fits in the framework of Problem 4.3, but an analytical solution is not available.

However, this is not a problem since we will focus on the convergence with respect to € of the solution
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of Problem 4.14 to that of Problem 4.19. More precisely, let HZ?6 and H7}" be the respective solutions

of these problems. We compare both solutions; namely, we fixed the mesh-size, the time-step, and
varied € from 10° to 1074,

lg;%XMHHZfE—HZIIIL%Q)S \/E{Z;’;l || curl H}'_—curl H;{LniQ(m3 }1 :
: (D HH 2 0)3 VA curlH}{LHi’2(9)3}1/2
1 0.4013258 0.1234511
1071 0.0412257 0.0124055
1072 0.0041338 0.0012411
1073 0.0004134 0.0001241
104 0.0000413 0.0000190

Table 4.1: Relative percentual errors in the norms considered in Theorem 4.16.

The numerical results show a clear linear convergence with respect to the parameter € until
this parameter becomes too small, which confirm the theoretical results proved in Theorem 4.16.
This convergence is shown for the magnetic field and the current density in Figure 4.4. Table 4.1
shows the exact values of the relative percentual errors for each value of . The relative errors are

actually very small; however, for values of ¢ < 1074, the convergence deteriorates due to the poor
conditioning of the linear system.

The reported results do not change significantly by repeating the experiments with different

time-step and mesh-size, which confirms the theoretical results (cf. Theorem 4.17).

10 w w
—e—Relative erroH (%)
—<—Relative errocurl H (%)
< 10° | |- - - O(g) convergence e
S
o 107
2
ks
2
10"
-6
10 :
10° 10" 107 10°
€
m m 1/2
- 1g}ca§XM“Hh’E_Hh HL2(Q)3 \/At{zznzl ||curlHZ?EfcurlHZ”HiQ(Q)S}
igure 4.4: an versus ¢ (log-log scale).

2 ig 1/2
 max TH2 ()3 VA, [ curl H;;Zuigm)g}
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4.4 A penalized H-formulation to deal with moving conductors

Penalization seems to be an interesting alternative to solve the eddy current model with moving
conductors, because it allows to work on a fixed mesh with a reasonable number of unknowns.
This technique avoids introducing additional variables as in Problem 4.19, which makes the latter
significantly more expensive. On the other hand, in the case of moving domains, there are not yet
theoretical results which guarantee the convergence as it happens on fixed domains. However, the
numerical results from this section show that the penalty approach seems to be a good option.

Our goal is to approximate the solution of Problem 4.1 by means of a penalization to impose
the condition curl H(t) = Jy(t) in O _ a.e. t € [0,T]. Namely, for e > 0 we want to find H(t)
such that curl H.(t) — Jy(t) = eE(t) in Q _ a.e. ¢t € [0,T] which leads to the following problem:

Problem 4.20 Find H. € L?(0,T;Hy(curl; 2)) N H(0, T; Hy(curl; Q)’) such that

d 1 1
— ,uHE-G—i—/ —curlHa-curlG—i——/ curl H, - curl G
dt Q ot O g Jot
C NC
1
:—/ J-curlG VG € Hy(curl; ),
AL
H_(0) = H,.

From now on, we assume pu(t,x) = po (constant). Then for each £ > 0, the problem above lies in
the framework of [60]. In fact, by applying Proposition II1.2.2 and Proposition I11.2.3 we show that
Problem 4.20 has as unique solution.

A fully discrete approximation of Problem 4.20 reads as follows:

Problem 4.21 Find Hj'. € N)(Q), m =1,..., M, such that

me—Hp! 1

€ h,e

—— G+ 1H}', - curlG
/Q,uo N7 h /an U(tm)cur he - curl Gy,

1 1
+ —/ curl H)', - curl G, = —/ J(tm) -curl G, VG, € N2(9)7
©Jog ’ € Joge

0
Hh,E — Hoh

Notice that a fixed mesh is used along the time. To deal with the motion of the workpiece we
will compute the integrals by using low order quadrature rules with a large number of integration
points.

The motion of the workpiece only affects the domains of the second and the third integral,

1

which can we written as a unique term fQ o curl Hy', - curl G, with

. tm
oot T) = o (tm, ) %f x e Qrm,
5 if x € Qlm,

These integrals involve a discontinuous coefficient on those tetrahedra which do not lie entirely
in Qé’” or Q;”é To compute them, we use a low order quadrature rule with a large number of

integration points.
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4.4.1 Numerical experiments with moving conductors

We present two numerical examples which allow us to assess the performance of the penalty
approach. First, we describe the results obtained for a test with known analytical solution. Secondly,
we solve a problem with cylindrical symmetry and compare the results with those obtained with
an axisymmetric code introduced in [16].

Problem with known analytical solution
We will approximate the solution of the source problem
curlH =oFE in (0,7) x Q,
o0 H +curl E = f in (0,7) x Q,

where f is a data.
We consider the domain Q := (0,1) x (0,1) x (0,3) and we assume that the workpiece moves as
a rigid body, with velocity v = e, so that Qf, = (0,1) x (0,1) x (1+¢,2+1t) (see Figure 4.5).

z

1+t <z < 2+t

Figure 4.5: Sketch of the domain.
We must solve the following problem: find H (t) € Y such that
1
/ WO H (1) - G () + / L curl H(t) - curl G(t) = / O -G+ [ B@) xn-G)
Q Q

L al(t) 00
VYG(t) € Y,
H(0) = Ho.

We consider f(t,x) so that the analytical solution is

(P(ta Z) 1 : t
— 1H(t Q
H(t,z):= | ot,2) |, Etz) = { S curl H(t,x) in c
0 0 in 2,
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with

) 100(z—1-0)2(z—2—-1t)*  ze[l+t,2+1],
@(t’z)'_{o zg [1+t,2+1].

Notice that curl H(t) = 0 in Q' _ for all ¢ € [0,T].

To approximate this solution, we fix ¢ > 0 and solve the following problem: find H.(t) €
H(curl; Q) such that

//m@t(HE(t)) -G+/ LcurlHE(t)-curlG’—kl/ curl H.(t) - curl G
0 ar, o(t) e Jar.

_ / F6)- G+ | E(t)xn-G VG eH(curl;),
Q 0N
H.(0) = H,

We have solved the problem for a fixed e = 1072 with several successively refined uniform
meshes. The time step has been conveniently reduced to analyze the convergence with respect to
both, the mesh-size and the time-step simultaneously. We have compared the obtained numerical
solution with the analytical one. Figure 4.6 shows a log-log plot of the relative error in the discrete

norms given in Theorem 4.17, versus the number of degrees of freedom (d.o.f.).

—o— Relative erroH (%)

102 —<—Relative errocur| H (%)||
— - - -O(h+At) convergence
S
S
)
()
2
K
(&)
24

10'

10° 10 10°
Number of d.o.f.
k 1/2
Fi L6 lg}Ca%XM||H(tk)*Hh,g)HL2(Q)3 \/At{2£1:1 ||curlH(tk)—curlHﬁ’g)HiQ(me)} b "
1gure 4.6: max TH 203 3 versus numbper o
1<k<M

VAH{ M leurl H(t)|122 )5 |
d.o.f. (log-log scale).

These curves show that, in the case of moving conductors, we can expect a similar order of
convergence as that obtained for fixed conductors.

We also checked that the penalization parameter was correctly chosen. With this aim, we checked

that the numerical results for ¢ = 10™% were the same up to rounding errors.
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Problem with cylindrical symmetry. Comparison with an axisymmetric code

We consider the domain € with cylindrical symmetry sketched in Figure 4.7 (left) and we assume
that the workpiece moves as a rigid body, with velocity v = 50e,. Thus Qé is the cylinder of radius
Rp = 1m and its z-coordinate varies between (1.2 + 50¢,1.4 + 50¢). The coil € is a toroidal
core of rectangular cross section S, with inner radius equal to Ry = 0.5m, outer radius Rg = 1 m
and height A; = 0.5m. The source current density is supported in Qg and given by (4.27). Note
that, since the source current density field has only azimuthal non-zero component, the solution
will be axisymmetric. In particular, we can solve the problem in the meridional section depicted in
Figure 4.7 (right). Concerning the physical properties, we have taken p = pg = 47 x 1077 Hm ™!
and o = 1 x 10* (Qm)~! in the workpiece.

Ct

its meridian section (right).
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Figure 4.8: Dielectric mesh for the 3D code (left) and mesh used by the axisymmetric code (right).

In this case, there is no analytical solution, so we will asses the behavior of the method by
comparing the computed results with those obtained with an axisymmetric code on the very fine
mesh shown in Figure 4.8 (right) and with a very small tiem step, which will be taken as ‘exact’
solution.

The axisymmetric problem has been solved by using a scalar formulation written in terms of

the azimuthal component of a magnetic vector potential Ag. The corresponding weak formulation,
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although with boundary conditions different to those of our case, has been analyzed in [16] with
moving domains. In particular, the method was proved to converge with optimal order error es-
timates in terms of h and At under appropriate assumptions. From the numerical point of view,
to apply this method it is needed to approximate integrals on triangles of piecewise discontinuous
functions; low quadrature rules with a large number of points are also used to do this.

We have used the axisymmetric code with natural homogeneous boundary condition, which
correspond to ﬁ curl A x n = 0 on 0f2 as in our problem.

Figure 4.8 (right) shows the mesh used in the axisymmetric code. Concerning the 3D mesh, we
have exploited the symmetry of the problem and solve it in 1/8 of the whole domain to reduce the
number of degrees of freedom. The used mesh is shown in Figure 4.8 (left).
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Figure 4.10: Modulus of the current density at time 0.00018s, axisymmetric (left) and the 3D
(right).

As in the previous subsection, for ¢ = 1070 fixed, we have solved the problem with several
successively refined meshes and a time-step conveniently reduced to analyze the convergence with
respect to both, the mesh-size and the time-step simultaneously. Figure 4.9 shows a log-log plot

of the relative error for the magnetic field as in Theorem 4.17, versus the number of degrees of



98 Chapter 4

freedom (d.o.f.). The curve shows that in the case of moving conductors the results obtained with
the penalization technique converge to the ‘exact’ ones as h and At go to zero.

Finally, Figure 4.10 shows the modulus of the current density obtained with the axisymemtric
and the 3D code at the time in which the input current intensity reaches its maximum (0.00018s).
We should notice that, the graph on the left shows computed values only in the workpiece, because
the current density is imposed in the coil and vanishes identically in the dielectric (cf. [16, pag.
22]). In the workpiece no postprocess is needed since the computed current density is continuous
and piecewise linear. The graph on the right, instead, is a continuous piecewise linear postprocess
obtained from the piecewise constant values of the computed current density J ﬁﬁ = curl H 275.
This graph shows more diffusion due to this postprocess.



Chapter 5

Conclusiones y trabajo futuro

En este capitulo presentamos un resumen de las principales aportaciones de esta tesis y una

descripcién del trabajo futuro a desarrollar.

5.1 Conclusiones

La tesis recoge el andlisis matematico y numérico de distintos modelos electromagnéticos de
corrientes inducidas en dominios acotados. El estudio de estos problemas ha estado motivado por el
proceso fisico de conformado electromagnético, el cual requiere resolver un modelo electromagnético
genuinamente transitorio con movimiento de las piezas conductoras. En este proceso, las fuentes
de corriente son proporcionadas a través de un circuito eléctrico cuyos datos son intensidades de
corriente o caidas de voltaje. Por ello, con el fin de tener en cuenta las distintas caracteristicas del
proceso de conformado, en la tesis se han estudiado varios modelos que abordan de manera gradual
las dificultades del problema. En particular, el movimiento de las piezas conductoras solo ha sido
considerado en el Capitulo 4.

A continuacién se enumeran los resultados mas importantes divididos en dos grandes grupos

1. Dominio conductor fijo. Fuentes no locales: condiciones de contorno en términos

de intensidades de corriente y/o voltajes.

Los resultados obtenidos para este problema son fundamentalmente en régimen transitorio.
Sin embargo, paralelamente se ha obtenido un resultado relevante para el problema de co-

rrientes inducidas en régimen arménico que se recoge en el Capitulo 1.

e Se demostré un resultado de equivalencia entre los problemas discretos que surgen de
dos formulaciones que permiten resolver el problema de corrientes inducidas en régimen
armonico y con fuentes no locales en términos de intensidades de corriente. El resultado
muestra a nivel discreto que la formulacién clasica campo magnético/potencial escalar
magnético puede reemplazarse por una formulacién que combina el campo magnético con

varios multiplicadores escalares y vectoriales definidos en el dieléctrico. De este modo, es
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posible aproximar el problema con la formulacién que mayores ventajas ofrezca teniendo

en cuenta la topologia del dominio dieléctrico.

Se propuso una formulacién en términos del campo magnético para resolver el problema
evolutivo de corrientes inducidas con fuentes no locales dadas en términos de intensi-
dades de corriente. Para tratar la restricciéon curl H = 0 en el dieléctrico, se introdujo
un potencial escalar magnético obteniéndose un importante ahorro computacional. Se
demostraron resultados de existencia y unicidad de solucién para el problema continuo
y resultados de convergencia éptima para los esquemas discretos propuestos.

Se propuso una formulacién en términos de una primitiva del campo eléctrico para re-
solver el problema evolutivo de corrientes inducidas, con fuentes no locales dadas en
términos de intensidades de corriente y caidas de voltaje. En este caso se imponen res-
tricciones adicionales sobre el campo eléctrico en el dominio dieléctrico a fin de tener
univocamente determinado dicho campo en todo el dominio. Si bien en principio esta
formulacion requiere un dato adicional en la frontera exterior del dominio dieléctrico, se
demuestra que las cantidades fisicas de mas relevancia son independientes de este dato
adicional. Esto permite tomar por ejemplo ese dato homogéneo sin afectar la aproxi-
macién de estas cantidades.

Se demostraron resultados de existencia y unicidad de solucién para el problema continuo
y resultados de convergencia éptima para los esquemas discretos propuestos. Desde el
punto de vista computacional, aunque el niimero de incégnitas aumenta, permite resolver
el problema en geometrias un poco mas generales, en particular, aquellas en las que las

superficies de corte no son ficiles de construir.

Se desarrollaron codigos propios escritos en MATLAB que permiten resolver los esque-
mas numéricos propuestos previamente. La convergencia de los métodos numéricos ha
sido validada mediante ejemplos académicos con solucién analitica conocida. Ademas,
se muestra la versatilidad de los distintos métodos para simular distintas aplicaciones,

resaltando las ventajas e inconvenientes de cada formulacion.

2. Dominio conductor mévil. Fuente de corriente volimica conocida en una regién

totalmente incluida en el dominio.

e Se propuso una formulacién en términos del campo magnético para resolver el problema

evolutivo de corrientes inducidas con fuente volumica dada y condiciones de contorno
esenciales homogéneas. Se demostré existencia de solucién para el problema continuo.
En el caso de conductores fijos la solucién es tinica. Demostrar la unicidad en el caso de

conductores méviles es aiin un problema abierto.

Se propuso un método numérico basado en una técnica de penalizacién para resolver
el problema con dominio movil. Para evaluar la viabilidad de este método desde el
punto de vista matematico y numérico se demostraron resultados de convergencia con

conductores fijos. En particular, se demostré que esta técnica es viable tanto para el
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problema continuo como para su discretizacion. Se demostraron estimaciones 6ptimas

del error para este esquema numérico en el caso de conductores fijos.

e Se implement6 el método de penalizacion para el caso de conductores moviles y se
validé con un ejemplo analitico. Los resultados muestran que cabe esperar un orden
de convergencia similar al que se demuestra para conductores fijos. Luego se aplico el
método a un problema con simetria cilindrica y se compararon los resultados con los
que se obtienen mediante un modelo axisimétrico de otra formulacién (en términos del
potencial vectorial magnético). Los resultados muestran que ambos métodos convergen

a la misma solucién.

5.2 Trabajo futuro

1. El resultado de existencia demostrado para la formulaciéon débil planteada en el Capitulo 4
es valido si todos los materiales tienen la misma permeabilidad magnética y en consecuencia

esta propiedad no cambia con el tiempo.

Se estudiard si este resultado puede extenderse a un caso mas general, tratando ademas de
avanzar en el estudio de la unicidad de dicho problema. En particular, hay que evaluar si

pueden relajarse las hipétesis del teorema de unicidad presentado en [59].

2. Se estudiard si el andlisis de convergencia del problema penalizado realizado para conductores
fijos puede extenderse al caso de conductores en movimiento, ya que los resultados numéricos

muestran convergencia.

3. Como se menciono antes, al considerar como dato la corriente en la bobina se estd despreciando
el acoplamiento del sistema de conformado con el circuito eléctrico de descarga. Se estudiard
si el resultado obtenido en el Capitulo 4 se extiende al problema evolutivo de corrientes
inducidas con fuentes no locales dadas en términos de intensidades de corriente y caidas de

voltaje.

4. El acoplamiento magneto-mecanico para abordar el problema real del conformado electro-
magnético solo podra llevarse a cabo desde un punto de vista tedrico si se consiguen resultados
para el problema electromagnético. Desde el punto de vista numérico se tratard de explotar la
técnica de penalizaciéon para simular al menos algtin ejemplo acoplado con movimiento rigido

(como el acoplamiento presentado en [16]).

5. No parece claro que otras formulaciones diferenciales ofrezcan ventajas para abordar el anélisis
del problema evolutivo de corrientes inducidas con dominio conductor que cambia con el
tiempo. La dificultad fundamental de todas las formulaciones es la naturaleza distinta de
las ecuaciones en conductor y dieléctrico. Sin embargo, habria que explotar las llamadas
formulaciones integro-diferenciales, que permiten trabajar inicamente en conductores siempre
que estos tengan un comportamiento lineal no magnético (ver, por ejemplo, [4, 23]). En la
literatura puede encontrarse algin trabajo donde se aplican estas formulaciones para simular

problemas de induccién con movimiento de alguna de sus partes [29].
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6. En el desarrollo de la tesis, se ha visto que la formulaciéon en términos de la primitiva del
campo eléctrico representa una opcién muy interesante para resolver el problema de corrien-
tes inducidas. Puede aplicarse facilmente a topologias complejas y computacionalmente no
es excesivamente costosa. Sin embargo, en la literatura, las formulaciones con potenciales
escalares y vectoriales (A, V) tienen una gran popularidad (ver, por ejemplo, [20]) y estdn
implementadas en la mayoria de los codigos comerciales. Si los conductores estdn totalmente
contenidos en el dominio, las formulaciones (A,V) y las formulaciones en w podrian rela-
cionarse con condiciones de gauge adecuadas. Por ello, se tratard de establecer formalmente
esta relacién tanto a nivel continuo como discreto ([43]). Ademds, aprovechando los resul-
tados del Capitulo 3, esta relacién tratard de establecerse también con fuentes no locales

(intensidades y potenciales).
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