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Abstract

The aim of this thesis is to develop new mixed finite element methods for generating approximate
solutions to problems governed by coupled systems of partial differential equations arising in the mod-
elling of fluid and solid mechanics. In particular, we focus on two models: stress-assisted diffusion
and a phase change framework. Due to the scarce information concerning mathematical and numer-
ical analysis for these specific models, in this thesis we propose to establish well-posed finite element
approaches in order to obtain existence and uniqueness of the solution. Thus, for the mathematical
and numerical analysis, we introduce primal and mixed schemes, and then, by using classical tech-
niques and results, we prove the solvability of the continuous and discrete problems, and establish
the corresponding error estimates. In turn, for all problems mentioned above, numerical experiments
validate the theory. Moreover, several tests illustrate the applicability of these schemes, including the
simulation of microscopic electrode damage in lithium ion batteries, phase change in a cuboid cavity,
and melting of solid materials.

We begin with the mathematical and numerical analysis of a coupled elasticity-diffusion system
modeling the transport phenomena and chemical interactions within a solid. The coupling is intro-
duced with a so-called stress-enhanced diffusion framework, where the propagation of the species is
affected by stresses generated by solid motion. The system is fomulated in terms of stress, displacement
and rotation for the elasticity equations, whereas concentration is used for the diffusion problem. For
the mathematical analysis, two variational formulations are proposed, namely mixed-primal and aug-
mented mixed-primal approaches. The solvability of the resulting coupled formulations is established
by combining fixed-point arguments, regularity estimates, Babuška-Brezzi theory and the Lax-Milgram
lemma. We then construct corresponding Galerkin discretisations based on adequate finite element
spaces, and derive optimal a priori error estimates.

Next, we analyse the model presented above, but we do so based on a fully-mixed formulation.
Based on regularity considerations, an augmented mixed formulation for the diffusion problem is pro-
posed, whereas the classical stress-displacement-rotation mixed formulation is used for the elasticity
equations. The resulting Galerkin scheme yields an augmented fully-mixed finite element method
employing Arnold-Falk-Winther elements for elasticity, and a Raviart-Thomas in conjunction with a
piecewise polynomial triplet for the mixed-diffusion equations. The well-known Schauder and Brouwer
fixed point theorems are utilised to establish the existence of solutions of the continuous and discrete
formulations, respectively. Then, sufficiently small data allow us to prove uniqueness of solution and
to derive optimal a priori error estimates.

In addition, a posteriori error analysis and adaptive computations in two dimensions are further
carried out for the aforementioned mixed-primal and fully mixed approaches. For the analysis of

iii



iv

the reliability of the residual-based a posteriori error indicators, we proceed using continuous global
inf-sup conditions that come from the well-posedness of the continuous problem, together with stable
Helmholtz decompositions, and approximation properties of the involved interpolation operators. Also,
we use localisation techniques through edge- and face-bubble functions as well as inverse and discrete
trace inequalities, in an adequately modified context, to derive the efficiency of the estimators.

Next, we address the modelling of phase change in Boussinesq-type models within porous media.
A finite element method is proposed for its numerical approximation, where the properties of stabil-
ity, existence and uniqueness of the continuous and discrete equations are established using classical
techniques for nonlinear evolutive problems, such as Galerkin’s method, Gronwall’s inequality and
Brouwer’s fixed point theorem. Next, we test the performance of the method using a classical bench-
mark for air convection, where the scaled viscosity is one, there is no porosity, and no enthalpy terms.
Then, we simulate the melting of a material, where the phase change is incorporated using either
viscosity or porosity as then main effect producing the interface movement.

Finally, we present two new augmented variational formulations for a stationary phase change prob-
lem, namely, mixed-primal and fully-mixed formulations. Taking advantage of the regularity assumed
for the velocity, we do not introduce here the rotation as an additional unknown, which is one of the
novelties of this part. Thus, the main unknowns associated with the method are: the pseudostress,
strain rate and velocity for the Navier-Stokes-Brinkman equations, whereas temperature, normal heat
flux on the boundary, and an auxiliary unknown are introduced for the energy conservation equation.
We prove solvability of both continuous and discrete problems, and derive the corresponding error
analysis.



Resumen

El objetivo de esta tesis es desarrollar nuevos métodos de elementos finitos mixtos para generar
soluciones aproximadas a problemas acoplados que se rigen por sistemas de ecuaciones diferenciales
parciales, los cuales surgen en la mecánica de fluidos y sólidos. En particular, nos enfocamos en dos
modelos: difusión asistida por esfuerzo y un problema de cambio de fase. Debido a la poca información
matemática y numérica relacionada con este tipo específico de problemas, en esta tesis proponemos
establecer aproximaciones bien puestas de elementos finitos, con la intención de obtener existencia y
unicidad de la solución. Así, para el análisis matemático y numérico, introducimos esquemas mixtos y
primales, y entonces, usando técnicas y resultados clásicos, probamos la solubilidad de los problemas
continuos y discretos, y establecemos las estimaciones de error correspondientes. A su vez, para todos
los problemas mencionados anteriormente, se presentan experimentos numéricos que validan la teoría
propuesta. Además, se presenta una variedad de ejemplos aplicados de interés, los cuales incluyen: la
simulación del daño de electrodos microscópicos en baterías de iones de litio, cambio de fase en una
cavidad cuboide, y derretimiento de un material sólido.

Comenzamos con el análisis matemático y numérico de un sistema acoplado regido por las ecuaciones
de elasticidad-difusión, el cual, modela los fenómenos de transporte y las interacciones químicas dentro
de un sólido. El acoplamiento se introduce por medio de la difusión asistida por esfuerzo, donde la
propagación de especies se ve afectada debido a los esfuerzos generados por el movimiento del sólido.
El sistema se formula en términos del esfuerzo, desplazamiento y rotación para las ecuaciones de
elasticidad, mientras que la concentración es usada para el problema de difusión. Para el análisis
matemático, se proponen dos formulaciones variacionales, las cuales llamamos: aproximaciones mixta-
primal y completamente mixta aumentada. La solubilidad de las formulaciones resultantes se establece
combinando argumentos de punto fijo, estimaciones de regularidad, teoría de Babuška-Brezzi y lema
de Lax-Milgram. Luego, construimos las correspondientes discretizaciones de Galerkin basadas en
espacios de elementos finitos adecuados y derivamos estimaciones de error a priori óptimas.

A continuación, analizamos el modelo presentado anteriormente, pero ahora basados en una formu-
lación completamente mixta. Por razones de regularidad, proponemos aquí una formulación mixta
aumentada para el problema de difusión, mientras que la clásica formulación mixta de esfuerzo, de-
splazamiento y rotación se utiliza para las ecuaciones de elasticidad. El esquema de Galerkin resulta
en un método aumentado completamente mixto de elementos finitos, el cual utiliza los elementos
Arnold-Falk-Winther para la elasticidad, y un triplete dado por Raviart-Thomas en conjunto con ele-
mentos polinomiales a trozos para la ecuación mixta de difusión. Los clásicos teoremas de punto fijo
de Schauder y Brouwer se utilizan para establecer la existencia de solución, tanto para la formulación
continua como para la discreta. Luego, bajo el supuesto de dato pequeño, nos es posible demostrar
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unicidad de la solución y obtener estimaciones de error a priori óptimas.

Adicionalmente, análisis de error a posteriori y adaptatividad computacional son desarrollados para
las formulaciones mixta-primal y completamente mixta mencionadas anteriormente. Para el análisis
de la confiabilidad de los indicadores de error basados en términos residuales, procedemos usando la
condición inf-sup continua, la cual viene dada de la solubilidad del problema continuo, en conjunto con
descomposiciones estables de Helmholtz, donde aprovechamos las propiedades de aproximación de los
operadores de interpolación. Además, utilizamos técnicas de localización basada en funciones burbuja
sobre triángulos y lados, desigualdades inversas y una desigualdad de trazas discreta, para derivar la
eficiencia de los estimadores.

Por otro lado, trabajamos con un modelo de cambio de fase del tipo Boussinesq dentro de medios
porosos. Proponemos un método de elementos finitos para su aproximación numérica, donde, las
propiedades de estabilidad, existencia y unicidad de las formulaciones continuas y discretas son es-
tablecidas aplicando técnicas clásicas para problemas evolutivos no lineales, tales como: el método de
Galerkin, la desigualdad de Gronwall y el teorema del punto fijo de Brouwer. Luego, probamos el
rendimiento del método utilizando un problema clásico de referencia para la convección del aire, donde
la viscosidad escalada es uno, no hay porosidad, ni términos de entalpía. En segundo lugar, simulamos
el derretimiento de un material sólido, donde el cambio de fase se incorpora de dos maneras alternati-
vas: ya sea, usando viscosidad o porosidad como principales efectos que producen el movimiento de la
interfaz.

Finalmente, cerramos esta tesis presentando dos nuevas formulaciones variacionales aumentadas
para un problema estacionario de cambio de fase, las cuales llamamos: formulaciones mixta-primal y
totalmente mixta. Aprovechando la regularidad asumida para la velocidad, no necesitamos introducir
aquí la rotación como una nueva incógnita, lo cual es una de las novedades de esta tesis. Así, las
principales incógnitas asociadas a nuestro método son: el pseudo-esfuerzo, la tensión y la velocidad
para las ecuaciones de de Navier-Stokes-Brinkman, mientras que la temperatura, el flujo de calor
normal en la frontera y una incógnita auxiliar son introducidas para la ecuación de conservación de
energía. Probamos la solubilidad de los problemas continuos y discretos, y derivamos el análisis de
error correspondiente.
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Introduction

Mathematical models given in terms of partial differential equations (PDEs) can be found in areas
such as physics, geology, biology, medicine, engineering, to name a few. A major part of these models
concern the coupling between classical PDEs, which allows us to understand the behaviour of the
involved unknowns when interacting with each other. The coupling can occur in a variety of manners;
in particular, we are interested in models in which the coupling arises from the dependency of the
constitutive equation or source term on the unknowns coming from other models. There is a large
number of these models, including transport problems through viscous flow in porous media [14, 15, 41],
phase-change models [44, 64, 101, 134, 155, 158, 165], stress-assisted diffusion problems [6, 83, 125, 144],
among others.

Since in general the governing equations of these models are difficult to solve analytically, we need
to generate approximate solutions, using for instance, numerical methods. Here is where Numerical
Analysis plays a major role, not only in producing approximations, but also studying under which
conditions the systems of equations have solutions, and determining stability and convergence proper-
ties of the methods. Numerical Analysis constitutes a very active research topic, and it involves PDE
theory, approximation tools, and scientific computing. In this context, finite element methods have
been demonstrated to be a valuable tool, allowing to obtain approximate solutions in finite dimensional
spaces, and generating tools to simulate problems of interest. In this thesis, finite element methods
will be developed in both primal and mixed form, the latter being the main topic in the chapters
presented later. In general, mixed methods propose variational formulations which are motivated by
the introduction of additional unknowns of interest. Depending on the model, these unknowns can be:
stress, rotation (vorticity in fluids), pseudostress, total pressure, heat flux, to name a few. We would
like to make a special mention of models involving linear elasticity. Here, the main focus is on the
dual unknown, which describes the stresses within a material, and on the primal unknown describing
its deformations. Thus, if the material is elastic and incompressible, it is not possible to determine the
stress only from the displacement without experiencing the so-called volumetric locking in our numer-
ical computations. It is well-known that an additional unknown can assist in characterising better the
volumetric changes of the material and the resulting method can capture better the solid motion when
the material approaches the incompressibility limit. Contributions dealing with mixed formulations
for linear elasticity include [23, 24, 79, 81]. For heat diffusion problems, where by introducing new
unknowns, it is possible to obtain a better approximation for the gradient of the temperature than the
one obtained from the approximation of the temperature when solving the corresponding primal formu-
lation. Approaches that combine mixed formulations for incompressible flow with mixed formulations
for diffusing quantities have been used mainly for natural convection problems, or Boussinesq-type
models [9, 10, 57, 61, 76, 123].
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According to the above discussion, the purpose of this thesis is the introduction of new discreti-
sations for several coupled problems in continuum mechanics. In particular, we are interested in
proposing coupled models in the context of solid and fluid mechanics, such as stress-assisted diffusion,
and phase-change problems. Throughout the development of this thesis we will work in the derivation
of the corresponding variational formulations based on both primal and mixed methods and then,
study the mathematical properties (e.g. existence, uniqueness, stability and regularity of solutions),
discrete schemes and error estimates of the proposed systems, by means of classical fixed point theory,
Lax Milgram lemma, Babuška-Brezzi theory and Strang type-inequalities. Finally, we remark that in
the following two sections, we present the models, some of their applications and respective references,
and the outline of the thesis (which details the mathematical and numerical properties for each model).

Model problems

This thesis adresses coupling problems in two directions: solid and fluid mechanics. Regarding fluid
mechanics, we focus on phase change problems [64, 134]. Here, the problems are modeled either as
a viscous Newtonian fluid where the change of phase is encoded in the viscosity itself, or using a
Brinkman-Boussinesq approximation where the solidification process influences the drag directly. Re-
garding solid and fluid mechanics, we focus on analysing the so-called stress-assisted diffusion problem
[6, 125], representing diffusion-deformation processes where the stress acts as a coupling variable.

We begin by exhibiting the following system of partial differential equations

σ = λ trε(u) I + 2µε(u) , − divσ = f(φ),

σ̃ = ϑ(σ)∇φ , − div σ̃ = g(u),
(1)

which describes balance laws governing the motion of an elastic solid occupying the domain Ω ⊆ Rn

and a diffusing solute interacting with it. We note that system (1) describes the constitutive relations
inherent to linear elastic materials, conservation of linear momentum, the constitutive description
of diffusive fluxes, and the mass transport of the diffusive substance, respectively. Here, the local
concentration of species is represented by φ; σ is the Cauchy solid stress; u is the displacement field;
ε(u) is the infinitesimal strain tensor; σ̃ is the diffusive flux; λ, µ > 0 are the Lamé constants; ϑ :

Rn×n → Rn×n is a tensorial diffusivity function; f : R→ Rn is a vector field of body loads (depending
on the species concentration), and g : Rn → R denotes a nonlinear source term depending locally on the
solid displacement. We remark that stress-enhanced diffusion effects constitute the main mechanism
in many applicative problems [19, 53, 65, 117, 118, 131, 141, 162], including diffusion of boron and
arsenic in silicon, hydrogen diffusion in metals, voiding of aluminum conductor lines in integrated
circuits, strain-aging measurements in iron, sorption in fibre-reinforced polymeric materials, drying
of liquid paint layers, gels and general-purpose solute penetration, anisotropy of cardiac dynamics,
and several other effects. In particular, in Section 2.6 we will focus on the simulation of microscopic
electrode damage in lithium ion batteries [19, 50, 94, 110, 136].

We point out that the main difficulty of the analysis of this model lies in the stress-dependence of the
diffusivity tensor ϑ. Thus, for the corresponding mathematical analysis in Chapters 1 and 2, we will
need to apply suitable regularity estimates [27, 93, 121] in order to obtain the existence and uniqueness
of solution at continuous level. Finally, it is important to mention that up to our knowledge, mixed
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formulations specifically tailored for the stress-assisted diffusion processes are not yet available from
the literature.

Regarding on formulations for fluids, we present a time-dependent model involving a homogeneous
isotropic porous structure which occupies a spatial domain Ω, and which is saturated with an incom-
pressible viscous fluid. In this way, the governing equations are written in terms of the velocity u(t),
the pressure p(t), and the temperature θ(t) as follows:

∂tu+ u · ∇u− 1

Re
div
[
2µ(θ)ε(u)

]
+∇p+ η(θ)u = f(θ)k,

divu = 0,

∂tθ + u · ∇θ − 1

CPr
div(κ∇θ) + ∂ts+ u · ∇s = 0,

(2)

and which state the conservation of momentum, mass, and energy with enthalpy, respectively. In this
model, the fluid has kinematic viscosity ν, thermal expansion coefficient α, and nondimensional specific
heat C. Moreover, ε(u) represents here the strain rate tensor; the function s(t) is the enthalpy; k
stands for the unit vector pointing in the opposite direction to gravity, and η, µ are nonlinear functions
of temperature that encode the permeability of the porous material and the viscosity of the fluid,
respectively. We emphasize that s(θ) in (2) denotes the regularised enthalpy function and it accounts
for the latent heat of fusion, i.e. the energy needed to change the phase of a material [151, 152].

It is important to remark that model (2) has many physical and industrial applications [64, 69,
99, 120, 150, 155], including ocean and atmosphere dynamics, design of double glass windows, ven-
tilation devices, melting and solidification in the refining of metals, among others. Thus, in Section
4.5, we will apply our finite element approximation of a steady version of (2) to simulate the melt-
ing of a solid material, where the phase change is incorporated using either viscosity or porosity as
main effects producing the interface movement. For the above, we will define the adimensional buoy-
ancy force f(θ) = Raθ(Pr Re2)−1, where the Reynolds, Rayleigh and Prandtl numbers are defined by
Re = ρrefVrefLrefµ

−1, Ra = gβLref(θh − θc)[να]−1 and Pr = να−1, respectively. Here g represents the
gravity magnitude, Lref , ρref , Vref are the reference length, density, and velocity defining the flow, and
θh, θc are maximum and minimum temperatures.

Outline of the thesis

This thesis is organised as follows. In Chapter 1 we analyse the solvability of the coupled system
(1). The problem is formulated in terms of solid stress, rotation tensor, solid displacement, and
concentration of the solute. Existence and uniqueness of weak solutions follow from adapting a fixed-
point strategy decoupling linear elasticity from a generalised Poisson equation. We then construct
mixed-primal and augmented mixed-primal Galerkin schemes based on adequate finite element spaces,
for which we rigorously derive a priori error bounds. The contents of this chapter gave rise to the
following paper:

[83] G.N. Gatica, B. Gomez-Vargas and R. Ruiz-Baier, Analysis and mixed-primal finite
element discretisations for stress-assisted diffusion problems. Computer Methods in Applied
Mechanics and Engineering, vol. 337, pp. 411–438, (2018).



4

Chapter 2 is devoted to the mathematical and numerical analysis of a mixed-mixed PDE system
describing the stress-assisted diffusion of a solute into an elastic material. The equations of elastostatics
are written in mixed form using stress, rotation and displacements, whereas the diffusion equation is also
set in a mixed three-field form, solving for the solute concentration, for its gradient, and for the diffusive
flux. This setting simplifies the treatment of the nonlinearity in the stress-assisted diffusion term. The
analysis of existence and uniqueness of weak solutions of the coupled problem follows as a combination
of Schauder and Banach fixed-point theorems together with the Babuška-Brezzi and Lax-Milgram
theories. Concerning numerical discretisation, we propose two families of finite element methods,
based on either PEERS or Arnold-Falk-Winther elements for elasticity, and a Raviart-Thomas and
piecewise polynomial triplet approximating the mixed diffusion equation. We prove the well-posedness
of the discrete problems, and derive optimal error bounds using a Strang inequality. The contents of
this chapter originally appeared in the following paper:

[84] G.N. Gatica, B. Gomez-Vargas and R. Ruiz-Baier, Formulation and analysis of
fully-mixed methods for stress-assisted diffusion problems. Computers & Mathematics with
Applications, vol. 77, 5, pp. 1312–1330, (2019).

In Chapter 3, we develop the a posteriori error analysis for the approaches presented in Chapters
1 and 2 concerning the stress-assisted diffusion of solutes in elastic materials. The systems are formu-
lated in terms of stress, rotation and displacements for the elasticity equations, whereas the nonlinear
diffusion is cast using either solute concentration (leading to a four-field mixed-primal formulation), or
the triplet concentration - concentration gradient - and nonlinear diffusive flux (yielding the six-field
fully-mixed variational formulation). In this chapter, we advocate the derivation of three efficient and
reliable residual-based a posteriori error estimators focusing on the two-dimensional case. The proofs
of reliability depend on adequately formulated inf-sup conditions in combination with a Helmholtz
decomposition and they also rely on the local approximation features of Clément and Raviart-Thomas
interpolations. The efficiency of the estimators is established by a modification of classical inverse
inequalities together with localisation techniques based on edge- and triangle-bubble functions. The
contents of this chapter will appear in the following work currently in preparation:

[20] G.N. Gatica, B. Gómez-Vargas and R. Ruiz-Baier, A posteriori error analysis of
mixed finite element methods for stress-assisted diffusion problems. In preparation.

In Chapter 4, we study a phase change problem for non-isothermal incompressible viscous flows
given by (2). The underlying continuum is modelled as a viscous Newtonian fluid where the change of
phase is either encoded in the viscosity itself, or in the Brinkman-Boussinesq approximation where the
solidification process influences the drag directly. We address these and other modelling assumptions
and their consequences in the simulation of differentially heated cavity flows of diverse types. A second
order finite element method for the primal formulation of the problem in terms of velocity, temperature,
and pressure is constructed, and we provide conditions for its stability. The contents of this chapter
gave rise to the following paper:

[158] J. Woodfield, M. Álvarez, B. Gomez-Vargas and R. Ruiz-Baier, Stability and fi
nite element approximation of phase change models for natural convection in porous media.
Journal of Computational and Applied Mathematics, vol. 360, pp. 117–137, (2019).



5

Chapter 5 is concerned with the mathematical and numerical analysis of a phase change problem for
non-isothermal incompressible viscous flow given by a steady version of (2). The system is formulated
in terms of pseudostress, strain rate and velocity for the Navier-Stokes-Brinkman equation, whereas
temperature, normal heat flux on the boundary, and an auxiliary unknown are introduced for the energy
conservation equation. In addition, and as one of the novelties of our approach, the symmetry of the
pseudostress is imposed in an ultra-weak sense, thanks to which the usual introduction of the vorticity
as an additional unknown is no longer needed. Then, for the mathematical analysis two variational
formulations are proposed, namely mixed-primal and fully-mixed approaches, and the solvability of the
resulting coupled formulations is established by combining fixed-point arguments, Sobolev embedding
theorems and certain regularity assumptions. We then construct corresponding Galerkin discretisations
based on adequate finite element spaces, and derive optimal a priori error estimates. The contents of
this chapter originally appeared in the following paper:

[13] M. Álvarez, G.N. Gatica, B. Gomez-Vargas and R. Ruiz-Baier, New mixed fi-
nite element methods for natural convection with phase-change in porous media. Journal of
Scientific Computing, vol. 80, 1, pp. 141–174, (2019).

Finally, we would like to mention that throughout all the chapters, we present several numerical
tests corroborating the accuracy of the numerical schemes as well as illustrating key properties of the
models. In addition, all the computational implementations of the methods were obtained using the
freely available finite element libraries; FEniCS [11], FreeFem++ [96], the open mesh generator Gmsh
[90], and the illustrator Paraview [5].

Preliminary notations

Let us denote by Ω ⊆ Rn, n ∈ {2, 3} a given bounded domain with polyhedral boundary Γ = ∂Ω,
and denote by ν the outward unit normal vector on the boundary. We will adopt a fairly standard
notation for Lebesgue and Sobolev spaces: Lp(Ω) and Hs(Ω), respectively. Norms and seminorms for
the latter will be written as ‖·‖s,Ω and | · |s,Ω. The space H1/2(Γ) contains traces of functions of H1(Ω),
and H−1/2(Γ) denotes its dual. In general, the notation M and M will refer to vectorial and tensorial
counterparts of a generic scalar functional space M. Furthermore, by

‖w‖∞,Ω := max
i=1,n
{‖wi‖∞,Ω}, and ‖ψ‖1,∞,Ω := max

α≤1

(
ess sup

x∈Ω
|∂αψ(x)|

)
,

we will denote norms for the Banach spaces L∞(Ω) and W1,∞(Ω), respectively. We also need to
introduce spaces of functions defined on a bounded time interval (0, T ) and with values in a separable
Hilbert space V , with norm ‖·‖V . Thus, for a nonnegative integer m, and for 1 ≤ p < ∞, we denote
by Lp(V ) and Wm,p(V ) the spaces of classes of functions f : (0, T )→ V for which

‖f(t)‖pLp(V ) :=

∫ T

0
‖f‖pV dt <∞ and ‖f(t)‖pWm,p(V ) :=

m∑
l=0

∥∥∥∂lu/∂tl∥∥∥p
Lp(V )

<∞.

As usual, for brevity we write ∂tf to denote ∂f/∂t, I stands for the identity tensor in Rn×n, and | · |
denotes both the Euclidean norm in Rn and the Frobenius norm in Rn×n. In turn, for any vector field
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v = (vi)i=1,n we set the gradient, divergence and tensor product operators as

∇v :=

(
∂vi
∂xj

)
i,j=1,n

div v :=
n∑
j=1

∂vj
∂xj

and v ⊗w := (viwj)i,j=1,n.

In addition, given any tensor fields τ = (τij)i,j=1,n and ζ = (ζij)i,j=1,n, we let div τ be the divergence
operator div acting along the rows of τ , and define the transpose, the trace, the tensor inner product,
and the deviatoric tensor, respectively, as

τ t := (τji)i,j=1,n, tr(τ ) :=
n∑
i=1

τii, τ : ζ :=
n∑

i,j=1

τijζij , and τ d := τ − 1

n
tr(τ ) I .

Finally, we recall the following Hilbert space equipped with its usual norm

H(div; Ω) :=
{
τ ∈ L2(Ω) : div τ ∈ L2(Ω)

}
, ‖τ‖2div;Ω := ‖τ‖20,Ω + ‖div τ‖20,Ω .



Introducción

Modelos matemáticos dados en términos de ecuaciones diferenciales parciales (EDPs) pueden ser
encontrados en áreas de la física, geología, biología, medicina, ingeniería, entre otras. Una parte im-
portante de estos modelos, tiene que ver con aquellos en donde se realiza un acoplamiento entre sistemas
clásicos de ecuaciones, lo cual nos permite conocer el comportamiento de las incógnitas involucradas al
interactuar entre sí. El acoplamiento se puede dar de varias formas, en particular, estamos interesados
en modelos en que el acoplamiento sea dado por medio de la dependencia en las ecuaciones constituti-
vas o términos fuente, de incógnitas provenientes de otros modelos. Existe una gran cantidad de este
tipo de modelos, tal es el caso de problemas de transporte a través de flujos viscosos en medios porosos
[14, 15, 41], modelos de cambio de fase [44, 64, 101, 134, 155, 158, 165], difusión asistida por esfuerzo
[6, 83, 125, 144], entre otros.

Debido a que en general, las ecuaciones gobernantes de estos modelos tienen una alta compleji-
dad para ser resueltas analíticamente, necesitamos generar soluciones aproximadas, usando para esto,
métodos numéricos. Aquí, el Análisis Numérico juega un rol primordial, no solo construyendo aproxi-
maciones, sino también estudiando bajo qué condiciones los sistemas de ecuaciones tienen solución, y
determinando propiedades de estabilidad y convergencia de los métodos. Análisis Numérico constituye
un tópico muy atractivo de investigación, el cual envuelve teoría de EDP, herramientas de aproxi-
mación, y computación científica. En este contexto, los métodos de elemento finito han demostrado
ser un instrumento muy capaz, permitiendo obtener soluciones aproximadas en espacios de dimensión
finita, y generando herramientas para simular problemas de interés. En esta tesis, los métodos de
elemento finito serán desarrollados tanto de forma primal, como mixta, siendo este último el princi-
pal enfoque en los capítulos presentados posteriormente. Generalmente, dichos métodos, proponen
formulaciones variacionales que son motivadas por la introducción de variables adicionales de interés.
Dependiendo del tipo de modelo que se esté abordando, dichas variables pueden ser por ejemplo: el
esfuerzo, la rotación (vorticidad en fluidos), pseudo-esfuerzo, presión total, flujo de calor, entre otros.
Un apartado especial a modelos que involucran elasticidad lineal, ya que aquí, el interés principal
podría concentrarse en la variable dual que describe los esfuerzos dentro de un material, además de la
variable primal que describe las deformaciones del mismo. Así, si el material es elástico e incompresi-
ble, no es posible determinar el esfuerzo solo a partir del desplazamiento, sin tener que obligadamente
experimentar el llamado bloqueo volumétrico en nuestro esquema numérico. Es bien sabido que una
incógnita adicional puede permitir una mejor caracterización de los cambios volumétricos del mate-
rial, además de que, el método resultante, puede capturar mejor los movimientos del sólido cuando
el material se aproxima al límite de incompresibilidad. Así, algunas referencias al respecto de for-
mulaciones mixtas para elasticidad son [23, 24, 79, 81]. Para problemas de calor difusivos, donde al
introducir nuevas incógnitas, es posible obtener una mejor aproximación del gradiente de temperatura

7
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que la que uno encontraría a partir de la aproximación de la temperatura misma obtenida al resolver la
formulación primal correspondiente. Aproximaciones que combinan formulaciones mixtas para fluidos
incompresibles con formulaciones mixtas para cantidades difusivas, han sido principalmente usadas
para problemas de convección natural, o aproximaciones del tipo Boussinesq [9, 10, 57, 61, 76, 123].

De acuerdo a lo anterior, la propuesta de esta tesis es la introducción de nuevas discretizaciones
para problemas en mecánica del medio continuo, siendo el enfoque mixto, la principal herramienta
que se utilizará. Más precisamente, estamos interesados en proponer modelos acoplados en el contexto
de mecánica de fluidos y sólidos, tales como difusión asistida por esfuerzo, y problemas de cambio de
fase. A través del desarrollo de esta tesis, se trabajará en la derivación de formulaciones variacionales
primales y mixtas, y entonces, estudiaremos las propiedades matemáticas (por ejemplo, existencia,
unicidad, estabilidad y regularidad de las soluciones), esquemas discretos y estimaciones de error para
los sistemas propuestos, por medio de teoría clásica de punto fijo, combinada con el lema de Lax
Milgram, la teoría de Babuška-Brezzi e inecuaciones del tipo Strang. En los siguientes dos apartados,
se presentarán los modelos trabajados, algunas de sus aplicaciones más significativas y sus respectivas
referencias, y la organización de la tesis (en donde se detalla el enfoque matemático y numérico uti-
lizado para cada modelo).

Problemas modelo

Esta tesis se enfoca en problemas acoplados en dos direcciones: mecánica de sólidos y de fluidos.
Respecto a mecánica de fluidos, nos enfocamos en problemas de cambio de fase [64, 134]. Aquí los
problemas son modelados ya sea, como un fluido Newtoniano viscoso, donde el cambio de fase aparece
en la viscosidad misma, o usando una aproximación del tipo Brinkman-Boussinesq donde el proceso
de solidificación tiene influencia directa en el arrastre. Respecto a mecánica de sólidos y fluidos, nos
enfocamos en analizar un problema que representa procesos de difusión-deformación, donde el esfuerzo
actúa como una variable de acoplamiento, así llamado: problemas de difusión asistido por esfuerzo
[6, 125].

Empezamos mostrando el siguiente sistema de ecuaciones diferenciales parciales

σ = λ trε(u) I + 2µε(u) , − divσ = f(φ),

σ̃ = ϑ(σ)∇φ , − div σ̃ = g(u),
(1)

el cual describe, las leyes de balance que generan el movimiento de un sólido que ocupa un dominio
Ω ⊆ Rn y la difusión de un soluto interactuando con él. Notamos que el sistema (1) describe las
relaciones constitutivas de materiales elásticos, conservación lineal de momento, la descripción consti-
tutiva de flujos difusivos, y el transporte de masa de una sustancia difusiva, respectivamente. Aquí,
la concentración local de especies está representada por φ, σ es el esfuerzo sólido de Cauchy, u es el
campo desplazamiento, ε(u) es el tensor de pequeñas deformaciones, σ̃ es el flujo difusivo, λ, µ > 0

son las constantes de Lamé, ϑ : Rn×n → Rn×n es una función tensorial de difusividad, f : R → Rn

es un campo vectorial (el cual depende de la concentración de especies), y g : Rn → R denota un
término fuente no lineal que depende localmente del desplazamiento del sólido. Señalamos que, efectos
de la difusión asistida por esfuerzo constituyen el principal mecanismo en muchos problemas aplicados
[19, 53, 65, 117, 118, 131, 141, 162], entre los cuales podemos mencionar, la difusión de boro y arsénico
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en silicio, difusión de hidrógeno en metales, anulación de líneas conductoras de aluminio en circuitos
integrados, mediciones de envejecimiento por tensión en hierro, sorción en materiales poliméricos re-
forzados con fibra, secado de capas de pintura líquida, geles y penetración de solutos de uso general,
anisotropía de dinámicas cardíacas, entre otros. En particular, en la Sección 2.6, nos enfocaremos en
la simulación del daño microscópico de electrodos en baterias de litio [19, 50, 94, 110, 136].

Enfatizamos que la principal dificultad en el análisis de este modelo, radica en la dependencia del
esfuerzo en el tensor de difusividad ϑ. Así, para el correspondiente análisis matemático en los Capítulos
1 and 2, necesitaremos aplicar estimaciones de regularidad adecuadas [27, 93, 121], con la intención
de obtener existencia y unicidad de la solución a nivel continuo. Finalmente, es importante mencionar
que hasta donde es de nuestro conocimiento, formulaciones mixtas para procesos de difusión asistido
por esfuerzo, es algo que no está presente en la literatura.

Correspondiente a formulaciones para fluidos, presentamos un modelo temporal relacionado con una
estructura isotrópica porosa homogénea, la cual ocupa un dominio espacial Ω, y que además está
saturada con fluido viscoso incompresible. De esta manera, las ecuaciones de este modelo son escritas
en términos de la velocidad u(t), la presión p(t), y la temperatura θ(t) como sigue:

∂tu+ u · ∇u− 1

Re
div
[
2µ(θ)ε(u)

]
+∇p+ η(θ)u = f(θ)k,

divu = 0,

∂tθ + u · ∇θ − 1

CPr
div(κ∇θ) + ∂ts+ u · ∇s = 0,

(2)

las cuales representan, la continuidad de momento, masa, y energía con entalpía, respectivamente.
En este modelo, el fluido tiene viscosidad cinemática ν, coeficiente de expansión térmica α, y calor
específico adimensional C. Más aún, ε(u) representa aquí la tensión, la función s(t) es la entalpía,
k denota el vector unitario que apunta en dirección contraria a la gravedad, η, µ son funciones no
lineales de la temperatura que involucran la permeabilidad del material poroso y la viscosidad del
fluido, respectivamente. Enfatizamos que s(θ) en (2), denota la función de entalpía regularizada y es
quien toma en cuenta el calor de fusión latente, es decir, la energía necesaria para el cambio de fase de
un material [151, 152].

Es importante observar que (2) tiene muchas aplicaciones físicas e industriales [64, 69, 99, 120,
150, 155], las cuales incluyen, dinámicas oceánicas y atmosféricas, diseño de ventanas de doble vidrio,
dispositivos de ventilación, derretimiento y solidificación en el refinamiento de metales, entre otros.
Así, en la Sección 4.5, aplicaremos nuestra aproximación de elementos finitos de una versión esta-
cionaria de (2), a la simulación del derretimiento de un material sólido, donde el cambio de fase es
incorporado de dos formas alternativas: usando la viscosidad o la porosidad, como efectos princi-
pales que producen el movimiento de la interfaz. Para lo anterior, definiremos la fuerza de flotación
f(θ) = Raθ(Pr Re2)−1, donde los números de Reynolds, Rayleigh y Prandtl, son definidos como
Re = ρrefVrefLrefµ

−1, Ra = gβLref(θh − θc)[να]−1 y Pr = να−1, respectivamente. Aquí g repre-
senta la magnitud de la gravedad, Lref , ρref , Vref son las longitudes de referencia, densidad, y velocidad
que define el fluido, y θh, θc son las temperaturas máximas y mínimas.

Organización de la tesis
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Esta tesis está organizada como sigue. En el Capítulo 1, analizamos la solubilidad del sistema
acoplado (1). El problema es formulado en términos del esfuerzo, tensor de rotación, desplazamiento
del sólido y concentración de soluto. Existencia y unicidad de la solución débil se obtiene de adaptar
una estrategia de punto fijo, la cual desacopla la ecuación de elasticidad y una ecuación generalizada
de Poisson. Basados entonces en espacios de elementos finitos adecuados, construimos esquemas de
Galerkin del tipo mixto-primal y mixto-primal aumentado, para los cuales derivamos rigurosamente
cotas de error a priori. Los contenidos de este capítulo dieron lugar al siguiente artículo:

[83] G.N. Gatica, B. Gomez-Vargas and R. Ruiz-Baier, Analysis and mixed-primal finite
element discretisations for stress-assisted diffusion problems. Computer Methods in Applied
Mechanics and Engineering, vol. 337, pp. 411–438, (2018).

El Capítulo 2 es dedicado al análisis matemático y numérico de un sistema de ecuaciones diferen-
ciales parciales mixto-mixto, el cual describe la difusión asistida por esfuerzo de un soluto dentro del
un material elástico. Las ecuaciones de elasticidad son escritas en forma mixta utilizando esfuerzo,
rotación y desplazamientos, mientras que la ecuación de difusión es también trabajada de forma mixta
dependiente de tres campos, concentración de soluto, su gradiente y el flujo difusivo. Esta estructura
simplifica el tratamiento de la no linealidad en el término difusivo. El análisis de la existencia y unicidad
de la solución del problema acoplado, es obtenido de combinar los teoremas de punto fijo de Schauder
y Banach, junto con las teorías de Babuška-Brezzi y Lax-Milgram. Respecto a las discretizaciones
numéricas, proponemos dos familias de elementos finitos: elementos PEERS y Arnold-Falk-Winther
para elasticidad, y un triplete que involucra Raviart-Thomas y elementos polinomiales a trozos para
aproximar la ecuación mixta de difusión. Probamos que el problema discreto está bien puesto, y
derivamos cotas de error óptimas utilizando la desigualdad de Strang. Los contenidos de este capítulo
aparecen en el siguiente artículo:

[84] G.N. Gatica, B. Gomez-Vargas and R. Ruiz-Baier, Formulation and analysis of
fully-mixed methods for stress-assisted diffusion problems. Computers & Mathematics with
Applications, vol. 77, 5, pp. 1312–1330, (2019).

En el Capítulo 3, desarrollamos análisis de error a posteriori para las aproximaciones presentadas
en los Capítulos 1 and 2, los cuales tiene que ver con la difusión asistida por esfuerzo de solutos en
materiales elásticos. Los sistemas son formulados en términos del esfuerzo, rotaciones, y desplaza-
mientos para las ecuaciones de elasticidad, mientras que la difusión no lineal es representada usando,
ya sea, concentración de soluto (derivando una formulación mixta-primal en cuatro campos), o el
triplete concentración-gradiente de la concentración-y flujo difusivo no lineal (derivando una formu-
lación completamente mixta en seis campos). En este capítulo, recomendamos derivar tres estimadores
de error a posteriori confiables y eficientes del tipo residual, enfocándonos en el caso bidimensional. Las
pruebas de confiabilidad dependen de las condiciones inf-sup en combinación con la descomposición
de Helmholtz y las aproximaciones locales de los operadores de interpolación de Clément y Raviart-
Thomas. La eficiencia de los estimadores es establecida aplicando modificaciones a las desigualdades
inversas clásicas en conjunto con técnicas de localización basadas en funciones burbuja sobre triángu-
los y lados. Los contenidos de este capítulo aparecerán en el siguiente trabajo, el cual se encuentra
actualmente en preparación:
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[20] G.N. Gatica, B. Gómez-Vargas and R. Ruiz-Baier, A posteriori error analysis of
mixed finite element methods for stress-assisted diffusion problems. En preparación.

En el Capítulo 4, estudiamos el problema de cambio de fase para fluidos viscosos no isotérmicos
incompresibles dado por (2). El problema es modelado como un fluido viscoso Newtoniano, donde el
cambio de fase se presenta por medio de la viscosidad misma, o por medio de una aproximación del
tipo Brinkman-Boussinesq, donde el proceso de solidificación tiene influencia directa en el arrastre.
Abordamos estos y otros supuestos del modelo y sus consecuencias, en la simulación de flujos de
cavidad de diversos tipos. Un método de segundo orden de elementos finitos primales es construido
en términos de la velocidad, temperatura y presión, y proporcionamos sus condiciones de estabilidad.
Los contenidos de este capítulo dieron lugar al siguiente artículo:

[158] J. Woodfield, M. Álvarez, B. Gomez-Vargas and R. Ruiz-Baier, Stability and fi
nite element approximation of phase change models for natural convection in porous media.
Journal of Computational and Applied Mathematics, vol. 360, pp. 117-137, (2019).

El Capítulo 5 está dedicado al análisis matemático y numérico de un problema estacionario de
cambio de fase para fluidos viscosos no isotérmicos incompresibles, dado por una versión estacionaria
de (2). El sistema es formulado en términos del pseudo-esfuerzo, tensión y velocidad para las ecuaciones
de Navier-Stokes-Brinkman, mientras que temperatura, flujo de calor normal sobre la frontera, y una
incógnita auxiliar, son introducidas para la ecuación de conservación de energía. Adicionalmente, y
como una de las novedades de nuestra aproximación, la simetría del pseudo-esfuerzo es impuesta es
un sentido ultra débil, lo cual permite que la introducción de la vorticidad no sea necesaria. Para el
análisis matemático, dos formulaciones variacionales son propuestas: mixta-primal y completamente
mixta, cuya solubilidad es establecida combinando argumentos de punto fijo, teoremas de inclusiones
de Sobolev y algunos supuestos de regularidad. Construimos las correspondientes discretizaciones de
Galerkin basadas en espacios de elementos finitos adecuados, y derivamos estimaciones de error a priori.

[13] M. Álvarez, G.N. Gatica, B. Gomez-Vargas and R. Ruiz-Baier, New mixed fi-
nite element methods for natural convection with phase-change in porous media. Journal of
Scientific Computing, vol. 80, 1, pp. 141–174, (2019).

Finalmente, mencionamos que a través de todos los capítulos, presentamos ensayos numéricos que
corroboran la precisión de los esquemas numéricos, además de ilustrar las principales propiedades de
los modelos. Adicionalmente, todas las implementaciones computacionales de los métodos, se obtu-
vieron empleando las librerías de elementos finitos de acceso libre; FEniCS [11], FreeFem++ [96], el
generador de mallas de código abierto Gmsh [90], y el ilustrador Paraview [5].



CHAPTER 1

Analysis and mixed-primal finite element discretisations for
stress-assisted diffusion problems

1.1 Introduction

This first chapter is motivated by the mathematical and numerical investigation of stress-enhanced
diffusion processes in deformable solids. Starting from the early works by e.g. Truesdell [144], Podstri-
gach [125], or Aifantis [6], a number of applicative studies and different models have been developed.
Many of these contributions have focused on the modelling of hydrogen diffusion in metals [141], dam-
age of electrodes in lithium ion batteries [19], sorption in fibre-reinforced polymeric materials [131],
drying of liquid paint layers [65], gels and general-purpose solute penetration [98, 159], anisotropy of
cardiac dynamics [53], and several other effects. Irrespective of the specific interaction under consider-
ation, the assumptions in these models convey that the species diffuses on the elastic medium obeying
a Fickean law enriched with additional contributions arising from local effects by exerted stresses.

Although there exist numerous advances on the modelling considerations for stress-assisted and
strain-assisted diffusion problems, their counterparts from the viewpoint of mathematical and numerical
analysis are still far behind. A few punctual references include the study of plane steady solutions
[97], asymptotic analysis [63, 65], and the very recent general well-posedness theory for static and
transient problems in a primal formulation, developed in [109]. Our goal at this stage is to focus on
a simple stationary problem that represents the main ingredients of diffusion-deformation interaction
models where the Cauchy stress acts as a coupling variable. We will concentrate on the regime of linear
elasticity, and we will further assume that there are no additional nonlinearities in the diffusion process
other than the coupling through stresses. In turn, it is supposed that the diffusing species affects the
motion of the solid skeleton through external forces, constituting a two-way coupled system.

Apart from stress and displacement, the elasticity equations will incorporate the tensor of solid
rotations as supplementary field variable, serving to impose symmetry of the Cauchy stress. This
approach has been exploited in several mixed formulations for elastostatics [22, 80, 86], and in our case
has particular importance as the stress influences directly the diffusion process. In contrast, we will use
a primal formulation for the diffusion equation. Then, following a similar approach to the one employed
in [14] and [15], the existence and uniqueness of weak solutions to the coupled system will be established
invoking the Lax-Milgram lemma, the Babuška-Brezzi theory, suitable regularity estimates, and fixed-
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point arguments permitting us to decouple the solid mechanics from the generalised Poisson problem.
Nevertheless, while there are in fact certain similarities with [14] and [15], it is important to remark
that the problems involved deal with very different models and that there are substantial differences
between the respective analyses. In particular, in [14] and [15] it was needed to assume, without
proof, a regularity result, whereas in the present work the regularity estimates that are required for the
analysis are either proved or available in the literature. Also, in [14] and [15] the authors were able to
show existence of solution for sufficiently small data only whereas in the present work this assumption
is not required for that purpose. More specifically, Schauder’s fixed-point theorem will yield existence
of weak solutions, whereas Banach’s fixed-point theorem (in combination with assumptions on the
data) will give uniqueness of solution. Additionally, the Sobolev embedding and Rellich-Kondrachov
compactness theorems will constitute essential tools in the analysis of the continuous problem. In turn,
the regularity estimates needed for the uncoupled elasticity and diffusion problems will be adapted
from those appearing in [27] and [75], respectively. Even if these results are valid provided one restricts
the analysis to convex domains in two spatial dimensions, our computational tests indicate that this
requirement may only be technical.

Regarding the numerical approximation of the problem, we propose two families of finite element
discretisations: one that will follow the same mixed-primal character as in the continuous case, and a
second one that utilises augmentation of the elasticity problem through redundant Galerkin contribu-
tions in order to achieve conformity and well-definiteness of appropriate terms. As a consequence, the
resulting augmented scheme allows more flexibility in the choice of the finite element subspaces for the
aforementioned problem. In addition, the Brouwer fixed-point theorem will be utilised to establish ex-
istence of solutions to the associated Galerkin schemes. In this context, the recent theory leading to the
well-posedness of Stokes-transport coupled systems developed in [14, 15] will be modified accordingly.
The convergence analysis in each case will be conducted using a blend of a Strang-type argument,
Céa estimates, and the approximation properties of specific finite element spaces. To the best of our
knowledge, the results presented in this chapter constitute the first rigorous analysis of continuous and
discrete mixed formulations for stress-assisted diffusion problems. The structure of the chapter is as
follows. Required definitions and preliminary notation are recalled in the remainder of this section,
where we also present the governing equations in strong form together with main assumptions on the
model. The weak formulation stated in mixed-primal form, as well as its solvability analysis, are pro-
vided in Section 1.3. We then provide a mixed-primal Galerkin method and derive existence of discrete
solution along with the corresponding a priori error estimates in Section 1.4. Section 1.5 is dedicated to
the derivation and analysis of an augmented mixed-primal formulation in continuous form, a suitable
discretisation, and the derivation of error bounds. We then present a set of numerical examples in
Section 1.6 that illustrate the accuracy and applicability of the proposed numerical schemes
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1.2 A model for stress-assisted diffusion in elastic solids

The following system of partial differential equations describes balance laws governing the motion
of an elastic solid occupying the domain Ω and a diffusing solute interacting with it:

σ = λ trε(u) I + 2µε(u) , − divσ = f(φ),

σ̃ = ϑ̃(ε(u))∇φ , − div σ̃ = g(u),
(1.2.1)

where φ represents the local concentration of species; σ is the Cauchy solid stress; u is the displacement
field; ε(u) := 1

2

(
∇u+∇ut

)
is the infinitesimal strain tensor (symmetrised gradient of displacements);

σ̃ is the diffusive flux; λ, µ > 0 are the Lamé constants (dilation and shear moduli) characterising
the properties of the material; ϑ̃ : Rn×n → Rn×n is a tensorial diffusivity function; f : R → Rn is a
vector field of body loads (which will depend on the species concentration), and g : Rn → R denotes
an additional source term depending locally on the solid displacement. Specific requirements on these
functions will be given below. We note that system (1.2.1) describes the constitutive relations inherent
to linear elastic materials, conservation of linear momentum, the constitutive description of diffusive
fluxes, and the mass transport of the diffusive substance, respectively. It also assumes that diffusive
time scales are much lower than those of the elastic wave propagation, justifying the static character
of the system (cf. [109]).

Hooke’s law [81, eq. (2.36)] asserts that C−1σ = ε(u), where C−1 is the fourth order compliance
tensor. This relation allows us to recast the strain-dependent diffusivity ϑ̃(ε(u)) as a stress-dependent
diffusivity ϑ(σ) := ϑ̃(C−1σ). Throughout this chapter we will suppose that ϑ is of class C1 and
uniformly positive definite, meaning that there exists ϑ0 > 0 such that

ϑ(τ )w ·w ≥ ϑ0|w|2 ∀w ∈ Rn, ∀ τ ∈ Rn×n. (1.2.2)

We will also require uniform boundedness and Lipschitz continuity: there exist positive constants ϑ1, ϑ2

and Lϑ, such that

ϑ1 ≤ |ϑ(τ )| ≤ ϑ2, |ϑ(τ )− ϑ(ζ)| ≤ Lϑ|τ − ζ| ∀ τ , ζ ∈ Rn×n. (1.2.3)

Similar assumptions will be placed on the load and source functions f and g: we suppose that there
exist positive constants f1, f2, Lf , g1, g2 and Lg, such that

f1 ≤ |f(s)| ≤ f2, |f(s)− f(t)| ≤ Lf |s− t| ∀ s, t ∈ R, (1.2.4)

g1 ≤ g(w) ≤ g2, |g(v)− g(w)| ≤ Lg|v −w| ∀v,w ∈ Rn. (1.2.5)

Moreover, for each γ ∈ (0, 1), there exists a constant Cγ > 0, such that g(w) ∈ Hγ(Ω) for each
w ∈ Hγ(Ω) and

‖g(w)‖γ,Ω ≤ Cγ ‖w‖γ,Ω . (1.2.6)

An additional assumption is that for every φ ∈ H1(Ω), we have f(φ) ∈ H1(Ω). Finally, given
uD ∈ H1/2(Γ), the following Dirichlet boundary conditions complement (1.2.1): u = uD and φ = 0 on
Γ. Thus, we arrive at the following coupled system:

σ = λ trε(u) I + 2µε(u) and − divσ = f(φ) in Ω, u = uD on Γ,

σ̃ = ϑ(σ)∇φ and − div σ̃ = g(u) in Ω, φ = 0 on Γ.
(1.2.7)
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Examples of specific constitutive relations for the tensor diffusivity in terms of stress appearing in
the relevant literature include exponential functions of the volumetric stress for lithiation of batteries
[94], simple polynomial relationships for biological materials [53], or Carreau-type laws

ϑ(σ) = C0 exp(−trσ)I, ϑ(σ) = C0 I + C1σ + C2σ
2, ϑ(σ) = (C0 + C1(1− |σ|2)−1/2)I,

respectively. Regarding the concentration-dependent body load we cite linear dependences modelling
isotropic swelling in composite materials [103], saturation-based descriptions for viscous layers [65], or
concentration gradient modulations for single-cell mechanics [132], adopting the form

f(φ) = Cφ, f(φ) = C(1− φ)m−1, f(φ) = C0∇φ,

respectively, where C ∈ Rn,m > 1.

1.3 The mixed-primal formulation

In this section we derive a mixed-primal variational formulation for (1.2.7) and verify the hypotheses
of Schauder’s fixed-point theorem, implying existence of weak solutions. In turn, an application of
Banach’s fixed-point theorem will be employed to prove uniqueness of solution under the assumption
of adequately small data.

1.3.1 The continuous setting

The present treatment follows closely those in [81, 14]. First we note that Hooke’s law can be recast
in terms of the rotation tensor as follows

C−1σ = ε(u) = ∇u− ρ, where ρ :=
1

2
(∇u−∇ut),

and we observe that ρ ∈ L2
skew(Ω) := {η ∈ L2(Ω) : η + ηt = 0}. The weak form associated with the

first row of (1.2.7) eventually reads: find (σ, (u,ρ)) ∈ H(div; Ω)× (L2(Ω)× L2
skew(Ω)) such that

a(σ, τ ) + b(τ , (u,ρ)) = G(τ ) ∀ τ ∈ H(div; Ω),

b(σ, (v,η)) = Fφ(v,η) ∀ (v,η) ∈ L2(Ω)× L2
skew(Ω),

(1.3.1)

where the bilinear forms a : H(div; Ω)×H(div; Ω)→ R and b : H(div; Ω)× (L2(Ω)× L2
skew(Ω))→ R

are specified as

a(ζ, τ ) :=
1

2µ

∫
Ω
ζ : τ − λ

2µ(nλ+ 2µ)

∫
Ω

tr(ζ) tr(τ ), (1.3.2)

b(τ , (v,η)) :=

∫
Ω
v · div τ +

∫
Ω
η : τ , (1.3.3)

for ζ, τ ∈ H(div; Ω) and (v,η) ∈ L2(Ω) × L2
skew(Ω). In turn, the functionals Fφ ∈ H(div; Ω)′ and

G ∈ (L2(Ω)× L2
skew(Ω))′ are given by

G(τ ) := 〈τν,uD〉Γ and Fφ(v,η) := −
∫

Ω
f (φ) · v , (1.3.4)
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for (τ , (v,η)) ∈ H(div; Ω) × (L2(Ω) × L2
skew(Ω)), where ν denotes from now on the unit outward

normal on Γ, and 〈·, ·〉Γ stands for the duality pairing of H−1/2(Γ) and H1/2(Γ) with respect to the
inner product in L2(Γ).

From (1.3.2) and (1.3.3) it follows that, for any (τ , (v,η)) ∈ H(div; Ω)× (L2(Ω)× L2
skew(Ω)), there

holds
a(I, τ ) =

1

nλ+ 2µ

∫
Ω
tr(τ ) and b(I, (v,η)) = 0. (1.3.5)

Algebraic manipulations then show that the bilinear form a can be recast as

a(ζ, τ ) =
1

2µ

∫
Ω
ζd : τ d +

1

n(nλ+ 2µ)

∫
Ω

tr(ζ) tr(τ ) ∀ ζ, τ ∈ H(div; Ω).

On the other hand, we recall from [39] that H(div; Ω) = H0(div; Ω)⊕ RI, where

H0(div; Ω) :=

{
τ ∈ H(div; Ω) :

∫
Ω

tr(τ ) = 0

}
,

that is, for each τ ∈ H(div; Ω) there exist unique

τ 0 := τ −
{

1

n|Ω|

∫
Ω

tr(τ )

}
I ∈ H0(div; Ω) and d :=

1

n|Ω|

∫
Ω

tr(τ ) ∈ R,

such that τ = τ 0 + dI. In particular, we obtain from the first row of (1.2.7) that

tr (σ) = (nλ+ 2µ) divu,

which yields σ = σ0 + cI, where

σ0 ∈ H0(div; Ω) and c :=
nλ+ 2µ

n|Ω|

∫
Γ
uD · ν.

Then, replacing σ by the expression σ0 + cI in (1.3.1), applying (1.3.5) and denoting from now on the
remaining unknown σ0 ∈ H0(div; Ω) simply by σ, we find that the mixed variational formulation for
the elasticity problem (cf. first row of (1.2.7)) reduces to: find (σ, (u,ρ)) ∈ H0(div; Ω) × (L2(Ω) ×
L2

skew(Ω)) such that

a(σ, τ ) + b(τ , (u,ρ)) = G(τ ) ∀ τ ∈ H0(div; Ω),

b(σ, (v,η)) = Fφ(v,η) ∀ (v,η) ∈ L2(Ω)× L2
skew(Ω).

(1.3.6)

On the other hand, the boundary condition for φ indicates the appropriate trial and test space

H1
0(Ω) :=

{
ψ ∈ H1(Ω) : ψ = 0 on Γ

}
,

and Poincaré’s inequality implies that there exists cp > 0, depending only on Ω and Γ, such that

‖ψ‖1,Ω ≤ cp|ψ|1,Ω ∀ ψ ∈ H1
0(Ω). (1.3.7)

We can then deduce a primal formulation for the diffusion equation: find φ ∈ H1
0(Ω) such that

Aσ(φ, ψ) = Gu(ψ) ∀ψ ∈ H1
0(Ω), (1.3.8)
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where

Aσ(φ, ψ) :=

∫
Ω
ϑ(σ)∇φ · ∇ψ ∀ φ, ψ ∈ H1

0(Ω), (1.3.9)

Gu(ψ) :=

∫
Ω
g(u)ψ ∀ ψ ∈ H1

0(Ω). (1.3.10)

In this way, the mixed-primal formulation for (1.2.7) consists in (1.3.6) and (1.3.8), that is: find
(σ, (u,ρ), φ) ∈ H0(div; Ω)× (L2(Ω)× L2

skew(Ω))×H1
0(Ω), such that

a(σ, τ ) + b(τ , (u,ρ)) = G(τ ) ∀ τ ∈ H0(div; Ω),

b(σ, (v,η)) = Fφ(v,η) ∀ (v,η) ∈ L2(Ω)× L2
skew(Ω),

Aσ(φ, ψ) = Gu(ψ) ∀ψ ∈ H1
0(Ω).

(1.3.11)

1.3.2 Fixed-point approach and well-posedness of the uncoupled problems

In this section, we proceed similarly as in [14] and utilise a fixed-point strategy to prove that (1.3.11)
is uniquely solvable. We first set H := H0(div; Ω) × (L2(Ω) × L2

skew(Ω)) and let S : H1
0(Ω) → H be

the operator defined by

S(φ) := (S1(φ), (S2(φ),S3(φ))) := (σ, (u,ρ)) ∀φ ∈ H1
0(Ω),

where, for a given φ, the triple (σ, (u,ρ)) is the unique solution of (1.3.6). In turn, let S̃ : H0(div; Ω)×
L2(Ω)→ H1

0(Ω) be the operator defined by

S̃(σ,u) := φ ∀ (σ,u) ∈ H0(div; Ω)× L2(Ω),

where φ is the unique solution of (1.3.8), for a given pair (σ,u). Then, we define the map T : H1
0(Ω)→

H1
0(Ω) as

T(φ) := S̃(S1(φ),S2(φ)) ∀φ ∈ H1
0(Ω),

and one readily realises that solving (1.3.11) is equivalent to seeking a fixed point of the solution
operator T, that is: find φ ∈ H1

0(Ω) such that

T(φ) = φ. (1.3.12)

The following technical lemma will serve to establish solvability of (1.3.6) for a given φ.

Lemma 1.3.1. There exists c1 > 0 such that

c1 ‖τ‖20,Ω ≤ ‖τ
d‖20,Ω + ‖div τ‖20,Ω ∀τ ∈ H0(div; Ω).

Proof. See [81, Lemma 2.3].

We now proceed to show that the uncoupled problems defined by S and S̃ are well-posed.

Lemma 1.3.2. For each φ ∈ H1
0(Ω) the problem (1.3.6) has a unique solution S(φ) := (σ, (u,ρ)) ∈ H.

Moreover, there exists cS > 0 independent of φ, such that

‖S(φ)‖H = ‖(σ, (u,ρ))‖H ≤ cS
{
‖uD‖1/2,Γ + f2|Ω|1/2

}
. (1.3.13)
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Proof. Along the lines of [81, Section 2.4.3.1], we first observe that

|a(ζ, τ )| ≤ 1

µ
‖ζ‖div,Ω ‖τ‖div,Ω ∀ ζ, τ ∈ H0(div; Ω),

proving that A : H0(div; Ω)→ H0(div; Ω), the operator induced by a, is bounded with ‖A‖ ≤ 1
µ . In

turn we define the operator induced by the bilinear form b as B : H0(div; Ω) → L2(Ω) × L2
skew(Ω),

with
B(τ ) :=

(
div τ ,

1

2
(τ − τ t)

)
∀τ ∈ H0(div; Ω), (1.3.14)

from which one readily has that ‖B‖ ≤ 1. Next, from (1.3.14) we deduce that

V := N(B) =
{
τ ∈ H0(div; Ω) : div τ = 0 in Ω, τ = τ t in Ω

}
.

Consequently, using Lemma 1.3.1, we find that

a(τ , τ ) ≥ 1

2µ
‖τ d‖20,Ω ≥

c1

2µ
‖τ‖20,Ω = α ‖τ‖2div,Ω ∀τ ∈ V, (1.3.15)

thus showing that a is V -elliptic with ellipticity constant α1 :=
c1

2µ
. On the other hand, the surjectivity

of B follows exactly as in [81, Sect. 2.4.3.1]. Finally, from (1.3.4), we find that the functionals G and
Fφ are bounded with

‖G‖ ≤ ‖uD‖1/2,Γ and ‖Fφ‖ ≤ f2|Ω|1/2. (1.3.16)

Therefore, a straightforward application of the Babuška-Brezzi theory [81, Thm. 2.3] guarantees that,
for each φ ∈ H1

0(Ω), problem (1.3.6) has a unique solution (σ, (u,ρ)) ∈ H, and there holds

‖S(φ)‖H = ‖(σ, (u,ρ))‖H ≤ cS
{
‖uD‖1/2,Γ + f2|Ω|1/2

}
,

where cS is a constant depending on α1, µ and the inf-sup constant associated with the bilinear form
b.

The following result asserts the unique solvability of (1.3.8).

Lemma 1.3.3. For each (σ,u) ∈ H0(div; Ω) × L2(Ω), the problem (1.3.8) has a unique solution
φ := S̃(σ,u) ∈ H1

0(Ω). Moreover, there exists a constant r > 0 depending on cp, ϑ0, g2 and Ω

(cf .(1.3.7),

(1.2.2), (1.2.5)), such that
‖S̃(σ,u)‖1,Ω = ‖φ‖1,Ω ≤ r. (1.3.17)

Proof. We note from (1.3.9) that Aσ is a bilinear form. Next, from (1.2.3) and (1.3.9), we deduce that

|Aσ(φ, ψ)| ≤ ϑ2 ‖φ‖1,Ω ‖ψ‖1,Ω ∀φ, ψ ∈ H1
0(Ω),

which gives ‖Aσ‖ ≤ ϑ2, and thus Aσ is bounded independently of σ and u. Furthermore, from (1.2.2)
and the estimate (1.3.7), for each φ ∈ H1

0(Ω), we find that

Aσ(φ, φ) =

∫
Ω
ϑ(σ)∇φ · ∇φ ≥ ϑ0

c2
p

‖φ‖21,Ω , (1.3.18)
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which proves that Aσ is H1
0(Ω)-elliptic with constant α2 := ϑ0

c2p
, independently of σ and u as well. Now,

using (1.2.5), (1.3.10) and applying Cauchy-Schwarz’s inequality, we deduce that

|Gu(ψ)| ≤ g2|Ω|1/2 ‖ψ‖0,Ω ∀ψ ∈ H1
0(Ω), (1.3.19)

which implies that Gu ∈ H1
0(Ω)′ and ‖Gu‖ ≤ g2|Ω|1/2. Thus, a straightforward application of the

Lax-Milgram Lemma (see, e.g. [81], Thm. 1.1) proves that for each (σ,u) ∈ H0(div; Ω) × L2(Ω),
problem (1.3.8) has a unique solution φ := S̃(σ,u) ∈ H1

0(Ω). Moreover, the corresponding continuous
dependence on the data is formulated as

‖φ‖1,Ω ≤ r,

where

r :=
c2
p

ϑ0
g2|Ω|1/2 . (1.3.20)

The next step consists in deriving regularity estimates for the problems defining S and S̃. The
following theorem (which summarizes the respective analysis in [27]) is particularly crucial in the
treatment for the operator S.

Theorem 1.3.4. Given a convex polygonal domain Ω ⊆ R2 and F ∈ L2(Ω), we let u be the solution
of the elasticity problem

µ∆u+ (µ+ λ)∇(∇ · u) = F in Ω,

u = 0 on ∂Ω,

where the Lamé moduli are bounded as µ ∈ [µ1, µ2] and λ ∈ [0,∞), with fixed constants µ1, µ2 > 0.
Then, there exists γ > 0 such that whenever F ∈ Hγ(Ω), there holds u ∈ H2+γ(Ω) and

‖u‖2+γ,Ω ≤ C̃1 ‖F‖γ,Ω ,

with a constant C̃1 independent of the Lamé coefficients.

According to Theorem 1.3.4, in what follows we should probably concentrate in the case where Ω

is a convex polygonal domain and n = 2. Nevertheless, it is easy to see that, assuming the regularity
provided by this theorem, the forthcoming analysis and all the associated results hold even for the
non-convex or 3D cases. We then recall that f(ψ) ∈ H1(Ω) for each ψ ∈ H1

0(Ω), and suppose from
now on that uD ∈ H3/2+γ(Ω). Then, applying the theorem or the respective assumption, and recalling
from the constitutive equation that the regularities of the unknowns are connected, we immediately
find that S(ψ) ∈ H0(div; Ω) ∩H1+γ(Ω)×H2+γ(Ω)× L2

skew(Ω) ∩H1+γ(Ω).

In turn, for the operator S̃, we invoke [92, Remark (a)] and [75, Thm. 3.12], and observe that, for
a given pair (ζ,w) := (S1(ψ),S2(ψ)) ∈ H0(div; Ω) ∩H1+γ(Ω)×H2+γ(Ω) (which denote the first and
second components of the unique solution produced by the operator S), the hypothesis given by relation
(1.2.6) implies in particular that g(w) ∈ Hγ(Ω). If one further assumes that the coefficients ϑ(ζ)ij are in
C1+γ(Ω), then elliptic regularity results (cf. [93], [121]) guarantee that φ := S̃(ζ,w) ∈ H1

0(Ω)∩H2+γ(Ω),
and we conclude that there exists a constant C̃2 > 0 such that

‖S̃(ζ,w)‖2+γ,Ω = ‖φ‖2+γ,Ω ≤ C̃2 ‖g(w)‖γ,Ω . (1.3.21)
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On the other hand, the Sobolev embedding theorem (cf. [2], Thm. 4.12, [107], Thm. A.5) gives
the continuous injection iγ : H2+γ(Ω) −→ C1(Ω), with boundedness constant C̃γ . Then, using the
aforementioned continuous injection and applying (1.3.21), we deduce that

‖S̃(ζ,w)‖1,∞,Ω = ‖φ‖1,∞,Ω ≤ C̃γ ‖φ‖2+γ,Ω ≤ C̃γC̃2 ‖g(w)‖γ,Ω . (1.3.22)

Finally, using (1.2.6) and (1.3.13), we find that

‖S̃(ζ,w)‖1,∞,Ω = ‖φ‖1,∞,Ω ≤ C∞ cS
{
‖uD‖1/2,Γ + f2|Ω|1/2

}
, (1.3.23)

where C∞ is a positive constant depending on Cγ , C̃γ and C̃2 (cf. (1.2.6), (1.3.21), (1.3.22)).

1.3.3 Solvability of the fixed-point equation

In this section we address the solvability analysis of the fixed-point equation (1.3.12). To this end,
we will verify the hypotheses of the Schauder fixed-point theorem (see, e.g. [54, Thm. 9.12-1(b)]).

Lemma 1.3.5. Let r > 0 be the constant from (1.3.20) (cf. proof of Lemma 1.3.3). Then, for the
closed ball W :=

{
φ ∈ H1

0(Ω) : ‖φ‖1,Ω ≤ r
}
, it holds that T(W ) ⊆W.

Proof. It suffices to recall the definition of T (cf. Section 1.3.2), and simply apply estimate (1.3.17).

Lemma 1.3.6. There exists CS > 0 depending on µ,Lf , α (cf .(1.2.1), (1.2.4), (1.3.15)) and the inf-sup
constant of b, such that

‖S(φ)− S(ϕ)‖H ≤ CS ‖φ− ϕ‖0,Ω ∀φ, ϕ ∈ H1
0(Ω). (1.3.24)

Proof. Given φ, ϕ ∈ H1
0(Ω), we let (σ, (u,ρ)), (ζ, (w,χ)) ∈ H be two solutions to (1.3.6), corresponding

to φ and ϕ, respectively. That is, (σ, (u,ρ)) = S(φ) and (ζ, (w,χ)) = S(ϕ). We then invoke the
linearity of the forms a and b to deduce (using both formulations arising from (1.3.6)) that

a(σ − ζ, τ ) + b(τ , (u,ρ)− (w,χ)) = 0 ∀ τ ∈ H0(div; Ω),

b(σ − ζ, (v,η)) = (Fφ − Fϕ)(v,η) ∀ (v,η) ∈ L2(Ω)× L2
skew(Ω) .

(1.3.25)

From (1.3.4), we readily note that ‖Fφ − Fϕ‖ ≤ Lf ‖φ− ϕ‖0,Ω. Consequently, and similarly to the
proof of Lemma 1.3.2, the Babuška-Brezzi theory implies that for each φ, ϕ ∈ H1

0(Ω), problem (1.3.25)
has a unique solution (σ − ζ, (u−w,ρ− χ)) ∈ H, as well as the continuous dependence on the data

‖S(φ)− S(ϕ)‖H = ‖(σ, (u,ρ))− (ζ, (w,χ))‖H ≤ CS ‖φ− ϕ‖0,Ω ,

which gives (1.3.24) and concludes the proof.

The following result is a consequence of Lemma 1.3.6.

Lemma 1.3.7. Assume that CS is as in Lemma 1.3.6. Then, for each φ, ϕ ∈ H1
0(Ω), there holds

‖T(φ)−T(ϕ)‖1,Ω ≤
1

α2
CS

{
Lg + Lϑ ‖T(ϕ)‖1,∞,Ω

}
‖φ− ϕ‖0,Ω . (1.3.26)
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Proof. Firstly we recall that T(φ) = S̃(S1(φ),S2(φ)) and T(ϕ) = S̃(S1(ϕ),S2(ϕ)) ∀φ, ϕ ∈ H1
0(Ω). In

view of unifying the notation throughout the chapter, we apply the following renaming

(σ,u) := (S1(φ),S2(φ)) and (ζ,w) := (S1(ϕ),S2(ϕ)),

where (σ,u), (ζ,w) ∈ H0(div; Ω)× L2(Ω). In addition, we let φ̃ := S̃(σ,u) and ϕ̃ := S̃(ζ,w), that is

Aσ(φ̃, ψ̃) = Gu(ψ̃) and Aζ(ϕ̃, ψ̃) = Gw(ψ̃) ∀ ψ̃ ∈ H1
0(Ω).

Adding and subtracting appropriate terms, and appealing to the ellipticity of Aσ, we readily find that

α2‖φ̃− ϕ̃‖21,Ω ≤ Aσ(φ̃, φ̃− ϕ̃)−Aσ(ϕ̃, φ̃− ϕ̃)

= (Gu −Gw)(φ̃− ϕ̃) + (Aζ −Aσ)(ϕ̃, φ̃− ϕ̃).
(1.3.27)

Next we use (1.3.9), (1.3.10), we apply Cauchy-Schwarz’s inequality, and exploit the assumptions
(1.2.3) and (1.2.5), to obtain the bounds

|(Gu −Gw)(φ̃− ϕ̃)| =

∣∣∣∣∫
Ω

(g(u)− g(w))(φ̃− ϕ̃)

∣∣∣∣
≤ Lg ‖u−w‖0,Ω ‖φ̃− ϕ̃‖0,Ω ,

(1.3.28)

and
|(Aζ −Aσ)(ϕ̃, φ̃− ϕ̃)| =

∣∣∣∣∫
Ω

(ϑ(ζ)− ϑ(σ))∇ϕ̃ · ∇(φ̃− ϕ̃)

∣∣∣∣
≤ Lϑ‖∇ϕ̃‖∞,Ω ‖σ − ζ‖0,Ω |φ̃− ϕ̃|1,Ω .

(1.3.29)

We then observe that the inequalities (1.3.27)-(1.3.29) imply that

‖φ̃− ϕ̃‖1,Ω ≤
1

α2

{
Lg ‖u−w‖0,Ω + Lϑ ‖ϕ̃‖1,∞,Ω ‖σ − ζ‖0,Ω

}
. (1.3.30)

Next, according to the definitions given at the beginning of the proof, we can rewrite (1.3.30) as

‖S̃(S1(φ),S2(φ))− S̃(S1(ϕ),S2(ϕ)‖1,Ω

≤ 1

α2

{
Lg ‖S2(φ)− S2(ϕ)‖0,Ω + Lϑ‖S̃(S1(ϕ),S2(ϕ))‖1,∞,Ω ‖S1(φ)− S1(ϕ)‖0,Ω

}
.

(1.3.31)

It is important to note here that the term ‖S̃(S1(ϕ),S2(ϕ))‖1,∞,Ω is bounded for each ϕ ∈ H1
0(Ω),

thanks to (1.3.23). In this way, we are in a position to prove the Lipschitz continuity of T. In fact,
from (1.3.24) and (1.3.31) we find that

‖T(φ)−T(ϕ)‖1,Ω = ‖S̃(S1(φ),S2(φ))− S̃(S1(ϕ),S2(ϕ)‖1,Ω

≤ 1

α2
{Lg ‖S(φ)− S(ϕ)‖H + Lϑ‖T(ϕ)‖1,∞,Ω ‖S(φ)− S(ϕ)‖H}

≤ 1

α2
CS

{
Lg + Lϑ ‖T(ϕ)‖1,∞,Ω

}
‖φ− ϕ‖0,Ω ,

which gives (1.3.26) and completes the proof.

Lemma 1.3.8. Let W be as in Lemma 1.3.5. Then, T : W →W is continuous and T(W ) is compact.
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Proof. It follows analogously to the proof of [14, Lemma 3.12], and it is a consequence of the Rellich-
Kondrachov compactness Theorem [2, Thm. 6.3] in combination with (1.3.23), and the fact that every
bounded sequence in a Hilbert space has a weakly convergent subsequence.

The main result of this section is stated next.

Theorem 1.3.9. The mixed-primal problem (1.3.11) has at least one solution (σ, (u,ρ), φ) ∈ H ×
H1

0(Ω) satisfying the bounds
‖φ‖1,Ω ≤ r (1.3.32)

and
‖(σ, (u,ρ))‖H ≤ cS

{
‖uD‖1/2,Γ + f2|Ω|1/2

}
. (1.3.33)

Moreover, if the data is such that

1

α2
CS

{
Lg + LϑC∞cS

(
‖uD‖1/2,Γ + f2|Ω|1/2

)}
< 1, (1.3.34)

then the solution φ is unique in W.

Proof. Thanks to Lemmas 1.3.5 and 1.3.8, the existence of solution is merely an application of the
Schauder fixed-point theorem. In turn, the estimates (1.3.32) and (1.3.33) follow from Lemmas 1.3.3
and 1.3.2, respectively. Furthermore, given another solution ϕ ∈W of (1.3.12), the estimate in (1.3.23)
confirms (1.3.34) as a sufficient condition for concluding, together with (1.3.26), that φ = ϕ.

As announced in the Introduction, we notice here that, differently from the analysis in [14] and
[15], the existence result provided by Theorem 1.3.9 does not require the data to be sufficiently small.
However, we point out that the existence of the fourth component φ of the solution is restricted to the
ball W :=

{
φ ∈ H1

0(Ω) : ‖φ‖1,Ω ≤ r
}
, whose radius r depends on the data ϑ0 and g2 (cf. (1.3.20)).

1.4 A mixed-primal Galerkin scheme

In this section we define a first numerical approximation associated with (1.3.11). We derive gen-
eral hypotheses on the finite-dimensional subspaces defining the Galerkin finite element method, and
ensuring that the discrete problem is indeed well-posed. Existence of solutions will follow by means of
Brouwer’s fixed-point theorem, and we will derive adequate a priori error estimates.

1.4.1 The mixed-primal discrete formulation

Let Th be a regular partition of Ω into triangles K of diameter hK , where h := max {hK : K ∈ Th}
is the meshsize. Let us also consider arbitrary finite-dimensional subspaces

Hσh ⊆ H0(div; Ω), Hu
h ⊆ L2(Ω), Hρh ⊆ L2

skew(Ω) and Hφ
h ⊆ H1

0(Ω),
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whose specification will be made clear later on, in Section 1.4.4. The corresponding Galerkin scheme
can be already defined as: find (σh, (uh,ρh), φh) ∈ Hσh × (Hu

h ×Hρh)×Hφ
h such that

a(σh, τ h) + b(τ h, (uh,ρh)) = G(τ h) ∀ τ h ∈ Hσh ,
b(σh, (vh,ηh)) = Fφh(vh,ηh) ∀ (vh,ηh) ∈ Hu

h ×Hρh,

Aσh(φh, ψh) = Guh(ψh) ∀ψh ∈ Hφ
h.

(1.4.1)

A discrete analogue to the fixed-point strategy from Section 1.3.2 will be presented in what follows.

1.4.2 Discrete fixed-point approach

Let us introduce the operator Sh : Hφ
h → Hσh × (Hu

h ×Hρh) defined by

Sh(φh) := (S1,h(φh), (S2,h(φh),S3,h(φh))) := (σh, (uh,ρh)) ∀φh ∈ Hφ
h,

where (σh,uh,ρh) solves uniquely the problem

a(σh, τ h) + b(τ h, (uh,ρh)) = G(τ h) ∀ τ h ∈ Hσh ,
b(σh, (vh,ηh)) = Fφh(vh,ηh) ∀ (vh,ηh) ∈ Hu

h ×Hρh,
(1.4.2)

with Fφh defined in (1.3.4) with φ = φh. On the other hand, we define S̃h : Hσh ×Hu
h → Hφ

h as

S̃h(σh,uh) := φh ∀ (σh,uh) ∈ Hσh ×Hu
h ,

where φh is the unique solution of

Aσh(φh, ψh) = Guh(ψh) ∀ψh ∈ Hφ
h, (1.4.3)

with Aσh and Guh being defined by (1.3.9) with σ = σh and (1.3.10) with u = uh, respectively.
Therefore, solving (1.4.1) is equivalent to find φh ∈ Hφ

h such that

Th(φh) = φh,

where the fixed-point operator is characterised by

Th : Hφ
h → Hφ

h, Th(φh) := S̃h(S1,h(φh),S2,h(φh)) ∀φh ∈ Hφ
h.

The well-definition of Th then hinges on the well-posedness of S̃h and Sh. For the latter, we anticipate
that further hypotheses on the discrete spaces Hσh ,Hu

h and Hρh will be required. To this end, we now
let Vh be the discrete kernel of b, that is

Vh :=
{
τ h ∈ Hσh : b(τ h, (vh,ηh)) = 0 ∀ (vh,ηh) ∈ Hu

h ×Hρh
}
,

and assume the following discrete inf-sup conditions (which do hold for some finite element spaces, as
those listed in Section 1.4.4):
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[H.0] There exists a constant α̂ > 0, independent of h, such that

sup
τh∈Vh
τh 6=0

a(σh, τ h)

‖τ h‖div,Ω

≥ α̂ ‖σh‖div,Ω ∀σh ∈ Vh. (1.4.4)

[H.1] There exists a constant β̂ > 0, independent of h, such that

sup
τh∈Hσ

h
τh 6=0

b(τ h, (vh,ηh))

‖τ h‖div,Ω

≥ β̂ ‖(vh,ηh)‖L2(Ω)×L2
skew(Ω) ∀ (vh,ηh) ∈ Hu

h ×Hρh. (1.4.5)

Lemma 1.4.1. For each φh ∈ Hφ
h the problem (1.4.2) has a unique solution Sh(φh) := (σh, (uh,ρh)) ∈

Hσh × (Hu
h ×Hρh). Moreover, there exists C̃ > 0, depending on µ, α̂, β̂, but independent of φh, such that

‖Sh(φh)‖H = ‖(σh, (uh,ρh))‖H ≤ C̃
{
‖uD‖1/2,Γ + f2|Ω|1/2

}
.

Proof. It follows directly from the discrete Babuška-Brezzi theory [81, Thm. 2.4]. Indeed, the induced
operators for the forms a and b are bounded on subspaces of the corresponding continuous spaces.
Furthermore, the linear functional G restricted to Hσh is bounded as indicated in (1.3.16), and for each
φh ∈ Hφ

h, the functional Fφh restricted to Hu
h ×Hρh is bounded as well. The remaining hypotheses are

precisely [H.0] and [H.1], and hence the proof is finished.

Lemma 1.4.2. Let (σh,uh) ∈ Hσh ×Hu
h . Then, there exists a unique φh := S̃h(σh,uh) ∈ Hφ

h solution
of (1.4.3). Moreover, with the same constant r provided by Lemma 1.3.3, there holds

‖S̃h(σh,uh)‖1,Ω = ‖φh‖1,Ω ≤ r.

Proof. It suffices to note that for each (σh,uh) ∈ Hσh ×Hu
h , the operator Aσh is elliptic on Hφ

h with
the same constant α2 from the proof of Lemma 1.3.3, and that Guh restricted to Hφ

h is bounded as in
(1.3.19). Hence, the result is a direct application of the Lax-Milgram Lemma.

1.4.3 Solvability of the discrete fixed-point equation

The following steps verify the hypotheses of the Brouwer fixed-point theorem (see, e.g. [54, Thm.
9.9-2]).

Lemma 1.4.3. For the closed ball Wh :=
{
φh ∈ Hφ

h : ‖φh‖1,Ω ≤ r
}
, we have that Th(Wh) ⊆Wh.

Proof. It is a straightforward consequence of Lemma 1.4.2.

Lemma 1.4.4. There exists C > 0 depending on µ,Lf , α̂ and β̂ (cf .(1.2.1), (1.2.4), (1.4.4), (1.4.5))

such that
‖Sh(φh)− Sh(ϕh)‖H ≤ C ‖φh − ϕh‖0,Ω ∀φh, ϕh ∈ Hφ

h.

Proof. It follows analogously to the proof of Lemma 1.3.6.



1.4. A mixed-primal Galerkin scheme 25

Lemma 1.4.5. For each (σh,uh), (ζh,wh) ∈ Hσh ×Hu
h , there holds

‖S̃h(σh,uh)− S̃h(ζh,wh)‖1,Ω ≤
1

α2

{
Lg ‖uh −wh‖0,Ω + Lϑ‖∇S̃h(ζh,wh)‖∞,Ω ‖σh − ζh‖0,Ω

}
.

(1.4.6)

Proof. Given (σh,uh), (ζh,wh) ∈ Hσh ×Hu
h , we let φh := S̃h(σh,uh) and ϕh := S̃h(ζh,wh). We then

proceed similarly to the proof of Lemma 1.3.7 to obtain

α2 ‖φh − ϕh‖21,Ω ≤
{
Lg ‖uh −wh‖0,Ω + Lϑ‖∇ϕh‖∞,Ω ‖σh − ζh‖0,Ω

}
‖φh − ϕh‖1,Ω ,

and realise that Hφ
h consists of piecewise polynomials (see Section 1.4.4) to conclude that ‖∇ϕh‖∞,Ω <

+∞, and hence (1.4.6) holds.

The following result is a consequence of Lemmas 1.4.3, 1.4.4 and 1.4.5.

Lemma 1.4.6. Let C be as in Lemma 1.4.4. Then, for all φh, ϕh ∈ Hφ
h, there holds

‖Th(φh)−Th(ϕh)‖1,Ω ≤
1

α2
C (Lg + Lϑ‖∇Th(ϕh)‖∞,Ω) ‖φh − ϕh‖0,Ω .

Proof. It follows after recalling that Th(φh) = S̃h(S1,h(φh),S2,h(φh)) for all φh ∈ Hφ
h, and applying

Lemmas 1.4.3, 1.4.4 and 1.4.5.

Finally, thanks to Lemmas 1.4.3 and 1.4.6, a straightforward application of the aforementioned
Brouwer fixed-point theorem implies the main result of this section, stated as follows.

Theorem 1.4.7. The Galerkin scheme (1.4.1) has at least one solution (σh, (uh,ρh), φh) ∈ Hσh ×
(Hu

h × Hρh) × Hφ
h. Furthermore, there exists a positive constant C̃, independent of the discretisation

parameters, such that

‖φ‖1,Ω ≤ r and ‖(σh, (uh,ρh))‖H ≤ C̃
{
‖uD‖1/2,Γ + f2|Ω|1/2

}
.

1.4.4 Specific finite element subspaces

Given an integer k ≥ 0, for each K ∈ Th we let Pk(K) be the space of polynomial functions on K
of degree ≤ k and recall the definition of the local Raviart-Thomas space of order k as RTk(K) :=

Pk(K)⊕Pk(K)x, where Pk(K) = [Pk(K)]2, and x is the generic vector in R2. In addition, we let bK
be the element bubble function defined as the unique polynomial in Pk+1(K) vanishing on ∂K with∫
K bK = 1. Then, for each K ∈ Th we consider the bubble space of order k, by

Bk(K) := Pk(K)

(
∂bK
∂x2

,−∂bK
∂x1

)
.

Appropriate finite element subspaces approximating the elasticity unknowns are as follows

Hσh := {τ h ∈ H0(div; Ω) : τ h|K ∈ RTk(K)⊕Bk(K) ∀K ∈ Th} , (1.4.7)
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Hu
h :=

{
vh ∈ L2(Ω) : vh|K ∈ Pk(K) ∀K ∈ Th

}
, (1.4.8)

Hρh :=
{
ηh ∈ L2

skew(Ω) : ηh ∈ C(Ω) and ηh|K ∈ Pk+1(K) ∀K ∈ Th
}
. (1.4.9)

The discrete product space Hσh ×Hu
h ×Hρh constitutes the classical PEERS elements introduced in [22]

for the mixed finite element approximation of Dirichlet linear elasticity. In contrast, the approximation
of the diffusion problem will be carried out using Lagrange finite elements of degree ≤ k + 1, that is

Hφ
h :=

{
ψh ∈ C(Ω) ∩ H1

0(Ω) ψh|K ∈ Pk+1(K) ∀K ∈ Th
}
. (1.4.10)

Useful approximation properties of these spaces are listed as follows (see e.g. [39, 81]):

(APσh ) there exists C > 0, independent of h, such that for each s ∈ (0, k + 1], and for each
σ ∈ Hs(Ω) ∩ H0(div; Ω) with div (σ) ∈ Hs(Ω), there holds

dist(σ,Hσh ) := inf
τh∈Hσh

‖σ − τ h‖div,Ω ≤ Chs
{
‖σ‖s,Ω + ‖div (σ)‖s,Ω

}
.

(APuh ) there exists C > 0, independent of h, such that for each s ∈ (0, k + 1], and for each
u ∈ Hs(Ω), there holds

dist(u,Hu
h ) := inf

vh∈Huh

‖u− vh‖0,Ω ≤ Chs ‖u‖s,Ω .

(APρh) there exists C > 0, independent of h, such that for each s ∈ (0, k + 1], and for each
ρ ∈ Hs(Ω), there holds

dist(ρ,Hρh) := inf
ηh∈H

ρ
h

‖ρ− ηh‖0,Ω ≤ Chs ‖ρ‖s,Ω .

(APφ
h) there exists C > 0, independent of h, such that for each s ∈ (0, k + 1], and for each

φ ∈ Hs+1(Ω), there holds

dist(φ,Hφ
h) := inf

ψh∈Hφh

‖φ− ψh‖1,Ω ≤ Chs ‖φ‖s+1,Ω .

Next, we recall from [81, Sect. 4.5] that the discrete kernel of b is given by

Vh :=

{
τ h ∈ Hσh : div τ h = 0 in Ω and

∫
Ω
ηh : τ h = 0 ∀ηh ∈ Hρh

}
,

and according to (1.3.15) and Lemma 1.3.1, the bilinear form a is Vh-elliptic, implying that [H.0] is
satisfied. Concerning assumption [H.1] we have the following result, proven in [81, Sect. 4.5].

Lemma 1.4.8. There exists β̂ > 0 such that

sup
τh∈Hσh \{0}

b(τ h, (vh,ηh))

‖τ h‖div,Ω

≥ β̂ ‖(vh,ηh)‖L2(Ω)×L2
skew(Ω) ∀ (vh,ηh) ∈ Hu

h ×Hρh.
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1.4.5 A priori error analysis

Let (σ, (u,ρ), φ) ∈ H0(div; Ω)× (L2(Ω)× L2
skew(Ω))×H1

0(Ω) with φ ∈W , and (σh, (uh,ρh), φh) ∈
Hσh × (Hu

h ×Hρh)×Hφ
h with φh ∈Wh; be the solutions of (1.3.11) and (1.4.1), respectively. That is,

a(σ, τ ) + b(τ , (u,ρ)) = G(τ ) ∀ τ ∈ H0(div; Ω),

b(σ, (v,η)) = Fφ(v,η) ∀ (v,η) ∈ L2(Ω)× L2
skew(Ω),

a(σh, τ h) + b(τ h, (uh,ρh)) = G(τ h) ∀ τ h ∈ Hσh ,
b(σh, (vh,ηh)) = Fφh(vh,ηh) ∀ (vh,ηh) ∈ Hu

h ×Hρh

(1.4.11)

and

Aσ(φ, ψ) = Gu(ψ) ∀ψ ∈ H1
0(Ω),

Aσh(φh, ψh) = Guh(ψh) ∀ψh ∈ Hφ
h.

(1.4.12)

Next, we recall a generalised Strang inequality (cf. [127, Thm. 11.2]), to be applied in (1.4.11).

Lemma 1.4.9. For Hilbert spaces X, Y , let a : X ×X → R, b : X ×Y → R be bounded bilinear forms
and F ∈ X ′, G ∈ Y ′ satisfying the hypotheses of the Babuška-Brezzi theory. Furthermore, let {Xh}h>0

and {Yh}h>0 be sequences of finite-dimensional subspaces of X and Y , respectively, and suppose that
a, b and Fh ∈ X ′h, Gh ∈ Y ′h satisfy the hypotheses of the discrete Babuška-Brezzi theory uniformly on
Xh and Yh, that is, there exist positive constants α and β independent of h, such that

sup
φh∈Vh
φh 6=0

a(ψh,φh)

‖φh‖X
≥ α ‖ψh‖X ∀ψh ∈ Vh and sup

ψh∈Xh
ψh 6=0

b(ψh, µh)

‖ψh‖X
≥ β ‖µh‖Y ∀µh ∈ Yh, (1.4.13)

where Vh is the discrete kernel of b. Then, there exists a constant CST dependent only on ‖a‖ , ‖b‖ , α
and β such that if (ϕ, λ) ∈ X × Y and (ϕh, λh) ∈ Xh × Yh are solutions to

a(ϕ,ψ) + b(ψ, λ) = F (ψ) ∀ ψ ∈ X,
b(ϕ, µ) = G(µ) ∀ µ ∈ Y,

and

a(ϕh, ψh) + b(ψh, λh) = Fh(ψh) ∀ ψh ∈ Xh,

b(ϕh, µh) = Gh(µh) ∀ µh ∈ Yh,

respectively, then for each h > 0, there holds

‖ϕ− ϕh‖X + ‖λ− λh‖Y ≤ CST

 inf
ψh∈Xh
ψh 6=0

‖ϕ− ψh‖X + inf
µh∈Yh
µh 6=0

‖λ− µh‖Y

+ sup
φh∈Xh
φh 6=0

|F (φh)− Fh(φh)|
‖φh‖X

+ sup
ηh∈Yh
ηh 6=0

|G(ηh)−Gh(ηh)|
‖ηh‖Y

 .
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In addition to the notations introduced in the approximation properties given in Section 1.4.4, we
now define

dist
(
(σ, (u,ρ)),Hσh × (Hu

h ×Hρh)
)

:= inf
(τh,(vh,ηh))∈Hσh×(Huh×H

ρ
h)
‖(σ, (u,ρ))− (τ h, (vh,ηh))‖H ,

or, equivalently,

dist
(
(σ, (u,ρ)),Hσh × (Hu

h ×Hρh)
)

:= dist(σ,Hσh ) + dist(u,Hu
h ) + dist

(
ρ,Hρh

)
.

The following lemma provides an estimate for ‖(σ, (u,ρ))− (σh, (uh,ρh))‖H .

Lemma 1.4.10. There exists CST > 0, depending on µ, α̂ and β̂ (cf . (1.2.1), (1.4.4), (1.4.5)), such that

‖(σ, (u,ρ))− (σh, (uh,ρh))‖H ≤ CST

{
dist

(
(σ, (u,ρ)),Hσh × (Hu

h ×Hρh)
)

+ Lf ‖φ− φh‖0,Ω
}
.

(1.4.14)

Proof. We clearly observe that (1.4.4) and (1.4.5) imply that the hypothesis (1.4.13) in Lemma 1.4.9
is satisfied. Then, a straightforward application of Lemma 1.4.9 to (1.4.11), readily gives

‖(σ, (u,ρ))− (σh, (uh,ρh))‖H
≤ CST

{
‖(Fφ − Fφh)|Huh×Hρh‖+ dist

(
(σ, (u,ρ)),Hσh × (Hu

h ×Hρh)
)}
.

(1.4.15)

Next, and analogously to the proof of Lemma 1.3.6, we can assert that

‖(Fφ − Fφh)|Huh×Hρh‖ ≤ Lf ‖φ− φh‖0,Ω , (1.4.16)

and finally, by replacing (1.4.16) back into (1.4.15), we get the desired result.

Lemma 1.4.11. Let α2 be the ellipticity constant of the bilinear form Aσ (cf . (1.3.18)). Then, there
holds

‖φ− φh‖1,Ω ≤
Lg
α2
‖u− uh‖0,Ω +

(
1 +

ϑ2

α2

)
dist(φ,Hφ

h) +
Lϑ
α2
‖φ‖1,∞,Ω ‖σ − σh‖0,Ω . (1.4.17)

Proof. We first observe by triangle inequality that

‖φ− φh‖1,Ω ≤ ‖φ− ψh‖1,Ω + ‖φh − ψh‖1,Ω ∀ψh ∈ Hφ
h. (1.4.18)

Then, applying the ellipticity of Aσh and adding and subtracting the expression Guh(φh − ψh) =

Aσh(φh − ψh), (cf. (1.4.12)) we find that

α2 ‖φh − ψh‖21,Ω ≤ Aσh(φh − ψh, φh − ψh)

≤ |Guh(φh − ψh)−Gu(φh − ψh)|+ |Aσ(φ, φh − ψh)−Aσh(ψh, φh − ψh)|.
(1.4.19)

Next, analogously to (1.3.28), we get

|Guh(φh − ψh)−Gu(φh − ψh)| ≤ Lg ‖uh − u‖0,Ω ‖φh − ψh‖0,Ω . (1.4.20)
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In turn, adding and subtracting
∫

Ω
ϑ(σ)∇φ · ∇(φh − ψh), and applying the upper bound of ϑ (cf.

(1.2.3)), we arrive at

|Aσ(φ, φh − ψh)−Aσh(ψh, φh − ψh)|
≤ ϑ2|φ− ψh|1,Ω|φh − ψh|1,Ω + Lϑ ‖∇φ‖∞,Ω ‖σ − σh‖0,Ω |φh − ψh|1,Ω.

(1.4.21)

Thus, the inequalities (1.4.19), (1.4.20) and (1.4.21), imply that

‖φh − ψh‖1,Ω ≤
Lg
α2
‖u− uh‖0,Ω +

ϑ2

α2
‖φ− ψh‖1,Ω +

Lϑ
α2
‖φ‖1,∞,Ω ‖σ − σh‖0,Ω . (1.4.22)

Finally, replacing (1.4.22) back into (1.4.18) and taking the infimum on ψh ∈ Hφ
h, completes the

proof.

To derive the Céa estimation for the total error ‖φ− φh‖1,Ω + ‖(σ, (u,ρ))− (σh, (uh,ρh))‖H , we
combine the inequalities provided by Lemmas 1.4.10 and 1.4.11. For sake of notational convenience we
introduce the following constants

C1 :=
Lg
α2
CST, C2 :=

Lϑ
α2
C∞CST, C3 := 1 +

ϑ2

α2
. (1.4.23)

Hence, replacing the bound for ‖u− uh‖0,Ω and ‖σ − σh‖0,Ω into (1.4.17), applying (1.3.23), and
performing algebraic manipulations, we can deduce the bounds

‖φ− φh‖1,Ω ≤ C1

{
dist

(
(σ, (u,ρ)),Hσh × (Hu

h ×Hρh)
)

+ Lf ‖φ− φh‖0,Ω
}

+ C3 dist(φ,Hφ
h)

+ C2 cS
{
‖uD‖1/2,Γ + f2|Ω|1/2

}{
dist

(
(σ, (u,ρ)),Hσh × (Hu

h ×Hρh)
)

+ Lf ‖φ− φh‖0,Ω
}

≤
{
C1 + C2 cS

(
‖uD‖1/2,Γ + f2|Ω|1/2

)}{
dist

(
(σ, (u,ρ)),Hσh × (Hu

h ×Hρh)
)}

+ Lf

{
C1 + C2 cS

(
‖uD‖1/2,Γ + f2|Ω|1/2

)}
‖φ− φh‖1,Ω + C3 dist (φ,Hφ

h).

(1.4.24)

Consequently, we can establish the following result which provides the complete Céa estimate.

Theorem 1.4.12. Assume that the data satisfy

Lf

{
C1 + C2 cS

(
‖uD‖1/2,Γ + f2|Ω|1/2

)}
<

1

2
. (1.4.25)

Then, there exist positive constants C4 and C5 independent of h, such that

‖φ− φh‖1,Ω + ‖(σ, (u,ρ))− (σh, (uh,ρh))‖H
≤ C4 dist (φ,Hφ

h) + C5 dist
(
(σ, (u,ρ)),Hσh × (Hu

h ×Hρh)
)
.

(1.4.26)

Proof. The estimate for ‖φ− φh‖1,Ω follows from (1.4.24) and (1.4.25), and the proof is complete after
inserting the bound back into (1.4.14).
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Theorem 1.4.13. In addition to the hypotheses of Theorems 1.3.9, 1.4.7 and 1.4.12, assume that
there exists s > 0 such that σ ∈ Hs(Ω), div (σ) ∈ Hs(Ω), u ∈ Hs(Ω), ρ ∈ Hs(Ω) and φ ∈ H1+s(Ω).

Then, there exists Ĉ > 0, independent of h, such that, with the finite element subspaces defined by
(1.4.7), (1.4.8), (1.4.9) and (1.4.10), there holds

‖φ− φh‖1,Ω + ‖(σ, (u,ρ))− (σh, (uh,ρh))‖H
≤ Ĉhmin{s,k+1}

{
‖σ‖s,Ω + ‖divσ‖s,Ω + ‖u‖s,Ω + ‖ρ‖s,Ω + ‖φ‖1+s,Ω

}
.
(1.4.27)

Proof. It follows as a combination of the Céa estimate (1.4.26), and the approximation properties
(APσh ), (APuh ), (APρh) and (APφ

h).

1.5 An augmented mixed-primal formulation

In this section we follow the approach from previous works (see, e.g. [14, 79, 80] and the refer-
ences therein) and put forward an augmented mixed-primal formulation for (1.2.7), which, as shown
below, allows more freedom for choosing the finite element subspaces. We establish the augmented
mixed-primal variational formulation of (1.2.1) and show that it is well-posed. Next, we define the
corresponding Galerkin scheme, prove its solvability, introduce a specific mixed finite element method,
and finally we establish the corresponding a priori error estimate.

1.5.1 The continuous setting

In order to increase flexibility in choosing discrete spaces for the approximation of the elasticity
problem, we incorporate the following redundant terms in the variational formulation (1.3.6):

κ1

∫
Ω

(
ε(u)− C−1σ

)
: ε(v) = 0 ∀v ∈ H1(Ω),

κ2

∫
Ω
divσ · div τ = −κ2

∫
Ω
f(φ) · div τ ∀ τ ∈ H0(div; Ω),

κ3

∫
Ω

(ρ− (∇u− ε(u)) : η = 0 ∀η ∈ L2
skew(Ω),

κ4

∫
Γ
u · v = κ4

∫
Γ
uD · v ∀v ∈ H1(Ω),

(1.5.1)

where (κ1, κ2, κ3, κ4) is a vector of positive parameters to be specified later on. It is important to
observe here that the above terms now require that the displacement u live in H1(Ω).

Then, and alternatively to (1.3.6), we may consider the following augmented mixed formulation for
the elasticity problem: find (σ,u,ρ) ∈ H0(div; Ω)×H1(Ω)× L2

skew(Ω) such that

B̃((σ,u,ρ), (τ ,v,η)) = F̃φ(τ ,v,η) ∀(τ ,v,η) ∈ H0(div; Ω)×H1(Ω)× L2
skew(Ω), (1.5.2)

where the multilinear form and the associated right hand side functional are defined as

B̃((σ,u,ρ), (τ ,v,η)) := a(σ, τ ) + b(τ , (u,ρ))− b(σ, (v,η)) + κ1

∫
Ω

(
ε(u)− C−1σ

)
: ε(v)
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+ κ2

∫
Ω
divσ · div τ + κ3

∫
Ω

(ρ− (∇u− ε(u)) : η + κ4

∫
Γ
u · v,(1.5.3)

F̃φ(τ ,v,η) := G(τ )− Fφ(v,η)− κ2

∫
Ω
f(φ) · div τ + κ4

∫
Γ
uD · v. (1.5.4)

Hence, the augmented mixed-primal formulation for (1.2.7) reduces to (1.3.8) and (1.5.2), i.e.: find
(σ,u,ρ, φ) ∈ H0(div; Ω)×H1(Ω)× L2

skew(Ω)×H1
0(Ω) such that

B̃((σ,u,ρ), (τ ,v,η)) = F̃φ(τ ,v,η) ∀ (τ ,v,η) ∈ H0(div; Ω)×H1(Ω)× L2
skew(Ω),

Aσ(φ, ψ) = Gu(ψ) ∀ψ ∈ H1
0(Ω).

(1.5.5)

We proceed to adapt the approach from Sections 1.3.2 and 1.3.3. Since now u ∈ H1(Ω), we can define

S : H1
0(Ω)→ H0(div; Ω)×H1(Ω)× L2

skew(Ω), S(φ) := (S1(φ),S2(φ),S3(φ)) := (σ,u,ρ),

where (σ,u,ρ) is the unique solution of (1.5.2) with a given φ ∈ H1
0(Ω). In turn, we define the operator

S̃ : H0(div; Ω)×H1(Ω)→ H1
0(Ω), S̃(σ,u) := φ ∀ (σ,u) ∈ H0(div; Ω)×H1(Ω),

where φ is the unique solution of (1.3.8) with the given (σ,u). Next, the definition of T and the
fixed-point strategy follow exactly as in Section 1.3.2. The analysis of S̃ can be therefore omitted.

The following lemma will be instrumental in showing the well-posedness of (1.5.2) for a given φ.

Lemma 1.5.1. There exists c2 > 0 such that

‖ε(v)‖21,Ω + ‖v‖20,Γ ≥ c2 ‖v‖21,Ω ∀v ∈ H1(Ω).

Proof. See [80, Lemma 3.1 and (3.9)].

Lemma 1.5.2. Assume that κ1 ∈ (0, 4δµ) and κ3 ∈
(

0, 2c2κ1δ̃
(
1− δ

2

))
with δ, δ̃ ∈ (0, 2), and that

κ2, κ4 > 0. Then, for each φ ∈ H1
0(Ω), problem (1.5.2) has a unique solution S(φ) := (σ,u,ρ) ∈ H :=

H0(div; Ω)×H1(Ω)× L2
skew(Ω). Moreover, there exists kS > 0, independent of φ, such that

‖S(φ)‖H = ‖(σ,u,ρ)‖H ≤ kS

{
‖uD‖1/2,Γ + f2|Ω|1/2

}
∀φ ∈ H1

0(Ω).

Proof. We first observe from (1.5.3) that B is a bilinear form. Next, applying Cauchy-Schwarz’s
inequality together with the trace theorem (with constant c3), we can assert that

|B̃((σ,u,ρ), (τ ,v,η))| ≤ 1

µ
‖σ‖0,Ω‖τ‖0,Ω + ‖u‖0,Ω ‖div τ‖0,Ω + ‖ρ‖0,Ω ‖τ‖0,Ω + ‖v‖0,Ω ‖divσ‖0,Ω

+ ‖η‖0,Ω ‖σ‖0,Ω + κ1 ‖ε(u)‖0,Ω ‖ε(v)‖0,Ω +
κ1

µ
‖σ‖0,Ω ‖ε(v)‖0,Ω + κ2 ‖divσ‖0,Ω ‖div τ‖0,Ω

+ κ3 ‖ρ‖0,Ω ‖η‖0,Ω + κ3|u|1,Ω ‖η‖0,Ω + κ3 ‖ε(u)‖0,Ω ‖η‖0,Ω + κ4c
2
3 ‖u‖1,Ω ‖v‖1,Ω .

It follows that there exists ‖B̃‖ > 0 depending on µ, κ1, κ2, κ3, κ4 and c3, such that

|B̃((σ,u,ρ), (τ ,v,η))| ≤ ‖B̃‖ ‖(σ,u,ρ)‖H ‖(τ ,v,η)‖H ∀ (σ,u,ρ), (τ ,v,η) ∈ H,
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implying that B̃ is bounded independently of φ ∈ H1
0(Ω). The H-ellipticity analysis of B̃ will be

conducted as in the proof of [86, Thm. 3.1]. For each (τ ,v,η) ∈ H, Young’s inequality yields

B̃((τ ,v,η), (τ ,v,η)) =

∫
Ω
C−1τ : τ + κ1 ‖ε(v)‖20,Ω − κ1

∥∥C−1τ
∥∥

0,Ω
‖ε(v)‖0,Ω + κ2 ‖div τ‖20,Ω

+ κ3 ‖η‖20,Ω−κ3 ‖∇v − ε(v)‖0,Ω ‖η‖0,Ω + κ4 ‖v‖20,Γ

=

∫
Ω
C−1τ : τ − κ1

2δ

∥∥C−1τ
∥∥2

0,Ω
+ κ1 ‖ε(v)‖20,Ω −

κ1δ

2
‖ε(v)‖20,Ω + κ2 ‖div τ‖20,Ω

+ κ3 ‖η‖20,Ω −
κ3

2δ̃
‖∇v − ε(v)‖20,Ω −

κ3δ̃

2
‖η‖20,Ω + κ4 ‖v‖20,Γ ,

from which, taking δ, δ̃, κ1, κ2, κ3, κ4 as stated in the hypotheses, applying Lemmas 1.3.1 and 1.5.1,
and using the relation ‖∇v − ε(v)‖20,Ω = |v|21,Ω − ‖ε(v)‖20,Ω , we can deduce that

B̃((τ ,v,η), (τ ,v,η)) ≥ 1

2µ

(
1− κ1

4δµ

)
‖τ d‖20,Ω + κ2 ‖div τ‖20,Ω + κ1

(
1− δ

2

)
‖ε(v)‖20,Ω

+ κ3

(
1− δ̃

2

)
‖η‖20,Ω −

κ3

2δ̃
|v|21,Ω + κ4 ‖v‖20,Γ

= α̃2 ‖τ‖2div,Ω +

(
c2α̃3 −

κ3

2δ̃

)
‖v‖21,Ω + κ3

(
1− δ̃

2

)
‖η‖20,Ω ,

where α̃1 := min{ 1
2µ

(
1− κ1

4δµ

)
, κ2

2 }, α̃2 := min{c1α̃1,
κ2
2 }, and α̃3 := min{κ1

(
1− δ

2

)
, κ4}. In this

way, defining α̃ := min{α̃2, c2α̃3 − κ3

2δ̃
, κ3

(
1− δ̃

2

)
}, which depends on µ, δ, δ̃, κ1, κ2, κ3, κ4, c1 and c2,

we conclude that
B̃((τ ,v,η), (τ ,v,η)) ≥ α̃ ‖(τ ,v,η)‖2H ∀ (τ ,v,η) ∈ H. (1.5.6)

Next, given φ ∈ H1
0(Ω), we look at the functional F̃φ, which is certainly linear. Similarly to the proof

of [14, Lemma 3.4], there exists a positive constant ‖F̃‖ depending on κ2, κ4 and c3, such that

|F̃φ(τ ,v,η)| ≤ ‖F̃‖
{
‖uD‖1/2,Γ + f2|Ω|1/2

}
‖(τ ,v,η)‖H . (1.5.7)

The foregoing inequality shows the boundedness of F̃φ with

‖F̃φ‖ ≤ ‖F̃‖
{
‖uD‖1/2,Γ + f2|Ω|1/2

}
. (1.5.8)

Finally, a straightforward application of the Lax-Milgram Lemma proves that for each φ ∈ H1
0(Ω),

problem (1.5.2) has a unique solution S(φ) := (σ,u,ρ) ∈ H. Moreover, the corresponding continuous
dependence result together with the estimates (1.5.6) and (1.5.7) give

‖S(φ)‖H = ‖(σ,u,ρ)‖H ≤
1

α̃
‖F̃φ‖H′ ≤ kS

{
‖uD‖1/2,Γ + f2|Ω|1/2

}
,

with kS :=
‖F̃‖
α̃

, thus completing the proof.

Lemma 1.5.3. Let α̃ be the ellipticity constant provided in Lemma 1.5.2. Then, there exists KS > 0

depending on Lf , κ2 and α̃ (cf . (1.2.4), (1.5.1), (1.5.6)), such that

‖S(φ)− S(ϕ)‖H ≤ KS ‖φ− ϕ‖0,Ω ∀φ, ϕ ∈ H1
0(Ω). (1.5.9)
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Proof. We follow [14, Lemma 3.9], and fix φ, ϕ ∈ H1
0(Ω). We then take (σ,u,ρ) = S(φ) and (ζ,w,χ) =

S(ϕ), that is

B̃((σ,u,ρ), (τ ,v,η)) = F̃φ(τ ,v,η) and B̃((ζ,w,χ), (τ ,v,η)) = F̃ϕ(τ ,v,η) ∀(τ ,v,η) ∈ H.

Exploiting the ellipticity of B̃ we readily get

α̃ ‖(σ,u,ρ)− (ζ,w,χ)‖2H ≤ B̃((σ,u,ρ), (σ,u,ρ)− (ζ,w,χ))− B̃((ζ,w,χ), (σ,u,ρ)− (ζ,w,χ))

= (F̃φ − F̃ϕ)((σ,u,ρ)− (ζ,w,χ)),

(1.5.10)

and the definition of F̃φ in combination with Cauchy-Schwarz’s inequality and (1.2.4) implies that

|(F̃φ − F̃ϕ)((σ,u,ρ)− (ζ,w,χ))|

=

∣∣∣∣∫
Ω

(f(φ)− f(ϕ)) · (u−w)− κ2

∫
Ω

(f(φ)− f(ϕ)) · div(σ − ζ)

∣∣∣∣
≤ Lf (1 + κ2

2)1/2 ‖φ− ϕ‖0,Ω ‖(σ,u,ρ)− (ζ,w,χ)‖H

(1.5.11)

Back substitution of (1.5.11) into (1.5.10) then yields

α̃ ‖(σ,u,ρ)− (ζ,w,χ)‖2H ≤ Lf (1 + κ2
2)1/2 ‖φ− ϕ‖0,Ω ‖(σ,u,ρ)− (ζ,w,χ)‖H ,

which finally gives (1.5.9).

Lemma 1.5.4. Let W be the closed ball defined in Lemma 1.3.5 and KS be as in Lemma 1.5.3. Then,
for each φ, ϕ ∈ H1

0(Ω), there holds

‖T(φ)−T(ϕ)‖1,Ω ≤
1

α2
KS

(
Lg + Lϑ ‖T(ϕ)‖1,∞,Ω

)
‖φ− ϕ‖0,Ω .

Proof. The definition of T together with Lemma 1.3.3 imply that T(W ) ⊆ W . The remainder of the
proof proceeds exactly as the one of Lemma 1.3.7.

Theorem 1.5.5. The mixed-primal problem (1.3.11) has at least one solution (σ,u,ρ, φ) ∈ H0(div; Ω)

×H1(Ω)× L2
skew(Ω)×H1

0(Ω), satisfying

‖φ‖1,Ω ≤ r and ‖(σ,u,ρ)‖H ≤ kS

{
‖uD‖1/2,Γ + f2|Ω|1/2

}
.

Moreover, if the data satisfy

1

α2
KS

{
Lg + LϑC∞ kS

(
‖uD‖1/2,Γ + f2|Ω|1/2

)}
< 1,

then the solution φ is unique in W.

Proof. It follows as in the proof of Theorem 1.3.9.
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1.5.2 The discrete scheme

We begin by observing that, thanks to the ellipticity of the bilinear forms B̃ and Aσ, we can consider
arbitrary finite dimensional-subspaces

Hσh ⊆ H0(div; Ω), Hu
h ⊆ H1(Ω), Hρh ⊆ L2

skew(Ω) and Hφ
h ⊆ H1

0(Ω),

for the augmented mixed-primal formulation. In particular, given an integer k ≥ 0, we can define

Hσh :=
{
τ h ∈ H0(div; Ω) : ctτ h|K ∈ RTk(K) ∀ c ∈ Rn, ∀K ∈ Th

}
,

Hu
h := {vh ∈ C(Ω) vh|K ∈ Pk+1(K) ∀K ∈ Th} ,

Hρh :=
{
ηh ∈ L2

skew(Ω) ηh|K ∈ Pk(K) ∀K ∈ Th
}
,

Hφ
h :=

{
ψh ∈ C(Ω) ∩ H1

0(Ω) ψh|K ∈ Pk+1(K) ∀K ∈ Th
}
.

(1.5.12)

Then, a Galerkin scheme for (1.5.5) reads: find (σh,uh,ρh, φh) ∈ Hσh ×Hu
h ×Hρh ×Hφ

h such that

B̃((σh,uh,ρh), (τ h,vh,ηh)) = F̃φh(τ h,vh,ηh) ∀ (τ h,vh,ηh) ∈ Hσ
h ×Hu

h ×Hρh, (1.5.13)

Aσh(φh, ψh) = Guh(ψh) ∀ψh ∈ Hφ
h. (1.5.14)

We can now proceed analogously to Section 1.5.1 and define a fixed-point scheme for the analysis of
the coupled problem (1.5.13)-(1.5.14). For this purpose, we define Sh : Hφ

h → Hσh ×Hu
h ×Hρh as

Sh(φh) := (S1,h(φh),S2,h(φh),S3,h(φh)) := (σh,uh,ρh) ∀φh ∈ Hφ
h,

where the triple (σh,uh,ρh) is the unique solution of (1.5.13), with B̃ and F̃φh defined by (1.5.3) and
(1.5.4), respectively, with φ = φh. In turn, the operators S̃h and Th are defined as in Section 1.4.2.

As the analysis of the operator S̃h follows verbatim from Section 1.4.2, we can omit the details here.
Concerning Sh, we start by investigating the well-posedness of (1.5.13).

Lemma 1.5.6. Assume that κ1 ∈ (0, 4δµ) and κ3 ∈
(

0, 2c2κ1δ̃
(
1− δ

2

))
with δ, δ̃ ∈ (0, 2), and that

κ2, κ4 > 0. Then, for each φh ∈ Hφ
h the problem (1.5.13) has a unique solution S(φh) := (σh,uh,ρh) ∈

Hσh ×Hu
h ×Hρh. Moreover, with the same constant kS > 0 provided by Lemma 1.5.2, there holds

‖Sh(φh)‖H = ‖(σh,uh,ρh)‖H ≤ kS

{
‖uD‖1/2,Γ + f2|Ω|1/2

}
∀φh ∈ Hφ

h.

Proof. It suffices to note that for each φh ∈ Hφ
h, the multilinear form B̃ is elliptic on Hσh ×Hu

h × Hρh
with the same constant α̃ from Lemma 1.5.2 and that ‖F̃φh‖(Hσh×Huh×H

ρ
h)
′ is bounded as in (1.5.8) with

φh in place of φ. Hence, the result follows from a direct application of the Lax-Milgram Lemma.

We now provide the discrete analogues of Lemmas 1.5.3, 1.5.4 and Theorem 1.5.5, whose proofs,
which are almost verbatim of the corresponding continuous ones, are omitted.

Lemma 1.5.7. Let KS be the constant provided by Lemma 1.5.3. Then, there holds

‖Sh(φh)− Sh(ϕh)‖H ≤ KS ‖φh − ϕh‖0,Ω ∀φh, ϕh ∈ Hφ
h.
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Lemma 1.5.8. Let Wh be as in Lemma 1.4.3. Then

‖Th(φh)−Th(ϕh)‖1,Ω ≤
1

α2
KS

(
Lg + Lϑ ‖∇Th(ϕh)‖∞,Ω

)
‖φh − ϕh‖0,Ω ∀φh, ϕh ∈ Hφ

h.

Theorem 1.5.9. Let Wh be as in Lemma 1.4.3. Then, the Galerkin scheme (1.5.13)− (1.5.14) has at
least one solution (σh,uh,ρh, φh) ∈ Hσh ×Hu

h ×Hρh ×Hφ
h, and there holds

‖φh‖1,Ω ≤ r and ‖(σh,uh,ρh)‖H ≤ kS

{
‖uD‖1/2,Γ + f2|Ω|1/2

}
.

1.5.3 A priori error analysis

The goal of this section is to derive an estimate for ‖(σ,u,ρ)− (σh,uh,ρh)‖H , where (σ,u,ρ) and
(σh,uh,ρh) are the solutions to the problems

B̃((σ,u,ρ), (τ ,v,η)) = F̃φ(τ ,v,η) ∀ (τ ,v,η) ∈ H0(div; Ω)×H1(Ω)× L2
skew(Ω),

B̃((σh,uh,ρh), (τ h,vh,ηh)) = F̃φh(τ h,vh,ηh) ∀ (τ h,vh,ηh) ∈ Hσh ×Hu
h ×Hρh ,

(1.5.15)
respectively. For this purpose, we recall (again from [127]) a Strang-type lemma, which will be applied
to (1.5.15).

Lemma 1.5.10. Let H be a Hilbert space, F ∈ H ′ and a : H × H → R be a bounded and elliptic
bilinear form. In addition, let {Hh}h>0 be a sequence of finite dimensional subspaces of H and for each
h > 0 consider a bounded bilinear form ah : Hh×Hh → R and a functional Fh ∈ H ′h. Assume that the
family {ah}h>0 is uniformly elliptic, that is, there exists a constant α > 0, independent of h, such that

ah(vh, vh) ≥ α ‖vh‖2H ∀ vh ∈ Hh, ∀h > 0.

In turn, let u ∈ H and uh ∈ Hh such that

a(u, v) = F (v) ∀ v ∈ H and ah(uh, vh) = Fh(vh) ∀ vh ∈ Hh.

Then, for each h > 0, there holds

‖u− uh‖H

≤ C̃ST

 sup
wh∈Hh
wh 6=0

|F (wh)− Fh(wh)|
‖wh‖H

+ inf
vh∈Hh
vh 6=0

‖u− vh‖V + sup
wh∈Hh
wh 6=0

|a(vh, wh)− ah(vh, wh)|
‖wh‖H


 .

where C̃ST := α−1 max{1, ‖a‖}.

Proof. See [127, Thm. 11.1].

As in Sections 1.4.4 and 1.4.5, we now set

dist
(
(σ,u,ρ),Hσh ×Hu

h ×Hρh
)

:= inf
(τh,vh,ηh)∈Hσh×Huh×H

ρ
h

‖(σ,u,ρ)− (τ h,vh,ηh)‖H ,
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or, equivalently

dist
(
(σ,u,ρ),Hσh ×Hu

h ×Hρh
)

:= dist(σ,Hσh ) + dist(u,Hu
h ) + dist

(
ρ,Hρh

)
,

where, having in mind that now Hu
h ⊆ H1(Ω), we set dist(u,Hu

h ) := inf
vh∈Huh

‖u− vh‖1,Ω. The other

two distances are exactly as defined in Section 1.4.4.

Lemma 1.5.11. Let C̃ST := α̃−1 max{1, ‖B̃‖}, where α̃ is the constant yielding the ellipticity of B̃
(cf. (1.5.6)). Then, there holds

‖(σ,u,ρ)− (σh,uh,ρh)‖H
≤ C̃ST

{
dist

(
(σ,u,ρ),Hσh ×Hu

h ×Hρh
)

+ Lf (1 + κ2
2)1/2 ‖φ− φh‖0,Ω

}
.
(1.5.16)

Proof. We note that the bilinear form B̃ and the functionals F̃φ and F̃φh satisfy the hypotheses of
Lemma 1.5.10. Then, a straightforward application of Lemma 1.5.10 to the context (1.5.15) gives

‖(σ,u,ρ)− (σh,uh,ρh)‖H
≤ C̃ST

{
‖(F̃φ − F̃φh)|Hσh×Huh×H

ρ
h
‖+ dist

(
(σ,u,ρ),Hσh ×Hu

h ×Hρh
)}
.

(1.5.17)

Next, similarly as in the proof of Lemma 1.5.3, we deduce that

‖(F̃φ − F̃φh)|Hσh×Huh×H
ρ
h
‖ ≤ Lf (1 + κ2

2)1/2 ‖φ− φh‖0,Ω . (1.5.18)

Finally, by replacing (1.5.18) back into (1.5.17), we get (1.5.16) and the lemma follows.

At this point, we realise that in the present context the estimate for ‖φ− φh‖1,Ω stays exactly as in
(1.4.17). Consequently, the corresponding Céa estimate for the total error

‖φ− φh‖1,Ω + ‖(σ, (u,ρ))− (σh, (uh,ρh))‖H

is derived by combining (1.4.17) and (1.5.16). By virtue of the aforementioned, we can establish the
analogues of Theorems 1.4.12 and 1.4.13, whose proofs are omitted.

Theorem 1.5.12. Let C1 and C2 be the constants defined in (1.4.23), and assume that the data satisfy

Lf (1 + κ2
2)1/2

{
C1 + C2 kS

(
‖uD‖1/2,Γ + f2|Ω|1/2

)}
<

1

2
.

Then, there exist positive constants C6 and C7, independent of h, such that

‖φ− φh‖1,Ω + ‖(σ,u,ρ)− (σh,uh,ρh)‖H
≤ C6 dist (φ,Hφ

h) + C7 dist
(
(σ,u,ρ),Hσh ×Hu

h ×Hρh
)
.

Theorem 1.5.13. In addition to the hypotheses of Theorems 1.5.5, 1.5.9 and 1.5.12, assume that there
exists s > 0 such that σ ∈ Hs(Ω), div (σ) ∈ Hs(Ω), u ∈ H1+s(Ω), ρ ∈ Hs(Ω) and φ ∈ H1+s(Ω). Then,
there exists Ĉ > 0, independent of h, such that, with the finite element subspaces defined by (1.5.12),

there holds

‖φ− φh‖1,Ω + ‖(σ,u,ρ)− (σh,uh,ρh)‖H
≤ Ĉhmin{s,k+1}

{
‖σ‖s,Ω + ‖divσ‖s,Ω + ‖u‖1+s,Ω + ‖ρ‖s,Ω + ‖φ‖1+s,Ω

}
.
(1.5.19)
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N h e(σ) r(σ) e(u) r(u) e(ρ) r(ρ) e(φ) r(φ) iter

Mixed-primal PEERS-Lagrange scheme with k = 0

129 0.7071 124.43 – 1.72e-2 – 5.49e-2 – 0.1125 – 4
457 0.3536 65.778 0.91 9.11e-3 0.92 2.87e-2 0.94 6.72e-2 0.74 5
1713 0.1768 33.305 0.98 4.61e-3 0.98 1.45e-2 0.98 3.81e-2 0.82 6
6625 0.0883 16.703 0.99 2.32e-3 0.99 7.26e-3 0.99 1.87e-2 1.02 6
26049 0.0441 8.3584 0.99 1.15e-3 0.99 3.63e-3 0.99 8.35e-3 1.16 6
103297 0.0221 4.1802 0.99 5.78e-4 0.99 1.81e-3 0.99 3.91e-3 1.09 6

Augmented scheme with k = 0

67 0.7071 132.53 – 0.1043 – 0.1120 – 0.1105 – 5
219 0.3536 70.733 0.91 0.0643 0.69 0.1036 0.61 0.0708 0.64 5
787 0.1768 35.492 0.99 0.0323 0.99 0.0789 0.93 0.0427 0.82 6
2979 0.0883 17.604 1.01 0.0157 1.04 0.0463 0.97 0.0230 0.99 6
11587 0.0441 8.7683 1.00 0.0077 1.01 0.0242 0.93 0.0108 1.08 6
45699 0.0221 4.3792 1.00 3.86e-3 1.00 0.0129 0.98 4.62e-3 1.23 6

Augmented scheme with k = 1

195 0.7071 38.856 – 0.0309 – 0.0169 – 0.0358 – 6
691 0.3536 10.373 1.90 0.0088 1.81 0.0074 1.49 0.0100 1.83 6
2595 0.1768 2.6473 1.97 0.0023 1.93 0.0029 1.53 0.0024 2.01 6
10051 0.0883 0.6637 1.99 0.0005 1.97 0.0009 1.67 0.0006 2.03 6
39555 0.0441 0.1658 2.00 0.0001 1.99 0.0002 1.86 0.0001 2.02 8
156931 0.0221 0.0414 2.00 3.72e-5 1.99 6.65e-5 1.94 3.68e-5 2.03 6

Table 1.1: Example 1: Degrees of freedom, meshsizes, errors, rates of convergence, and number of
Picard iterations for the mixed-primal PEERS-P1 and augmented RTk − Pk+1 − Pk − Pk+1 approx-
imations of the coupled problem with k = 0, 1, and using ν = 0.4 and κ2 = 0.5µ, κ4 = µ. In the first
block of the table, the displacement error is measured in the L2−norm (table produced by the author).

1.6 Numerical results

In this section we provide a set of computational tests. The first one serves to illustrate the con-
vergence rates anticipated by our previous analysis for the mixed-primal and the augmented Galerkin
schemes, whereas the remaining examples address a few cases not covered by our analysis (mixed
boundary conditions, non-convex domains, and the 3D case).

Example 1: Error history for a constructed solution in 2D. We consider (1.2.7) in the unit
square Ω = (0, 1)2 and propose exact solutions and coupling terms (tensorial diffusivity, body load,
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and diffusive source) as follows

u =

(
d1 sin(πx1) cos(πx2) +

x2
1

2λ

−d1 cos(πx1) sin(πx2) +
x2

2
2λ

)
, σ = λ trε(u) I + 2µε(u) , ρ = ∇u− ε(u),

φ =x1 (1− x2)x2 (1− x2), ϑ(σ) = D0 I +D2σ
2, f(φ) = d2

(
cos2(φ)

− sin(φ)

)
, g(u) = d2

(
1 +

1

1 + |u|

)
.

(1.6.1)

These closed-form solutions satisfy the boundary conditions uD = u on Γ and φ = 0 on Γ. Moreover,
the elasticity and diffusion equations are considered non-homogeneous and the extra source terms
are chosen according to (1.6.1). This treatment does not compromise the continuous and discrete
analyses, as the smoothness of the exact solution provides right-hand sides with terms in L2(Ω), thus
only requiring a slight modification of the functionals in the variational formulation. We note that
the forcing and source terms satisfy (1.2.4)-(1.2.5). Additionally, we pick out the following value to
the model parameters: displacement and forcing term scalings d1 = 0.05, d2 = 0.1; Young’s modulus
E = 1e3; Poisson’s ratio ν = 0.4; the constants specifying ϑ given by D0 = 1.0 and D2 = 0.1, and the
Lamé constants λ = Eν(1 + ν)−1(1− 2ν)−1 and µ = E/(2 + 2ν). We consider a heuristic value for
Korn’s constant (cf. Lemma 1.5.1) as c2 = 0.1; and using the proof of Lemma 1.5.2, the stabilisation
parameters assume the values δ = δ̃ = 1, κ1 = 2µ, κ2 = 0.5µ, κ3 = 0.1µ, and κ4 = µ. We generate a
sequence of uniformly refined meshes and proceed to define errors and convergence rates as usual:

e(σ) = ‖σ − σh‖div,Ω , e(u) = ‖u− uh‖j,Ω , e(ρ) = ‖ρ− ρh‖0,Ω , e(φ) = ‖φ− φh‖1,Ω , r(·) = log(e(·)/ê(·))
log(h/ĥ)

,

where e and ê denote errors computed on two consecutive meshes of sizes h and ĥ; and where j = 0, 1

will be used to measure the displacement error for the mixed-primal and augmented mixed-primal
schemes, respectively.

On each refinement level we generate approximate solutions with the lowest-order PEERS-Lagrange
elements indicated in Section 1.4.4, and also with the RTk − Pk+1 − Pk − Pk+1 scheme specified in
Section 1.5.2, for k = 0, 1. The output of this error study is collected in Table 1.1 (where we tabulate
errors, experimental convergence rates, and iteration count). We observe an asymptotic O(hk+1)

convergence for all individual errors (stress, displacement, rotation, and concentration), which agrees
with the theoretical error bounds derived in Section 1.4.5 (cf. (1.4.27)) and Section 1.5.3 (cf . (1.5.19)).
Around six Picard iterations are necessary to reach the prescribed tolerance Tol=1e-6 imposed on the
`∞−norm of the total residual. At each fixed-point step the resulting linear systems were solved with
the direct method SuperLU. For completeness, we also depict in Figure 1.1 the obtained numerical
solutions computed with the lowest-order augmented method. We also mention that the proposed
methods maintain their accuracy in the incompressibility limit. This is confirmed by replicating the
same experimental analysis, now considering ν = 0.49999. The error history for this case is displayed
in Table 1.2, where we observe that the magnitude of errors and convergence rates are comparable
to those in Table 1.1. However, if the stabilisation parameters are kept as in the first case, then the
number of Picard iterations needed to achieve the prescribed tolerance for the augmented schemes is
considerably higher. Similar iteration counts as those in the non-augmented case can be obtained with
much smaller values of κ2 and κ4: here we choose κ2 = κ4 = 0.001µ.
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Figure 1.1: Example 1: RT0−P1−P0−P1 approximation of stress magnitude |σh| (a), displacement
magnitude |uh| (b), relevant component of the rotation tensor ρh (c), and concentration of the diffusive
substance φh (d); using ν = 0.4. All fields are plotted on the deformed domain (figure produced by
the author).

N h e(σ) r(σ) e(u) r(u) e(ρ) r(ρ) e(φ) r(φ) iter

Mixed-primal PEERS-Lagrange scheme with k = 0

129 0.7071 9189.7 – 6.05e-2 – 0.1477 – 1.9940 – 6
457 0.3536 605.93 2.98 9.14e-3 2.72 2.88e-2 2.35 9.59e-2 4.37 6
1713 0.1768 30.604 4.30 4.61e-3 0.98 1.45e-2 0.99 3.67e-2 1.30 6
6625 0.0883 15.390 0.99 2.31e-3 0.99 7.26e-3 0.99 1.89e-2 0.96 6
26049 0.0441 7.7948 0.98 1.15e-3 0.99 3.63e-3 0.99 8.41e-3 1.17 6
103297 0.0221 3.9011 0.99 5.78e-4 0.99 1.81e-3 0.99 3.91e-3 1.10 6

Augmented scheme with k = 0

67 0.7071 5525.5 – 1.6922 – 7.7691 – 0.1523 – 4
219 0.3536 853.17 5.02 0.1672 3.41 0.9461 4.14 8.05e-2 0.72 5
787 0.1768 33.563 4.62 7.50e-2 1.29 0.3937 1.25 3.75e-2 1.04 6
2979 0.0883 16.784 0.99 3.39e-2 1.04 0.1467 1.16 1.97e-2 0.92 6
11587 0.0441 8.2505 1.02 1.95e-2 0.93 7.43e-2 0.94 1.03e-2 0.94 6
45699 0.0221 4.0961 1.01 9.73e-3 0.99 3.73e-2 0.98 4.54e-3 1.18 6

Augmented scheme with k = 1

195 0.7071 172.52 – 1.2010 – 1.4012 – 7.34e-2 – 10
691 0.3536 9.4288 3.94 2.33e-2 5.68 2.28e-2 5.93 1.84e-2 1.44 6
2595 0.1768 1.8711 2.59 2.36e-3 3.30 2.86e-3 2.99 4.19e-3 2.04 6
10051 0.0883 0.8375 2.14 5.90e-4 1.99 9.05e-4 1.69 7.26e-4 1.90 6
39555 0.0441 0.1559 2.24 1.48e-4 1.99 2.52e-4 1.84 1.49e-4 2.12 6
156931 0.0221 3.91e-2 1.99 3.72e-5 1.99 6.65e-5 1.92 3.79e-5 1.97 6

Table 1.2: Example 1: Error history produced using a higher Poisson ratio ν = 0.49999 and setting
κ2 = κ4 = 0.001µ. In the first block of the table, the displacement error is measured in the L2−norm
(table produced by the author).

Example 2: Convergence in a non-convex domain. The goal of this example is to observe
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Figure 1.2: Example 2: Approximate solutions (stress components, displacement magnitude with
directions, rotation, and concentration) using a lowest order PEERS-Lagrange scheme displayed on
the undeformed domain (a); and individual errors computed with respect to a reference solution (b)
(figure produced by the author).

the behaviour of the numerical method producing solutions on a non-convex domain (we recall that
convexity was required in the analysis of the fixed-point operators defining the coupled continuous
problem). To this end we consider a ring-shaped membrane bounded by an outer circle of radius 1
and an inner circle of radius 0.5. Initial guesses for stress, displacement, and concentration are zero.
Differently from Example 1, we now apply the following tensorial diffusivity, body load, source of
species, and prescribed boundary displacement on the outer ring

ϑ(σ) = D0 I +D1σ +D2σ
2, f(φ) = d2

(
φ

φ(1− φ)

)
, g(u) = d3|u|, uD =

(
d1 sin(πx1) cos(πx2)

−d1 cos(πx1) sin(πx2)

)
,

whereas on the inner ring the structure is clamped. We impose a concentration of 1 on the outer ring
and zero on the inner boundary. The coefficients defining the problem assume the valuesD0 = d1 = 0.1,
D1 = D2 = 0.05, d2 = 0.025, d3 = −1, E = 100 and ν = 0.33, and the numerical solutions generated
with the lowest-order PEERS-Lagrange scheme are presented in Figure 1.2(a).

In view of assessing the convergence of the lowest-order primal-mixed method, and in the absence
of a closed-form expression for the solution of this problem, we consider a reference solution computed
in a highly refined mesh (of around 50K elements) and proceed to compute approximate solutions on
coarser meshes. The obtained errors (with respect to the reference solutions projected to each coarse
mesh) and convergence rates are shown in Figure 1.2(b), where one sees that all fields exhibit an O(h)

accuracy, and note that the stress error is dominant. For all refinement levels the fixed-point algorithm
took less than five iterations to converge.

We exploit the same setting to study the influence of different values for the additional diffusion
parameters D1 = D2 (representing scenarios where the stress-assisted diffusion decreases in intensity).
Figure 1.3 compares three different cases, where a substantial difference is observed in the generated
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Figure 1.3: Example 2: Concentration profiles of the diffusive substance φh plotted on the deformed
domain, for different values of the additional diffusivity constants (figure produced by the author).

diffusion patterns. A similar effect as the one produced with very low values of D1 and D2 (the profiles
in Figure 1.3(c) show a very smooth diffusion going uniformly from φ = 1 on the outer circle, to φ = 0

on the inner boundary) can be achieved by softening the material, prescribing a Young modulus of
E = 1.

Example 3: Stress-assisted diffusion and experimental convergence on a 3D slab. In
much the same way as in Example 2, here we will confirm that the other assumption in Theorem 1.3.4
(the restriction to two spatial dimensions) can be obviated at the implementation stage, and that it does
not compromise the behaviour of the proposed methods. Focusing on an applicative test, let us regard
a porous block occupying the domain Ω = (0, 250) × (0, 250) × (0, 50) and construct an unstructured
tetrahedral mesh of 55K elements. The stress-dependent diffusivity is considered as in Example 2:
ϑ(σ) = D0 I + D1σ + D2σ

2, the concentration-dependent body load is f(φ) = d2(φ, φ, φ(1 − φ))t,
and the displacement-dependent source is now g(u) = d3 divu. We will take the parameter values
D0 = 0.5, D1 = 0.025, D2 = −0.015, d2 = 0.1, d3 = 0.25, E = 1e4, and ν = 0.49. Boundary conditions
for the elasticity problem differ from the ones analysed in this chapter: The block is clamped on the
surface x1 = 0, a normal traction force is imposed on the surface x1 = 250, σν = 3/4µν, and zero
normal stresses are considered elsewhere on the boundary, σν = 0. On the surface x1 = 0 we fix
the concentration φ = x2(250 − x2)x3(50 − x3)/(25 · 125)2, we impose zero-flux boundary conditions
on the face x1 = 250, σ̃ · ν = 0; and consider an homogeneous Dirichlet boundary condition for
concentration on the remainder of ∂Ω. Once again we consider the augmented mixed-primal method
of lowest order, for which the penalisation constants adopt the values κ1 = 2µ, κ2 = 0.5µ, κ3 = 0.01µ,
and κ4 = 1. The linear systems encountered at each Picard step are solved with the GMRES method
preconditioned with an incomplete LU factorisation. The computational results are summarised in
Figure 1.4, indicating that stresses are concentrated on the corners of the boundaries where Dirichlet
conditions are set for displacements, and rotations are higher in the vicinities of the rectangles at
x1 = 0 and x1 = 250. For this case the Picard method takes eight iterations to converge.

We also assess the accuracy of the method through an experimental error analysis. Since, for this
particular problem configuration, a closed form solution to (1.2.1) is not available, we produce an
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Figure 1.4: Example 3: Augmented mixed-primal approximation of stress magnitude |σh| (a), dis-
placement magnitude |uh| (b), rotation tensor magnitude |ρh| (c), and concentration of the diffusive
substance φh (d); all plotted on the deformed domain and showing the undeformed, skeleton mesh
(figure produced by the author).

approximate solution using a highly refined mesh (of 290K elements) and consider it as a reference
solution for error computation. We also generate a sequence of much coarser quasi-uniformly refined
meshes (but not necessarily nested) on which we compute approximate solutions. The result of this
error analysis is collected in Table 1.3. The observed convergence rates, here only presented for the
lowest-order augmented scheme, approach the optimal values as the number of degrees of freedom
increases. In addition, the fixed-point iteration count remains near the base case (of eight steps) for
all levels of mesh refinement.

Next we investigate the effect of the stress-diffusion coupling (which is actually encoded in the mag-
nitude of the parameters D1, D2 and d2, d3) on the performance of the fixed-point iteration count. We
conduct six rounds of simulations, first fixing the tensorial diffusivity constants D1, D2 and increas-
ing d2, d3; and then fixing d2, d3 and decreasing D1, D2 (large contributions from stresses will only
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N e(σ) r(σ) e(u) r(u) e(ρ) r(ρ) e(φ) r(φ) iter

487 1968.2 – 20.384 – 1.0379 – 0.2571 – 7
2837 639.81 0.64 6.9320 0.76 0.2825 0.93 0.0842 0.84 8
22156 204.12 0.79 2.1943 0.80 0.0873 0.92 0.0293 0.83 7
150109 70.451 0.95 0.7904 0.92 0.0315 0.79 0.0096 0.90 8
907803 25.298 0.94 0.2246 0.93 0.0102 0.89 0.0034 0.92 8

Table 1.3: Example 3: Experimental error history against a reference (fine mesh) solution, and number
of Picard iterations per refinement level. Lowest-order augmented method (table produced by the
author).
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Figure 1.5: Example 3: Iteration count produced when varying the coupling parameters defining the
concentration-dependent body load and displacement-dependent source (a), and the stress-assisted
diffusivity parameters (b) (figure produced by the author).

increase diffusion, therefore making the generalised Poisson problem more stable). Figure 1.5 presents
the response of the method in terms of number of fixed-point iterations needed to reach the tolerance
Tol=1e-6. We observe that as the coupling terms depart from the base case, the solver performs a
larger number of steps.



CHAPTER 2

Formulation and analysis of fully-mixed methods for stress-assisted
diffusion problems

2.1 Introduction

We are interested in the mathematical and numerical study of a stationary problem representing
diffusion-deformation processes where the stress acts as a coupling variable. So-called stress-assisted
diffusion models (derived from thermodynamic principles and phenomenological arguments in e.g.
[125, 6]) are relevant to numerous applications including diffusion of boron and arsenic in silicon [117],
hydrogen diffusion in metals [141], voiding of aluminium conductor lines in integrated circuits [162],
strain-aging measurements in iron [118], sorption in polymers [131], to name a few. Of special appeal
to us is the study of microscopic electrode damage in lithium ion batteries [19, 50, 94, 136, 110]. When
lithium diffuses into a secondary particle (an anode made of e.g. silicon), its core expands and its
elastic response, also with that of neighboring particles and the surrounding electrolyte, modify the
diffusive properties inside the medium. If the process is confined inside the anode, then the electric
field is practically constant and the system may be described solely in terms of diffusion and stress.

Regarding the mathematical and numerical analysis of related models, the literature is rather scarce.
Some recent references include homogenisation of concentration - electric potential systems [138], multi-
scale analysis of the deterioration of binder in electrodes [78], and a general local-global well-posedness
theory [109]. Differently from these approaches, in [83] we have recently proposed a mixed-primal
formulation for stress-assisted diffusion. The model covers the linear elastic regime, it incorporates
the rotation tensor as supplementary variable serving to impose stress symmetry in a weak manner;
and this mixed problem is coupled with a primal formulation for diffusion. Here, in contrast, we con-
sider an augmented mixed formulation for the diffusion equation. Similarly to [87], the concentration
gradient and the diffusive flux are incorporated as auxiliary unknowns, which allows us to treat the
stress-dependent diffusivity using a dual-mixed setting. In order to apply the regularity estimates from
[83], we augment the formulation with redundant terms arising from a constitutive equation. Next,
following the approach introduced in [14], we combine fixed-point arguments, regularity estimates, the
Babuška-Brezzi theory, the Lax Milgram lemma, the Sobolev embedding and Rellich-Kondrachov the-
orems, and small data assumptions to establish existence and uniqueness of solution of the continuous
problem. The solvability of the Galerkin scheme follows from the Brouwer fixed-point theorem and

44
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properties of the finite element subspaces. Finally, the convergence analysis is conducted adapting
Strang inequalities, Céa estimates, and using approximation properties of the finite element spaces.

The rest of the chapter is organised as follows. In Section 2.2 we describe required notation and
functional spaces to be employed along the chapter. Then, we introduce the model problem and
requirements on the specific constitutive functions. Next, in Section 2.3 we derive the augmented
fully-mixed formulation and establish its well-posedness. The Galerkin scheme and the existence of
discrete solution are then studied in Section 2.4. In addition, under similar assumptions we deduce
error bounds in Section 2.5; and we close in Section 2.6 with a numerical example that confirms the
theoretical rates of convergence, and a second test studying the applicability of the discrete formulation
in the simulation of 3D microscopic lithiation processes.

2.2 The model problem

Let us consider the following system of PDEs, governing the diffusion of a solute interacting with
the motion of an elastic solid occupying the domain Ω:

σ = λ trε(u) I + 2µε(u) in Ω , −divσ = f(φ) in Ω, (2.2.1)

σ̃ = ϑ(σ)∇φ in Ω , −div σ̃ = g(u) in Ω, (2.2.2)

u = uD on Γ, φ = φD on Γ. (2.2.3)

Equations (2.2.1) state the constitutive relation and momentum balance for the elasticity equations,
problem (2.2.2) defines the diffusion equation and diffusive flux, and (2.2.3) specifies the Dirichlet
boundary conditions uD ∈ H1/2(Γ) and φD ∈ H1/2(Γ). The involved quantities and model pa-
rameters are the Cauchy solid stress σ; the displacement field u, the infinitesimal strain tensor
ε(u) := 1

2

(
∇u+∇ut

)
; the Lamé constants λ, µ > 0 characterizing the material; the diffusive flux

σ̃; the solute concentration φ; the tensorial diffusivity ϑ : Rn×n → Rn×n; the vector of body loads
f : R → Rn, and a displacement-dependent source term g : Rn → R. For the load, source, and
diffusivity functions we will require uniform boundedness and Lipschitz continuity, that is there exist
positive constants f1, f2, Lf , g1, g2, Lg, and ϑ1, ϑ2, Lϑ, such that

f1 ≤ |f(s)| ≤ f2, |f(s)− f(t)| ≤ Lf |s− t| ∀ s, t ∈ R, (2.2.4)

g1 ≤ |g(w)| ≤ g2, |g(v)− g(w)| ≤ Lg|v −w| ∀v,w ∈ Rn, (2.2.5)

ϑ1 ≤ |ϑ(τ )| ≤ ϑ2, |ϑ(τ )− ϑ(ζ)| ≤ Lϑ|τ − ζ| ∀ τ , ζ ∈ Rn×n. (2.2.6)

Additionally, ϑ is of class C1 and uniformly positive definite, the latter meaning that there exists
ϑ0 > 0 such that

ϑ(τ )w ·w ≥ ϑ0|w|2 ∀w ∈ Rn, ∀ τ ∈ Rn×n . (2.2.7)

Finally, we assume that f(φ) ∈ H1(Ω) for each φ ∈ H1(Ω), and that for each γ ∈ (0, 1) there exists a
constant Cγ > 0 such that g(w) ∈ Hγ(Ω) for each w ∈ Hγ(Ω) and

‖g(w)‖γ,Ω ≤ Cγ ‖w‖γ,Ω . (2.2.8)
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2.3 Weak formulation and solvability analysis

In this section we derive an augmented fully-mixed variational formulation for (2.2.1)-(2.2.3) and
propose a fixed-point strategy for its analysis. We show that the fixed-point operator is well-defined
and apply the Schauder’s theorem to prove existence of solution, whereas Banach fixed-point theorem
will lead to uniqueness of solution under small data assumptions.

2.3.1 The mixed-mixed formulation

We begin by recalling from [39] that H(div; Ω) = H0(div; Ω)⊕ RI, with

H0(div; Ω) :=

{
τ ∈ H(div; Ω) :

∫
Ω

tr(τ ) = 0

}
,

which means that for each τ ∈ H(div; Ω) there exist unique

τ 0 := τ −
{

1

n|Ω|

∫
Ω

tr(τ )

}
I ∈ H0(div; Ω) and d :=

1

n|Ω|

∫
Ω

tr(τ ) ∈ R,

such that τ = τ 0 + dI. Also, we define the space of skew-symmetric tensors as

L2
skew(Ω) := {η ∈ L2(Ω) : η + ηt = 0}.

Then, proceeding as in [83, Section 2.1], we apply the Dirichlet boundary condition for displacements
(first relation of (2.2.3)) and the aforementioned orthogonal decomposition to write the elasticity
problem in weak form: find (σ, (u,ρ)) ∈ H1 := H0(div; Ω)×

(
L2(Ω)× L2

skew(Ω)
)
such that

a(σ, τ ) + b(τ , (u,ρ)) = G(τ ) ∀ τ ∈ H0(div; Ω),

b(σ, (v,η)) = Fφ(v,η) ∀ (v,η) ∈ L2(Ω)× L2
skew(Ω),

(2.3.1)

where a : H0(div; Ω) × H0(div; Ω) → R and b : H0(div; Ω) × (L2(Ω) × L2
skew(Ω)) → R are bilinear

forms defined as

a(ζ, τ ) =
1

2µ

∫
Ω
ζd : τ d +

1

n(nλ+ 2µ)

∫
Ω

tr(ζ) tr(τ ), b(τ , (v,η)) :=

∫
Ω
v · div τ +

∫
Ω
η : τ ,

for ζ, τ ∈ H0(div; Ω) and (v,η) ∈ L2(Ω)×L2
skew(Ω). In turn, the functionals Fφ ∈ (L2(Ω)×L2

skew(Ω))′

and G ∈ H0(div; Ω)′ are given by

G(τ ) := 〈τν,uD〉Γ and Fφ(v,η) := −
∫

Ω
f (φ) · v , (2.3.2)

for (τ , (v,η)) ∈ H1, where 〈·, ·〉Γ stands for the duality pairing of H−1/2(Γ) and H1/2(Γ). Details on
the derivation of the weak formulation (2.3.1) can be found in [81] as well as in [24].

In turn, defining the concentration gradient t := ∇φ, we can recast the diffusion equation as

σ̃ = ϑ(σ) t in Ω, t = ∇φ in Ω, −div σ̃ = g(u) in Ω,

φ = φD on Γ.
(2.3.3)
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We then test the three-field problem (2.3.3) against s ∈ L2(Ω), τ̃ ∈ H(div; Ω) and ψ ∈ L2(Ω).
Integrating by parts the expression

∫
Ω∇φ · τ̃ and using the Dirichlet boundary condition for φ (second

equation in (2.2.3)), we arrive at the weak formulation: find (t, σ̃, φ) ∈ L2(Ω) × H(div; Ω) × L2(Ω)

such that ∫
Ω
ϑ(σ) t · s −

∫
Ω
σ̃ · s = 0 ∀ s ∈ L2(Ω),∫

Ω
τ̃ · t +

∫
Ω
φ div τ̃ = 〈τ̃ · ν, φD〉Γ ∀ τ̃ ∈ H(div; Ω),

−
∫

Ω
ψ div σ̃ =

∫
Ω
ψ g(u) ∀ψ ∈ L2(Ω).

(2.3.4)

In view of modifying the regularity properties of the coupled problem, we proceed to enrich the foregoing
equations with the following residual terms:

κ1

∫
Ω
{σ̃ − ϑ(σ) t} · τ̃ = 0 ∀ τ̃ ∈ H(div; Ω),

κ2

∫
Ω
div σ̃ div τ̃ = −κ2

∫
Ω
g(u) div τ̃ ∀ τ̃ ∈ H(div; Ω),

κ3

∫
Ω
{∇φ− t} · ∇ψ = 0 ∀ψ ∈ H1(Ω),

κ4

∫
Γ
φψ = κ4

∫
Γ
φD ψ ∀ψ ∈ H1(Ω),

(2.3.5)

where κ1, κ2, κ3 and κ4 are positive parameters to be specified later on. We remark that the identities
required in (2.3.5) are nothing but the constitutive and the equilibrium equations concerning σ̃, along
with the relation defining t, and the Dirichlet boundary condition for φ; all of them tested differently
from (2.3.4). Instead of (2.3.4), we will now focus on the following augmented formulation for the
diffusion problem: find (t, σ̃, φ) ∈ H2 := L2(Ω)×H(div; Ω)×H1(Ω) such that

Aσ((t, σ̃, φ), (s, τ̃ , ψ)) = Gu(s, τ̃ , ψ) ∀ (s, τ̃ , ψ) ∈ H2, (2.3.6)

where

Aσ((t, σ̃, φ), (s, τ̃ , ψ)) :=

∫
Ω
ϑ(σ) t · s−

∫
Ω
σ̃ · s+

∫
Ω
τ̃ · t+

∫
Ω
φ div τ̃ −

∫
Ω
ψ div σ̃

+ κ1

∫
Ω
{σ̃ − ϑ(σ) t} · τ̃ + κ2

∫
Ω
div σ̃ div τ̃ + κ3

∫
Ω
{∇φ− t} · ∇ψ + κ4

∫
Γ
φψ,

(2.3.7)

and
Gu(s, τ̃ , ψ) := 〈τ̃ · ν, φD〉Γ +

∫
Ω
ψ g(u)− κ2

∫
Ω
g(u) div τ̃ + κ4

∫
Γ
φD ψ. (2.3.8)

Consequently, we arrive at the following augmented fully-mixed formulation for (2.2.1)-(2.2.3): find(
(σ, (u,ρ)), (t, σ̃, φ)

)
∈ H1 ×H2, such that

a(σ, τ ) + b(τ , (u,ρ)) = G(τ ) ∀ τ ∈ H0(div; Ω),

b(σ, (v,η)) = Fφ(v,η) ∀ (v,η) ∈ L2(Ω)× L2
skew(Ω),

Aσ((t, σ̃, φ), (s, τ̃ , ψ)) = Gu(s, τ̃ , ψ) ∀ (s, τ̃ , ψ) ∈ H2.

(2.3.9)
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2.3.2 A fixed-point approach

Here we utilise a fixed-point strategy to prove that problem (2.3.9) is well-posed. Let us first define
the operator S : H1(Ω)→ H1 as

S(φ) := (S1(φ), (S2(φ),S3(φ))) := (σ, (u,ρ)) ∀φ ∈ H1(Ω),

where (σ, (u,ρ)) is the unique solution of (2.3.1) with the given φ. In turn, we define the operator
S̃ : H0(div; Ω)× L2(Ω)→ H2 as

S̃(σ,u) := (S̃1(σ,u), S̃2(σ,u), S̃3(σ,u)) := (t, σ̃, φ) ∀ (σ,u) ∈ H0(div; Ω)× L2(Ω),

where (t, σ̃, φ) is the unique solution of (2.3.6) with the given (σ,u). In this way, by introducing the
operator T : H1(Ω)→ H1(Ω) as

T(φ) := S̃3(S1(φ),S2(φ)) ∀φ ∈ H1(Ω),

we realize that (2.3.9) can be rewritten as the fixed-point problem: find φ ∈ H1(Ω) such that

T(φ) = φ. (2.3.10)

However, we remark in advance that the definition of T will be only in a closed ball of H1(Ω).

We also collect the following two technical lemmas, whose proofs can be found in [81, Lemma 2.3],
and [77, Lemma 3.3], respectively.

Lemma 2.3.1. There exists c1 > 0 such that

c1 ‖τ‖20,Ω ≤ ‖τ
d‖20,Ω + ‖div τ‖20,Ω ∀τ ∈ H0(div; Ω).

Lemma 2.3.2. There exists c2 > 0 such that

|ψ|21,Ω + ‖ψ‖20,Γ ≥ c2 ‖ψ‖21,Ω ∀ψ ∈ H1(Ω).

In what follows we show that T has at least one fixed point. Firstly we will prove that the uncoupled
problems defined by S and S̃ are well-posed, where we emphasize that S is defined similarly as in [83],
and therefore we omit parts of the proofs whenever necessary. Our analysis will focus on the uncoupled
problem (2.3.6) and its repercussion on T. Let us start by recalling the continuity of a and b. For a
proof we refer to e.g. [81].

|a(ζ, τ )| ≤ 1

µ
‖ζ‖div;Ω ‖τ‖div;Ω ∀ ζ, τ ∈ H0(div; Ω),

|b(τ , (v,η))| ≤ ‖τ‖div;Ω ‖(v,η)‖ ∀ τ ∈ H0(div; Ω), ∀ (v,η) ∈ L2(Ω)× L2
skew(Ω).

(2.3.11)

Furthermore, it is not difficult to see that a is strongly elliptic in the kernel of b. In fact, we denote
the operator induced by the bilinear form b as B, and note that

V := Ker(B) =
{
τ ∈ H0(div; Ω) : div τ = 0 in Ω, τ = τ t in Ω

}
,
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from which, we deduce that

a(τ , τ ) ≥ 1

2µ
‖τ d‖20,Ω ≥

c1

2µ
‖τ‖20,Ω = α ‖τ‖2div;Ω ∀ τ ∈ V, (2.3.12)

where c1 is the constant provided by Lemma 2.3.1. Additionally, as a slight modification of the proof
of [81, Section 2.4.3], we find that B is surjective. Finally, we observe that G and Fφ are bounded with

‖G‖ ≤ ‖uD‖1/2,Γ and ‖Fφ‖ ≤ f2|Ω|1/2. (2.3.13)

This analysis confirms the well-posedness of (2.3.1), which is abridged in the following lemma.

Lemma 2.3.3. For each φ ∈ H1(Ω) the problem (2.3.1) has a unique solution S(φ) := (σ, (u,ρ)) ∈ H1.
Moreover, there exists cS > 0, independent of φ, such that

‖S(φ)‖H1
= ‖(σ, (u,ρ))‖H1

≤ cS
{
‖uD‖1/2,Γ + f2|Ω|1/2

}
. (2.3.14)

Proof. It follows from estimates (2.3.11)–(2.3.13) and a direct application of the Babuška-Brezzi theory
(see, e.g. [39] and [81, Thm. 2.3]). We refer to [83, Lemmma 2.2] for further details.

In turn, we prove the well-posedness of problem (2.3.6) with the next result.

Lemma 2.3.4. Assume that κ1 ∈
(

0, 2δϑ0
ϑ2

)
and κ3 ∈

(
0, 2δ̃

(
ϑ0 − κ1ϑ2

2δ

))
with δ ∈

(
0, 2

ϑ2

)
, δ̃ ∈ (0, 2),

and κ2, κ4 > 0. Then, for each (σ,u) ∈ H0(div; Ω) × L2(Ω), problem (2.3.6) has a unique solution
S̃(σ,u) = (t, σ̃, φ) ∈ H2. Moreover, there exists c̃S > 0, independent of (σ,u), such that

‖S̃(σ,u)‖H2 = ‖(t, σ̃, φ)‖H2
≤ c̃S

{
‖φD‖1/2,Γ + g2|Ω|1/2

}
. (2.3.15)

Proof. Firstly, we note from (2.3.7) that Aσ is a bilinear form. Next, applying Cauchy-Schwarz’s
inequality, the upper bound for ϑ (cf. (2.2.6)), and the trace theorem (with constant c0), we find that

|Aσ((t, σ̃, φ), (s, τ̃ , ψ))| ≤ ϑ2‖t‖0,Ω‖s‖0,Ω + ‖σ̃‖0,Ω ‖s‖0,Ω + ‖τ̃‖0,Ω ‖t‖0,Ω
+ ‖φ‖0,Ω ‖div τ̃‖0,Ω + ‖ψ‖0,Ω ‖div σ̃‖0,Ω + κ1‖σ̃‖0,Ω ‖τ̃‖0,Ω + κ1ϑ2 ‖t‖0,Ω ‖τ̃‖0,Ω
+ κ2‖div σ̃‖0,Ω ‖div τ̃‖0,Ω + κ3|φ|1,Ω|ψ|1,Ω + κ3 ‖t‖0,Ω |ψ|1,Ω + c2

0 κ4 ‖φ‖1,Ω ‖ψ‖1,Ω .

It follows that there exists a positive constant ‖A‖, depending on ϑ2, c0, κ1, κ2, κ3 and κ4, such that

|Aσ((t, σ̃, φ), (s, τ̃ , ψ))| ≤ ‖A‖ ‖(t, σ̃, φ)‖H2
‖(s, τ̃ , ψ)‖H2

∀ (t, σ̃, φ), (s, τ̃ , ψ) ∈ H2, (2.3.16)

and hence Aσ is bounded independently of (σ,u) ∈ H0(div; Ω)×L2(Ω). In turn, we now aim to show
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that Aσ is H2-elliptic. To this end, given (s, τ̃ , ψ) ∈ H2, we apply (2.2.7) and find that

Aσ((s, τ̃ , ψ), (s, τ̃ , ψ)) ≥
∫

Ω
ϑ(σ) s · s+ κ1 ‖τ̃‖20,Ω − κ1ϑ2 ‖s‖0,Ω ‖τ̃‖0,Ω + κ2 ‖div τ̃‖20,Ω

+ κ3|ψ|21,Ω−κ3 ‖s‖0,Ω |ψ|1,Ω + κ4 ‖ψ‖20,Γ

≥ ϑ0 ‖s‖20,Ω + κ1 ‖τ̃‖20,Ω + κ2 ‖div τ̃‖20,Ω −
κ1ϑ2

2δ
‖s‖20,Ω −

κ1ϑ2δ

2
‖τ̃‖20,Ω

+ κ3|ψ|21,Ω −
κ3

2δ̃
‖s‖20,Ω −

κ3δ̃

2
|ψ|21,Ω + κ4 ‖ψ‖20,Γ

=

{(
ϑ0 −

κ1ϑ2

2δ

)
− κ3

2δ̃

}
‖s‖20,Ω + κ1

(
1− ϑ2δ

2

)
‖τ̃‖20,Ω + κ2 ‖div τ̃‖20,Ω

+ κ3

(
1− δ̃

2

)
|ψ|21,Ω + κ4 ‖ψ‖20,Γ .

(2.3.17)

Then, assuming the stipulated hypotheses on δ, δ̃, κ1, κ2, κ3, κ4 and applying Lemma 2.3.2, we can
define

α̃1 :=

{(
ϑ0 −

κ1ϑ2

2δ

)
− κ3

2δ̃

}
, α̃2 := min

{
κ1

(
1− ϑ2δ

2

)
, κ2

}
, α̃3 := c2 min

{
κ3

(
1− δ̃

2

)
, κ4

}
,

which allows us to deduce from (2.3.17) that

Aσ((s, τ̃ , ψ), (s, τ̃ , ψ)) ≥ α̃ ‖(s, τ̃ , ψ)‖2H2
∀ (s, τ̃ , ψ) ∈ H2, (2.3.18)

where α̃ := min {α̃1, α̃2, α̃3} is the ellipticity constant of Aσ. Next, applying Cauchy-Schwarz’s in-
equality, the trace estimates in H(div; Ω) and H1(Ω), with constants 1 and c0, respectively, the upper
bound for g given in (2.2.5), and the fact that ‖ · ‖0,Γ ≤ ‖ · ‖1/2,Γ, to (2.3.8), we find that

∣∣Gu(s, τ̃ , ψ)
∣∣ =

∣∣〈τ̃ · ν, φD〉Γ +

∫
Ω
ψ g(u)− κ2

∫
Ω
g(u) div τ̃ + κ4

∫
Γ
φD ψ

∣∣
≤ ‖τ̃ · ν‖−1/2,Γ ‖φD‖1/2,Γ + g2 |Ω|1/2 ‖ψ‖0,Ω + κ2 g2 |Ω|1/2 ‖div τ̃‖0,Ω + κ4 ‖φD‖0,Γ ‖ψ‖0,Γ

≤ ‖τ̃‖div;Ω ‖φD‖1/2,Γ + g2 |Ω|1/2 ‖ψ‖1,Ω + κ2 g2 |Ω|1/2 ‖div τ̃‖0,Ω + κ4 c0 ‖φD‖1/2,Γ ‖ψ‖1,Ω ,

which yields the existence of a positive constant ‖G̃‖, depending on κ2, κ4 and c0, such that

‖Gu‖H2
≤ ‖G̃‖

{
‖φD‖1/2,Γ + g2|Ω|1/2

}
. (2.3.19)

Finally, a direct application of the Lax-Milgram lemma proves that for each (σ,u) ∈ H0(div; Ω) ×
L2(Ω), problem (2.3.6) has a unique solution S̃(σ,u) = (t, σ̃, φ) ∈ H2. Moreover, a continuous depen-
dence result is given by

‖S̃(σ,u)‖H2 = ‖(t, σ̃, φ)‖H2
≤ 1

α̃
‖Gu‖H′2 ≤ c̃S

{
‖φD‖1/2,Γ + g2|Ω|1/2

}
,

where c̃S :=
‖G̃‖
α̃

, completing the proof.
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Note that the constants α̃2 and α̃3, being each one defined by the minimum between two quantities,
can be maximised separately by making the corresponding quantities equal, that is by choosing κ2 and
κ4 such that

κ2 = κ1

(
1− δϑ2

2

)
and κ4 = κ3

(
1− δ̃

2

)
.

In turn, in order to guarantee that the rest of the constants involved are bounded away from zero, we
take the parameters δ, δ̃, κ1, and κ3 as the middle points of their feasible ranges. According to the
above, we adopt the following choices:

δ =
1

ϑ2
, κ1 =

δϑ0

ϑ2
=
ϑ0

ϑ2
2

, δ̃ = 1, κ3 = δ̃

(
ϑ0 −

κ1ϑ2

2δ

)
=
ϑ0

2
,

κ2 = κ1

(
1− δϑ2

2

)
=

ϑ0

2ϑ2
2

, κ4 = κ3

(
1− δ̃

2

)
=
ϑ0

4
,

(2.3.20)

which yield

α̃1 =
ϑ0

4
, α̃2 =

ϑ0

2ϑ2
2

, α̃3 = c2
ϑ0

4
, and α̃ = min

{
min {c2, 1}

ϑ0

4
,
ϑ0

2ϑ2
2

}
.

We end this section by introducing suitable regularity estimates on S and S̃, exactly as in [83, Section
2.2]. In fact, we concentrate in the case where Ω is a convex polygonal domain and n = 2, recall that
f(ψ) ∈ H1(Ω) for each ψ ∈ H1(Ω), and assume from now on that uD ∈ H3/2+γ(Γ), where γ is the
positive constant whose existence is guaranteed in [27]. Then, applying precisely the estimate given in
[27, eq. (3.9)] and recalling from the constitutive equation that the regularities of the unknowns are
connected, we find that S(ψ) ∈ H0(div; Ω) ∩H1+γ(Ω)×H2+γ(Ω)× L2

skew(Ω) ∩H1+γ(Ω).

In turn, for S̃ we note that, for a given pair (ζ,w) := (S1(ψ),S2(ψ)) ∈ H0(div; Ω) ∩ H1+γ(Ω) ×
H2+γ(Ω) (which denote the first and second components of the unique solution produced by the oper-
ator S), the hypothesis given by relation (2.2.8) implies in particular that g(w) ∈ Hγ(Ω). Additionally,
we assume that the coefficients ϑ(ζ)ij are in C1+γ(Ω) and φD ∈ H3/2+γ(Γ), then elliptic regularity
results (cf. [93], [121]) guarantee that φ := S̃3(ζ,w) ∈ H2+γ(Ω), and therefore there exists C̃1 > 0

such that

‖S̃1(ζ,w)‖1+γ,Ω = ‖t‖1+γ,Ω ≤ ‖φ‖2+γ,Ω ≤ C̃1

{
‖φD‖3/2+γ,Γ + ‖g(w)‖γ,Ω

}
. (2.3.21)

On the other hand, the Sobolev embedding theorem (cf. [107, Thm. A.5]) establishes the continuous
injection iγ : H1+γ(Ω) −→ C0(Ω), with boundedness constant C̃γ . Then, applying (2.3.21) implies
that

‖S̃1(ζ,w)‖∞,Ω = ‖t‖∞,Ω ≤ C̃γ ‖t‖1+γ,Ω ≤ C̃γC̃1

{
‖φD‖3/2+γ,Γ + ‖g(w)‖γ,Ω

}
. (2.3.22)

Finally, replacing the estimates (2.2.8) and (2.3.14) into (2.3.22), we find that

‖S̃1(ζ,w)‖∞,Ω = ‖t‖∞,Ω ≤ C∞
{
‖φD‖3/2+γ,Γ + ‖uD‖1/2,Γ + f2|Ω|1/2

}
, (2.3.23)

where C∞ is a positive constant depending on Cγ , cS, C̃γ and C̃1 (cf. (2.2.8), (2.3.14), (2.3.21),
(2.3.22)).
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2.3.3 Solvability analysis of the fixed-point equation

We now verify the hypotheses of the Schauder fixed-point theorem (see, e.g. [54, Theorem 9.12-1]).
Before starting the result to be proved, we restrict T to a ball and show that this operator maps into
itself.

Lemma 2.3.5. Let W be the closed and convex subset of H1(Ω) defined by

W :=
{
φ ∈ H1(Ω) : ‖φ‖1,Ω ≤ c̃S

(
‖φD‖1/2,Γ + g2|Ω|1/2

)}
,

where c̃S is the constant given by (2.3.14). Then T(W ) ⊆W.

Proof. It suffices to recall the definition of T and apply the estimate (2.3.15).

The following estimate is key to derive Lipschitz continuity of T. For a proof see [83, Lemma 2.6].

Lemma 2.3.6. There exists a positive constant CS depending on µ,Lf , α (cf .(2.2.4), (2.3.12)) and the
inf-sup constant of b, such that

‖S(φ)− S(ϕ)‖H1
≤ CS ‖φ− ϕ‖0,Ω ∀φ, ϕ ∈ H1(Ω). (2.3.24)

We are in a position to establish the announced property of the operator T.

Lemma 2.3.7. Let CS be the constant provided by Lemma 2.3.6. Then, for each φ, ϕ ∈ H1(Ω), there
holds

‖T(φ)−T(ϕ)‖1,Ω ≤
CS

α̃

{
Lg(1 + κ2

2)1/2 + Lϑ(1 + κ2
1)1/2‖S̃1(S1(ϕ),S2(ϕ))‖∞,Ω

}
‖φ− ϕ‖0,Ω .

(2.3.25)

Proof. We begin by recalling that T(φ) = S̃3(S1(φ),S2(φ)) and T(ϕ) = S̃3(S1(ϕ),S2(ϕ)) ∀φ, ϕ ∈
H1(Ω). For notational purposes we rename

(σ,u) := (S1(φ),S2(φ)) and (ζ,w) := (S1(ϕ),S2(ϕ)),

where (σ,u), (ζ,w) ∈ H0(div; Ω) × L2(Ω). Next, we consider (t, σ̃, φ) := S̃(σ,u) and (r, ζ̃, ϕ) :=

S̃(ζ,w), that is, for each (s, τ̃ , ψ) ∈ H2, one has

Aσ((t, σ̃, φ), (s, τ̃ , ψ)) = Gu(s, τ̃ , ψ) and Aζ((r, ζ̃, ϕ), (s, τ̃ , ψ)) = Gw(s, τ̃ , ψ).

Analogously to the proof of [83, Lemma 2.7], we apply the ellipticity of Aσ (cf. (2.3.18)) and then, by
adding and subtracting appropiate terms, we find that

α̃‖(t, σ̃, φ)− (r, ζ̃, ϕ)‖2H2

≤ Aσ((t, σ̃, φ), (t, σ̃, φ)− (r, ζ̃, ϕ))−Aσ((r, ζ̃, ϕ), (t, σ̃, φ)− (r, ζ̃, ϕ))

= (Gu −Gw)((t, σ̃, φ)− (r, ζ̃, ϕ)) + (Aζ −Aσ)((r, ζ̃, ϕ), (t, σ̃, φ)− (r, ζ̃, ϕ)).

(2.3.26)
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Using the definition of Aσ,Gu, Cauchy-Schwarz’s inequality, and (2.2.5),(2.2.6), we can assert that

|(Gu −Gw)((t, σ̃, φ)− (r, ζ̃, ϕ))| =
∣∣∣∣∫

Ω
(g(u)− g(w))

{
(φ− ϕ)− κ2 div (σ̃ − ζ̃)

}∣∣∣∣
≤ Lg ‖u−w‖0,Ω

{
‖φ− ϕ‖0,Ω + κ2‖div (σ̃ − ζ̃)‖0,Ω

}
≤ Lg(1 + κ2

2)1/2 ‖u−w‖0,Ω ‖(t, σ̃, φ)− (r, ζ̃, ϕ)‖H2 ,

(2.3.27)

and

|(Aζ −Aσ)((r, ζ̃, ϕ), (t, σ̃, φ)− (r, ζ̃, ϕ))| =
∣∣∣∣∫

Ω
(ϑ(ζ)− ϑ(σ)) r ·

{
(t− r)− κ1(σ̃ − ζ̃)

}∣∣∣∣
≤ Lϑ ‖σ − ζ‖0,Ω ‖r‖∞,Ω

{
‖t− r‖0,Ω + κ1‖σ̃ − ζ̃‖0,Ω

}
.

≤ Lϑ(1 + κ2
1)1/2 ‖σ − ζ‖0,Ω ‖r‖∞,Ω‖(t, σ̃, φ)− (r, ζ̃, ϕ)‖H2 ,

(2.3.28)

whence the inequalities (2.3.26), (2.3.27) and (2.3.28) imply that

‖(t, σ̃, φ)− (r, ζ̃, ϕ)‖H2

≤ 1

α̃

{
Lg(1 + κ2

2)1/2 ‖u−w‖0,Ω + Lϑ(1 + κ2
1)1/2 ‖σ − ζ‖0,Ω ‖r‖∞,Ω

}
.

(2.3.29)

Next, according to the definitions given when starting the proof, we can rewrite (2.3.29) as

‖S̃(S1(φ),S2(φ))− S̃(S1(ϕ),S2(ϕ)‖H2 ≤
1

α̃

{
Lg(1 + κ2

2)1/2 ‖S2(φ)− S2(ϕ)‖0,Ω

+Lϑ(1 + κ2
1)1/2 ‖S1(φ)− S1(ϕ)‖0,Ω ‖S̃1(S1(ϕ),S2(ϕ))‖∞,Ω

}
.

(2.3.30)

It is important to note here that, when needed, ‖S̃1(S1(ϕ),S2(ϕ))‖∞,Ω can be bounded by (2.3.23),
for each ϕ ∈ H1(Ω). Finally, applying estimates (2.3.24) and (2.3.30), we find that

‖T(φ)−T(ϕ)‖1,Ω = ‖S̃3(S1(φ),S2(φ))− S̃3(S1(ϕ),S2(ϕ))‖1,Ω

≤ 1

α̃
CS

{
Lg(1 + κ2

2)1/2 + Lϑ(1 + κ2
1)1/2‖S̃1(S1(ϕ),S2(ϕ))‖∞,Ω

}
‖φ− ϕ‖0,Ω .

which gives (2.3.25), completing the proof.

The next lemma establishes the continuity and compactness of T.

Lemma 2.3.8. Let W be as in Lemma 2.3.5. Then T : W →W is continuous and T(W ) is compact.

Proof. It follows straightforwardly from (2.3.25) and the continuity of ic : H1(Ω)→ L2(Ω) that

‖T(φ)−T(ϕ)‖1,Ω ≤
1

α̃
CS ‖ic‖

{
Lg(1 + κ2

2)1/2 + Lϑ(1 + κ2
1)1/2‖S̃1(S1(ϕ),S2(ϕ))‖∞,Ω

}
‖φ− ϕ‖1,Ω ,

which proves continuity of T. In turn, let {φk}k∈N be a sequence of W , which is clearly bounded.
Then, there exists a subsequence {φ(1)

k }k∈N ⊆ {φk}k∈N and φ ∈ H1(Ω) such that φ(1)
k

w−→ φ ∈ H1(Ω).
In this way, thanks to the compactness of ic, we deduce that φ(1)

k → φ ∈ L2(Ω), which, combined with
(2.3.25), implies that T(φ

(1)
k )→ T(φ) ∈ H1(Ω), and proves the compactness of T(W ).
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We are ready now to prove that (2.3.10) is well-posed. From Lemmas 2.3.5 and 2.3.8, the existence
of solution is merely an application of Schauder’s theorem. Futrhermore, assuming that the data is
small enough, we can prove uniqueness of solution. This is indeed possible thanks to the regularity
estimates established at the end of Section 2.3.2.

Details of the proof are similar to those available in [83, Thm. 2.9].

Theorem 2.3.9. Let W be as in Lemma 2.3.5. Then, the augmented fully-mixed problem (2.3.9) has
at least one solution

(
(σ, (u,ρ)), (t, σ̃, φ)

)
∈ H1 ×H2 with φ ∈W , satisfying the bounds

‖(t, σ̃, φ)‖H2 ≤ c̃S
{
‖φD‖1/2,Γ + g2|Ω|1/2

}
,

‖(σ, (u,ρ))‖H1
≤ cS

{
‖uD‖1/2,Γ + f2|Ω|1/2

}
.

Moreover, if the data satisfy

1

α̃
CS

{
Lg(1 + κ2

2)1/2 + Lϑ(1 + κ2
1)1/2C∞

(
‖φD‖3/2+γ,Γ + ‖uD‖1/2,Γ + f2|Ω|1/2

)}
< 1,

then the solution φ is unique in W.

2.4 The Galerkin scheme and well-posedness of the discrete problem

In this section we introduce and analyse a Galerkin scheme for (2.3.9). We adopt the discrete
analogue of the fixed-point strategy introduced in Section 2.3.2 and apply the Brouwer fixed-point
theorem to prove existence of discrete solution. We start by considering generic finite dimensional
subspaces

Hσh ⊆ H0(div; Ω), Hu
h ⊆ L2(Ω), Hρh ⊆ L2

skew(Ω), (2.4.1)

Ht
h ⊆ L2(Ω), Hσ̃

h ⊆ H(div; Ω), and Hφ
h ⊆ H1(Ω), (2.4.2)

which will be specified later on. Hereafter, h denotes the size of a regular partition Th of Ω into
triangular (in 2D) or tetrahedral (in 3D) elements K of diameter hK , i.e. h := max {hK : K ∈ Th} . A
Galerkin scheme for (2.3.9) reads: find (σh, (uh,ρh), th, σ̃h, φh) ∈ Hσh × (Hu

h ×Hρh)×Ht
h ×Hσ̃

h × Hφ
h

such that

a(σh, τ h) + b(τ h, (uh,ρh)) = G(τ h) ∀ τ h ∈ Hσh ,
b(σh, (vh,ηh)) = Fφh(vh,ηh) ∀ (vh,ηh) ∈ Hu

h ×Hρh,

Aσh((th, σ̃h, φh), (sh, τ̃ h, ψh)) = Guh(sh, τ̃ h, ψh) ∀ (sh, τ̃ h, ψh) ∈ Ht
h ×Hσ̃

h ×Hφ
h.

(2.4.3)

In order to address the well-posedness of (2.4.3), we proceed analogously as in Section 2.3.2 and
apply a fixed-point strategy. In fact, we define the operator Sh : Hφ

h → Hσh × (Hu
h ×Hρh) as

Sh(φh) := (S1,h(φh), (S2,h(φh),S3,h(φh))) := (σh, (uh,ρh)) ∀φh ∈ Hφ
h,

where (σh, (uh,ρh)) is the unique solution of

a(σh, τ h) + b(τ h, (uh,ρh)) = G(τ h) ∀ τ h ∈ Hσh ,
b(σh, (vh,ηh)) = Fφh(vh,ηh) ∀ (vh,ηh) ∈ Hu

h ×Hρh,
(2.4.4)
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with Fφh being defined by (2.3.2) with φ = φh. In turn, we introduce S̃h : Hσh ×Hu
h → Ht

h×Hσ̃
h ×Hφ

h

as

S̃h(σh,uh) := (S̃1,h(σh,uh), S̃2,h(σh,uh), S̃3,h(σh,uh)) := (th, σ̃h, φh) ∀ (σh,uh) ∈ Hσh ×Hu
h ,

where (th, σ̃h, φh) is the unique solution of

Aσh((th, σ̃h, φh), (sh, τ̃ h, ψh)) = Guh(sh, τ̃ h, ψh) ∀ (sh, τ̃ h, ψh) ∈ Ht
h ×Hσ̃

h ×Hφ
h, (2.4.5)

with Aσh and Guh being defined by (2.3.7) with σ = σh and (2.3.8) with u = uh, respectively. In this
way, by introducing the operator Th : Hφ

h → Hφ
h as Th(φh) := S̃3,h(S1,h(φh),S2,h(φh)) ∀φh ∈ Hφ

h, we
realize that (2.4.3) can be rewritten as the fixed-point problem: find φh ∈ Hφ

h such that

Th(φh) = φh. (2.4.6)

Analogously to the continuous case, we first study the well-posedness of Sh and S̃h, and hence the well-
definiteness of Th. To this end we proceed as in [83, Section 3.2] and incorporate further hypotheses
on the discrete spaces Hσh ,Hu

h and Hρh. Let Vh be the discrete kernel of b given by

Vh :=
{
τ h ∈ Hσh : b(τ h, (vh,ηh)) = 0 ∀ (vh,ηh) ∈ Hu

h ×Hρh
}
,

and assume the following discrete inf-sup conditions:

(H.0) There exists a constant α1 > 0, independent of h, such that

sup
τh∈Vh
τh 6=0

a(σh, τ h)

‖τ h‖div;Ω

≥ α1 ‖σh‖div;Ω ∀σh ∈ Vh. (2.4.7)

(H.1) There exists a constant β1 > 0, independent of h, such that

sup
τh∈Hσ

h
τh 6=0

b(τ h, (vh,ηh))

‖τ h‖div;Ω

≥ β1 ‖(vh,ηh)‖L2(Ω)×L2
skew(Ω) ∀ (vh,ηh) ∈ Hu

h ×Hρh. (2.4.8)

Deriving well-posedness of the discrete problem (2.4.4) results as a straightforward application of
the discrete Babuška-Brezzi theory. Firstly, the operators related to a and b, and the functionals G and
Fφh are all bounded on subspaces of the corresponding continuous spaces. Next, the inf-sup conditions
are given by (H.0) and (H.1). The unique solvability of (2.4.4) is abridged in the following lemma.

Lemma 2.4.1. For each φh ∈ Hφ
h, problem (2.4.4) has a unique solution Sh(φh) := (σh, (uh,ρh)) ∈

Hσh × (Hu
h × Hρh). Moreover, there exists C̃ > 0, depending on µ, α1 and β1 (cf .(2.4.7), (2.4.8)), but

independent of φh and h, such that

‖Sh(φh)‖H1
= ‖(σh, (uh,ρh))‖H1

≤ C̃
{
‖uD‖1/2,Γ + f2|Ω|1/2

}
.

In regard to the problem defined by S̃ we state next the discrete analogue of Lemma 2.3.4.
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Lemma 2.4.2. Assume that κ1 ∈
(

0, 2δϑ0
ϑ2

)
and κ3 ∈

(
0, 2δ̃

(
ϑ0 − κ1ϑ2

2δ

))
with δ ∈

(
0, 2

ϑ2

)
, δ̃ ∈

(0, 2), and κ2, κ4 > 0. Then, for each (σh,uh) ∈ Hσh × Hu
h , problem (2.4.5) has a unique solution

S̃h(σh,uh) = (th, σ̃h, φh) ∈ Ht
h×Hσ̃

h ×Hφ
h. Moreover, with the constant c̃S provided by Lemma 2.3.4,

there holds
‖S̃h(σh,uh)‖H2 = ‖(th, σ̃h, φh)‖H2

≤ c̃S
{
‖φD‖1/2,Γ + g2|Ω|1/2

}
. (2.4.9)

Proof. We first observe that for each (σh,uh) ∈ Hσh ×Hu
h , the operator Aσh is bounded and elliptic

on Ht
h ×Hσ̃

h ×Hφ
h with the same constants ‖A‖ and α̃ from Lemma 2.3.4. In addition, G̃uh restricted

to Ht
h ×Hσ̃

h × Hφ
h is bounded as in (2.3.19) with uh in place of u. Therefore, the result is a direct

application of the Lax-Milgram lemma.

We notice in advance that, instead of the regularity estimates employed in the continuous case (not
applicable in the present discrete case), we simply utilise properties of the discrete subspaces chosen. In
what follows, we verify the hypotheses of the Brouwer fixed-point theorem (see, e.g. [54, Thm. 9.9-2])
to prove that Th has at least one fixed point.

Lemma 2.4.3. Let Wh :=
{
φh ∈ Hφ

h : ‖φh‖1,Ω ≤ c̃S
(
‖φD‖1/2,Γ + g2|Ω|1/2

)}
. Then Th(Wh) ⊆Wh.

Proof. It is basically an application of the definition of Th and the estimate (2.4.9).

Lemma 2.4.4. There exists C > 0 depending on µ,Lf , α1 and β1 (cf .(2.2.4), (2.4.7), (2.4.8)) such that

‖Sh(φh)− Sh(ϕh)‖H1
≤ C ‖φh − ϕh‖0,Ω ∀φh, ϕh ∈ Hφ

h.

Proof. See [83, Lemma 3.4].

Lemma 2.4.5. For each (σh,uh), (ζh,wh) ∈ Hσh ×Hu
h , there holds

‖S̃h(σh,uh)− S̃h(ζh,wh)‖H2

≤ 1

α̃

{
Lg(1 + κ2

2)1/2 ‖uh −wh‖0,Ω + Lϑ(1 + κ2
1)1/2‖S̃1,h(ζh,wh)‖∞,Ω ‖σh − ζh‖0,Ω

}
.
(2.4.10)

Proof. Proceeding as in [83, Lemma 3.5], given (σh,uh), (ζh,wh) ∈ Hσh ×Hu
h , we let (th, σ̃h, φh) =

S̃h(σh,uh) and (rh, ζ̃h, ϕh) = S̃(ζh,wh). Then, analogously to the proof of Lemma 2.3.7, we get

α̃‖(t, σ̃, φ)− (r, ζ̃, ϕ)‖H2

≤
{
Lg(1 + κ2

2)1/2 ‖uh −wh‖0,Ω + Lϑ(1 + κ2
1)1/2‖rh‖∞,Ω ‖σh − ζh‖0,Ω

}
‖φh − ϕh‖0,Ω .

Since the elements of Ht
h are piecewise polynomials (to be specified later on) it follows that ‖rh‖∞,Ω <

+∞, and hence the foregoing equation yields (2.4.10). Futher details are omitted.

As a consequence of the above Lemmas, we can state the Lipschitz continuity of Th.

Lemma 2.4.6. Assume that C is as in Lemma 2.4.4. Then, for each φh, ϕh ∈ Hφ
h, there holds

‖Th(φh)−Th(ϕh)‖1,Ω

≤ C

α̃

{
Lg(1 + κ2

2)1/2 + Lϑ(1 + κ2
1)1/2‖S̃1,h(S1,h(ϕ),S2,h(ϕ))‖∞,Ω

}
‖φh − ϕh‖0,Ω .
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Proof. It suffices to recall that Th(φh) = S̃3,h(S1,h(φh),S2,h(φh)) for φh ∈ Hφ
h and apply Lemmas 2.4.4

and 2.4.5.

At this point, we are able to state the main result of this section.

Theorem 2.4.7. Let Wh :=
{
φh ∈ Hφ

h : ‖φh‖1,Ω ≤ c̃S
(
‖φD‖1/2,Γ + g2|Ω|1/2

)}
. Then (2.4.3) has at

least one solution (σh, (uh,ρh), th, σ̃h, φh) ∈ Hσh × (Hu
h × Hρh) ×Ht

h ×Hσ̃
h × Hφ

h with φh ∈ Wh, and
there holds

‖(th, σ̃h, φh)‖H2 ≤ c̃S
{
‖φD‖1/2,Γ + g2|Ω|1/2

}
, (2.4.11)

‖(σh, (uh,ρh))‖H1
≤ C̃

{
‖uD‖1/2,Γ + f2|Ω|1/2

}
. (2.4.12)

Proof. After using Lemmas 2.4.3 and 2.4.6, the result is a straightforward consequence of Brouwer’s
fixed-point theorem. In turn, bounds (2.4.11) and (2.4.12) follow from Lemmas 2.4.2 and 2.4.1, respec-
tively.

2.5 Error analysis for the proposed Galerkin method

In this section we advocate the derivation of error estimates for (2.4.3). For this purpose, we
consider in what follows

(
(σ, (u,ρ)), (t, σ̃, φ)

)
∈ H1×H2, with φ ∈W , and (σh, (uh,ρh), th, σ̃h, φh) ∈

Hσh × (Hu
h ×Hρh)×Ht

h ×Hσ̃
h ×Hφ

h, with φh ∈Wh, be the solutions of (2.3.9) and (2.4.3), respectively.
We seek an upper bound for

‖(σ, (u,ρ), t, σ̃, φ)− (σh, (uh,ρh), th, σ̃h, φh)‖ ,

for which, we suggest to estimate ‖(σ, (u,ρ))− (σh, (uh,ρh))‖ and ‖(t, σ̃, φ)−(th, σ̃h, φh)‖, separately.
With this goal in mind, we first rearrange (2.3.9) and (2.4.3) as follows

a(σ, τ ) + b(τ , (u,ρ)) = G(τ ) ∀ τ ∈ H0(div; Ω),

b(σ, (v,η)) = Fφ(v,η) ∀ (v,η) ∈ L2(Ω)× L2
skew(Ω),

a(σh, τ h) + b(τ h, (uh,ρh)) = G(τ h) ∀ τ h ∈ Hσh ,
b(σh, (vh,ηh)) = Fφh(vh,ηh) ∀ (vh,ηh) ∈ Hu

h ×Hρh

(2.5.1)

and

Aσ((t, σ̃, φ), (s, τ̃ , ψ)) = Gu(s, τ̃ , ψ) ∀ (s, τ̃ , ψ) ∈ H2,

Aσh((th, σ̃h, φh), (sh, τ̃ h, ψh)) = Guh(sh, τ̃ h, ψh) ∀ (sh, τ̃ h, ψh) ∈ Ht
h ×Hσ̃

h ×Hφ
h.
(2.5.2)

Next, we recall from [127, Thm. 11.2 and 11.1] two instrumental results. First, a Strang inequality for
saddle point problems where continuous and discrete formulations differ only in the functional. This
will be applied to (2.5.1). Second, the standard Strang Lemma for elliptic problems, which fits (2.5.2).
We will not write them explicitly here but will refer to these lemmas as Saddle-point Strang Lemma,
and Elliptic Strang Lemma, respectively.
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From now on, we denote as usual

dist
(
(σ, (u,ρ)),Hσh × (Hu

h ×Hρh)
)

:= inf
(τh,(vh,ηh))∈Hσh×(Huh×H

ρ
h)
‖(σ, (u,ρ))− (τ h, (vh,ηh))‖H1

,

and
dist

(
(t, σ̃, φ),Ht

h ×Hσ̃
h ×Hφ

h

)
:= inf

(sh,τ̃h,ψh)∈Hth×Hσ̃h×Hφh

‖(t, σ̃, φ)− (sh, τ̃ h, ψh)‖H2 .

Next, a straightforward application of the Saddle-point Strang Lemma yields the following result
concerning a priori estimates for ‖(σ, (u,ρ))− (σh, (uh,ρh))‖ . Details of the proof can be found in
[83, Lemma 3.10].

Lemma 2.5.1. There exists a constant CST > 0, depending on µ, α1 and β1 (cf . (2.4.7), (2.4.8)), such
that

‖(σ, (u,ρ))− (σh, (uh,ρh))‖H1

≤ CST

{
dist

(
(σ, (u,ρ)),Hσh × (Hu

h ×Hρh)
)

+ Lf ‖φ− φh‖0,Ω
}
.

(2.5.3)

In turn, an estimate for ‖(t, σ̃, φ)− (th, σ̃h, φh)‖ reads as follows.

Lemma 2.5.2. Let C̃ST := α̃−1 max{1, ‖A‖}, where ‖A‖ and α̃ are the boundedness and ellipticity
constants, respectively, of the bilinear form Aσ (cf . (2.3.16), (2.3.18)). Then, there holds

‖(t, σ̃, φ)− (th, σ̃h, φh)‖H2
≤ C̃ST

{
(1 + 2 ‖A‖) dist

(
(t, σ̃, φ),Ht

h ×Hσ̃
h ×Hφ

h

)
+Lg(1 + κ2

2)1/2 ‖u− uh‖0,Ω + Lϑ(1 + κ2
1)1/2 ‖σ − σh‖0,Ω ‖t‖∞,Ω

}
.
(2.5.4)

Proof. Applying the Elliptic Strang Lemma in the context of (2.5.2), gives

‖(t, σ̃, φ)− (th, σ̃h, φh)‖H2

≤ C̃ST

 sup
(rh,ζ̃h,ϕh)∈Ht

h
×Hσ̃

h
×H

φ
h

(rh,ζ̃h,ϕh) 6=0

|Gu(rh, ζ̃h, ϕh)−Guh(rh, ζ̃h, ϕh)|
‖(rh, ζ̃h, ϕh)‖

+ inf
(sh,τ̃h,ψh)∈Ht

h
×Hσ̃

h
×H

φ
h

(sh,τ̃h,ψh)6=0

‖(t, σ̃, φ)− (sh, τ̃ h, ψh)‖

+ sup
(rh,ζ̃h,ϕh)∈Ht

h
×Hσ̃

h
×H

φ
h

(rh,ζ̃h,ϕh) 6=0

|Aσ((sh, τ̃ h, ψh), (rh, ζ̃h, ϕh))−Aσh((sh, τ̃ h, ψh), (rh, ζ̃h, ϕh))|
‖(rh, ζ̃h, ϕh)‖


 .

(2.5.5)

Then, proceeding analogously as in the proof of Lemma 2.3.7, we deduce that

sup
(rh,ζ̃h,ϕh)∈Ht

h
×Hσ̃

h
×H

φ
h

(rh,ζ̃h,ϕh) 6=0

|Gu(rh, ζ̃h, ϕh)−Guh(rh, ζ̃h, ϕh)|
‖(rh, ζ̃h, ϕh)‖

≤ Lg(1 + κ2
2)1/2 ‖u− uh‖0,Ω . (2.5.6)
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In turn, in much the same way as [15, Lemma 5.2], we add and subtract suitable terms to write

Aσ((sh, τ̃ h, ψh), (rh, ζ̃h, ϕh))−Aσh((sh, τ̃ h, ψh), (rh, ζ̃h, ϕh))

= Aσ((sh, τ̃ h, ψh)− (t, σ̃, φ), (rh, ζ̃h, ϕh)) + (Aσ −Aσh)((t, σ̃, φ), (rh, ζ̃h, ϕh))

+Aσh((t, σ̃, φ)− (sh, τ̃ h, ψh), (rh, ζ̃h, ϕh)),

thus, the estimates for the first and third terms follow by applying the boundedness (2.3.16), whereas
for the second one, we find that

(Aσ −Aσh)((t, σ̃, φ), (rh, ζ̃h, ϕh)) =

∫
Ω

(ϑ(σ)− ϑ(σh)) t · (rh − κ1ζ̃h)

≤ Lϑ(1 + κ2
1)1/2 ‖σ − σh‖0,Ω ‖t‖∞,Ω ‖(rh, ζ̃h, ϕh)‖,

whence, we deduce that

sup
(rh,ζ̃h,ϕh)∈Ht

h
×Hσ̃

h
×H

φ
h

(rh,ζ̃h,ϕh)6=0

|Aσ((sh, τ̃ h, ψh), (rh, ζ̃h, ϕh))−Aσh((sh, τ̃ h, ψh), (rh, ζ̃h, ϕh))|
‖(rh, ζ̃h, ϕh)‖

≤ 2 ‖A‖ ‖(t, σ̃, φ)− (sh, τ̃ h, ψh)‖+ Lϑ(1 + κ2
1)1/2 ‖σ − σh‖0,Ω ‖t‖∞,Ω .

(2.5.7)

Finally, by replacing (2.5.6)-(2.5.7) into (2.5.5), we get (2.5.4), which ends the proof.

Now, to derive the Céa estimate for the total error we combine Lemmas 2.5.1 and 2.5.2. To this
end, and for notational convenience, we introduce the following constants

C1 := CST C̃ST Lg (1 + κ2
2)1/2, C2 := CST C̃STC∞ Lϑ (1 + κ2

1)1/2, C3 := C̃ST (1 + 2 ‖A‖).

Next we replace the bounds for ‖u− uh‖0,Ω and ‖σ − σh‖0,Ω into (2.5.4), and apply from (2.3.23)
that

‖t‖∞,Ω ≤ C∞
{
‖φD‖3/2+γ,Γ + ‖uD‖1/2,Γ + f2|Ω|1/2

}
.

We then perform algebraic manipulations to find that

‖(t, σ̃, φ)− (th, σ̃h, φh)‖H2

≤
{
C1 + C2

(
‖φD‖3/2+γ,Γ + ‖uD‖1/2,Γ + f2|Ω|1/2

)}
dist

(
(σ, (u,ρ),Hσ

h × (Hu
h ×Hρ

h)
)

+ Lf

{
C1 + C2

(
‖φD‖3/2+γ,Γ + ‖uD‖1/2,Γ + f2|Ω|1/2

)}
‖(t, σ̃, φ)− (th, σ̃h, φh)‖

+ C3 dist
(

(t, σ̃, φ),Ht
h ×Hσ̃

h ×Hφ
h

)
(2.5.8)

Consequently, we can establish the following result which provides the complete Céa estimate.

Theorem 2.5.3. Suppose that the data satisfy

Lf

{
C1 + C2

(
‖φD‖3/2+γ,Γ + ‖uD‖1/2,Γ + f2|Ω|1/2

)}
<

1

2
.

Then, there exist positive constants C4 and C5 independent of h, such that

‖(σ, (u,ρ))− (σh, (uh,ρh))‖H1
+ ‖(t, σ̃, φ)− (th, σ̃h, φh)‖H2

≤ C4 dist
(
(σ, (u,ρ)),Hσh × (Hu

h ×Hρh)
)

+ C5 dist
(

(t, σ̃, φ),Ht
h ×Hσ̃

h ×Hφ
h

)
.
(2.5.9)
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Proof. It follows straightforwardly from (2.5.3) and (2.5.8).

We now specify finite element subspaces satisfying (2.4.1)-(2.4.2) and the discrete inf-sup conditions
(H.0)-(H.1). Given an integer k ≥ 0, for each K ∈ Th we let Pk(K) be the space of polynomial
functions on K of degree ≤ k and define the local Raviart-Thomas space of order k as

RTk(K) := Pk(K)⊕ Pk(K)x

where Pk(K) = [Pk(K)]2, and x is the generic vector in R2. Let bK be the element bubble function
defined as the unique polynomial in Pk+1(K) vanishing on ∂K with

∫
K bK = 1. Then, for each K ∈ Th

we consider the bubble space of order k, defined by

Bk(K) := Pk(K)

(
∂bK
∂x2

,−∂bK
∂x1

)
.

One option to approximate stress, displacement and rotation is the classical PEERS elements [22]:

Hσh := {τ h ∈ H0(div; Ω) : τ h|K ∈ RTk(K)⊕Bk(K) ∀K ∈ Th} ,
Hu
h :=

{
vh ∈ L2(Ω) : vh|K ∈ Pk(K) ∀K ∈ Th

}
,

Hρh :=
{
ηh ∈ L2

skew(Ω) : ηh ∈ C(Ω) and ηh|K ∈ Pk+1(K) ∀K ∈ Th
}
.

(2.5.10)

We could also employ the Arnold-Falk-Winther (AFW, [24]) elements for the elasticity unknowns:

Hσh := {τ h ∈ H0(div; Ω) : τ h|K ∈ BDMk+1(K) ∀K ∈ Th} ,
Hu
h :=

{
vh ∈ L2(Ω) : vh|K ∈ Pk(K) ∀K ∈ Th

}
,

Hρh :=
{
ηh ∈ L2

skew(Ω) : ηh|K ∈ Pk(K) ∀K ∈ Th
}
,

(2.5.11)

and recall that both PEERS and AFW satisfy (H.0) and (H.1) (cf. [22, Lemma 4.4], [23, Thm. 11.9]).

In turn, we define the approximating spaces for the concentration gradient, diffusive flux and so-
lute concentration as piecewise polynomials of degree ≤ k, Raviart-Thomas elements of order k, and
Lagrange finite elements up to degree k + 1, respectively:

Ht
h :=

{
th ∈ L2(Ω) : th|K ∈ Pk(K) ∀K ∈ Th

}
,

Hσ̃
h := {τ̃ h ∈ H(div; Ω) : τ̃ h|K ∈ RTk(K) ∀K ∈ Th} ,

Hφ
h := {ψh ∈ C(Ω) ψh|K ∈ Pk+1(K) ∀K ∈ Th} .

(2.5.12)

Approximation properties of the spaces in (2.5.10),(2.5.11), (2.5.12) can be found in e.g. [39, 81].
They can be combined with the Céa estimate (2.5.9) and the assumption of adequately small data, to
produce the theoretical rates of convergence of (2.4.3), summarized in what follows.

Theorem 2.5.4. In addition to the hypotheses of Theorems 2.3.9, 2.4.7 and 2.5.3, assume that there
exists s > 0 such that σ ∈ Hs(Ω), divσ ∈ Hs(Ω), u ∈ Hs(Ω), ρ ∈ Hs(Ω), t ∈ Hs(Ω), σ̃ ∈ Hs(Ω),
div σ̃ ∈ Hs(Ω) and φ ∈ H1+s(Ω). Then, there exists C̃ > 0, independent of h, such that, with the finite
element subspaces defined by either (2.5.10) or (2.5.11) and (2.5.12), there holds

‖(σ, (u,ρ))− (σh, (uh,ρh))‖H1
+ ‖(t, σ̃, φ)− (th, σ̃h, φh)‖H2

≤ C̃hmin{s,k+1}
{
‖σ‖s,Ω

+ ‖divσ‖s,Ω + ‖u‖s,Ω + ‖ρ‖s,Ω + ‖t‖s,Ω + ‖σ̃‖s,Ω + ‖div σ̃‖s,Ω + ‖φ‖1+s,Ω

}
.
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Augmented BDM1 −P0 − P0 −RT0 −P0 − P1 scheme

N h e(σ) r(σ) e(u) r(u) e(ρ) r(ρ)

129 0.7071 1.36946 - 1.902e-02 - 6.669e-02 -
465 0.3536 0.71736 0.9328 9.897e-03 0.9422 3.412e-02 0.9668
1761 0.1768 0.36290 0.9831 4.989e-03 0.9884 1.716e-02 0.9918
6849 0.0883 0.18198 0.9957 2.499e-03 0.9976 8.590e-03 0.9982
27009 0.0441 0.09106 0.9989 1.250e-03 0.9994 4.296e-03 0.9996
107265 0.0221 0.04553 0.9997 6.249e-04 0.9999 2.148e-03 0.9999

e(t) r(t) e(σ̃) r(σ̃) e(φ) r(φ) iter

3.767e-02 - 1.342e-01 - 4.632e-02 - 3
2.263e-02 0.7352 7.352e-02 0.8683 2.525e-02 0.8752 3
1.192e-02 0.9244 3.762e-02 0.9668 1.331e-02 0.9245 3
6.047e-03 0.9795 1.891e-02 0.9923 6.822e-03 0.9637 3
3.035e-03 0.9947 9.466e-03 0.9982 3.445e-03 0.9858 3
1.519e-03 0.9987 4.734e-03 0.9996 1.728e-03 0.9950 3

Augmented BDM2 −P1 − P1 −RT1 −P1 − P2 scheme

N h e(σ) r(σ) e(u) r(u) e(ρ) r(ρ)

337 0.7071 0.40310 - 5.614e-03 - 1.770e-02 -
1265 0.3536 0.10681 1.9160 1.468e-03 1.9350 4.764e-03 1.8940
4897 0.1768 0.02705 1.9810 3.717e-04 1.9820 1.224e-03 1.9600
19265 0.0883 0.00678 1.9960 9.323e-05 1.9950 3.091e-04 1.9860
76417 0.0441 0.00169 2.0000 2.333e-05 1.9990 7.752e-05 1.9950
304385 0.0221 0.00042 2.0000 5.833e-06 2.0000 1.940e-05 1.9980

e(t) r(t) e(σ̃) r(σ̃) e(φ) r(φ) iter

1.345e-02 - 4.492e-02 - 1.514e-02 - 4
3.993e-03 1.7520 1.284e-02 1.8070 4.342e-03 1.8020 3
1.054e-03 1.9220 3.321e-03 1.9510 1.156e-03 1.9100 3
2.685e-04 1.9730 8.378e-04 1.9870 2.987e-04 1.9520 3
6.763e-05 1.9890 2.100e-04 1.9960 7.599e-05 1.9750 3
1.696e-05 1.9950 5.254e-05 1.9990 1.917e-05 1.9870 3

Table 2.1: Example 1: Convergence history and Picard iteration count for the augmented BDMk+1

−Pk−Pk−RTk−Pk−Pk+1 approximations with k = 0, 1. Here N stands for the number of degrees
of freedom associated to the each triangulation Th (table produced by the author).

2.6 Numerical results

In this section we present some examples illustrating the performance of our augmented fully-mixed
scheme (2.4.3), and confirming the rates of convergence provided by Theorem 2.5.4. These numerical
results also include examples in which some of the data do not necessarily satisfy all the hypotheses
required, thus confirming the potentiality of the method proposed, and also evidencing that only
technical limitations are preventing us from extending our theoretical analysis to more general cases.
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Figure 2.1: Example 1: Lowest-order approximation of stress magnitude |σh| (a), displacement mag-
nitude |uh| (b), relevant component of the rotation ρh (c), gradient of concentration |th| (d), diffusive
flux |σ̃h| (e), and solute concentration φh (f). All fields are plotted on the deformed domain (figure
produced by the author).

Our implementation is based on the FEniCS library [11]. In turn, a Picard algorithm with tolerance
of 10−6 on the `∞-norm of the residual has been employed for the fixed-point problem (2.4.6). The
boundary conditions employed in Examples 2 and 3 were motivated by the specific application of stress-
assisted diffusion problems in lithium batteries, and they correspond to mixed boundary conditions,
which are currently not supported by our theoretical analysis. Nevertheless the obtained results still
show stable and robust computations, which insinuates that only technical difficulties prevent us of
extending our analysis to the case of mixed boundary conditions. For the diffusion sub-problem in
Example 2 we have utilised the variational formulation (2.3.4) applying a fixed-point on σ and t; and
σ and φ, respectively.

Example 1. In our first numerical test we take the unit square as computational domain Ω = (0, 1)2
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and choose the following manufactured exact solutions and coupling terms to (2.3.9):

u =

(
d1 cos(πx1) sin(πx2) +

x2
1(1−x2)2

2λ

−d1 sin(πx1) cos(πx2) +
x3

1(1−x2)3

2λ

)
, σ = λ trε(u) I + 2µε(u) , ρ = ∇u− ε(u),

φ = (1− x1)2 x1 (1− x2)x2
2, t = ∇φ, σ̃ = ϑ(σ) t,

ϑ(σ) = (D0 +D1(1 + |σ|2)−0.5) I, f(φ) = d2

(
cos(φ)

− sin(φ)

)
, g(u) = 2 +

1

1 + |u|2
.

(2.6.1)

We note that the tensorial diffusivity, body load and diffusive source terms satisfy (2.2.4)-(2.2.6) and
(2.2.7). Moreover, the elasticity and diffusion equations are considered non-homogeneous and the ex-
tra source terms, as well as the non-homogeneous boundary data uD and φD, are chosen according to
(2.6.1). This treatment does not compromise the continuous and discrete analysis, as the smoothness
of the exact solution provides right-hand sides with terms in L2(Ω), thus only requiring a slight mod-
ification of the functionals in the variational formulation. The Lamé constants λ = Eν

(1+ν)(1−2ν) and
µ = E

2+2ν are computed using the values E = 10 and ν = 0.3 [163]. The remaining model parameters
are given by: d1 = 0.05, d2 = 0.1, D0 = 1.0, D1 = 0.1, and ϑ0 = D0, ϑ2 =

√
2(D0 +D1). According to

(2.3.20), the stabilisation parameters are taken as κ1 = ϑ0/ϑ
2
2, κ2 = ϑ0/2ϑ

2
2, κ3 = ϑ0/2 and κ4 = ϑ0/4.

The convergence of the approximate solutions is assessed by computing errors in the respective norms
and experimental rates, that we define as usual

e(σ) = ‖σ − σh‖div;Ω , e(u) = ‖u− uh‖0,Ω , e(ρ) = ‖ρ− ρh‖0,Ω , e(t) = ‖t− th‖0,Ω ,

e(σ̃) = ‖σ̃ − σ̃h‖div;Ω , e(φ) = ‖φ− φh‖1,Ω , r(·) = log(e(·)/ê(·))[log(h/ĥ)]−1,

where e, ê denote errors computed on two consecutive meshes of sizes h, ĥ, respectively. We choose the
finite element spaces (2.5.11) and (2.5.12), that isBDMk+1−Pk−Pk−RTk−Pk−Pk+1 approximations
with k = 0 and k = 1. Errors and decay rates are summarised in Table 2.1, where we observe that
optimal convergence O(hk+1) is attained for all fields in their relevant norms. These findings are in
agreement with the bounds given by Theorem 2.5.4. In all cases, three Picard steps were required to
reach the desired tolerance. Sample solutions are displayed in Figure 2.1.

Example 2. Next we concentrate on the simulation of microscopic lithiation of an anode. Details on
model derivation and physical considerations can be found, for instance, in [138, 110, 50], whereas the
specific settings that motivate this example are summarised in [128]. The domain consists of a truncated
sphere of radius 10µm, representing the silicon core of a secondary particle (see Figure 2.3(a)), which
we discretise using an unstructured mesh of 104913 tetrahedral elements. For this test we consider
lowest order Raviart-Thomas elements for the flux and the concentration gradient, and piecewise linear
and continuous polynomials for the concentration (see the method developed in [85]). We assume that
the face of the truncated sphere which is closest to the plane x1 = 0 (denoted ΓD) is in contact with
a region of electrolyte, that is, the zone between the sphere and the surrounding cube. On ΓD we
set zero-flux of lithium and also consider that the anode has an external layer that does not permit
displacement of the body, so there we set u = 0. On the remainder of the boundary, ΓN = Γ \ ΓD,
we prescribe a maximum lithium concentration φ = φmax with φmax= 26390 mol m−3, as well as
σν = βφIν, where β is a parameter to be specified later on. We assume that the source term is zero,
and the diffusivity is specified as ϑ(σ) = D0I + D1σ with D0 = 1.2e-21m2s−1, D1 = 3.9e-14m2s−1,
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(a) (b) (c)

Figure 2.2: Example 2. Approximation of different functions ϑ(σ) varying the σ11 component (a),
normalised L2-norm for σh and th, `∞-norm for uh and number of Picard iterations needed for different
values of β with E=100 (b), and normalized L2-norm for σh, th and σ̃h for five different values of α
(c) (figure produced by the author).

and the elastic material properties of silicon are E = 60GPa and ν = 0.25. Following the referenced
models, here the total stress contains a contribution due to lithium concentration. More specifically,
we consider σtot = σ−βφI, with β = Ω̂(3λ+2µ)/3, where Ω̂ = 4.926e-6 m3 mol−1 is the partial molar
volume. The balance of momentum is then −divσ = −β∇φ, or equivalently −divσtot = 0 and the
zero traction boundary condition can be recast as σtotν = 0 on Σ.

In order to have a model with fewer chemical and physical parameters, and also to accommodate a
model with adimensional units, we proceed to rescale the strong form of the governing equations and
testing different deformation regimes to match the expected values found in the literature. We introduce
the following parameters: the intrinsic size of the domain L = 1.6e-5m2, ∇∗ = ∇/L, div∗ = div/L,
φ∗ = φ/φmax, u∗ = u/L and σ∗ = L2σ. Thus, taking D0 =1.0e-2D1L

2, we reduce the parameters
D0, D1, β, Ω̂ given above to only β∗ = βφmax/L

2 and α = 1.0e-2D1L
2φmax. Making abuse of notation,

we rename β∗ by β, u∗ by u, and so on. The proper scaling of the parameters implies that the baseline
case corresponds to β = 5.0e1 and α = 1.0e-3.

Figure 2.3(i) illustrates the sharp transition between high and low concentrations as lithium diffuses
from ΓN into the secondary particle. In addition, Figure 2.3(c) shows more pronounced displacements
near ΓN (which is precisely the region where the silicon is fully lithiated), and the particle swelling is
indeed influenced by the lithium gradient distribution. The stress-assisted diffusion mechanism together
with the dilation-dependent source term, also contribute to maintain maximum lithium concentration
near ΓN. This two-way coupling effect implies in turn that the lithium concentration is less important
in regions where the secondary particle is clamped.

In Figure 2.2 we show three different constitutive relations defining ϑ as a function of the first
component of the Cauchy stress tensor. The first and third specifications correspond to the functions
used in this test and in the accuracy example, respectively, whereas the second relationship has been
used in [53] in the context of biological materials. Depending on the values attained by the stress,
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Figure 2.3: Example 2. Schematic representation of domain boundaries on a secondary particle silicone
anode (a), lowest-order approximation of stress magnitude |σh| (b), displacement magnitude |uh|
(c), rotation components (d,e,f), concentration gradient |th| (g), diffusive flux |σ̃h| (h), and solute
concentration φh (i) (figure produced by the author).
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Figure 2.4: Example 3: Geometry for a perforated cylindrical particle (a), approximate displacement
magnitude (b), magnitude of the rows of the approximate Cauchy stress (c,d,e), concentration gradient
(f), diffusive flux (g), and concentration (h) shown on a clipped geometry (figure produced by the
author).

one could then easily derive the values of the augmentation constants. On the other hand, in Figures
2.2(b) and 2.2(c) we report a study on the influence of different values of the coupling constants β and
α into the norms of selected solution fields for the elasticity and diffusion problems. We remark that
the `∞-norm of uh is practically invariant to moderate values of β, but it increases abruptly when this
parameter approaches 70. Furthermore, the L2-norm of the stress increases linearly with β. As this
constant drives the intensity of the deformation as well as the coupling strength, we also observe an
increase in the Picard iteration count (where we stress that all fields are normalised). We also observe
an increase of the L2-norm of the concentration gradient with respect to α, while for smaller values of
α the method produces higher values of the L2-norm of σ̃.

Example 3. In our last example we test a similar model defined on a perforated cylindrical particle
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(see a sketch in Figure 2.4(a)). The problem setup has been adapted from [138]. The outer and inner
radii of the bases are 5µm and 1µm, respectively, and the height of the cylinder is 25µm. We discretise
the domain using an unstructured mesh of 101907 tetrahedral elements, and employ the method that
uses the lowest-order spaces defined in (2.5.10)-(2.5.12). In this test we consider that the particle is
clamped on the inner wall ΓI, while zero lithium fluxes is prescribed on ΓB∪ΓI. Also, we fix a maximum
lithium concentration on ΓO, whereas zero traction will be imposed on ΓB ∪ ΓO. We let E = 10GPa,
ν = 0.3 and Ω̂ = 3.497e-6 m3 mol−1. The diffusive source is zero and the diffusivity tensor and body
load source are given by ϑ(σ) = αI + α2σ + α3σ2 and f(φ) = βrφ, respectively, where r is the radial
vector r = (x, y, 0)t and α, β are the adimensional parameters given in Example 2, assuming the values
α = 5.0e-3 and β = 75.

Figure 2.4 shows the approximate solutions, indicating that the cylindrical particle deforms on the
faces and outer radius and having a more important displacement on the faces. Finally, as in Example
2, we observe that the lithium concentration induces the swelling of the cylindrical particle, however
as on the faces ΓB we now have zero-traction and zero concentration flux conditions coexisting, the
lithium concentration is no longer maximal on the outer radius.



CHAPTER 3

A posteriori error analysis of mixed finite element methods for
stress-assisted diffusion problems

3.1 Introduction

We have recently analysed in Chapters 1 and 2, mixed-primal and fully-mixed formulations for the
stress-assisted diffusion problem. In these chapters we have used a mixed form for elasticity in terms
of stress, rotation and displacement. For the diffusion problem we have studied primal and mixed ap-
proaches: the first one in terms of the solute concentration, whereas the second one has been formulated
in terms of diffusive flux, solute concentration and its gradient. We have invoked regularity estimates
that only hold for the specific case of convex domains and in two spatial dimensions (see details on the
assumptions and their implications in [83, Section 2.2]). We have also formulated the nonlinear set of
equations as a fixed-point problem, analysing it using Schauder fixed-point theory and classical tools
for saddle-point equations. The associated methods use PEERS and Arnold-Falk-Winther elements
for the elasticity, and either Lagrange finite elements, or a triplet of Raviart-Thomas elements and
piecewise polynomials for the primal and mixed forms of the diffusion equation, respectively.

It is well known that in order to rectify the convergence of numerical schemes in pathological situa-
tions (such as in presence of singularities in the solutions, in the data, or in the domain geometry), one
can introduce mesh adaptation guided by a posteriori error estimators. These indicators are essentially
global quantities Θ that are expressed in terms of local estimators ΘK (fully computable as a function
of the discrete solution and of the data) defined on each element of a given mesh. Then, Θ is said to
be efficient (resp. reliable) if there exists a constant Ceff > 0 (resp. Crel), independent of the meshsize,
such that CeffΘ + h.o.t ≤ ‖error‖ ≤ CrelΘ + h.o.t, where h.o.t is a generic expression denoting one or
several terms of higher order. Without knowing the exact solutions, these terms give an indication on
which elements induce high errors (measured in a suitable norm) and should be considered for local
refinement, thus guaranteeing that the discretisation error is controlled.

Diverse a posteriori error analyses for linear elasticity can be found in the literature, including for
instance traditional primal schemes [48, 149], mixed finite element methods in stress-displacement-
rotation form [36, 47, 51, 111], augmented mixed approaches [28], pseudostress-based mixed formula-
tions [82], mixed schemes with pure traction boundary conditions [70], using discontinuous Galerkin
methods [33, 52, 114, 156], virtual elements methods [119], or methods specifically tailored for incom-

68
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pressible materials [102], among others. In turn, a posteriori error analyses for elliptic equations have
been widely investigated by many authors (see, e.g. [7, 25, 26, 32, 147, 148] and the references therein).
Although adaptive meshes are of key usefulness in stress-and-strain assisted diffusion of hydrogen in
metals such as crack-capturing [142, 143] and fatigue crack growth [139, 140], a rigorous a posteriori
error analysis specifically tailored for such coupled problems is still not available in the literature.

The lack of robustness of the two-way coupling between mechanical deformation and the chemical
transport can affect the accuracy of the stress-assisted diffusion processes, especially under modelling
peculiarities in either of the two problems. For instance, solutions with high gradients could lead to
generating an excessive distortion of the finite element mesh. We therefore aim at developing robust
and reliable a posteriori error estimators. Not many results are available for this particular type of
problems, but we can draw inspiration from results where the elasticity and diffusion problems have
been worked independently. Most of the a posteriori error estimators for elasticity in mixed form
share similarities with those available for elliptic problems in divergence form, and therefore it is
possible to establish an adequate analysis without the need of re-structuring the logical steps in the
proofs of reliability and efficiency usually followed for classical approaches [12, 46, 47, 48, 111, 113],
as well as some more recent references related with transport coupled with incompressible flow, as in
e.g. [16, 17, 49, 60, 88]. For the latter, one needs to carefully handle the coupling terms, invoking
properties of the nonlinear model functions (Lipschitz continuity, uniformly boundedness), as well as
suitable regularity estimates.

The rest of this chapter is organised as follows. In Section 3.2 we introduce preliminary notation used
throughout this chapter, and then we recall the model problem and establish some assumptions on data.
The corresponding mixed-primal and fully-mixed variational formulations as well as their associated
Galerkin schemes are presented in Section 3.3. Next, in Section 3.4, we derive the corresponding
reliable and efficient residual-based a posteriori error indicators for our Galerkin schemes. Finally, in
Section 3.5, our theoretical results are illustrated via some numerical examples, highlighting also the
good performance of the associated adaptive schemes and properties of the proposed indicators.

3.2 The stress-assisted diffusion problem

3.2.1 Governing equations

Let us consider the following system of partial differential equations, governing the diffusion of a
solute interacting with the motion of an elastic solid occupying the domain Ω:

σ = λ trε(u) I + 2µε(u) and − divσ = f(φ) in Ω, u = uD on Γ,

σ̃ = ϑ(σ)∇φ and − div σ̃ = g(u) in Ω, φ = 0 on Γ,
(3.2.1)

where φ represents the local concentration of species; σ is the Cauchy solid stress; u is the displacement
field; ε(u) := 1

2

(
∇u+∇ut

)
is the infinitesimal strain tensor; σ̃ is the diffusive flux; λ, µ > 0 are

the Lamé constants; uD ∈ H1/2(Γ) is the corresponding Dirichlet condition for the displacement;
ϑ : R2×2 → R2×2 is a tensorial diffusivity; f : R→ R2 is a vector field of body loads (which will depend
on the species concentration), and g : R2 → R denotes an additional source term depending locally
on the solid displacement. In what follows we will suppose that ϑ is of class C1, uniformly positive
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definite, uniformly bounded and Lipschitz continuous, meaning that there exist positive constants ϑ0,
ϑ1, ϑ2 and Lϑ, such that

ϑ(τ )w ·w ≥ ϑ0|w|2, ϑ1 ≤ |ϑ(τ )| ≤ ϑ2 ∀w ∈ R2 ∀ τ , ζ ∈ R2×2,

|ϑ(τ )− ϑ(ζ)| ≤ Lϑ|τ − ζ| ∀ τ , ζ ∈ R2×2.
(3.2.2)

Similar assumptions will be placed on the load and source functions f and g: we suppose that there
exist positive constants f1, f2, Lf , g1, g2 and Lg, such that

f1 ≤ |f(s)| ≤ f2, |f(s)− f(t)| ≤ Lf |s− t| ∀ s, t ∈ R, (3.2.3)

g1 ≤ g(w) ≤ g2, |g(v)− g(w)| ≤ Lg|v −w| ∀v,w ∈ R2. (3.2.4)

Moreover, for each γ ∈ (0, 1), there exists a constant Cγ > 0, such that g(w) ∈ Hγ(Ω) for each
w ∈ Hγ(Ω), and

‖g(w)‖γ,Ω ≤ Cγ ‖w‖γ,Ω .

Finally, we assume that for every φ ∈ H1(Ω), we have f(φ) ∈ H1(Ω).

We point out that the reader may refer to [6, 53, 63, 83, 109] for further details concerning different
variants of the model problem, as well as for specific examples of the nonlinear functions given above.

3.3 Continuous and discrete mixed formulations

In this section we recall the continuous and discrete mixed-primal and fully-mixed schemes for (3.2.1)
derived in [83, Section 2] and [84, Section 3], respectively, and state their well-posedness.

3.3.1 Mixed-primal approach

The construction of a mixed formulation for the elasticity equation in (3.2.1) follows closely those
in [81, 83]. Thus, from Hooke’s law we have

C−1σ = ε(u) = ∇u− ρ, where ρ :=
1

2
(∇u−∇ut), (3.3.1)

with ρ ∈ L2
skew(Ω) := {η ∈ L2(Ω) : η + ηt = 0}. Moreover, an application of the orthogonal

decomposition H(div; Ω) = H0(div; Ω)⊕ RI, where

H0(div; Ω) :=

{
τ ∈ H(div; Ω) :

∫
Ω

tr(τ ) = 0

}
,

allows us to only seek the H0(div; Ω)-component of the stress, whereas the remaining unknows velocity
and rotation are searched in L2(Ω) and L2

skew(Ω), respectively. On the other hand, the boundary
condition for φ indicates the appropriate trial and test space

H1
0(Ω) :=

{
ψ ∈ H1(Ω) : ψ = 0 on Γ

}
,
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to deduce the corresponding primal formulation for the diffusion equation (second row of (3.2.1)).
Therefore, denoting from now on ~σ := (σ,u,ρ) ∈ H1 := H0(div; Ω) × L2(Ω) × L2

skew(Ω), the mixed-
primal variational formulation for our model problem (3.2.1) reads: Find (~σ, φ) ∈ H1 × H1

0(Ω), such
that

a(σ, τ ) + b(τ , (u,ρ)) = G(τ ) ∀ τ ∈ H0(div; Ω),

b(σ, (v,η)) = Fφ(v,η) ∀ (v,η) ∈ L2(Ω)× L2
skew(Ω),

Aσ(φ, ψ) = Gu(ψ) ∀ψ ∈ H1
0(Ω),

(3.3.2)

where the bilinear forms a : H0(div; Ω)×H0(div; Ω) → R, b : H0(div; Ω)× (L2(Ω)× L2
skew(Ω)) → R

and Aσ : H1
0(Ω)×H1

0(Ω)→ R are specified as

a(ζ, τ ) :=

∫
Ω
C−1σ : τ =

1

2µ

∫
Ω
ζd : τ d +

1

4(λ+ µ)

∫
Ω

tr(ζ) tr(τ ),

b(τ , (v,η)) :=

∫
Ω
v · div τ +

∫
Ω
η : τ , Aσ(ϕ,ψ) :=

∫
Ω
ϑ(σ)∇ϕ · ∇ψ,

for ζ, τ ∈ H0(div; Ω), (v,η) ∈ L2(Ω) × L2
skew(Ω) and ϕ,ψ ∈ H1

0(Ω). In turn, the functionals Fφ ∈
(L2(Ω)× L2

skew(Ω))′, G ∈ H0(div; Ω)′ and Gu ∈ H1
0(Ω)′ are given by

G(τ ) := 〈τν,uD〉Γ, Fφ(v,η) := −
∫

Ω
f (φ) · v, and Gu(ψ) :=

∫
Ω
g(u)ψ ,

for ~τ := (τ ,v,η) ∈ H1 and ψ ∈ H1
0(Ω). Further details yielding the weak formulation (3.3.2) can be

found in [83, Section 2.1], whereas its solvability follows from the fixed-point strategy developed in
[83, Theorem 2.9]. We point out that for future purposes and according to the new meaning of σ, the
constitutive equation (3.3.1) now becomes

C−1σ + ρ+
1

2|Ω|

(∫
Γ
uD · ν

)
I = ∇u in Ω. (3.3.3)

In view of defining a Galerkin formulation, let us denote by Th a regular partition of Ω into triangles
K of diameter hK , where h := max {hK : K ∈ Th} is the meshsize. Given an integer k ≥ 0, for each
K ∈ Th we let Pk(K) be the space of polynomial functions on K of degree ≤ k and define the local
Raviart-Thomas space of order k as

RTk(K) := Pk(K)⊕ Pk(K)x,

where Pk(K) = [Pk(K)]2, and x is a generic vector in R2. Furthermore, using the above notation,
we define the Brezzi-Douglas-Marini space BDMk+1(K) := [Pk+1(K)]2×2. Now, let bK be the element
bubble function defined as the unique polynomial in P3(K) vanishing on ∂K with

∫
K bK = 1. Then,

for each K ∈ Th we consider the bubble space of order k, defined by

Bk(K) := Pk(K)

(
∂bK
∂x2

,−∂bK
∂x1

)
.

Now, denoting by ~σh := (σh,uh,ρh) ∈ H1,h := Hσh × Hu
h × Hρh, the Galerkin scheme for (3.3.2) is

defined as: find (~σh, φh) ∈ H1,h ×Hφ
h such that

a(σh, τ h) + b(τ h, (uh,ρh)) = G(τ h) ∀ τ h ∈ Hσh ,
b(σh, (vh,ηh)) = Fφh(vh,ηh) ∀ (vh,ηh) ∈ Hu

h ×Hρh,

Aσh(φh, ψh) = Guh(ψh) ∀ψh ∈ Hφ
h,

(3.3.4)
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where the involved finite element spaces are defined similar to [83, 84]. Thus, for the elasticity equation
we consider the classical PEERS elements [22]:

Hσh :=
{
τ h ∈ H0(div; Ω) : τ h|K ∈ [RTk(K)]2 ⊕ [Bk(K)]2 ∀K ∈ Th

}
,

Hu
h :=

{
vh ∈ L2(Ω) : vh|K ∈ Pk(K) ∀K ∈ Th

}
,

Hρh :=
{
ηh ∈ L2

skew(Ω) : ηh ∈ C(Ω) and ηh|K ∈ Pk+1(K) ∀K ∈ Th
}
,

(3.3.5)

and the Arnold-Falk-Winther elements [24]:

Hσh := {τ h ∈ H0(div; Ω) : τ h|K ∈ BDMk+1(K) ∀K ∈ Th} ,
Hu
h :=

{
vh ∈ L2(Ω) : vh|K ∈ Pk(K) ∀K ∈ Th

}
,

Hρh :=
{
ηh ∈ L2

skew(Ω) : ηh|K ∈ Pk(K) ∀K ∈ Th
}
,

(3.3.6)

whereas the approximating space for the concentration is defined as

Hφ
h :=

{
ψh ∈ C(Ω) ∩H1

0(Ω) ψh|K ∈ Pk+1(K) ∀K ∈ Th
}
.

The solvability and a priori error bounds for (3.3.2) and (3.3.4) are established in [83, Sections 2-3].
Denoting by cp the Poincaré constant and defining the balls

W :=

{
φ ∈ H1

0(Ω) : ‖φ‖1,Ω ≤
c2
p

ϑ0
g2|Ω|1/2

}
and Wh :=

{
φh ∈ Hφ

h : ‖φh‖1,Ω ≤
c2
p

ϑ0
g2|Ω|1/2

}
,

we will assume through the rest of the paper that (~σ, φ) ∈ H1 × H1
0(Ω) with φ ∈ W , and (~σh, φh) ∈

H1,h × Hφ
h with φh ∈ Wh, are the solutions of the continuous and discrete formulations (3.3.2) and

(3.3.4), respectively. In addition, we recall from [83, Theorems 2.9 and 3.7] the following a priori
estimates

‖~σ‖H1 ≤ cS
{
‖uD‖1/2,Γ + f2|Ω|1/2

}
, ‖~σh‖H1 ≤ C̃

{
‖uD‖1/2,Γ + f2|Ω|1/2

}
,

where cS and C̃ are positive constants independent of φ and φh.

3.3.2 Fully-mixed approach

Having established in Section 3.3.1 the mixed formulation for the elasticity problem, it only remains
to define a mixed formulation for the diffusion equation. Proceeding as in [84], we define t := ∇φ, and
consider the following Galerkin type terms:

κ1

∫
Ω
{σ̃ − ϑ(σ) t} · τ̃ = 0 ∀ τ̃ ∈ H(div; Ω),

κ2

∫
Ω
div σ̃ div τ̃ = −κ2

∫
Ω
g(u) div τ̃ ∀ τ̃ ∈ H(div; Ω),

κ3

∫
Ω
{∇φ− t} · ∇ψ = 0 ∀ψ ∈ H1

0(Ω),
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where κ1, κ2 and κ3 are positive parameters to be suitably chosen. Let us group appropriately the
unknowns and spaces of the diffusion problem as follows: σ̃ := (σ̃, t, φ) ∈ H2 := H(div; Ω)× L2(Ω)×
H1

0(Ω). We then have an augmented formulation for the diffusion problem: find σ̃ ∈ H2 such that

Aσ(σ̃, τ̃ ) = Gu(τ̃ ) ∀ τ̃ := (τ̃ , s, ψ) ∈ H2,

where

Aσ(σ̃, τ̃ ) :=

∫
Ω
ϑ(σ) t · s−

∫
Ω
σ̃ · s+

∫
Ω
τ̃ · t+

∫
Ω
φ div τ̃ −

∫
Ω
ψ div σ̃

+ κ1

∫
Ω
{σ̃ − ϑ(σ) t} · τ̃ + κ2

∫
Ω
div σ̃ div τ̃ + κ3

∫
Ω
{∇φ− t} · ∇ψ,

Gu(τ̃ ) :=

∫
Ω
ψ g(u)− κ2

∫
Ω
g(u) div τ̃ .

Consequently, we arrive at the following augmented fully-mixed formulation to system (3.2.1): find
(~σ, σ̃) ∈ H1 ×H2, such that

a(σ, τ ) + b(τ , (u,ρ)) = G(τ ) ∀ τ ∈ H0(div; Ω),

b(σ, (v,η)) = Fφ(v,η) ∀ (v,η) ∈ L2(Ω)× L2
skew(Ω),

Aσ(σ̃, τ̃ ) = Gu(τ̃ ) ∀ τ̃ ∈ H2.

(3.3.7)

In turn, denoting from now on σ̃h := (σ̃h, th, φh) ∈ H2,h := Hσ̃
h ×Ht

h × Hφ
h, the associated Galerkin

scheme reads: find (~σh, σ̃h) ∈ H1,h ×H2,h such that

a(σh, τ h) + b(τ h, (uh,ρh)) = G(τ h) ∀ τ h ∈ Hσh ,
b(σh, (vh,ηh)) = Fφh(vh,ηh) ∀ (vh,ηh) ∈ Hu

h ×Hρh,
Aσh(σ̃h, τ̃ h) = Guh(τ̃ h) ∀ τ̃ h := (τ̃ h, sh, ψh) ∈ H2,h,

(3.3.8)

where H1,h is as in Section 3.3.1, and the remaining spaces are:

Hσ̃
h := {τ̃ h ∈ H(div; Ω) : τ̃ h|K ∈ RTk(K) ∀K ∈ Th} ,

Ht
h :=

{
th ∈ L2(Ω) : th|K ∈ Pk(K) ∀K ∈ Th

}
, (3.3.9)

Hφ
h :=

{
ψh ∈ C(Ω) ∩H1

0(Ω) : ψh|K ∈ Pk+1(K) ∀K ∈ Th
}
.

Finally, similarly as in Section 3.3.1, and defining the balls

W :=
{
φ ∈ H1

0(Ω) : ‖φ‖1,Ω ≤ c̃Sg2|Ω|1/2
}

and Wh :=
{
φh ∈ Hφ

h : ‖φh‖1,Ω ≤ c̃Sg2|Ω|1/2
}
,

where c̃S is a constant depending only on data and other constants, we let (~σ, σ̃) ∈ H1 ×H2 with
φ ∈ W , and (~σh, σ̃h) ∈ H1,h ×H2,h with φh ∈ Wh, be the solutions of the continuous and discrete
formulations (3.3.7) and (3.3.8), respectively. Additionally, we recall from [84, Theorems 3.9 and 4.7]
that the following a priori estimates hold

‖σ̃‖H2 ≤ c̃Sg2|Ω|1/2, ‖~σ‖H1 ≤ cS
{
‖uD‖1/2,Γ + f2|Ω|1/2

}
,

‖σ̃h‖H2 ≤ c̃Sg2|Ω|1/2, ‖~σh‖H1 ≤ C̃
{
‖uD‖1/2,Γ + f2|Ω|1/2

}
.
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3.4 Residual-based a posteriori error estimators

The main goal of this section is to derive reliable and efficient residual-based a posteriori error
estimators for the Galerkin schemes (3.3.4) and (3.3.8).

3.4.1 Preliminaries

Further notation is needed for describing local information on elements and edges. Given K ∈ Th,
we let Eh(K) be the set of its edges, and let Eh be the set of all edges of the triangulation Th, whose
corresponding diameters are denoted by he. Then, we write Eh = Eh(Ω) ∪ Eh(Γ), where Eh(Ω) := {e ∈
Eh : e ⊆ Ω} and Eh(Γ) := {e ∈ Eh : e ⊆ Γ}. Also, for each edge e of Eh we fix a unit normal and
tangential vectors ν and s to e. Thus, the usual jump operator J·K across an internal edge e ∈ Eh(Ω)

is defined for piecewise continuous tensor, vector, or scalar-valued functions ζ as

JζK = ζ|K+ − ζ|K− ,

where K− and K+ are the triangles of Th sharing the edge e. Additionally, given scalar, vector and
tensor fields ϕ, ϕ := (ϕ1, ϕ2) and τ := (τij), respectively, we set

rot(ϕ) :=

(
∂ϕ
∂x2

− ∂ϕ
∂x1

)
, rot(ϕ) :=

∂ϕ2

∂x1
− ∂ϕ1

∂x2
,

curl(ϕ) :=

(
∂ϕ1

∂x2
−∂ϕ1

∂x1
∂ϕ2

∂x2
−∂ϕ2

∂x1

)
, and curl(τ ) :=

(
∂τ12
∂x1
− ∂τ11

∂x2
∂τ22
∂x1
− ∂τ21

∂x2

)
.

Next, we collect a few preliminary definitions and results that we need in what follows. We begin by
recalling the usual Clément interpolation operator (cf. [56]) Ih : H1(Ω)→ Xh, where

Xh :=
{
ϕh ∈ C(Ω) : ϕh|K ∈ P1(K) ∀K ∈ Th

}
.

A vectorial version of Ih, say Ih : H1(Ω) → Xh := Xh × Xh, which is defined component-wise by Ih,
will be needed as well. Moreover, to satisfy homogeneous Dirichlet boundary conditions, we introduce
the Clément-type interpolation operator Ĩh : H1

0(Ω)→ X̃h, where

X̃h :=
{
ϕh ∈ C(Ω) ∩ H1

0(Ω) : ϕh|K ∈ P1(K) ∀K ∈ Th
}
.

The following lemma provides the local approximation properties of Ih (for a proof, see [56]). Analogue
estimates hold for the operators Ih and Ĩh.

Lemma 3.4.1. There exist c1, c2 > 0, independent of h, such that for each ϕ ∈ H1(Ω), there holds

‖ϕ− Ih(ϕ)‖0,K ≤ c1hK ‖ϕ‖1,∆(K) ∀K ∈ Th, (3.4.1)

and
‖ϕ− Ih(ϕ)‖0,e ≤ c2h

1/2
e ‖ϕ‖1,∆(e) ∀ e ∈ Eh, (3.4.2)

where ∆(K) := ∪{K ′ ∈ Th : K ′ ∩K 6= 0} and ∆(e) := ∪{K ′ ∈ Th : K ′ ∩ e 6= 0}.



3.4. Residual-based a posteriori error estimators 75

Moreover, we also introduce the usual Raviart-Thomas interpolator Πh : H1(Ω)→ Hσ̃
h [81, Section

3.4.1], which, given τ ∈ H1(Ω), is characterised by∫
e

Πh(τ ) · νΨ =

∫
e
τ · νΨ, ∀ edge e ∈ Th, ∀Ψ ∈ Pk(e), (3.4.3)∫

K
Πh(τ ) · ξ =

∫
K
τ · ξ ∀K ∈ Th, ∀ ξ ∈ Pk−1(K), when k ≥ 1. (3.4.4)

Additionally, using (3.4.3) and (3.4.4), the commuting diagram property yields

div(Πh(τ )) = Ph(div τ ) ∀ τ ∈ H1(Ω), (3.4.5)

where Ph is the L2(Ω)-orthogonal projector onto the space of piecewise scalar polynomials of degree
≤ k. Further approximations properties of Πh are summarised in the following lemma (see a proof in
e.g [81, Lemmas 3.16 and 3.18]).

Lemma 3.4.2. There exist C1, C2 > 0, independent of h, such that for all τ ∈ H1(Ω), there hold

‖τ −Πh(τ )‖0,K ≤ C1hK ‖τ‖1,K ∀K ∈ Th, (3.4.6)

‖(τ −Πh(τ ))ν‖0,e ≤ C2h
1/2
e ‖τ‖1,Ke ∀ e ∈ Eh, (3.4.7)

where Ke in (3.4.7) is a triangle of Th containing the edge e on its boundary.

A tensor version of Πh, say Πh : H1(Ω) → RTk, (where RTk is the space of pure Raviart-Thomas
tensors of order k), which is defined row-wise by Πh, and a vector version of Ph, say, Ph which is the
L2(Ω)-orthogonal projector onto Hu

h (cf. (3.3.5), (3.3.6)), that is the space of piecewise vector valued
polynomials of degree ≤ k, might also be required. For simplicity of the presentation we have focused
on the Raviart-Thomas interpolator. However, if we would like to use the family (3.3.6), we might use
the BDM interpolator, which also satisfies the approximation properties given above.

In addition, we recall a Helmholtz decomposition of H0(div; Ω), which will be essential in the
subsequent analysis. We refer to [89, Lemma 3.7] for further details.

Lemma 3.4.3. For each τ ∈ H0(div; Ω), there exist z ∈ H2(Ω) and Φ ∈ H1(Ω), such that

τ = ∇z + curl Φ in Ω, and ‖z‖2,Ω + ‖Φ‖1,Ω ≤ C ‖τ‖div;Ω . (3.4.8)

On the other hand, the main techniques involved below in the proof of efficiency include the localisa-
tion technique based on element-bubble and edge-bubble functions. In view of this, we let ψe and ψK be
the usual edge-bubble and face-bubble functions (see [148]), respectively, which satisfy ψe|K ∈ P2(K),
suppψe ⊆ ωe := ∪{K ′ ∈ Th : e ∈ Eh(K ′)}, ψe = 0 on ∂K\e and 0 ≤ ψe ≤ 1 in ωe, and ψK ∈ P3(K),
suppψK ⊆ K,ψK = 0 on ∂K and 0 ≤ ψK ≤ 1 in K, respectively. We also recall from [147] that,
given k ∈ N ∪ {0}, there exists an extension operator L : C(e) → C(K) satisfying L(p) ∈ Pk(K) and
L(p)|e = p ∀ p ∈ Pk(e). A corresponding vector version of L, that is the component-wise application
of L, is denote by L. Additional properties of ψe, ψK and L are collected in the following lemma (see
e.g. [148]).
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Lemma 3.4.4. Given k ∈ N ∪ {0}, there exist positive constants c3, c4 and c5, depending only on k,
and the shape regularity of the triangulations (minimum angle condition), such that for each K ∈ Th
and e ∈ Eh(K), there hold

‖q‖20,K ≤ c3‖ψ1/2
K q‖20,K ∀ q ∈ Pk(K), (3.4.9)

‖p‖20,e ≤ c4‖ψ1/2
e p‖20,e ∀ p ∈ Pk(e), (3.4.10)

‖ψe L(p)‖20,K ≤ ‖ψ
1/2
e L(p)‖20,K ≤ c5 he ‖p‖20,e ∀ p ∈ Pk(e). (3.4.11)

Furthermore, we will also need the following inverse estimate (cf. [55, Theorem 3.2.6]) and discrete
trace inequality (cf. [3, Theorem 3.10]), respectively.

Lemma 3.4.5. Let k, l, m ∈ N ∪ {0} such that l ≤ m. Then, there exists c6 > 0, depending only on
k, l, m and the shape regularity of the triangulations, such that for each K ∈ Th, there holds

|q|m,K ≤ c6 h
l−m
K |q|l,K ∀ q ∈ Pk(K).

Lemma 3.4.6. There exists c7 > 0, depending only on the shape regularity of the triangulations, such
that for each K ∈ Th and e ∈ Eh(K), there holds

‖v‖20,e ≤ c7

{
h−1
e ‖v‖

2
0,K + he|v|21,K

}
∀ v ∈ H1(K). (3.4.12)

Finally, the following lemma is applied next to the terms involving the curl and rot operators, and
the tangential jumps across the edges of Th. Its proof, which makes use of Lemmas 3.4.4 and 3.4.6,
can be found in [28, Lemmas 4.3 and 4.4].

Lemma 3.4.7. Let ξh ∈ L2(Ω) be a piecewise polynomial tensor of degree k ≥ 0 on each K ∈ Th, and
let ξ ∈ L2(Ω) be such that curl(ξ) = 0 in Ω. Then, there exist c8, c9 > 0, independent of h, such that

‖curl(ξh)‖0,K ≤ c8 h
−1
K ‖ξ − ξh‖0,K ∀K ∈ Th,

‖JξhsK‖0,e ≤ c9 h
−1/2
e ‖ξ − ξh‖0,ωe ∀ e ∈ Eh(Ω).

3.4.2 A posteriori error analysis for the mixed-primal scheme

In this section we derive a reliable and efficient residual-based a posteriori error estimator for (3.3.4).
We begin by defining for each K ∈ Th the local error indicator ΘK := ΘE,K + ΘD,K , where ΘE,K

and ΘD,K are the corresponding quantities associated with the elasticity and diffusion equations,
respectively, which are given by:

Θ2
E,K := ‖f(φh) + divσh‖20,K + ‖σh − σt

h‖20,K + h2
K

∥∥∇uh − (C−1σh + ρh + cI
)∥∥2

0,K

+ h2
K

∥∥curl (C−1σh + ρh)
∥∥2

0,K
+

∑
e∈Eh(Ω)∩Eh(K)

he
∥∥J(C−1σh + ρh + cI)sK

∥∥2

0,e

+
∑

e∈Eh(Γ)∩Eh(K)

he

{∥∥∥∥duD

ds
− (C−1σh + ρh + cI)s

∥∥∥∥2

0,e

+ ‖uD − uh‖20,e

}
,

(3.4.13)
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and

Θ2
D,K := h2

K ‖div (ϑ(σh)∇φh) + g(uh)‖20,K +
∑

e∈Eh(Ω)∩Eh(K)

he ‖Jϑ(σh)∇φh · νK‖20,e ,(3.4.14)

where
c :=

1

2|Ω|

∫
Γ
uD · ν. (3.4.15)

We remark in advance that the above requires that duD
ds ∈ L2(e) for each e ∈ Eh(Γ). This is fixed below

assuming that uD ∈ H1(Γ). Finally, we point out that the residual character of each term defining
ΘE,K , ΘD,K , and hence ΘK , is clear, and then, proceeding as usual, the global residual estimator can
be defined as:

Θ :=

∑
K∈Th

Θ2
K


1/2

.

The remainder of this section advocates to show the existence of positive constants Ceff and Crel,
independent of the meshsizes and the continuous and discrete solutions, such that

CeffΘ ≤ ‖(~σ, φ)− (~σh, φh)‖ ≤ CrelΘ. (3.4.16)

The efficiency of the global a posteriori error estimator (lower bound in (3.4.16)) is proved below in
Section 3.4.2, whereas the corresponding reliability (upper bound in (3.4.16)) is derived in Section
3.4.2.

In order to establish the reliability of the a posteriori error estimator Θ, we apply the global inf-sup
condition and the uniform ellipticity of some bilinear forms, together with smallness-of-data assump-
tions.

We begin with a preliminary estimate for the partial elasticity error ‖~σ − ~σh‖H1 .

Lemma 3.4.8. There exists C1 > 0, independent of λ and h, such that

‖~σ − ~σh‖H1
≤ C1

{
‖RE‖H0(div;Ω)′ + Lf ‖φ− φh‖1,Ω

+ ‖f(φh) + divσh‖0,Ω + ‖σh − σt
h‖0,Ω

}
,

(3.4.17)

where the functional RE is defined by

RE(τ ) := G(τ ) − a(σh, τ ) − b(τ , (uh,ρh)) ∀ τ ∈ H0(div; Ω). (3.4.18)

Furthermore, there holds
RE(τ h) = 0 ∀ τ h ∈ Hσh . (3.4.19)

Proof. We begin the derivation of (3.4.17) by recalling from [81, Section 2.4.3.1], that b satisfies the
inf-sup condition and that a is elliptic in the kernel of b. Then, there exists C > 0, independent of h,
such that for each ~ξ := (ξ,w, ζ) ∈ H1, the following global inf-sup condition holds (see [75, Proposition
2.36])

C‖~ξ‖H1 ≤ sup
~τ∈H1
~τ 6=0

a(ξ, τ ) + b(τ , (w, ζ)) + b(ξ, (v,η))

‖~τ‖H1

.
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In particular, for the error ~ξ := ~σ− ~σh, using the notation introduced by (3.4.18), and applying some
algebraic manipulations, we have

C‖~σ − ~σh‖H1 ≤ sup
~τ∈H1
~τ 6=0

a(σ − σh, τ ) + b(τ , (u− uh,ρ− ρh)) + b(σ − σh, (v,η))

‖~τ‖H1

≤ sup
τ∈H0(div;Ω)

τ 6=0

|RE(τ )|
‖τ‖

+ sup
(v,η)∈L2(Ω)×L2

skew
(Ω)

(v,η)6=0

|b(σ − σh, (v,η))|
‖(v,η)‖

.

(3.4.20)

Now, according to the definition of the bilinear form b, adding and subtracting suitable terms, and
then, applying the Lipschitz continuity of f (cf. (3.2.3)), the Cauchy-Schwarz inequality, and the fact
that

∫
Ω σh : η = 1

2

∫
Ω(σh − σt

h) : η, we get for all (v,η) ∈ L2(Ω)× L2
skew(Ω)

|b(σ − σh, (v,η))| ≤ C̃
{
Lf ‖φ− φh‖1,Ω + ‖f(φh) + divσh‖0,Ω + ‖σh − σt

h‖0,Ω
}
‖(v,η)‖ ,

which, together with (3.4.20), yields (3.4.17). Finally, it is readily seen that (3.4.19) follows directly
from the first row of (3.3.4) and (3.4.18).

We now derive an analogous preliminary bound for the error associated with ‖φ− φh‖1,Ω.

Lemma 3.4.9. There exists C2 > 0, independent of h, such that

‖φ− φh‖1,Ω ≤ C2

{
‖RD‖H1

0(Ω)′ + Lϑ cS

(
‖uD‖1/2,Γ + f2|Ω|1/2

)
‖σ − σh‖div;Ω

+ ϑ2 ‖φ− φh‖1,Ω + Lg ‖u− uh‖0,Ω
}
,

(3.4.21)

where the functional RD is defined by

RD(ψ) := Guh(ψ) − Aσh(φh, ψ) ∀ψ ∈ H1
0(Ω). (3.4.22)

Furthermore, there holds
RD(ψh) = 0 ∀ψh ∈ Hφ

h. (3.4.23)

Proof. Similarly to the proof of Lemma 3.4.8, we first observe from the H1
0(Ω)-ellipticity of Aσ (cf. [83,

Lemma 2.3]) that the global inf-sup condition holds

α ‖ϕ‖1,Ω ≤ sup
ψ∈H1

0(Ω)

ψ 6=0

Aσ(ϕ,ψ)

‖ψ‖1,Ω
∀ϕ ∈ H1

0(Ω), (3.4.24)

where α is the ellipticity constant ofAσ [83, eq. (2.18)]. Then, applying (3.4.24) to the error ϕ := φ−φh,
bearing in mind the definition (3.4.22), and adding and subtracting suitable terms, we find that

α ‖φ− φh‖1,Ω ≤ sup
ψ∈H1

0(Ω)

ψ 6=0

RD(ψ) +Aσh(φh, ψ)−Aσ(φh, ψ) +Gu(ψ)−Guh(ψ)

‖ψ‖1,Ω
. (3.4.25)

Now, recalling from [83, Section 2] that there exists a constant C∞ > 0, such that the following estimate
for the solution of the diffusion problem φ ∈ H1

0(Ω) holds

‖φ‖1,∞,Ω ≤ C∞ cS
(
‖uD‖1/2,Γ + f2|Ω|1/2

)
,
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we can deduce the following result

|Aσh(φh, ψ)−Aσ(φh, ψ)|

≤
{
‖φ‖1,∞,Ω Lϑ ‖σ − σh‖div;Ω + 2ϑ2 ‖φ− φh‖1,Ω

}
‖ψ‖1,Ω ,

≤
{
C∞ LϑcS

(
‖uD‖1/2,Γ + f2|Ω|1/2

)
‖σ − σh‖div;Ω + 2ϑ2 ‖φ− φh‖1,Ω

}
‖ψ‖1,Ω .

(3.4.26)

Moreover, applying the Lipschitz continuity of g (cf. (3.2.4)), we get

|Gu(ψ)−Guh(ψ)| ≤ Lg ‖u− uh‖0,Ω ‖ψ‖0,Ω . (3.4.27)

Thus, replacing (3.4.26) and (3.4.27) back into (3.4.25) we obtain (3.4.21). Finally, using the fact that
Guh(ψh)−Aσh(φh, ψh) = 0 ∀ψh ∈ Hφ

h, we get (3.4.23) and the proof concludes.

Consequently, we can establish the following preliminary upper bound for the total error.

Theorem 3.4.10. Assume that

C1Lf + C2

{
‖uD‖1/2,Γ + f2|Ω|1/2 + ϑ2 + Lg

}
<

1

2
. (3.4.28)

Then, there exists C3 > 0, independent of λ and h, such that the total error satisfies

‖(~σ, φ)− (~σh, φh)‖

≤ C3

{
‖RE‖H0(div;Ω)′ + ‖f(φh) + divσh‖0,Ω + ‖σh − σt

h‖0,Ω + ‖RD‖H1
0(Ω)′

}
.

(3.4.29)

Proof. It follows as a straightforward application of (3.4.28) and Lemmas 3.4.8 and 3.4.9.

It is clear from (3.4.29) that, in order to obtain an explicit estimate for the total error, it only remains
to derive suitable upper bounds for ‖RE‖H0(div;Ω)′ and ‖RD‖H1

0(Ω)′ . This is precisely the purpose of
the next subsection.

Reliability

With the aim of estimating ‖RE‖H0(div;Ω)′ we now take an arbitrary τ ∈ H0(div; Ω) and consider
the Helmholtz decomposition provided by (3.4.8) (cf. Lemma 3.4.3). Then, we denote Φh := Ih(Φ)

and define τ h := Πh(∇z) + curl(Φh) − dh I ∈ RTk, with Πh the interpolator operator defined in
Section 3.4.1, and where according to [82, Section 4.1], the constant dh, which is defined by

dh := − 1

2|Ω|

∫
Ω

tr(∇z −Πh(∇z) + curl(Φ−Φh)), (3.4.30)

is chosen so that τ h belongs to Hσh (cf. (3.3.5)). It follows that τ − τ h = ∇z −Πh(∇z) + curl(Φ−
Φh) + dh I, and then, applying the tensor version of (3.4.5), we get

div(τ − τ h) = div(∇z −Πh(∇z)) = (I−Ph)(div∇z) = (I−Ph)(div τ ),

which is L2(Ω)-orthogonal to Hu
h , and hence,∫

Ω
uh · div(τ − τ h) =

∫
Ω
uh · (I−Ph)(div τ ) = 0. (3.4.31)
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Furthermore, taking into account that σh ∈ Hσh and ρh ∈ Hρh, and recalling that c and dh are given
by (3.4.15) and (3.4.30), respectively, we deduce from the definition of RE (cf. (3.4.18)) that

RE(dhI) = dh

∫
Γ
uD · ν = −c

∫
Ω

tr(∇z −Πh(∇z) + curl(Φ−Φh))

= −
∫

Ω
cI : (∇z −Πh(∇z) + curl(Φ−Φh)),

(3.4.32)

where for the second row in (3.4.32) we have applied the equality tr(ξ) = ξ : I. Thus, applying the null
property (3.4.19), we find that

RE(τ ) = RE(τ − τ h) = RE
(
∇z −Πh(∇z)

)
+RE

(
curl(Φ−Φh)

)
+RE(dhI),

from which, replacing the last adding by (3.4.32), recalling the definition of RE (cf. (3.4.18)), and
employing the identity (3.4.31), we deduce that RE(τ ) can be decomposed as

RE(τ ) = RE(τ − τ h) = RE1 (z) +RE2 (Φ) ∀ τ ∈ H0(div; Ω) , (3.4.33)

where

RE1 (z) := RE
(
∇z −Πh(∇z)

)
−
∫

Ω
cI :
(
∇z −Πh(∇z)

)
= 〈
(
∇z −Πh(∇z)

)
ν,uD〉Γ −

∫
Ω

(C−1σh + ρh + cI) :
(
∇z −Πh(∇z)

)
,

(3.4.34)

and

RE2 (Φ) := RE(curl(Φ−Φh))−
∫

Ω
cI : curl(Φ−Φh)

= 〈curl(Φ−Φh)ν,uD〉Γ −
∫

Ω
(C−1σh + ρh + cI) : curl(Φ−Φh).

(3.4.35)

The following two lemmas provide upper bounds for (3.4.34) and (3.4.35).

Lemma 3.4.11. There exists C4 > 0, independent of λ and h, such that

|RE1 (z)| ≤ C4

∑
K∈Th

h2
K

∥∥∇uh − (C−1σh + ρh + cI
)∥∥2

0,K

+
∑

e∈Eh(Γ)

he ‖uD − uh‖20,e


1/2

‖τ‖div;Ω .

Proof. It follows from an application of the tensor version of properties (3.4.3) and (3.4.4) to uh|e ∈
Pk(e) for each e ∈ Eh and ∇uh|K ∈ Pk−1(K) for each K ∈ Th, respectively, and approximation
results (3.4.6) and (3.4.7), in conjunction with the continuous dependence given by the Helmholtz
decomposition (cf. (3.4.8)). We omit further details and refer to [82, Lemma 4.4].
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Lemma 3.4.12. If uD ∈ H1(Γ), then there exists C5 > 0, independent of λ and h, such that

|RE2 (Φ)| ≤ C5

∑
K∈Th

h2
K

∥∥curl(C−1σh + ρh)
∥∥2

0,K
+

∑
e∈Eh(Ω)

he
∥∥J(C−1σh + ρh + cI)sK

∥∥2

0,e

+
∑

e∈Eh(Γ)

he

∥∥∥∥duD

ds
− (C−1σh + ρh + cI)s

∥∥∥∥2

0,e


1/2

‖τ‖div;Ω .

(3.4.36)

Proof. We begin by applying the result given by [89, Lemma 3.8], to obtain

〈curl (Φ−Φh)ν,uD〉Γ = −
〈
duD

ds
,Φ−Φh

〉
Γ

= −
∑

e∈Eh(Γ)

∫
e
(Φ−Φh)

duD

ds
. (3.4.37)

In turn, integrating by parts the second term on the right-hand side of (3.4.35), we get∫
Ω

(C−1σh + ρh + cI) : curl(Φ−Φh) =
∑
K∈Th

∫
K

curl(C−1σh + ρh + cI) · (Φ−Φh)

−
∑

e∈Eh(Ω)

∫
e
J(C−1σh + ρh + cI)sK · (Φ−Φh)−

∑
e∈Eh(Γ)

∫
e
(C−1σh + ρh + cI)s · (Φ−Φh),

which together with (3.4.37) yields

〈curl(Φ−Φh)ν,uD〉Γ −
∫

Ω
(C−1σh + ρh + cI) : curl(Φ−Φh)

= −
∑
K∈Th

∫
K

curl(C−1σh + ρh + cI) · (Φ−Φh) +
∑

e∈Eh(Ω)

∫
e
J(C−1σh + ρh + cI)sK · (Φ−Φh)

−
∑

e∈Eh(Γ)

∫
e

{
duD

ds
− (C−1σh + ρh + cI)s

}
· (Φ−Φh).

Finally, employing the Cauchy-Schwarz inequality, the vector version of estimates (3.4.1) and (3.4.2),
the fact that ∆(K) and ∆(e) are bounded, and the continuous dependence (3.4.8), we obtain (3.4.36).

With the above two results, and bearing in mind the decomposition (3.4.33), we are in a position to
complete an upper bound for ‖RE‖H0(div;Ω)′ .

Lemma 3.4.13. Assume that uD ∈ H1(Γ). Then, there exists Ĉ1 > 0, independent of λ and h, such
that

‖RE‖H0(div;Ω)′ ≤ Ĉ1

∑
K∈Th

h2
K

∥∥∇uh − (C−1σh + ρh + cI
)∥∥2

0,K
+
∑
K∈Th

h2
K

∥∥curl(C−1σh + ρh)
∥∥2

0,K

+
∑

e∈Eh(Γ)

he

(∥∥∥∥duD

ds
− (C−1σh + ρh + cI)s

∥∥∥∥2

0,e

+ ‖uD − uh‖20,e

)

+
∑

e∈Eh(Ω)

he
∥∥J(C−1σh + ρh + cI)sK

∥∥2

0,e


1/2

.
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In turn, we now provide an upper bound for ‖RD‖H1
0(Ω)′ .

Lemma 3.4.14. There exists a constant Ĉ2 > 0, independent of h, such that

‖RD‖H1
0(Ω)′ ≤ Ĉ2

∑
K∈Th

h2
K ‖div (ϑ(σh)∇φh) + g(uh)‖20,K

+
∑

e∈Eh(Ω)

he ‖Jϑ(σh)∇φh · νK‖20,e


1/2

.

(3.4.38)

Proof. Given ψ ∈ H1
0(Ω), we let Ψh := Ĩh(ψ) ∈ Hφ

h. Thus, recalling the null property (3.4.23), the
definition of the involved residual (cf. (3.4.22)), and integrating by parts, we obtain

RD(ψ −Ψh) =

∫
Ω
g(uh)(ψ −Ψh)−

∫
Ω
ϑ(σh)∇φh · ∇(ψ −Ψh)

=
∑
K∈Th

∫
K

{
g(uh) + div (ϑ(σh)∇φh)

}
(ψ −Ψh)−

∑
e∈Eh(Ω)

∫
e
Jϑ(σh)∇φh · νK(ψ −Ψh).

Finally, applying the Cauchy-Schwarz inequality and the estimates given by Lemma 3.4.1, we deduce
the estimate

|RD(ψ −Ψh)| ≤ Ĉ2

∑
K∈Th

h2
K ‖g(uh) + div (ϑ(σh)∇φh)‖20,K

+
∑

e∈Eh(Ω)

he ‖Jϑ(σh)∇φh · νK‖20,e


1/2

‖ψ‖1,Ω ,

which yields (3.4.38), concluding the proof.

Finally, we point out that the reliability of the operator Θ (cf. upper bound in (3.4.16)) essentially
follows from Theorem 3.4.10, and Lemmas 3.4.13 and 3.4.14.

Efficiency

The goal of this section is to show the efficiency of our a posteriori error estimator Θ. In other
words, we now provide upper bounds depending on the actual errors for the nine terms defining the
local indicator ΘK . We begin by establishing the main result of this section.

Theorem 3.4.15. There exists Ceff > 0, independent of λ and h, such that

CeffΘ ≤ ‖(~σ, φ)− (~σh, φh)‖ . (3.4.39)

Throughout this section, as well as Section 3.4.3, we assume for simplicity that the nonlinear func-
tions f , g and ϑ are such that f(φh), g(uh) and ϑ(σh), are all piecewise polynomials. The same is
assumed for the data uD. If this is not the case, but f , g, ϑ and uD are sufficiently smooth, higher
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order terms given by the errors arising from suitable polynomial approximations would appear in the
right-hand side of (3.4.39), (3.4.63) and (3.4.67).

In order to prove (3.4.39), in the rest of this section we derive suitable upper bounds for the terms
defining the local error indicator ΘK (cf. (3.4.13) - (3.4.14)). We begin by observing, thanks to the
fact that −divσ = f(φ) in Ω, that there hold

‖f(φh) + divσh‖20,K ≤ 2 ‖f(φ)− f(φh)‖20,K + 2 ‖div (σ − σh)‖20,K
≤ 2L2

f ‖φ− φh‖
2
0,K + 2 ‖div (σ − σh)‖20,K ,

(3.4.40)

and
‖σh − σt

h‖20,K ≤ 4 ‖σ − σh‖20,K . (3.4.41)

The following lemmas provide the corresponding upper bounds for the remaining estimates required
to obtain the efficiency of Θ.

Lemma 3.4.16. There exist C3, C4 > 0, independent of λ and h, such that

h2
K

∥∥curl (C−1σh + ρh)
∥∥2

0,K
≤ C3

{
‖σ − σh‖20,K + ‖ρ− ρh‖

2
0,K

}
∀K ∈ Th, (3.4.42)

and
he
∥∥J(C−1σh + ρh + cI)sK

∥∥2

0,e
≤ C4

{
‖σ − σh‖20,ωe + ‖ρ− ρh‖

2
0,ωe

}
∀ e ∈ Eh(Ω).

Proof. It suffices to apply Lemma 3.4.7 with ξh := C−1σh + ρh + cI and ξ := C−1σ + ρ+ cI.

Lemma 3.4.17. There exists C5 > 0, independent of λ and h, such that for each K ∈ Th, there holds

h2
K

∥∥∇uh − (C−1σh + ρh + cI
)∥∥2

0,K
≤ C5

{
‖u− uh‖20,K + h2

K ‖σ − σh‖
2
0,K + h2

K ‖ρ− ρh‖
2
0,K

}
.

Proof. It follows from an application of (3.4.9) with q := ∇uh−(C−1σh+ρh+cI), the estimate (3.3.3)
and then, the use of Lemma 3.4.5. We refer to [82, Lemma 4.12] and [47, Lemma 6.6] for further
details.

Lemma 3.4.18. There exists C6 > 0, independent of λ and h, such that for each e ∈ Eh(Γ), there
holds

he

∥∥∥∥duD

ds
− (C−1σh + ρh + cI)s

∥∥∥∥2

0,e

≤ C6

{
‖σ − σh‖20,Ke + ‖ρ− ρh‖

2
0,Ke

}
,

where Ke is the triangle of Th having e as an edge.

Proof. We begin by defining ξ, ξh as in the proof of Lemma 3.4.16, and then, given e ∈ Eh(Γ), we
denote χe := duD

ds − ξhs on e. Thus, applying the inequality (3.4.10) to χe, the extension operator
L : C(e)→ C(K) and the fact that duD

ds = ∇us, we obtain

‖χe‖
2
0,e ≤ c4‖ψ1/2

e χe‖20,e = c4

∫
e
ψeχe ·

{
duD

ds
− ξhs

}
= c4

∫
∂Ke

ψe L(χe) ·
{

(∇u− ξh)s
}
.

Then, we integrate by parts and use that ξ = ∇u in Ω (cf. (3.3.3)), to obtain∫
∂Ke

ψe L(χe) ·
{

(∇u− ξh)s
}

=

∫
Ke

(ξ − ξh) : curl(ψe L(χe)) +

∫
Ke

curl(ξh) · ψe L(χe).
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Finally, by exploiting the Cauchy-Schwarz inequality, Lemmas 3.4.5 and 3.4.7, and then, invoking the
estimates (3.4.11) and (3.4.42), we obtain the desired result.

Lemma 3.4.19. There exists C7 > 0, independent of λ and h, such that for each e ∈ Eh(Γ), there
holds

he ‖uD − uh‖20,e ≤ C7

{
‖u− uh‖20,Ke + h2

Ke ‖σ − σh‖
2
0,Ke

+ h2
Ke ‖ρ− ρh‖

2
0,Ke

}
.

Proof. It follows from an application of the discrete trace inequality (3.4.12), the estimate (3.3.3) and
the fact that u = uD on Γ. We refer to [82, Lemma 4.14] for further details.

Lemma 3.4.20. There exists C8 > 0, independent of h, such that for each K ∈ Th, there holds

h2
K ‖div (ϑ(σh)∇φh) + g(uh)‖20,K ≤ C8

{
h2
K ‖u− uh‖

2
0,K + ‖σ − σh‖20,K + ‖φ− φh‖21,K

}
.

Proof. Proceeding as in [25, Lemma 4.4], given K ∈ Th, we define

χK := div (ϑ(σh)∇φh) + g(uh) on K.

Thus, applying (3.4.9) with q = χK , using that div (ϑ(σ)∇φ) = −g(u) in Ω, and integrating by parts,
we find that

‖χK‖20,K ≤ c3‖ψ1/2
K χK‖20,K = c3

∫
K

(g(uh)− g(u))ψKχK

+

∫
K

(ϑ(σ)∇φ− ϑ(σh)∇φh) · ∇(ψKχK).

Now, applying the Cauchy-Schwarz inequality, the Lipschitz continuity of g (cf. (3.2.4)) and the
estimate (3.4.26), we deduce that there exists C̃8 > 0, depending only on data and other constants, all
of them independent of h, such that

‖χK‖20,K ≤ C̃8

{
‖u− uh‖0,K ‖ψKχK‖0,K +

(
‖σ − σh‖0,K + ‖φ− φh‖1,K

)
|ψKχK |1,K

}
.

Next, using the inverse inequality provided by Lemma 3.4.5 and the fact that 0 ≤ ψK ≤ 1 in K, we
find that

‖χK‖20,K ≤ C̃8

{
‖u− uh‖0,K + c6 h

−1
K

(
‖σ − σh‖0,K + ‖φ− φh‖1,K

)}
‖χK‖0,K ,

which gives
h2
K ‖χK‖

2
0,K ≤ C8

{
h2
K ‖u− uh‖

2
0,K + ‖σ − σh‖20,K + ‖φ− φh‖20,K

}
,

completing the proof.

Lemma 3.4.21. There exists C9 > 0, independent of h, such that for each e ∈ Eh(Ω), there holds

he ‖Jϑ(σh)∇φh · νK‖20,e ≤ C9

∑
K⊆ωe

{
h2
K ‖u− uh‖

2
0,K + ‖σ − σh‖20,K + ‖φ− φh‖21,K

}
, (3.4.43)

where ωe is the union of the two triangles in Th having e as an edge.
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Proof. Proceeding analogously as in the proof of [25, Lemma 4.5], given e ∈ Eh(Ω), we define

χe := Jϑ(σh)∇φh · νK on e.

Thus, we apply (3.4.10) with p = χe, and the integration by parts formula on each K ∈ ωe, to obtain

‖χe‖20,e ≤ c4‖ψ1/2
e χe‖20,e = c4

∫
e
Jϑ(σh)∇φh · νKψe L(χe) = c4

∑
K⊆ωe

∫
∂K

ϑ(σh)∇φh · ν ψe L(χe)

= c4

∑
K⊆ωe

{∫
K
ϑ(σh)∇φh · ∇(ψe L(χe)) +

∫
K

div(ϑ(σh)∇φh)ψe L(χe)

}
.

Next, using that div (ϑ(σ)∇φ) = −g(u) in Ω and then, integrating by parts once more, we get

‖χe‖20,e ≤ c4

∑
K⊆ωe

{∫
K

(ϑ(σh)∇φh − ϑ(σ)∇φ) · ∇(ψe L(χe))

+

∫
K

(g(u)− g(uh))ψe L(χe) +

∫
K

(div(ϑ(σh)) + g(uh))ψe L(χe)

}
.

Then, employing the Cauchy-Schwarz inequality, the Lipschitz continuity of g, the inverse inequality
provided by Lemma 3.4.5, the fact that 0 ≤ ψe ≤ 1 in ωe, and the estimate (3.4.11), we see that

‖χe‖20,e ≤ C̃9

∑
K⊆ωe

{
h−1
K ‖ϑ(σh)∇φh − ϑ(σ)∇φ‖0,K + ‖u− uh‖0,K

+ ‖div(ϑ(σh)) + g(uh)‖0,K
}
h1/2
e ‖χe‖0,K ,

from which, noting that he ≤ hK , applying the estimate (3.4.26) and performing simple algebraic
manipulations, we deduce that there exists Ĉ9 > 0, depending only on data and other constants, all of
them independent of h, such that

he ‖χe‖20,e ≤ Ĉ9

∑
K⊆ωe

{
‖σ − σh‖20,K + ‖φ− φh‖20,K + h2

K ‖u− uh‖
2
0,K

+ h2
K ‖div(ϑ(σh)) + g(uh)‖20,K

}
.

(3.4.44)

Finally, (3.4.44) and the efficiency estimate given by Lemma 3.4.20 imply (3.4.43), completing the
proof.

We end this section by observing that the efficiency of the a posteriori error indicator Θ follows
straightforwardly from the estimates (3.4.40) and (3.4.41), and Lemmas 3.4.16 - 3.4.21.

3.4.3 A posteriori error analysis for the fully-mixed scheme

In this section we derive two reliable and efficient residual-based a posteriori error estimators for the
Galerkin scheme (3.3.8). We introduce the global a posteriori error estimators

Θ̃ :=

∑
K∈Th

Θ̃
2

K


1/2

and Θ̂ :=

∑
K∈Th

Θ̂
2

K


1/2

,
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where we define for each K ∈ Th

Θ̃
2

K := Θ2
E,K + ‖σ̃h − ϑ(σh)th‖20,K + ‖g(uh) + div σ̃h‖20,K + ‖∇φh − th‖20,K ,

Θ̂
2

K := Θ̃
2

K + h2
K‖rot(th)‖20,K +

∑
e∈Eh(K)

he ‖Jth · sK‖20,e , (3.4.45)

with Θ2
E,K defined by (3.4.13).

The main goal of this section is to establish, under suitable assumptions, the existence of positive
constants Crel, Ceff , crel, ceff , independent of the meshsizes and the continuous and discrete solutions,
such that

CeffΘ̃ ≤ ‖(~σ, σ̃)− (~σh, σ̃h)‖ ≤ CrelΘ̃, and ceffΘ̂ ≤ ‖(~σ, σ̃)− (~σh, σ̃h)‖ ≤ crelΘ̂.(3.4.46)

A general a posteriori error estimate

We now focus here on the mixed diffusion equation. Applying the uniform ellipticity of the bi-
linear form Aσ, we conclude a preliminary upper bound for the total error under smallness-of-data
assumptions. More precisely, we begin with the following auxiliary result.

Lemma 3.4.22. There exists C2 > 0, independent of h, such that

‖σ̃ − σ̃h‖H2
≤ C2

{
‖RD‖H(div;Ω)′ + ‖g(uh) + div σ̃h‖0,Ω + ‖σ̃h − ϑ(σh)th‖0,Ω

+ ‖∇φh − th‖0,Ω + Lϑ cS

(
‖uD‖1/2,Γ + f2|Ω|1/2

)
‖σ − σh‖div;Ω

+ ϑ2 ‖t− th‖0,Ω + Lg ‖u− uh‖0,Ω
}
,

(3.4.47)

where the functional RD is defined by

RD(τ̃ ) := −κ2

∫
Ω

(g(uh) + div σ̃h) · div τ̃ −
∫

Ω
th · τ̃ −

∫
Ω
φhdiv τ̃ − κ1

∫
Ω

(σ̃h− ϑ(σh)th) · τ̃ , (3.4.48)

for each τ̃ ∈ H(div; Ω). Furthermore, there holds

RD(τ̃ h) = 0 ∀ τ̃ h ∈ Hσ̃
h . (3.4.49)

Proof. We proceed similar as in the proof of Lemma 3.4.9, applying the global inf-sup condition to the
error between σ̃ and σ̃h, to obtain

α ‖σ̃ − σ̃h‖H2
≤ sup

τ̃∈H2
τ̃ 6=0

Gu(τ̃ )−Aσ(σ̃h, τ̃ )

‖τ̃‖H2

,

where α is the ellipticity constant of Aσ given in [84, eq. (3.18)]. Now, adding and subtracting terms
appropriately, we can write

Gu(τ̃ )−Aσ(σ̃h, τ̃ ) = Guh(τ̃ )−Aσh(σ̃h, τ̃ ) +Aσh(σ̃h, τ̃ )−Aσ(σ̃h, τ̃ ) +Gu(τ̃ )−Guh(τ̃ ).(3.4.50)
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In this way, by using the definitions of Aσ, Aσh , Gu, and Guh , we notice that

|(Aσh −Aσ)(σ̃h, τ̃ )| ≤ C̃2

{
LϑcS(‖uD‖1/2,Γ + f2|Ω|1/2) ‖σ̃ − σ̃h‖0,Ω

+ϑ2 ‖t− th‖0,Ω
}
‖τ̃‖H2

,
(3.4.51)

|(Gu −Guh)(τ̃ )| ≤ Ĉ2Lg ‖u− uh‖0,Ω ‖τ̃‖H2 , (3.4.52)

and

|Guh(τ̃ )−Aσh(σ̃h, τ̃ )| ≤ C2

{
|RD(τ̃ )|+ ‖g(uh) + div σ̃h‖0,Ω + ‖σ̃h − ϑ(σh)th‖0,Ω

+ ‖∇φh − th‖0,Ω
}
‖τ̃‖H2 , (3.4.53)

and then, the estimate (3.4.47) follows by replacing (3.4.51), (3.4.52) and (3.4.53) back into (3.4.50).
Finally, using the fact that Guh(τ̃ h)−Aσh(σ̃h, τ̃ h) = 0 ∀ τ̃ h ∈ H2,h, and taking in particular sh = 0

and ψh = 0, we arrive at (3.4.49), which completes the proof.

Consequently, we can establish the following preliminary upper bound for the total error.

Theorem 3.4.23. Assume that

C1Lf + C2

{
LϑcS

(
‖uD‖1/2,Γ + f2|Ω|1/2

)
+ ϑ2 + Lg

}
<

1

2
. (3.4.54)

Then, there exists C3 > 0, independent of λ and h, such that the total error satisfies

‖(~σ, σ̃)− (~σh, σ̃h)‖ ≤ C3

{
‖RE‖H0(div;Ω)′ + ‖f(φh) + divσh‖0,Ω + ‖σh − σt

h‖0,Ω + ‖RD‖H(div;Ω)′

+ ‖g(uh) + div σ̃h‖0,Ω + ‖σ̃h − ϑ(σh)th‖0,Ω + ‖∇φh − th‖0,Ω
}
.

Proof. It follows as a straightforward application of (3.4.54) and Lemmas 3.4.8 and 3.4.22.

We end this section by rewriting equivalently the residual RD. In fact, given τ̃ ∈ H(div; Ω), we
apply integration by parts to the third term on the right-hand side of (3.4.48), to obtain

RD(τ̃ ) = −κ2

∫
Ω

(g(uh) + div σ̃h) · div τ̃ +

∫
Ω

(∇φh − th) · τ̃ − κ1

∫
Ω

(σ̃h − ϑ(σh)th) · τ̃ . (3.4.55)

Reliability of the a posteriori error estimators

The main goal of this section is to establish an upper bound for the residual RD in its respective
norm. This task is actually performed in two different ways, which leads to the reliability of the a
posteriori error estimators Θ̃ and Θ̂. We begin with the upper bound for the first inequality in (3.4.46).

Lemma 3.4.24. There exists a constant Crel > 0, independent of λ and h, such that

‖(~σ, σ̃)− (~σh, σ̃h)‖ ≤ CrelΘ̃.

Proof. The proof follows straightforwardly from the application of the Cauchy-Schwarz inequality to
the residual RD (cf. (3.4.55)), Lemma 3.4.13, and the definition of Θ̃.
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In turn, we now aim at establishing an upper bound for the second inequality in (3.4.46). For that,
we will apply the vector form of the Helmholtz decomposition in Lemma 3.4.8, to bound ‖RD‖H(div;Ω)′ .
In fact, given τ̃ ∈ H(div; Ω), there exist z ∈ H2(Ω) and Φ ∈ H1(Ω) such that

τ̃ = ∇z + rot Φ ∈ Ω, and ‖z‖2,Ω + ‖Φ‖1,Ω ≤ C ‖τ̃‖div;Ω , (3.4.56)

and then, denoting Φh := Ih(Φ), we define τ̃ h := Πh(∇z) + rot(Φh) ∈ Hσ̃
h . In this way, noticing from

(3.4.49) that RD(τ̃ h) = 0, it readily follows that RD(τ̃ ) can be decomposed as

RD(τ̃ ) = RD(τ̃ − τ̃ h) = RD(∇z −Πh(∇z)) +RD(rot(Φ− Φh)). (3.4.57)

In the following two lemmas, we provide upper bounds for the terms on the right-hand side of (3.4.57).

Lemma 3.4.25. There exists C > 0, independent of h, such that for each z ∈ H2(Ω), there holds

|RD(∇z −Πh(∇z))| ≤ C

{ ∑
K∈Th

(
‖g(uh) + div σ̃h‖20,K + h2

K‖∇φh − th‖20,K

+ h2
K‖σ̃h − ϑ(σh)th‖20,K

)}1/2

‖z‖2,Ω .

(3.4.58)

Proof. Given z ∈ H2(Ω), we first notice, from the definition of RD (cf. (3.4.55)), that there holds

RD(∇z −Πh(∇z)) = −κ2

∫
Ω

(g(uh) + div σ̃h) · div (∇z −Πh(∇z))

+

∫
Ω

(∇φh − th) · (∇z −Πh(∇z))− κ1

∫
Ω

(σ̃h − ϑ(σh)th) · (∇z −Πh(∇z)).
(3.4.59)

For the first term on the right-hand side of (3.4.59) we proceed as in [16, Lemma 3.10], whereas
for the remaining terms, we simply apply the Cauchy-Schwarz inequality, and subsequently use the
approximation properties of Πh provided by Lemma 3.4.2.

Lemma 3.4.26. There exists C > 0, independent of h, such that for each Φ ∈ H1(Ω), there holds

|RD(rot(Φ− Φh))|

≤ C

∑
K∈Th

(
‖σ̃h − ϑ(σh)th‖20,K + h2

K‖rot(th)‖20,K +
∑

e∈Eh(K)

he ‖Jth · sK‖20,e
)

1/2

‖Φ‖1,Ω .

Proof. Given Φ ∈ H1(Ω), we notice from the original definition of RD (cf. (3.4.48)) that there holds

RD(rot(Φ− Φh)) = −κ1

∫
Ω

(σ̃h − ϑ(σh)th) · rot(Φ− Φh)−
∫

Ω
th · rot(Φ− Φh). (3.4.60)

For the first term, we proceed as in the proof of [89, Lemma 3.9], applying the boundedness of Ih :

H1(Ω)→ H1(Ω) (cf. [75, Lemma 1.127]), and the Cauchy-Schwarz and triangle inequalities, to deduce
that ∣∣∣∣κ1

∫
Ω

(σ̃h − ϑ(σh)th) · rot(Φ− Φh)

∣∣∣∣ ≤ C1‖σ̃h − ϑ(σh)th‖0,Ω ‖Φ‖1,Ω . (3.4.61)
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Now, for the second term, we proceed as in the proof of [49, Lemma 3.9], to obtain

∣∣∣∣∫
Ω
th · rot(Φ− Φh)

∣∣∣∣ ≤ C2

∑
K∈Th

(
h2
K‖rot(th)‖20,K +

∑
e∈Eh(K)

he ‖Jth · sK‖20,e
)

1/2

‖Φ‖1,Ω . (3.4.62)

Finally, the desired result follows by replacing (3.4.61) and (3.4.62) back into (3.4.60).

As a consequence of Lemmas 3.4.25 and 3.4.26, the identity (3.4.57), and the stability result given
by (3.4.56), we can deduce the required upper bound for ‖RD‖H(div;Ω)′ , that is

‖RD‖H(div;Ω)′ ≤ C

∑
K∈Th

(
‖g(uh) + div σ̃h‖20,K + h2

K‖∇φh − th‖20,K + h2
K‖σ̃h − ϑ(σh)th‖20,K

+ ‖σ̃h − ϑ(σh)th‖20,K + h2
K‖rot(th)‖20,K +

∑
e∈Eh(K)

he ‖Jth · sK‖20,e
)

1/2

,

where C is a positive constant independent of h.

Finally, we point out that the existence of a constant crel > 0, such that

‖(~σ, σ̃)− (~σh, σ̃h)‖ ≤ crelΘ̂,

follows from Theorem 3.4.23, and Lemmas 3.4.13, 3.4.25 and 3.4.26, after observing that, for sufficiently
small elements, the terms h2

K‖∇φh − th‖20,K and h2
K‖σ̃h − ϑ(σh)th‖20,K in (3.4.58), are dominated by

‖∇φh − th‖20,K and ‖σ̃h − ϑ(σh)th‖20,K , respectively.

Efficiency of the a posteriori error estimators

Let us begin with the efficiency estimate for Θ̃.

Lemma 3.4.27. There exists Ceff > 0, independent of λ and h, such that

CeffΘ̃ ≤ ‖(~σ, σ̃)− (~σh, σ̃h)‖. (3.4.63)

Proof. We recall that g(u) = −div σ̃ in Ω. In this way, it is clear that

‖g(uh) + div σ̃h‖20,K ≤ 2 ‖div(σ̃ − σ̃h)‖20,K + 2L2
g ‖u− uh‖

2
0,K . (3.4.64)

Moreover, since σ̃ = ϑ(σ)t in Ω, applying the Lipschitz continuity of ϑ, the regularity estimate [83,
eq. (2.23)], and the Cauchy-Schwarz inequality, we deduce

‖σ̃h − ϑ(σh)th‖20,K ≤ C
{
‖σ̃ − σ̃h‖20,K + ‖σ − σh‖20,K + ‖t− th‖20,K

}
. (3.4.65)

Additionally, since t = ∇φ in Ω, we get

‖∇φh − th‖20,K ≤ C1

{
‖φ− φh‖21,K + ‖t− th‖20,K

}
. (3.4.66)

Finally, the result follows from the definition of Θ̃, estimates (3.4.40), (3.4.41), (3.4.64), (3.4.65) and
(3.4.66), and Lemmas 3.4.16 - 3.4.19.
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On the other hand, we derive the efficiency of the estimator Θ̂. The following lemma provides the
required upper bounds for the second and third terms on the right-hand side of (3.4.45).

Lemma 3.4.28. There exist c1, c2 > 0, independent of h, such that

h2
K ‖rot(th)‖20,K ≤ c1 ‖t− th‖20,K ∀K ∈ Th,

he ‖Jth · sK‖20,e ≤ c2 ‖t− th‖20,ωe ∀ e ∈ Eh.

Proof. For the first inequality, we simply apply the vector version of the first inequality in Lemma
3.4.7 with ξh = th and ξ = t = ∇φ, whereas for the second one, we can follow the proof given by [28,
Lemma 4.4]. We omit further details.

Finally, as a consequence of the estimates (3.4.40), (3.4.41), (3.4.64), (3.4.65) and (3.4.66), and
Lemmas 3.4.16 - 3.4.19, and 3.4.28, we are now in position to state the efficiency of Θ̂.

Lemma 3.4.29. There exists a ceff > 0, independent of λ and h, such that

ceffΘ̂ ≤ ‖(~σ, σ̃)− (~σh, σ̃h)‖. (3.4.67)

3.5 Numerical results

In this section we present some numerical results illustrating the properties of the estimator intro-
duced in Section 3.4 and showing the behaviour of the associated adaptive algorithm. The individual
errors and rates of convergence of the unknowns will be computed as usual

e(σ) = ‖σ − σh‖div;Ω , e(u) = ‖u− uh‖0,Ω , e(ρ) = ‖ρ− ρh‖0,Ω , e(σ̃) = ‖σ̃ − σ̃h‖div;Ω ,

e(t) = ‖t− th‖0,Ω , e(φ) = ‖φ− φh‖1,Ω , r(·) =
log(e(·)/ê(·))

log(h/ĥ)
,

where e and ê denote errors computed on two consecutive meshes of sizes h and ĥ. When the adaptive
algorithm is applied, the expression log(h/ĥ) appearing in the computation of the above rates is
replaced by −0.5 log(N/N̂), where N and N̂ , denote the corresponding degrees of freedom of each
triangulation. In addition, given the total errors

e1 =
{

[e(σ)]2 + [e(u)]2 + [e(ρ)]2 + [e(φ)]2
}
, and e2 = {e1 + e[(t)]2 + e[(σ̃)]2},

the effectivity indexes associated with Θ, Θ̃, and Θ̂ are defined, respectively, as

eff(Θ) =
e1

Θ
, eff(Θ̃) =

e2

Θ̃
, and eff(Θ̂) =

e2

Θ̂
.

The linearisation of the systems associated with the assembled forms of (3.3.4) and (3.3.8) is carried
out by Newton’s method. In turn, the solution of the resulting linear systems at each Newton step
are conducted using the Multifrontal Massively Parallel Sparse direct Solver (MUMPS). In addition,
the examples use a classical adaptive mesh refinement procedure based on the equi-distribution of the
error indicators, where the diameter of each element in the new adapted mesh (contained in a generic
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element K on the initial coarse mesh) is proportional to the diameter of the initial element times the
ratio Θ̂h/ΘK , where Θ̂h is the mean value of a given indicator Θ over the initial mesh (cf. [147]).

On the other hand, we recall that given the Young modulus E and the Poisson ratio ν of an isotropic
linear elastic solid, the corresponding Lamé parameters are defined as λ = Eν(1 + ν)−1(1− 2ν)−1 and
µ = E/(2 + 2ν). Thus, in the following examples, we will consider E = 1.0e3 and ν = 0.4.

Moreover, we point out that given D0 = D1 = 0.1, the nonlinear functions

ϑ(σ) = (D0 +D1(1 + |σ|2)−0.5) I, f(φ) =

(
− sin(φ)

cos(φ)

)
, and g(u) = 2 +

1

1 + |u|2
,

satisfying (3.2.2)-(3.2.4), will be used in the following computational tests, and remark that for the
examples described below, the elasticity and diffusion equations are considered non-homogeneous and
the extra source terms are chosen according to the given exact solutions. This treatment does not
compromise the analysis, as the regularity of the exact solution provides sufficiently smooth right-hand
sides, thus only requiring a slight modification of the functionals in the variational formulation.

Finally, for the nonlinear diffusivity, the parameters appearing in (3.2.2) are given by: ϑ0 = D0,
ϑ2 =

√
2(D0 + D1), and then, according to [84, eq. (3.20)], the stabilisation parameters for the

fully-mixed scheme (3.3.8) can be taken as κ1 = ϑ0/ϑ2, κ2 = ϑ0/2ϑ2 and κ3 = ϑ0/2.

Example 1. In the first example, we consider the following exact solutions to (3.2.1):

u =
1

λ

(
d1 cos(πx1) sin(2πx2)

−d1 sin(πx1) cos(πx2)

)
, φ = 1.0− e−x1(x1−1)x2(x2−1), (3.5.1)

defined on the unit square Ω = (0, 1)2, satisfying the boundary conditions uD = u on Γ and φ = 0 on
Γ. The involved coefficient in (3.5.1) is taken as d1 = 0.05.

The manufactured solutions on the considered domain are smooth, and the a posteriori error indica-
tors show effectivity indexes close to one. The results reported in Tables 3.1 and 3.2 indicate optimal
convergence rates for the two lowest-order methods. Approximate solutions obtained after seven steps
of uniform refinement are depicted in Figure 3.1.

Example 2. In our second example we design a mesh convergence test using a closed-form solution,
and performing uniform and adaptive mesh refinements. Thus, we consider the same computational
domain as the one given in Example 1, and propose the following exact solutions

u =
1

λ

(
−d1 sin(x1) cos(x2)

(x2+0.02)2+(x1+0.02)2

−d1 cos(x1) sin(2x2)

)
, φ =

x1(x1 − 1)x2(x2 − 1)

(10x1 + 0.1)2
, (3.5.2)

where the manufactured displacement is used as Dirichlet datum on Γ, and the involved coefficient
in (3.5.2) is taken as in Example 1. Notice that the first component of the displacement, and the
concentration, in (3.5.2), exhibit singularities just outside the domain, at (0, 0) and the line x1 = −0.01,
respectively, therefore, high gradients are also expected in the approximation of these fields, and optimal
convergence is no longer evidenced under uniform mesh refinement (see second row of Tables 3.3 and
3.4). In Tables 3.3 and 3.4, we show the individual errors, the effectivity indexes and experimental
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N e(σ) r(σ) e(u) r(u) e(ρ) r(ρ) e(φ) r(φ) eff(Θ)

Lowest-order mixed-primal method

346 0.372 - 8.4e-6 - 3.3e-5 - 5.8e-2 - 1.00
1298 0.191 1.00 4.2e-6 1.03 1.6e-5 1.05 2.8e-2 1.10 0.99
5026 0.096 1.01 2.1e-6 1.01 8.4e-6 1.02 1.4e-2 1.01 0.99
19778 0.048 1.00 1.0e-6 1.01 4.2e-6 1.01 7.0e-3 1.01 0.99
78466 0.024 1.00 5.3e-7 1.00 2.1e-6 1.00 3.5e-3 1.00 0.99
312578 0.012 1.00 2.6e-7 1.00 1.0e-6 1.00 1.7e-3 1.00 0.99

Second-order mixed-primal method

898 0.0825 - 1.7e-6 - 7.6e-6 - 8.2e-3 - 0.99
3458 0.0213 2.00 4.4e-7 2.01 1.9e-6 2.03 2.1e-3 2.02 0.98
13570 0.0053 2.01 1.1e-7 2.01 4.8e-7 2.02 5.2e-4 2.00 0.98
53762 0.0013 2.01 2.8e-8 2.01 1.2e-7 2.01 1.3e-4 2.01 0.98
214018 0.0003 2.00 7.0e-9 2.00 3.0e-8 2.00 3.2e-5 2.00 0.98

Table 3.1: Example 1: Degrees of freedom, individual absolute errors, rates of convergence, and
effectivity index for the first- and second-order mixed-primal finite element methods (table produced
by the author).

Lowest-order augmented fully-mixed scheme

N e(σ) r(σ) e(u) r(u) e(ρ) r(ρ) e(t) r(t) e(σ̃) r(σ̃) e(φ) r(φ) eff(Θ̃) eff(Θ̂)

466 3.728 - 8.4e-5 - 3.3e-4 - 1.9e-2 - 4.5e-2 - 5.6e-2 - 1.001 1.00
1762 1.918 0.99 4.2e-5 1.02 1.6e-4 1.05 9.6e-3 1.02 2.3e-2 0.99 2.7e-2 1.08 0.999 0.999
6850 0.965 1.01 2.1e-5 1.01 8.4e-5 1.02 4.7e-3 1.03 1.1e-2 1.00 1.4e-2 0.99 0.999 0.998
27010 0.483 1.00 1.0e-5 1.00 4.2e-5 1.01 2.3e-3 1.01 5.8e-3 1.00 7.0e-3 0.99 0.999 0.998
107266 0.242 1.00 5.3e-6 1.00 2.1e-5 1.00 1.1e-3 1.00 2.9e-3 1.00 3.5e-3 1.00 0.999 0.998
427522 0.121 1.00 2.6e-6 1.00 1.0e-5 1.00 5.9e-4 1.00 1.4e-3 1.00 1.7e-3 1.00 0.999 0.998

Second-order augmented fully-mixed scheme

1266 0.825 - 1.7e-5 - 7.6e-5 - 2.4e-3 - 6.6e-3 - 7.4e-3 - 1.000 0.997
4898 0.213 1.99 4.4e-6 2.00 1.9e-5 2.02 6.2e-4 2.04 1.7e-3 1.99 1.9e-3 1.96 0.999 0.996
19266 0.053 2.01 1.1e-6 2.01 4.8e-6 2.02 1.5e-4 2.02 4.3e-4 2.01 5.0e-4 1.98 0.999 0.996
76418 0.013 2.00 2.8e-7 2.00 1.2e-6 2.01 3.9e-5 2.01 1.0e-4 2.00 1.2e-4 1.98 0.999 0.996
304386 0.003 2.00 7.0e-8 2.00 3.0e-7 2.00 9.8e-6 2.00 2.7e-5 2.00 3.2e-5 1.99 0.999 0.996

Table 3.2: Example 1: Degrees of freedom, individual absolute errors, rates of convergence, and
effectivity indexes for the first- and second-order augmented fully-mixed finite element methods (table
produced by the author).

rates of convergence for the uniform and adaptive refinements of the mixed-primal and augmented
fully-mixed schemes. As expected, we observe that the errors decrease faster through the adaptive
procedure, and that in each case, the effectivity indexes remain bounded, which confirms the reliability
and efficiency of Θ, Θ̃ and Θ̂, in the cases of non-smooth solutions. Moreover, although super-
convergence of the concentration can be seen when the adaptive scheme is applied for the augmented
fully-mixed system (see the last two blocks of Table 3.4), we notice from Figure 3.3(a) that the global
rate of convergence remains optimal. Furthermore, it is important to remark that when the adaptive
algorithms are applied, optimal convergence can be restored, as shown in the last block of Table 3.3 and
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1.64  3.26  8.8e-03 4.9e+00

(a)

0.00012 0.000239.9e-08 3.5e-04

(b)

-0.00055 0.00055-1.6e-03 1.6e-03

(c)

0.017 0.0334.6e-08 5.0e-02

(d)

0.02 0.04-3.0e-04 6.1e-02

(e)

0.082 0.163.9e-11 2.5e-01

(f)

Figure 3.1: Example 1: Approximation of the stress magnitude |σh| (a), displacement magnitude
|uh| (b), rotation magnitude |ρh| (c), diffusive flux magnitude |σ̃h| (d), concentration of the diffusive
substance φh (e), and concentration gradient magnitude |th| (f), by using the lowest-order augmented
fully-mixed scheme with adaptive refinement according to Θ̃ (figure produced by the author).

the last two blocks of Table 3.4. Additionally, we display in Figure 3.2 some adapted meshes obtained
during the adaptive refinements according to Θ, Θ̃ and Θ̂, and observe that they are concentrated
around (0, 0) and the line x1 = −0.01, which shows how the method is able to identify the regions in
which the accuracy of the numerical approximation is deteriorated. Finally, approximation solutions
are shown in Figure 3.3(b-e) after eight steps of adaptive refinement according to the indicator Θ.
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N e(σ) r(σ) e(u) r(u) e(ρ) r(ρ) e(φ) r(φ) eff(Θ)

Lowest-order mixed-primal scheme upon uniform refinement

346 136.2 - 3.4e-5 - 2.2e-4 - 1.54 - 1.13
1298 77.45 0.85 2.4e-5 0.50 2.6e-4 -0.23 1.10 0.50 1.06
5026 56.68 0.46 1.1e-5 1.19 1.8e-4 0.48 0.81 0.45 1.00
19778 42.11 0.43 4.3e-6 1.37 9.9e-5 0.93 0.66 0.30 0.99
78466 26.29 0.68 1.8e-6 1.21 4.3e-5 1.19 0.56 0.24 0.99
312578 14.25 0.88 8.8e-7 1.08 1.8e-5 1.24 0.41 0.42 0.99
Lowest-order mixed-primal scheme with adaptive refinement according to Θ

346 136.2 - 3.4e-5 - 2.2e-4 - 1.54 - 1.13
898 77.45 1.18 2.3e-5 0.81 2.1e-4 0.46 1.10 0.71 1.06
2239 56.68 0.68 1.0e-5 1.76 1.5e-4 0.70 0.80 0.67 1.00
4985 42.06 0.74 4.5e-6 2.08 8.5e-5 1.56 0.65 0.52 0.99
10968 25.83 1.23 2.8e-6 1.15 4.0e-5 1.88 0.54 0.44 0.99
27366 13.32 1.44 1.7e-6 1.07 1.9e-5 1.62 0.40 0.66 0.99
77382 6.484 1.38 1.1e-6 0.75 9.4e-6 1.36 0.24 0.94 0.99
244093 3.190 1.23 6.5e-7 1.05 4.7e-6 1.21 0.13 1.08 0.99

Table 3.3: Example 2: Degrees of freedom, individual absolute errors, rates of convergence, and effec-
tivity index for the lowest-order mixed-primal finite element method (table produced by the author).
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N e(σ) r(σ) e(u) r(u) e(ρ) r(ρ) e(σ̃) r(σ̃) e(t) r(t) e(φ) r(φ) eff(Θ̃) eff(Θ̂)

Lowest order augmented fully-mixed scheme upon uniform refinement

466 136.2 - 3.2e-5 - 2.2e-4 - 130.1 - 17.2 - 48.1 - 1.14 1.11
1762 77.46 0.84 2.1e-5 0.64 2.5e-4 -0.22 91.73 0.52 6.85 1.39 17.1 1.55 1.09 1.08
6850 56.68 0.46 1.0e-5 1.08 1.8e-4 0.46 65.41 0.49 2.84 1.29 6.64 1.39 1.05 1.04
27010 42.11 0.43 4.1e-6 1.28 9.8e-5 0.92 48.19 0.44 1.53 0.89 3.16 1.08 1.02 1.02
107266 26.29 0.68 1.8e-6 1.16 4.3e-5 1.18 37.02 0.38 0.95 0.69 1.66 0.93 1.00 1.00
427522 14.25 0.88 8.9e-7 1.07 1.8e-5 1.24 26.99 0.45 0.56 0.74 0.79 1.07 1.00 0.99

Lowest order augmented fully-mixed scheme with adaptive refinement according to Θ̃

466 136.2 - 3.2e-5 - 2.2e-4 - 130.1 - 17.2 - 48.1 - 1.14
1762 77.45 0.84 2.1e-5 0.58 2.1e-4 0.10 91.72 0.52 0.73 1.28 18.0 1.47 1.09
6014 56.68 0.50 9.8e-6 1.29 1.5e-4 0.52 65.41 0.55 3.02 1.44 7.04 1.53 1.05
13206 42.06 0.75 4.1e-6 2.20 8.5e-5 1.58 48.19 0.77 1.61 1.59 3.35 1.88 1.02
24044 25.83 1.62 2.2e-6 2.10 4.0e-5 2.47 37.02 0.88 0.98 1.64 1.74 2.17 1.00
48542 13.32 1.88 1.4e-6 1.25 1.9e-5 2.12 26.99 0.89 0.57 1.51 0.81 2.17 1.00
127678 6.484 1.49 1.0e-6 0.68 9.4e-6 1.47 16.97 0.95 0.31 1.25 0.33 1.81 1.00
423282 3.190 1.18 6.3e-7 0.78 4.6e-6 1.16 9.344 0.99 0.16 1.09 0.14 1.41 1.00

Lowest order augmented fully-mixed scheme with adaptive refinement according to Θ̂

466 136.2 - 3.2e-5 - 2.2e-4 - 130.1 - 17.2 - 48.1 - 1.11
1762 77.45 0.84 2.1e-5 0.58 2.1e-4 0.11 91.72 0.52 7.34 1.28 18.0 1.47 1.08
6708 56.68 0.46 9.8e-6 1.19 1.5e-4 0.48 65.41 0.50 3.02 1.32 7.04 1.40 1.05
14956 42.06 0.74 4.1e-6 2.18 8.5e-5 1.55 48.19 0.76 1.61 1.56 3.35 1.85 1.02
26122 25.83 1.74 2.1e-6 2.34 4.0e-5 2.66 37.02 0.94 0.98 1.76 1.74 2.34 1.00
52180 13.32 1.91 1.3e-6 1.37 1.9e-5 2.15 26.99 0.91 0.57 1.53 0.81 2.20 0.99
128846 6.484 1.59 9.1e-7 0.83 9.3e-6 1.58 16.97 1.02 0.31 1.33 0.33 1.94 0.99
431240 3.190 1.17 6.3e-7 0.60 4.6e-6 1.14 9.344 0.98 0.16 1.09 0.14 1.40 0.99

Table 3.4: Example 2: Degrees of freedom, individual absolute errors, rates of convergence, and
effectivity indexes for the lowest-order augmented fully-mixed finite element method (table produced
by the author).
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 3.2: Example 2: From left to right, three snapshots of successively refined meshes according to
the indicators Θ (a,b,c), Θ̃ (d,e,f), and Θ̂ (g,h,i) (figure produced by the author).
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Figure 3.3: Example 2: Plot of the total error versus the number of degrees of freedom N associated
with the uniform mesh refinement and adaptive algorithms according to Θ̃ and Θ̂ (a); and approximate
stress magnitude (b), rotation magnitude (c), displacement magnitude (d), and solute concentration
(e) computed using the lowest-order scheme where mesh adaptation is done via the estimator Θ after
eight steps of refinement (figure produced by the author).



CHAPTER 4

Stability and finite element approximation of phase change models
for natural convection in porous media

4.1 Introduction

The phenomenon of natural convection driven by variations in temperature distribution has been
extensively studied from the viewpoint of physical properties and also using computational methods.
Common applications include ocean and atmosphere dynamics, design of double glass windows and
ventilation devices. If the density of the fluid is approximately constant and the buoyancy contribution
depends on temperature, the model equations consist of the so-called Boussinesq approximation [35].
Phenomena that involve phase change in addition to these elements have also a great relevance in many
industrial and natural processes, as in e.g. the melting and solidification in the refining of metals.

As the nature of the physical scenario abruptly changes, modelling and computing formalisms usually
have difficulty in reproducing the behaviour of the system especially near the liquid-solid interface.
Phase changes have been incorporated into the Boussinesq approximation mainly using two different
approaches. One is based on enthalpy-porosity models (as in e.g. [134]), where a jump function arising
from the so-called Carman-Kozeny equations (see e.g. [45, 105]) enforces a large drag force in the
solid regime. In other approaches, phase change has been modelled by embedding a jump function
into the viscosity, as in e.g. [64]. One objective in the present work is to give a numerical comparison
between these two models. Difficulties in incorporating phase change models are related to the choice
of regularisation and jump size parameters. We address this issue with a new viscosity-based model
that highlights an appropriate choice of parameters. This model considers the presence of microscopic
particles in the solid, which resembles porosity-based models. We choose a transition from fluid to
solid having a large gradient, which creates additional numerical challenges.

Recent numerical methods dedicated for phase change Boussinesq models include a class of stabilised
discontinuous Galerkin and finite volume methods proposed for porosity-based models in [134] and
[155], respectively; and the primal finite element scheme for viscosity-based models, introduced in
[64]. However these contributions do not address the stability of the discrete or continuous problems.
Theoretical studies are available for other (typically simpler) related stationary models, as natural
convection [164, 115] including stabilisation analysis and errors estimates, and also time-dependent
Boussinesq-type problems under different contexts in [4, 8, 29, 67, 135, 137]. The discretisation of these

98
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problems has been associated with Taylor-Hood finite elements for mass and momentum equations and
piecewise quadratic approximations for the temperature (as in [164, 115, 67, 123]), or Taylor-Hood and
piecewise linear elements as in [64], the MINI-element and Lagrange elements [8] and also piecewise
quadratic, piecewise linear and piecewise quadratic for velocity-pressure-temperature as in [4]. Exactly
divergence-free methods are available for the stationary Boussinesq equations [122], and other related
mixed formulations including a posteriori error estimates can be found in [14, 58, 61, 76, 31]. Finite
volume, finite difference and Lagrangian schemes have also been used to simulate solidification problems
[104, 95, 124, 18]. In summary, a large variety of methods could be employed to solve numerically the
equations we look at here. However the stability of the numerical methods applied to this specific case
has not yet been addressed, and this is precisely another objective of this chapter.

The remainder of this chapter is structured as follows. Section 4.2 recalls the model problems of
flow and temperature with and without phase change. In Section 4.3 we derive a weak formulation of
the governing equations and outline a solvability and stability analysis. In Section 4.4 we introduce
two finite element methods based on the primal velocity-pressure-temperature formulation and on
the mixed-primal stress-velocity-temperature formulation of the generalised Boussinesq equations. We
specify the fully discrete implicit scheme and write down the corresponding Newton linearisation. Next,
in Section 4.5 we present several tests serving as numerical validation for the enthalpy-free case, and we
then present a set of comparisons and concluding insights drawn from the simulations of the melting
case, collected in Section 4.6. These tests also include a qualitative analysis on the micro-structure
and its relationship with our modelling assumptions.

4.2 Phase-change Boussinesq models

4.2.1 Main assumptions and model equations

The model problem arises from the description of flow (which has kinematic viscosity ν, thermal
expansion coefficient α, and nondimensional specific heat C) using Navier-Stokes and Stefan problems.
Applying the so-called Oberbeck-Boussinesq approximation, one ends up with the following set of
governing equations written in terms of the velocity u(t) : Ω→ Rd, the pressure p(t) : Ω→ R, and the
temperature θ(t) : Ω→ R:

∂tu+ u · ∇u− 1

Re
div
[
2µ(θ)ε(u)

]
+∇p+ η(θ)u = f(θ)k, (4.2.1)

divu = 0, in Ω× (0, tf ], (4.2.2)

∂tθ + u · ∇θ − 1

CPr
div(κ∇θ) + ∂ts+ u · ∇s = 0, (4.2.3)

and which state the conservation of momentum, mass, and energy with enthalpy, respectively. In
(4.2.1)-(4.2.3), ε(u) = 1

2(∇u + ∇uT ) is the strain rate tensor; the function s is the enthalpy; the
symbol k stands for the unit vector pointing in the opposite direction to gravity; η, µ are nonlinear
functions of temperature that encode the permeability of the porous material and the viscosity of the
fluid, respectively. These functions will assume different specifications depending on the phase change
model, to be discussed later on. We also represent by Re = ρrefVrefLrefµ

−1 the Reynolds number,
the adimensional buoyancy force f(θ) = Raθ(Pr Re2)−1 (depending linearly on the temperature dis-
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tribution as in the classical Boussinesq approximation [35]), κ is the adimensional heat conductivity
tensor (here assumed isotropic), Ra = gβLref(θh − θc)[να]−1 is the Rayleigh number, g is the gravity
magnitude, Lref , ρref , Vref are the reference length, density, and velocity defining the flow, θh, θc are
maximum and minimum temperatures, and Pr = να−1 is the Prandtl number. Here s(θ) denotes the
regularised enthalpy function and it accounts for the latent heat of fusion, i.e. the energy needed to
change the phase of a material.

In order to analyse the coupled system (4.2.1)-(4.2.3), we will suppose that the functions µ, η are
uniformly bounded and Lipschitz continuous: there exist positive constants µ1, µ2, η1, η2, Lµ and Lη,
such that

η1 ≤ η(ψ) ≤ η2, |η(ψ)− η(ϕ)| ≤ Lη|ψ − ϕ| ∀ψ,ϕ ∈ R, (4.2.4)

µ1 ≤ µ(ψ) ≤ µ2, |µ(ψ)− µ(ϕ)| ≤ Lµ|ψ − ϕ| ∀ψ,ϕ ∈ R. (4.2.5)

Similar assumptions will be placed on the source function f : we suppose that there exists positive
constants Cf and Lf such that

|f(ψ)| ≤ Cf |ψ|, |f(ψ)− f(ϕ)| ≤ Lf |ψ − ϕ| ∀ψ,ϕ ∈ R. (4.2.6)

On the other hand, we will suppose that for every ψ ∈ H1(Ω), we have s(ψ) ∈ H1(Ω), and that there
exist positive constants s1, s2, Ls1 and Ls2 such that

|s(ψ)| ≤ s1, |s(ψ)−s(ϕ)| ≤ Ls1 |ψ−ϕ| |∇s(ψ)| ≤ s2|∇ψ|, |∇s(ψ)−∇s(ϕ)| ≤ Ls2 |ψ−ϕ|, (4.2.7)

for all ψ,ϕ ∈ R. Finally, we suppose that κ is a uniform bounded and uniformly positive definite
tensor, meaning that there exist positive constants κ0 and κ1 such that

|κ| ≤ κ1, κv · v ≥ κ0|v|2 ∀v ∈ Rd. (4.2.8)

Boundary and initial data. Equations (4.2.1)-(4.2.3) are supplemented with boundary conditions
as follows. No-slip boundary conditions are prescribed on the velocity over the whole ∂Ω, and therefore
an additional condition is required for pressure uniqueness; as usual we impose a zero-mean property.
Regarding the energy equation, we assume that the domain boundary admits a splitting between two
disjoint sets ΓθD and ΓθN , where temperature and normal heat fluxes are prescribed, respectively. The
system is supposed to be initially at rest and isothermal, and so we set u(0) = 0, p(0) = 0 and
θ(0) = θ0 with θ0 constant.

4.2.2 Enthalpy-porosity models for phase change

The permeability function η appearing in the drag term is usually defined in such a way that (4.2.1)
behaves as the well-known Carman-Kozeny equations (see e.g. the review [126]). That is, one uses a
phase change (or liquid fraction) field φ with

η(φ) = ξ
(1− φ)2

φ3 +m
, with φ =

1

2

[
tanh

(
5

δθ
(θ − θf )

)
+ 1
]
, (4.2.9)
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where m > 0 is a small parameter that prevents division by zero. The term δθ represents the temper-
ature range corresponding to the width of the mushy region, and θf is a constant the jump function is
regularised about and it corresponds to the melting point subject to appropriate scaling (in the sense
that in the fluid one has φ = 1 by setting η = 0, and in the solid φ = 0 corresponds to η = ξ[m]−1).
This also implies that in the solid region one imposes a low permeability field that generates a large
drag force. The parameter ξ is a large constant that represents the morphology of the melt front.
It is related to the imposed permeability through ξ = 180

ρrefd2
m

where dm is the particle diameter, and
the constant 180 depends on the material under consideration [38]. Alternatively to (4.2.9), in our
examples we will include a regularised jump function that takes the form

η =
ηs
2

[tanh(Mη(θf − θ)) + 1], (4.2.10)

where ηs corresponds to the relative size of the imposed force and Mη is the size of the mushy region.
These constants determine the degree of regularisation of the jump. As above, in the liquid phase we
have η = 0, and in the solid η = ηs, with ηs a large constant accounting for the morphology of the
melt front.

In many models from the literature, the phase change is often described by combining the permeabil-
ity (or porosity) regularised jumps with an enthalpy formulation [38]. The non-dimensional enthalpy
function s should ideally be a Heaviside function assuming the values ss in the solid, and sl in the
liquid. After regularisation using the phase change field φ we employ

s(θ) = ss + (sl − ss)φ(θ). (4.2.11)

We will adopt this form in all of our models, so that the mushy region for the enthalpy will be
predetermined by the temperature range, δθ. The corresponding constants are sl = 0 and ss = [Ste]−1,
where the Stephan number is inversely proportional to the latent heat of fusion La, and proportional
to the temperature range δθ, and specific heat α. More succinctly Ste = αδθ

La
. For example a material

with a larger latent heat of fusion, will have a larger Stephan number embed a larger jump in the
enthalpy jump function. Another observation regarding this jump, is that its height depends on the
mushy region size. For instance, if δθ decreases then Ste decreases and ss increases. In Section 4.5 we
refer to mushy regions but always in relation with the jump functions imposed on η, µ. In order to
avoid cross-effects associated with having effectively two mushy regions (one for viscosity/drag terms
and another for enthalpy), we fix in advance a relation that specifies a fixed latent heat.

4.2.3 Enthalpy-viscosity models for phase change

The incorporation of phase change can be alternatively embedded in the form of a temperature-
dependent viscosity combined with an enthalpy formulation (as in e.g. [64]). The information about
phase variation from solid to fluid is then carried by two different scaled viscosities. This family of
models can also be linked to the principle of packing spheres (more naturally associated with the
porosity model above, as a dense packing of spheres in the solid translates into a drag force that slows
down the flow), and its influence on viscosity variations.

Defining Φ as the ratio of volume occupied by solid particles, we notice that it is related to the
phase function φ by Φ = Φm(1 − φ), where Φm is a constant depending on the maximum packing of
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the imposed particles, and so the latter corresponds to the ratio of volume not corresponding to solid
particles. As a given solid melts, then there are less solid particles suspended in the liquid, implying
an adequate decrease in the viscosity µ = φ−BΦm . Defining n = BΦm and using a security constant
m (mimicking the regularisation in the Carman-Kozeny equation) we obtain

µ =
1

φn +m
. (4.2.12)

In analogy to (4.2.10) we will also employ

µ(θ) = µl +
(µs − µl)

2
[tanh(Mµ(θf − θ)) + 1], (4.2.13)

so that in the solid we have µ = µs, and in the liquid µ = µl. Here the constant Mµ encodes the width
of the mushy region.

4.2.4 Relationship with the rheology of suspended particles

Historic models for the rheology of suspensions go back to [72], where the relation µ = 1 +BΦ, with
B = 2.5 is postulated. This model can be derived by the consideration of slow flow past a sphere,
and it corresponds to linear Newton rheology and is only valid for very dilute suspensions (Φ . 0.01),
so it would not be suitable for phase change models. Extensions to the case of particles with varying
size were derived from first principles in [40] and [129]. These models also capture the property that
the viscosity tends to infinity as the ratio of solid volume to liquid volume tends to 1, and they deal
much better with non Newtonian viscosities observed at higher values of Φ. This form of the viscosity
model is still used for nano particles [74], or for the sedimentation-consolidation in macroscopic models
[133], and it relates to our model of phase change. Traditionally, these models incorporate differences
in density and enthalpy by considering nano-particles made of different materials. See for instance
[68], where thermal and density properties of copper nano-particles are taken into account. In this
context, the models in (4.2.12) and (4.2.13) consider nano-particles with the same density and thermal
properties as the liquid, another important distinction is that the concentration of nano-particles is
dependent on temperature in such a way that the particles are not present in the liquid phase, and they
exhibit maximum concentration in the solid phase. This is linked to the concept of critical fraction
introduced in [129]. There, a packing density becomes high enough that the fluid behaves as a solid,
µ = (1− Φ

Φm
)−2.5 where Φm is a constant depending on the maximum particle packing, and the model

was later extended to µ = (1− Φ
Φm

)−BΦm , see [106].

4.3 Analysis of Boussinesq phase change models

4.3.1 Weak formulation

Firstly let us recall some recurrent notation. For instance, we will write L2(Ω) to denote the space of
square integrable functions, and will use H1(Ω),H1(Ω) to refer to the scalar and vector-valued Sobolev
spaces W 1,2(Ω) andW 1,2(Ω), respectively; whose norms will be denoted as ‖ · ‖1,Ω. The inner product
in L2(Ω) (or in its vectorial and tensorial counterparts) will be simply denoted as (·, ·) and its associated
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norm as ‖·‖. In addition, the space L2
0(Ω) denotes the restriction of L2(Ω) to functions with zero mean

value over Ω. In view of incorporating the boundary conditions for velocity and temperature, we also
introduce the space H1

0(Ω) of vector functions in H1(Ω) whose trace vanishes on ∂Ω, and the space
H1
D(Ω) of scalar functions in H1(Ω) whose trace vanishes on the sub-boundary ΓθD.

Associated with the spaces introduced above, the following nonlinear, bilinear and trilinear forms
are defined for all u,v,w ∈ H1(Ω), p, q ∈ L2(Ω), and θ, ψ ∈ H1(Ω)

aθ1(u,v) :=
2

Re

∫
Ω
µ(θ)ε(u) : ε(v), b(v, q) := −

∫
Ω
q div v, c1(w;u,v) :=

∫
Ω

[(w · ∇)u] · v,

a3(θ, ψ) :=
1

C Pr

∫
Ω
κ∇θ · ∇ψ, c3(w; θ, ψ) :=

∫
Ω

[w · ∇θ]ψ.
(4.3.1)

On account of these definitions, we proceed to test (4.2.1)-(4.2.2) against adequate functions and
integrate by parts conveniently in order to arrive at the following problem in weak form. For all
t ∈ (0, tf ], find (u, p, θ) ∈ H1

0(Ω)× L2
0(Ω)×H1

D(Ω) such that

(∂tu,v) + c1(u;u,v) + aθ1(u,v) + (η(θ)u,v) + b(v, p) = (f(θ)k,v) ∀v ∈ H1
0(Ω),

b(u, q) = 0 ∀q ∈ L2
0(Ω),

(∂t[θ + s], ψ) + c3(u; θ + s, ψ) + a3(θ, ψ) = 0 ∀ψ ∈ H1
D(Ω).

(4.3.2)

The forms defined in (4.3.1) enjoy the following properties, established in e.g. [34]

|aθ1(u,v)| ≤ C‖u‖1,Ω‖v‖1,Ω, |aθ1(v,v)| ≥ C‖v‖21,Ω,
|a3(θ, ψ)| ≤ C‖θ‖1,Ω‖ψ‖1,Ω, |a3(ψ,ψ)| ≥ C‖ψ‖21,Ω, b(v, q) ≤ ‖v‖1,Ω‖q‖,

|c1(w;u,v)| ≤ C‖w‖1,Ω‖u‖1,Ω‖v‖1,Ω, |c3(w; θ, ψ)| ≤ C‖w‖1,Ω‖θ‖1,Ω‖ψ‖1,Ω,

for all u,v,w ∈ H1
0(Ω), p, q ∈ L2(Ω), and θ, ψ ∈ H1

D(Ω). Also, there exists C > 0 depending only on
the domain, such that

sup
v∈H1(Ω)\0

b(v, q)

‖v‖1,Ω
≥ C‖q‖0,Ω ∀ q ∈ L2

0(Ω). (4.3.3)

We can now define the kernel of the bilinear form b(·, ·), characterised by the space of divergence-free
velocities V, as

V = {v ∈ H1
0(Ω); div v = 0 on Ω}.

Thus, based on (4.3.3) and the definition of V, the incompressibility condition is included in the
functional space and the pressure can be removed from the formulation. That is, problem (4.3.2) is
equivalent to the following problem: For all t ∈ (0, tf ], find (u, θ) ∈ V ×H1

D such that

(∂tu,v) + c1(u;u,v) + aθ1(u,v) + (η(θ)u,v) = (f(θ)k,v) ∀v ∈ V,

(∂t[θ + s], ψ) + c3(u; θ + s, ψ) + a3(θ, ψ) = 0 ∀ψ ∈ H1
D(Ω),

(4.3.4)

(a proof can be carried out following e.g. [67]). Moreover, one can see that for all u ∈ V, v ∈ H1(Ω),
and ϑ, ψ ∈ H1(Ω), we have

c1(u;v,v) = 0, c3(u, ψ, ψ) = 0, c3(u;ψ, ϑ) = −c3(u;ϑ, ψ).
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4.3.2 Stability analysis

Note also that the convective and advective terms can be rewritten using skew-symmetric forms as
follows

c1(w;u,v) =
1

2

∫
Ω

[(w · ∇)u] · v − 1

2

∫
Ω

[(w · ∇)v] · u, c3(w; θ, ψ) =
1

2

∫
Ω

[w · ∇θ]ψ − 1

2

∫
Ω

[w · ∇ψ]θ.

(4.3.5)

Single phase flows. Let us consider an enthalpy-free counterpart of (4.3.2), and proceed to derive
energy estimates. Testing the energy equation against the temperature solution, and using (4.3.5) we
obtain

1

2
∂t‖θ‖20,Ω +

κ

CPr
‖∇θ‖20,Ω = 0,

and then one can use Gronwall’s Lemma to assert that

‖θ‖20,Ω +

∫ t

0

2κ

CPr
‖∇θ‖20,Ωds ≤ ‖θ0‖20,Ω.

Testing now the momentum equation against the velocity solution, exploiting again (4.3.5), and
applying Young’s inequality we obtain

∂t‖u‖20,Ω +
∥∥2µ(θ)0.5

Re0.5 ε(u)
∥∥2

0,Ω
+ 2A‖u‖20,Ω ≤ A2

1‖θ0‖20,Ω + ‖u‖20,Ω,

where we have also used that |k| = 1. We can then we invoke Gronwall’s Lemma once again to get

‖u‖20,Ω +

∫ t

0

∥∥2µ(θ)0.5

Re0.5 ε(u)
∥∥2

0,Ω
ds ≤ exp((1− 2A)t)

(
‖u0‖20,Ω +

∫ t

0
A2

1‖θ0‖20,Ω
)
.

Enthalpy-based flows. The following two lemmas will be employed to show the stability and unique-
ness analysis of (4.3.2).

Lemma 4.3.1. For d = 2, there holds

‖v‖24,Ω ≤ 21/2 ‖v‖0,Ω |v|1,Ω ∀v ∈ H1(Ω).

Lemma 4.3.2. There holds
‖ε(v)‖20,Ω ≥

1

2
|v|21,Ω ∀v ∈ H1

0(Ω).

We now establish the stability analysis of problem (4.3.4).

Theorem 4.3.3. Assume that κ0 > κ1s2. Then, for any solution of (4.3.4) and for any t ∈ (0, tf ],
there exists a constant C̃ depending on µ1,Re, η1, Cf , κ0, κ1, s2, C,Pr,Ω, tf and cp (positive constant
provided by Poincaré’s inequality), such that

‖u‖L2(0,t;H1
0(Ω)) + ‖θ‖L2(0,t;H1

D(Ω)) ≤ C̃|k|
{
‖s0‖0,Ω + ‖θ0‖0,Ω

}
. (4.3.6)
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Proof. Let (u, θ) be the solution of (4.3.4). Taking v = u in the first equation of (4.3.4) and applying
(4.2.4), (4.2.5) and (4.2.6), we obtain that

1

2
∂t ‖u‖20,Ω +

2µ1

Re
‖ε(u)‖20,Ω + η1 ‖u‖20,Ω ≤ Cf |k| ‖θ‖0,Ω ‖u‖0,Ω .

Next, applying Young’s inequality with constant ε = η1

Cf |k| , we find that

1

2
∂t ‖u‖20,Ω +

2µ1

Re
‖ε(u)‖20,Ω +

η1

2
‖u‖20,Ω ≤

C2
f |k|2

2η1
‖θ‖20,Ω .

By using Lemma 4.3.2, we deduce that

1

2
∂t ‖u‖20,Ω + α1 ‖u‖21,Ω ≤

C2
f |k|2

2η1
‖θ‖20,Ω ,

where α1 := min
{ µ1

Re ,
η1

2

}
. Now, integrating this equation between 0 and t yields

‖u‖20,Ω + ‖u‖2L2(0,t;H1
0(Ω)) ≤ C1|k|2 ‖θ‖2L2(0,t;H1

D(Ω)) , (4.3.7)

where C1 is a constant depending on Cf , µ1, η1,Re,Ω and tf . Similarly, we take ψ = θ+ s in the third
row of (4.3.2), and apply (4.2.7) and (4.2.8) to obtain

1

2
∂t ‖θ + s‖20,Ω +

κ0

CPr
|θ|21,Ω ≤

κ1s2

CPr
|θ|21,Ω.

Now, we integrate between 0 and t to obtain

‖θ + s‖20,Ω + ‖θ‖2L2(0,t;H1
D(Ω)) ≤ C2

{
‖s0‖20,Ω + ‖θ0‖20,Ω

}
, (4.3.8)

where s0 := s(θ0) and C2 is a constant depending on cp, C,Pr, κ0, κ1, s2,Ω and tf . Finally, we derive
the result (4.3.6) from (4.3.7) and (4.3.8).

Theorem 4.3.4. Assume that the data θ0 ∈ L2(Ω). Then, problem (4.3.2) has a solution (u, p, θ) ∈
L2(0, tf ; H1

0(Ω))× L2(0, tf ; L2
0(Ω))× L2(0, tf ; H1

D(Ω)).

Proof. It follows from an argument based on Galerkin’s method and assumptions (4.2.4)-(4.2.7). For
more details see [4, Theorem 2.3].

The following result establishes the uniqueness of problem (4.3.2).

Theorem 4.3.5. Let d = 2. If the problem (4.3.2) admits a solution (u, θ, p) ∈ Lp(0, tf ;W 1,r(Ω))

×L2(0, tf ; H1
0(Ω))×L2(0, tf ; L2

0(Ω)), with p ≥ 4 and r ≥ 4, and Ls1 < 1/2, then this solution is unique.

Proof. Let (u1, p1, θ1) and (u2, p2, θ2) be two solutions of (4.3.2). With the aim to prove uniqueness,
we denote u = u1 − u2, p = p1 − p2 and θ = θ1 − θ2. Now, from the third equation in (4.3.2), by
adding and subtracting c3(u2, θ1 + s(θ1), ψ), with ψ = θ+ s(θ1)− s(θ2) and applying Cauchy-Schwarz
inequality, we obtain that

1

2
∂t‖θ + s(θ1)− s(θ2)‖20,Ω +

1

CPr
κ0|θ|21,Ω

≤ κ1Ls2
CPr

|θ|1,Ω‖θ‖0,Ω + |θ1 + s(θ1)|1,Ω‖u‖4,Ω‖θ + s(θ1)− s(θ2)‖4,Ω.
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Next, using Lemma 4.3.1 and Young’s inequality with constant ε3, we deduce that

1

2
∂t‖θ + s(θ1)− s(θ2)‖20,Ω +

1

CPr
κ0|θ|21,Ω

≤ κ1Ls2
CPr

{
1

2ε3
|θ|21,Ω +

ε3

2
‖θ‖20,Ω

}
+

1√
2
|θ1 + s(θ1)|1,Ω‖u‖0,Ω|u|1,Ω

+
1√
2
|θ + s(θ1)− s(θ2)|1,Ω‖θ + s(θ1)− s(θ2)‖0,Ω|θ1 + s(θ1)|1,Ω.

Finally, by applying again Young’s inequality with constants ε4 and ε5, we get

1

2
∂t‖θ + s(θ1)− s(θ2)‖20,Ω +

1

CPr
κ0|θ|21,Ω

≤ κ1Ls2
CPr

{
1

2ε3
|θ|21,Ω +

ε3

2
‖θ‖20,Ω

}
+

1√
2

{
1

2
ε4|u|21,Ω +

1

2ε4
|θ1 + s(θ1)|21,Ω‖u‖20,Ω

}
+

1√
2

{
ε5

(
|θ|21,Ω + L2

s2‖θ‖
2
0,Ω

)
+

(L2
s1 + 1)

ε5
‖θ‖20,Ω|θ1 + s(θ1)|21,Ω

}
.

(4.3.9)

Analogously, from the first equation in (4.3.2), adding and subtracting the terms c1(u2,u1,v), (η(θ2)u1,

v) and 2
Re(µ(θ2)ε(u1), ε(v)), with v = u, and applying Cauchy-Schwarz inequality, we find that

1

2
∂t‖u‖20,Ω +

2µ1

Re
‖ε(u)‖20,Ω + η1‖u‖20,Ω

≤ ‖u‖24,Ω|u|1,Ω +
2

Re
|((µ(θ1)− µ(θ2))ε(u1), ε(u))|+ Lη‖u1‖0,Ω‖θ‖4,Ω‖u‖4,Ω + Lf |k|‖θ‖0,Ω‖u‖0,Ω.

(4.3.10)

Thus, on the left hand side of (4.3.10), we apply Korn inequality, while on the right hand side, for the
first, third and fourth term, we apply Young’s inequality with constants ε6, ε7 and ε8 to obtain

1

2
∂t‖u‖20,Ω + α3‖u‖21,Ω

≤ 1

2
ε6|u|21,Ω +

1

2ε6
‖u‖20,Ω|u1|21,Ω +

2

Re
|((µ(θ1)− µ(θ2))ε(u1), ε(u))|

+
1√
2
Lη‖u1‖0,Ω

{
1

2
ε7‖θ‖20,Ω +

1

2ε7
|θ|21,Ω

}
+

1√
2
Lη‖u1‖0,Ω

{
1

2ε8
|u|21,Ω +

1

2
ε8‖u‖20,Ω

}
+

1

2
Lf |k|

{
‖θ‖20,Ω + ‖u‖20,Ω

}
,

(4.3.11)

where α3 := min
{ µ1

Re , η1

}
. Now, since the exact solution u1 ∈ Lp(0, tf ,W

1,r(Ω)), r ≥ 4, p ≥ 4, using
Hölder’s and Young’s inequalities with constants r, r∗ := 2r

r−2 and ε9, ε10, respectively, to the last term
of (4.3.11), we deduce that

2

Re
|((µ(θ1)− µ(θ2))ε(u1) : ε(u))| ≤ 2Lµ

Re

{
ε9

2
‖u1‖1,r,Ω‖u‖21,Ω +

1

2ε9
‖u1‖1,r,Ω‖θ‖2r∗,Ω

}
≤ Lµε9

Re
‖u1‖1,r,Ω‖u‖21,Ω +

Lµ
ε9Re

‖u1‖1,r,Ω
{

1√
2ε10

‖θ‖20,Ω +
ε10√

2
|θ|21,Ω

}
.

(4.3.12)

Now, choosing the parameters as

ε3 =
2κ1Ls2
κ0

, ε4 =
α3√

2
, ε5 =

κ0

2
√

2CPr
, ε6 =

α3

2
, ε7 =

√
2CPrLη ‖u1‖0,Ω

κ0
,
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ε8 =

√
2Lη ‖u1‖0,Ω

α3
, ε9 =

α3Re

4Lµ‖u1‖1,r,Ω
, ε10 =

κ0ε9Re

2
√

2CPrLµ‖u1‖1,r,Ω
,

we obtain from (4.3.9), (4.3.11) and (4.3.12) that

1

2
∂t
(
‖θ + s(θ1)− s(θ2)‖20,Ω + ‖u‖20,Ω

)
≤ C

(
|θ1 + s(θ1)|21,Ω + ‖u1‖41,r,Ω + ‖u1‖20,Ω + 1

) (
‖u‖20,Ω + ‖θ‖20,Ω

)
.

Integrating between 0 and t on the last inequality, and then, adding on both sides the term (|θ|, |s(θ1)−
s(θ2)|), and using the assumption given in the theorem statement, we get

‖θ‖20,Ω + ‖u‖20,Ω ≤ Ĉ
∫ t

0

(
|θ1 + s(θ1)|21,Ω + ‖u1‖41,r,Ω + ‖u1‖20,Ω + 1

) (
‖u‖20,Ω + ‖θ‖20,Ω

)
.

Finally, by applying Gronwall’s Lemma, we obtain u = 0 and θ = 0. Moreover, from the relation

(div v, p) = 0 ∀v ∈ H1
0(Ω),

we deduce p = 0, concluding the proof.

4.4 Two families of finite element schemes

Let {Th}h>0 be a shape-regular family of partitions of the region Ω̄, by triangles (or tetrahedrons
in 3D) K of diameter hK , with overall meshsize h := max{hK : K ∈ Th}. In what follows, given an
integer k ≥ 1 and a subset S of Rd, Pk(S) will denote the space of polynomial functions defined locally
in S and being of total degree ≤ k.

4.4.1 A conforming method in primal formulation

The spatial discretisation will be based on the finite element method. Accordingly, we define the
following finite-dimensional spaces for the approximation of velocity, pressure, and temperature re-
spectively:

Vh := {vh ∈ C(Ω) : vh|K ∈ [Pk+1(K)]d ∀K ∈ Th, and vh = 0 on ∂Ω},

Qh := {qh ∈ C(Ω) : qh|K ∈ Pk(K) ∀K ∈ Th, and

∫
Ω
qh = 0}, (4.4.1)

Zh := {ψh ∈ C(Ω) : ψh|K ∈ Pk+1(K) ∀K ∈ Th, and ψh = 0 on ΓθD},

for k ≥ 1, which satisfy the discrete inf-sup condition: There exists a constant C∗ ≥ 0 independent of
h such that

sup
vh∈Vh\0

b(vh, qh)

‖vh‖1,Ω
≥ C∗ ‖qh‖0,Ω ∀ qh ∈ Qh. (4.4.2)
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Then the semi-discrete Galerkin method associated with (4.3.2) reads: For all t ∈ (0, tf ], find (uh, ph,

θh) ∈ Vh ×Qh × Zh such that

(∂tuh,vh) + c1(uh;uh,vh) + aθh1 (uh,vh) + (η(θh)uh,vh) + b(vh, ph) = (f(θh)k,vh) ∀vh ∈ Vh,

b(uh, qh) = 0 ∀qh ∈ Qh,

(∂t[θh + sh], ψh) + c3(uh; θh + sh, ψh) + a3(θh, ψh) = 0 ∀ψh ∈ Zh

(4.4.3)

A fully discrete method will be obtained after applying the method of lines. Regarding the time
discretisation of (4.4.3), and in view of the overall second order space discretisation expected when
choosing k = 1, we here employ a fully implicit second-order backward differentiation formula (BDF2).
This choice provides unconditional stability and permits to take sufficiently large timesteps to reach
approximate steady state solutions, should they exist. Let 0 = t0 < t1 < · · · tN = tf be a uniform
partition of the time interval into equi-spaced subintervals of size ∆t, then the method reads: starting
from the initial values u0

h, θ
0
h,u

1
h, θ

1
h taken as interpolates of the initial data onto Vh and Zh, solve for

n = 1, . . . the nonlinear system
3

2∆t
(un+1

h ,vh) + c1(un+1
h ;un+1

h ,vh) +
1

2
(divun+1

h un+1
h ,vh) + a

θn+1
h

1 (un+1
h ,vh)

+ (η(θn+1
h )un+1

h ,vh) + b(vh, p
n+1
h )− (f(θn+1

h )k,vh) =
1

∆t
(2unh −

1

2
un−1
h ,vh) ∀vh ∈ Vh,

b(un+1
h , qh) = 0 ∀qh ∈ Qh,

3

2∆t
(θn+1
h + sn+1

h , ψh) + c3(un+1
h ; θn+1

h + sn+1
h , ψh) +

1

2
(divun+1

h (θn+1
h + sn+1

h ), ψh)

+ a3(θn+1
h , ψh) =

1

∆t
(2[θnh + snh]− 1

2
[θn−1
h + sn−1

h ], ψh) ∀ψh ∈ Zh,

(4.4.4)

and for n = 0 one applies a first order backward Euler method. An advantage of introducing these
additional terms is that we have the following relations (for a proof, see e.g. [1])

c1(uh;vh,vh)+
1

2
(divuh vh,vh) = c3(uh;ψh, ψh)+

1

2
(divuh ψh, ψh) = 0 ∀uh,vh ∈ Vh, ∀ψh ∈ Zh,

(4.4.5)
which will be useful in order to establish the stability of the non-linear problem (4.4.4). More specif-
ically, in Theorem 4.4.1 below, when we take vh = 4un+1

h and ψh = 4(θn+1
h + sn+1

h ), the properties
(4.4.5) immediately hold and the corresponding analysis is substantially simpler.

In much the same way as the continuous case, we define V∗h = {vh ∈ Vh; b(vh, qh) = 0 ∀ qh ∈ Qh}
and thanks to the inf-sup condition (4.4.2), consider the following equivalent problem (see [123], Lemma
3.1): Find (un+1

h , θn+1
h ) ∈ V∗h × Zh such that

3

2∆t
(un+1

h ,vh) + c1(un+1
h ;un+1

h ,vh) +
1

2
(divun+1

h un+1
h ,vh) + a

θn+1
h

1 (un+1
h ,vh)

+ (η(θn+1
h )un+1

h ,vh)− (f(θn+1
h )k,vh) =

1

∆t
(2unh −

1

2
un−1
h ,vh) ∀vh ∈ V∗h,

3

2∆t
(θn+1
h + sn+1

h , ψh) + c3(un+1
h ; θn+1

h + sn+1
h , ψh) +

1

2
(divun+1

h (θn+1
h + sn+1

h ), ψh)

+ a3(θn+1
h , ψh) =

1

∆t
(2[θnh + snh]− 1

2
[θn−1
h + sn−1

h ], ψh) ∀ψh ∈ Zh.

(4.4.6)
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In what follows, we establish the stability result for (4.4.4), for which the following algebraic identity
will be essential: for any real numbers an+1, an and an−1, we have

2(3an+1 − 4an + an−1, an+1) = |an+1|2 + |2an+1 − an|2 + |Λan|2 − |an|2 − |2an − an−1|2, (4.4.7)

where Λan = an+1 − 2an + an−1.

Theorem 4.4.1. Let (un+1
h , θn+1

h ) ∈ V∗h×Zh be a solution of (4.4.4). Assume that κ0 > 2κ1s2. Then,

‖un+1
h ‖20,Ω + ‖2un+1

h − unh‖20,Ω +
n∑

m=1

‖Λumh ‖20,Ω +
n∑

m=1

∆t ‖um+1
h ‖21,Ω

≤ C1

(
‖θ1
h + s1

h‖20,Ω + ‖2(θ1
h + s1

h)− (θ0
h + s0

h)‖20,Ω + ‖u1
h‖20,Ω + ‖2u1

h − u0
h‖20,Ω

)(4.4.8)
and

‖θn+1
h + sn+1

h ‖20,Ω + ‖2(θn+1
h + sn+1

h )− (θnh + snh)‖20,Ω +

n∑
m=1

‖Λ(θmh + smh )‖20,Ω +

n∑
m=1

∆t |θm+1
h |21,Ω

≤ C2

(
‖θ1
h + s1

h‖20,Ω + ‖2(θ1
h + s1

h)− (θ0
h + s0

h)‖20,Ω
)
,

(4.4.9)

where C1 and C2 are constants independent on h and ∆t.

Proof. For (4.4.9), we take ψh = 4(θn+1
h + sn+1

h ) in the third equation of (4.4.4) and use the relation
(4.4.7) to deduce

‖θn+1
h + sn+1

h ‖20,Ω + ‖2(θn+1
h + sn+1

h )− (θnh + snh)‖20,Ω + ‖Λ(θnh + snh)‖20,Ω +
4κ0

CPr
∆t |θn+1

h |21,Ω

≤ 4s2κ1

CPr
∆t |θn+1

h |21,Ω + ‖θnh + snh‖20,Ω + ‖2(θnh + snh)− (θn−1
h + sn−1

h )‖20,Ω.

Thus, summing this inequality over n, we obtain

‖θn+1
h + sn+1

h ‖20,Ω + ‖2(θn+1
h + sn+1

h )− (θnh + snh)‖20,Ω +
n∑

m=1

‖Λ(θmh + smh )‖20,Ω

+
4(κ0 − 2κ1s2)

CPr

n∑
m=1

∆t |θm+1
h |21,Ω ≤ ‖θ1

h + s1
h‖20,Ω + ‖2(θ1

h + s1
h)− (θ0

h − s0
h)‖20,Ω.

(4.4.10)

Similarly, taking vh = 4un+1
h in the first equation of (4.4.4) and applying (4.4.7), we find that

‖un+1
h ‖20,Ω + ‖2un+1

h − unh‖20,Ω + ‖Λunh‖20,Ω +
8µ1

Re
∆t ‖ε(un+1

h )‖20,Ω + 4 η1∆t ‖un+1
h ‖20,Ω

≤ ‖unh‖20,Ω + ‖2unh − un−1
h ‖20,Ω + 4Cf |k|∆t‖θn+1

h ‖0,Ω‖un+1
h ‖0,Ω.

Applying Young’s inequality with constant ε = η1

Cf |k| and then, Korn’s Lemma, we obtain that

‖un+1
h ‖20,Ω + ‖2un+1

h − unh‖20,Ω + ‖Λunh‖20,Ω + min

{
4µ1

Re
, 2η1

}
∆t ‖un+1

h ‖21,Ω

≤ ‖unh‖20,Ω + ‖2unh − un−1
h ‖20,Ω +

2C2
f |k|2

η1
∆t|θn+1

h |21,Ω.
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Summing over n and using the estimate (4.4.10), we finally deduce that

‖un+1
h ‖20,Ω + ‖2un+1

h − unh‖20,Ω +
n∑

m=1

‖Λumh ‖20,Ω + min

{
4µ1

Re
, 2η1

} n∑
m=1

∆t ‖um+1
h ‖21,Ω

≤
2C2

f |k|2

η1

n∑
m=1

∆t|θm+1
h |21,Ω + ‖u1

h‖20,Ω + ‖2u1
h − u0

h‖20,Ω.
(4.4.11)

Finally, from bounds (4.4.11) and (4.4.10) we obtain the results (4.4.8) and (4.4.9).

We now establish the existence of the solution of (4.4.4).

Theorem 4.4.2. Assume that the data satisfy

2κ1s2 < κ0 and 4C2
f |k|2 + 9s2

1 <
2

CPr
κ0cp min

{ µ1

Re
, η1

}
. (4.4.12)

Then, problem (4.4.6) admits at least a solution (un+1
h , θn+1

h , pn+1
h ) ∈ Vh × Zh ×Qh.

Proof. We proceed analogously as in [67, Thm. 3.2]. For notational convenience, we introduce the
following constants

Cu = C1

(
‖θ1
h + s1

h‖0,Ω + ‖2(θ1
h + s1

h)− (θ0
h + s0

h)‖0,Ω + ‖u1
h‖0,Ω + ‖2u1

h − u0
h‖0,Ω

)
,

Cθ = C2

(
‖θ1
h + s1

h‖0,Ω + ‖2(θ1
h + s1

h)− (θ0
h + s0

h)‖0,Ω
)
.

Now, proceeding by induction on n ≥ 2, we define a mapping Φ from V∗h × Zh into itself by

Φ(un+1
h , θn+1

h ), (vh, ψh)) = 1
2∆t(3u

n+1
h − 4unh + un−1

h ,vh) + c1(un+1
h ;un+1

h ,vh) + 1
2(divun+1

h un+1
h ,vh)

+ a
θn+1
h

1 (un+1
h ,vh) + (η(θn+1

h )un+1
h ,vh)− (f(θn+1

h )k,vh) + c3(un+1
h ; θn+1

h + sn+1
h , ψh) + a3(θn+1

h , ψh)

+
1

2∆t
(3(θn+1

h + sn+1
h )− 4(θnh + snh) + (θn−1

h + sn−1
h ), ψh) +

1

2
(divun+1

h (θn+1
h + sn+1

h ), ψh).

(4.4.13)

We can note that this mapping is well defined and continuous on V∗h × Zh. In order to use Brouwer’s
fixed-point theorem, we take (vh, ψh) = (un+1

h , θn+1
h ) in (4.4.13), apply (4.4.8)-(4.4.9) and denote

C3 := min{ µ1

Re , η1} to get

(Φ(un+1
h , θn+1

h ), (un+1
h , θn+1

h )) ≥ C3‖un+1
h ‖21,Ω −

1

2∆t
‖4unh − un−1

h ‖0,Ω‖un+1
h ‖1,Ω − Cf |k|‖θn+1

h ‖0,Ω×

‖un+1
h ‖1,Ω +

κ0

CPr
|θn+1
h |21,Ω − s1‖un+1

h ‖0,Ω|θn+1
h |1,Ω −

1

2
s1‖un+1

h ‖1,Ω‖θn+1
h ‖0,Ω

− 3s1|Ω|1/2‖θn+1
h ‖0,Ω −

1

2∆t
‖4(θnh + snh)− (θn−1

h + sn−1
h )‖0,Ω‖θn+1

h ‖0,Ω

≥ C3‖un+1
h ‖21,Ω +

κ0cp
CPr
‖θn+1
h ‖1,Ω −

1

2∆t
Ĉ1Cu‖un+1

h ‖1,Ω −
(

1

2∆t
Ĉ2Cθ − 3s1|Ω|1/2

)
‖θn+1
h ‖1,Ω

−
Cf |k|ε1

2
‖θn+1
h ‖21,Ω −

Cf |k|
2ε1

‖un+1
h ‖21,Ω −

3s1ε2

4
‖θn+1
h ‖21,Ω −

3s1

4ε2
‖un+1

h ‖21,Ω.
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Now, taking ε1 =
2Cf |k|
C3

, ε2 = 3s1
C3

, applying the second inequality given in (4.4.12), and recalling that
(α+ β) ≤

√
2(α2 + β2)1/2 ∀α, β ∈ R, we obtain

(Φ(un+1
h , θn+1

h ), (un+1
h , θn+1

h )) ≥ C̃1

(
‖un+1

h ‖21,Ω + ‖θn+1
h ‖21,Ω

)
− C̃2

(
‖un+1

h ‖21,Ω + ‖θn+1
h ‖21,Ω

)1/2
,

where C̃1 = 1
2 min

{
C3,

κ0cp
CPr

}
and C̃2 = max

{
1

2∆t Ĉ1Cu,
1

2∆t Ĉ2Cθ − 3s1|Ω|1/2
}
. So, the right hand side

is nonnegative on the sphere of radius r := C̃2

C̃1
. Consequently, applying Brouwer’s fixed-point theorem,

we get the existence of a solution (un+1
h , θn+1h) of Φ(un+1

h , θn+1
h ) = 0, concluding the proof.

It is important to remark here that the existence of solution of system (4.4.4) could be obtained di-
rectly from an application of Brouwer fixed-point theorem. In fact, now we define the auxiliary problem
(Φ̃(un+1

h , θn+1
h , pn+1

h ), (vh, ψh, qh)) := (Φ(un+1
h , θn+1

h ), (un+1
h , θn+1

h )) + b(vh, p
n+1
h )− b(un+1

h , qh), which
is continuous from Vh×Zh×Qh into itself. Thus, when one take vh = un+1

h , ψh = θn+1
h and qh = pn+1

h ,
the additional term disappears and the proof would be exactly the same. The following result asserts
the unique solvability of (4.4.4).

Theorem 4.4.3. Assume that ∆t sufficiently small and that Ls1 < 1/2. Then the scheme defined in
(4.4.4) has a unique solution.

Proof. It follows analogously to the proof of Theorem 4.3.5. For more details see [8, Thm. 5.3].

4.4.2 A mixed-primal finite element method

Numerical methods based on mixed-primal variational formulations have the advantage that impor-
tant physical variables (as pseudostress and vorticity) can be approximated directly. Before stating
the corresponding Galerkin scheme, we proceed to derive a mixed-primal weak formulation for the
model problem. In order to simplify the exposition of this section we will restrict to the stationary
counterpart of (4.2.1)-(4.2.3), in this case written as follows

u · ∇u − Re−1 div[µ(θ)ε(u)] + ∇p+ η(θ)u = f(θ)k,

div u = 0, (4.4.14)

−CPr−1 div(κ∇θ) + u · ∇θ + u · ∇s(θ) = 0,

and associated with Dirichlet boundary conditions u = uD and θ = 0 on Γ. Here the velocity datum
uD ∈ H1/2(Γ) verifies the compatibility condition

∫
Γ uD · ν = 0, where ν denotes the unit outward

normal on Γ. Proceeding as in [10], we introduce the strain rate tensor as an auxiliary unknown

t := ε(u) = ∇u− γ ∈ L2
tr(Ω),

where γ = ω(u) ∈ L2
skew(Ω) is the skew-symmetric part of the velocity gradient ∇u and the involved

functional spaces are

L2
skew(Ω) :=

{
η ∈ L2(Ω) : η + ηt = 0

}
, L2

tr(Ω) :=
{

s ∈ L2(Ω) : s = st and tr(s) = 0
}
.
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Also the total stress (or pseudostress tensor, including diffusive, convective, and pressure contributions)
is regarded as a new unknown

σ := Re−1 µ(θ)t− (u⊗ u)− p I, (4.4.15)

which implies that the second equation in (4.4.14) together with (4.4.15) are equivalent to the relations

Re−1 µ(θ) t − (u⊗ u)d = σd, and p = − 1

n
tr(σ + u⊗ u) in Ω.

Consequently, we arrive at the following coupled system without pressure

Re−1 µ(θ) t − (u⊗ u)d = σd in Ω, (4.4.16)

t + γ = ∇u in Ω, (4.4.17)

η(θ)u − divσ = f(θ)k in Ω, (4.4.18)

−CPr−1 div(κ∇θ) + u · ∇θ + u · ∇s(θ) = 0 in Ω, (4.4.19)

u = uD and θ = 0 on Γ, (4.4.20)∫
Ω
tr(σ + u⊗ u) = 0. (4.4.21)

Note that the incompressibility constraint is implicitly present in (4.4.16), and the pressure being in
L2

0(Ω) is guaranteed by the equivalent statement in (4.4.21).

A weak form for this problem is obtained after testing (4.4.16)-(4.4.17) against suitable functions and
imposing the symmetry of σ; multiplying (4.4.18) by τ ∈ H(div; Ω), integrating by parts and using the
velocity boundary condition in (4.4.20); and taking a similar weak formulation for the energy equation
as in (4.3.2), appropriately modified to incorporate the temperature boundary data in (4.4.20). That
is, the temperature trial and test space will be

H1
0(Ω) :=

{
ψ ∈ H1(Ω) : ψ = 0 on Γ

}
.

Moreover, the specific structure of the problem and the orthogonal decomposition H(div; Ω) =

H0(div; Ω)⊕ RI, allows us to look for stresses in the space

H0(div; Ω) :=
{
ζ ∈ H(div; Ω) :

∫
Ω
tr(ζ) = 0

}
.

The weak formulation then reads: Find (t,σ,u,γ, θ) ∈ L2
tr(Ω)×H0(div; Ω)×H1(Ω)×L2

skew(Ω)×H1
0(Ω)

such that

Re−1

∫
Ω
µ(θ)t : s −

∫
Ω

(u⊗ u)d : s −
∫

Ω
σd : s = 0 ∀ s ∈ L2

tr(Ω),∫
Ω

t : τ d +

∫
Ω
γ : τ +

∫
Ω
u · div τ = 〈τν,uD〉Γ ∀ τ ∈ H0(div; Ω) ,

−
∫

Ω
v · divσ −

∫
Ω
σ : η +

∫
Ω
η(θ)u · v =

∫
Ω
f(θ)k · v ∀ (v,η) ∈ L2(Ω)× L2

skew(Ω),

CPr−1

∫
κ∇θ · ∇ψ = −

∫
Ω
ψu · ∇(θ + s(θ)) ∀ ψ ∈ H1

0(Ω).
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A further inspection of this formulation eventually reveals the lack of sufficient regularity (in particular
for velocity and stress), which suggests the use of augmentation techniques in the spirit of e.g. [9]. We
therefore incorporate residual, Galerkin-type terms in weak form

κ1

∫
Ω

{
σd + (u⊗ u)d + Re−1µ(θ)t

}
: τ d = 0 ∀ τ ∈ H0(div; Ω) ,

κ2

∫
Ω
{divσ − η(θ)u} · divτ = −κ2

∫
Ω
f(θ)k · divτ ∀ τ ∈ H0(div; Ω) ,

κ3

∫
Ω
{ε(u) − t} · ε(v) = 0 ∀v ∈ H1(Ω) ,

κ4

∫
Ω
{γ − ω(u)} : η = 0 ∀η ∈ L2

skew(Ω),

where κi, i ∈ {1, 2, 3, 4} are positive parameters. Denoting H := L2
tr(Ω) × H0(div; Ω) × H1(Ω) ×

L2
skew(Ω), ~t := (t,σ,u,γ), and ~s := (s, τ ,v,η), we arrive at the following augmented mixed-primal

formulation of the initial coupled problem (4.4.14): Find (~t, θ) ∈ H ×H1
0(Ω) such that

Aθ(~t,~s) + Bu(~t,~s) = Fθ(~s) + FD(~s) ∀ ~s ∈ H,
a(θ, ψ) = Gu,θ(ψ) ∀ψ ∈ H1

0(Ω),
(4.4.22)

where, given an arbitrary (w, φ) ∈ H1(Ω)×H1
0(Ω), the forms Aφ, Bw, a, and the fuctionals Fφ, FD,

and Gw,φ are defined as

Aφ(~t,~s) := Re−1

∫
µ(φ)t :

{
s− κ1τ

d
}

+

∫
Ω

t :
{
τ d − κ3ε(u)

}
−
∫

Ω
σd :

{
s− κ1τ

d
}

+

∫
Ω
u · div τ −

∫
Ω
v · divσ +

∫
Ω
γ : τ −

∫
Ω
σ : η +

∫
Ω
η(φ)u ·

{
v − κ2 div τ

}
− κ4

∫
Ω
ω(u) : η + κ2

∫
Ω

divσ · div τ + κ3

∫
Ω
ε(u) : ε(v) + κ4

∫
Ω
γ : η,

Bw(~t,~s) :=

∫
Ω

(u⊗w)d :
{
κ1τ

d − s
}
, a(θ, ψ) := CPr−1

∫
Ω
κ∇θ · ∇ψ,

Fφ(~s) :=

∫
Γ
f(φ)k ·

{
v − κ2div τ

}
, FD(~s) := 〈τν,uD〉Γ, Gw,φ(ψ) := −

∫
Ω
ψw · ∇(φ+ s(φ)),

for all ~t,~s ∈ H, θ, ψ ∈ H1
0(Ω).

The solvability of (4.4.22) can be established by invoking a fixed-point approach between a mixed
formulation for the momentum and mass equations and a primal formulation for the energy equation;
which can be carried out following [10, 9, 43]. In contrast with those works, the solvability analysis of
the Navier-Stokes equations can be done in our case by applying a further fixed-point iteration that
relies on existence results for Brinkman equations, and we require four residual terms and the use of
Korn’s inequality. Since θ lives in H1

0(Ω), we can then apply a similar treatment as in [14, 83]. These
steps go beyond the scope of this chapter and will be addressed in the next chapter of this thesis.

The Galerkin scheme and specific finite element subspaces. For each K ∈ Th let us recall the
definition of the local Raviart-Thomas space of order k as RTk(K) := Pk(K)d ⊕ Pk(K)x , where
x is a generic vector in R. Then, we consider finite-dimensional subspaces Hth ⊂ L2

tr(Ω), Hσh ⊂
H0(div; Ω), Hu

h ⊂ H1(Ω), Hγh ⊂ L2
skew(Ω), Hθ

h ⊂ H1
0(Ω) defined as

Hth :=
{

sh ∈ L2
tr(Ω) : sh

∣∣∣
K
∈ Pk(K) ∀ K ∈ Th

}
,
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Hσh :=
{
τ h ∈ H0(div; Ω) : ct τ h|K ∈ RTk(K) ∀ c ∈ Rd , ∀K ∈ Th

}
,

Hu
h :=

{
vh ∈ C(Ω) : vh|K ∈ Pk+1(K)d ∀K ∈ Th

}
,

Hγh :=
{
ηh ∈ L2

skew(Ω) : ηh|K ∈ Pk(K)d×d ∀ K ∈ Th
}
,

Hθ
h :=

{
ψh ∈ C(Ω) ∩H1

0(Ω) : ψh|K ∈ Pk+1(K) ∀K ∈ Th
}
.

Denoting Hh := Hth × Hσh ×Hu
h × Hγh , ~th := (th,σh,uh,γh), and ~sh := (sh, τ h,vh,ηh), a Galerkin

scheme reads: Find (~th, θh) ∈ Hh ×Hθ
h such that

Aθh(~th,~sh) + Buh(~th,~sh) = Fθh(~sh) + FD(~sh) ∀ ~sh ∈ Hh,

a(θh, ψh) = Guh,θh(ψh) ∀ψh ∈ Hθ
h.

(4.4.23)

The well-posedness of (4.4.23) will be also based on a suitable adaptation of the continuous analysis
of (4.4.22) to the present context (see, e.g. [10, 43]).

4.4.3 Consistent linearisation

Problem (4.4.4) entails solving a set of nonlinear equations at each timestep. For this we will
employ Newton Raphson’s method, which features quadratic convergence provided the initial guess is
sufficiently close to the zone of attraction. For a generic nonlinear problem F(w) = 0, one produces a
sequence {wk}k converging quadratically to w, through the iterates

DF(wk)[δw] = −F(wk) where δw = wk+1 −wk, w0 = (unh, p
n
h, θ

n
h),

where DF(v)[δv] denotes the Gâteaux derivative of the functional F along the direction δv. Then at
each Newton step k we solve the linear problem

3

2∆t
(δuh,vh) + c1(δuh;ukh,vh) + c1(ukh; δuh,vh) +

2

Re
(
µ′(θkh)δθhε(u

k
h), ε(vh)

)
+

2

Re
(
µ(θkh)ε(δuh), ε(vh)

)
+ (η′(θkh)δθhu

k
h,vh) + (η(θh)δuh,vh) + b(vh, δph)− (f ′(θkh)δθhk,vh)

=
1

∆t
(2unh −

1

2
un−1
h ,vh) +

(
R1
h(ukh, p

k
h, θ

k
h),vh) ∀vh ∈ Vh,

b(δuh, qh) = (R2
h(ukh, p

k
h, θ

k
h), qh) ∀qh ∈ Qh,

3

2∆t
(δθh + s′(θh)δθh, ψh) + c3(δuh; θkh + s(θkh), ψh) + c3(ukh; δθh + s′(θkh)δθh, ψh) + a3(δθh, ψh)

=
1

∆t
(2[θnh + snh]− 1

2
[θn−1
h + sn−1

h ], ψh) + (R3
h(ukh, p

k
h, θ

k
h), ψh) ∀ψh ∈ Zh.

where the terms Rih stand for the Newton residuals associated to the momentum, mass, and energy-
enthalpy equations.

One readily notes that as we increase the Rayleigh number, the coupling between the Navier-Stokes
and the temperature equation becomes stronger. This makes the radius of convergence for the Newton
method smaller (see e.g. [73]). As the new initial guess in the time-dependent method is the solution
at the previous timestep, this condition reflects on a restriction on the timestep, independently of the
CFL condition.
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4.5 Numerical verification

We stress that the zero-mean condition enforcing the uniqueness of the pressure (for the schemes
based on the primal finite element formulation from Section 4.4.1) is implemented using a pressure pe-
nalisation approach. All nonlinear systems undergo a Newton linearisation with fixed residual tolerance
of 1E-6. In addition, the resulting linear solves are performed with the direct method SuperLU.

4.5.1 Experimental convergence for the semidiscrete and fully discrete methods

For our first example we produce the error history associated with the finite element approxima-
tion. Let us consider the following closed-form solutions to the stationary Boussinesq equations with
enthalpy, defined on the unit square domain Ω = (0, 1)2:

u(x, y) =

(
sin(πx)2 sin(πy)2 cos(πy)

−1
3 sin(2πx) sin(πy)3

)
, p(x, y) = 10(x4 − y4), θ(x, y) = 1 + sin(πx) cos(πy).

(4.5.1)
These functions are smooth and they are used to generate non-homogeneous forcing and source terms.
The vertical walls constitute ΓθD and the bottom and top lids of the domain conform ΓθN . The
temperature-dependent viscosity, porosity, buoyancy, and enthalpy functions are taken as

η(θ) := 2 + tanh(
1

2
− θ), µ(θ) := exp(−θ), f(θ) :=

Ra

Pr Re2 θ, s(θ) := 1 + tanh(1− θ), (4.5.2)

respectively, and the remaining parameters specifying this steady-state version of (4.2.1)-(4.2.3) are
Re = 10, Ra = 100, Pr = 0.71, γ =1E-6. We then construct a sequence of successively refined meshes
for Ω and proceed to compute errors between approximate and exact solutions, together with local
convergence rates. The outcome of this error study is depicted in Table 4.1, which shows optimal
convergence O(hk+1) for velocity, pressure, and temperature in their natural norms.

The error associated to the time discretisation is assessed by considering the original transient
problem, with enthalpy, and employing the following exact solutions (proposed in [67] for the study of
the Boussinesq approximation without enthalpy), defined on the three-dimensional domain Ω = (0, 1)3:

u(x, y, z, t) =

 x2 + xy − z2 + yz

−2xy − 1
2y

2 + 2yz − 2xz

z2 + y2 − x2 + 3xy

 sin(t), p(x, y, z, t) = [x− y + 3z − 3/2] sin(t),

θ(x, y, z, t) = 2 + [x2 + y2 + z2 + 1] sin(t).

The regularity of these solutions implies that the spatial finite element discretisation using a method
with k = 1 will be machine-precision accurate, and so the total error will practically coincide with the
time discretisation error. The temperature-dependent functions are taken as in (4.5.2). We proceed
to discretise the time interval into a sequence of successively refined grids and compute accumulative
errors, defined for a generic field scalar or vector field v as E(v) := [∆t

∑N
n=1 |vnh − v(tn)|2]1/2, up to

the adimensional final time tf = 1. The error history is displayed in Table 4.2, showing a second order
convergence, consistent with the BDF2 algorithm employed.
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DoF h ‖u− uh‖1 rate ‖p− ph‖ rate ‖θ − θh‖1 rate it
k = 1

84 0.7071 4.4051 – 0.6275 – 0.3791 – 5
268 0.3536 0.8306 2.407 0.1468 2.096 0.1027 1.884 4
948 0.1768 0.1334 2.638 0.0357 2.038 0.02654 1.953 4
3556 0.0884 0.0239 2.478 0.0088 2.013 0.0067 1.983 4
13764 0.0442 0.0051 2.226 0.0022 2.004 0.0017 1.993 4
54148 0.0221 0.0012 2.074 0.0006 2.001 0.0004 1.997 5
214788 0.0110 0.0003 2.015 0.0001 1.999 0.0001 1.999 4

k = 2

172 0.7071 0.8695 – 0.102 – 0.0994 – 4
588 0.3536 0.1741 2.320 0.0145 2.813 0.0130 2.931 5
2164 0.1768 0.0253 2.779 0.0019 2.873 0.0016 2.991 5
8292 0.0884 0.0034 2.907 0.0003 2.928 0.0002 3.000 5
32452 0.0442 0.0004 2.954 3.38e-5 2.949 2.56e-5 3.001 5
128388 0.0221 6.16e-5 2.824 6.36e-6 2.961 3.21e-6 2.997 5
510724 0.0110 1.43e-5 2.983 1.51e-6 2.984 8.01e-7 2.997 4

Table 4.1: Error history (errors on a sequence of successively refined grids, experimental convergence
rates, and Newton iteration count at each refinement level) associated to the spatial discretisation
using the finite element spaces (4.4.1) with k = 1 and k = 2 (table produced by the author).

We also generate the error history associated with the mixed-primal discretisation discussed in
Section 4.4.2. The closed-form solutions are those in (4.5.1) and the model parameters and temperature-
dependent functions are as in the first example above; while the stabilisation constants needed for the
augmented formulation take the values κ1 = κ2 = µ1µ

−2
2 , κ3 = µ1/2, κ4 = µ1/4 (and where the

constants µ1, µ2 are the bounds for the viscosity introduced in (4.2.5)). The problem in this case is
solved in terms of strain rate, total stress (including viscous and convective contributions), velocity,
vorticity tensor, and temperature; and each individual error is measured in its natural norm. The error
decay and the corresponding convergence rates are reported in Table 4.3, which confirms an optimal
convergence rate. The Newton iteration count is similar to the one observed in Table 4.1.

4.5.2 Benchmark test: natural convection of air

We further validate the numerical method against a well-documented benchmark, the natural con-
vection of air in a differentially heated square cavity Ω = (0, 1)2. In this problem we do not have the
enthalpy terms, we do not consider the temperature-dependent drag contribution, and the viscosity
and conduction coefficients are constant. Therefore the scaling of the equations is as follows

∂tu+ u · ∇u− Pr ∆u+∇p+ η(θ)u = Ra Pr θk,

divu = 0 in Ω× (0, tf ],

∂tθ + u · ∇θ −∆θ = 0,
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∆t E(u) rate E(p) rate E(θ) rate avg(it)
1 0.1355 – 1.2943 – 0.2627 – 5
0.25 0.0176 1.938 0.1640 1.925 0.0329 1.890 4.2
0.0613 0.0023 1.990 0.0251 1.934 0.0041 1.958 4.2
0.0151 0.0003 1.983 0.0032 1.962 0.0005 1.947 4.2

Table 4.2: Time discretisation errors produced with a BDF2 method on different timestep resolutions,
convergence rates, and average number of Newton iterations (table produced by the author).

DoF h ‖t−th‖ rate ‖σ−σh‖div rate ‖u−uh‖1 rate ‖γ−γh‖ rate ‖θ−θh‖1 rate it
83 0.7071 1.2330 – 1.2681 – 1.5671 – 1.2547 – 1.5651 – 3
283 0.3536 0.6253 0.826 0.7302 0.796 1.0193 0.633 0.7187 0.803 0.8465 0.886 4
1043 0.1768 0.3402 0.904 0.4056 0.847 0.5788 0.803 0.3641 0.895 0.4328 0.967 4
4003 0.0884 0.1764 0.927 0.2003 0.934 0.3077 0.911 0.1842 0.954 0.2177 0.991 4
15683 0.0442 0.0831 0.954 0.1401 0.929 0.1623 0.925 0.0917 1.022 0.1090 0.997 4
62083 0.0221 0.0462 0.960 0.0892 0.972 0.0958 0.946 0.0483 0.972 0.0548 0.998 4
247043 0.0111 0.0247 0.985 0.0426 0.977 0.0521 0.951 0.0258 0.931 0.0274 0.994 4
985603 0.0055 0.0124 0.992 0.0225 0.985 0.0311 0.954 0.0123 1.003 0.0139 0.978 4

Table 4.3: Error history (errors on a sequence of successively refined grids, experimental convergence
rates, and Newton iteration count at each refinement level) associated to the spatial discretisation
using the mixed-primal formulation from Section 4.4.2, using a lowest-order scheme with k = 0 (table
produced by the author).

where k = (0, 1)T , and the only non-dimensional parameters and their values are Ra =1E5 and
Pr = 0.71. We use a constant timestep of ∆t = 0.001 and employ a rather coarse mesh with meshsize
h =

√
2/64. The initial conditions on the domain interior are u(0) = 0 and θ(0) = 0.5, and we

prescribe θ = 1 on the left and θ = 0 on the right walls of the cavity (also for the initial datum). The
upper and lower plates constitute the boundary ΓθN , where we set zero-flux boundary conditions for
temperature (representing insulated walls); and on all four sides of the container we impose no-slip
velocities u = 0.

The simulation is run until the final, dimensionless time tf = 0.5, using a Taylor-Hood finite element
family for the approximation of velocity and pressure (i.e., k = 1), and the pressure penalty parameter
takes the value γ =1E-7. The flow is driven by the difference of temperature and examples of velocity,
pressure and temperature distribution at the final time are depicted in Figure 4.1(a-c). We observe
well-defined temperature profiles and the expected recirculation velocity patterns. A more quantitative
study is done by extracting the approximate solutions for temperature and vertical velocity on the
horizontal midlines at y = 0.5 and plotting them against properly rotated published benchmark values
from [154] (which were generated using the method of discrete singular convolution). A reasonably
close match is confirmed by looking at Figure 4.1(d,e), where we emphasise that our results come from
coarse mesh computations.

We carry out further comparisons based on the average Nusselt number on the hot wall of the cavity,
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Figure 4.1: Velocity, pressure, and temperature profiles for the 2D differentially heated cavity (a,b,c
respectively) and comparisons to the benchmark data in [154] (d and e) (figure produced by the author).

that is, at x = 0. The value is here defined as

Nu = |
∫
M

Pr Reu1θ − ∂xθ|, (4.5.3)

where M denotes the hot wall, and it encodes the rate of heat transfer along M (including the total
flux, even the part coming from advection). We also record the maximum and minimum velocities and
temperatures attained on the symmetry lines x = 0.5 and y = 0.5. The computed values are collected
in Table 4.4, where we also include reference values from the literature (see also [18, 108]).
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Ra Nu max(|û1,h|) max(|û2,h|) x∞ y∞

Computed 103 1.105 0.133 0.137 0.177 0.815
Reference value 103 1.117 0.136 0.138 0.178 0.813
Computed 104 2.002 0.188 0.239 0.117 0.820
Reference value 104 2.054 0.192 0.234 0.119 0.823
Computed 105 4.430 0.161 0.258 0.068 0.851
Reference value 105 4.337 0.153 0.261 0.066 0.855

Table 4.4: Average Nusselt number (4.5.3) and maximum velocities on the midplanes attained at
(0.5, y∞) and (x∞, 0.5), computed for different values of the Rayleigh number and compared with
respect to reference values from [66] (table produced by the author).

4.6 Examples using phase-change models

4.6.1 Simulating the melting of N-octadecane

We now consider the melting of a solid phase change material (N-octadecane) contained in a square
box and subject to heating on the left side of the domain. The problem set up is taken from [64], where
the boundary conditions are as above (no-slip velocities on the whole boundary, the temperature has
zero flux on the top and bottom walls, and high and low temperatures are maintained on the left and
right walls, respectively). The low temperature imposed on the right wall θC = −0.01 is lower than
the phase change temperature θ = 0, in order to allow the phase change to occur. We here employ a
structured mesh of 100000 elements.

We first consider an enthalpy-viscosity model. The model parameters are as follows Ra = 3.27E5,
Pr= 56.2, Re= 1, κ = 1, Ste= 0.045, high temperature on the left wall θH = 1, and size of the mushy
region δθ = 0.1. We then use (4.2.11) with sl = 0, ss = [Ste]−1, and we also employ the regularised
viscosity specification (4.2.13) with the constants µl = 1, µs = 108,Mµ = 50, and θf = 0. These values
give a constitutive relationship for the phase change that can also be recovered from (4.2.9) using the
phase change function φ together with the viscosity µ(φ) = µs + (µl − ss)φ. In that case, the jump is
sufficiently large so that the mushy region acts as a solid near the melting point. Notice that in [64]
the convection of enthalpy (the last term in the LHS of (4.2.3)) is neglected. This term is zero almost
everywhere, except within the mushy region. So if this region is relatively large, then the term will
have an important effect in the generated flow patterns.

Secondly, we use an enthalpy-porosity model having a very similar jump behaviour. We focus on
the regularised permeability field (4.2.10) and setting the parameter values to ηs = 108, Mη = 50,
θf = 0. Again, this can be regularised alternatively using the phase change function φ and putting
η(φ) = ηs(1− φ) (see also [134]).

In Figure 4.2 we present snapshots of the numerical solutions obtained using an enthalpy-viscosity
model (and setting constant drag), and an enthalpy-porosity model (using constant viscosity). After
an initial stage where the dynamics of the system are dictated predominantly by heat conduction, the
convective effects in the mixture start to dominate and the layer that determines the phase change
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Figure 4.2: Example 3. Comparison between the melting of N-octadecane using enthalpy-viscosity
(a,b,c) and enthalpy-porosity models (d,e,f) (figure produced by the author).

moves on to the right on the top of the cavity. We can observe that even if the jump definitions are
qualitatively similar, substantial differences appear in terms of the pressure profiles in the solid region.
The velocity patterns are also different (the porosity-based model permits recirculation even in the
solid), but this can be straightforwardly remediated by taking a larger value for ηs. Secondly, we also
observe that the the phase change boundary is more advanced using the enthalpy-porosity model, and
this is more pronounced at the top of the container. In the next set of tests we will address these
differences in further detail.

4.6.2 Changing the size of the mushy region and the jump nonlinearity

In view to investigate the differences between porosity and viscosity based models, we recall that
enthalpy-viscosity models can be very sensitive to dynamic viscosity effects, thermal conductivity
variations, and the size of the mushy region (see [21]). On the other hand, the enthalpy-porosity model
for the melting of gallium, and studied in [134] is sufficiently accurate for a specific mushy region size.
We then proceed to vary the size of the mushy region in an adequate manner to conciliate enthalpy-
viscosity and enthalpy-porosity models. It is of note, we do not vary the enthalpy from that of the last
experiment. This is because the enthalpy-porosity formulation allows the regularisation of the jump
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Figure 4.3: Example 4: Contour plots of the phase change depending on the size of the mushy region on
enthalpy-viscosity models (a), or on the nonlinearity of the regularisation in enthalpy-porosity models
(b) (figure produced by the author).

for the drag force η(θ) independent to the regularisation of the jump function for enthalpy, i.e. by
changing the value for n. So for consistency we vary Mµ without varying s(θ).

We start with different values forMµ in the enthalpy-viscosity model, and we observe that with large
mushy regions one can mimic the results obtained using enthalpy-porosity models. However, smaller
mushy regions in enthalpy-viscosity models do not necessarily imply a higher irregularity in the model
coefficients, as their counterpart in enthalpy-porosity models need to impose a larger jump in order to
prevent unwanted flow in the solid region. The results of mushy region variations in enthalpy-viscosity
models are collected in Figure 4.3(a).

A second investigation is done by modifying the degree of nonlinearity in the Brinkman term. Setting
the parameters ξ = 107.4, m = 10−2.6 in the specification of the enthalpy-porosity model (4.2.9) imply
that the permeability η is regularised over the desired mushy region, with a constant larger than 108

reducing the flow in the solid region. We recall that ξ is related to the material morphology, and in
the context of the study of melting N-octadecane, one could choose a more appropriate value. Also,
the phase change function φ could be regularised around some artificial melting temperature with
a different choice of mushy region δθ. A closer inspection of the model coefficients reveals that the
present form is equivalent to (4.2.10) with a mushy region of size Mη = 150 (which is a large value,
especially considering that enthalpy-porosity models require less regularisation than enthalpy-viscosity
models).

Making the link with variable viscosity we recall that in the model by Brinkman one has (4.2.12).
We use the value n = 2.5, and choose m = 10−8 to produce a jump of order 108. Plotting then η it
is clear that the phase change function φ requires a different parametrisation in order to get the jump
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Figure 4.4: Example 4. Velocity components, pressure, temperature, and adapted mesh at t = 160,
using an enthalpy-porosity model with n = 5 (figure produced by the author).

over the required mushy region. We then choose φ = 1
2 [tanh(50(x − 0.074)) + 1], and stress that this

model is based on the theory of suspended particles and how the packing density affects viscosity.

Again, using (4.2.12) and varying n, one can mimic the effects of (4.2.9). Comparisons of the melting
fronts produced with these two last family of models are displayed in Figure 4.3(b), whereas a sample
of the numerical solutions choosing n = 5 (and having the following regularisation of the phase change
function φ = 1

2 [tanh(50(θ − 0.0366)) + 1]), and a locally refined mesh are portrayed in Figure 4.4.

4.6.3 Flow patterns in a local element

We next turn to the simulation of buoyancy-driven flow within a mesoscopic subdomain (or local
element) lying on the boundary layer between liquid and solid. In line with the observations made
above, the solid phase can be regarded as a porous medium filled with solid particles. It is expected
that these obstacles will generate a drag as the one encoded in the macroscopic form (4.2.9). In a local
element of diameter 0.01, we create a so-called blockage arrangement of randomly distributed particles
of varying sizes with mean dm = 0.0002 and a 1% variance. The boundary conditions for the flow are
different than in the macroscopic case. We impose a slip velocity u = (0, 0.01)T on the left wall, no-slip
velocities on the particles, and Neumann conditions on the remaining walls. We observe a drag force
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Figure 4.5: Example 5. Velocity and pressure profiles on a local element (figure produced by the
author).

exerted on the fluid by the array of particles. The velocity is reduced on a very small interval, but flow
is allowed through the permeable field. These observations suggest why a viscosity-based formulation
would require a much smaller mushy region in order to produce the same melting front as in porosity-
based models, and also why slow flow is allowed in the solid regime in the porosity formulation. For
instance, for the form (4.2.12) one should consider nano particles that melt at the melting temperature
of the material, and have the same properties as the liquid, therefore their only effect on the fluid would
be an increased viscosity. This behaviour is achieved by simply by not being fluid and by colliding with
each other. This phenomenon amounts to impose a moving permeable field, eventually leading to the
formation of a larger mushy region. In summary, in enthalpy-porosity models the particles are fixed
and the drag force hinders the flow, whereas for enthalpy-viscosity models, the holes are allowed to
move and the amount of fluid present is reduced. An example is given in Figure 4.5, and a somewhat
similar study can be found in [100].

Finally, with the purpose of extend the applicability of the methods proposed here, in the study of
large scale models including the thermal evolution of magma/ocean interfaces [145], or ice-shelf melt-
ing [153], we propose a preliminary test given in Figure 4.6 where we have implemented an enthalpy-
viscosity model to simulate the ice-shelf melting around Antarctica, using an unstructured mesh con-
sisting of 20500 elements and the transient version of the mixed-primal finite element scheme described
in Section 4.4.2. For a relatively large mushy region we can observe a stabilisation of the recirculation
patterns and a concentration of the temperature gradients towards the phase change layer.
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Figure 4.6: Temperature profiles at three different times of the phase change dynamics using (4.2.10)
(figure produced by the author).



CHAPTER 5

New mixed finite element methods for natural convection with
phase-change in porous media

5.1 Introduction

We are interested in the mathematical and numerical investigation of phase change models for natural
convection in porous media. Natural convection is a largely studied phenomenon due to its presence
in different applications: melting and solidification processes [64, 120, 150, 155], design of latent heat
based energy storage devices [71], ocean and atmosphere dynamics [69, 99], crystalization in magma
chambers [37, 145], etc. Differently from other works where the phase change is incorporated into the
Boussinesq approximation by means of enthalpy-porosity methods [134] or enthalpy-viscosity models
[64], in this chapter the problem is modeled either as a viscous Newtonian fluid where the change
of phase is encoded in the viscosity itself, or using a Brinkman-Boussinesq approximation where the
solidification process influences the drag directly.

A variety of numerical methods dealing with phase change Boussinesq models have been proposed
in recent years, including bioconvective flows [44, 101], porosity-based models [134, 155], and viscosity
based-models [64, 158, 165]. Mathematical analysis of other related models as natural convection
[115, 164], and Boussinesq-type, such as time-dependent problems under different contexts [4, 8, 67],
primal and mixed formulations [123, 57, 61, 76], with viscosity of the fluid depending on the temperature
[10, 9], and exactly divergence free [123] are available in the literature. However, up to our knowledge,
a rigorous mixed analysis for phase change models for natural convection is something that has not
had great attention until now. Therefore, in the present chapter, we focus on the mathematical
and numerical analysis of that problem, which has been proposed in [158, Section 4.2], and where
the authors studied a fully-primal formulation for a non-stationary phase-change model. Here, and
similarly to [61], we propose mixed-primal and fully-mixed approaches.

The rest of this chapter is organised as follows. In the remainder of this section, we recall some
preliminary notations. The nonlinear model of interest, and the definitive unknowns to be considered
in the variational formulation are presented in Section 5.2. For the Navier-Stokes-Brinkman equations,
the main unknowns are the velocity, a pseudostress tensor relating the strain tensor with the convective
term and the strain rate tensor. The pressure is eliminated using the fluid incompressibility and
can be recovered as a post-process of the pseudostress. Moreover, because of the convective term,

125
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the velocity is sought in H1(Ω), which requires augmentation via Galerkin terms arising from the
constitutive and equilibrium equations, and therefore, imposing in an ultra-weak sense the symmetry
of the pseudostress, we do not need to introduce the vorticity as unknown in our variational formulation.
In turn, for the energy equation, and in addition to the temperature, we introduce the normal heat
flux through the boundary as a Lagrange multiplier for the primal formulation and a further unknown
for the mixed approach. We remark that including these Galerkin terms allows us to circumvent the
necessity of proving inf-sup conditions for both problems, and as a result, to relax the hypotheses on
the corresponding discrete spaces. In this way, the classical Banach fixed-point theorem, the Lax-
Milgram lemma, the Babuška-Brezzi theory, suitable regularity and smallness-of-data assumptions,
can be applied to prove well-posedness of the continuous problem. In Section 5.3, we also define the
Galerkin scheme considering arbitrary finite dimensional subspaces and provide its unique solvability
(this time, by means of Brouwer fixed-point theorem), together with the corresponding Céa estimate.
Then, we make precise the definition of the involved discrete spaces. In Section 5.4 we establish
the corresponding fully-mixed variational formulation and its associated Galerkin scheme, and show
that both systems are well-posed. Then, considering specific finite element spaces for the unknowns
together with its approximation properties, we deduce the corresponding rates of convergence. We
close in Section 5.5 with several numerical examples illustrating the performance of the augmented
mixed-primal and fully-mixed finite element methods, as well as confirming the theoretical rates of
convergence.

5.2 The model problem

Let us consider the following PDE system, describing phase change mechanisms involving viscous
fluids within porous media. The governing equations in this case correspond to the Navier-Stokes-
Brinkman equations coupled with a generalised energy equation (related to the well-known Stefan
problem)

(∇u)u− α div
[
µ(θ)e(u)

]
+∇p+ η(θ)u = f(θ)k in Ω , (5.2.1a)

divu = 0 in Ω , (5.2.1b)

−ρ div(κ∇θ) + u · ∇θ + u · ∇s(θ) = 0 in Ω , (5.2.1c)

u = uD and θ = θD on Γ , (5.2.1d)

with α := 1
Re , ρ := 1

CPr , where Re and Pr are the Reynolds and Prandtl numbers, respectively; κ
and C are the non-dimensional heat conductivity tensor (here assumed isotropic) and specific heat,

respectively; k stands for the unit vector pointing oppositely to gravity; e(u) =
1

2
(∇u+∇ut) is the

strain rate tensor, and u : Ω → Rn, p : Ω → R and θ : Ω → R, correspond to the velocity, pressure,
and the temperature of the fluid flow, respectively. Finally, µ, η, s and f are the nonlinear viscosity,
porosity, enthalpy and buoyancy terms, respectively, which depend on the temperature. Notice that
here s(θ) denotes the regularised enthalpy function and it accounts for the latent heat of fusion, i.e.
the energy needed to change the phase of a material [158, 151, 152].

For the subsequent analysis we assume that the functions µ, η, s are uniformly bounded and Lipschitz
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continuous: there exist positive constants µ1, µ2, η1, η2, s1, s2, Lµ, Lη, Ls such that

µ1 ≤ µ(ψ) ≤ µ2, |µ(ψ)− µ(φ)| ≤ Lµ|ψ − φ| ∀ψ, φ ∈ R,

η1 ≤ η(ψ) ≤ η2, |η(ψ)− η(φ)| ≤ Lη|ψ − φ| ∀ψ, φ ∈ R,

s1 ≤ s(ψ) ≤ s2, |s(ψ)− s(φ)| ≤ Ls|ψ − φ| ∀ψ, φ ∈ R.

(5.2.2)

Similar assumptions are placed on the buoyancy function f : there exist positive constants Cf and Lf
such that

|f(ψ)| ≤ Cf |ψ|, |f(ψ)− f(φ)| ≤ Lf |ψ − φ| ∀ψ, φ ∈ R. (5.2.3)

On the other hand, we will suppose that for every ψ ∈ H1(Ω), we have s(ψ) ∈ H1(Ω), and that there
exist positive constants s3 and Ls̃ such that

|∇s(ψ)| ≤ s3|∇ψ|, |∇s(ψ)−∇s(φ)| ≤ Ls̃|ψ − φ|, ∀ψ, φ ∈ H1(Ω) . (5.2.4)

Finally, we suppose that κ and κ−1 are uniform bounded and uniformly positive definite tensors,
meaning that there exist positive constants K0,K1, K̃0 and K̃1 such that

|κ| ≤ K1, κv · v ≥ K0|v|2, |κ−1| ≤ K̃1, κ−1v · v ≥ K̃0|v|2 ∀v ∈ Rn. (5.2.5)

With respect to the boundary conditions in (5.2.1d), we assume that uD ∈ H1/2(Γ), θD ∈ H1/2(Γ),
and that uD verifies the compatibility condition∫

Γ
uD · ν = 0. (5.2.6)

In addition, it is well-known (see, e.g [122]) that uniqueness of pressure is ensured in the space

L2
0(Ω) :=

{
q ∈ L2(Ω) :

∫
Ω
q = 0

}
.

We end this section by remarking that, due to the laminar regime of the fluid in each one of the
numerical tests reported in Section 5.5, the module of the velocity field is small, and hence it might
not be necessary to compute the Reynolds number, besides the fact that there seems to be no formula
available in the literature for the case (as the present) of a non-constant viscosity. Nevertheless, if
an estimation of this number is in fact needed, we would suggest to take a characteristic viscosity µc
defined as the mean value of it, that is µc :=

1

|Ω|

∫
Ω
µ(θ), which can be controlled by µ1 and µ2 (cf.

(5.2.2)), and then compute the model parameters (Reynolds and Prandtl numbers) and rewritte the
coupled-system based on this choice.

5.3 The mixed-primal approach

In this section we proceed similarly as in [10, 42, 57] to propose a mixed-primal approach for (5.2.1).
Then, we establish the corresponding continuous and discrete formulations, analyse their solvability
by using a fixed-point approach, and derive the corresponding a priori error estimates.
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5.3.1 The continuous formulation

We first proceed as in [10] and set the strain rate tensor as an auxiliary unknown:

t := e(u) = ∇u− γ(u) ∈ L2
tr(Ω),

where, for each v ∈ H1(Ω), γ(v) = 1
2(∇v− (∇v)t) is the skew-symmetric part of the velocity gradient

tensor ∇v, and
L2
tr(Ω) :=

{
s ∈ L2(Ω) : s = st and tr(s) = 0

}
.

Then, introducing also the pseudostress tensor as a new unknown:

σ := αµ(θ)t− (u⊗ u)− p I, (5.3.1)

we deduce that (5.2.1b) together with (5.3.1) are equivalent to the pair of equations

αµ(θ) t − (u⊗ u)d = σd in Ω,

p = − 1

n
tr(σ + u⊗ u) in Ω.

Consequently, we arrive at the following coupled system without pressure:

t + γ(u) = ∇u in Ω, (5.3.2a)

αµ(θ) t − (u⊗ u)d = σd in Ω, (5.3.2b)

η(θ)u − divσ = f(θ)k in Ω, (5.3.2c)

−ρ div(κ∇θ) + u · ∇θ + u · ∇s(θ) = 0 in Ω, (5.3.2d)

u = uD on Γ, (5.3.2e)

θ = θD on Γ, (5.3.2f)∫
Ω
tr(σ + u⊗ u) = 0. (5.3.2g)

Note that the incompressibility constraint is implicitly present in (5.3.2b), relating σ and u. In turn,
the fact that the pressure p must belong to L2

0(Ω) (for uniqueness reasons) is guaranteed by the
equivalent statement given by (5.3.2g).

Thus, in order to derive a primal formulation for the energy equation, we proceed to multiply
(5.3.2d) by ψ ∈ H1(Ω), integrate by parts, and introduce, as a new unknown, the normal heat flux on
Γ, λ := −ρ κ∇θ · ν ∈ H−1/2(Γ), so that we arrive at

ρ

∫
κ∇θ · ∇ψ + 〈λ, ψ〉Γ +

∫
Ω
ψu · ∇(θ + s(θ)) = 0 ∀ψ ∈ H1(Ω) , (5.3.3)

where 〈 ·, · 〉Γ denotes from now on the duality pairing between H−1/2(Γ) and H1/2(Γ). In turn, the
Dirichlet condition θ = θD on Γ is imposed weakly as

〈ξ, θ〉Γ = 〈ξ, θD〉Γ ∀ ξ ∈ H−1/2(Γ).

On the other hand, multiplying (5.3.2b) by a suitable test function, we obtain

α

∫
Ω
µ(θ)t : s −

∫
Ω
σd : s −

∫
Ω

(u⊗ u)d : s = 0 ∀ s ∈ L2
tr(Ω). (5.3.4)
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Here we readily note that in order to bound the third terms on the LHS of (5.3.3) and (5.3.4), and
thanks to the continuous injection of H1(Ω) into L4(Ω), we require the unknown u to live in H1(Ω)

(see e.g. [10, 9, 14]). Such regularity can be exploited to cast the Navier-Stokes-Brinkman equations
uniquely in terms of the pseudostress and the velocity. Indeed, testing (5.3.2a) against τ ∈ H(div; Ω)

and employing (5.3.2e), we readily obtain∫
Ω

t : τ d +

∫
Ω
γ(u) : τ +

∫
Ω
u · div τ = 〈τν,uD〉Γ ∀ τ ∈ H(div; Ω) .

Afterwards, testing (5.3.2c) against v ∈ H1(Ω), we deduce that

−
∫

Ω
v · divσ +

∫
Ω
η(θ)u · v =

∫
Ω
f(θ)k · v ∀v ∈ H1(Ω),

and finally, defining A :=
{
γ(v) : v ∈ H1(Ω)

}
, we impose the symmetry of σ in an ultra-weak sense,

as follows: ∫
Ω
σ : γ(v) = 0 ∀v ∈ H1(Ω). (5.3.5)

We stress here that the usual way of imposing this property of σ is in the form:
∫

Ω
σ : η = 0 ∀η ∈

L2
skew(Ω) :=

{
ω ∈ L2(Ω) : ω + ωt = 0

}
, which is known as the weak sense. However, in the

present approach we propose to take advantage of the further regularity of u and its corresponding
test functions, which are all now in H1(Ω), and simply test σ against tensors in A. In this way, the
fact that A is a proper subspace of L2

skew(Ω) constitutes the reason why this alternative imposition of
the symmetry of the pseudostress is called ultra-weak.

In this way, a preliminary weak formulation for the coupled problem (5.2.1) reads: Find (t,σ,u, θ, λ)

∈ L2
tr(Ω)×H(div; Ω)×H1(Ω)×H1(Ω)×H−1/2(Γ) such that

α

∫
Ω
µ(θ)t : s −

∫
Ω

(u⊗ u)d : s −
∫

Ω
σd : s = 0 ∀ s ∈ L2

tr(Ω),∫
Ω

t : τ d +

∫
Ω
γ(u) : τ +

∫
Ω
u · div τ = 〈τν,uD〉Γ ∀ τ ∈ H(div; Ω) ,

−
∫

Ω
v · divσ −

∫
Ω
σ : γ(v) +

∫
Ω
η(θ)u · v =

∫
Ω
f(θ)k · v ∀v ∈ H1(Ω),

ρ

∫
κ∇θ · ∇ψ + 〈λ, ψ〉Γ = −

∫
Ω
ψu · ∇(θ + s(θ)) ∀ψ ∈ H1(Ω),

〈ξ, θ〉Γ = 〈ξ, θD〉Γ ∀ ξ ∈ H−1/2(Γ).

(5.3.6)

On the other hand, by virtue of the orthogonal decomposition H(div; Ω) = H0(div; Ω)⊕ RI, where

H0(div; Ω) :=
{
ζ ∈ H(div; Ω) :

∫
Ω
tr(ζ) = 0

}
,

and (5.3.2g), we can write σ = σ0 + cI, with σ0 in H0(div; Ω), and c given explicitly in terms of u by

c = − 1

n|Ω|

∫
Ω

tr(u⊗ u).
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Then, denoting from now on the unknown σ0 simply by σ, the variational formulation (5.3.6) can be
reformulated in terms of the H0(div; Ω)-component of the pseudostress (see [9, Lemma 3.1]). Accord-
ingly, in order to analyse (5.3.6) we augment using residual Galerkin-type terms arising from (5.3.2),
but all them tested differently from (5.3.6), namely:

κ1

∫
Ω

{
σd + (u⊗ u)d − αµ(θ)t

}
: τ d = 0 ∀ τ ∈ H0(div; Ω) ,

κ2

∫
Ω
{divσ − η(θ)u} · divτ = −κ2

∫
Ω
f(θ)k · divτ ∀ τ ∈ H0(div; Ω) ,

κ3

∫
Ω
{e(u) − t} · e(v) = 0 ∀v ∈ H1(Ω),

where κ1, κ2 and κ3 are positive parameters to be specified later on. In this way, denoting H :=

L2
tr(Ω)×H0(div; Ω)×H1(Ω), ~t := (t,σ,u), and ~s := (s, τ ,v), we arrive at the following augmented

mixed-primal formulation for (5.2.1): Find (~t, (θ, λ)) ∈ H ×H1(Ω)×H−1/2(Γ) such that

Aθ(~t,~s) + Bu(~t,~s) = Fθ(~s) + FD(~s) ∀ ~s ∈ H, (5.3.7a)

a(θ, ψ) + b(ψ, λ) = Hu,θ(ψ) ∀ψ ∈ H1(Ω) , (5.3.7b)

b(θ, ξ) = G(ξ) ∀ ξ ∈ H−1/2(Γ), (5.3.7c)

where, given an arbitrary (w, φ) ∈ H1(Ω) × H1(Ω), the forms Aφ, Bw, a, b, and the functionals
Fφ, FD, Hw,φ, and G are defined as

Aφ(~t,~s) := α

∫
µ(φ)t :

{
s− κ1τ

d
}

+

∫
Ω

t :
{
τ d − κ3 e(v)

}
−
∫

Ω
σd :

{
s− κ1τ

d
}

+

∫
Ω
u · div τ −

∫
Ω
v · divσ +

∫
Ω
γ(u) : τ −

∫
Ω
σ : γ(v) (5.3.8a)

+

∫
Ω
η(φ)u ·

{
v − κ2 divτ

}
+ κ2

∫
Ω

divσ · divτ + κ3

∫
Ω

e(u) : e(v),

Bw(~t,~s) :=

∫
Ω

(u⊗w)d :
{
κ1τ

d − s
}
, (5.3.8b)

for all ~t,~s ∈ H, and

a(θ, ψ) := ρ

∫
Ω
κ∇θ · ∇ψ ∀ θ, ψ ∈ H1(Ω), (5.3.9a)

b(ψ, ξ) := 〈ξ, ψ〉Γ ∀ (ψ, ξ) ∈ H1(Ω)×H−1/2(Γ), (5.3.9b)

Fφ(~s) :=

∫
Ω
f(φ)k ·

{
v − κ2 div τ

}
∀~s ∈ H, (5.3.9c)

FD(~s) := 〈τν,uD〉Γ ∀~s ∈ H, (5.3.9d)

Hw,φ(ψ) := −
∫

Ω
ψw · ∇(φ+ s(φ)) ∀ψ ∈ H1(Ω), (5.3.9e)

G(ξ) := 〈ξ, θD〉Γ ∀ ξ ∈ H−1/2(Γ). (5.3.9f)

We notice in advance that the forms Bw, a and b are exactly defined as in [59, Section 3.1] and
therefore we omit parts of the proofs whenever necessary. Finally, we remark that, in contrast with
other recent strain-based formulations [10, 43, 79, 83], here we do not introduce vorticity as additional
unknown. Also, the presence of the drag term in the momentum equation allows us to complete the
H1(Ω)−norm of the velocity without the need of a fourth residual term in the augmentation procedure.
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5.3.2 Solvability analysis

We proceed similarly as in [10, 83] and utilise a fixed-point scheme to prove the well-posedness of
the continuous formulation (5.3.7). Let us write H := H1(Ω)×H1(Ω) and define S : H→ H as

S(w, φ) = (S1(w, φ),S2(w, φ),S3(w, φ)) := ~t ∀ (w, φ) ∈ H , (5.3.10)

where ~t ∈ H is the unique solution of the problem defined by (5.3.7a) with (w, φ) instead of (u, θ),
that is

Aφ(~t,~s) + Bw(~t,~s) = Fφ(~s) + FD(~s) ∀~s ∈ H. (5.3.11)

In turn, let S̃ : H→ H1(Ω) be the operator defined by

S̃(w, φ) := θ ∀ (w, φ) ∈ H , (5.3.12)

where θ is the first component of the unique solution (θ, λ) ∈ H1(Ω)×H−1/2(Γ) of the problem defined
by (5.3.7b)-(5.3.7c) with (w, φ) instead of (u, θ), that is

a(θ, ψ) + b(ψ, λ) = Hw,φ(ψ) ∀ψ ∈ H1(Ω) ,

b(θ, ξ) = G(ξ) ∀ ξ ∈ H−1/2(Γ).
(5.3.13)

Then, we define the operator T : H→ H by

T(w, φ) =
(
S3(w, φ), S̃(S3(w, φ), φ)

)
∀ (w, φ) ∈ H, (5.3.14)

and one readily realises that solving (5.3.7) is equivalent to seeking a fixed point of T, that is: Find
(u, θ) ∈ H such that

T(u, θ) = (u, θ).

We now provide sufficient conditions under which the uncoupled problems (5.3.11) and (5.3.13) are
indeed uniquely solvable. In what follows, for each ~s ∈ H, ‖~s‖ denotes the corresponding product
norm.

Lemma 5.3.1. Assume that κ1 ∈
(

0, 2µ1δ1
µ2

)
, κ2 ∈

(
0, 2η1δ3

η2

)
and κ3 ∈

(
0, 2αδ2

(
µ1 − κ1µ2

2δ1

))
with

δ1 ∈
(

0, 2
αµ2

)
, δ2 ∈ (0, 2), δ3 ∈

(
0, 2

η2

)
. Then, there exists r0 > 0 such that for each r ∈ (0, r0),

problem (5.3.11) has a unique solution S(w, φ) := ~t ∈ H, for each (w, φ) ∈ H with ‖w‖1,Ω ≤ r.

Moreover, there exists cS > 0, independent of (w, φ), such that

‖S(w, φ)‖ = ‖~t‖ ≤ cS
{
Cf ‖φ‖0,Ω + ‖uD‖1/2,Γ

}
∀ (w, φ) ∈ H. (5.3.15)

Proof. Let us start the discussion by deriving the continuity of the forms involved. First, employing
the assumptions (5.2.2), we deduce that

|Aφ(~t,~s)| ≤ CA‖~t‖‖~s‖ ∀~t,~s ∈ H, (5.3.16)

where CA is a constant depending on α, κ1, κ2, κ3, µ2, and η2. In turn, by applying the continuous
injection ic : H1(Ω)→ L4(Ω), we obtain that

|Bw(~t,~s)| ≤ ‖ic‖2 (1 + κ2
1)1/2‖u‖‖w‖‖~s‖ ∀~t,~s ∈ H. (5.3.17)
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Hence, from (5.3.16) and (5.3.17), there exists a positive constant denoted by ‖Aφ + Bw‖, such that

|(Aφ + Bw)(~t,~s)| ≤ ‖Aφ + Bw‖‖~t‖‖~s‖ ∀~t,~s ∈ H.

On the other hand, in order to show that (Aφ + Bw) is elliptic, we first prove that Aφ satisfies this
property. In fact, by using Cauchy-Schwarz and Young inequalities, and the results provided in [39,
Prop. 3.1] and [54, Thm. 6.15-1] with constants c3(Ω) and κ0(Ω), respectively, it is possible to find a
constant α̃(Ω) := min{α1, α3κ0(Ω), α4}, independent of (w, φ), such that

Aφ(~s,~s) ≥ α̃(Ω)‖~s‖2 ∀~s ∈ H, (5.3.18)

where

α1 := αµ1 −
κ1αµ2

2δ1
− κ3

2δ2
, α2 := min

{
κ1

(
1− αµ2δ1

2

)
,
κ2

2

(
1− η2δ3

2

)}
,

α3 := min

{
κ3

(
1− δ2

2

)
, η1 −

κ2η2

2δ3

}
, α4 := min

{
α2c3(Ω),

κ2

2

(
1− η2δ3

2

)}
,

where κ1, κ2, κ3, δ1, δ2 and δ3 are defined as in the statement of the present lemma. Moreover, by
combining (5.3.17) and (5.3.18), we obtain that

(Aφ + Bw)(~t,~s) ≥ α̃(Ω)

2
‖~s‖2 ∀~s ∈ H, (5.3.19)

provided ‖w‖1,Ω ≤ r0, with

r0 :=
α̃(Ω)

2 ‖ic‖2 (1 + κ2
1)1/2

, (5.3.20)

which confirms the ellipticity of the nonlinear operator Aφ + Bw. On the other hand, by applying
Cauchy-Schwarz inequality and the trace theorem in H(div; Ω), we deduce that Fφ, FD ∈ H ′ with

‖Fφ‖ ≤ Cf (1 + κ2
2)1/2 ‖φ‖0,Ω and ‖FD‖ ≤ ‖uD‖1/2,Γ. (5.3.21)

Consequently, a straightforward application of the Lax-Milgram lemma implies that there exists a
unique solution ~t ∈ H of (5.3.11). Finally, using (5.3.19) and (5.3.21), and performing simple algebraic
manipulations, we derive (5.3.15) with cS :=

2(1+κ2
2)1/2

α̃(Ω) > 0, independent of (w, φ).

Lemma 5.3.2. For each (w, φ) ∈ H, problem (5.3.13) has a unique solution (θ, λ) =
(
S̃(w, φ), λ

)
∈

H1(Ω)×H−1/2(Γ). Moreover, there exists a constant c̃S > 0 independent of (w, φ), such that

‖S̃(w, φ)‖ ≤ ‖(θ, λ)‖ ≤ c̃S
{
‖w‖1,Ω|φ|1,Ω + ‖θD‖1/2,Γ

}
. (5.3.22)

Proof. From [57, Lemma 3.4] we know that a and b are bounded independently of (w, φ), and that
the bilinear form b satisfies the inf-sup condition. Furthermore, recalling that ϑ (cf. (5.2.5)) is a
uniformly positive definite tensor, and using the Friedrichs-Poincaré inequality, we also deduce that
a is V -elliptic with constant αa(Ω), where V is the kernel of the operator induced by b. Now, using
(5.3.9e), (5.3.9f) and applying the continuous injection ic : H1(Ω)→ L4(Ω), we find that

‖Hw,φ‖ ≤ ‖ic‖2
{

1 + s3

}
‖w‖1,Ω|φ|1,Ω and ‖G‖ ≤ ‖θD‖1/2,Γ ,
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which implies that Hw,φ and G are bounded functionals. Thus, a straightforward application of the
Babǔska-Brezzi theory (see, e.g. [81, Thm. 2.3]) proves that for each (w, φ) ∈ H, problem (5.3.13) has
a unique solution (θ, λ) ∈ H1(Ω)× H−1/2(Γ). Moreover, there exists a positive constant c̃S depending
on ρ, K1, αa(Ω), ‖ic‖, s3 and the inf-sup constant of b, such that the estimate (5.3.22) holds.

At this point, we remark that for computational purposes, the constants α1, α2 and α3 defining
α̃(Ω) in Lemma 5.3.1, can be maximised by choosing the parameters δ1, δ2, δ3, κ1 κ2, and κ3 as the
middle points of their feasible ranges. Adequate choices for these parameters are then

δ1 =
1

αµ2
, κ1 =

µ1

αµ2
2

, δ2 = 1, κ3 =
αµ1

2
, δ3 =

1

η2
, κ2 =

η1

η2
2

. (5.3.23)

Continuing with the analysis, we assume further regularity on the problem defining S. More precisely,
we assume that uD ∈ H1/2+ε(Γ) for some ε ∈ (0, 1) (when n = 2) or ε ∈

[
1
2 , 1
)
(when n = 3), and

that for each (w, φ) ∈ H with ‖w‖1,Ω + ‖φ‖1,Ω ≤ r, r > 0 given, there holds (r, ζ, z) := S(w, φ) ∈
L2
tr(Ω) ∩ Hε(Ω)×H0(div; Ω) ∩ Hε(Ω)×H1+ε(Ω), with

‖r‖ε,Ω + ‖ζ‖ε,Ω + ‖z‖1+ε,Ω ≤ Ĉ(r)
{
Cf ‖φ‖0,Ω + ‖uD‖1/2+ε,Γ

}
, (5.3.24)

where Cf is given by (5.2.3) and Ĉ(r) is a positive constant independent of (w, φ) but depending on the
upper bound r of its norm. The reason of the stipulated ranges for ε will be clarified in the forthcoming
analysis (specifically in the proofs of Lemmas 5.3.4 and 5.3.6, below). Also, we pay attention to the fact
that while the estimate (5.3.24) will be employed only to bound ‖r‖ε,Ω, we have stated it including the
terms ‖ζ‖ε,Ω and ‖z‖1+ε,Ω as well, since due to the first and second equations of (5.3.2), the regularities
of r, ζ and z will most likely be connected.

On the other hand, we emphasize that the well-posedness of the uncoupled problems (5.3.11) and
(5.3.13) ensure that the operators S, S̃ and T are well-defined. Hence, the existence of a unique
fixed-point of T follows after verifying the hypotheses of the Banach fixed-point theorem.

Lemma 5.3.3. Given r ∈ (0, r0), with r0 given by (5.3.20), we let W :=
{

(w, φ) ∈ H : ‖(w, φ)‖ ≤ r
}
,

and assume that
c(r)

{
Cf + ‖uD‖1/2,Γ

}
+ c̃S ‖θD‖1/2,Γ ≤ r, (5.3.25)

where c(r) := (1 + c̃S) cS max{1, r}, and Cf , cS and c̃S are the constants specified in (5.2.3), and
Lemmas 5.3.1 and 5.3.2, respectively. Then T(W ) ⊆W .

Proof. It follows exactly as in [57, Lemma 3.5].

Next, the Lipschitz continuity of T will essentially be a direct consequence of the following two
lemmas providing the same property for S and S̃, respectively.

Lemma 5.3.4. Let r ∈ (0, r0) with r0 given by (5.3.20). Then, there exists a constant C̃S > 0,
independent of r, such that for all (w1, φ1), (w2, φ2) ∈ H, with ‖w1‖1,Ω, ‖w2‖1,Ω ≤ r, there holds

‖S(w1, φ1)− S(w2, φ2)‖ ≤ C̃S

{
‖S3(w2, φ2)‖1,Ω

(
‖w1 −w2‖1,Ω + ‖φ1 − φ2‖1,Ω

)
+ ‖φ1 − φ2‖Ln/ε(Ω) ‖S1(w2, φ2)‖ε,Ω + Lf ‖φ1 − φ2‖0,Ω

}
.

(5.3.26)
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Proof. Given (w1, φ1), (w2, φ2) as stated, we let ~tj := (tj ,σj ,uj) = S(wj , φj) ∈ H, j ∈ {1, 2}, which,
according to (5.3.11), means that for all ~s ∈ H there hold:

Aφ1(~t1,~s) + Bw1(~t1,~s) = Fφ1(~s) + FD(~s) and Aφ2(~t2,~s) + Bw2(~t2,~s) = Fφ2(~s) + FD(~s).

Now, applying the ellipticity of Aφ1 +Bw1 (cf. (5.3.19)), and then adding and subtracting the equality
Aφ2(~t2,~s) + Bw2(~t2,~s) = Fφ2(~s) + FD(~s), we find that

α̃(Ω)

2
‖~t1 −~t2‖2 ≤ (Aφ1 + Bw1)(~t1 −~t2,~t1 −~t2)

= (Fφ1 − Fφ2)(~t1 −~t2) + (Aφ2 −Aφ1)(~t2,~t1 −~t2) + (Bw2−w1)(~t2,~t1 −~t2).

(5.3.27)

Next, for the first and third terms on the right hand side of (5.3.27), we exploit the assumption (5.2.3)
and the estimate given in [57, Lemma 3.6], respectively, to obtain∣∣∣∣∫

Ω

(
f(φ1)− f(φ2)

)
k ·
{

(u1 − u2)− κ2 div (σ1 − σ2)
}∣∣∣∣

≤ Lf (1 + κ2
2)1/2 ‖φ1 − φ2‖0,Ω ‖~t1 −~t2‖,

(5.3.28)

and ∣∣∣∣∫
Ω

(
u2 ⊗ (w2 −w1)

)d
:
{
κ1(σ1 − σ2)d − (t1 − t2)

}∣∣∣∣
≤ ‖ic‖2 (1 + κ2

1)1/2 ‖u2‖1,Ω ‖w2 −w1‖1,Ω ‖~t1 −~t2‖.
(5.3.29)

On the other hand, for the second term of (5.3.27), we apply the assumptions (5.2.2), and the Cauchy-
Schwarz and Hölder inequalities, to deduce that∣∣∣(Aφ2 −Aφ1)(~t2,~t1 −~t2)

∣∣∣ =

∣∣∣∣α ∫
Ω

(
µ(φ2)− µ(φ1)

)
t2 :

{
(t1 − t2)− κ1(σ1 − σ2)d

}
+

∫
Ω

(
η(φ2)− η(φ1)

)
u2 ·

{
(u1 − u2)− κ2 div (σ1 − σ2)

}∣∣∣∣
≤
(
αLµ(1 + κ2

1)1/2 ‖φ2 − φ1‖L2q(Ω) ‖t2‖L2p(Ω)

+Lη ‖ic‖2 (1 + κ2
2)1/2 ‖φ2 − φ1‖1,Ω ‖u2‖1,Ω

)
‖~t1 −~t2‖ ,

(5.3.30)

with p, q ∈ (1,+∞) such that 1
p + 1

q=1. At this point, we proceed as in [14, Lemma 3.9]. In fact, given
the further regularity ε assumed in (5.3.24), we recall that the Sobolev embedding theorem (see, e.g
[2, Thm. 4.12]) establishes the continuous injection iε : Hε(Ω) → L2p(Ω) with boundedness constant
Cε, where

2p =


2

1− ε
if n = 2,

6

3− 2ε
if n = 3,

and 2q = n
ε , and therefore, there holds

‖t2‖L2p(Ω) ≤ Cε ‖t2‖ε,Ω ∀ t2 ∈ Hε(Ω). (5.3.31)
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Then, (5.3.31) could be bounded by (5.3.24), yielding for each (w2, φ2) ∈ H with ‖w2‖1,Ω+‖φ2‖1,Ω ≤ r,
the estimate

‖t2‖L2p(Ω) ≤ CεĈ(r)
{
Cf ‖φ2‖0,Ω + ‖uD‖1/2+ε,Γ

}
.

Finally, denoting

C̃S :=
2

α̃(Ω)
max

{
(1 + κ2

2)1/2, ‖ic‖2 (1 + κ2
1)1/2, αCεLµ(1 + κ2

1)1/2, Lη ‖ic‖2 (1 + κ2
2)1/2

}
,

inequalities (5.3.27), (5.3.28), (5.3.29), (5.3.30) and (5.3.31), imply (5.3.26) and complete the proof.

Lemma 5.3.5. There exists C̃
S̃
> 0, such that for all (w1, φ1), (w2, φ2) ∈ H there holds

‖S̃(w1, φ1)− S̃(w2, φ2)‖

≤ C̃
S̃

{
‖w1 −w2‖1,Ω |φ1|1,Ω + ‖w2‖1,Ω |φ1 − φ2|1,Ω + ‖w2‖1,Ω ‖φ1 − φ2‖0,Ω

}
.

(5.3.32)

Proof. Given (w1, φ1), (w2, φ2) ∈ H, we let (θ1, λ1), (θ2, λ2) ∈ H1(Ω) × H−1/2(Γ) be solutions to
(5.3.13) corresponding to (w1, φ1) and (w2, φ2), respectively, that is θj = S̃(wj , φj), j ∈ {1, 2}. Then
invoking the linearity of the forms a and b, and performing algebraic manipulations, we deduce (using
both formulations arising from (5.3.13)) that

a(θ1 − θ2, ψ) + (ψ, λ1 − λ2) = Hw1−w2,φ1(ψ) +Hw2,φ1(ψ)−Hw2,φ2(ψ) ∀ψ ∈ H1(Ω),

(θ1 − θ2, ξ) = 0 ∀ ξ ∈ H−1/2(Γ).

(5.3.33)

Next, noting from the second equation of (5.3.33) that θ1 − θ2 belongs to the kernel V of b, taking
ψ = θ1 − θ2 and ξ = λ1 − λ2 in (5.3.33), applying the ellipticity of a in V , and using the assumption
(5.2.4), we readily deduce from the first equation of (5.3.33) that

αa(Ω) ‖θ1 − θ2‖21,Ω ≤ a(θ1 − θ2, θ1 − θ2)

= Hw1−w2,φ1(θ1 − θ2) +Hw2,φ1(θ1 − θ2)−Hw2,φ2(θ1 − θ2)

≤ ‖ic‖2
{

(1 + s3) ‖w1 −w2‖1,Ω |φ1|1,Ω + ‖w2‖1,Ω |φ1 − φ2|1,Ω

+Ls̃ ‖w2‖1,Ω ‖φ1 − φ2‖0,Ω
}
‖θ1 − θ2‖1,Ω ,

which gives (5.3.32) with C̃
S̃

:= ‖ic‖2
αa

max{1 + s3, Ls̃}.

The announced property of T is proved now.

Lemma 5.3.6. Let r and W as in Lemma 5.3.3. Then, there exists a positive constant CT such that
for all (w1, φ1), (w2, φ2) ∈W there holds

‖T(w1, φ1)−T(w2, φ2)‖ ≤ CT

{
Cf + ‖uD‖1/2,Γ + ‖uD‖1/2+ε,Γ + Lf

}
‖(w1, φ1)− (w2, φ2)‖ .

Proof. It follows directly from the definition of T (cf. (5.3.14)) and the estimates (5.3.26) and (5.3.32).
We remit to [57, Lemma 3.8] for similar further details.
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Finally, the main result of this section is given as follows.

Theorem 5.3.7. Suppose that the parameters κ1, κ2 and κ3 satisfy the conditions required by Lemma
5.3.1. Let r and W as in Lemma 5.3.3, and assume that the data satisfy (5.3.25) and

CT

{
Cf + ‖uD‖1/2,Γ + ‖uD‖1/2+ε,Γ + Lf

}
< 1. (5.3.34)

Then, problem (5.3.7) has a unique solution (~t, (θ, λ)) ∈ H ×H1(Ω)×H−1/2(Γ), with (u, θ) ∈W , and
there holds

‖~t‖ ≤ cS
{
Cf r + ‖uD‖1/2,Γ

}
,

and
‖(θ, λ)‖ ≤ c̃S{r‖u‖1,Ω + ‖θD‖1/2,Γ}.

Proof. It follows as a combination of Lemmas 5.3.3 and 5.3.6, the assumption (5.3.34), the Banach
fixed-point theorem, and the a priori estimates (5.3.15) and (5.3.22). We omit further details.

5.3.3 The Galerkin scheme

In this section we analyse a Galerkin scheme associated with (5.3.7). We remark in advance that
most of the details are omitted since they follow straightforwardly by adapting the fixed-point strategy
from Section 5.3.2. We start by considering generic finite dimensional subspaces

Ht
h ⊆ L2

tr(Ω), Hσh ⊆ H0(div; Ω), Hu
h ⊆ H1(Ω), Hθ

h ⊆ H1(Ω), and Hλ
h ⊆ H−1/2(Γ),

which will be specified later on. Hereafter, h denotes the size of a regular triangulation Th of Ω made
up of triangles K (in R2) or tetrahedra K (in R3) of diameter hK , i.e. h := max {hK : K ∈ Th} .
Defining Hh := Ht

h × Hσh ×Hu
h , and denoting ~th := (th,σh,uh) and ~sh := (sh, τ h,vh), the Galerkin

scheme for (5.3.7) reads: Find (~th, (θh, λh)) ∈ Hh ×Hθ
h ×Hλ

h such that

Aθh(~th,~sh) + Buh(~th,~sh) = Fθh(~sh) + FD(~sh) ∀ ~sh ∈ Hh,

a(θh, ψh) + b(ψh, λh) = Huh,θh(ψh) ∀ψh ∈ Hθ
h ,

b(θh, ξh) = G(ξh) ∀ ξh ∈ Hλ
h .

(5.3.35)

Next, we set Hh := Hu
h ×Hθ

h and let Sh : Hh → Hh be the operator defined as

Sh(wh, φh) = (S1,h(wh, φh),S2,h(wh, φh),S3,h(wh, φh)) := ~th ∀ (wh, φh) ∈ Hh , (5.3.36)

where ~th ∈ Hh is the unique solution of the problem given by the first equation of (5.3.35) with
(wh, φh) instead of (uh, θh), that is

Aφh(~th,~sh) + Bwh(~th,~sh) = Fφh(~sh) + FD(~sh) ∀ ~sh ∈ Hh. (5.3.37)

Just for sake of completeness, we recall here that the functional FD is defined in (5.3.9d). In turn, for a
given pair (wh, φh), the bilinear forms Aφh and Bwh , and the functional Fφh are those corresponding
to (5.3.8a), (5.3.8b) and (5.3.9c), respectively, with w = wh and φ = φh.
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Furthermore, we define S̃h : Hh → Hθ
h as

S̃h(wh, φh) := θh ∀ (wh, φh) ∈ Hh , (5.3.38)

where θh is the first component of the unique solution (θh, λh) ∈ Hθ
h ×Hλ

h of the problem given by the
second and third equations of (5.3.35) with (wh, φh) instead of (uh, θh), that is

a(θh, ψh) + b(ψh, λh) = Hwh,φh(ψh) ∀ψh ∈ Hθ
h(Ω) ,

b(θh, ξh) = G(ξh) ∀ ξh ∈ Hλ
h.

(5.3.39)

The forms a and b and the functional G are defined in (5.3.9a), (5.3.9b) and (5.3.9f), respectively,
whereas Hwh,φh is defined as in (5.3.9e) with w = wh and φ = φh.

Finally, by introducing the operator Th : Hh → Hh as

Th(wh, φh) =
(
S3,h(wh, φh), S̃h(S3,h(wh, φh), φh)

)
∀ (wh, φh) ∈ Hh,

we see that solving (5.3.35) is equivalent to seeking (uh, θh) ∈ Hh such that

Th(uh, θh) = (uh, θh). (5.3.40)

Certainly, all the above makes sense if we guarantee that the uncoupled discrete problems (5.3.37) and
(5.3.39) are well-posed, which is addressed in what follows. We begin with the corresponding result
for Sh, which actually follows almost verbatim to that of its continuous counterpart S, and proof can
be omitted.

Lemma 5.3.8. Assume that κ1 ∈
(

0, 2µ1δ1
µ2

)
, κ2 ∈

(
0, 2η1δ3

η2

)
and κ3 ∈

(
0, 2αδ2

(
µ1 − κ1µ2

2δ1

))
, with

δ1 ∈
(

0, 2
αµ2

)
, δ2 ∈ (0, 2) and δ3 ∈

(
0, 2

η2

)
. Then, there exists r0 > 0 such that for each r ∈ (0, r0),

problem (5.3.37) has a unique solution Sh(wh, φh) := ~th ∈ Hh for each (wh, φh) ∈ Hh with ‖wh‖1,Ω ≤
r. Moreover, there exists cS > 0, independent of (wh, φh), such that

‖Sh(wh, φh)‖ = ‖~th‖ ≤ cS
{
Cf ‖φh‖0,Ω + ‖uD‖1/2,Γ

}
∀ (wh, φh) ∈ Hh. (5.3.41)

In turn, in order to analyse the problem (5.3.39), we need to incorporate further hypotheses on the
discrete spaces Hθ

h and Hλ
h. For this purpose, we now let

Vh :=
{
ψh ∈ Hθ

h : (ψh, ξh) = 0 ∀ ξh ∈ Hλ
h

}
,

be the discrete kernel of b. Then, assuming the following discrete inf-sup conditions (which do hold
for some finite element spaces, as those listed at the end of this section):

(H.0) There exists a constant α1 > 0, independent of h, such that

sup
ψh∈Vh
ψh 6=0

a(ψh, ϕh)

‖ψh‖1,Ω
≥ α1 ‖ϕh‖1,Ω ∀ϕh ∈ Vh. (5.3.42)
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(H.1) There exists a constant α2 > 0, independent of h, such that

sup
ψh∈Hθ

h
ψh 6=0

(ψh, ξh)

‖ψh‖1,Ω
≥ α2 ‖ξh‖−1/2,Γ ∀ ξh ∈ Hλ

h,

we can prove that the operator S̃h is well-posed, which is abridged in the following lemma. We refer
to [57, Lemma 4.2] for further details.

Lemma 5.3.9. For each (wh, φh) ∈ Hh, problem (5.3.39) has a unique solution (θh, λh) = (S̃h(wh, φh),

λh) ∈ Hθ
h ×Hλ

h. Moreover, there exists a constant C̃ > 0 independent of (wh, φh), such that

‖S̃h(wh, φh)‖ ≤ ‖(θh, λh)‖ ≤ C̃
{
‖wh‖1,Ω|φh|1,Ω + ‖θD‖1/2,Γ

}
.

The solvability of the fixed-point problem (5.3.40) is now proved by means of the Brouwer fixed-point
theorem (see, e.g. [54, Thm. 9.9-2]). We begin with the discrete version of Lemma 5.3.3.

Lemma 5.3.10. Given r ∈ (0, r0), with r0 as in (5.3.20), we let Wh :=
{

(wh, φh) ∈ Hh : ‖(wh, φh)‖ ≤

r
}
, and assume that

c̃(r)
{
Cf + ‖uD‖1/2,Γ

}
+ C̃ ‖θD‖1/2,Γ ≤ r, (5.3.43)

where c̃(r) := (1 + C̃) cS max{1, r}, and cS and C̃ are the constants specified in Lemmas 5.3.1 and
5.3.9, respectively. Then Th(Wh) ⊆Wh.

The discrete analogue of Lemma 5.3.4 is provided next. We notice in advance that, instead of the
regularity assumptions employed in the continuous case (not applicable in the present discrete case),
we simply utilise an L4 − L4 − L2 argument.

Lemma 5.3.11. Let r ∈ (0, r0) with r0 given by (5.3.20). Then, there exists a constant C̃S > 0,
independent of r, such that for all (wh, φh), (w̃h, φ̃h) ∈ Hh, with ‖wh‖1,Ω, ‖w̃h‖1,Ω ≤ r, there holds

‖Sh(wh, φh)− Sh(w̃h, φ̃h)‖ ≤ C̃S

{
‖S3,h(w̃h, φ̃h)‖1,Ω

(
‖wh − w̃h‖1,Ω + ‖φh − φ̃h‖1,Ω

)
+ ‖φh − φ̃h‖4,Ω ‖S1,h(w̃h, φ̃h)‖4,Ω + Lf‖φh − φ̃h‖0,Ω

}
.

Proof. It proceeds exactly as in the proof of Lemma 5.3.4, except for the derivation of the discrete ana-
logue of (5.3.30), where, instead of choosing the values of p, q determined by the regularity parameter
ε, it suffices to take p = q = 2, thus obtaining

|(A
φ̃h
−Aφh)(~rh,~th − ~rh)| ≤

(
αLµ(1 + κ2

1)1/2‖φ̃h − φh‖4,Ω ‖rh‖4,Ω

+ Lηc4(Ω)(1 + κ2
2)1/2‖φ̃h − φh‖1,Ω ‖zh‖1,Ω

)
‖~th − ~rh‖ ,

for all (wh, φh), (w̃h, φ̃h), with ~th = (th,σh,uh) := Sh(wh, φh) ∈ Hh and ~rh := (rh, ζh, zh) =

Sh(w̃h, φ̃h) ∈ Hh. Thus, since the elements of Ht
h are piecewise polynomials, we know that ‖rh‖4,Ω <

+∞ for each rh ∈ Ht
h.
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The discrete version of Lemma 5.3.5 is given as follows.

Lemma 5.3.12. There exists a constant Ĉ
S̃
> 0, such that for all (wh, φh), (w̃h, φ̃h) ∈ Hh, there

holds

‖S̃h(wh, φh)− S̃h(w̃h, φ̃h)‖

≤ Ĉ
S̃

{
‖wh − w̃h‖1,Ω ‖φh‖1,Ω + ‖w̃h‖1,Ω|φh − φ̃h|1,Ω + ‖w̃h ‖1,Ω‖φh − φ̃h‖0,Ω

}
.

Proof. It follows the same arguments from Lemma 5.3.5, but now using the inf-sup condition (5.3.42)
rather than the V -ellipticity of a.

Next, utilizing Lemmas 5.3.11 and 5.3.12, we can prove the discrete version of Lemma 5.3.6.

Lemma 5.3.13. Let r and Wh as in Lemma 5.3.10. Then, there exists a constant C̃T > 0, such that
for all (wh, φh), (w̃h, φ̃h) ∈ Hh, there holds

‖Th(wh, φh)−Th(w̃h, φ̃h)‖

≤ C̃T

{
‖S3,h(w̃h, φ̃h)‖1,Ω + ‖S1,h(w̃h, φ̃h)‖4,Ω + Lf

}
‖(wh, φh)− (w̃h, φ̃h)‖ .

Notice that the previous lemma provides the continuity required by the Brouwer fixed-point theorem,
in the convex and compact set Wh ⊆ Hh. Therefore, we have the following result.

Theorem 5.3.14. Suppose that the parameters κ1, κ2 and κ3 satisfy the conditions required by Lemma
5.3.8. Let r and Wh as in Lemma 5.3.10, and assume that the data satisfy (5.3.43). Then, the problem
(5.3.35) has at least one solution (~th, (θh, λh)) ∈ Hh ×Hθ

h ×Hλ
h, with (uh, θh) ∈Wh, and there holds

‖~th‖ ≤ cS
{
Cf r + ‖uD‖1/2,Γ

}
,

and
‖(θh, λh)‖ ≤ C̃

{
r‖uh‖1,Ω + ‖θD‖1/2,Γ

}
.

5.3.4 A priori error analysis

Our next goal is to derive an a priori error estimate for our Galerkin scheme (5.3.35). More precisely,
given (t,σ,u, (θ, λ)) := (~t, (θ, λ)) ∈ H ×H1(Ω)×H−1/2(Γ), with (u, θ) ∈W , and (th,σh,uh, (θh, λh))

:= (~th, (θh, λh)) ∈ Hh × Hθ
h × Hλ

h, with (uh, θh) ∈ Wh, solutions of the problems (5.3.7) and (5.3.35),
respectively, we are interested in obtaining an upper bound for

‖(~t, (θ, λ))− (~th, (θh, λh))‖.

To this end, we apply two instrumental results from [127, Thm. 11.1 and 11.2] concerning Strang-
type estimates for elliptic and saddle point problems, respectively, where continuous and discrete
formulations differ only in the functionals involved. We begin with the following preliminary estimate.



5.3. The mixed-primal approach 140

Lemma 5.3.15. There exists a constant CST > 0, independent of h, such that

‖~t−~th‖ ≤ CST

{
dist(~t, Hh) + Lf ‖θ − θh‖1,Ω + ‖θ − θh‖ ‖t‖ε,Ω

+ ‖u‖1,Ω ‖θ − θh‖1,Ω + ‖u‖1,Ω ‖u− uh‖1,Ω
}
.

(5.3.44)

Proof. From Lemma (5.3.1) we observe that Aθ + Bu and Aθh + Buh are bounded and uniformly
elliptic bilinear forms with ellipticity constant α̃(Ω)

2 . Also, Fθ + FD and Fθh + FD are linear bounded
functionals in H and Hh, respectively. Thus, a straightforward application of [127, Thm. 11.1] to the
context given by the first equations of (5.3.7) and (5.3.35), yields

‖~t−~th‖ ≤ C1

 sup
~sh∈Hh
~sh 6=0

|Fθ(~sh)− Fθh(~sh)|
‖~sh‖

+ inf
~qh∈Hh
~qh 6=0

‖~t− ~qh‖ + sup
~sh∈Hh
~sh 6=0

|(Aθ + Bu)(~qh,~sh)− (Aθh + Buh)(~qh,~sh)|
‖~sh‖


 ,

(5.3.45)

where C1 := 2
α̃(Ω) max{1, ‖Aθ + Bu‖}. Hence, in order to estimate the last supremum in (5.3.45), we

add and subtract suitable terms to obtain

(Aθ + Bu)(~qh,~sh)− (Aθh + Buh)(~qh,~sh) = (Aθ −Aθh)(~t,~sh) + (Bu −Buh)(~t,~sh)

+ (Aθh + Buh)(~qh −~t,~sh) + (Aθ + Bu)(~qh −~t,~sh),

and then, using the boundedness of the bilinear forms Aθ + Bu and Aθh + Buh , the estimate (5.3.31),
and the continuous embedding H1(Ω)→ Ln/ε(Ω) with constant C̃ε, we obtain

|(Aθ + Bu)(~qh,~sh)− (Aθh + Buh)(~qh,~sh)|

≤
{
αLµCεC̃ε(1 + κ2

1)1/2 ‖t‖ε,Ω ‖θ − θh‖1,Ω + Lη(1 + κ2
2)1/2 ‖θ − θh‖1,Ω ‖u‖1,Ω

+ ‖ic‖2 (1 + κ2
1)1/2 ‖u‖1,Ω ‖u− uh‖1,Ω + 2‖Aθ + Bu‖‖~qh −~t‖

}
‖~sh‖.

(5.3.46)

In turn, similarly as in (5.3.28), we note that

|(Fθh − Fθ)(~sh)| ≤ Lf (1 + κ2
2)1/2 ‖θ − θh‖0,Ω ‖~sh‖. (5.3.47)

Finally, by replacing (5.3.46) and (5.3.47) back into (5.3.45), one obtains (5.3.44) with constant CST

depending on α̃(Ω), Lµ, Cε, C̃ε, Lη, ‖ic‖ and ‖Aθ + Bu‖.

Next, we have the following complementary result.

Lemma 5.3.16. There exists a constant C̃ST > 0 independent of h, such that

‖(θ, λ)− (θh, λh)‖ ≤ C̃ST

{
dist

(
(θ, λ),Hθ

h ×Hλ
h

)
+ ‖u− uh‖1,Ω |θ|1,Ω

+ ‖uh‖1,Ω |θ − θh|1,Ω + ‖uh‖1,Ω ‖θ − θh‖0,Ω
}
.

(5.3.48)



5.3. The mixed-primal approach 141

Proof. We first observe that (H.0) and (H.1) guarantee the main hypothesis in [127, Thm. 11.2].
Hence, by applying this lemma to the context given by the second and third equations of (5.3.7) and
(5.3.35), we arrive at

‖(θ, λ)− (θh, λh)‖ ≤ C2

{
‖(Hu,θ −Huh,θh)|Hθh‖+ dist

(
(θ, λ),Hθ

h ×Hλ
h

)}
, (5.3.49)

where C2 is a constant depending on α1, α2, ‖a‖ , ‖b‖. Next, analogously to the proof of Lemma 5.3.5,
we can assert that

‖(Hu,θ −Huh,θh)|Hθh‖ = ‖(Hu−uh,θ +Huh,θ −Huh,θh)|Hθh‖

≤ ‖ic‖2
{

(1 + s3) ‖u− uh‖1,Ω |θ|1,Ω + ‖uh‖1,Ω |θ − θh|1,Ω + Ls̃ ‖uh‖1,Ω ‖θ − θh‖0,Ω
}
.
(5.3.50)

Finally, the required estimate (5.3.48) follows by replacing (5.3.50) back into (5.3.49), with constant
C̃ST depending on α1, α2, ‖a‖ , ‖b‖ , ‖ic‖ , s3 and Ls̃.

We remark that an alternative way to prove the previous results follows similarly as in [83, Lemma
3.11] and [81, Thm. 2.6], respectively.

Having established bounds for ‖~t −~th‖ and ‖(θ, λ)− (θh, λh)‖, we are now able to derive the Céa
estimate for the global error. In fact, by adding the estimates (5.3.44) and (5.3.48), and applying the
continuous injection H1(Ω)→ L2(Ω), we obtain

‖~t−~th‖+ ‖(θ, λ)− (θh, λh)‖ ≤ CST dist(~t, Hh) + C̃ST dist
(

(θ, λ),Hθ
h ×Hλ

h

)
+
{
CST

(
Lf + ‖t‖ε,Ω + ‖u‖1,Ω

)
+ 2C̃ST ‖uh‖1,Ω

}
‖θ − θh‖1,Ω

+
{
CST ‖u‖1,Ω + C̃ST|θ|1,Ω

}
‖u− uh‖1,Ω .

Now, we note that the terms ‖u‖1,Ω , |θ|1,Ω, ‖uh‖1,Ω and ‖t‖ε,Ω can be bounded by data using the
estimates (5.3.15), (5.3.22), (5.3.41) and (5.3.24), respectively. Therefore, performing some algebraic
manipulations, and introducing the constants:

C5 := CSTCεĈ(r), C6 := 2CSTcS + C̃STc̃ScSr + 2C̃STcS, (5.3.51)

C7 := max{CST, C5, (C5 + C6)r, C6, C̃STc̃S},

it can be show that

‖~t−~th‖+ ‖(θ, λ)− (θh, λh)‖ ≤ CST dist(~t, Hh) + C̃ST dist
(

(θ, λ),Hθ
h ×Hλ

h

)
+ C7

(
Lf + ‖uD‖1/2+ε,Ω + Cf + ‖uD‖1/2,Ω + ‖θD‖1/2,Γ

){
‖~t−~th‖+ ‖(θ, λ)− (θh, λh)‖

}
.

(5.3.52)

Consequently, we can establish the following main result.

Theorem 5.3.17. Assume that the data satisfy

C7

{
Lf + ‖uD‖1/2+ε,Ω + Cf + ‖uD‖1/2,Ω + ‖θD‖1/2,Γ

}
<

1

2
. (5.3.53)

Then, there exists a positive constant C8 independent of h, such that

‖~t−~th‖+ ‖(θ, λ)− (θh, λh)‖ ≤ C8

{
dist(~t, Hh) + dist

(
(θ, λ),Hθ

h ×Hλ
h

)}
. (5.3.54)
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Proof. It follows directly from (5.3.52) and (5.3.53).

As a first remark of the previous theorem, we stress that the ultra-weak sense in which the symmetry
of σ was imposed (cf. (5.3.5)) does not affect the expected asymptotic symmetry of the discrete tensor
σh. In fact, adding and subtracting the symmetric unknown σ in the below estimate, we obtain

‖σh − σt
h‖ = ‖σh − σ + σt − σt

h‖ ≤ C8

{
dist(~t, Hh) + dist

(
(θ, λ),Hθ

h ×Hλ
h

)}
, (5.3.55)

which yields lim
h→0
‖σh − σt

h‖ = 0, and then, we have actually proved that σh tends to a symmetric

tensor. In second place, exactly as in [43, Section 4] we obtain the error for the postprocessed pressure:
there exists a positive constant Ĉ, independent of h, such that

‖p− ph‖0,Ω ≤ Ĉ
{
‖σ − σh‖div;Ω + ‖u− uh‖1,Ω

}
.

5.3.5 Specific finite element subspaces

In this section we specify concrete discrete subspaces and make precise the convergence rate for
(5.3.35). Given an integer k ≥ 0, for each K ∈ Th we let Pk(K) be the space of polynomial functions
on K of degree ≤ k and define the local Raviart-Thomas space of order k as

RTk(K) := Pk(K)⊕ Pk(K)x,

where Pk(K) = [Pk(K)]n, and x is the generic vector in Rn. Then, we consider piecewise polynomials
of degree ≤ k for approximating entries of the strain rate t, the global Raviart-Thomas space of order k
to approximate rows of the pseudostress σ, and the Lagrange space given by the continuous piecewise
polynomial vectors of degree ≤ k + 1 for the velocity u, respectively, that is

Ht
h :=

{
sh ∈ L2

tr(Ω) : sh|K ∈ Pk(K) ∀K ∈ Th
}
,

Hσh :=
{
τ h ∈ H0(div; Ω) : ctτ h|K ∈ RTk(K), ∀ c ∈ Rn ∀K ∈ Th

}
,

Hu
h :=

{
vh ∈ C(Ω) : vh|K ∈ Pk+1(K) ∀K ∈ Th

}
.

(5.3.56)

The approximating space for temperature will consist of continuous piecewise polynomials of degree
≤ k + 1

Hθ
h :=

{
ψh ∈ C(Ω) : ψh|K ∈ Pk+1(K) ∀K ∈ Th

}
. (5.3.57)

For the normal heat flux, we let {Γ̃1, Γ̃2, ..., Γ̃m} be an independent triangulation of Γ (made of straight
segments in R2, or triangles in R3), and define h̃ := maxj∈{1,...,m} |Γ̃j |. Then, with the same integer
k ≥ 0 used in definitions (5.3.56) and (5.3.57), we approximate λ by piecewise polynomials of degree
≤ k over this new mesh, that is

Hλ
h̃

:=
{
ξ
h̃
∈ L2(Γ) : ξ

h̃
|
Γ̃j
∈ Pk(Γ̃j) ∀ j ∈ {1, ...,m}

}
. (5.3.58)

We remark that the spaces Hθ
h and Hλ

h̃
satisfy the inf-sup conditions H.0 and H.1. We remit to (cf.

[57, Lemma 4.10], [81, Lemma 4.7]) for further details.

Finally, approximation properties of the spaces in (5.3.56), (5.3.57) and (5.3.58) can be found in e.g
[10, 39, 81], which combined with the Céa estimate (5.3.54) produce the theoretical rate of convergence
of (5.3.35), summarised in what follows.
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Theorem 5.3.18. In addition to the hypotheses of Theorems 5.3.7, 5.3.14 and 5.3.17, assume that
there exists s > 0 such that t ∈ Hs(Ω), σ ∈ Hs(Ω), divσ ∈ Hs(Ω), u ∈ H1+s(Ω) , θ ∈ H1+s(Ω) and
λ ∈ H−1/2+s(Γ). Then, there exist positive constants C0, C > 0, independent of h and h̃, such that for
all h ≤ C0h̃, with the finite element subspaces defined by (5.3.56), (5.3.57) and (5.3.58), there holds

‖~t−~th‖+
∥∥(θ, λ)− (θh, λh̃)

∥∥ ≤ Ch̃min{s,k+1} ‖λ‖−1/2+s,Γ

+ Chmin{s,k+1}
{
‖t‖s,Ω + ‖σ‖s,Ω + ‖divσ‖s,Ω + ‖u‖1+s,Ω + ‖θ‖1+s,Ω

}
.

Finally, we point out that (5.3.55) and the previous theorem imply that, under the same foregoing
regularity assumptions, the approximating unknown σh converges to a symmetric tensor with the same
rate of convergence of all the unknowns involved.

5.4 The fully-mixed approach

In this section we proceed similarly as in [59] to put forward a fully-mixed approach for (5.2.1).
Then, we establish the corresponding continuous and discrete formulations, analyse their solvability
by using fixed-point strategies, and derive the corresponding a priori error estimates.

5.4.1 The continuous formulation

Having established in Section 5.3 the mixed formulation for the Navier-Stokes-Brinkman problem,
it only remains to define a mixed formulation for the energy equation. Let us introduce the unknown

Θ := ρκ∇θ − θu− s(θ)u in Ω,

and then, denoting from now on the tensor ρ−1κ−1 simply as κ−1, applying (5.2.1b) and performing
some algebraic computations, we obtain

κ−1Θ + κ−1θu+ κ−1s(θ)u = ∇θ in Ω, div Θ = 0 in Ω, θ = θD on Γ. (5.4.1)

In this way, testing the first equation in (5.4.1) against functions Φ ∈ H(div; Ω), integrating by parts,
and using the Dirichlet boundary condition for θ, we obtain∫

Ω
κ−1Θ · Φ +

∫
Ω
θ div Φ +

∫
Ω
κ−1θu ·Φ = −

∫
Ω
κ−1s(θ)u ·Φ + 〈Φ · ν, θD〉Γ . (5.4.2)

In turn, testing the equilibrium equation in (5.4.1) against a suitable function ψ, we get

−
∫

Ω
ψ div Θ = 0.

Similarly as in Section 5.3, we note from the last term on the left-hand side of (5.4.2), that we require
to seek the temperature θ in H1(Ω). Thus we are left with the preliminary weak formulation: Find
(Θ, θ) ∈ H(div; Ω)×H1(Ω), such that∫

Ω
κ−1Θ · Φ +

∫
Ω
θ div Φ +

∫
Ω
κ−1θu ·Φ = −

∫
Ω
κ−1s(θ)u ·Φ + 〈Φ · ν, θD〉Γ ,

−
∫

Ω
ψ div Θ = 0 ,

(5.4.3)
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for all (Φ, ψ) ∈ H(div; Ω) × H1(Ω). Again, the analysis will require to incorporate the following
redundant terms:

κ4

∫
Ω

(
∇θ − κ−1θu− κ−1s(θ)u− κ−1Θ

)
· ∇ψ = 0 ∀ψ ∈ H1(Ω),

κ5

∫
Ω

div Θ div Φ = 0 ∀Φ ∈ H(div; Ω),

κ6

∫
Γ
θ ψ = κ6

∫
Γ
θD ψ ∀ψ ∈ H1(Ω),

where κ4, κ5 and κ6 are positive parameters to be specified later on. Then, now we may consider the
following mixed formulation for the energy equation: Find (Θ, θ) ∈ H(div; Ω)×H1(Ω), such that

ã((Θ, θ), (Φ, ψ)) + b̃u((Θ, θ), (Φ, ψ)) = F̃u,θ(Φ, ψ) + F̃D(Φ, ψ), (5.4.4)

for all (Φ, ψ) ∈ H(div; Ω) × H1(Ω), where, given an arbitrary (w, φ) ∈ H, the forms ã, b̃w and the
functionals F̃w,φ and F̃D are defined, respectively, as

ã((Θ, θ), (Φ, ψ)) :=

∫
Ω
κ−1Θ · (Φ− κ4∇ψ) +

∫
Ω
θ div Φ−

∫
Ω
ψ div Θ

+ κ4

∫
Ω
∇θ · ∇ψ + κ5

∫
Ω

div Θ div Φ + κ6

∫
Γ
θ ψ , (5.4.5a)

b̃w((Θ, θ), (Φ, ψ)) :=

∫
Ω
κ−1θw · (Φ− κ4∇ψ) , (5.4.5b)

for all (Θ, θ), (Φ, ψ) ∈ H(div; Ω)×H1(Ω), and

F̃w,φ(Φ, ψ) :=

∫
Ω
κ−1s(φ)w · (κ4∇ψ −Φ), (5.4.6a)

F̃D(Φ, ψ) := 〈Φ · ν, θD〉Γ + κ6

∫
Γ
θD ψ, (5.4.6b)

for all (Φ, ψ) ∈ H(div; Ω)×H1(Ω). The fully-mixed variational formulation for (5.2.1) reduces therefore
to the first equation of (5.3.7) and (5.4.4), i.e.: Find (~t, (Θ, θ)) ∈ H ×H(div; Ω)×H1(Ω) such that

Aθ(~t,~s) + Bu(~t,~s) = Fθ(~s) + FD(~s),

ã((Θ, θ), (Φ, ψ)) + b̃u((Θ, θ), (Φ, ψ)) = F̃u,θ(Φ, ψ) + F̃D(Φ, ψ),
(5.4.7)

for all (~s, (Φ, ψ)) ∈ H ×H(div; Ω)×H1(Ω).

We end this section by noticing that the present use of a mixed approach for the heat equation
avoids the introduction of the unknown given by the normal boundary heat flux λ, as it was required
in the primal formulation from Section 5.3.

5.4.2 Solvability analysis

The forms ã and b̃u are defined exactly as in [59, Section 3.1] and therefore we omit parts of
the proofs whenever necessary. On the other hand, for the solvability of (5.4.7), we propose a fixed-
point approach as in Section 5.3.2. More precisely, in addition to using the operator S (cf. (5.3.10)
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- (5.3.11)), and instead of (5.3.12) and (5.3.14), we define the operators Ŝ : H → H1(Ω) and T̂ :=

H → H as Ŝ(w, φ) := θ ∀ (w, φ) ∈ H, where θ is the second component of the unique solution
(Θ, θ) ∈ H(div; Ω)×H1(Ω) of the problem given by the second equation of (5.4.7) with (w, φ) instead
of (u, θ), that is

ã((Θ, θ), (Φ, ψ)) + b̃w((Θ, θ), (Φ, ψ)) = F̃w,φ(Φ, ψ) + F̃D(Φ, ψ), (5.4.8)

for all (Φ, ψ) ∈ H(div; Ω)×H1(Ω), and

T̂(w, φ) =
(
S3(w, φ), Ŝ(S3(w, φ), φ)

)
∀ (w, φ) ∈ H,

respectively. A first result concerning the solvability of the mixed formulation (5.4.8) is provided next.

Lemma 5.4.1. Assume that κ4 ∈
(

0, 2K̃0δ4
K̃1

)
, with δ4 ∈

(
0, 2

K̃1

)
, and κ5, κ6 > 0. Then, there exists

r̃0 > 0 such that for each r̃ ∈ (0, r̃0), problem (5.4.8) has a unique solution (Θ, Ŝ(w, φ)) := (Θ, θ) ∈
H(div; Ω) × H1(Ω) for each (w, φ) ∈ H with ‖w‖1,Ω ≤ r̃. Moreover, there exists kS > 0, independent
of (w, φ), such that

‖Ŝ(w, φ)‖ = ‖θ‖1,Ω ≤ ‖(Θ, θ)‖ ≤ kS

{
‖w‖0,Ω + ‖θD‖0,Γ + ‖θD‖1/2,Γ

}
∀ (w, φ) ∈ H. (5.4.9)

Proof. From [59, Lemma 3.3] we recall that the bilinear form ã+ b̃w (cf. (5.4.5a), (5.4.5b)) is elliptic
with constant α̃1(Ω)

2 , provided ‖w‖1,Ω ≤ r̃0, with

r̃0 :=
α̃1(Ω)

2 ‖ic‖2 (Ω)(1 + κ2
4)1/2K̃1

. (5.4.10)

Now, from (5.4.6a) and (5.4.6b) we note that the functionals F̃w,φ and F̃D are bounded with

‖F̃w,φ‖ ≤ K̃1s2(1 + κ2
4)1/2 ‖w‖0,Ω and ‖F̃D‖ ≤ κ6c0(Ω) ‖θD‖0,Γ + ‖θD‖1/2,Γ ,

where c0(Ω) is the norm of the trace operator in H1(Ω). Finally, a direct application of the Lax-
Milgram lemma proves that for each (w, φ) ∈ H, problem (5.4.8) has a unique solution (Θ, θ) ∈
H(div; Ω)×H1(Ω). Moreover, the continuous dependence result establishes that

‖Ŝ(w, φ)‖ ≤ ‖(Θ, θ)‖ ≤ 2

α̃1
‖F̃w,φ + F̃D‖ ≤ kS

{
‖w‖0,Ω + ‖θD‖0,Γ + ‖θD‖1/2,Γ

}
,

where kS := 2
α̃1

max{K̃1s2(1 + κ2
4)1/2, κ6c0(Ω), 1}, which ends the proof.

The analogue of Lemma 5.3.3 is stated next.

Lemma 5.4.2. Given r ∈ (0,min{r0, r̃0}), with r0 and r̃0 given by (5.3.20) and (5.4.10), respectively,
we let Ŵ := {(w, φ) ∈ H : ‖(w, φ)‖ ≤ r}, and assume that

c(r)
{
Cf + ‖uD‖1/2,Γ

}
+ kS

{
‖θD‖0,Γ + ‖θD‖1/2,Γ

}
≤ r, (5.4.11)

where c(r) := (1 + kS) cS max{1, r}, and cS and kS are the constants specified in Lemmas 5.3.1 and
5.4.1, respectively. Then T̂(Ŵ ) ⊆ Ŵ .
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Proof. It follows exactly as in [59, Lemma 3.5].

Next, we aim to prove the continuity of T̂, which basically will be direct consequence of Lemma
5.3.4 and the following result providing the continuity of S and Ŝ, respectively.

Lemma 5.4.3. There exists K̃
S̃
> 0, such that for all (w1, φ1), (w2, φ2) ∈ H, there holds

‖Ŝ(w1, φ1)− Ŝ(w2, φ2)‖

≤ K̃
S̃

{
‖Ŝ(w2, φ2)‖1,Ω ‖w1 −w2‖1,Ω + ‖w2‖1,Ω ‖φ1 − φ2‖0,Ω + ‖w1 −w2‖1,Ω

}
.

(5.4.12)

Proof. Given r ∈ (0, r̃0), and (w1, φ1), (w2, φ2) ∈ H with ‖w1‖1,Ω , ‖w2‖1,Ω ≤ r, we let (Θ1, θ1),
(Θ2, θ2) ∈ H(div; Ω) × H1(Ω) be solutions to (5.4.8) corresponding to (w1, φ1) and (w2, φ2), respec-
tively, that is

ã((Θ1, θ1), (Φ, ψ)) + b̃w1((Θ1, θ1), (Φ, ψ)) = F̃w1,φ1(Φ, ψ) + F̃D(Φ, ψ),

and
ã((Θ2, θ2), (Φ, ψ)) + b̃w2((Θ2, θ2), (Φ, ψ)) = F̃w2,φ2(Φ, ψ) + F̃D(Φ, ψ),

for all (Φ, ψ) ∈ H(div; Ω) × H1(Ω). Then, similarly to Lemma 5.3.4, we add and subtract suitable
terms to get

(ã+ b̃w2)((Θ1, θ1)− (Θ2, θ2), (Θ1, θ1)− (Θ2, θ2))

= −b̃w1−w2((Θ1, θ1), (Θ1, θ1)− (Θ2, θ2)) + (F̃w1,φ1 − F̃w2,φ2)((Θ1, θ1)− (Θ2, θ2)) ,

from which, applying the ellipticity of ã+ b̃w2 , we deduce that

α̃1

2
‖(Θ1, θ1)− (Θ2, θ2)‖2

≤ − b̃w1−w2((Θ1, θ1), (Θ1, θ1)− (Θ2, θ2)) + (F̃w1,φ1 − F̃w2,φ2)((Θ1, θ1)− (Θ2, θ2))

≤ K̃1

{
(1 + κ2

4)1/2 ‖ic‖2 ‖θ1‖1,Ω ‖w1 −w2‖+ Ls(1 + κ2
4)1/2 ‖w2‖1,Ω ‖φ1 − φ2‖1,Ω

+ s2 ‖w1 −w2‖0,Ω
}
‖(Θ1, θ1)− (Θ2, θ2)‖ .

The foregoing inequality yields (5.4.12) with K̃
S̃

:= 2K̃1
α̃1

max{(1+κ2
4)1/2 ‖ic‖2 , Ls(1+κ2

4)1/2, s2}, which
finishes the proof.

We are now in a position to establish the announced property of the operator T̂. We omit the
corresponding proof and refer to [59, Lemma 3.8] for details.

Lemma 5.4.4. Given r ∈ (0,min{r0, r̃0}), with r0 and r̃0 given by (5.3.20) and (5.4.10), respectively,
we let Ŵ as in Lemma 5.4.2. Then, there exists a constant KT > 0 such that for all (w1, φ1), (w2, φ2) ∈
Ŵ , there holds

‖T̂(w1, φ1)− T̂(w2, φ2)‖

≤ KT

{
Cf + ‖uD‖1/2,Γ + ‖uD‖1/2+ε,Γ + Lf

}
‖(w1, φ1)− (w2, φ2)‖ .

(5.4.13)
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The existence and uniqueness of a fixed point of T̂ (and therefore well-posedness of (5.4.7)), is stated
as follows.

Theorem 5.4.5. Suppose that the parameters κ4, κ5 and κ6 satisfy the conditions required by Lemma
(5.4.1). In addition, let r and Ŵ as in Lemma 5.4.2, and assume that the data verify (5.4.11) and

KT

{
Cf + ‖uD‖1/2,Γ + ‖uD‖1/2+ε,Γ + Lf

}
< 1. (5.4.14)

Then (5.4.7) has a unique solution (~t, (Θ, θ)) ∈ H ×H(div; Ω)×H1(Ω) with (u, θ) ∈ Ŵ . Moreover

‖~t‖ ≤ cS
{
Cf r + ‖uD‖1/2,Γ

}
,

and
‖(Θ, θ)‖ ≤ kS{‖u‖1,Ω + ‖θD‖0,Γ + ‖θD‖1/2,Γ}.

Proof. It suffices to apply the Banach fixed-point Theorem (bearing in mind (5.4.13) - (5.4.14)), and
then employ the a priori estimates (5.3.15) and (5.4.9). We omit further details.

5.4.3 The Galerkin scheme

Similarly to Section 5.3.3, we begin by considering the arbitrary finite dimensional subspaces

Ht
h ⊆ L2

tr(Ω), Hσh ⊆ H0(div; Ω), Hu
h ⊆ H1(Ω), HΘ

h ⊆ H(div; Ω), and Hθ
h ⊆ H1(Ω). (5.4.15)

A Galerkin scheme for (5.4.7) then reads: Find (~th, (Θh, θh)) ∈ Hh ×HΘ
h ×Hθ

h such that

Aθh(~th,~sh) + Buh(~th,~sh) = Fθh(~sh) + FD(~sh),

ã((Θh, θh), (Φh, ψh)) + b̃uh((Θh, θh), (Φh, ψh)) = F̃uh,θh(Φh, ψh) + F̃D(Φh, ψh),
(5.4.16)

for all (~sh, (Φh, ψh)) ∈ Hh ×HΘ
h × Hθ

h. We emphasize that the analysis of (5.4.16) uses the discrete
version of the fixed-point strategy from Section 5.4.2. Results and the used arguments are almost
verbatim to those in that section, and we omit them here simply stating the main result.

Theorem 5.4.6. Suppose that the parameters κ4, κ5 and κ6 satisfy the conditions required by Lemma
5.4.1. In addition, let Ŵh :=

{
(wh, φh) ∈ Hu

h ×Hθ
h : ‖(wh, φh)‖ ≤ r

}
, with r defined as in Lemma

5.4.2, and assume that the data satisfy (5.4.11). Then, the problem (5.4.16) has at least one solution
(~th, (Θh, θh)) ∈ Hh ×HΘ

h ×Hθ
h, with (uh, θh) ∈ Ŵh, and there holds

‖~th‖ ≤ cS
{
Cf r + ‖uD‖1/2,Γ

}
,

and
‖(Θh, θh)‖ ≤ kS{‖uh‖1,Ω + ‖θD‖0,Γ + ‖θD‖1/2,Γ}.
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5.4.4 A priori error analysis

Let (Θ, θ) and (Θh, θh) be solutions to the problems

ã((Θ, θ), (Φ, ψ)) + b̃u((Θ, θ), (Φ, ψ)) = F̃u,θ(Φ, ψ) + F̃D(Φ, ψ) and

ã((Θh, θh), (Φh, ψh)) + b̃uh((Θh, θh), (Φh, ψh)) = F̃uh,θh(Φh, ψh) + F̃D(Φh, ψh) ,
(5.4.17)

for all (Φ, ψ) ∈ H(div; Ω)×H1(Ω), and for all (Φh, ψh) ∈ HΘ
h ×Hθ

h, respectively. A preliminary error
estimate is provided by the following lemma.

Lemma 5.4.7. There exists a positive constant KST, independent of h, such that

‖(Θ, θ)− (Θh, θh)‖ ≤ KST

{(
1 + ‖u− uh‖1,Ω

)
dist

(
(Θ, θ),HΘ

h ×Hθ
h

)
+ ‖u− uh‖1,Ω ‖θ‖1,Ω + ‖uh‖1,Ω ‖θ − θh‖1,Ω + s2 ‖u− uh‖0,Ω

}
.

(5.4.18)

Proof. Proceeding as in the proof of Lemma 5.3.15, a straightforward application of the Strang lemma
provided in [127, Thm. 11.1] to the context (5.4.17), yields

‖(Θ, θ)− (Θh, θh)h‖ ≤ K1

 sup
(Φh,ψh)∈HΘ

h
×Hθ

h
(Φh,ψh)6=0

|F̃u,θ(Φh, ψh)− F̃uh,θh(Φh, ψh)|
‖(Φh, ψh)‖

+ inf
(Ψh,φh)∈HΘ

h
×Hθ

h
(Ψh,φh)6=0

‖(Θ, θ)− (Ψh, φh)‖+ sup
(Φh,ψh)∈HΘ

h
×Hθ

h
(Φh,ψh)6=0

|b̃u−uh((Ψh, φh), (Φh, ψh))|
‖(Φh, ψh)‖


 ,

(5.4.19)

where K1 := 2
α̃1(Ω) max{1, ‖ã+ b̃u‖}. Thus, employing [59, Lemma 5.3], we have

sup
(Φh,ψh)∈HΘ

h
×Hθ

h
(Φh,ψh)6=0

|b̃u−uh((Ψh, φh), (Φh, ψh))|
‖(Φh, ψh)‖

≤ ‖ic‖2 (1 + κ2
4)1/2K̃1 ‖u− uh‖1,Ω ‖θ‖1,Ω

+ ‖ic‖2 (1 + κ2
4)1/2K̃1 ‖u− uh‖1,Ω ‖(Θ, θ)− (Ψh, φh)‖ ,

(5.4.20)

and similarly as in Lemma 5.4.3 we get

sup
(Φh,ψh)∈HΘ

h
×Hθ

h
(Φh,ψh)6=0

|F̃u,θ(Φh, ψh)− F̃uh,θh(Φh, ψh)|
‖(Φh, ψh)‖

≤ K̃1(1 + κ2
4)1/2Ls ‖uh‖1,Ω ‖θh − θ‖1,Ω + K̃1s2 ‖uh − u‖0,Ω .

(5.4.21)

Therefore, (5.4.18) follows by replacing (5.4.20) and (5.4.21) back into (5.4.19), with a constant KST

depending on α̃1, ‖ã+ b̃u‖, K̃1, ‖ic‖ , κ4, and Ls.
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In much the same way as in Section 5.3.3, denoting

C9 = KSTkScS, C10 := CSTcS +KSTcS + CSTcS,

C11 := max{CST, C5, (C5 + C10 + C9r)r, C9 + C10,KSTkS,KST},

where C5 is the constant defined in (5.3.51), and applying the estimates given in Lemmas 5.3.15 and
5.4.7, we can prove that

‖~t−~th‖+ ‖(Θ, θ)− (Θh, θh)‖ ≤ CST dist(~t, Hh) +KST

(
1 + ‖u− uh‖1,Ω

)
dist

(
(Θ, θ),HΘ

h ×Hθ
h

)
+ C11

(
Lf + ‖uD‖1/2+ε,Ω + Cf + ‖uD‖1/2,Ω + ‖θD‖1/2,Γ + ‖θD‖0,Γ + s2

)
×
{
‖~t−~th‖+ ‖(Θ, θ)− (Θh, θh)‖

}
.

We stress here that the constants multiplying dist(~t, Hh) and dist
(
(Θ, θ),HΘ

h ×Hθ
h

)
are both con-

trolled by constants, parameters, and data only since ‖u− uh‖1,Ω can be controlled by (5.3.15) and
(5.3.41). Consequently, we can establish the following main result.

Theorem 5.4.8. Assume that the data satisfy

C7

{
Lf + ‖uD‖1/2+ε,Ω + Cf + ‖uD‖1/2,Ω + ‖θD‖1/2,Γ + ‖θD‖0,Γ + s2

}
<

1

2
.

Then, there exists a positive constant C12, independent of h, such that

‖~t−~th‖+ ‖(Θ, θ)− (Θh, θh)‖ ≤ C12

{
dist(~t, Hh) + dist

(
(Θ, θ),HΘ

h ×Hθ
h

)}
. (5.4.22)

5.4.5 Specific finite element subspaces

Here we consider the global Raviart-Thomas space of order k to approximate Θ, and the Lagrange
space of degree ≤ k + 1 for the temperature θ, that is

HΘ
h :=

{
Φh ∈ H(div; Ω) : ctΦh|K ∈ RTk(K), ∀ c ∈ Rn ∀K ∈ Th

}
,

Hθ
h :=

{
ψh ∈ C(Ω) : ψh|K ∈ Pk+1(K) ∀K ∈ Th

}
.

(5.4.23)

The approximation properties of the spaces in (5.3.56) and (5.4.23) (that can be found in e.g [10, 39, 81])
are then combined with the Céa estimate (5.4.22) to produce the theoretical rate of convergence of
(5.4.16), summarised as follows.

Theorem 5.4.9. Appart from the hypotheses of Theorems 5.4.5, 5.4.6 and 5.4.8, assume that there
exists s > 0 such that t ∈ Hs(Ω), σ ∈ Hs(Ω), divσ ∈ Hs(Ω), u ∈ H1+s(Ω) , Θ ∈ Hs(Ω), div Θ ∈
Hs(Ω), and θ ∈ H1+s(Ω). Then there exists C > 0 independent of h, such that with (5.3.56) and
(5.4.23), one has

‖~t−~th‖+ ‖(Θ, θ)− (Θh, θh)‖ ≤ Chmin{s,k+1}
{
‖t‖s,Ω + ‖σ‖s,Ω + ‖divσ‖s,Ω

+ ‖u‖1+s,Ω + ‖Θ‖s,Ω + ‖div Θ‖s,Ω + ‖θ‖1+s,Ω

}
.

(5.4.24)
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5.5 Numerical tests

We now present a set of computational tests. For the mixed-primal scheme (5.3.35) we consider
an example that shows the convergence rates anticipated by Theorem 5.3.18, and a second test that
addresses the application of our method to the three-dimensional modelling of gallium melting in a
cuboid cavity. We will also present two examples that illustrate the performance of the fully-mixed
scheme (5.4.16), and that will serve as conformation for the rates of convergence provided by Theorem
5.4.9.

5.5.1 Preliminary notations

A Picard algorithm with tolerance of 1E − 6 on the `2-norm of the residual has been employed
for our fixed-point problems. The convergence of the approximate solutions is assessed by computing
errors in the respective norms and experimental rates, that we define as usual

e(t) = ‖t− th‖0,Ω , e(u) = ‖u− uh‖1,Ω , e(p) = ‖p− ph‖0,Ω , e(θ) = ‖θ − θh‖1,Ω ,

e(λ) =
∥∥λ− λ

h̃

∥∥
0,Γ
, e(σ) = ‖σ − σh‖div;Ω , e(Θ) = ‖Θ−Θh‖div;Ω ê(σ) =

∥∥σh − σt
h

∥∥
0,Ω

,

r(λ) =
log(e(λ)/e′(λ))

log(h̃/h̃′)
, r(%) =

log(e(%)/e′(%))

log(h/h′)
,

with % ∈ {t,σ,u, p,Θ, θ}, and where e, e′ denote errors computed on two consecutive meshes of sizes
h, h′ (h̃ and h̃′ for λ), respectively. The trace condition on the stress is enforced through a penal-
isation strategy. Furthermore, for the Examples 5.2.1, 5.3.1 and 5.3.2 described below, we remark
that the Navier-Stokes-Brinkman and heat equations are considered non-homogeneous and the extra
source terms are chosen according to the given exact solutions. This treatment does not compro-
mise the continuous and discrete analysis, as the regularity of the exact solution provides sufficiently
smooth right-hand sides, thus only requiring a slight modification of the functionals in the variational
formulation.

5.5.2 Tests for the mixed-primal scheme

Example 5.2.1. In our first numerical test, we consider problem (5.2.1) defined in the unit square
Ω = (0, 1)2 and choose the following manufactured exact solutions, viscosity, porosity, enthalpy, buoy-
ancy and thermal conductivity:

u =

(
sin(πx) cos(πy)

− sin(πy) cos(πx)

)
, θ = 1 + sin(πx) cos(πy), p = x2 − y2, t = e(u),

σ = αµ(θ)t− (u⊗ u)− p I, λ = −ρκ∇θ · ν, µ(θ) = exp(−0.25 θ),

η(θ) = 2− tanh(0.5− θ), s(θ) = 1 + tanh(1− θ), f(θ) = 0.01
Ra

PrRe2 θ, κ = I.

(5.5.1)

These closed-form solutions feature a divergence-free velocity that satisfies the compatibility condition
(5.2.6) and it is used as a non-homogeneous Dirichlet datum on Γ. In turn, the exact temperature
is uniformly bounded and it is also exploited as Dirichlet datum. Moreover, the nonlinear functions
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Mixed-primal P0 −RT0 −P1 − P1 − P0 scheme

DoFs h e(t) e(σ) e(u) e(p) e(θ) e(λ)

1114 0.1900 0.27795 0.81133 0.46689 0.08997 0.32250 1.04403
4138 0.0950 0.14164 0.39563 0.23877 0.04233 0.16783 0.50832
16088 0.0490 0.07030 0.19703 0.11721 0.02047 0.08227 0.25242
63531 0.0244 0.03513 0.09902 0.05920 0.01045 0.04157 0.12559
255319 0.0139 0.01751 0.04928 0.02931 0.00514 0.02057 0.06272
1010150 0.0077 0.00878 0.02435 0.01450 0.00249 0.01020 0.03135

ê(σ) h̃ r(t) r(σ) r(u) r(p) r(θ) r(λ)

0.28394 0.5000 - - - - - -
0.14441 0.2500 0.97260 1.03613 0.96744 1.08761 0.94224 1.03826
0.07225 0.1250 1.05788 1.05290 1.07467 1.09690 1.07679 1.00987
0.03542 0.0625 0.99623 0.98802 0.98078 0.96534 0.98014 1.00705
0.01767 0.0312 1.24455 1.24779 1.25722 1.26803 1.25808 1.00167
0.00901 0.0156 1.17723 1.20254 1.19973 1.23193 1.19550 1.00041

Mixed-primal P1 −RT1 −P2 − P2 − P1 scheme

DoFs h e(t) e(σ) e(u) e(p) e(θ) e(λ)

3610 0.1900 0.02055 0.06020 0.03517 0.01120 0.02617 0.08327
13690 0.1025 0.00494 0.01494 0.00824 0.00324 0.00607 0.01984
53826 0.0492 0.00120 0.00365 0.00200 0.00078 0.00145 0.00476
213782 0.0256 0.00030 0.00092 0.00051 0.00020 0.00036 0.00116
861670 0.0139 0.00008 0.00023 0.00013 0.00006 0.00008 0.00028
ê(σ) h̃ r(t) r(σ) r(u) r(p) r(θ) r(λ)

0.01935 0.5000 - - - - - -
0.00427 0.0250 2.30696 2.25787 2.35075 2.01078 2.36693 2.06950
0.00108 0.1250 1.91309 1.90661 1.91476 1.91739 1.93990 2.05693
0.00027 0.0625 2.10199 2.12297 2.10057 2.09550 2.14255 2.03644
0.00006 0.0312 2.15117 2.26398 2.23191 1.95851 2.29949 2.01195

Table 5.1: Example 5.2.1. Convergence history for k = 0, 1 (table produced by the author).

satisfy (5.2.2)-(5.2.4). We consider k = (0, 1)t and the parameters given by: Re = 1,Pr = 0.71, C = 1

and Ra = 100, where Ra is the Rayleigh number. The stabilisation parameters κ1, κ2 and κ3 are taken
as in (5.3.23), where the viscosity and porosity bounds are estimated as µ1 = 0.6, µ2 = 1 and η1 = 1,
η2 = 3, respectively, thus resulting in κ1 = 0.6, κ2 = 0.33 and κ3 = 0.3. An average of six Picard
steps were required to reach the desired tolerance. Errors and corresponding rates associated with first
and second order approximations are summarised in Table 5.1. The results show optimal asymptotic
convergence rates for all fields, which are the expected ones according to Theorem 5.3.18. Also, Figure
5.2 shows that the rates of convergence for ê(σ) are the expected ones. Finally, samples of augmented
mixed-primal approximations obtained with 1M DoFs are depicted in Figure 5.1.

Example 5.2.2. We continue with a simulation involving phase change in a cuboid cavity. The
problem corresponds to the steady thermal convective flow occurring in the melting of gallium. Nu-
merical results for the transient version of this problem, as well as detailed experimental considera-
tions, can be found in e.g. [30, 157, 165]. We have adapted the model to comply with (5.2.1), using a
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Figure 5.1: Example 5.2.1. Lowest-order approximate solutions: (a)-(c) pseudostress entries, (d)
displacement magnitude, (e) strain rate, (f) postprocessed pressure, (g) temperature, (h) effective
viscosity, and (i) effective porosity fields (figure produced by the author).

porosity-enthalpy framework (i.e., setting a constant viscosity), but employing mixed boundary condi-
tions as prescribed below. The physical properties of the problem are defined by the model constants
Ra = 2E5, Re = 10, Pr = 0.71, µ = 1, η1 = 1E − 3, η2 = 1E5, θr = 0.01, r = 0.05, g = (0, 0, 1)t. The
temperature-dependent enthalpy and porosity functions adopt the forms

s(θ) =
1

2

{
1 + tanh(

θr − θ
r

)
}
, η(θ) = η1 + η2

{
1 + tanh(

θr − θ
r

)
}
.

The computational domain is the box Ω = (0, 2) × (0, 2) × (0, 1) and we generate a structured mesh
composed by 255K tetrahedral elements and about 46K vertices. Considering the lowest-order mixed-
primal finite element method (5.3.35), the assembled linear systems appearing at each Picard iteration
consist of about 3M DoFs for the Navier-Stokes-Brinkman block and near 46K DoFs for the energy
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Figure 5.2: Example 5.2.1. Errors associated with the mixed-primal approximation versus DoFs for
P0 −RT0 −P1 − P1 − P0 and P1 −RT1 −P2 − P2 − P1 finite elements (left and right, respectively)
(figure produced by the author).

conservation equation. No-slip conditions were imposed for the velocity on the whole boundary. More-
over, the walls defined by x = 0 and x = 2 are maintained at fixed temperatures of θ = 1 and
θ = −0.01, respectively; whereas on the remaining walls we impose zero-flux boundary conditions for
the temperature. Such a setting implies in particular, that the Lagrange multiplier λ is not required
in the formulation. Primary features of the flow can be observed in Figure 5.3. We do not expect
to produce the flow separation vortices as those seen in [157] because our test focuses on the steady
regime and we employ a enthalpy-porosity model. Nevertheless, we do see streamlines avoiding the
solid region (on the right side of the gray wall), as well as a qualitative match with the temperature
profiles observed in [30, 157], where thermal convection occurs mainly on the xy plane. Under the
considered flow regime, 15 fixed-point iterations were needed to reach the desired residual tolerance of
1E-6.

5.5.3 Tests for the fully-mixed scheme

Example 5.3.1. In this example we consider the domain, exact solution, nonlinear functions, pa-
rameters and stabilisation parameters for the Navier-Stokes-Brinkman equation exactly as in Example
5.2.1 of Section 5.5.2 (cf. (5.5.1)). We recall that Θ := ρκ∇θ − θu − s(θ) and for the values κ4, κ5

and κ6, we follow [59, Section 6] to obtain κ4 = 0.99, κ5 = 0.5 and κ6=0.49. Values and plots of
errors and corresponding rates associated with first and second order approximations are summarised
in Table 5.2 and Fig. 5.4. The results show optimal asymptotic convergence rates for all fields, which
are the expected ones according to Theorem 5.4.9. We remark here that the errors reported in Tables
5.1 and 5.2 for the unknowns t, σ, and u, are basically the same for the two methods considered
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Figure 5.3: Example 5.2.2. Computed solutions with the lowest-order mixed-primal scheme. (a)
pseudo-stress magnitude, (b) velocity magnitude, (c) temperature (figure produced by the author).

in this chapter, which is due to the fact that both formulations consider a mixed approach for the
Navier-Stokes-Brinkman equation. However, since for the heat equation primal and mixed approaches
are employed, which yields the two different coupled schemes that are proposed and analysed in this
chapter, some very slight changes (even only after two or three decimals) can be observed in those
tables for the rates of convergences of t, σ, u, and p.

Example 5.3.2 In our second example, we produce the error and rate history associated with the
finite element approximation for the three-dimensional case. Let us consider the following closed-form
solutions to the model problem, defined on the unit cube domain Ω = (0, 1)3:

u =

 cos(x) sin(y) sin(z)

sin(x) cos(y) sin(z)

−2 sin(x) sin(y) cos(z)

 , θ = 1 + sin(πx) cos(πy) sin(πz), p = x2 − 2y2 − z2.

These functions are smooth and they are used to generate non-homogeneous forcing and source terms.
Also, the manufactured velocity and temperature are used as Dirichlet datum on Γ. The porosity,
enthalpy and thermal conductivity are taken as in Example 5.2.1, and the remaining nonlinear functions
are defined as: µ(θ) = exp(−θ), f(θ) = θ. All model constants assume the adimensional value 1. The
stabilisation parameters are taken again as in Example 5.3.1. Part of the solution is shown in Figure
5.5, and a convergence history for a set of quasi-uniform refinements is shown in Table 5.3, confirming
that this fully-mixed finite element method converges optimally with order O(hk+1).
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Fully-mixed P0 −RT0 −P1 −RT0 − P1 scheme

DoFs h e(t) e(σ) e(u) e(p) e(Θ) e(θ)

1332 0.1900 0.27796 0.81134 0.46690 0.08977 1.75126 0.32186
5012 0.0950 0.14164 0.39564 0.23877 0.04228 0.86291 0.16783
19636 0.0490 0.07030 0.19703 0.11721 0.02047 0.43528 0.08226
77860 0.0244 0.03513 0.09902 0.05920 0.01045 0.21694 0.04158
313572 0.0139 0.01751 0.04928 0.02931 0.0051 0.10825 0.02057
1241924 0.0077 0.00878 0.02435 0.01450 0.00249 0.05320 0.01020

iter r(t) r(σ) r(u) r(p) r(Θ) r(θ)

6 - - - - - -
6 0.97261 1.03610 0.96744 1.08623 1.02110 0.93942
6 1.05793 1.05293 1.07468 1.09557 1.03359 1.07691
6 0.99624 0.98803 0.98078 0.96496 1.00003 0.97988
6 1.24456 1.24779 1.25722 1.26790 1.24230 1.25816
6 1.17723 1.20254 1.19973 1.23190 1.21162 1.19554

Fully-mixed P1 −RT1 −P2 −RT1 − P2 scheme

DoFs h e(t) e(σ) e(u) e(p) e(Θ) e(θ)

4354 0.1900 0.02055 0.06020 0.03517 0.01120 0.10995 0.02402
16642 0.1025 0.00494 0.01494 0.00824 0.00324 0.02824 0.00571
65734 0.0492 0.00120 0.00365 0.00200 0.00078 0.00694 0.00139
261712 0.0256 0.00030 0.00092 0.00051 0.00020 0.00174 0.00035
1056184 0.0139 0.00008 0.00023 0.00013 0.00006 0.00042 0.00008

iter r(t) r(σ) r(u) r(p) r(Θ) r(θ)

6 - - - - - -
6 2.30685 2.25790 2.35075 2.01040 2.20238 2.32777
6 1.91308 1.90661 1.91475 1.91735 1.90140 1.90685
6 2.10194 2.12295 2.10055 2.09544 2.12817 2.11582
6 2.15690 2.26665 2.23441 1.97252 2.31585 2.28408

Table 5.2: Example 5.3.1. Convergence history and Picard iteration count for k = 0, 1 (table produced
by the author).
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Figure 5.4: Example 5.3.1. Errors associated with the fully-mixed approximation versus DoFs for
P0−RT0−P1−RT0−P1 and P1−RT1−P2−RT1−P2 finite elements (left and right, respectively)
(figure produced by the author).
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Fully-mixed P0 −RT0 −P1 −RT0 − P1 scheme

DoFs h e(t) e(σ) e(u) e(p) e(Θ) e(θ)

828 0.7071 0.38526 0.79824 0.54203 0.23637 5.37964 1.85821
5876 0.3535 0.24931 0.39517 0.27068 0.13072 2.88208 0.95736
44388 0.1767 0.13775 0.19102 0.12628 0.06088 1.46682 0.48293
345284 0.0883 0.07088 0.09400 0.06013 0.02935 0.73668 0.24289
2724228 0.0441 0.03572 0.04676 0.02947 0.01449 0.36875 0.12175

iter r(t) r(σ) r(u) r(p) r(Θ) r(θ)

7 - - - - - -
6 0.62787 1.01432 1.00177 1.02698 0.90040 0.95678
6 0.85581 1.04871 1.09991 1.10229 0.97441 0.98723
6 0.95859 1.02296 1.07049 1.05256 0.99357 0.99151
6 0.98869 1.00727 1.02845 1.01791 0.99839 0.99630

Fully-mixed P1 −RT1 −P2 −RT1 − P2 scheme

DoFs h e(t) e(σ) e(u) e(p) e(Θ) e(θ)

3476 0.7071 0.05677 0.11816 0.07065 0.04174 1.90822 0.59405
25572 0.3535 0.01657 0.03067 0.01769 0.01044 0.51742 0.15859
196292 0.1767 0.00441 0.00784 0.00437 0.00260 0.13213 0.04294
1538436 0.0883 0.00113 0.00199 0.00108 0.00065 0.03354 0.01128

iter r(t) r(σ) r(u) r(p) r(Θ) r(θ)

6 - - - - - -
6 1.77670 1.94583 1.99761 1.99851 1.88281 1.90524
6 1.90946 1.96778 2.01746 2.00408 1.96929 1.88463
6 1.96175 1.97533 2.00942 1.99138 1.97773 1.92771

Table 5.3: Example 5.3.2. Convergence history and Picard iteration count for k = 0, 1 (table produced
by the author).
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Figure 5.5: Example 5.3.2. Lowest-order approximate solutions: (a)-(b) relevant components of the
strain rate, (c) pseudostress magnitude, (d) displacement magnitude, (e) postprocessed pressure, and
(f) temperature (figure produced by the author).



Conclusions, summary and future work

Conclusions and summary of the thesis

In this thesis we have developed primal and mixed finite element methods for a set of partial
differential equations arising from solid and fluid mechanics problems, more precisely, stress-assisted
diffusion, and a phase change problem. We have proved the solvability of the continuous and discrete
problems as well as their convergence results, and we have also provided the corresponding numerical
tests and simulations. The main conclusions for each of the models are:

Stress-assisted diffusion: We begin by remarking few novelties of our work. We have provided a
rigorous mathematical and numerical analysis for these type of problems, which is significant, since in
the context of stress-assisted diffusion processes, the available literature has been focused mainly on a
modelling point of view, being its mathematical counterpart really scarce (see for example [97, 63, 109]).
We have also applied our numerical approach to the modelling of problems of interest, such as the
simulation of microscopic lithiation of an anode, obtaining results comparable to those published by
[128, 138]. With respect to the main difficulties encountered, we point out the treatment of the
trilinear form when proving the Lipschitz continuity of the fixed point operators (cf. (1.3.26) and
(2.3.25)). We had to appeal to regularity estimates, which have restricted our analysis to convex
domains and the two-dimensional case. However, our numerical results seem to indicate that the
restriction is technical and that the scheme can work without it. The above encourages us to think
that our analysis could be improved in the future. Regarding extensions of this model, a number of
generalisations are envisaged. First, the physical context of Example 3 in Section 1.6, was motivated by
the study of stress-assisted diffusion in actively deforming hyperelastic media (see e.g. [53, 112]). The
analysis of this class of problems constitutes one of the forthcoming extensions of the present thesis,
where the regime of nonlinear elasticity and the difficulties associated to nearly incompressible and
incompressible material poses a great challenge. Secondly, it is left to investigate other constitutive
relations for the tensor diffusivity ϑ, possibly depending also on the concentration and entailing the
study of non-monotone operators and embedded fixed-point schemes [130]. Finally, we remark that
the regularity assumptions and the structure of the mixed formulations will also need to be rewritten
once we incorporate concentration gradient modulations of the body loads f(φ) = O(∇φ), as in [132].

Phase change in porous media: As a new contribution, we have introduced a new viscosity-based
model for phase change problems, which does not require the choice of regularisation and jump size
parameters. The analysis of this new model can be conducted after adapting classical techniques used
to analyse Boussinesq-type problems. For the mixed approach, the novelty of the treatment consists
in the ultra-weak imposition of the symmetry of the pseudostress. This fact avoid us the introduction
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of one additional unknown, and hence, two additional terms in our scheme, allowing a decrease in
computational costs. Furthermore, we have presented several tests serving as numerical validation for
the enthalpy-free case, and a set of comparisons and concluding insights drawn from the simulations
of the melting case. Regarding the difficulties encountered, we remark the need to assume additional
regularity for the Navier-Stokes-Brinkman problem. However, as we can see in Section 5.3.2, that
assumption is indeed quite reasonable for n = 2 since just ε ∈ (0, 1) is required in this case. Moreover,
taking into account that we are working with Dirichlet boundary conditions, we conjecture that the
assumption for n = 3 can be allowed as well. Finally, future extensions of our work include the deriva-
tion of error estimates for the time-dependent problem presented in Chapter 4, the generalisation of
the enthalpy-viscosity and enthalpy-porosity models to include nonlocal contributions, and performing
further comparisons with alternative models, such as those based on the error function and reviewed
in [62, 116].

In summary, the thesis has included the following stages:

1. We have focused on a coupled system consisting of the three-field equations of linear elastostat-
ics imposing weakly the symmetry of the Cauchy stress, and a generalised diffusion problem
where the diffusion tensor depends nonlinearly on the stress. We have analysed the mathemati-
cal properties of this system (existence, uniqueness, and regularity of weak solutions) by means
of fixed-point theory and the classical theory for elliptic and saddle-point PDEs. We have also
introduced two main families of finite element schemes for the discretisation of the model prob-
lem: one that adopts the mixed-primal character of the set of governing equations, and another
one based on augmentation and penalisation. The properties of the resulting discrete problems
were also established, and we have rigorously proved convergence estimates under suitable as-
sumptions. Finally, we have presented some 2D and 3D tests that exemplify the accuracy of the
methods under different regimes.

2. We have introduced a fully-mixed finite element method for the stress-assisted diffusion of a solute
into an elastic material. The equations of elastostatics were written in mixed form using stress,
rotation and displacements. Then, with the aim of applying regularity estimates, the diffusion
equation was reformulated through an augmented variational approach, solving for the solute
concentration, for its gradient, and for the diffusive flux. For the existence and uniqueness of the
continuous scheme, we have applied the classical Schauder fixed-point theorem in combination
with Babuška-Brezzi and Lax-Milgram theories. Concerning the numerical approach, we have
proposed two families of finite element methods, based on either PEERS or Arnold-Falk-Winther
elements for elasticity, and a Raviart-Thomas and piecewise polynomial triplet approximating
the mixed diffusion equation. Then, we have proved the well-posedness of the discrete problems
by means of the Brouwer fixed-point theorem together again with Babuška-Brezzi and Lax-
Milgram theories, and derived optimal error bounds by using a Strang-type inequality. Finally,
the theorical rates of convergence of our method have been confirmed by means of numerical
examples, and the applicability of our scheme has been shown through the simulation of 3D
microscopic lithiation processes.

3. The numerical analyses of the aforementioned mixed-primal and fully-mixed schemes were com-
plemented by carrying out residual based a posteriori error estimations in two dimensions. We



have proposed estimators mainly based on the use of suitable ellipticity and inf-sup conditions
together with a Helmholtz decomposition, and the local approximation properties of the Cleé-
ment interpolant and Raviart-Thomas operator. A global efficiency properties with respect to
the natural norms were further proved via usual localisation techiques of bubble functions and/or
well-known results from previous a posteriori analyses of related mixed elasticity schemes, and
elliptic equations.

4. We have studied phase change in Boussinesq models within porous media, and established sta-
bility, existence and uniqueness of the continuous and discrete approaches. Furthermore, a finite
element method has been proposed in order to obtain numerical approximations. After that,
we have proposed a new fully-mixed finite element method for the stationary case. Although
we have not theoretically derived the error bounds for any of these methods, we have examined
numerically their rates of convergence. Finally, we have tested the performance of the method
using a classical benchmark for air convection, and simulated the melting of a solid material.

5. We have introduced a new mixed finite element method for the phase change problem. We
formulated the system in terms of pseudostress, strain rate and velocity for the Navier-Stokes-
Brinkman equation, whereas temperature, normal heat flux on the boundary, and an auxiliary
unknown were introduced for the energy conservation equation. Moreover, we have imposed
the symmetry of the pseudostress in an ultra-weak sense, which is one of the novelties of our
work, and at the same time it has avoided the introduction of the vorticity as an additional
unknown. Two variational formulations were proposed, namely mixed-primal and fully-mixed
approaches. The corresponding solvability analysis was established by combining fixed-point
arguments, Sobolev embedding theorems and certain regularity assumptions. Based on adequate
finite element spaces, we derived two Galerkin schemes, and then we showed its well-posedness.
Afterwards, suitable Strang-type inequalities were utilised to rigorously derive a priori error
estimates in their natural norms. Finally, several numerical results were provided in order to
validate the good performance of the method and confirm the corresponding rate of convergence.

Future work

The methods developed and the results obtained in this thesis have motivated several ongoing and
future projects. Some of them are described below:

1. A posteriori error analysis for the phase change problem
We are interested in developing a posteriori error analysis for the method studied in Chapter
5 in order to improve its robustness in the context of problems involving complex geometries
or solutions with high gradients. To do this, we will apply the techniques used in Chapter 3,
adapting them to our context of phase change problems.

2. Development of new mixed finite element methods for poroelasticity
We are interested in extending our mixed approximation for the elasticity equations in Chapters
1 and 2 to the poroelasticity problem. In contrast to other works [160, 161] where the author
studied a two-dimensional Biot’s model depending on the Lamé constants, we propose here a



two or three-dimensional locking-free finite element method for the poroelasticity system. For
that, we suggest introducing p̃ := αp− λdivu in Ω, as auxiliary unknown (which will disappear
later in our formulation), and then rewriting the system as a two-fold saddle-point scheme. The
main advantage of using this new approach lies in the fact that all the resulting equations are
independent of λ, which is particularly important to prevent volumetric locking. Furthermore,
since the stress is directly approximate in our method, another advantage is the applicability of
our approach to problems of interest, such as interface problems, where the interaction between
a poromechanic system with other mechanical system requires transmission conditions across the
interface, some of which involve the stress tensor.

3. Development of new mixed finite element approximation for an elasticity - poroe-
lasticity interface problem
Taking into account the advantages of applying the method outlined in Point 2, we are interested
in extending the analysis of [20] to the fully-mixed finite element case, namely mixed for the elas-
ticity system and mixed for the poromechanic system. In this way, the transmission conditions
for this problem (see e.g. [91]) can be imposed naturally and then it is not necessary to rewrite
the interface conditions as it was done in [20, eq. (5.4)].

4. Finite element method for the coupling of the elastodinamyc equation and trans-
port
We are interested in extending the results and techniques of Chapters 1 and 2 to the non-
stationary case. For this model, we consider the regime of infinitesimal deformations, and assum-
ing that species φ can be transported within Ω, then a Lagrangian set of equations representing
conservation of mass and momentum gives the following system of linear elasticity equations
coupled with a diffusion equation through external loads only:

∂ttu−∇ · σ = f(φ) in Ω,

σ = λ tr ε(u)I + 2µε(u) in Ω,

∂tφ−∇ · (ϑ(σ)∇φ) = g(u) in Ω.

(5)

In the case where φ represents electric potential, then (5)3 states conservation of current and
the system models a basic electromechanical phenomenon. The two-way coupling is carried out
through a modification of the diffusion properties of species φ and by the source term g(u).
Problem (5) can be regarded as a very rough linearisation of active-stress models for soft tissue,
but it also has many other applications. A similar model can be found in [146]; however, it
introduces viscous damping forces into the stress, and writes the reaction-diffusion equation in
the current configuration (and therefore in terms of velocity transport).



Conclusiones, sumario y trabajo futuro

Conclusiones y sumario de la tesis

En esta tesis hemos desarrollado métodos de elementos finitos primales y mixtos para sistemas de
ecuaciones diferenciales parciales relacionados con la mecánica de sólidos y fluidos, más precisamente,
difusión asistida por esfuerzo y un problema de cambio de fase. Hemos demostrado solubilidad de
los problemas continuo y discreto, así como sus resultados de convergencia, para luego proporcionar
sus correspondientes resultados numéricos y simulaciones. Las principales conclusiones de este trabajo
son:

Difusión asistida por esfuerzo: Empezamos señalando algunas novedades de nuestro trabajo.
Hemos proporcionado un riguroso análisis matemático y numérico para este modelo, lo cual es sig-
nificativo ya que la literatura existente para este tipo de problemas, se basa principalmente en la parte
de modelamiento, siendo su contraparte matemática realmente escasa (ver por ejemplo [97, 63, 109]).
Hemos aplicado nuestra aproximación numérica al modelamiento de problemas de interés, tales como
la simulación de la litiación en un anodo microscópico, obteniendo resultados comparables a los pre-
sentados por ejemplo en [128, 138]. Con respecto a las principales dificultades encontradas, apuntamos
al tratamiento de la forma trilineal resultante cuando se está probando la Lipschitz continuidad de los
operadores de punto fijo (cf. (1.3.26) and (2.3.25)). Así, con la idea de acotar estas formas trilineales,
hemos apelado a estimaciones de regularidad, las cuales restringen nuestro análisis al caso de dominios
convexos y bidimensionales. Sin embargo, se puede ver de nuestros resultados numéricos que estas
restricciones son técnicas, y nuestro esquema numérico funciona sin este tipo de restricciones. Lo ante-
rior, nos permite pensar en el hecho de que posiblemente nuestro análisis pueda ser mejorado a futuro.
Respecto a extensiones de este modelo, un número de generalizaciones son previstas. Primero, el con-
texto físico del Ejemplo 3 en la Sección 1.6, fue motivado por el estudio de difusión asistida por esfuerzo
en deformación activa en medios hiperelásticos (ver [53, 112]). El análisis de esta clase de problemas
constituye una de las futuras extensiones de la presente tesis, donde el régimen de elasticidad no lineal
y las dificultades asociadas a materiales incompresibles y casi incompresibles constituye un gran de-
safío. En segundo lugar, se busca investigar otras relaciones constitutivas para el tensor de difusividad
ϑ, posiblemente dependiendo además de la concentración e implicando el estudio de operadores no
monótonos y esquemas de punto fijo [130]. Finalmente, remarcamos que los supuestos de regularidad
y la estructura de las formulaciones mixtas, serán necesarios para reescribir el problema una vez que
incorporemos el módulo del gradiente de concentración en el término fuente f(φ) = O(∇φ), como en
[132].

Cambio de fase en medios porosos: Como una nueva contribución, hemos propuesto un nuevo
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modelo basado en viscosidad para problemas de cambio de fase, el cual no requiere de la escogencia
de parámetros de regularización y tamaño de salto. El análisis de este modelo, puede ser establecido
después de adaptar técnicas clásicas utilizadas para analizar problemas del tipo Boussinesq. Para la
aproximación mixta, la novedad en el tratamiento consiste de la imposición ultra-débil de la simetría
del pseudo-esfuerzo. Este hecho nos evita la introducción de una incógnita adicional y por ende, de dos
términos adicionales en nuestro esquema, permitiendo una disminución de los costos computacionales.
Además, hemos presentado varias pruebas que permiten validar la teoría para el caso de entalpía libre,
y algunas comparaciones y conclusiones finales extraídas de las simulaciones del caso de derretimiento.
Respecto a las dificultades encontradas, señalamos la necesidad de asumir regularidad adicional para
el problema de Navier-Stokes-Brinkman. Sin embargo, como podemos ver en la Sección 5.3.2, este
supuesto es en efecto razonable para el caso n = 2 ya que únicamente necesitamos que ε ∈ (0, 1) en
este caso. Más aún, aprovechando el hecho de que estamos trabajando con condiciones de borde del
tipo Dirichlet, conjeturamos que el supuesto para n = 3 puede ser también razonable. Finalmente,
futuras extensiones de nuestro trabajo incluyen la derivación de estimaciones de error para el prob-
lema transiente estudiado en el Capítulo 4, la generalización de los modelos de entalpía-viscosidad
y entalpía-porosidad para incluir contribuciones no locales y desarrollar además comparaciones con
modelos alternativos, tales como aquellos basados en la función de error y revisados en [62, 116].

Un sumario de la tesis incluye las siguientes etapas:

1. Nos hemos enfocado en un sistema acoplado que involucra tres incógnitas para las ecuaciones
de elastodinámica, en donde se impone débilmente la simetría del esfuerzo de Cauchy, y un
problema de difusión generalizado, donde el tensor de difusividad depende no linealmente del
esfuerzo. Hemos analizado las propiedades matemáticas de este sistema (existencia, unicidad
y regularidad de las soluciones débiles) por medio de la teoría de punto fijo y la teoría clásica
para EDPs elípticas y de punto silla. También, hemos introducido dos familias de elementos
finitos para la discretización del problema modelo: una del tipo mixto-primal, y otra basada
en la aumentación y penalización. Las propiedades del problema discreto resultante, fueron
también establecidas, y hemos demostrado rigurosamente las estimaciones de convergencia bajo
supuestos adecuados. Finalmente, hemos presentado algunas pruebas en 2D y 3D que ejemplifican
la precisión de los métodos bajo diferentes regímenes.

2. Hemos introducido un método de elementos finitos completamente mixto para la difusión asistida
por esfuerzo de un soluto en un material elástico. Las ecuaciones de elasticidad se escribieron en
forma mixta utilizando, esfuerzo, rotación y desplazamientos. Luego, con el objetivo de aplicar
algunas estimaciones de regularidad, la ecuación de difusión fue reformulada para obtener una
aproximación variacional aumentada, resolviendo para la concentración de soluto, su gradiente y
el flujo difusivo. Para la existencia y unicidad del esquema continuo, hemos aplicado el clásico teo-
rema de punto fijo de Schauder en combinación con las teorías de Babuška-Brezzi y Lax-Milgram.
Respecto a la aproximación numérica, hemos propuesto dos familias de elementos finitos, basados
ya sea en elementos PEERS o Arnold-Falk-Winther para la elasticidad, y un triplete que involu-
cra Raviart-Thomas y elementos polinomiales a trozos para aproximar la ecuación de difusión
mixta. Luego, hemos demostrado que el problema discreto está bien definido mediante el teo-
rema de punto fijo de Brouwer, y las teorías de Babuška-Brezzi y Lax-Milgram, y hemos derivado
cotas de error óptimas mediante el uso de la desigualdad de Strang. Finalmente, los órdenes de



convergencia teóricos de nuestro método han sido confirmados mediante ejemplos numéricos, y
la aplicabilidad de nuestro esquema ha sido utilizada para estudiar la simulación 3D de procesos
de litiación microscópica.

3. Los análisis numéricos de los anteriores esquemas mixto-primal y completamente mixto, fueron
complementados desarrollando estimaciones de error a posteriori en bidimensionales del tipo
residual. Hemos propuesto estimadores principalmente basados en el uso de condiciones de
elipticidad e inf-sup, junto con descomposiciones de Helmholtz, y las propiedades de aproximación
locales de los operadores interpolantes de Clément y Raviart-Thomas. Propiedades de eficiencia
global respecto a las normas naturales fueron probadas a través de técnicas de localización de
funciones burbuja y/o resultados bien conocidos de análisis previos relacionados con esquemas
mixtos de elasticidad y ecuaciones elípticas.

4. Hemos estudiado el modelado de problemas de cambio de fase en problemas del tipo Boussinesq,
dentro de medios porosos, y hemos establecido la estabilidad, existencia y unicidad, tanto de los
problemas continuo como discreto. De esta manera, hemos propuesto un método de elementos
finitos para obtener aproximaciones numéricas. Después de eso, hemos propuesto un nuevo
método de elementos finitos completamente mixto para el caso estacionario. A pesar de que
teóricamente no hemos derivado las cotas de error para ninguno de los métodos, hemos examinado
numéricamente sus órdenes de convergencia. Finalmente, hemos probado el rendimiento del
método utilizando pruebas clásicas de referencia para la convección de aire, y hemos simulado el
derretimiento de un material sólido.

5. Hemos introducido un nuevo método de elementos finitos mixtos para el problema de cambio
de fase. Por conveniencia del análisis, formulamos el sistema en términos del pseudo-esfuerzo,
tensión y velocidad para la ecuación Navier-Stokes-Brinkman, mientras que temperatura, flujo
de calor normal en el límite y una incógnita auxiliar han sido introducidas para la ecuación
de conservación de energía. Así, con la intención de proponer la correspondiente formulación
variacional mixta para nuestro modelo, hemos impuesto la simetría del pseudo-esfuerzo de man-
era ultra-débil, lo cual ha sido una de las novedades de nuestro trabajo, y al mismo tiempo,
nos ha permitido evitar el uso del tensor de vorticidad como una incógnita adicional. Luego,
para el análisis matemático se propusieron dos formulaciones variacionales, las cuales llamamos:
aproximaciones mixta-primal y completamente mixta. El correspondiente análisis de solubilidad
se estableció combinando, argumentos de punto fijo, teoremas de inclusión de Sobolev y ciertos
supuestos de regularidad. En consecuencia, utilizando espacios de elementos finitos adecuados,
hemos derivado los correspondientes dos esquemas de Galerkin, y luego demostrado que ambos
esquemas están bien puestos. Posteriormente, se utilizaron desigualdades de tipo Strang para
derivar rigurosamente estimaciones de error a priori en sus normas naturales. Finalmente, se pro-
porcionaron varios resultados numéricos para validar el buen desempeño del método y confirmar
los órdenes de convergencia correspondientes.



Trabajos futuros

Los métodos desarrollados y los resultados obtenidos en esta tesis han motivado varios proyectos en
curso y futuros. Algunos de ellos se describen a continuación:

1. Análisis de error a posteriori para el problema de cambio de fase
Estamos interesados en desarrollar análisis de error a posteriori para el método estudiado en
el Capítulo 5, y de esta forma, mejorar su solidez en el contexto de problemas que involucran
geometrías complejas o soluciones con altos gradientes. Para desarrollar esto, aplicaremos las
técnicas utilizadas en el Capítulo 3, adaptándolas a nuestro contexto de cambio de fase

2. Desarrollo de nuevos métodos de elementos finitos mixtos para poroelasticidad
Estamos interesados en extender nuestra aproximación mixta para el problema de elasticidad,
la cual se muestra en los Capítulos 1 y 2, al problema de la poroelasticidad. A diferencia de
otros trabajos [160, 161] donde el autor estudió un modelo bidimensional completamente mixto
para Biot, el cual depende de las constantes de Lamé, nosotros proponemos aquí, un método de
elementos finitos libre de bloqueo, ya sea en dos o tres dimensiones, para la poroelasticidad. Para
eso, sugerimos introducir p̃ := αp−λdivu in Ω, como incógnita auxiliar (la cual desaparecerá más
adelante en nuestra formulación), y luego reescribir el sistema como un esquema de doble punto
silla. Por lo tanto, la principal ventaja de utilizar este nuevo enfoque, radica en el hecho de que
todas las ecuaciones resultantes son independientes de λ, lo cual es particularmente importante
para evitar el bloqueo volumétrico. Además, dado que el esfuerzo es aproximado directamente en
nuestro método, otra ventaja es la aplicabilidad de nuestro enfoque a problemas de interés. En
particular, podemos aplicar nuestro método a problemas de interfaz, donde la interacción entre
un sistema poromecánico con otro sistema mecánico necesita condiciones de transmisión a través
de la interfaz, algunas de las cuales involucran el tensor de esfuerzo.

3. Desarrollo de una nueva aproximación de elementos finitos mixtos para un problema
de interfaz elasticidad-poroelasticidad
Teniendo en cuenta las ventajas de aplicar nuestro método descrito en el Punto 2, estamos
interesados en extender el análisis de [20] al caso de elementos finitos completamente mixtos,
es decir, mixto para elasticidad y mixto para el sistema poromecánico. De esta forma, las
condiciones de transmisión para este problema (véase, por ejemplo, [91]) se pueden imponer de
forma natural, sin la necesidad por ejemplo de reescribirlas, tal y como fue necesario hacerlo en
[20, eq. (5.4)].

4. Método de elementos finitos para el acoplamiento de la ecuación de elastodinámica
y transporte
Estamos interesados en extender los contenidos de los Capítulos 1 y 2 al caso no estacionario.
Para este modelo, consideramos el régimen de deformaciones infinitesimales y admitimos que las
especies φ pueden transportarse dentro de Ω. Luego, un conjunto de ecuaciones lagrangianas que
representan la conservación de masa y momento, proporcionan el siguiente sistema de elasticidad



lineal junto con una ecuación de difusión que toma en cuenta solo cargas externas:

∂ttu−∇ · σ = f(φ) in Ω,

σ = λ tr ε(u)I + 2µε(u) in Ω,

∂tφ−∇ · (ϑ(σ)∇φ) = g(u) in Ω.

(5)

En caso de que φ represente el potencial eléctrico, entonces (5) establece la conservación de
la corriente, y el sistema modela un fenómeno electromecánico básico. El acoplamiento bi-
direccional se lleva a cabo mediante una modificación de las propiedades de difusión de las especies
φ y por el término fuente g(u). El problema (5) puede ser considerado como una linealización
muy aproximada de modelos de esfuerzo activo para tejidos blandos, pero también tiene muchas
otras aplicaciones. Un modelo similar, pero que introduce fuerzas de amortiguamiento viscosas
en la tensión, y escribe la ecuación de reacción-difusión en la configuración actual (y, por lo tanto,
en términos de transporte de velocidad), se puede encontrar en [146].
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