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Chapter 1

Introduccion

Los cursos de agua, ademés de ser un recurso esencial para la vida del hombre, son
utilizados para eliminar desechos. Con la creciente poblacién y nimero de fabricas que
arrojan hoy en dia sus desechos en ellos, una gran cantidad de rios han sido contaminados.
Al arrojar residuos, éstos son transportados, obedeciendo este fenémeno principalmente
a tres factores: difusién, adveccion y reaccion.

Debido a que la capacidad de los rios estd siendo agotada, es necesario tener herra-
mientas de prediccion ante eventuales escenarios de caudales y descarga de contaminantes.
Entre estas herramientas se encuentran los modelos matematicos, y en la medida que
seamos capaces de resolver de forma adecuada las ecuaciones provenientes del modelo, las
predicciones seran mejores.

En el modelo considerado, donde denotaremos por u la concentracion de contaminantes
en el rio, la difusiéon o diluciéon se modela con el término de segundo orden —cAwu. La
adveccion, que es el transporte del contaminante debido a la velocidad, se modela por
a - Vu y para la reaccién (degradacion) del polutante, se considera el término bu.

Los parametros fisicos de difusién y reaccién (¢ y b), se determinan experimentalmente,
mientras que el campo de velocidades a se obtiene al resolver las ecuaciones de Navier-
Stokes.

Finalmente, denotaremos al rio por 2. Para la descarga puntual de contaminantes
consideraremos una fuente tipo delta soportada en el punto xq en el interior de 2, que es
donde se vierte la substancia.

Para modelar lo que ocurre en la frontera I" del dominio €2, dividiremos ésta en dos
partes disjuntas, que denominaremos I'p, que es donde la concentracién es conocida (que
supondremos nula) y generalmente se ubica aguas arriba del rio, y I'y, que corresponde a

la orilla y aguas abajo, donde supondremos una condicién sobre la derivada normal para



tener en cuenta, por ejemplo, que la concentracion no varia en direccion perpendicular a

la frontera.

En esta tesis estudiaremos solamente el problema estacionario, en el cual la soluciéon
no depende del tiempo. Consideraremos tanto términos fuente suaves como tipo delta de
Dirac, las que genéricamente denotaremos por f. De esta forma, la ecuacién que describe

el fenémeno de transporte es la siguiente:

—Au+a-Vu+bu = f en(,

v = 0 enlp, (1.1)
% = 0 enl
on R

donde n es el vector unitario normal exterior a I'.

Considerando espacios adecuados W, para la solucién u y Wy para las funciones test,
escribimos (1.1) en forma distribucional, por lo que ahora el problema es: Hallar v € W,

tal que satisface

B(u,v) = (f,v), Vv € W, (1.2)

con % + % =1y la forma bilineal B(u,v) := / (Vu- Vo +a- Vuv + buv).
Q

Ahora consideremos una triangulacién 7, de €, y sea V;, C Wy C Wj un espacio de

elementos finitos asociado a la triangulacién. Una aproximacion u, de u estd dada por

B(uh,vh) = <f, Uh>7 \V/Uh € Vh. (13)

Incluso en el caso de términos fuente regulares, cuando la adveccién es dominante y
dependiendo de las condiciones de frontera, la solucién de (1.1) frecuentemente presenta

capas limite tanto interiores como de borde.

Es sabido que el esquema numérico (1.3) en estas circuntancias introduce oscilaciones
no fisicas en la solucién cuando el orden de los polinomios de V}, usado en la aproximacion
es bajo y la malla no es lo suficientemente fina como para resolver la capa limite. Para
ejemplificar este comportamiento, en la figura (1.1) se muestra la solucién exacta de un
problema de este tipo que presenta una capa limite de frontera y su aproximacion numérica
dada por (1.3).



Capitulo 1. Introduccion

y=0.5

o o1 o0z 03 04 05 05 07 08 08 1

y=0.5

)

01

02

03 04 05 05 07 08 09

Figure 1.1: Oscilaciones de la solucién numérica. Solucién exacta y aproximada.

Para mejorar la calidad de la solucién, en esta tesis utilizaremos dos técnicas: estabi-

lizacion del método numérico y adaptividad de la malla.
Por una parte, la técnica de estabilizacién consiste en sumar a la formulaciéon varia-

cional (1.3) algo de difusién numérica para reducir las oscilaciones de la aproximacion.
La estabilizacién utilizada en este trabajo es la propuesta en [19]. Debido a la cantidad
de difusién numérica adicionada, la capa limite de la solucién no queda bien resuelta. La

Figura (1.2) muestra la soluciéon numérica obtenida en este caso, y en linea punteada la

solucion exacta. Se aprecia que incluso con mallas tan finas como la tercera la capa limite

no es resuelta de manera adecuada.

iter=1  d.0.f=25 iter=3

d.0.f=289

y=0.5

y=0.5

y=0.5

Figure 1.2: Mallas y soluciéon numérica estabilizada.

Otra alternativa para mejorar la solucién numérica, es calcular la aproximacion en una

malla capaz de resolver la capa limite. Los métodos adaptivos se basan en estimadores

a posteriori, que dan informacién cuantitativa del error que se comete en cada elemento



de la triangulacién, la que permite hacer modificaciones en la malla tendientes a corregir
la solucién numérica. La figura (1.3) muestra algunas soluciones y mallas obtenidas por

medio de un proceso adaptivo aplicado a la solucién de (1.3) sin estabilizacién.

iter=1  d.0.f=25 iter=4  d.0.f.=786 iter=7  d.0.f.=3677

y=0.5 y=0.5 y=0.5

Figure 1.3: Mallas adaptadas y soluciéon numérica.

De la Figura 1.3 se aprecia que en mallas tan finas y adaptadas como la ultima, todavia

existen oscilaciones en la solucion numérica.

Dado que ambos métodos permiten mejorar la aproximacion, es natural usar ambas

técnicas a la vez para calcular la solucion numérica.

Uno de los temas de esta tesis consiste en desarrollar un estimador a posteriori del
error de tipo residual para el método numérico estabilizado propuesto por [19], similar
al desarrollado en [32], donde se considera términos fuente suaves. Los resultados de esta
investigaciéon dieron origen a la publicacién [4]. Los resultados que se obtienen basados
en este esquema adaptivo se muestran en la Figura (1.4), de donde se aprecia que la capa

limite esta bien resuelta y sin oscilaciones.
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lteration 1 d.0.f.=25 lteration 5 d.0.f.=269 Iteration 8 d.o.f.=4882

y= 0.5

Figure 1.4: Mallas adaptadas y solucién numérica estabilizada.

Cabe repetir que el comportamiento numérico anteriormente descrito es independien-
te del término fuente presente en el modelo. Resuelto el problema para fuentes suaves,

corresponde analizar la ecuacién en presencia de fuentes delta.

Comenzaremos con un caso simplificado, en el que no existe velocidad ni reaccion, y

la difusion es unitaria, es decir la ecuacion

—Au = 6, en(l,

1.4
u = 0 en I, (1.4)

donde se ha considerado toda la frontera de tipo Dirichlet.

Estimadores a priori para esta clase de problemas han sido demostrados en [29] y [12].

Sin embargo, analisis de error a posteriori no se ha realizado todavia.

Es facil darse cuenta que para obtener una buena aproximacion de la solucion debemos
utilizar mallas correctamente refinadas alrededor de xy. En esta tesis se introducen y
analizan estimadores a posteriori de tipo residual para esta ecuacion. Los resultados aqui

obtenidos se encuentran descritos en el reporte técnico [5].

Estos indicadores se usan para guiar un procedimiento adaptivo, con buenos resultados,

como se muestra en la figura (1.5).



iter=1  d.of=25 iter=11  d.of=971 iter=22  d.0f.=9875

&

Figure 1.5: Mallas y solucién aproximada del problema (1.4).

Por ultimo abordamos la ecuacién de transporte (1.1) con fuentes delta de Dirac, que
corresponde a modelar la descarga puntual de contaminantes. Debido a que la adveccion
es dominante, la solucién de esta ecuacion tiene una fuerte capa limite interior en z
alineada con la velocidad del fluido. Por esto la soluciéon numérica debe ser calculada en
una malla bien adaptada. Para esto se introduce un esquema de elementos finitos adaptivo
basado en el método estabilizado de [19], combinado con un estimador a posteriori, el cual
es una variante del desarrollado en [4] en el caso de fuentes en L?(€2). Los resultados aqui
obtenidos estan detallados en el reporte técnico [3].

La figura (1.6) muestra una malla y la solucién obtenida al utilizar dicho esquema

adaptivo.

iter=60  d.0.f.=37657 y= 0.5

Figure 1.6: Ecuacién de transporte con fuente delta. Malla adaptada y corte.

Como se aprecia, la capa limite interior estd bien resuelta y no presenta oscilaciones.
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Esta tesis esta organizada en 5 capitulos.

Después de la presente introduccion, en el segundo capitulo introducimos un esquema
de elementos finitos adaptivo para la ecuacién de transporte, considerando fuentes en
L?(Q). Este esquema se basa en un método estabilizado de elementos finitos combinado
con un estimador de error de tipo residual similar al presentado en [32]. En este capitulo
se demuestra la equivalencia del error y este estimador. Los resultados obtenidos estan
detallados en el articulo [4].

En el capitulo 3 se trata nuevamente la ecuacién de adveccion-reaccion-difusion con
fuentes en L?(12). Se presentan estimadores a posteriori del error basados en la solucién
de problemas locales y se demuestra la equivalencia entre estos estimadores y el de tipo
residual anteriormente analizado. Las constantes de equivalencia, dependiendo del pro-
blema local elegido, eventualmente involucran el pardmetro €. Los resultados obtenidos
estan descritos en el reporte técnico [6].

El capitulo 4 estudia la ecuacién de Laplace con una fuente delta soportada en un punto
interior zg. Se muestra que la solucién de este problema pertenece a WhP(Q), 1 < p < 2,
y por lo tanto a L"(Q2), r < oo. Por esta razén, se introducen algunos estimadores a
posteriori del error de tipo residual equivalentes al error tanto en norma W?(Q) como
L7 (). Estos resultados estan detallados en el reporte técnico [5].

Por tltimo, en el capitulo 5 se resuelve la ecuacién de transporte con fuentes delta, me-
diante un esquema adaptivo estabilizado, en el que se desarrollan estimadores a posteriori
equivalentes al error, aunque con constantes eventualmente dependientes del parametro
¢. Estos estimadores permiten obtener mallas correctamente refinadas. Los resultados aca
obtenidos estan detallados en el reporte técnico [3].

En todos los capitulos se incluyen ejemplos numéricos, que muestran el buen compor-

tamiento de los estimadores desarrollados.






Chapter 2

An adaptive stabilized finite element
scheme for the

advection-reaction-diffusion equation

An adaptive finite element scheme for the advection-reaction-diffusion equation is in-
troduced and analyzed in this chapter. This scheme is based on a stabilized finite element
method combined with a residual error estimator. The estimator is proved to be reliable
and efficient. More precisely, global upper and local lower error estimates with constants
depending at most on the local mesh Peclet number are proved. The effectiveness of this

approach is illustrated by several numerical experiments.

2.1 Introduction

This chapter deals with the advection-diffusion-reaction equation. This kind of prob-
lems arise in many applications, for instance, when linearizing the Navier-Stokes problem,
to model pollutant transport and degradation in aquatic media, etc. In particular, our
work is motivated by the need of an efficient scheme to be used in a water quality model
for the Bio Bio River in Chile.

Specially interesting is the case when advective or reactive terms are dominant. In
this case, the solution of the equation frequently has exponential or parabolic boundary
layers (for details see [24]). The standard Galerkin approximation usually fails in this
situation because this method introduces nonphysical oscillations. A possible remedy is
to add to the variational formulation some numerical diffusion terms to stabilize the finite

element solution. Some examples of this approach are the streamline upwind Petrov-

9
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Galerkin method (SUPG) (see [11]), the Galerkin least squares approximation (GLS) (see
[18]), the Douglas-Wang method (see [16]), the ‘unusual’ stabilized finite element method
(USFEM) (see [19]), and the residual-free bubbles approximation (RFB) (see [10]). The
drawback with most of these methods is that the solution layers are not very well resolved,

because of the numerical diffusion added to the discretization.

In spite of the abundant literature on adaptivity (see, for instance [31]), there are not so
many references dealing with a posteriori techniques for this equation. The reason of this
is that most of the standard error estimators involve equivalence constants depending
on negative powers of the diffusion parameter, which lead to very poor results in the
advective or reactive dominated cases. An error estimator which is robust in the sense
of leading to global upper and local lower bounds depending at most on the local mesh
Peclet number has been developed by Verfiirth (see [33] and [32]). Using these results
Sangalli has analyzed a residual a posteriori error estimate for the residual-free bubbles
scheme (see [25]). On the other hand, Knopp et al. have developed some a posteriori error
estimates using a stabilized scheme combined with a shock-capturing technique to control
the local oscillations in the crosswind direction (see [22]). Finally, Wang has introduced an
error estimate for the advection-diffusion equation based on the solution of local problems

on each element of the triangulation (see [35]).

In this paper we introduce and analyze from theoretical and experimental points of
view an adaptive scheme to efficiently solve the advection-reaction-diffusion equation.
This scheme is based on the stabilized finite element method introduced in [19] combined
with an error estimator similar to the one developed in [32]. We prove global upper and
local lower error estimates in the energy norm, with constants which only depend on the
shape-regularity of the mesh, the polynomial degree of the finite element approximating
space and the local mesh Peclet number. We perform several numerical experiments to
show the effectiveness of our approach to capture boundary and inner layers very sharply
and without significant oscillations. The experiments also show that the scheme attains

optimal order of convergence.

The paper is organized as follows. In Section 2.2 we recall the advection-diffusion-
reaction problem under consideration and the stabilized scheme. In Section 2.3 we define
an a posteriori error estimator and prove its equivalence with the energy norm of the finite
element approximation error. Finally, in Section 2.4, we introduce the adaptive scheme

and report the results of the numerical tests.
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2.2 A stabilized method for a model problem

Our model problem is the advection-reaction-diffusion equation

—Au+a-Vu+bu = [ inQ,

u = 0 onl}, (2.1)
ou
5, — 9 om I,

where Q C R? is a bounded polygonal domain with a Lipschitz boundary T' = T, U T,
with I; N T, = 0. We denote by n the outer unit normal vector to I'.

We are interested in the advection-reaction dominated case and assume that:
(Al)eeR: 0<ex 1
(A2) @ € WEe(Q)2, be L(Q), lall g+ [blloq = O1);
(A3) diva =0, b>1;
(AT, D{xel: a(x) n(x) <0}
(A5) f € L*(Q), g € L*(T).
We use standard notation for Sobolev and Lebesgue spaces and norms. Moreover, let

Hf, (Q) = {go e H'(Q) : lp, = 0} and B be the bilinear form defined on H*(Q) by

B(v,w) := / (eVv-Vw+a-Vvw+bow). (2.2)
Q

Then, the standard variational formulation of problem (2.1) is the following: Find
u € H%D(Q) such that

B(u,v) = / fu +/ gv Yv € Hf (Q). (2.3)
Q Ty P
We consider the (energy) norm ||juf|| := (5 ||Vu||(2)Q + ||u||3ﬂ>§ defined on H'(2).

Assumptions (A1)-(A4) and integration by parts imply that
B(v,v) > [|[v]||* Vv € HE(Q) (2.4)

and
Bo,w) < (14 Plag +=7% lalg) ol el
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Hence, as a consequence of Lax-Milgram’s Lemma, problem (2.3) has a unique solution.
Let {7,}n>0, be a family of shape-regular partitions of {2 into triangles. Let V}, :=
{go € H%D(Q) Dol € P VT € Th}, where, for k € N, P, denotes the space of polynomials
of degree at most k. It is well known that the standard Galerkin method with this finite
element space yields poor approximation when ¢ < |a| or ¢ < b. For this reason we

consider the following stabilized formulation introduced in [19]: Find u; € V}, such that
B (up,vp) = F-(v,) Yop € Vy, (2.5)
where, for vy, w;, € V},,
B, (vp, wp,) := B(vp, wy,)
— Z /TTT (—eAv, + a - Vo, + buy,) (—eAwy, — a - Vwy, + bwy,) (2.6)

TeTy

and

F.(v) := /vah + /F gup — Z /TTTf(—eAvh —a - Vuy, + buy). (2.7)

N TeTh
In the expressions above we use a stabilization parameter 7, defined as follows:
h2

(@) = R max (L. P ()] + (22 /my) max{1 PeN @)} (28)

where Pel(x) and Pel(x) are respectively defined by

2¢e my la(x)| hy
Pe?(m) = W and Pe;(w) = %, (29)

where
my, = min{1/3, Cy},

with C} being a positive constant satisfying

Ce 3 B2 AulEy < [VonlZg  Von € Vi,
TeT,

which only depends on the polynomial degree k£ and the shape-regularity of the mesh.
Finally h; is a measure of the element size. Under the presence of advection (a # 0), it
is reported in [19] that an element parameter h; which yields very good numerical results
is the largest streamline distance in the element, as shown in Fig. 2.1. As can be seen in
this figure, to compute h;, we take the velocity constant on the element: a; := a(x;),

with @, being the barycenter of T'. If a; = 0, we take h; equal to the diameter of 7.
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Figure 2.1: Element parameter h,.

The following lemma shows that the bilinear form B, is positive definite and, con-
sequently, the stabilized discrete problem (2.5) is well posed. This has been proved in
Lemma 1 of [19] under the assumptions that the coefficients of the advection-diffusion-
reaction equation (2.1) are constant and the boundary conditions are purely Dirichlet. It

is straightforward to extend the same arguments to our case to prove the following result.

LEMMA 2.2.1 Under assumptions (A1)-(A4),

Br(un ) > 3 MgﬁT\thyQ+/TTT (a,~Vvh)2+/TbﬂT mﬁ},

TeTy,

for all vy, € V},, with B = >0,T€eT,.

mybh2 + 2¢

The convergence and stabilization properties of this scheme have also been investigated
in [19], where numerical experiments proving the effectiveness of this approach have been
reported. However, these experiments also show that the method does not allow a sharp
resolution of inner layers when quasi-uniform meshes are used. In the following section we
introduce an error indicator which will allow us to create in an automatic fashion meshes

correctly refined around inner and boundary layers of the solution.

2.3 A posteriori error estimator.

In this section we define a residual error estimator, similar to one analyzed in [32] in
the context of advection-reaction-diffusion.
Let &, denote the set of all edges in 7, and, for £ € &, let hy be the length of
E. For each mesh 7, let f, € V,, and ¢g;, € {vh|pN . vy € Vi} be arbitrary but fixed
approximations of f and g, respectively. We define the approximate volumetric and edge
residuals by
RMup) := fu + eAuy, — a - Vuy, — buy, TeT,, (2.10)
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( 8uh
_ if £ c EZT
|:|:€anE:|:|E7 1 € (‘:h JQ— ?
. _ 2.11
R (un) gh_g%, ifEeé&: ECT, =
on
0’ ifEEgh:ECFD'

\
These residuals are used to define an estimator of the local error in energy norm,

llw = wnll? 2= € 19— un) 12 + lu = wnll3 . @ follows

1
Bom R+ 5 s Bl St R 212
ECOTNQ ECOTNTy
with
g 1= min{hss_%,l}, SeT,uUé&,. (2.13)

Let us recall that h; is not the diameter of T', but the largest streamline distance in
the element (see Fig. 2.1). However, h; is equivalent to the diameter of 7" with equivalence
constants only depending on the element shape ratio.

The efficiency and reliability of a similar estimator applied to a standard SUPG method
has been proved in [32]. In what follows we show that analogous results hold for our
estimator applied to the stabilized method described in the previous section. To this aim

we first prove the following technical lemmas.

LEMMA 2.3.1 Given T € Ty, let 7+ be defined by (2.8). Then the following bounds hold
Ve e T':

(@) < LB, |a(@)| (@) <

5 hr, b(x)rr(x) < 1.

Furthermore,

b(x)rr(x) < Cay, with C' := max{l, (||Z)HOOQ /6)5} :

PROOF. For the first estimate, we use (2.8) and (2.9) to obtain

eh? < eh?
(z)h7 max{1, Per(x)} — b(x)hiPey(x)

my 1
err(x) < b < Thi < ahi
For the second one, if a(x) = 0 there is nothing to prove; otherwise, by using (2.8)
and (2.9) we have
|a(x)| myh; |a(x)|mihy _ 1

a(@)|7:(2) < 2e max{1,Pei(x)} = 2ePel(x) — §hT'
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For the third bound, from (2.8),

1

b(z)rr(x) < max{1, Pe(x)

}gl.

Moreover, from the first estimate of this lemma, b(x)7,(x) < b(x)h2/(6¢), too. Hence,

taking the geometric mean of this and the third estimate we have

D=

b)) < (%) et

From this and the third estimate again, we conclude the last inequality. 4
Here and thereafter, C' denotes a generic positive constant, not necessarily the same

at each occurrence, but always independent of the mesh-size and the small parameter e.

LEMMA 2.3.2 The following estimates hold for all wy, € Vj,:

||th||0,T < Chy'ar [[wnl[l and ||Awh||0,T < Chyar [[wnlll 7 -
PROOF. The definition of the energy norm ||| - ||| implies
1
IVwnllgr < &7 llwnlly (2.14)

whereas, from a standard scaling argument,
IVwnllor < Cha lwnllor < Chz' lwnllly

with the constant C' only depending on the shape ratio of the element T and the poly-
nomial degree k in the definition of the finite element space V}. Then, from these two
inequalities, we obtain the first estimate.

On the other hand, another scaling argument and (2.14) yield
|Awnlyr < Chit [ Vwnlloy < Chi'e™ [lunlly
whereas, using scaling arguments again, we have
1Awnllgz < Che? [llwnllly -

Finally, we obtain the second estimate from these last two inequalities. a
In what follows we will show that the energy norm of the error can be bounded by

means of the estimators 7;. To do this, first we write from (2.4)

B _
le—uwll < sup SE— Um0
veHllD(Q)\{O} [[[v]l



16

Second, let I, : L*(2) — Vj be the Clément interpolation operator (see [14]).
Several estimates in energy norm for this operator have been proved in Lemma 3.2 of [32].
In particular, it has been shown that for all T € 7}, and v € H'(&,), with &, := [ J{T" €
T : T'N'T # (0}, there holds

IZwollly < Clfolllz, - (2.15)
Now, consider an arbitrary v € H%D(Q) with |||v]]| = 1. Obviously, we have
B(u — up,v) = B(u — up,v — Iyv) + B(u — up, Iv). (2.16)

To estimate this terms we introduce the exact volumetric and edge residuals R (up)
and Ry (up), which are defined as in (2.10) and (2.11), but with f;, and g5 substituted by f
and g, respectively. For the first term in the right hand side above, we have the following

estimate,

B(u — up,v — Iv) < C

3
_1
Z aj ||RT<“h)||§,T + Z € 2ag ||RE<uh)||§E] ) (2.17)

TeT, Ecéy

which has been proved in [32] (see equation (4.5)) with h, being the diameter of T.
However the same arguments are valid in our case.

For the second term in the right hand side of (2.16) we have the following estimate.

LEMMA 2.3.3 Forallv € H%D(Q) with |||v]|| =1,

N

B(u — up, Iw) <O [Z ar HRT(U’I)”?),T]

TeT,

Proor. For all wy, € V3, from (2.2), (2.3), (2.5), (2.6), and (2.7), we have

B(u — up,wy) = — Z / Tr Ry (up)(—eAwy, — a - Vwy, + bwy,).
TeTy T

Next, from Lemmas 2.3.1 and 2.3.2, straightforward computations lead to
| 7Rt (—ebun — a - s+ bun) < Ca | Boun) o lunll-
T

Finally, we replace wy, by Ipv and use (2.15) to obtain

B(u —up, ) < C Y ar | Re(un) o1 V]l
TeT,

Thus, the lemma follows from the regularity of the mesh. a

Now we are able to state the main theoretical result of this paper.
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THEOREM 2.3.1 Let u and uy, be the solutions of problems (2.3) and (2.5), respectively.
Let fi, and gy, be arbitrary approzimations of f and g by elements of Vj, and traces on I
of elements of Vj,, respectively. Let ny be defined by (2.10)—(2.13). Then, there holds

llu =unll] < C (Z 773)

TeT),

N[=

2 _1 2
+ Z ag ||f - Tullor + Z e 2ag|lg— gnllo

TeTy ECTy
and

_1
M SC (14 Dl + 7 Nl ) = wnll,

N

_1
torllf = falow, + | D e asllg—gnllos | VT €T
ECOTNI

where wy == J{T" €Tp,: T'NT D E € &,}.

PROOF. The first estimate is a consequence of (2.16), (2.17), Lemma 2.3.3, and the defini-
tion of the estimator 7. The second estimate can be proved by following similar techniques
to those used in Proposition 4.1 of [32]. O

2.4 Numerical experiments

In this section we report three series of numerical experiments with the unusual stabi-
lized method described in Section 2.2 and an h-adaptive mesh-refinement strategy based
on the error estimator analyzed in Section 2.3. In all the experiments we have used piece-
wise linear finite elements (i.e., polynomial degree k = 1) and we have taken as geometric
domain the unit square Q := (0,1) x (0, 1), although with different boundary conditions.
We have considered varying values of the coefficients €, a, and b of the advection-reaction-
diffusion equation (2.1).

The adaptive procedure consists in solving problem (2.5) on a sequence of meshes up
to finally attain a solution with an estimated error within a prescribed tolerance. To attain
this purpose, we initiate the process with a quasi-uniform mesh and, at each step, a new
mesh better adapted to the solution of problem (2.3) must be created. This is done by

computing the local error estimators 7, for all 7" in the “old” mesh 7},, and refining those
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elements T with 0, > pmax{n, : T € 7;}, where u € (0,1) is a prescribed parameter.

In all our experiments we have chosen p = %
We have used a Matlab code adapted by us from [2] and the mesh generator Triangle.
This generator allows us to create successively refined meshes based on a hybrid Delaunay

refinement algorithm (see [30]).

2.4.1 A reaction-diffusion problem

The first test consists in solving a purely reaction-diffusion problem. We have chosen
the following data: a = 0, b = 1, f = 1, the boundary conditions shown in Fig. 2.2,
and various values of the parameter . We report the results obtained for e = 1072 and
e=10"%

u=1 u=0

Figure 2.2: Boundary conditions for the reaction-diffusion problem.

The exact solution of this problem is analytically known:

sinh(e~/2x)
u(z,y) =1- sinh(z-172)

thus, we have been able to compute the exact errors of our finite element approximations.

Fig. 2.3 shows some of the successively refined meshes created in the adaptive process
for ¢ = 1072, This figure also shows the level sets and the horizontal cuts at y = 0.5 of
the corresponding computed solution. The iteration number and the number of degrees
of freedom (d.o.f.) of each mesh are also reported in this figure.

Fig. 2.4 shows the error curves of the whole process for the exact and estimated errors.
1
2
optimal order of convergence for piecewise linear elements.

This figure also includes a line with slope —=, which corresponds to the theoretically

Fig. 2.5 and 2.6 show analogous results for the same problem with the parameter
e=10"%
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d.o.f.=5233
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Figure 2.3: Reaction-diffusion problem:

of the approximate solutions.
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Figure 2.4: Reaction-diffusion problem: ¢ = 1072,
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d.o.f
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= 1072, Meshes, level sets, and horizontal cuts

Estimated and exact error curves.
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lteration 1 d.0.f.=25 Iteration 5 d.0.f.=269 Iteration 8 d.0.f.=2989

lteration 1 d.0.f.=25 lteration 5 d.0.f.=269 Iteration 8 d.0.f.=2989

y=0.5 y=0.5 y=0.5

Figure 2.5: Reaction-diffusion problem: ¢ = 10~%. Meshes, level sets, and horizontal cuts

of the approximate solutions.

10

—— Slope -1/2
—— Exact error
-& - Estimated error

10+

error

10°F

107
10 10

10 10°

d.o.f

Figure 2.6: Reaction-diffusion problem: ¢ = 10~*. Estimated and exact error curves.
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It can be seen from Fig. 2.3 and 2.5 that the adaptive process leads to meshes correctly
refined in the boundary layer zone. Notice that in the second case (¢ = 107*) in which
the boundary layer is much narrower, the adaptive scheme detects this and creates much
more concentrated meshes. In both cases we are able to capture the boundary layers very
sharply and without any significant oscillation.

On the other hand, the error curves show that, independently of how small the pa-
rameter ¢ is, the adaptive process yields optimal order convergence. This happens in spite
of the fact that the effectivity indices are very poor. Indeed, it can be observed in Fig. 2.4
and 2.6 that the exact error is severely overestimated. Anyway, the exact and estimated

error curves have approximately the same optimal slope —%.

2.4.2 An advection-diffusion problem

The second test consists in solving a purely advection-diffusion problem. We have
chosen the following data: @ = (1,0), b = 0, f = 1, the boundary conditions shown in
Fig. 2.7, and various values of the parameter €. Let us remark that this problem is not
covered by our theoretical results, since the chosen value of b violates assumption (A3).

We report again the results obtained for ¢ = 1072 and ¢ = 1074,

y Ju—
%_o
u=0 u=0
0 ou_ 1 X
6n_0

Figure 2.7: Boundary conditions for the advection-diffusion problem.

The exact solution of this problem is also analytically known:

_l-z —
w(zy) =z — — (2.18)

l1—e=

thus, we have been able to compute the exact errors, too.

Fig. 2.8 shows some of the successively refined meshes created in the adaptive process
for ¢ = 1072, as well as the level sets and the horizontal cuts at y = 0.5 of the corresponding
computed solution. Fig. 2.9 shows the error curves for the exact and estimated errors.
Fig. 2.10 and 2.11 show analogous results for the same problem with the parameter ¢ =
1074,
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lteration 1 d.0.f.=25 Iteration 5 d.0.f.=269 Iteration 8 d.0.f.=3369
lteration 1 d.0.f.=25 lteration 5 d.0.f.=269 Iteration 8 d.o.f.=3369
A
\ | \
y= 0.5 y= 0.5 y= 0.5

Figure 2.8: Advection-diffusion problem: ¢ = 1072. Meshes, level sets, and horizontal cuts

of the approximate solutions.

10

—— Slope -1/2
—— Exact error
-& - Estimated error
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10~ L L . L .
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d.o.f

Figure 2.9: Advection-diffusion problem: ¢ = 10~2. Estimated and exact error curves.
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lteration 1 d.0.f.=25 lteration 5 d.0.f.=269 Iteration 8 d.o.f.=4882

lteration 1  d.0.f.=25 lteration 5 d.0.f.=269 teration 8 d.o0.f.=4882

y=0.5 y=0.5 y=0.5

Figure 2.10: Advection-diffusion problem: ¢ = 10~%. Meshes, level sets, and horizontal

cuts of the approximate solutions.

10

—— Slope -1/2
—— Exact error
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10

Figure 2.11: Advection-diffusion problem: ¢ = 10~%. Estimated and exact error curves.
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Essentially the same conclusions as in the previous test can be drawn from Fig. 2.8
and 2.10. In spite of the fact that this problem is out of the theory of Sections 2.2 and
2.3, the boundary layers are very sharply captured without any significant oscillation.

On the other hand, the error curves in Fig. 2.9 and 2.11 attain almost optimal slopes

1

—3, once the meshes are sufficiently refined around the singular zone of the solutions.

2.4.3 An advection-diffusion-reaction problem with an inner layer

The last reported test consists in solving an advection-diffusion-reaction problem
whose solution presents an inner layer. We have chosen the same example considered
in [32] (Problem N in this reference). The corresponding data are: @ = (2,1), b = 1,
f = 0, the boundary conditions shown in Fig. 2.12, and various values of the parameter
. Let us remark that this problem is not covered by our theoretical results either, since
the chosen Dirichlet boundary condition have a jump at the origin; hence, the problem
cannot have a solution in H'(€2). Once more, we report the results obtained for ¢ = 1072
and € = 10~*. We do not include error curves because no analytical solution is known in

this case.

u=0 07:0

Figure 2.12: Boundary conditions for the advection-reaction-diffusion problem.

Fig. 2.13 and 2.14 show some of the successively refined meshes created in the adaptive
process for e = 1072 and € = 1074, as well as the level sets of the corresponding computed

solution.
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lteration 1 d.0.f.=25 lteration 9 d.0.f.=256 lteration 17 d.0.f.=1573

lteration 1  d.0.f.=25 lteration 9 d.0.f.=256 lteration 17 d.0.f.=1573

NNN

Figure 2.13: Advection-diffusion-reaction problem: ¢ = 1072. Meshes and level sets.

These figures show clearly that the adaptive process leads once more to correctly
refined meshes. In both cases the adaptive scheme detects both, the corner singularity
of the solution and the inner layer, and creates meshes much more concentrated around

these zones.

In the first case (¢ = 1072), the inner layer is very mild and the corner singularity
of the solution prevails. Hence most of the elements are located in its vicinity (see in

particular the mesh corresponding to the iteration number 9 in Fig. 2.13).

In the second case (¢ = 107%), once the corner singularity is resolved, the adaptive
scheme detects the inner layer and advance through it refining the mesh (see in particular
the meshes corresponding to the iteration numbers 10, 20, and 30, in Fig. 2.14). Finally,
the method allows us to capture the inner layer very sharply and without any significant

oscillation.

The same problem has been solved in [32] with a very similar adaptive scheme based
on an SUPG method. A comparison of the meshes reported in this reference (Fig. 1,
top right and bottom left) with Fig. 2.13 and 2.14 of the present paper show clearly the

advantage of our approach.
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Iteration 1

d.o.f=25

Iteration 1

d.o.f=25

[teration 30

d.0f=1278

Iteration 30

d.0.f.=1278

Iteration 10 d.0.f.=212

lteration 10 d.0.f.=212

lteration 40 d.0.f.=2214

lteration 40  d.0.f.=2214

Iteration 20 d.0.f.=649

Iteration 20 d.0.f.=649

lteration 50  d.0.f.=3932

lteration 50 d.0.f.=3932

Figure 2.14: Advection-diffusion-reaction problem: ¢ = 10~*. Meshes and level sets.
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2.5 Conclusions

An adaptive finite element scheme for the advection-reaction-diffusion equation has
been introduced and analyzed. This scheme is based on a stabilized finite element method
combined with a residual error estimator. The estimator is shown to be reliable and
efficient in that global upper and local lower error estimates are rigorously proved.

Several numerical experiments are reported. All of them show the effectiveness of
this scheme to capture boundary and inner layers very sharply and without significant
oscillations. Furthermore, the experiments show that the scheme attains optimal order of

convergence.
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Chapter 3

Error estimators for
advection-reaction-diffusion
equations based on the solution of

local problems

This chapter deals with a posteriori error estimates for advection-reaction-diffusion
equations. In particular, error estimators based on the solution of local problems are
derived for a stabilized finite element method. These estimators are proved to be equivalent
to the error, with equivalence constants eventually depending on the physical parameters.

Numerical experiments illustrating the performance of this approach are reported.

3.1 Introduction

This chapter deals with the advection-diffusion-reaction equations. This kind of prob-
lems arise in many application, for instance, to model pollutant transport and degradation
in aquatic media, which was the motivation of the present work.

In applications, typically the advective or reactive terms are dominant. In this case,
inner or boundary layers arise and stabilization techniques has to be used to avoid spurious
oscillations (see [24] and references therein, which include numerical methods). When
finite element methods are used, adequately refined meshes are useful to improve the
quality of the numerical solution with minimal computational effort. These schemes are
typically based on a posteriori error indicators. We refer to [21] for a survey of this kind

of techniques applied to advection dominated problems. See also [27, 26] and [34] for error

29



30

estimates in alternative norms adequately suited to this kind of equations.

In a recent article [4], we have introduced and analyzed from theoretical and exper-
imental points of view an adaptive scheme to efficiently solve the advection-reaction-
diffusion equation. This scheme is based on a stabilized finite element method introduced
in [19] combined with a residual error estimator, similar to another one introduced by Ver-
furth in [32]. We have proved global upper and local lower error estimates in the energy
norm, with constants which depend on the shape-regularity of the mesh, the polynomial
degree of the finite element approximating space, and the local mesh Peclet number.

Following this line, we introduce in this paper a framework to derive error estimators
based on the solution of local problems. We prove the equivalence of the resulting estima-
tors with the residual based estimator analyzed in [4] and, hence, with the energy norm
of the error.

We report several numerical experiments which allow us to asses the effectiveness of
this approach to capture boundary and inner layers very sharply and without signifi-
cant oscillations. The experiments also show that the schemes lead to optimal orders of
convergence.

The paper is organized as follows. In Section 3.2 we recall the advection-diffusion-
reaction problem under consideration and the stabilized scheme. In Section 3.3 we recall
the main result of [4] and derive a posteriori error estimators based on the solution of local
problems. Then, we prove their equivalence with the residual error estimator analyzed in
[4]. Finally, in Section 3.4, we report the results of some numerical tests, to asses the

performance of the estimators.

3.2 A stabilized method for a model problem

Our model problem is the advection-reaction-diffusion problem

—Au+a-Vu+bu = f in (),

u = 0 on FD’ (31)
ou
5% = g on FN’

where Q C R2, is a bounded polygonal domain with a Lipschitz boundary T' = I, U T,
with T, N T, = (). We denote by n the outer unit normal vector to T

We are interested in the advection-reaction dominated case and assume that:

(Al)eeR: 0<ex 1
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(A2) @ € Wh(Q)?: diva =0 in O
(A3) b>11in O;

(AT, D{xel: a(x) n(x) <0}
(A5) f € L(Q), g € L*(T)).

We use standard notation for Sobolev and Lebesgue spaces, norms, and inner products.

Moreover, we introduce the following notation: Let
H%D(Q) ={peH(Q): p=00nT,}
and B be the bilinear form defined on H!(Q) by

B(v,w) ::/(EVU-Vw+a-va+bvw).
0

Then, the standard variational formulation of problem (3.1) is the following: Find u €
Hp, () such that
Blu,v) = / o+ / gv Vv e HE(Q). (3.2)
Q Iy

We consider the following (energy) norm on H'(Q):

%

Il := (= IVul o+ llulse)

Assumptions (A1)—(A4) and integration by parts imply that
B(v,v) > [[ol* Vv € H ()

and
_1
B(o,w) < (14 [blleq + ¥ lallo) Mloll el

Hence, as a consequence of Lax-Milgram’s Lemma, problem (3.2) has a unique solution.

Let us remark that the same conclusion holds if the assumption (A3) is substituted
by the following one, which is slightly weaker: —% diva + b > 1. Anyway, the difference is
meaningless in practice, since typically diva = 0.

Let {73 }n>0, be a family of shape-regular partitions of 2 into triangles. As usual, h
denotes the mesh size: h = max h,, with h; being the diameter of T

For k € N, let

Vii={p e HL(Q): plre P VT €T},
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where P}, denotes the space of polynomials of degree at most k.
It is well known that the standard Galerkin method with this finite element space
yields poor approximation when ¢ < |a| or ¢ < b. For this reason we consider the

following stabilized formulation introduced in [19]: Find u;, € V}, such that
B-(up,vp) = F-(vy) Yop € Vy, (3.3)
where, for vy, w;, € V},,
B (vp, wy) := B(vp,wp)

-3 / Tr (—€Auvp + @ - Vo + buy) (—eAwp — a - Vwy, + bwy)
T

TeT),

and

F,(vp) ::/vaﬁ/r gup — Z/TTTf(—aAvh—a-Vvh—i—bvh).

TeTy,

In the expressions above, the stabilization parameter 7, is defined as follows:

Tr(x) = Ui
T bhz max{1, Pel(x)} + (2¢/my,) max{1, Pe(z)}’

with Pej(x) and Pej(x) being the Peclet numbers respectively defined by

¢ my |a(x)| hy
P R = d P A = —
er (@) myb(x)h2 an er(@) 5 ’

where my, := min{1/3, Cy}, with C} being a positive constant satisfying

O 3 2 AuEy < [VenlZg. Vo € Vi,
TeT,

which only depends on the polynomial degree k£ and the shape-regularity of the mesh.

The convergence and stabilization properties of this scheme have been investigated in
[19], where numerical experiments proving the effectiveness of this approach have been
reported. In particular, the method has been shown to be advantageous in comparison
with other more standard stabilization techniques.

However, the experiments reported in [19] also show that the method does not allow
a sharp resolution of inner layers when quasi-uniform meshes are used. In the following
section we introduce error indicators which will allow us to create in an automatic fashion

meshes correctly refined around inner and boundary layers of the solution.
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3.3 A posteriori error estimator.

In this section we define error estimators based on the solution of auxiliary local
problems. To prove their efficiency and reliability, we will compare it with a residual based
estimator analyzed in [4]. In what follows, we recall the definition and main properties of
the latter.

Let &, denote the set of all edges in 7, and, for E € &, let hy be the length of £. We

define the respective volumetric and edge residuals by

RM"(up) := fu + eAuy, — a - Vuy, — buy, inT €Ty,

—Heauhﬂ , onEe&: E¢T,
E

ony

Rh = 0
p(tn) gh — g%, omE€&: ECT,
0, onEe&,: ECT,,

where [-], denotes the jump across E, and n, is a unit normal vector to E (see for
instance [31]). The functions f;, and g denote arbitrary but fixed approximations of f
and ¢ such that fy,|r € Pr VT € T}, and gi|p € Pr—1 VE € &, such that E C [

For each T' € T,, let & denote the set of edges of T. The following residual based

local error estimate 1, was introduced in [4]:

= ol ||Riw)||;
]_ 1 1
t5 > e ra|Riw)lop+ Yo e rau Ry, (34)
Ecér: E¢T Ee€&r: ECIy
with
g = min{hse_%,l}, S=FEorS=T. (3.5)

The equivalence between this estimator and the energy norm of the exact error has been

proved in [4], under similar conditions to those of the next theorem:

THEOREM 3.3.1 Let u and uy, be the solutions of problems (3.2) and (3.3), respectively.
Let fr, gn, and n; be defined as above. Then, there holds

1

llu =unll < C <Z 773)

TeT,

N

2 _1 2
+ Z O‘i”f_fh“o,T‘i‘ Z € 2O‘EHg_thO,E

TeT;, Ee&y: ECTy



34

and

_1
e < C (1 Wy 2 lall oy o) e = il

N

2 : _1
Eeér: ECIy

where wy = J{T" € T, - T and T share an edge}.

Here and thereafter, C' denotes a generic positive constant, not necessarily the same
at each occurrence but always independent of the mesh-size and the small parameter e.

In what follows we introduce some bubble functions and lifting operators which will
be used in the sequel. Let 1, be the classical cubic bubble function supported in T'. Let
Yge, 0 < 0 < 1, be the piecewise quadratic bubble function introduced in [32]. Let us
recall that, for inner edges, the support of 1, is the shadowed quadrilateral in Fig. 3.1.

E/

Ohp

eha

Figure 3.1: Support of ¢ ,.

Let g 1= g, with 0, := min{séhgl, 1}. Let B; be the lifting operator introduced
in [32], which associates to each o € Py_1(E), a piecewise polynomial function of degree
k — 1 defined on wy :=\J{T €7, : E CT}.

From now on we further assume that the coefficients a and b are piecewise polynomial;

more precisely,
(A6) CL|T S Pl(T)z VT € 71y, b|T € Po(T) VT € T;,.

Notice that, because of assumption (A6), R (uy,) € P(T) VT € T;,. Moreover, R (uy) €
Pr_1(E) VE € &, and then the following estimates follow from Lemma 3.3 in [32]:
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LEMMA 3.3.1 For all T € T, there hold:

|RE ) |lop < C (Rliun), RE(un)tr) (3.6)
B wyenl]| < Cozt || Re(un)]yp- (3.7)
LEMMA 3.3.2 For all E € &, there hold:
|RE)lg, < C (Rh(un), RE(uA)s) (3.8)
| (Rhun)) sl < Cetal |[Rh(un)], e (3.9)
I[7 (Re) vl < Cetas® Ry (3.10)

Now we are in position to introduce the local problems that will be used to define the

error estimators. Given T € 73, let V be the finite dimensional space defined by
Vr = span ({¢,v :v € Pe(T)} U{YpFeo :0 € Pr1(E), E€ & E¢T.}).

Let (5, be a bilinear form defined on Vi such that there exist positive constants v and (3,

eventually depending on ¢, such that

Be(w,w)| < Bllll el Vo,w € Vi, (3.11)
Be(v,0) > vl Vo€ Vi (3.12)

Two different particular bilinear forms 3; will be tested in the following section. The first

one is the same bilinear form B of the original problem:

5;1)(1}, w) = / (eVv-Vw+a- Vv w+ bow), (3.13)
wr
which satisfies (3.11) with 8 =1+ ||b[| .. + ez |all .- The second one is the bilinear
form B without the advective term:
2 (v, w) = / (eVv - Vw + bvw) , (3.14)
wr

which satisfies (3.11) with 8 = 1+ [|b]|, .- Notice that in this case 3 does not depend
on e. Both, B and B2, clearly satisfy (3.12), with v = 1 independently of ¢, too.

Given T' € Tp,, consider the following finite dimensional problem: Find v, € Vi:

Br(vr,w) = (Ri(up), w)r + Y (Ri(ws),w)p Vw € V. (3.15)

Eeér
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From (3.11) and (3.12), problem (3.15) is well posed on Vr, as a consequence of Lax-
Milgram Lemma.

Finally, we define the local error estimate 7 by
iir o= [[Jvel] - (3.16)
The following is the main theoretical result of this paper:

THEOREM 3.3.2 Given T in Ty, let ny and 7y be the estimators defined by (3.4) and
(8.16), respectively. Then, there exist positive constants C' and C' such that

C"ipr < e < OB,
where 3 and vy are the continuity and ellipticity constants in (3.11) and (3.12), respectively.

PROOF. For the lower bound of the theorem, we take w = v, in (3.15) and we use (3.12)
and Cauchy-Schwartz inequality to obtain

Ylllvell® < Br(vr,vr)
= (Ri(un), vr)r + Z (R (un), vr) i

Ecér

< ||R¥<Uh)H07T||UT”0,T+ Z HRZ<uh)H07EHUTHO,E'

Ecér

Next we use the following inverse inequalities which can be proved by following some
arguments in [32] (see (5.6) and the proof of (5.4) in this reference):

||UT||0,T < Cag |[|lvrlf,

_1 1
lvrllor < Ce taz|lorl| VE € é&r.

Thus, from (3.4), we obtain

_1 L
Ylllorll* < C o [[Ry(un)l g+ D e 30l [|RE(un) o | Morlll < O ol
Ecér
and we conclude the lower bound of the theorem.
To prove the upper bound, first let wy := R(up)y, € V. Using (3.6), (3.15) with
w = wy, (3.11), and (3.7), we have

[RE w5, < C(RE(uA), wy)
CﬂT(UTawT)

CB o | fleor |

CB x|l oz || R (un

IA A

Moz
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Consequently,

o || B (un)|[o 0 < CB vl (3.17)

Mo
Next, given E € &r, such that E ¢ I, let wy, := PE(Rg(uh)) Yy € Vp. Taking w = wy in
(3.15) we have

Br(vr, we) = (R;ﬁ(uh),wE)T + (Rg(uh),wE)E.

Hence, using (3.8), (3.11), Cauchy-Schwartz inequality, (3.9), (3.17), and (3.10), we have

R ()|, < CORE(un), B (un)tb) = C (R (un), wi)p
=C [ﬁT (UT7 P (Rg<uh)) 7vi) - (Rg(uh)7 By (Rg<uh)> wE)T}

< [ onll 1B () el + 1) o (R ]

< C [Bloclletan® [ Rhun) |, + Bzt llorll et || Ra(un)], ]

Now, because of the regularity of the mesh, o, < Ca, and, consequently,

e_%a% HR};(uh < OB lv-|ll-

Mo

Finally, from (3.17) and the last inequality we conclude the proof. O
As a consequence of Theorems 3.3.1 and 3.3.2, we obtain error estimates similar to
those of Theorem 3.3.1, with 7, instead of 7, although with the constants of the estimates

depending on e, whenever 3 or ~ do it.

3.4 Numerical experiments

In this section we report three series of numerical experiments with the stabilized
method described in Section 3.2 and an h-adaptive mesh-refinement strategy based on the
error estimators analyzed in Section 3.3. In all the experiments we have used piecewise
linear finite elements (i.e., polynomial degree k = 1) and we have taken as geometric
domain the unit square Q := (0,1) x (0,1), although with different boundary conditions.
We have considered different values of the coefficients €, a, and b of the advection-reaction-
diffusion equation (3.1), too.

The adaptive procedure consists in solving problem (3.3) on a sequence of meshes
up to finally attain a solution with an estimated error within a prescribed tolerance. To
attain this purpose, the process is initiated with a quasi-uniform mesh and, at each step,
a new mesh better adapted to the solution of problem (3.2) is created. This is done by

computing the local error estimators 7, for all 7" in the “old” mesh 7},, and refining those
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elements T with 7, > pmax{n; : T € 7,}, where u € (0,1) is a prescribed parameter.
In all our experiments we have chosen y = % To refine the meshes we have used the
red-green-blue strategy described in [31].

We have considered two estimators: ﬁ(Tl), associated with the local bilinear form ﬁé”
as defined in (3.13), and 12, associated with 82 as defined in (3.14). Let us remark that
the constants # and + in Theorem 3.3.2 do not depend on ¢ for 59) and, consequently,

f#) is equivalent to the estimator n; with constants independent of ¢.

3.4.1 A reaction-diffusion problem

The first test consists in solving a purely reaction-diffusion problem. We have chosen
the following data: @ = 0, b = 1, f = 1, and ¢ = 107*. We have used the boundary
conditions shown in Fig. 3.2.
ou

Y on

[a—

u=1 u=20

Oauolw

on

Figure 3.2: Reaction-diffusion problem: Boundary conditions.

The exact solution of this problem is analytically known:

sinh(e71/2z)
u(z,y)=1- W;
thus, we have been able to compute the exact errors of our finite element approximations.
Notice that for this problem, ﬁg) = f)g) because the advective term is not present.
Fig. 3.3 shows some of the successively refined meshes created in the adaptive process.
This figure also shows the level sets and the vertical sections at y = 0.5 of the corre-
sponding computed solution. The iteration number and the number of degrees of freedom
(d.o.f.) of each mesh are also reported in this figure.
Fig. 3.4 shows the error curves of the whole process for the estimated errors 71 =
(ZT67h ﬁ%) 2 and n= (ZTGTh 77%) "2 We also include in this figure the exact errors of the

7

adaptive schemes guided by 7, and 7y, which are labelled “Error (7;)” and “Error (n5)”,

%, which corresponds to the

theoretically optimal order of convergence for piecewise linear elements.

respectively. The figure also includes a line with slope —
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iter=0  d.o.f.=25 iter=4  d.o.f.=329 iter=8  d.o.f.=6952

iter=0  d.o.f.=25 iter=4  d.o.f.=329 iter=8  d.o0.f.=6952

y=0.5 y=0.5 y=0.5

Figure 3.3: Reaction-diffusion problem: Meshes, level sets, and vertical sections of the

approximate solutions.

10

—— Slope -1/2
——Error (77)
—-e--4]
——Error (n7)
e

-1

10

error

10°F

10
1 2 3 4 5

10 10 10 10 10
d.o.f

Figure 3.4: Reaction-diffusion problem: Estimated and exact error curves.
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It can be seen from Fig. 3.3 that the adaptive process leads to meshes correctly refined
in the boundary layer zone. In fact, both estimators lead almost to the same meshes.

On the other hand, the error curves show that the adaptive process yields optimal order
convergence: the exact and estimated error curves have approximately the same optimal
slope —%. Furthermore, Fig. 3.4 shows that the error estimator 7 have a significantly

better effectivity index than the residual error estimator 7.

3.4.2 An advection-diffusion problem

The second test consists in solving a purely advection-diffusion problem. We have
chosen the following data: @ = (1,0),b =0, f = 1,e = 10~*, and the boundary conditions
shown in Fig. 3.5. Let us remark that this problem is not covered by our theoretical results,

since the chosen value of b violates assumption (A3).

ou
5o =0

u=20 u=20

0 Ju 1z
8—n0

Figure 3.5: Advection-diffusion problem: Boundary conditions.

The exact solution of this problem is also analytically known:

e,ﬂ e,l
1> _— 1>
u(x,y):x— 1 ;

1—e"-

thus, we have been able to compute the exact errors, too.

Both estimators, f)(Tl) and f)(TQ), lead to similar adapted meshes. Fig. 3.6 shows some
of the successively refined meshes created in the adaptive process guided by the error
indicators ﬁg). This figure also includes the level sets and the vertical sections at y = 0.5
of the corresponding computed solution.

Fig. 3.7 shows the error curves for the exact and the estimated errors. Once more,

“Error (ﬁgﬂ)” denotes the exact error of the adaptive scheme guided by ﬁ(Tk), k=1,2, and
1/2
[k = (ZT T, ﬁ;k)) , the corresponding estimated errors.
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iter=0  d.o.f.=25 iter=5  d.o.f.=650 iter=10  d.0.f.=20492

iter=0  d.o.f.=25 iter=5  d.o.f.=650 iter=10  d.o0.f.=20492

y=0.5 y=0.5 y=0.5

Figure 3.6: Advection-diffusion problem: Meshes, level sets, and vertical sections of the

approximate solutions.

10

—— Slope -1/2
—— Error (f/? ))
--6-- ﬁ(Z)

—— Error (ﬁ(Tl )
I 77(1)

10

error

100

- L L
10 2 3 " 5

10
d.o.f

10

Figure 3.7: Advection-diffusion problem: Estimated and exact error curves.
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Essentially the same conclusions as in the previous test can be drawn from Fig. 3.6.
In spite of the fact that this problem is out of the theory of Sections 3.2 and 3.3, the

boundary layers are very sharply captured without any significant oscillation.

Fig. 3.7 shows that the error estimators (') and 7®) have a very different behavior in
the first steps of the adaptive process. However, once the meshes are sufficiently refined
around the boundary layer, both error curves attain almost optimal slopes —%, which
shows that optimal orders of convergence are again attained in both cases.

Fig. 3.7 also shows that ﬁ;l) leads to slightly better adapted meshes than ﬁg), despite
the fact that the theoretical results are poorer for ﬁ(Tl), because the constant 3 in Theorem

3.3.2 for this estimator actually depends on €; namely, 5 =1+ ||b| +e72all

0,wT o0,wT *

3.4.3 An advection-diffusion-reaction problem with an inner layer

The last reported test consists in solving an advection-diffusion-reaction problem
whose solution presents an inner layer. The corresponding data are: a = (2,1), b = 1,

f=0,e=10"% and the boundary conditions shown in Fig. 3.8.

U = U

W) ey, 0<y<ell?
u g
o 1, e?<y<1

Figure 3.8: Advection-reaction-diffusion problem: Boundary conditions.

Fig. 3.9 shows some of the successively refined meshes created in the adaptive process,
as well as the level sets of the corresponding computed solution. This figure clearly shows
that the adaptive process leads once more to correctly refined meshes. The adaptive
scheme detects both, the corner singularity of the solution and the inner layer, and leads
to meshes much more concentrated around these zones. Once the corner singularity is
resolved, the adaptive scheme detects the inner layer and advances through it refining the
mesh (see in particular the meshes corresponding to the iteration numbers 10, 15, and
20). At the last iteration, the method captures the inner layer very sharply and without

any significant oscillation.
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iter=6  d.o.f.=454

iter=6  d.o.f.=454

iter=20  d.o.f.=11085

iter=0  d.o.f.=25 iter=3  d.o.f.=104
iter=0  d.o.f.=25 iter=3  d.o.f.=104
T ‘ T
) ‘ |
/ g / | |
| | .
| y
[ Ny
i Ny
iter=10  d.o.f.=1300 iter=15  d.o.f.=3658
iter=15

iter=10  d.o.f.=1300

g -

P P

d.o.f.=3658

Figure 3.9: Advection-diffusion-reaction problem: Meshes and level sets.

iter=20  d.o0.f.=11085
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10

— Slope -1/2
—+— Error (ﬁT2 )
. 7977,;](2)

—o— Error (f)(T1 )) ]

,,E,,f](l)

10° |

107k

error

107 Uy O

1075 ~
10 10

10°
d.o.f

Figure 3.10: Advection-reaction-diffusion problem: Estimated and exact error curves.

Fig. 3.10 shows the error curves for the exact and the estimated errors. Here, the ‘exact’
errors, “Error (ﬁ(Tl ” and “Error (f)(TQ))”, have been computed by considering as ‘exact’ the
numerical solution obtained with the last mesh of the adaptive process. Because of this,
we do not include the ‘exact’ error for the finer meshes which should be heavily affected
by the error of the ‘exact’ solution. No significant difference between “Error (ﬁg1 7 and
“Error (779}” can be appreciated, because both estimators lead to almost to the same
meshes. However, Fig. 3.10 shows that in spite of the fact that the theoretical results are

poorer for ﬁ(Tl), its effectivity indices are better than those of ﬁ(T2).

3.5 Conclusions

A framework to derive error estimators based on the solution of local problems has been
introduced for advection-reaction-diffusion equations. The equivalence of the resulting
estimators depend on the continuity and coercivity constants of the bilinear forms used
for the local problems.

In particular, two bilinear forms have been analyzed from theoretical and experimental
viewpoints. Although the theoretical results are better for one of the estimators, the
numerical experiments show similar performances. In both cases, the effectivity indices
of the estimators are significantly better than those of a previously known residual based

estimator.



Chapter 4

A posteriori error estimates for
elliptic problems with Dirac delta

source terms

In this chapter are introduced residual type a posteriori error estimators for a Poisson
problem with a Dirac delta source term, in L? norm and W* seminorm. The estimators
are proved to yield global upper and local lower bounds for the corresponding norms of
the error. They are used to guide adaptive procedures, which are experimentally shown

to lead to optimal orders of convergence.

4.1 Introduction

In this chapter are derived an a posteriori error estimator for elliptic problems with
Dirac delta source terms. This kind of problems arise in different applications as, for
instance, the electric field generated by a point charge, modeling of acoustic monopoles,
transport equations for efluent discharge in aquatic media, etc.

In spite of the fact that the solution of one such problem typically does not belong to
H!, it can be numerically approximated by standard finite elements. A priori estimates in
L? can be found in [29, 12], whereas interior maximum norm error estimates have been
proved in [28].

The singular character of the solution of such problems suggests that meshes ade-
quately refined around the delta support should be used to improve the quality of the
approximation. Adaptive schemes based on some a posteriori error indicators should be

used with this purpose. However, to the best of the authors knowledge, no a posteriori

45
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error analysis has been performed for such problem.

In this paper we consider the simplest minded model example: the approximation by
piecewise linear continuous elements of the Laplace equation on a polygonal domain with
a homogeneous Dirichlet boundary condition and a Dirac delta source term.

The solution of this problem belongs to LP for p < oo and to WP for p < 2. We
introduce error estimators for the norms of each one of these spaces. When the Dirac
delta support is a vertex of the triangulation, the estimators depend only on the edge
residuals, conveniently scaled. Otherwise, an additional term depending on the size of the
element containing the delta support must be added. We prove reliability and efficiency
estimates, for p ranging on some intervals which depend on the geometry of the domain.

We have used these error indicators to guide adaptive schemes, which experimentally
show optimal orders of convergence. This happens even for the L2 norm of the error on
non-convex domains, which is not covered by the theory. Moreover, we have shown that
the estimator is not equivalent to the error in this case on quasiuniform meshes, even for
smooth source terms. This is a well-know fact, however, the adaptive process allows us to
attain an optimal order of convergence in this case, too.

The paper is organized as follows. We introduce the model problem in Section 4.2.
In Section 4.3, we introduce some generalized bubble functions and prove some technical
lemmas, which will be used in the sequel. The main results are presented in Sections 4.4
and 4.5, where we prove the equivalence between our error estimates and the error in L?
norm and W1* seminorm, respectively. Finally, in Section 4.6, we report some numerical

results, which allow assessing the performance of the adaptive scheme.

4.2 Model problem

Our model problem will be the Laplace equation with the Dirac delta measure as

source term and homogeneous Dirichlet boundary condition:

—Au = 0, in €, (A1)
u = 0 on 02,

where 2 C R? is a bounded polygonal domain and z, is an inner point of €.
Throughout the paper we will use standard notation for Sobolev spaces, norms, and
seminormes.
Let us remark that problem (4.1) has a unique solution. In fact, consider the funda-

mental solution of the problem G(z) := % log |z — zol; 1. e,

—AG = 0y, in Q.
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Straightforward calculations show that G € W'?(Q) Vp € [1,2). Hence, u is a solution
of problem (4.1) if and only if u = w 4+ G, with w being a solution of

(4.2)

—Aw = 0 in Q,
w = —G on 0f).

Since xyg ¢ 092, G is smooth on 092 and, thus, problem (4.2) has a unique solution
w € H'(Q). Therefore, problem (4.1) has a unique solution u € Wy?(Q), 1 < p < 2.

Problem (4.1) can be written in a weak form as follows:
Find u € Wy?(Q) : / Vu - Vo = (04,0) Vo € W (9), (4.3)
Q

with % + % = 1. The right-hand side is well defined because, for ¢ > 2, Wh4(Q2) C C(f2).
We consider a regular family {7,} of meshes of 2 (see for instance [13]). As usual, h
denotes the mesh size: h := maxpez;, hy, with hy being the diameter of 7.
Let Sy, := {v, € C(Q) : wu|lr € Py VT € Ty} and Sy := {vy, € S : vploa = 0} be
the spaces of standard piecewise linear continuous elements. Notice that S ¢ Wy?(Q) C
WP (). So, the following discrete version of (4.3) is well defined:

Find uy, € S : /QVuh - Vo, = 0y, Un) Yoy, € Sy. (4.4)
Clearly, the approximation error satisfies the orthogonality relation
/QV(U ) V=0 Vo€ SO (4.5)
The following a priori error estimate in L? norm has been proved in [29] and [12]:

lu = unllg o0 < Ch.

Here and thereafter C, as well as C’, denote strictly positive generic constants, not nec-
essarily the same at each occurrence, but always independent of the mesh size h.

The goals of this paper are to define a posteriori estimators of the error (u — wuy) in
adequate Sobolev norms, to prove their equivalence with the corresponding norm of the
error, and to use them to guide adaptive procedures, in order to attain optimal orders of

convergence in terms of the number of degrees of freedom.

4.3 Preliminary results

To prove the equivalence of the estimators, we will have to deal with two kind of

bubble functions, one associated with inner edges and the other with the point zy. In this
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section we define these bubble functions and prove some properties that will be used in
the sequel.

Let &, be the set of all the inner edges of the triangulation 7. Given ¢ € &, let b, be
the bubble function defined in €2, with support

wp = U{T: oT Dt}

(see Fig. 4.1), defined for x € w, by

2
)\T1 )\T1 )\TQ )\TQ 2 ‘x - x0|
bg(ill‘) — [ P P37 Py PS] |£|2

2 .
INAARABAR], otherwise.

, if w; 2 o,

(4.6)

In this definition, we have used the notation given in Fig. 4.1. Moreover, w; is the
interior of w, and )\2 is the barycentric coordinate of x associated with the triangle 7}

and the point P;, extended to the whole wy.

Figure 4.1: Support wy of by

In what follows we will prove several properties involving conjugate numbers p,q €
(1, 00) such that % + é =1

LEMMA 4.3.1 Given £ € &, let by and w, be defined as above. Then

b
% =0 on Owy, (4.7)
') < / be<Clel. (4.8)
1Bl gy < C i m=1,2. (4.9)

PROOF. Equation (4.7) is an immediate consequence of the definition of b,. Estimate (4.8)
is obtained by straightforward computations. Estimate (4.9) follows from standard scaling

arguments and the regularity of the mesh; in fact, for m = 1,2, we have

bl < CUIT™ fbely gy < C 1T e VT < O 77727

m,q,we |0,q,w4
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O

Although in practice the meshes are usually constructed in such a way that zy is a

vertex of all the triangulations, we do not need to assume this for our analysis. However,

when x4 is not a vertex, the definition of the estimator will include an additional term. In

this case, we will use another bubble function. Let T" be a triangle of 7, containing zq (if

xo lies on an inner edge, any of the two triangles sharing the edge can be chosen as T').
Let

wr = {T' € T: T'NT # 0}
and d := dist(xg, Qwr) (see Fig. 4.2). Notice that, because of the regularity of the mesh,

hy < Cd. Let b,, be a smooth bubble function defined in €2, with support in w; and
satisfying

0<by(x) <1 Vzeq, (4.10)
by () =1 Ve e Q: |x—xo| < jzi, (4.11)
byo(z) =0 Ve e Q: |x—xo| > %Td, (4.12)
1026 im0y < Cd™™, m=1,2. (4.13)

Such a function can be easily obtained by convolution of the characteristic function of
the set {z € Q: |r — xo| < d/4} with a mollifier.

Figure 4.2: Domains w, for different locations of zq. Circles |z — x| = ¢ (solid line) and

|z — x| = 3¢ (dashed line).

LEMMA 4.3.2 Let T > xy. Let by, and wy be defined as above. Then

<ChE™TP m=1,2,

| bmo |m7‘]awT
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PRrROOF. Using (4.13) and the fact that hy < Cd, the definition of | - |, 4w, yields
<Cod < onem T,

|b330 ’m,q,wT
O
To define the error estimators in the next sections, we will use the jumps of the normal

derivative of the finite element solution across the inner edges ¢, which we denote by

L 8uh
Jg.—H:an:H/ (e &,

The following bounds will be used to prove the efficiency of the estimators.

LEMMA 4.3.3 Let T > x¢ and w, be defined as above. Let F}' be the set of edges { of
triangles T' C wy, such that ¢ ¢ Owy. Then

2 142
h!? < C [l = unllg oy + Y 16l [P
teFt

2/p—1 2
WP <O Ju—unly oy + D el O
teFF

PROOF. Let b,, be the above defined bubble function. By using (4.3), integration by parts,
(4.7), Holder inequality, (4.10), Lemma 4.3.2, and the regularity of the mesh, we have

L= (8 ba) = /V(u—uh)~Vbx0+/Vuh~meO
Q Q

= —/ (u—uh)Abe — Z /Jfbl‘o
w l

teFf

S ||u - uh”O,p,’wT |b$0|2,q,wT + Z |J[| |£‘
teFF

< O\ u=unllopuy b+ D Tl 17077
teFf
which leads to the first estimate.

The same arguments give

1= (80, ba) = /V(u—uh)'Vbxo—i—/Vuh-meo
Q Q

< ‘U’ - uh|1,p,wT |bI0’l,q,wT - Z /e‘]ébxo

teFt

IN

1—2 2 1-2
C 1w = unly oy by 7+ D7 T 1P 0y 7]
teFy
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which allow us to prove the second estimate. O
To end this section, we settle some error estimates for the Lagrange interpolant v/ € S,

of a function v € C(§2), which will be also used in the sequel.

LEMMA 4.3.4 Given l € &, let wy be defined as above. Then

IN

C o) V]340 Yo € W39 (wy), 1 <q< oo,

< ClYP )y, Yo e Whi(w,), 2 < ¢ < .

—'|
||U v 0,q,¢

=]
||U v 0,q,¢

PROOF. Scaling arguments lead to

o ="l < € (167 o -

[Ho,q,z = + o)t v — UI’quz) . (4.14)

il
v 0,q,we

Next, we use the standard error estimate for the Lagrange interpolant (see for instance

[13])

2—k
\v — Ul‘k,q,we S U 0ly g0, » k=01,

to estimate both terms in the right-hand side of (4.14). Thus we obtain the first estimate
of the lemma.

On the other hand, for ¢ > 2, the following estimate also holds true (see again [13]):
<Clet

I
‘k,q,w[ — |U|1,q,wg )

k=0,1.

‘U—U

Finally, from this and (4.14), we conclude the second estimate of the lemma. O

4.4 An a posterior:t error estimator equivalent to

HU o uh”o,p,Q

Notice that the solution u of (4.1) belongs to LP(2) for all p < oco. In this section,
we will define an estimator for the L?(€2) norm of the finite element approximation error
(u — uy,) and will prove the equivalence of exact and estimated errors for all p € (1, pa),
with pg > 1 as shown below.

In the proof of Theorem 4.4.1 below we will use a duality argument. With this purpose

we consider the following problem:

{—Av = Y in €2, (4.15)

v = 0 on 0f),
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where ¢ € L(2) and % + % = 1. According to [20], if

(2 - g) p <2 (4.16)

with 6 being the largest inner angle of €2, then the solution of (4.15) satisfies v € W24(Q)
and

‘0‘2,(],&) < CHwHO,q,Q' (417)

If € were either a triangle with three acute angles or a rectangle, then 6§ < 7 and

(4.16) would hold true for all p < co. Exception made of these very particular cases, the
largest angle of () satisfies § > 7 and, consequently, (4.16) holds true only if p < 2/(2—7).

Hence, let
2

if 0> 7,
poi=< 2— 7 (4.18)
00, otherwise.
For all T € Ty, let £ be the set of inner edges ¢ € &, such that ¢ C 9T. If z is a
vertex of the triangulation, we define the local a posteriori error indicator by

1/p

e = | D PP

teel

for all the triangles T' € 7},. Instead, if x( is not a vertex of the triangulation, the indicators

corresponding to the triangles T' 5 xg include an additional term. In this case, we define

( 1/p
We+ Y Pl if T o,
. teer
e = 1/p
Z | Je|” ’€|p+2 ) otherwise.
L \cegl

In both cases, we define the global error estimator with these indicators as follows:

1/p
np = (Z 7]?’,}7) :

TeT),

THEOREM 4.4.1 Forp € (1,pq), let nr, and n, be defined as above. Then the following
estimates hold true:

A
Q
i

HU_UhHo,p,Q
nrp < Cllu—unllopw, VT € Th.
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PROOF. Let T' € 7, be such that T' 3 zy. (If xy is a vertex of the triangulation, see
Remark 4.4.1 below).

Given ¢ € L(Q), let v € W9(Q) be the solution of (4.15). By using integration
by parts, (4.5), (4.3), Holder inequality, standard interpolation error estimates (see for
instance [13]), Lemma 4.3.4, and (4.17), we have

/Q(u—uh)zb = —/(u—uh)Av

= V(u—up) - Vv
= /V(u—uh)-V(v—vI)
Q
— <5IO,U—U1>+Z/£JK(U—UI)

Lesy,
I I
< HU v HO,oo,T + Z HJf“o,p,é HU —v ||O,q,€
Le€y
2-2 1+1
< C (hT i ’Ub,q,T + Z ||J£H0,p,£ 1| i |U‘2,q,w5>
ey,
1/p 1/q
< c (h% FS I, wpﬂ) (z |v|;q,w)
Le€y, LeEy,
1/p
2
< C (h% + TP P ) 19[lo 4.0 (4.19)
ey,

Therefore,

/ (u—up) W 1/p
lu—unllg g = sup "< C (hQT + > Tl !f\p+2> 7

YELI(Q) WHo,q,n ey,

which together with the definition of 7, yield the first estimate.
To prove the second estimate, we test (4.3) with the bubble function b, and use that
be(xp) = 0 and integration by parts to obtain

/ V(u - uh) : ng = <5m0, bg> - / Vuh : ng = /ng@. (4.20)
Q Q ¢
Therefore, integration by parts, (4.7), Holder inequality, and (4.9) yield

/ngg = /V(u—uh)-ng:/(u—uh)Abg
¢ Q we

-2
S ||U - uh”[),p,wg |b£|2,q,w2 S ||U - uh”O,p,wZ |£| /p'



o4

On the other hand, from (4.8) we have

/Jebg
L

The two last inequalities yield

= || /bz > O 10| ] (4.21)
l

2
[T 11727 < C = unlly

and, consequently,

1/p
DO < Cllu—unllg (4.22)
4=
which together with Lemma 4.3.3 allow us to conclude the theorem. O

REMARK 4.4.1 The proof is still valid when xq is a vertex of the triangulation. Indeed,

in this case, the term (0,,,v — v') vanishes and (4.19) reduces to

1/p
/Q(u —up)p <C (Z | Je|? |f|p+2> 19190 -

le&y,
This allows us to conclude the first estimate of the theorem, whereas the second estimate

is giwven directly by (4.22).

REMARK 4.4.2 When Q is convez, according to (4.18), pq > 2. Hence, in this case, the

estimator ny turns out to be equivalent to the L*(Q2) norm of the error.

4.5 An a posterior:i error estimator equivalent to
‘u_uh|1,p,§2

Since the solution of (4.1) also belongs to W (Q) for all p < 2, it makes sense to
estimate the W?(£2) seminorm of the finite element approximation error (u — uy), as
well. In this section, we will define one such estimator and will prove that it is equivalent
to the error for any p € (p%,2), with p > 1 as shown below.

Given ¥ € L9(Q)?, with 11—) + % = 1, consider now the following problem:

Find v € W,(Q) : / Vv -Vw = / v - Vw Yw € Wi (). (4.23)
Q Q
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According to [15], for any polygonal domain €2, there exists a neighborhood of 2 such
that, for all p in this neighborhood, problem (4.23) has a unique solution v. Furthermore,

in such case, the following estimate holds true:
|U|1,q,ﬂ <C H\I]HO,(LQ . (4.24)

This happens for all p € (1,00) when € is convex. In general, let p € [1,2) be the
smallest number such that, if p® < p < 2, then (4.23) has a unique solution satisfying
(4.24).

If xy is a vertex of the triangulation, the local a posteriori error indicator is given by

1/p

ETp = Z | Jef” |€|2 )

teglr

for all triangles T' € 7Tj,. (We recall that & is the set of inner edges ¢ € &, such that
¢ C 0T'.) As in the previous section, if g is not a vertex of the triangulation, an additional

term appears in the indicators corresponding to the triangles T' > z:

( 1/p
N P/ T4 I AR
. teel
£Tp = 1/p
Z | Jo” |€|2 ) otherwise.
L\l

In both cases, the corresponding global error estimator is given by

1/p
Ep 1= (Z 5’}@) )

TeTy,

THEOREM 4.5.1 Forp € (p,2), let ex, and €, be defined as above. Then the following
estimates hold true:

|u_uh‘1,p,9 < C‘gpa

ery, < Clu— uh|17p’wT VT € 7p,.

PROOF. Let T" € 7, be such that T > xg. (As in the proof of previous theorem, we
postpone the case of xy being a vertex of the triangulation to Remark 4.5.1 below).
Given ¥ € L?(Q)?, with Il) + % =1, let v € Wy%Q) be the solution of (4.23). Since
u—u, € WyP(Q), it can be used as a test function w in (4.23). Hence, (4.5), (4.3),
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integration by parts, Holder inequality, standard interpolation error estimates (see for
instance [13]), Lemma 4.3.4, and (4.24) lead to

[ vu—uw)v = [ V-

= /V(u—uh)~V(v—vI)
= (O, v +Z/Jw—v

0eEy
I I
< HU —-v ||0,oo,T + Z [ Tellg 5.0 HU —-v Ho,q,e
le&y
1-2 1
< C <hT i |U|1,q,T + Z HJEHO,p,e 1| w ‘0‘1,(;,&;@)
Le€y
1/p 1/q
< ¢ (h CS I, w) (z |v|lw)
le&y Lely
1/p
- 2
< C (h% Rl ) 190 0 - (4.25)
le&y
Therefore
/ Viu—up)- ¥ 1/p
lu—unl, 0= sup 2 7 <C|h?+ Z PARE ,
Tela(Q)?2 || ||07q,Q 0eEs

which together with the definition of ¢, yield the first estimate.
To prove the second estimate, we proceed as in the proof of Theorem 4.4.1; thus, from
(4.20) and (4.21) we have

O 0] |74 < / V(u — up) - Vb
Q

Hence, from Hélder inequality and (4.9) we obtain

=,

| el 1€] < Clu =y, [be < Clu—uply,,,

|17Q7wl

Therefore, we have

1/p

2
> 1l 1] < Clu—unly

ceel

which together with Lemma 4.3.3 allow us to conclude the theorem. a
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REMARK 4.5.1 The proof of this theorem also remains valid if xy is a vertex of the tri-
angulation. Indeed, the only difference is that the term (8,,,v — v') vanishes in this case,
and thus the term h2T_p does not appear in (4.25).

REMARK 4.5.2 When Q is convex, according to [15], p* = 1. Hence, in this case, the

estimator &, turns out to be equivalent to the error in WP (Q2) norm for all p € (1,2).

4.6 Numerical experiments

In this section we report several numerical experiments to assess the performance of an
h-adaptive mesh-refinement strategy based on the error indicators 77, and er, analyzed
in Sections 4.4 and 4.5.

The adaptive procedure consists in solving problem (4.4) on a sequence of meshes up
to finally attain a solution with an estimated error within a prescribed tolerance. With
this purpose, we initiate the process with a quasiuniform mesh and create, at each step,
a new mesh better adapted to the solution of problem (4.4). This is done by computing
the local error estimators 1y, or ep, for all 7" in the ‘old” mesh 7, and refining those
elements T" with 07, > O max{nr, : T € T}, (resp. er, > O max{er, : T € T,}) where
6 € (0,1) is a prescribed parameter. In all our experiments we have chosen 6 = %

We have used a Matlab code adapted by us from [2] and the mesh generator Triangle.
This generator allows creating successively refined meshes based on a hybrid Delaunay

refinement algorithm (see [30]).

4.6.1 Test 1: A convex domain

The first set of tests consists of solving the problem —Awu = J,, in the unit square
Q:=(0,1) x (0,1), with zp = (0.5,0.5). We choose Dirichlet boundary conditions such
that the exact solution is given by u(z,y) = 5= log |z — |.

We show first the results obtained for the adaptive process guided by the error esti-
mator nr .

Fig. 4.3 shows some of the successively refined meshes created in the process guided
by 17, with p = 2, and under the constraint that zy be a vertex of all the triangulations.
This figure also shows the computed solution, the iteration number, and the number of
degrees of freedom (d.o.f.) of each mesh. Fig. 4.4 shows the error curves of the whole
process for the exact and estimated errors. This figure also includes a line with slope —1,
which corresponds to the theoretically optimal order of convergence for piecewise linear

elements.
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iter=1  d.0.f=25 iter=8  d.0.f.=257 iter=14  d.0.f.=3754

Figure 4.3: Convex domain with xy being a vertex of the triangulations. Meshes and

approximate solutions obtained with 77,; p = 2.

It can be seen from Fig. 4.3 that the adaptive process leads to meshes correctly refined
around xy. On the other hand, the error curves show that the process yields optimal order
convergence. This happens in spite of the fact that the effectivity indices are very poor.
Indeed, it can be observed in Fig. 4.4 that the exact error is severely overestimated.
Anyway, the exact and estimated error curves have approximately the same optimal slope
—1.

Fig. 4.5 shows some of the successively refined meshes created with the adaptive pro-
cess guided again by nr,, with p = 2, but without the constraint that zy be a vertex
of the triangulations. The same conclusions as in the previous test can be drawn from
Fig. 4.5 and 4.6.

It can be seen that the constraint of xy being a vertex of the triangulations does not

make any significant difference.

Next, we report the results obtained with the adaptive process guided by er,, as error
estimator. Fig. 4.7 shows some of the successively refined meshes created with the adaptive
process guided by er,, with p = 1.5, and x( being a vertex of the triangulations, as well
as the computed solution. Fig. 4.8 shows successive zooms of the last final adapted mesh
around xy. The second square corresponds to a zoom of the white inner square in the

first one, amplified 10 times around z(, and so on. Fig. 4.9 shows the error curves for the
3
the theoretically optimal order of convergence for piecewise linear elements in problems

exact and estimated errors. It also includes a line with slope —=, which corresponds to

with a smooth solution.
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Figure 4.4: Convex domain with zy being a vertex of the triangulations. Estimator 7, and

exact LP norm error curves; p = 2.
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Figure 4.8: Convex domain. Successive zooms of the final adapted mesh obtained with

Erp; P = L.5.

These figures clearly show that the adaptive process leads again to correctly refined

meshes around xy. On the other hand, the error curves in Fig. 4.9 have almost the optimal
1
5.
Once more, essentially identical results were obtained for the same estimator €,, when

slope —
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iter=1 d.o.f=24 iter=10  d.0.f.=483 iter=16  d.0.f.=3764

R
i
VA,

Figure 4.5: Convex domain with zy not being a vertex of the triangulations. Meshes and

approximate solutions obtained with 77,; p = 2.

xo is not a vertex of the triangulations.

4.6.2 Test 2: A non convex domain

We will solve the problem —Awu = d,, in the L-shape domain shown in Fig. 4.10.
We choose Dirichlet boundary conditions such that the exact solution be u(x,y) =

uy(z,y) + ug(z,y) where
1 2
ui(x,y) = o log |z — o and us(x,y) = 3 sin (59) . (4.26)
7r

Here (r,0) are the polar coordinates corresponding to (z,y) with 6 € [0, 27).

Fig. 4.11 shows some of the successively refined meshes created in the adaptive process
guided by e7,, with p = 1.5. It can be seen that the adaptive process leads to meshes
refined around both, xg and the corner singularity.

On the other hand, Fig.4.12 shows the corresponding exact and estimated error curves.
Once more, it can be seen that the adaptive process yields optimal order convergence: the

exact and estimated error curves have both again approximately the same optimal slope
1

-1

Next, we report results obtained with the adaptive procedure guided by 7nr s as error
estimator for the same problem. Notice that this example is not covered by Theorem 4.4.1.
Indeed, according to (4.18), for a non convex polygonal domain, po < 2. Moreover, as

shown below, the estimator 7, is not expected to be equivalent to the Ly(£2) error for non
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—— Exact error
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Figure 4.6: Convex domain with z not being a vertex of the triangulations. Estimator 7,

and exact L? norm error curves; p = 2.

convex domains. In spite of this fact, the adaptive process succeeds in yielding well refined

meshes and an optimal order of convergence, as shown in Fig 4.13 and 4.14, respectively.

error

—— Slope -1
—— Exact error
-& - Estimated error

d.o.f

Figure 4.14: Non convex domain. Estimator 7, and exact L” norm error curves; p = 2.

Let us remark that the non equivalence of 7, and ||u — up||, 5, is not related with the

singular character of the right-hand side of problem (4.1), but with the non convexity of



62

iter=1  d.0.f=25 iter=10  d.o.f.=705 iter=18  d.0.f.=5061
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Figure 4.7: Convex domain. Meshes and approximate solutions obtained with er,; p = 1.5.

the domain. Indeed, consider the following problem with a piecewise constant f:

—-Av = f in Q,
v = 0 on Of).

Let v, be the corresponding finite element approximate solution. The estimator anal-

ogous to 7y for this problem is (see [31])

~ 2
s = B 1 loar + D 1161,

ceer

whereas the analogous to er is

~ 2
ets = Ny | floar + D 1101,

tegl

which defines a global estimator equivalent to |v — vp|, , o (see for instance [31] again).
Hence, from the standard theory of finite element approximation on fractional Sobolev
spaces (see for instance [9]), we have

1/2 1/2
M = Z AI%Q <Ch Z é\%g
TeTy, TeT,
< Chlv=uilyp0 < Cllollyapoh™ (4.27)

Va < %, where 0 is the largest reentrant corner of (2.



4.6 Test 2: A non convex domain 63

10!

—— Slope -1/2
—— Exact error
-& - Estimated error

10° |

error

107

107

d.of

Figure 4.9: Convex domain. Estimator ¢, and exact WP seminorm error curves; p = 1.5.

(-11) (1,1)
on(ots,o.s)
(0,0 (1,0
(-1,-1) (0,-1)

Figure 4.10: L-shape non convex domain.

On the other hand, using the orthogonality of the error, integration by parts, and

Cauchy-Schwarz inequality, we have

/ V(0 — op)? = / V(o) Vo= / (0= 0)A < o = vhllose | Fllone
Q 9] Q
which yields
2
v — Uh”o,z,ﬂ >Clv— Uh‘1,2,9 :

In general, for quasiuniform meshes, 3C' > 0 such that |v — s/, 5 > Ch™? (see [7]);
hence,
lv = Uh”o,Q,Q > Ch*le. (4.28)

Therefore, from (4.27) and (4.28), we have that in general, for quasiuniform meshes,

72 ﬁ Cllv— Uh“o,Q,Q )
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Figure 4.11: Non convex domain. Meshes obtained with er,; p = 1.5.
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Figure 4.12: Non convex domain

. Estimator ¢, and exact
p=1.5.

WP seminorm error curves;

with a constant C' independent of h. This lack of equivalence was somehow circumvented

in [23], where other estimator depending on the distance of the element to the singular
points of the solution and on the strength of the singularity was proposed.

Despite this lack of equivalence, if we use 7y as an indicator to refine the meshes,
we recover an optimal order of convergence in L?(2) norm. This can be seen in Fig. 4.15,

which shows the error curves for this approach applied to Av = 0 with Dirichlet boundary
conditions such that the solution be v = uy as in (4.26).
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Figure 4.13: Non convex domain. Meshes obtained with nr,; p = 2.
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Figure 4.15: Non convex domain; source term f = (. Estimator 7, and exact L? norm

€ITor curves.

4.7 Conclusions

We have introduced residual type a posteriori error estimators for the standard finite
element approximation of the Poisson problem with a Dirac delta source term. We have
proved that these estimators are equivalent to the L norm or the W'? seminorm of the
error, for particular ranges of p. In particular, for convex domains, this includes L? and
WP norms for all p € (1,2).

The estimators provide global upper and local lower bounds of the error norms. Be-
cause of this, we have used them to guide adaptive refinement schemes. We have shown

experimentally that these schemes yield optimal orders of convergence in terms of the
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number of degrees of freedom. This happens even for the L? norm of the error on non-
convex domains, which is not covered by the theory because error and estimator are not
equivalent in such case.

The extension of this approach to advection dominated advection-diffusion-reaction
equations modeling pollutant transport and degradation in aquatic media is currently

under investigation.



Chapter 5

An adaptive stabilized finite element

scheme for a water quality model

Residual type a posteriori error estimators are introduced in this chapter for an
advection-diffusion-reaction problem with a Dirac delta source term. The error is mea-
sured in an adequately weighted W!?-norm. These estimators are proved to yield global
upper and local lower bounds for the corresponding norms of the error. They are used to
guide adaptive procedures, which are experimentally shown to lead to optimal orders of

convergence.

5.1 Introduction

This chapter deals with the advection-diffusion-reaction equation with a Dirac delta
source term. This kind of problems arise, for example, when modeling pollutant transport
and degradation in an aquatic media if the pollution source is a single point. In particular,
our work is motivated by the need of an efficient scheme to be used in a water quality
model for the river Bio-Bio in Chile.

It is simple to show that the solution of this problem belongs to L for p < co and to
WP for p < 2. In spite of the fact that the solution does not belong to H*, this problem
can be numerically approximated by standard finite elements.

Specially interesting is the case when the advective term is dominant, as typically
happens in real problems. In this case, the solution of the equation has a strong inner layer
arising from the source point aligned with the velocity direction. The standard Galerkin
approximation usually fails in this situation because this method introduces non-physical

oscillations.

67
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A possible remedy for this situation is to add to the variational formulation some nu-
merical diffusion terms to stabilize the finite element solution. Some examples of this ap-
proach are the streamline upwind Petrov-Galerkin method (SUPG) (see [11]), the Galerkin
least squares approximation (GLS) (see [18]), the Douglas-Wang method (see [16]), the
unusual stabilized finite element method (USFEM) (see [19]) and the residual-free bubbles
approximation (RFB) (see [10]). The drawback with most of these methods is that the
amount of numerical diffusion added to the discretization tends to be large. This means
that the solution layers are not always very well resolved because the layer zone is ar-
tificially wide. Furthermore, all this stabilization techniques do not consider non regular
right hand sides as, for example, a Dirac delta measure.

Due to the nature of the solution, when a strong inner layer is present, it is convenient
to compute the numerical solution in a well adapted mesh, which should be obtained by
means of an adaptive scheme.

There are not many references in the literature dealing with a posteriori techniques
for this equation. The reason of this is that most of the standard error estimators involve
equivalence constants depending on negative powers of the diffusion parameter, which
leads to very poor results in the advection or reaction dominated cases. An error estimator
which is robust in the sense of leading to global upper and local lower bounds depending
at most on the local mesh Peclet number has been developed by Verfiirth (see [33] and
[32]). Using these results, Sangalli has analyzed a residual a posteriori error estimate
for the residual-free bubbles scheme (see [25]). On the other hand, Knop et al. have
developed some a posteriori error estimates using a stabilized scheme combined with a
shock capture technique to control the local oscillations in the crosswind direction (see
[22]). Finally, Wang has introduced an error estimate for the advection-diffusion equation
based on the solution of local problems on each element of the triangulation (see [35]). In
all these works smooth source terms are considered. On the other hand, an a posteriori
error analysis has been recently developed in [5] for the Laplace equation with a delta
source term. To the best of the authors knowledge, no a posteriori error analysis has been
performed for the advection-diffusion-reaction equation with a non regular right hand
side.

In this paper we introduce and analyze from theoretical and experimental points of
view an adaptive scheme to efficiently solve the advection-reaction-diffusion equation with
a Dirac delta source term. This scheme is based on the stabilized finite element method
introduced in [19], combined with an error estimator similar to that developed in [32] and
[4]. Although the stabilization technique [19] has been analyzed only for regular right hand

sides, our experiments show that the numerical scheme is convergent also in our case.
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Under appropriate assumptions, we prove global upper and local lower error estimates
in a weighted W!P-norm, with constants which depend on the shape-regularity of the
mesh, the polynomial degree of the finite element approximating space, and, eventually,
on the diffusion parameter. Because of this last dependence, our theoretical results are
not optimal. However, we perform several numerical experiments in order to show the
effectiveness of our approach to capture the layers very sharply and without significant
oscillations.

The paper is organized as follows. In Section 5.2 we recall the advection-diffusion-
reaction problem under consideration and the stabilized scheme. In Section 5.3 we define
an a postertori error estimator, prove some technical lemmas and show its equivalence with
the norm of the finite element approximation error. Finally, in Section 5.4, we introduce
the adaptive scheme and report the results of some numerical tests which allow us to asses

the performance of our approach.

5.2 A stabilized method for a model problem

Let © C R? be a bounded polygonal domain with a Lipschitz boundary I' = T, U T,
with I N T, = 0. We denote by n the outer unit normal vector to I'. Let d,, be the Dirac
delta measure supported at an inner point xy € €.

Our model problem is the advection-reaction-diffusion equation

—Au+a-Vu+bu = o, in Q,

u = 0 on FD’ (51)
ou
88—77, =g on I,

where:
(Al)eeR: > 0;
(A2) @ € Wh>(Q)?, diva = 0;
(A3)beR, b>0;
(AT D{xel: a(x) n(x) <0};
(A5) g € L(Ty);

(A6) either b > 0 or |T,| > 0.



70

We are interested in the advection-reaction dominated case in which ¢ < [lal[, ., o + 0.
Here and thereafter we use standard notation for Sobolev and Lebesgue spaces and
norms. Moreover, let W5 (Q) := {(p e Whr(Q): g0|FD = O}, 1<r<oo.
Let us remark that problem (5.1) does not have a solution in H'(§2). However, it has
a solution in W'P(Q) Vp < 2. In fact, let G(z) := 5= log |z — x| be such that

—AG = 0y, in

i.e., —G is a fundamental solution of the Laplace operator. Straightforward calculations
show that G € W'?(Q) Vp € [1,2). Hence, substituting u = w+&~'G in (5.1), we observe

that problem (5.1) has a unique solution if and only if the following problem does it:

—eAw+a-Vo+bw = —eta-VG—-ec0G inQ,
w = —8_1G on FD’ (52)
ow oG
E% = — % on FN‘

Since zo ¢ 09, G and its normal derivative are smooth on 90f). Hence, standard
arguments show that problem (5.2) has a unique solution w € H'(Q2)(see for instance
[24]). Moreover, according to the results of [20], problem (5.2) has a unique solution
w € WEP(Q) for p € (p*,2), where p* :=
corner on the domain §.

Consequently, problem (5.1) has a solution v € WP(Q2) Vp < 2, and this solution is

T 730 +W?(2w), with w being the largest reentrant

unique if p* < p < 2. Let us remark that for any polygonal domain 2, p* < 8/5. Moreover,
if 2 is convex, then p* < 4/3. From now on we restrict our analysis to a fixed p € (p*, 2).
Moreover, let ¢ € (2,00) be such that % + % =1.

Let B be the bilinear form defined on W5”() x W5%(Q) by

B(v,w) = / (eVv-Vw+a-Vvw+bvw). (5.3)
Q

The following is a variational formulation of problem (5.1): Find u € W;P(Q) such
that

B(u,v) = (04, v) +/ gu Vv e WH(Q). (5.4)

In

(In the expression above (0,,,v) = v(xg)).
It is clear that a solution of (5.1) in W;P(9) is also solution of (5.4). Straightforward
calculations show that the solution of (5.4) satisfies (5.1). Then (5.4) has a unique solution,

too.
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We consider the following norms on W5?(Q) and W5%(Q):
1

P p 5 q
Il == (=% 197wl + 67 el )™ s Mol 2= (27 V01 0+ 0 [l 1)

Assumptions (A1)—(A3) imply that

B(v,w) < (147 lalgwn) 10l ol (55)

On the other hand we also assume an inf-sup condition for B; namely, that there exists
(> 0 such that
B ( v) o

UGW

REMARK 5.2.1 The condition above holds true (with 3 eventually depending on €) if and
only if, for all f € [W5(Q)] the problem

Find u € Wll)’p(Q) : B(u,v) = (f,v) Yve Wllj’q(Q),

has a unique solution (see for instance [17]). In its turn, the latter holds true for all p in
a neighborhood of 2. The length of this neighborhood depends on the geometry of 2 and
the boundary conditions (see [15]).

Let {7,}n>0, be a family of shape-regular partitions of {2 into triangles. Let V}, :=
{pecCQ): ¢lr € P VT € T, and plr, = 0} C W5(Q) € WpP(Q), where, for k € N,
P denotes the space of polynomials of degree at most k. It is well known that the
standard Galerkin method based on this finite element space yields poor approximation
when & < [|a||, ., o + 0. For this reason, we consider the following stabilized formulation
introduced in [19]: Find w;, € V}, such that

BT(uh,vh) = FT(Uh) Y, € Vi, (57)
where, for vy, w;, € V},,
B (v, wy) := B(vp, wy)

_ Z / 7r (—eAv, + a - Vo, + buy) (—eAwy, — a - Vwy, + bwy,) (5.8)
TeTy

and

F(v) = (02, vn) + / gup — Tr(0py, —€Avy — a - Vo, + bup). (5.9)

In
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In the expressions above, the stabilization parameter 7, is defined as follows:

hz
Tr(X) 1= , 5.10
r(@) bh2 max{1, Pe;(x)} + (2¢/my) max{1, Pe}(x)} (5.10)
with Pel(x) and Pel(x) being the Peclet numbers respectively defined by
2¢e my |a(x)| h
Pel(x) := ——E and  Pel(x) = %7 (5.11)

where
my, = min{1/3, Cy},

with C} being a positive constant satisfying

Ci > hellAvllf 7 < IVunllaq  Von € Vi,

TeET),

which only depends on the polynomial degree k£ and the shape-regularity of the mesh.

The convergence and stabilization properties of this scheme have been investigated in
[19] for a smooth source term. However, for a non regular right hand side, no a priori
error estimates are known for this stabilized scheme.

In the following section we introduce a posteriori error estimators which will allow us
to create meshes correctly refined to solve the problem. We demonstrate numerically the
effectiveness of this approach in the last section.

From now on, C' denotes a generic positive constant, not necessarily the same at each

occurrence, but always independent of the mesh-size and the small parameter ¢.

5.3 A posteriori error estimator.

In this section we define a residual error estimator by combining ideas from [32] and
[4] for advection-reaction-diffusion problems with those in [5] for problems with a delta
source term.

For simplicity, we assume that the support zy of the Dirac delta measure is a vertex
of the triangulation and that g is piecewise polynomial.

Let &, denote the set of all edges in 7, and, for £ € &, let hy be the length of E. We

define the volumetric and edge residuals by

R, = sAuh —a-Vu, — buh, T e 771, (512)
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,
_[[58“"]] . ifEe€&: EET,
E

ong
Ry = 0 5.13
2 g2 ifEe&: ECT,, (5.13)
on
0, ifEeé&: ECI,,

where [-]g denotes the jump across the edge E.

These residuals are used to define an estimator of the local error as follows:

( 1
_2p . P
(a;;hT o HRT”g,p,T + Z € 1Qp HREHg,p,E> , T3 o,

Nrp = ot . (5.14)
1
<041T7 ||RT||g,p,T + Z € Qg ||RE||g,p,E> ; T Z o,
\ EcoTr
where, for S=T €T, or S=FE €&,
min hsfé,lf%}, b > 0;
g = { ° (5.15)
hsg_g, b —

In what follows we prove some technical lemmas.

Let wo := H{T € 7), : ®y € T} and d := dist(xg, Owp) (see Fig. 5.1). Notice that,
because of the regularity of the mesh, hy < Cd. Let 1,, be a smooth bubble function
defined in € with support in wy and satisfying:

0 <1y, (x) <1 Vo € Q, (5.16)
U () =1 Ve e Q: |z — a §j—4i, (5.17)
Uy@) =0 YreQ: |o—ug| >, (5.18)
Vg lmcowe < Cd™™,  m=1,2. (5.19)

Such function can be easily obtained by convolution of the characteristic function of
the set {z € Q: |z — zo| < d/4} with a mollifier.
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Figure 5.1: Domain wy and support of vy, .

LEMMA 5.3.1 Let T > xy. Let i, and wy be defined as above. Then

[eolloyr < Chyl,

2
Wollogr < ChYY,

_ 2
aoll, 7 < Coz'n.

PRrOOF. Using (5.19) and the fact that hy < Cd, the definition of | - |, , yields

1/q
[V lm.a.p = { / | D" 4y (x>|Q] < Cd"hyl* < Chg ™.
E

The same arguments give

1/q
[Waolm,ar = { / D™ g (:c)\q} < Cd T < Chy
T

This inequality and the definition of [[|-[||, allow us to complete the proof. O

LEMMA 5.3.2 Given T € T, let 7 be defined by (5.10). Then the following bounds hold

Ve eT:
1

2 @) (@) <

erp(x) < hr, brr(x) < 1.

Furthermore,
bro(z) < Chray.

PROOF.
For the first estimate, we use (5.10) and (5.11) to obtain

- eh? eh?
~ bhZmax{1l,Pel(x)} ~ bhZPe;(x) — 2

ety ()
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For the second one, if a(x) = 0 there is nothing to prove; otherwise, by using (5.10)
and (5.11) we have

hr.

|a(@)| myh la(x)|mghi _ 1
la(@)| r(x) < 2e max{1,Per(x)} — 2ePej(x) — 2

For the third bound, (5.10) yields

brr(x) < L <1
= max{1,Pel(x)} —

Moreover, from the first estimate of this lemma, b7 () < Cbh2e71, too. Hence, taking

a weighted geometric mean of this and the third estimate, we have

2
bro(z) < Cbbhie™s < C Q3 bs (%) e < Chihye s,
O
LEMMA 5.3.3 The following estimates hold for all wy, € Vj:
(Whlmgr < Chy™or|lwnllly,  m=1,2.
PROOF. The definition of the norm ||| - ||, ;- implies that
fwnligr < €7 lwnllyr (5.20)
whereas, because of a standard scaling argument,
fwnligr < Chi llwnllyr < Cha'd™7 [lwnll,z-
From these two inequalities we obtain
wh|1qr < Chytar |llwall, - (5.21)
On the other hand, another scaling argument and (5.21) yield
|whlogr < Chitlwpligr < Chi2ar |lwall, 1,
which completes the proof. a

LEMMA 5.3.4 The following estimates hold for all wy, € Vj,:

a2
[Whlmsor < Chr ‘o |lwnlly,  m=1,2.
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PRrOOF. Standard scaling arguments yield

_2
‘wh’m,oo,T S Cth ’wh|m,q,T7 m = 07 17 2.

Finally, this estimate in addition to Lemma 5.3.3 complete the proof. a

Denote by I, : L*(2) — V}, the Clément-like interpolation operator introduced in
[8]. Given T' € Ty, let

Gr=J{T'eTh: T'NT #0}. (5.22)

We prove several error estimates analogous to those in Lemma 3.2 of [32] .

LEMMA 5.3.5 For all T € T;,, E € T and v € WY9(@,), the following error estimates
hold:

lv—Ivlly,r < Carllvll,s,
_ 1

lv—Iolly,r < CeV@a? (vl 5,
ool < Clivllys, -

PRrOOF. The following error estimate for I, has been proved in [§]:
0 —T.0lp < CHE ol VR L 0<T<E<L (5.23)

The first inequality of this lemma follows from this estimate with [ =0 and k£ =0, 1.

The following trace inequality can be proved by standard scaling arguments:

~1 1 1
v — ICUHo,q,E <C (hE /i v — ]C’UHO,q,T + v — ICUHO,/ZT v — [cv|1,/z;1,T) :

Therefore, this inequality and the first inequality of this lemma yields

IN

-1
lv—Ivlly,» < C (5 "oz |lvl

q,oT g, 17 11,q,01

1 1 1
+al? lolll2, oI, )

< C (hp 0l ol ol 5, + ot/ = 0 o], 5,
< Ce VB0 |||

QW

Finally the third estimate of the lemma is also a consequence of (5.23) and the defini-
tion of [|-[|o , o- O

LEMMA 5.3.6 For all v € W'4(&;), there holds

1-2 1
v =1ovllg o < Chy “e 7 (|0l 5, -
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PROOF. Let I,v denote the Lagrange interpolant of v, which is well defined since v €
Wh4(&,) C C(@y). The lemma follows from interpolation error estimates and standard

scaling arguments:

o =Tovllgoor = llv="T0llger+ v =Tl
1—2 _2
< C |:hT ! |U|1,q,@T +hpt [0 — ]CUHO,q,T:| ;
1—2 _2
< C {hT ! |U|1,q@T + hept (“U - ]LU”(),q@T + [lv — IcUHo,q,@T)] )
1-2 1
< Chy e 7 |||v]ll, 5, -

For each element T" € 7;, we define the element bubble function 1), by

ve=27 [ 2
)

zeN(T

where N (T') is the set of vertices of the element 7" and )\, denote the corresponding
barycentric coordinates.

In the sequel we will also use certain special bubble functions associated to edges
E € &, and lifting operators, introduced by Verfiirth in [32]. In what follows we remind
their definitions. Let 7 be the standard reference element, of vertices (1,0),(0,1) and
(0,0). Given any number 6 € (0,1], denote by ®y : R?> — R? the transformation which
maps (z,y) onto (z,0y). Let

Ty:=®y(T),

and denote by ;\1,9, ;\2,9, and 5\379 the barycentric coordinates corresponding to the points

Py, P;, and Pj, as shown in Figure 5.2.

(0,1)

P, =(0,0)
y(T)
0,0) (1,0) P;=(0,0) P = (1,0)

Figure 5.2: Triangles T and fg.



78

Let o N
4 )\379>\179 on Tg,
Vpo = F\ A
0 on T \ T@,

where E:={(,0) e R2: 0 < ¢ < 1}.
Let E € &, be an inner edge and denote by 77, T, the two triangles sharing E. Let

Wgp ‘= Tl U TQ.

Denote by G, ¢ = 1,2, the orientation preserving affine transformation which maps T
onto T; and E onto E (sce Figure 5.3).

(0,1)

(0,0) E (1,0)

Figure 5.3: Domain wg and affine transformations Gg;, ¢ = 1, 2.

For £ € &, let

0 — min{e'/Pb=1/Pht 1}, b>0,

P, b=0,
and

b e Upg, ©Gpy n Tp,i=1,2,

10 in Q\wg.
Let IT:= {(,0) : 2 € R} and Q : R? — II be the orthogonal projection from R? onto
I1. We introduce the lifting operator Py, : Pi(E) — P(T) by
Pp(6)=600Q.

Let Py, : Pi(E) — Pi(T;) defined by

Ppr,(0) = pE(U oGpg,)o GE,IZ-, 1=1,2.
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Finally, we define a lifting operator for o € Py(E) by

Poo) = Pgr (o)  inTh,
o ' ]DE7T2 (O’) n TQ.

For £/ € &, such that E C I, the function v, and the lifting operator F, are similarly

defined with the obvious modifications.
LEMMA 5.3.7 The following estimates hold for all v € Py and T € Ty:

||U||0,p,T ||U||0,q,T < C(U7¢TU>T7
lervlllyr < Coztllvllogr-

Furthermore, for all E € &, and o € P(E), the following estimates hold:

||U||0,p,E “UHO,q,E < C(0,¢,0)E,
1

1 Po(0)llg ey < OVl |0y,
-1

s Pe(o)l,., < CeYPDag ol -

PROOF. Scaling arguments show that
2 .
lolloz < Ch= (0, 0,0)”  with r=p.g,

which yield the first inequality. The third inequality follows from a similar argument.
For the second one, using the fact that |Vi.,.| < Ch;' and standard scaling arguments,

we have

ol < C [ 190 o+ 8 0t
< C |ev <H"UV¢T||07Q,T + ||¢TVUHo,q,T> +b» “UwTHquaT]
< C [ewhz follggr + 55 [0l 7]
< C’max{af%h51> b%} [vllo.gr

= Oai_“l HUHO,q,T'

The fourth inequality of the lemma follows from the definition of [-[|, , , and the fact
that the size of the support of 1, in the orthogonal direction to E is bounded by COghg,
with C' only depending on the shape ratio of T'. (see Fig. 5.4):

1/q 1/q L1
1 o), =[ / wEPEw)] sc[eEhE / wEo—} < Ccriat ol s
wE E
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COshyl| 1,

hi

Figure 5.4: Domain Tj

The last inequality of the lemma follows from the fact that |V, | < C(0ghg)™" and

standard scaling arguments:

1 Pl < € [ 1900 P oy + 07 15 Pl
< C o8 (99 Pl g + 10 VP () )

07 114 Po(0) o

< C 2 (Ophr) 1Bl gunp + 57 1Pl g

< Cmax{erhy", b» } | P(0)

HoquwE

_1
< CE%O‘EP HJHO,q,E )

where we have also used the fourth inequality of this lemma. a

Now we are in position to state the main theoretical result of the paper.

THEOREM 5.3.1 Let B be defined by (5.3). Let p < 2 be such that B satisfies (5.6) with
a constant 3 > 0. Let u and uy, be the solutions of problems (5.4) and (5.7), respectively.
Let nr,, be defined by (5.12)-(5.15) and, VT 3 xq, let nor be defined by

= - - P
o =4 M € i bhp>e (5.24)
0, if bhY. <e.

Then, there exist constants C' and C', only depending on the reqularity of the mesh
and the polynomial degree of the finite elements, such that

1
C P
e =wnlll, <5 (Z M+ D 77§,T>

TeT), T3z

and

_1
mry <C (L+e i lallyg, ) llu=wll,g, VT €T,
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where Wy is defined by (5.22).

PRrROOF. First, we write from (5.6),

B(u — up,v)
Bl = unlll, < sup Rl (5.25)
veWL(Q) Ulll
Now, consider an arbitrary v € W5%(Q) with [||v]| , = 1. Obviously, we have
B(u — up,v) = B(u — up,v — I,v) + B(u — up, I,v). (5.26)

Element-wise integration by parts yields

B(u —up,w) = (04, w) + Z (R, w)r + Z (Rp,w)p Vw € Wp(Q). (5.27)

TeT), E€éy,
Taking w = v — I v, invoking Holder’s inequality and Lemmas 5.3.5 and 5.3.6, we have

Z Ug,T + Z o%a HRTHg,p,T

T>xo TETh

+ Z e Va, HREHg,p,E]

Ecé&y

B(u —up,v—1Iv) < C

S =

< C

1
D et Y n%,,] : (5.28)

T>xo TETh

For the second term in the right hand side of (5.26), from (5.3), (5.4), (5.7), (5.8), and
(5.9), we have

B(u — up,wp) = g, (029, —eAwp, — a - Vwy, + bwy,)

— Z TT(RT,—sAwh—a-th+bwh).

TeT), T

Next, from Lemmas 5.3.2 and 5.3.3, straightforward computations lead to
/ Tr (R, —eAwy, — a - Vwy, + bwp) < Car || Rellg, 7 llwalll, 7
T

whereas from Lemmas 5.3.2 and 5.3.4 we have

2
Try {0z, —€AW — @ - Vwy, + bwy) < Cag hy! |||wh|||q’TO )
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Finally, we replace wy, by I v and use Lemma 5.3.5 to obtain

_2
B(u—up, [,v) <C (aTohToq lolllg zp, + > ar | Bellgpr \Hv\l\q,aT) :

TeT),
From the regularity of the mesh and the fact that [[[v[|, = 1, hold

<C

_2p
D abhet + ) bRl

T>xo TeT,

B(u —up, I ,v) <C

> ngﬂ,p] ' : (5.29)

TeTy

Thus, the first estimate of the theorem is a consequence of (5.25), (5.26), (5.28), and
(5.29).

To derive the other estimate of the theorem, we consider an arbitrary T° € 7;. First,
we take w = 1. Ry in (5.27), and we have

B(u — Up, @DTRT) = (RT7 ¢TRT)T' (5.30)

Using Lemma 5.3.7, (5.30), and Lemma 5.3.7 again, we have

HRT”o,p,T HRT“(),q,T C<RT7 wTRT)T

CB(u — up, . Ry)

_1
< Cl1+elallyor) llu—unlll,z v Belll, 7
_1 _
< C(1+e v lallgmsr) lllu—unll,r ozt [ Rellg -
Hence,
_1
ar | Brllopr < € (147 lallymeir) lu = wnll - (531)

On the other hand, taking w = ¢, B;(Ry) in (5.27) we obtain

(Re,w)p = Blu—upw) = > (Rp,w)r

Tewg
_1
< (Ve g sy ) e = nlly o 0l

+ Z ||RT||o,p,T ||w||0,q,T :

Tewg

Now, from Lemma 5.3.7,

1 i -1
IRellop i IRelloe < C | (1427 @l ) Il = wnll o, e70e” | Rallo s

1
+ Z ||RT||o,p,T51/(pQ)04E/q ||RE||O,q,E] )

Tewg
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and, multiplying by ¢~/ (pq)oz,lg/ P we obtain

e VDo P || Ryl y < C

1
(1 +eq Hallo,oo,wE> 1w = wnlll,, o

+ Z Qr ||RT||o,p,T] : (5.32)

Tewg

Finally, taking w = 9, in (5.27), we have

<5$07’l/}330> = B(“ - uhywxo) - Z (RT7wzo)T - Z (REa wﬂco)E-

TeT), E€é&y,

Using the properties of 1, from Lemma 5.3.1, (5.5), and Holder’s inequality, we obtain

_1
1< (1l ) M=l Ml g
+ 37 1Bl Waollogir + D 1 Bellogi eollo

Tewr Ee€h
< | (147 al Nl — wnll, 7 2 %0t
— 0,00, T Rillp, T *T T
2 1
© S el B S [ Rull s hT/q] |
Tewr Eegy,
Thus,
—92 _1
hetar, < C | (14270 lallymr) = wnlloyr
a1
+ Z Qr HRTHO,p,T+ Z € rag HREHO,p,E] ) (5.33)
Tewr Ec&y,

1 1
where we have used the fact that h,?ay < e » and the regularity of the mesh.

Thus, the second estimate of the theorem follows from (5.31), (5.32), (5.33), and the
definition of the estimator 77, and we conclude the proof . O

REMARK 5.3.1 In absence of reaction, b = 0 and, according to (5.24), nor = 0, too. Con-

sequently, the estimator (ZTeTh ng,p) » 18 actually equivalent to the error for the advection-

diffusion problem.
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5.4 Numerical experiments

In this section we report several numerical experiments which allow us to assess the

performance of an h-adaptive mesh-refinement strategy based on the error estimator 77,.

The adaptive procedure consists in solving problem (5.7) on a sequence of meshes up
to finally attain a solution with an estimated error within a prescribed tolerance. With
this purpose, we initiate the process with a quasi-uniform mesh and, at each step, a new
mesh better adapted to the solution of problem (5.4) must be created. This is done by
computing the local error estimators 1y, for all 7" in the ‘old’ mesh 7}, and refining those
elements T with nr, > pmax{nr, : T € 75}, where u € (0,1) is a prescribed parameter.
In all our experiments we have chosen p = % and p = 1.5. The last choice guarantees

that (5.6) holds true. Indeed, according to [15], (5.6) is valid for p € (1,00) in the first

4
3
red-green-blue strategy described in [31].

two cases and for p € ( 4) in the third one. To refine the meshes we have used the

5.4.1 Test 1: A diffusion-reaction problem

For the first test we consider the problem
—eAu + bu = 0y, (5.34)

A fundamental solution of (5.34) is given by

1 b.
u(z) = &Hél) <\/;z |z — :c0]> : (5.35)

where H(gl) denotes the Hankel function of order zero (see [1]). The test consists of solving
problem (5.34) with zy = (0,0) on the square Q := (—=1,1) x (=1,1), e = 107* and b = 1.
We choose a Dirichlet boundary condition such that the exact solution is given by the
real part of (5.35).

We report the results obtained for the adaptive process with 17, as estimator of
the error. Fig. 5.5 shows some of the successively refined meshes created in the adaptive
process and the corresponding computed solutions. The iteration number and the number

of degrees of freedom (d.o.f.) of each mesh are also reported in this figure.
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iter=0

d.o.f=21

iter=20

d.o.f.=377

iter=40

d.o.f.=17417

Fig. 5.6 shows successive zooms of the final adapted mesh around xy. The

Figure 5.5: Test 1. Meshes and computed solutions.
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Zg, and so on.
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final adapted mesh.

It can be seen from Fig. 5.5 and 5.6 that the adaptive process leads to meshes densely
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refined around x.

Fig. 5.7 shows the error curves of the whole process for the exact error and for the error

1 1 _ )
estimators n = (ZTGTh ny,)? and 7, = (ZTeTh M+ D rome Tor) "> Which, according
to Theorem 5.3.1, are lower and upper error estimators, respectively. This figure also
includes a line with slope —1/2, which corresponds to the theoretically optimal order of

convergence for piecewise linear elements.

Both estimators n and 7, are significantly different during the first steps of the adaptive
process. In fact, although they only differ in the triangles T' 5 x, the error concentrates on

these elements. This is the reason why the difference between 7 and 7, is so pronounced.

However both estimators are equally good to guide the adaptive process. Indeed,
exactly the same meshes appear if 7, is used instead of 7 in this test. Once the elements
T around x, are sufficiently refined so that bhf. < e, according to the definition of 77,
both estimators coincide. It can be seen from Fig. 5.7 that this happens in this test after

around 10 steps.

10*

—— Slope -1/2
—o— Exact error
~en

3L %
10 X 7*J1*

10° £

error

10"

10°

1071 ‘ 3 4
10 10 10 10 10

d.o.f

Figure 5.7: Test 1. Estimators n and 7,, and exact Wé’p (€)-norm error curves.

The error curves show that, at the final stage, the adaptive process yields an optimal
order of convergence: the exact and estimated error curves have both approximately the

same optimal slope —1/2.
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5.4.2 Test 2: An advection-diffusion problem
The second test consists of solving the problem
—cAu+a-Vu = 0y,

with zop = (0.5,0.5), Q := (0,3) x (0,1), e = 107*, and a = (1,0). We choose boundary
conditions as shown in Fig. 5.8.

Yy 5,
1 = =0
on
8u_
u=20 “z0 %—
0 8u_0 3 =z
on

Figure 5.8: Test 2. Boundary conditions.

Let us recall that in this case (b = 0), both estimators n and n*, coincide.

Fig. 5.9 shows some of the successively refined meshes created in the adaptive process
for nr,,, with p = 1.5.

iter=0 d.o.f.=39 iter=10  d.o.f.=201
iter=20  d.o.f.=520 iter=40 d.o.f.=5172
iter=50  d.0.f.=13183 iter=60  d.0.f.=37657

Figure 5.9: Test 2. Meshes obtained by the adaptive process.
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Fig. 5.10 shows successive zooms around z, of the final adapted mesh. It can be seen

from Fig. 5.9 and Fig. 5.10 that the adaptive process leads to meshes refined around both,

xo and the inner layer.
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Figure 5.10: Test 2. Successive zooms of the final adapted mesh.

Fig. 5.11 shows the error

curves of the whole process for the estimated errors. A

computed order of convergence of approximately —0.4 was obtained by means of a least

squares fitting.
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error
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Figure 5.11:
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Test 2. Error curves for the estimator 7.
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Fig. 5.12 shows several cross sections with vertical planes z = constant. It can be seen

that the numerical results present no spurious oscillations in the layer zone.

x=0.4 x=0.5 x=0.6
x=0.7 x=0.8 x=0.9
x=1 X=2 x=3

Figure 5.12: Test 2. Cross sections of the computed solution.
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5.4.3 Test 3: Application to the Bio-Bio river

Our last test consists of an application of the described methodology to a realistic
scenario: a water quality model for Bio-Bio river in Chile. With this purpose we have solved
the advection-diffusion-reaction equation (5.1) which describes transport and degradation
of pollutants arising from a point source. Fig. 5.13 shows the geometry of the domain,

which correspond to a section of Bio-Bio river and two tributaries. It also shows the initial
used mesh (773 nodes) and the source point at one of the tributaries.
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Figure 5.13: Test 3. Initial mesh and location of the source point.

Fig. 5.14 shows the velocity field a; the average speed is 0.02 Km/s. We have used
€

u

1076 Km?/s and b = 1073 s~'. We have taken the following boundary conditions:

0 on the three inflow parts of the boundary and du/0n = 0 on the banks and the
outflow boundary.
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Figure 5.14: Test 3. Velocity field a.

Fig. 5.15 shows the final mesh (19884 nodes) after 60 steps of the adaptive process. It

can be seen that the mesh is well aligned with the inner layer.
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Figure 5.15: Test 3. Final mesh.
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Fig. 5.16 shows the isovalues of the computed solution in the range 1071-10% on the
final adapted mesh. It can be clearly seen that the combined effect of the stabilization
and the adaptive process allow us to identify the inner layer and get rid of any spurious

oscillation.

Figure 5.16: Test 3. Isovalues of the computed solution.

5.5 Conclusions

An adaptive finite element scheme for the advection-reaction-diffusion equation with
a Dirac delta source term has been introduced. This scheme is based on a stabilized finite
element method combined with a residual error estimator. In spite of the fact that the
used stabilization technique was originally introduced only for regular right hand sides,
our numerical experiments show that the scheme is convergent in our case, too. On the
other hand, the estimator is shown to be reliable and efficient in that global upper and
local lower error estimates are proved, although with constants eventually depending on
the diffusion parameter.

Several numerical experiments are reported. All of them show the effectiveness of this

scheme to capture the layers very sharply and without significant oscillations.
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