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Resumen

El objetivo principal de esta tesis doctoral es el andlisis matematico y numérico de la apli-
cacion de los métodos de elementos virtuales en mallas con poligonos generales, a la solucion
de diversos problemas de valores propios y de flexién de placas moderadamente gruesas, con el
propésito de obtener contribuciones originales y enriquecer el conocimiento existente en el area
de los métodos de elementos virtuales. En particular se consideran el problema de valores propios
de Steklov y el de vibraciones acusticas. En el primer caso también se propone un estimador a
posteriori del error y un proceso adaptativo basado en este estimador.

Por otra parte, en esta tesis, también se propone y estudia un método de elementos virtuales
para resolver el problema de flexién de placas modeladas por las ecuaciones de Reissner-Mindlin.
En particular se propone un método de elementos virtuales para una formulacién escrita en
términos de las variables de la deformacion de corte y la deflexién y se demuestra que no sufre
de bloqueo.

En lo que se refiere al problema de valores propios de Steklov, el estudio se centra en la
desarrollar un método de elementos virtuales apropiado para el estudio de la aproximacion
numérica de los autovalores del problema.

Para llevar a cabo este andlisis, se propuso una discretizacion por medio de los elementos
virtuales que se presentan en [L. Beirdo da Veiga, et al., Basic principles of virtual element met-
hods, Models Methods Appl. Sci. 23 (2013) 199-214]. Bajo suposiciones estandar en el dominio
computacional, se establece que el esquema resultante proporciona una aproximaciéon correc-
ta del espectro, v se demuestra que las estimaciones del error son de orden 6ptimo para las
funciones propias y los valores propios. Adicionalmente, en esta primera parte, se demuestran
estimaciones de un mejor orden para el calculo del error de aproximacion de las funciones propias
en la frontera libre, que en algunos problemas de Steklov (por ejemplo, el calculo de los modos
de “sloshing”) son una cantidad de gran interés. Todas las estimaciones obtenidas en el andlisis
tedrico, son corroboradas mediante ejemplos numéricos.

En la segunda parte se propone y desarrolla el analisis mateméatico y numérico de un esti-
mador de error a posteriori del tipo residual para la aproximacion por elementos virtuales del
problema de valores propios de Steklov en dos dimensiones, aplicado a mallas poligonales muy
generales. Dado que, los flujos normales de la solucién virtual presentada en la primera parte no
se pueden calcular explicitamente, estos son reemplazados por una proyeccién adecuada de ellos.
Como consecuencia de esta sustitucion, aparecen nuevos términos adicionales en el estimador,
que representan la “inconsistencia virtual” de los métodos de elementos virtuales. De este modo



se obtiene un estimador del error a posteriori de tipo residual, que es totalmente calculable, ya
que depende tinicamente de las cantidades disponibles a partir de la solucién virtual (sus grados
de libertad y su proyeccién eliptica, local, sobre los polinomios), se establece que el estimador
es equivalente al error salvo términos de orden superior. Finalmente, el estimador del error se
utiliza para guiar el refinamiento de mallas adaptativas en una serie de problemas test, con
diferentes regularidades de la solucién exacta.

En la tercera parte de esta tesis se aborda el andlisis matematico y numérico de la aproxima-
cién por elementos virtuales, para el problema de vibraciones acusticas. Para ello, se considera
una formulacién variacional del problema espectral en términos del desplazamiento del fluido.
Inspirados en [L. Beirdo da Veiga, F. Brezzi, L. D. Marini and A. Russo, Mixed virtual ele-
ment methods for general second order elliptic problems on polygonal meshes, ESAIM Math.
Model. Numer. Anal.(2016)], se propone una discretizacién virtual de H(div) con rotor nulo.
Bajo suposiciones estandar del dominio, se establece que el esquema resultante proporciona una
aproximacion correcta del espectro y se prueba que las estimaciones del error son 6ptimas para
las funciones propias y los valores propios. Con este fin, se demuestran propiedades de aproxima-
cion para los elementos virtuales propuestos. Por ultimo se presentan experimentos numéricos
que corroboran los resultados tedricos obtenidos.

Finalmente, se estudia un método de elementos virtuales para el problema de deflexién de
placas de Reissner-Mindlin. Con este objetivo, se comienza con una formulacién variacional del
problema escrito en términos de las variables de deformacion de corte y deflexién, presentados
en [L. Beirdo da Veiga, et al., A locking-free model for Reissner-Mindlin plates: analysis and
isogeometric implementation via NURBS and triangular NURPS, Models Methods Appl. Sci.
25(8) (2015) 1519-1551]. Se propone una formulacién discreta conforme en [H!(2)]? x H?(Q)
para la deformacién de corte y deflexion, respectivamente. Una caracteristica distintiva de este
enfoque es la aproximacién directa de la deformacién de corte. Por otra parte, las rotaciones se
obtienen con un simple tratamiento de post-proceso de la deformacién de corte y deflexién. Se
prueba que las estimaciones del error son éptimas para todas las variables involucradas (en las
normas naturales de la formulacién adoptada), con constantes independientes del espesor de la
placa. Por ltimo, se presenta experimentos numéricos que permiten evaluar el desempeno del
método, mostrando que es convergente y libre de bloqueo como lo predice la teoria.



Abstract

The main objective of this doctoral thesis is the mathematical and numerical analysis of the
application of virtual element methods in general polygonal meshes to solve diverse eigenvalue
problems and bending of moderately thick plates, with the aim of making an original contribution
and enriching our understanding of virtual element methods. In particular, the Steklov eigenvalue
and acoustic vibration problems are considered. In the first case an a posteriori error estimator
and an adaptive process based on the estimator are proposed.

The thesis also proposes and explores a virtual element method to solve the problem of
plate bending modeled by Reissner-Mindlin equations. In particular, a virtual element method
is proposed for a formulation written in terms of shear strain and deflection variables, we shown
that it does not suffer from locking. In relation to the Steklov eigenvalue problem, the study
is focused on developing a virtual element method appropriate for the study of the numerical
approximation of the eigenvalues of the problem.

Discretization by virtual elements, as presented in [L. Beirao da Veiga et al., Basic principles
of virtual element methods, Math. Models Methods Appl. Sci., 23 (2013), pp. 199-214] is pro-
posed to carry out this analysis. Under the standard assumptions on the computational domain,
the resulting scheme provides a correct approximation of the spectrum and the error estimations
are of optimal order for the eigenfunctions and eigenvalues. Better order estimations are also
shown for calculating the eigenfunctions errors in the free boundary, which with some Steklov
problems (for example, calculation of sloshing modes) are a quantity of great interest (the free
surface of a fluid). All the estimations obtained in the theoretical analysis are corroborated with
numerical examples.

The second part of the thesis proposes and develops the mathematical and numerical analysis
by virtual elements of a residual-type a posteriori error estimator to approximate the Steklov
eigenvalue problem in two dimensions. Given that normal fluxes of the virtual solution presented
in the first part cannot be calculated explicitly, they are replaced with an appropriate projection,
As a consequence of this substitution, new terms appear in the estimator that represent the
virtual inconsistency of the virtual element methods. In this way a residual-type a posteriori error
estimator is obtained that is completely computable, given that it depends solely on quantities
available based on the virtual solution. It is established that the estimator is equivalent to the
error except for higher-order terms. Finally, the error estimator is used to guide the refinement
of adaptive meshes in a series of test problems with different regularities of the exact solution.

The third part of the thesis addresses the mathematical and numerical analysis of the ap-
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proximation by virtual elements of the acoustic vibration problem. A variational formulation of
the spectral problem in terms of fluid displacements is considered. Based on [L. Beirdao da Veiga
et al., Mixed virtual element methods for general second order elliptic problems on polygonal
meshes, ESAIM Math. Model. Numer. Anal., DOI: http://dx.doi.org/10.1051/m2an/2015067
(2016)], virtual discretization of H(div) with a null rotor is proposed. Under standard assum-
ptions of the domain, the resulting scheme provides a correct approximation of the spectrum
and the error estimations are optimal for the eigenfunctions and eigenvalues. With this end,
we prove approximation properties of the proposed virtual element method. Finally, numerical
experiments are presented to corroborate the theoretical results obtained.

Finally, a virtual element method is studied for the Reissner-Mindlin plate bending problem,
beginning with a variational formulation written in terms of shear strain and deflection variables.
A conforming discrete formulation is proposed in [H'(Q)]? and H?(Q) for shear strain and
deflection, respectively. A distinct characteristic of this approach is the direct approximation of
shear strain. The rotations are obtained with a simple post-process treatment from shear strains
and deflections. The estimation errors prove to be optimal for all the variables involved (in the
natural norms of the adopted formulation), with constants independent of the thickness of the
plate. Finally, numerical experiments are presented to evaluate the performance of the method,
showing that it is convergent and locking-free as the theory predicts.
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Capitulo 1

Introduccion

1.1. Método de elementos virtuales

Las diferencias finitas miméticas (MFD) y en particular su marco matemético y esquemas,
han ido evolucionando desde las diferencia finitas/volimenes finitos, hacia un andlisis més pa-
recido al de elementos finitos. En su dltima presentacion se podrian considerar como una forma
de aproximacién por los métodos de elementos finitos (FEM) en el que sélo se usan los grados
de libertad (ya que las funciones de prueba no estan disponibles en el interior de los elementos).
Esto, sin embargo, permite que imiten (junto con varias leyes fisicas fundamentales), la mayoria
de los espacios de elementos finitos de distintos tipo de orden mas bajo (desde los polinomios a
trozos y continuos estdndar, hasta los més sofisticados utilizados para formulaciones mixtas) en
elementos con geometrias més generales (véase, por ejemplo, [62, 17, 53, 16, 52| y las referencias
del ultimo).

En los ultimos anos se han hecho algunos intentos para introducir MFD de orden superior,
haciendo uso de grados de libertad més generales, tales como momentos en las caras, aristas y
elementos (ver [32, 88, 27, 28]). Sin embargo, debido a la no existencia de funciones de prueba
dentro de los elementos (o incluso dentro de las caras) la presentacién de estos resultaba ser muy
incomoda. Por lo tanto, se hizo evidente que el método seria mas claro si los grados de libertad
(incognitas tipicas para MFD) se unieran a las funciones de prueba dentro de los elementos,
aunque estas funciones no necesariamente sean polinomios. Asi, nacen los métodos de elementos
virtuales (VEM) el cual toma las principales ideas de los esquemas miméticos modernos, pero
sigue una discretizacién de Galerkin del problema y por lo tanto se puede interpretar plenamente
como una generalizacién del método de elementos finitos (FEM) en poligonos, tales como los
métodos de elementos finitos poligonales (PFEM, véase, por ejemplo, [109, 111]) o los FEM
extendidos (ver [82] y sus referencias). Sin embargo, a diferencia de los métodos mencionados
anteriormente, VEM intenta ser un método maés sencillo, que preserva la capacidad de reprodu-
cir varias leyes fisicas con exactitud (como MFD) y hacer frente a geometrias més complicadas
(poligonos/poliedros). Al mismo tiempo, comparte las ventajas de las formulaciones de elemen-
tos finitos y la exactitud polinomial que se obtiene en los simplex, mientras se trabaja en los
poligonos/poliedros.



1.1 M¢étodo de elementos virtuales 2

Los métodos de elementos virtuales se introducen por primera ves en [18] para la ecuacién de
Laplace en 2D y en ella se presentan las ideas centrales del método las cuales se pueden resumir
en:

» Los espacios locales estan disenados para contener polinomios de grado < k (como en los
elementos finitos cldsicos). Lo que, en iltima instancia, es responsable de la exactitud del
método. Pero los espacios locales también incluyen funciones més generales (por lo general
definidas a través de un operador diferencial) cuyos valores puntuales no son calculables
(de ahi el nombre “Virtual”);

= Para producir formulaciones VEM totalmente calculables y precisas en mallas generales, los
grados de libertad del método se eligen cuidadosamente de modo que las correspondientes
proyecciones de las funciones de prueba locales en el sub-espacio de los polinomios, también
locales, sean calculables.

Una consecuencia importante del enfoque de los VEM es que la solucién calculada no estd
disponible en forma de una funcién (un elemento virtual). Por el contrario, la solucién es re-
presentada a través de los valores de sus grados de libertad, a los que podemos acceder, por
ejemplo, mediante la proyeccién polinomial a trozos de la funcién virtual en el elemento.

Como conclusién de este primer trabajo ([18]), los VEM resultaron ser apropiados para hacer
frente a los requisitos de continuidad para ordenes superiores y permiten disenar aproximaciones
de tipo C' ficilmente. Asf los VEM pueden ser extendidos a otro tipo de problemas. Posterior-
mente, VEM se aplicé a dlgunos problemas simples de elasticidad en dos dimensiones (ver [19]
) v a problemas de placas (ver [57]).

Una de las ideas bésicas de los VEM es que incluso en un elemento K con una geometria
general, se pueden, calcular integrales de polinomios, a través de férmulas del tipo

$r+1
/ 2K = ds,
K or T+1

mientras que el calculo de las funciones no polinémicas (y sus integrales) requiere algin truco
adicional (e incluso podria ser inviable en la practica). En particular, con el fin de calcular la
contribucién de cada una de estas funciones no polinémicas a la matriz de rigidez local de un
elemento K, primero se tiene que calcular un proyector local (por lo general denominado HX)
en el espacio de polinomios de grado < k. Estos son, en general, los proyectores en el producto
escalar H}(K), con un ajuste adecuado de la parte constante (ver [18, 19, 57]).

En muchas aplicaciones, el conocer explicitamente el proyector HX es suficiente para com-
pletar el proceso de discretizacion y para realizar el andlisis tedrico. Sin embargo, hay casos
en los que seria muy util también conocer explicitamente el proyector ortogonal local (H(}() de
L?(K) en el espacio de polinomios de grado < k, junto al proyector HX. Asi, [3] muestra que,
en un cierto nimero de casos, simplemente cambiando ligeramente la definicién de las funciones
locales no polinomiales (las cuales no se calculan), se puede obtener un espacio local en el que
el operador H([){ se puede calcular facilmente, a partir del operador HX y los grados de liber-
tad locales. Por lo tanto, una vez calculado explicitamente HX se puede conseguir H?K casi sin
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ningtn esfuerzo adicional. Este articulo ([3]) también incluye una extensién de los VEM al caso
tridimensional, gracias al operador H?{, el cual es mucho mas barato de calcular que la version
que se obtiene en los MFD. Adema&s se muestran algunos ejemplos de aplicaciones.

El siguiente paso en VEM fue entregar una guia para la implementacion del método. En
[22] se presentan todos los detalles de implementacién de los VEM para un problema eliptico
de segundo orden simple. En ese articulo, se ensenan los lineamientos para construir una matriz
de rigidez local adecuada de manera de garantizar la consistencia y la estabilidad necesarias en
VEM, junto a los detalles sobre como calcular el proyector eliptico HX sobre los polinomios de
grado < k, utilizando sdlo los grados de libertad del espacio. Una vez conocido HX, las matrices
de rigidez local, se construyen ficilmente para problemas del tipo:

Au=f in €,
u=0 on 09,

donde Q es un dominio poligonal en R2. En la segunda parte de ese articulo ([22]), se introduce
el proyector ortogonal H?K de L? en el espacio de polinomios de grado < k, el cual se puede
calcular sélo con cambiar la definicién y la perspectiva de los espacios locales (pero no los grados
de libertad ni la construccion del operador HX). Una vez conocido H?{, se ilustra la construccion
de la matriz de masa y los términos de carga, asi como los de orden cero que surgen debido a
la presencia de un término de reaccién o para problemas dependientes del tiempo. Ademads se
discute el uso del operador H(}( en cada cara de un poliedro, lo que allana el camino para una
implementacion eficiente de los VEM en 3D. Por dltimo, se entregan algunos comentarios para
la ejecucion de los VEM para formas débiles mas generales.

Desde entonces VEM se ha extendido para problemas con regularidad arbitraria (ver [33]),
problemas de cuarto orden (ver [67]), espacios no conformes (ver [14, 63, 1, 2]), problemas
elipticos en general (ver [23, 21]), hiperbdlicos (ver [114]), mixtos (ver [20, 23, 31, 54, 58])
(en particular el problema de Stokes (ver [6, 31, 58])), problemas de placas (ver [57, 35]), de
elasticidad lineal y no lineal (ver [19, 30, 84, 83]), flujos de fluidos en medios fracturados (ver
[37, 38]), problemas de Helmholtz (ver [101]). Ademas se han realizado trabajos en 3D (ver [61,
84, 83]), problemas evolutivos (ver [7]), estimaciones de error a posteriori y técnicas adaptativas
(ver [34, 61]) y a problemas espectrales [97, 36]. Recientemente, se presenté un trabajo de
implementacién de los VEM en Matlab (ver [110]). También se han realizado algunos articulos
en que se comparan los VEM con otros esquemas numéricos; (ver [64, 98, 99]).

Una caracteristica interesante que comparten los métodos de elementos finitos cldsicos (en
rectangulos o cuadrildteros) y los VEM, es que ambos métodos comparten las mismas funciones
de prueba y grados de libertad en los lados. Pero en lo que se refiere a los grados de libertad
internos, en general los VEM resultan mas caros que los FEM tradicionales. Por ejemplo, si k
es el grado de precisién de aproximacion, entonces los VEM en tridngulos necesitan k(k — 1)/2
grados de libertad internos (ver [18]), en lugar de los (k — 1)(k — 2)/2 utilizados por FEM.
Esto también implica que la posibilidad de combinar FEM y VEM no es inmediata en tres
dimensiones, incluso cuando la cara comun es un triangulo. En cuadrilateros, VEM nuevamente
utiliza k(k — 1)/2 grados de libertad internos, que ahora resultan ser menos que los (k — 1)2
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grados de libertad internos de Q-finite elements, pero no que los (k — 2)(k — 3)/2 grados de
libertad internos de los Serendipity FEM (en cuadrilateros).

Sin embargo, en los cuadrilateros no-afines los Elementos Finitos “Serendipity” sufren un
grave deterioro de la precisién: (véase, por ejemplo [11, 12, 103]). Esto no ocurre en los VEM,
los cuales tienen como una de sus ventajas mas relevantes la robustez con respecto a la de
distorsion del elemento.

Por otro lado, la mayor ventaja de los FEM clésicos es el hecho de que los valores de las
funciones de prueba se pueden calcular facilmente en cualquier punto, mientras que en VEM se
calculan facilmente sélo en los lados. La solucion a dicho problema ya fue comentada ampliamente
antes y consiste en calcular la proyeccién L? de las funciones de prueba sobre el espacio de los
polinomios de grado r. Para los VEM presentados en [18] s6lo se puede tomar r = k — 2 (con
una evidente falta de precisién). Sin embargo, para sus versiones avanzadas, como en [3], se
puede llegar a r = k con los mismos k(k — 1)/2 grados de libertad internos. Sin embargo, en
elementos simples como tridangulos o tetraedros, VEM sigue siendo mas costoso que FEM. En
[24] se propone una nueva variante de los VEM que imita, en cierto sentido, el enfoque de
los Serendipity FEM. Esta nueva variante hace que la cantidad de grados de libertad internos
coincidan exactamente, con los de los elementos finitos tradicionales (en tridngulos (k — 1)(k —
2)/2) y mantiene todos las buenas propiedades de los elementos finitos en cuadrildteros. En
particular en paralelogramos, donde se utilizan (k — 2)(k — 3)/2 grados de libertad internos
(como para Serendipity FEM). Ademas, los grados de libertad en la frontera son exactamente
los mismos que para los elementos finitos. La propuesta de [24] es una combinacién de ideas
“Serendipity” para FEM y VEM mejorados como los presentados en [3]. En términos generales,
en lugar de mantener entre los grados de libertad los momentos hasta el orden k& — 2 (como en
los VEM original), se baja a k — 3 y, usando los grados de libertad en la frontera y los k — 3
momentos internos, se calcula un proyector del espacio VEM en Pj. Ese mismo proyector se
utiliza para definir los momentos hasta el grado k como un subproducto.

Por tltimo en [25], se extienden la ideas bésicas de [24], a un marco mds general y se aplica la
estrategia general al caso de los VEM conformes para H (div) y H (curl) en dos y tres dimensiones.

El objetivo de esta tesis es analizar la aplicacién del método de los elementos virtuales en
mallas con poligonos generales (incluso no conformes o no convexos), a la solucién de diversos
problemas de valores propios y de flexién de placas moderadamente gruesas.

La aproximacion numérica de problemas de valores propios es objeto de gran interés, desde los
puntos de vista practico y tedrico. Una referencia cldsica para la solucién computacional de este
tipo es [15]. Por otra parte, [49] es una monografia mds reciente en lo que se presenta el estado
del arte en este tema. En nuestro caso proponemos analizar los VEM para distintos problemas de
valores propios. En particular, consideramos el problema de Steklov y el de vibraciones actsticas.
En el caso del primero propondremos también un estimador a posteriori del error y un proceso
adaptativo basado en este estimador.

Por otra parte también se propone y estudia en esta tesis un VEM para resolver el pro-
blema de flexién de placas modeladas por las ecuaciones de Reissner-Mindlin. En particular se
demuestra que el método propuesto no sufre de bloqueo como ocurre con los métodos estandar.

El objetivo es hacer una contribucién original y enriquecer la literatura existente en el area
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de los métodos de elementos virtuales. A continuacién describiremos y resumiremos en qué
consisten y cuales seran los aportes de nuestro estudio.

1.2. Problema de valores propios de Steklov.

El problema de valores propios de Steklov, se caracteriza por la presencia del valor propio
en la condicién de contorno. Este problema aparece en muchas aplicaciones interesantes, por
ejemplo, podemos mencionar el estudio de los modos de vibracién de una estructura en contacto
con un fluido incompresible con una superficie libre (ver [45]), el analisis de la estabilidad de los
osciladores mecanicos sumergidos en un medio viscoso (ver [72]), el estudio de ondas superficiales
(ver [39]) entre otras. Una de sus principales aplicaciones surge en la dindmica de liquidos en
recipientes, es decir, problemas de oscilaciones por gravedad de una superficie libre (“sloshing”,
ver[46, 59, 65, 68, 80, 117]). Entre las técnicas existentes para resolver este problema, se han
introducido y analizado diversos métodos de elementos finitos, bajo un marco general. Por ejem-
plo, en [5, 50] se han considerado elementos finitos conformes para la discretizacién del problema,
mientras que en [92, 120] se usan elementos finitos no conformes. Tradicionalmente, los méto-
dos de elementos finitos se basan en forma triangulares (simplicial) o mallas de cuadrildteros.
Sin embargo, en simulaciones complejas, puede ser conveniente utilizar mallas poligonales mas
generales.

Nosotros estamos interesados en desarrollar y analizar un método de elementos virtuales
aplicado a mallas con poligonos generales (no necesariamente convexos), para la solucién del
problema de valores propios de Steklov en dos dimensiones.

En el Capitulo 2 de esta tesis se introduce y analiza un VEM para el problema de valores
propios de Steklov, en el caso en que el dominio @ C R? es acotado con frontera poligonal
0. En primer lugar, y con el fin de caracterizar el espectro del problema, se introduce una
formulacion variacional primal del problema espectral y se define un operador soluciéon adecuado,
para luego establecer su caracterizacion espectral. Posteriormente, se propone una discretizacion
virtual, basada en el enfoque introducido en [18] para la ecuacién de Laplace y se describe el
operador solucién junto a su caracterizacion espectral discreta. Mediante el uso de la teoria
de aproximacién espectral abstracta (ver [15]) y bajo las suposiciones estandar sobre dominios
computacionales, se establece que el esquema numérico resultante proporciona una aproximacién
espectral correcta y se demuestra un orden éptimo para las estimaciones de los errores para las
funciones propias y los valores propios. También se demuestran estimaciones de mejor orden
para el calculo del error de las funciones propias en la frontera libre, que en algunos problemas
de Steklov (por ejemplo, el calculo de los modos de “sloshing”) son una cantidad de gran interés
(la superficie libre del fluido). Por ltimo, se presentan algunos ensayos numéricos que apoyan
los resultados tedricos.

Los resultados contenidos en este capitulo se recoge en el articulo:

» D. Mora, G. RIVERA AND R. RODRIGUEZ: A wvirtual element method for Steklov eigen-
value problem, Math. Models Methods Appl. Sci., 25(8), (2015), pp. 1421-1445.
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1.3. Error a posteriori para el problema de valores propios de
Steklov.

Dado que hemos desarrollado en [97] un VEM para el problema de valores propios de Steklov
en dos dimensiones. Ahora estamos particularmente interesados en desarrollar y analizar un
estimador del error a posteriori del tipo residual para la aproximacién por VEM del problema de
valores propios de Steklov (ver [97]) aplicado a mallas con poligonos generales (no necesariamente
CONVeXos).

La estrategia basada en un indicador de error a posteriori para el refinamiento de mallas
adaptadas juega un papel relevante en la solucién numérica de las ecuaciones diferenciales par-
ciales en un sentido general. Por ejemplo, garantizan la convergencia de los métodos numéricos,
especialmente en presencia de geometrias complejas. Varios enfoques han sido considerados para
construir estimadores de error basados en las ecuaciones residuales (véase [4, 116] y sus referen-
cias). En particular, para el problema de valores propios de Steklov que incluyendo un andlisis
de errores a posteriori FEM, podemos mencionar [9, 10, 73, 85, 119] y las referencias citadas en
estos.

Una motivacion del por qué desarrollar y analizar un estimador del error a posteriori del tipo
residual para la aproximacién por VEM del problema de valores propios de Steklov es que, debido
a la gran flexibilidad de las mallas, a las que se puede aplicar VEM, la adaptabilidad de estas, se
convierte en una caracteristica atractiva para que la estrategia de refinamiento de mallas pueda
ser implementado de manera muy eficiente. Puesto que VEM admite nodos colgantes, estos
pueden ser introducidas de forma natural en la malla sin la necesidad de extender las zonas de
refinamiento y asi garantizar la conformidad de la malla. Como VEM admite células poligonales
con formas muy generales, permite adoptar simples algoritmos de refinamiento de mallas.

Dada la naturaleza virtual de los VEM, el diseno y el andlisis de cotas de error a posteriori
para estos es una tarea complicada. Actualmente en la literatura [34, 61] son los unicos trabajos
de error a posteriori para VEM, disponibles. En [34], se desarrolla y analiza un estimador del
error a posteriori del tipo residual para la aproximacién por VEM del tipo C'-conformes, para
el problema de Poisson en dos dimensiones. Mientras que en [61], se desarrolla y analiza un
estimador del error a posteriori del tipo residual para los VEM C°-conformes introducidos en
[63] para la discretizacién de segundo orden, del problema eliptico lineal de difusién-conveccién-
reaccion, de dos y tres dimensiones con coeficientes no constantes.

En el Capitulo 3 de esta tesis se propone y desarrolla el andlisis matematico y numérico del
estimador del error a posteriori del tipo residual para la aproximaciéon por VEM del problema
de valores propios de Steklov. Primero se presentan las formulaciones continuas y discretas del
problema de valores propios de Steklov junto con su caracterizacién espectral, a continuacion,
se resumen las estimaciones de error a priori para la aproximacién por VEM obtenidas en [97].
Dado que, los flujos normales de la solucién virtual presentada en [97] no se pueden calcular
explicitamente, estos son reemplazados por una proyecciéon adecuada de ellos. Como consecuencia
de esta sustitucion, aparecen nuevos términos adicionales en el estimador de error a posteriori,
que representan la “inconsistencia virtual” de los VEM, estos términos también aparecen en
otros documentos para error a posteriori de los VEM (ver [34, 61]). A continuacién, se prueba
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que el indicador de error es equivalente al error. Hacemos hincapié en que los nodos colgantes
introducidos por el refinamiento de un elemento vecino, simplemente, son tratados como nodos
nuevos, ya que es perfectamente aceptables que la interfaces entre dos elemento adyacentes
no coincidan. Por tltimo, se presentan un conjunto de experimentos numéricos que permiten
evaluar el desempenio de tales estimador cuando se combina con una estrategia adaptativa en la
resolucién de una serie de problemas modelo.

Con los resultados obtenidos en este capitulo se esta preparando el siguiente articulo:

» D. MoRrA, G. RIVERA AND R. RODRIGUEZ: A posteriori error estimates by VEM for
the Steklov eigenvalue problem.

1.4. Problemas de vibraciones acusticas.

La aproximacién numérica de problemas de valores propios para ecuaciones diferenciales
parciales, derivados de las aplicaciones de ingenieria, es objeto de gran interés. En particular, nos
centramos en el llamado problema de vibraciones actsticas; es decir, aquellos problemas en que
se calculan los modos de vibracion y las frecuencias naturales de un fluido compresible no viscoso
dentro de una cavidad rigida (ver [121]). Una motivacién del porque estudiar este problema es
que constituye un primer paso hacia un objetivo més dificil, como lo es, el de disenar un método
de elementos virtuales para aproximaciones espectrales de los sistemas acoplados que implican
la interaccion fluido-estructura, que surge en muchos problemas de ingenieria. La formulacion
mas simple de este problema es en términos de la variacion de la presion lo que conduce a un
problema de valores propios para el operador de Laplace ([121]). Sin embargo, para problemas
acoplados, es conveniente utilizar una formulacién dual en términos del desplazamiento del fluido
(ver [91]). Una aproximacién por elementos finitos estandar de este problema conduce a modos
espurios (ver [89]). Esta polucién espectral se puede evitar mediante el uso de elementos finitos
conformes (“H(div)-conforming”), como los Raviart-Thomas (ver [40, 43, 44, 49, 105]). Para una
discusién més a fondo de este tema ver [42].

Nuestro objetivo es proponer y analizar un VEM para H(div) que se aplique a mallas con
poligonos generales (no necesariamente convexos), para el problema de vibracion acustica en dos
dimensiones.

En el Capitulo 4 de esta tesis se aborda el analisis matematico y numérico del problema
de vibraciones actsticas utilizando VEM. Se comienza con una formulacién variacional del pro-
blema espectral basandose sélo en el desplazamiento del fluido, para luego definir un operador
solucién adecuado y establecemos su caracterizacion espectral. A continuacién, se propone una
discretizacién basada en los VEM mixtos para problemas elipticos generales de segundo orden
introducidos en [23]. La teoria clédsica de aproximacién espectral abstracta (ver [15]) no se puede
utilizar para el andlisis de este problema. De hecho, en este caso, el niicleo de la forma bilineal
del lado izquierdo de la formulaciéon variacional, es de dimension infinita. Aunque la estrategia
de “shifteo” estandar permite obtener un operador solucién bien definido, el cual no es com-
pacto y en tal caso, su espectro esencial no trivial puede generar valores espurios del espectro
discreto. Sin embargo, bajo suposiciones estandar sobre el dominio computacional, la teoria de
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la aproximacién espectral abstracta para operadores no compactos desarrollado en [74, 75] se
puede adaptar adecuadamente. Asi, haciendo las adaptaciones necesarias, se establece que el es-
quema resultante proporciona una aproximacién correcta del espectro y se demuestra un orden
optimo de la estimacién de los errores para las funciones propias y los valores propios. Adicio-
nalmente se demuestran estimaciones 6ptimas de aproximacién en los VEM para H(div) con
rotor nulo, resultado que podria ser 1til también para otras aplicaciones. Estos resultados y sus
correspondientes demostraciones se recoge en un apéndice al final del Capitulo 4. Por 1ltimo, se
presenta un par de ensayos numéricos que nos permiten evaluar las propiedades de convergencia
del método, para confirmar que no hay poluciéon por modos espurios y para comprobar que las
tasas de convergencia experimentales estan de acuerdo con las tedricas.
Los resultados contenidos en este capitulo se recoge en la siguiente pre-publicacion:

» L. BEIRAO D. MORA, G. RIVERA AND R. RODRIGUEZ: A wirtual element method for

the acoustic vibration problem. Preprint 2015-44, Centro de Investigacion en Ingenieria
Matematica (CI?MA), Universidad de Concepcién Chile, (2015).

1.5. Problemas de placas moderadamente gruesas.

La teoria de Reissner-Mindlin es el modelo mas utilizado para aproximar la deformacion
de una placa elastica delgada o moderadamente gruesa. Hoy en dia, es muy bien conocido que
los elementos finitos estandar aplicados a este modelo conducen a resultados erréneos, debido
al llamado fenémeno de bloqueo, que ocurre, cuando el espesor de la placa ¢ es pequeno con
respecto a las otras dimensiones de esta. Sin embargo, este fenémeno puede evitarse, por ejemplo,
utilizando un método de integracién reducida o una formulacién técnica de interpolacion mixta.
De hecho, se ha demostrado rigurosamente que varias familias de métodos libres de bloqueo
convergen de manera 6ptima. Por ejemplo, mencionamos [81, 94] para una descripcién exhaustiva
del estado del arte y otras referencias.

Recientemente, un nuevo enfoque para resolver el problema de la flexiéon de Reissner-Mindlin
se ha presentado en [26] por Beirao da Veiga et al. (ver también [79, 93]). En este caso se considera
una formulacién variacional del problema de flexién de placas en términos de la deformacion
de corte y la deflexion, lo que permite evitar el fenémeno de “shear-locking”. Se propone una
discretizacién del problema por andlisis isogeométricos y, bajo ciertos supuestos de regularidad
de la solucién exacta, se demuestra que las estimaciones del error son 6ptimas con constantes
independientes del espesor de la placa.

Una de las ventajas de VEM es su facil implementacion para espacios discretos altamente
regulares. De hecho, evitando la construccién explicita de las funciones de base locales, los VEM
permiten manejar ficilmente poligonos/poliedros generales sin integraciones complejas sobre el
elemento (ver [22] para mas detalles sobre los aspectos de codificacién del método).

Nuestro interés es desarrollar y analizar un método de elementos virtuales para la solucion
del problema de placas de Reissner-Mindlin, considerando una formulacién variacional escrita
en términos de deformacién de corte y la deflexién que se presenté en [26].
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En el Capitulo 3 se propone y desarrolla el andlisis matemédtico y numérico de los VEM
para el problema de placas de Reissner-Mindlin. Comenzamos con una formulacién variacional
del problema escrito en términos de las variables de deflexiéon y rotacién. Luego se presenta
una forma equivalente escrita en términos de las variables de deformacién de corte y deflexion,
presentados en [26]. A continuacién, explotando la capacidad de los VEM para construir espacios
discretos altamente regulares, se propone una formulacién discreta conforme en [H!(2)]2 x H?(Q2)
para la deformacién de corte y deflexion, respectivamente. Enseguida se demuestra que la forma
bilineal resultante es continua y eliptica con respecto a normas t-dependientes apropiadas. Una
caracteristica distintiva de este enfoque, es que se aproxima directamente la deformacién de
corte. Por otra parte, las rotaciones se obtienen con un simple tratamiento de post-proceso de
las deformaciones de corte y la deflexion.

Una vez probada la existencia de soluciones débiles para el problema discreto virtual y bajo
ciertos supuestos de regularidad de la solucién exacta, se demuestra que las estimaciones del error
son Optimas para todas las variables involucradas (en las normas naturales de la formulacién
adoptada), con constantes independientes del espesor de la placa. Ademas, utilizando argumentos
de dualidad, se presentan las estimaciones de error en normas mas débiles. Por ultimo, se hace
notar que, a diferencia del método de elementos finitos donde la construcciéon de funciones
globales de tipo C'(€2) es complicada, aqui el espacio de deflexién virtual puede ser construido
con una construccién bastante simple debido a la flexibilidad del enfoque virtual. En resumen,
las ventajas del método propuesto son la posibilidad de utilizar mallas poligonales generales y
una mejor conformidad para el problema limite (placas Kirchhoff), derivada de la aproximacién
H?(Q) utilizada para la deflexién discreta. Por tiltimo, se presenta un par de ensayos numéricos
que nos permiten evaluar las propiedades de convergencia del método.

Los resultados contenidos en este capitulo se recoge en la siguiente pre-publicacion:

» L. BEIRAO D. MoORA AND G. RIVERA: A wirtual element method for Reissner-Mindlin
plates.Preprint 2016-14, Centro de Investigacion en Ingenieria Matematica (CI2MA), Uni-
versidad de Concepcién Chile, (2016).
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Introduction

1.6. Virtual element method

Mimetic finite differences (MFD) and in particular their mathematical framework and sche-
mes have been evolving from finite differences/finite volumes towards an analysis more like that
of finite elements. They can be considered a form of approximation by finite element methods
(FEM) in which only the degrees of freedom are used (given that the test functions are not
available within the elements), which allows them to imitate (together with several fundamen-
tal physical laws) most types of finite element spaces of lower order (from continues piecewise
polynomial and to more sophisticated ones used for mixed formulations) in elements with more
general geometry (see for example [62, 17, 53, 16, 52] and the references therein).

There have been attempts in recent years to introduce higher-order MFD using more general
degrees of freedom such as moments on the faces, edges and elements (see [32, 88, 27, 28]).
However, because there are no test functions within the elements (or even within the face)
the presentation of these results is very awkward. Consequently, it is evident that the method
would be clearer if the degrees of freedom (typical unknowns for the MFD) were joined to the
test functions inside the elements, although these functions are not necessarily polynomial. The
virtual element method (VEM) thus emerged, which takes its main ideas from modern mimetic
schemes, but follows Galerkin discretization of the problem and consequently can be interpreted
as a generalization of the finite element method (FEM) on polygons, such as the polygonal
finite element methods (PFEM, see for example [109, 111]) or the extended FEM (see [82] and
references). However, in contrast to the methods mentioned above, VEM seeks to be a simpler
method that preserves the capacity to reproduce several physical laws with exactitude (like
MFD) and in dealing with more complicated geometry (polygons/polyhedrons). At the same
time, it shares the advantages of finite element formulations and polynomial exactitude obtained
in the simplex, while working in polygons and polyhedrons.

Virtual element methods were first introduced in [18] for the 2D Laplace equation with the
central ideas of the method, which can be summarized as follows:

» The local spaces are designed to contain polynomials of degree < k (as in classic finite
elements), which in the final instance, are responsible for the exactitude of the method.
However, the local spaces also include more general functions (generally defined through a
differential operator) whose exact values are not computable (hence it is termed “virtual”);

= To produce completely computable and precise VEM formulations in general meshes, the
degrees of freedom of the method are chosen carefully so that the corresponding projections
of the local test functions in the polynomial sub-space, also local, are computable.

An important consequence of the approach of VEM is that the computed solution is not
available in the form of a function (a virtual element). In contrast, the solution is represented
through the values of its degrees of freedom, which can be accessed for example through the
piecewise polynomial projection of the virtual function in the element.
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As a conclusion of this first work on this subject ([18]), VEM prove to be appropriate for
dealing with higher order continuity requisites and allow for easily designing C'-approximations.
Thus, VEM can be extended to other types of problems. Subsequently, VEM have been applied
to simple problems of elasticity in two dimensions (see [19]) and of plates ([57]).

One of the basic ideas of VEM is that even on an element K with a rather general geometry,
it is possible to compute integrals of polynomials, through formulas such as

l,r—i—l
/ 2 dK — ds,
K or T+1

while the calculation of non-polynomial functions (and their integrals) requires an additional
trick (and could also be practically unfeasible). In particular, in order to compute the contribu-
tion of each of these non-polynomial functions to the local stiffness matrix of an element K, a
local projector must first be calculated (generally termed HX) on the space of polynomials of
degree < k. These are generally the projectors in the H&(K ) scalar product, with an adequate
adjustment of the constant part (see [18, 19, 57]).

Knowing explicitly the projector HX is sufficient in many applications to obtain a complete
discretization and make the theoretical analysis. However, there are cases in which it would
also be useful to explicitly know the local L?(K)-orthogonal projector (II%) on the space of
polynomials of degrees < k, together with the HX. Thus, [3] shows that in a certain number
of cases simply by slightly changing the definition of non-polynomial local functions (which are
not calculated), a local space can be obtained in which the operator H(}( can be calculated easily
based on the operator HX and the local degrees of freedom. Consequently, once HX is explicitly
calculated, I1% can be obtained almost without additional effort. This article ( [3]) also includes
an extension of VEM in the three-dimensional case, thanks to the operator H([){, which is much
less expensive to calculate than the version that is obtained by MFD. As well, some examples
of applications are shown.

The following step for VEM was to provide a guide for employing the method. The details
for employing VEM for a simple linear elliptic second-order problem are presented in [22].
This article sets out the lines for constructing an adequate local stiffness matrix to ensure the
consistency and stability necessary of VEM, together with the details about how to calculate
the elliptic projector HX on polynomials of degrees < k using only the degrees of freedom of the
space. Once HX is known, the local stiffness matrices are easily constructed for problems such
as:

Au=f in €,
u=0 on 09,

where (2 is a polygonal domain in R?. The second part of this article ([22]) introduces the local
L?-orthogonal projector (H%) on the space of polynomials of degree < k, which can only be
calculated by changing the definition and perspective of the local spaces (but not the degrees of
freedom and the construction of the operator HX). Once H(}( is known, the construction of the
mass matrix and the load terms are illustrated, as well as the zero order that emerges owing
to the presence of a reaction term or for time-dependent problems. Moreover, the use of the
operator H([){ on each face of the polyhedron is discussed, which sets the stage for the efficient
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use of VEM in 3D. Finally, some comments are provided for executing VEM for more general
weak forms.

VEM has been extended for problems of arbitrary regularity ([33]), fourth order ([67]), non-
conforming spaces ([14, 63, 1, 2]), elliptic in general ([23, 21]), hyperbolic ([114]), mixed problems
([20, 23, 31, 54, 58])(in particular the Stokes problem [6, 31, 58]), plates ([57]) and linear and non-
linear elasticity problems ([19, 30, 84, 83]), fluid flows inside a fractured medium ([37, 38]) and
the Helmholtz problem ([101]). Works have also been carried out in 3D ([61, 84, 83]), evolutive
problems ([7, 115]), a posteriori error estimation and adaptativity techniques ([34, 61]). A work
was recently presented implementing VEM in Matlab ([110]). There have also been articles
comparing VEM to other numerical schemes (see [64, 98, 99]).

An interesting characteristic that classic FEM (in rectangles and quadrilaterals) and VEM
share are the same test functions and degrees of freedom on the edges. However, in relation to
internal degrees of freedom, VEM are generally more costly than traditional FEM. For example,
if k is the degree of approximation precision, so that with triangles VEM require k(k — 1)/2
internal degrees of freedom (see [18]) instead of the (k — 1)(k — 2)/2 used by FEM. This also
implies that it not easy to combine FEM and VEM in three dimensions, even when the common
face is a triangle. With quadrilaterals, VEM again use k(k — 1)/2 internal degrees of freedom,
which now is less than the (k —1)? internal degrees of freedom of Qj-finite elements, but not less
than the (k—2)(k—3)/2 internal degrees of freedom of the Serendipity FEM (on quadrilaterals).
However, Serendipity FEM suffers a serious loss of precision with non-affine quadrilaterals (see
[11, 12, 103]) that does not occur with VEM, this robustness in the relation to the distortion of
the element being one of its more important advantages.

The major advantage of classic FEM is that test function values can be calculated easily at
any point, while with VEM they can only be calculated easily on the edges. The solution to this
problem has been widely commented on and consists of calculating the L?-projection of the test
functions on the space of polynomials of degrees r. The VEM presented in [18] can only take
r =k —2 (with an evident lack of precision). However, its advanced versions, as in [3] can reach
r = k with the same k(k — 1)/2 internal degrees of freedom. However, with simple elements like
triangles or tetrahedrons, VEM is more costly than FEM. A new variant of VEM was proposed
in [24] that in a certain sense mimics the Serendipity approach of FEM. This new variant makes
that the number of internal degrees of freedom coincide exactly with those of the traditional finite
elements (on triangles (k — 1)(k — 2)/2) and maintain all the good properties of finite elements
on quadrilaterals, in particular on parallelograms where (k — 2)(k — 3)/2 internal degrees of
freedom are used (such as for the Serendipity FEM). As well, the degrees of freedom on the
edges are exactly the same as those for finite elements. The proposal of [24] is a combination of
“Serendipity” for improved FEM and the advanced versions of VEM presented in [3]. In general
terms, instead of maintaining the moments among the degrees of freedom up to the order of
k — 2 (as in the original VEM), it is lowered to k& — 3, and using boundary degrees of freedom
and internal k£ — 3 moments, to compute a projector from the VEM space onto Pj. This same
projector is used to define the moments up to the k degree as a byproduct.

Finally, [25], extended the basic ideas of [24] to a more general framework and applied
the general strategy to the case of conforming VEM for H(div) and H(curl) in two and three
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dimension.

The objective of this thesis is to analyze the application of the virtual element method with
general polygonal meshes (including non-conforming and non-convex meshes) to solve diverse
eigenvalue problems and bending problems moderately thick plates.

The numerical approximation of eigenvalue problems is the object of great practical and
theoretical interest. A classical reference for the computational solution of this type is [15]. A
more recent monograph [49] presents the state-of-the-art on this theme. In our case, we propose
analyzing VEM for different eigenvalue problems, in particular the Steklov problem and that
of acoustic vibrations. For the former we also propose an a posteriori error estimator and an
adaptive process based on this estimator.

This thesis also proposes and studies a VEM to solve the Reissner-Mindlin plate problem.
In particular, we show that the proposed method does not suffer from locking, as occurs with
standard methods.

The objective is to make an original contribution and enrich the literature on virtual element
methods. Below we summarize the content of our study.

1.7. Steklov eigenvalue problem.

The Steklov eigenvalue problem is characterized by the presence of the eigenvalue in the
boundary condition. This problem appears in many interesting applications such as the study
of vibration modes of a structure in contact with an incompressible fluid with a free surface
(see [45]), the analysis of the stability of mechanical oscillators submerged in a viscous medium
(see [72]), the study of surface waves ([39]), among others. One of its main applications is the
dynamics of liquids in containers, that is, the problem of gravity oscillations on a free surface
(“sloshing”, see [46, 59, 65, 68, 80, 117]).

Among the techniques to solve this problem, diverse finite element methods have been intro-
duced and analyzed under a general framework. For example, [5, 50] conforming finite element
discretization have been considered, while [92, 120] used non-conforming finite elements. Tra-
ditionally, finite element methods are based on triangular (simplicial) or quadrilateral meshes.
However, with complex simulations it might be more convenient to use more general polygonal
meshes.

We are interested in developing and analyzing a virtual element method applied to general
polygonal meshes (not necessarily convex) to solve the Steklov eigenvalue problem.

Chapter 2 of this thesis introduces and analyzes a VEM for the Steklov eigenvalue problem
in the case in which the domain Q C R? is bounded with polygonal boundary 9. Firstly, and
with the aim of characterizing the spectral problem, a primal variational formulation of spectral
problem is introduced and a suitable solution operator is defined to then establish its spectral
characterization. Subsequently, virtual discretization is proposed, based on the approach intro-
duced in [18] for the Laplace equation and the operator solution is described and its discrete
spectrum is characterized. Through the abstract spectral approximation theory (see [15]) and
under the standard assumptions about computational domains, it is established that the resul-
ting numerical scheme provides a correct spectral approximation and shows an optimal order for
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the error estimations for the eigenfunctions and eigenvalues. Better order estimations are also

shown for calculating the eigenfunctions errors in the free boundary, which with some Steklov

problems (for example, calculation of sloshing modes) are a quantity of great interest (the free

surface of a fluid). Finally, numerical essays are presented that support the theoretical results.
The results of this chapter are contained in the following article:

» D. MoRrA, G. RIVERA AND R. RODRIGUEZ: A wirtual element method for Steklov eigen-
value problem, Math. Models Methods Appl. Sci., 25(8), (2015), pp. 1421-1445.

1.8. A posteriori error by VEM for Steklov eigenvalue problem.

Based on [97], where a VEM for the Steklov eigenvalue problem in two dimensions is develo-
ped, we are now interested in developing and analyzing residual-type a posteriori error estimator
to approximate by VEM the Steklov eigenvalue problem applied to general polygonal meshes
(not necessarily convex).

The strategy based on an a posteriori error indicator for adapted meshes plays an important
role in the numerical solution of partial differential equations in a general sense. For example,
it ensures the convergence of numerical methods, especially in the presence of complex geome-
tries. Several approaches have been considered to construct error estimators based on residual
equations (see [4, 116] and their references). In particular, for Steklov eigenvalue problems, we
note [9, 10, 73, 85, 119] and the references in these, for the analysis of a posteriori FEM errors.

One motive for developing and analyzing a residual-type a posteriori error estimator to
approximate the Steklov eigenvalue problem by VEM is that the flexibility of the meshes to
which VEM can be applied makes their adaptability attractive for the efficient employment of
the mesh refinement strategy. Because VEM admits hanging nodes, these can be introduced
naturally in the mesh without the need to extend the refinement zones and thus ensure the
conformity of the mesh. As VEM admits polygonal cells with very general shapes, it allows for
adopting simple mesh refinement strategies.

Given the virtual nature of VEM, the design and analysis of their a posteriori error estimators
is complicated. Currently [34, 61] are the only works in the literature on a posteriori error
for VEM. A residual-type a posteriori error estimator was developed in [34] to approximate
by conforming C'-type VEM the Poisson problem in two dimensions, while [61] developed a
residual-type a posteriori error estimator for the C%-conforming VEM introduced in [63] for the
second order discretization of the linear elliptic diffusion-convection-reaction problem on two
and three dimensions, with non-constant coefficients.

Chapter 3 of this thesis proposes and develops a mathematical and numerical analysis of
a residual-type a posteriori error estimator to approximate the Steklov eigenvalue problem by
VEM. First, the continuous and discrete formulations for the Steklov eigenvalue problem are
presented together with its spectral characterization, followed by a summary of the a priori
error estimations obtained by VEM in [97]. Given that the normal fluxed of the virtual solution
presented in [97] cannot be explicitly calculated, they are replaced by an appropriate projection.
As aresult of the substitution, new terms appear in the a posteriori error estimator that represent
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the “virtual inconsistency” of VEM. These terms also appear in other publications for a posteriori
VEM error (see [34, 61]). The error indicator proved to be equivalent to the error up to higher
order terms. We emphasize that the hanging nodes introduced by refining a neighboring element
are simply treated as new nodes, given that it is perfectly acceptable that the interfaces between
two adjacent elements do not coincide. Finally, a set of numerical experiments to evaluate the
performance of such estimators when combined with an adaptive strategy, to solve a series of
model problems is reported.

With the results obtained in this chapter, the following article is currently being developed:

» D. MoraA, G. RIVERA AND R. RODRIGUEZ: A posteriori error estimates by VEM for
the Steklov eigenvalue problem.

1.9. Acoustic vibration problems.

We focus on the problem of acoustic vibrations, that is, the problem of calculating modes
of vibration and the natural frequency of a compressible non-viscous fluid in a rigid container
(see [121]). A reason for studying this problem is that it constitutes a first step toward a more
difficult objective of designing a virtual element method for spectral approximations of coupled
systems that imply fluid-structure interaction that arise in many engineering problems. The
simplest formulation of this problem is in terms of the variation of the pressure, which leads
to an eigenvalue problem for the Laplace operator ([121]). However, for coupled problems it is
convenient to use a dual formulation in terms of fluid displacements (see [91]). An approximation
of this problem by standard finite elements leads to spurious modes (see [89]). This spectral
pollution can be avoided by using H(div)-conforming elements, like Raviart-Thomas elements
(see [40, 43, 44, 49, 105]). For a more in-depth discussion of this theme see [42].

Our objective is to propose and analyze a VEM for H(div) that is applied to meshes with
general polygons (not necessarily convex) for the acoustic vibration problem.

Chapter 4 addresses the mathematical and numerical analysis of the acoustic vibration pro-
blem using VEM. It begins with a variational formulation of the spectral problem based on
the displacements of the fluid. It then defines an adequate operator solution and establishes
its spectral characterization. The chapter proposes a discretization based on mixed VEM for
general second order elliptic problems based on that introduced in [23]. The classical theory
of abstract spectral approximation (see [15]) cannot be used to analyze this problem. In fact,
in this case the kernel of the bilinear form on the left side of the variational formulation has
an infinite dimension. Although the standard shifting strategy yields a well-defined operator
solution, this is not compact and, in such case, its essential non-trivial spectrum can generate
spurious values of the discrete spectrum. Nevertheless, under standard assumptions about the
computational domain, the theory of abstract spectral approximation for non-compact operators
developed in [74, 75] can be adapted adequately. Making the necessary adaptations, it is thus
established that the resulting scheme provides a correct approximation of the spectrum and an
optimal order of the error estimation for the eigenfunctions and eigenvalues. As well, optimal
VEM approximation estimations are proved for H(div) with a null rotor, which can also be
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useful for other application. These results and their corresponding proves are presented in the
appendix at the end of Chapter 4. Finally, a pair of numerical tests is presented to evaluate the
convergence properties of the method to confirm that there is no pollution by spurious modes
and that the experimental convergence rates are in accordance with the theoretical ones.

The results contained in this chapter are in the following pre-print:

» L. BEIRAO D. MORA, G. RIVERA AND R. RODRIGUEZ: A wirtual element method for

the acoustic vibration problem. Preprint 2015-44, Centro de Investigacion en Ingenieria
Matematica (CI?MA), Universidad de Concepcién Chile, (2015).

1.10. Moderately thick plates problem.

The Reissner-Mindlin theory is the most often used model to approximate the deformation
of a thin or moderately thick elastic plate. It is well known that standard finite elements applied
to this model lead to erroneous results owing to what is termed locking, which occurs when the
thickness of the plate ¢ is small compared to the other dimensions. However, this can be avoided
by using a reduced integration or mixed interpolation technique. In fact, it has been rigorously
proved several locking-free families converge optimally. For example, we note [81, 94] and other
references for exhaustive descriptions of the state-of the-art.

A new focus for solving the Reissner-Mindlin bending problem was presented by Beirao da
Veiga et al. [26], who considered a variational formulation of plate bending in terms of shear
strain and deflection that avoids shear-locking. Discretization of the problem by isogeometric
analysis is proposed and under certain assumptions of regularity of the exact solution it is
shown that the error estimations are optimal, with constants independent of the plate thickness.
One of the advantages of VEM is its easy use for highly regular discrete spaces. In fact, by
avoiding the explicit construction of local basis functions, VEM allows for easily handling general
polygons/polyhedrons without complex integrations on the element (see [22] for more details
about the aspects of codification of the method).

Our intent is to develop and analyze a virtual element method to solve Reissner-Mindlin plate
problem, considering a variational formulation written in terms of shear strain and deflection
that is presented in [26].

A mathematical and numerical VEM analysis for the Reissner-Mindlin plate problem is
proposed and developed in Chapter 3. We begin with a variational formulation of the problem
written in terms of deflection and rotation variables, followed by an equivalent form written
in terms of the shear strain and deflection variables presented in [26]. Taking advantage of the
capacity of VEM to construct highly regular discrete spaces, a discrete conforming formulation
is proposed in [H'(Q2)]? and H?(Q) for shear strain and deflection, respectively. The resulting
bilinear form is continuous and elliptic in relation to suitable t-dependent norms. A distinctive
characteristic of this approach is that the deformation is approximated directly by shear strain.
The rotations can be obtained with a simple post-process treatment from shear strains and
deflections.
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Once the existence of weak solutions for the discrete virtual problem have been checked and
under certain assumptions of the regularity of the exact solution, optimal error estimations are
shown for all the variables involved (in the natural norms of the adopted formulation), with
constants independent of the plate thickness. Using duality arguments, the error estimations are
presented in weaker norms. Unlike the finite element method in which the construction of global
C1(Q)-type functions is complicated, here the virtual deflection space requires a very simple
construction owing to the flexibility of the virtual approach. The advantages of the proposed
method are the possibility of using general polygonal meshes and better conformity for the limit
problem (Kirchhoff plates), derived from the H?(Q) approximation used for discrete deflection.
Finally, a pair of numerical tests is presented to evaluate the convergence properties of the
method.

The results contained in this chapter are in the following pre-print:

» L. BEIRAO D. MORA AND G. RIVERA: A wirtual element method for Reissner-Mindlin
plates.Preprint 2016-14, Centro de Investigacion en Ingenieria Matematica (CI?MA), Uni-
versidad de Concepcién Chile, (2016).



Capitulo 2

A virtual element method for the
Steklov eigenvalue problem

2.1. Introduction

Very recently, a new evolution of the Mimetic Finite Difference Method was proposed in
Ref. [18] under the name of Virtual Element Method (VEM). This approach takes the steps
from the main ideas of modern mimetic schemes but follows from a Galerkin discretization of the
problem and therefore can be fully interpreted as a generalization of the finite element method.
Thus, VEM couples the flexibility of mimetic methods with the theoretical and applicative
background of finite elements. Since VEM is very recent, the current published literature is still
very limited [3, 6, 18, 19, 22, 33, 57].

The present paper deals with the solution of an eigenvalue problems by means of VEM. In
particular, we have chosen the Steklov eigenvalue problem, which involves the Laplace operator
but is characterized by the presence of the eigenvalue in the boundary condition. The reason of
this choice is that the analysis turns out simpler, since the right-hand side involves only boundary
terms whose approximation by virtual elements can be seen as a classical interpolation.

The numerical approximation of eigenvalue problems is object of great interest from both,
the practical and theoretical points of view. We refer to Ref. [48] and the references therein for
the state of the art in this subject area. In particular, the Steklov eigenvalue problem appears in
many applications. For instance, we mention the study of the vibration modes of a structure in
contact with an incompressible fluid (see Ref. [45]) and the analysis of the stability of mechanical
oscillators immersed in a viscous media (see Ref. [102]). One of its main applications arises from
the dynamics of liquids in moving containers, i.e., sloshing problems (see Refs. [46, 59, 65, 68,
80, 117]).

Among the existing techniques to solve this problem, various finite element methods have
been introduced and analyzed. For instance, conforming finite element discretization have been
considered in Refs. [5, 50], while Refs. [120, 92] deal with nonconforming finite elements. Other
numerical treatment for the Steklov eigenvalue problem, including a posteriori error analysis
can be found in Refs. [9, 10, 73, 85, 119] and the references cited therein. Traditionally, finite

18
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element methods rely on triangular (simplicial) or quadrilateral meshes. However, in complex
simulations, it can be convenient to use more general polygonal meshes.

The aim of this paper is to introduce and analyze a virtual element method which applies
to general polygonal (even non-convex) meshes for the solution of the two-dimensional Steklov
eigenvalue problem. We begin with a variational formulation of the spectral problem. We propose
a discretization based on the approach introduced in Ref. [18] for the Laplace equation. By using
the abstract spectral approximation theory (see Ref. [15]), under rather mild assumptions on
the polygonal meshes, we establish that the resulting scheme provides a correct approximation
of the spectrum and prove optimal order error estimates for the eigenfunctions and a double
order for the eigenvalues.

The outline of this article is as follows: We introduce in Section 2.2 the variational formu-
lation of the Steklov eigenvalue problem, define a solution operator and establish its spectral
characterization. In Section 2.3, we introduce the virtual element discrete formulation and des-
cribe the spectrum of a discrete solution operator. In Section 2.4, we prove that the numerical
scheme provides a correct spectral approximation and establish optimal order error estimates
for the eigenvalues and eigenfunctions. We also prove an improved error estimate for the eigen-
functions on the free boundary, which allows computing a quantity of typical interest in sloshing
problems. Finally, in Section 2.5, we report a set of numerical experiments that allow us to
assess the convergence properties of the method and to check whether the experimental rates of
convergence agree with the theoretical ones.

Throughout the article we will use standard notations for Sobolev spaces, norms and semi-
norms. Moreover, we will denote by C' a generic constant independent of the mesh parameter h,
which may take different values in different occurrences.

2.2. The spectral problem

Let © C R? be a bounded domain with polygonal boundary 99. Let 'y and I'; be disjoint
open subsets of 9§ such that 92 = 'y UT; and |Ty| # 0. We denote by n the outward unit
normal vector to 92 and by 0, the normal derivative.

We consider the following eigenvalue problem:
Find (\,w) € R x HY(Q), w # 0, such that

Aw=0 1in Q,
Aw  on Iy
Opw = ’
nt { 0 onTy.

By testing the first equation above with v € H() and integrating by parts, we arrive at
the following equivalent weak formulation:

Problem 2.2.1 Find (A\,w) € R x HY(Q), w # 0, such that

/Vw-Vv:)\/ wv Vo € HY(Q).
Q To
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Since the bilinear form on the left-hand side is not H'()-elliptic, it is convenient to use a
shift argument to rewrite this eigenvalue problem in the following form:

Problem 2.2.2 Find (\,w) € R x H(Q), w # 0, such that
a(w,v) = (A+ 1) b(w,v) Vv e HY(Q),
where
a(w,v) = a(w,v) + b(w,v), w,v € HY(Q),
a(w,v) ::/ Vw - Vo, w,v € HY(Q),
Q
b(w,v) := / wv, w,v € H'(Q)
To
are bounded bilinear symmetric forms.

Next, we define the solution operator associated with Problem 2.2.2:
T: HY(Q) — HYQ),
fr—=Tf =u,
where u € H(Q) is the solution of the corresponding source problem:
a(u,v) = b(f,v) Yo e HY(Q). (2.1)
The following lemma allows us to establish the well-posedness of this source problem.

Lemma 2.2.1 There exists a constant o > 0, depending on €2, such that
) >alull,  YoeHY(Q).

Proof. The result follows immediately from the generalized Poincaré inequality. O

We deduce from Lemma 2.2.1 that the linear operator 1" is well defined and bounded. Notice
that (A, w) € R x H'(Q) solves Problem 2.2.2 (and hence Problem 2.2.1) if and only if Tw = pw
with g # 0 and w # 0, in which case p := H—LA Moreover, it is easy to check that T is self-adjoint

with respect to the inner product a(-,-) in H'(f2). Indeed, given f,g € H* (),

a(Tf,g) =0b(f,9) =blg, f) =a(Tg, f) =a(f Tg).

The following is an additional regularity result for the solution of problem (2.1) and conse-
quently, for the eigenfunctions of 7T'.

Lemma 2.2.2 There exists rq > % such that the following results hold:

i) for all f € HY(Q) and for all r € [%,T’Q), the solution u of problem (2.1) satisfies u €
HY(Q) with 71 := min {r, 1} and there exists C' > 0 such that

[ulliir 0 < Cllflas
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it) if w is an eigenfunction of Problem 2.2.1 with eigenvalue A, for all r € [%,T’Q), w €
H'(Q) and there exists C > 0 (depending on \) such that

[wllyyro < Cllwlq-

Proof. The proof of (i) follows from the classical regularity result for the Laplace equation with
Neumann boundary conditions (cf. Ref. [87]). The proof of (ii) follows from the same arguments
and the fact that w is the solution of problem (2.1) with f = Aw, combined with a bootstrap
trick. O

The constant rq > % is the Sobolev exponent for the Laplace problem with Neumann
boundary conditions. If € is convex, then rq > 1, whereas, otherwise, rq := 7 with w being the
largest reentrant angle of Q (see Ref. [87])). Hence, because of the compact inclusion H'*"(Q) <
H'(Q), T is a compact operator. Therefore, we have the following spectral characterization result.

Theorem 2.2.1 The spectrum of T' decomposes as follows: sp(T') = {0, 1} U {pp } e, where:

i) w=1"1s an eigenvalue of T' and its associated eigenspace is the space of constant functions
m €

it) =0 is an infinite-multiplicity eigenvalue of T with associated eigenspace is H%O(Q) =
{q cHY(Q): ¢g=0on Fo};

i) {pr}reny C (0,1) is a sequence of finite-multiplicity eigenvalues of T which converge to 0
and their corresponding eigenspaces lie in H' 7" (Q).

Proof. Properties (i) and (ii) are easy to check. Property (iii) follows from the classical spectral
characterization of compact operators and Lemma 2.2.2(ii). O

2.3. The discrete problem

In this section, first we recall the mesh construction and the assumptions considered in
Ref. [18] for the virtual element method. Then, we will introduce a virtual element discretization
of Problems 2.2.1 and 2.2.2 and provide a spectral characterization of the resulting discrete
eigenvalue problems.

Let {74}, be a sequence of decompositions of 2 into polygons K. Let hx denote the diameter
of the element K and h the maximum of the diameters of all the elements of the mesh, i.e.,
h :=maxgeco hi.

For the analysis, we will make as in Ref. [18] the following assumptions.

» A0.1. Every mesh 7j, consists of a finite number of simple polygons (i.e. open simply
connected sets with non self intersecting polygonal boundaries).

= A0.2. There exists v > 0 such that, for all meshes 7, each polygon K € 7}, is star-shaped
with respect to a ball of radius greater than or equal to vhg.
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= AO0.3. There exists ¥ > 0 such that, for all meshes Ty, for each polygon K € Tp, the
distance between any two of its vertices is greater than or equal to Yhg.

We consider now a simple polygon K and, for k£ € N, we define
Br(0K) :={v e CYOK) : v|, € Py(e) for all edges e C 0K} .
We then consider the finite-dimensional space defined as follows:
VK = {ve HY(K): v|ox € Bi(0K) and Av|k € Pro(K)},

where, for k = 1, we have used the convention that P_;(K) := {0}. We choose in this space the
degrees of freedom introduced in Section 4.1 of Ref. [18]. Finally, for every decomposition 7}, of
Q) into simple polygons K and for a fixed k € N, we define

Vii={ve H'(Q): v|lx € X},
In what follows, we will also use the broken H'-seminorm

2 2
”U’Lh = Z ”VUHO,K7
KeTy,

which is well defined for every v € L?(f2) such that v|x € H'(K) for all polygon K € Tj,.
In order to construct the discrete scheme, we need some preliminary definitions. First, we
split the bilinear form a(-,-) as follows:

a(u,v) = Z o (u,v) + b(u,v), u,v € HY(Q),
KeTy,

where
a(u,v) == / Vu - Vo, u,v € HY(Q). (2.2)
K

To compute the local matrix a’ for u,v € V},, we must have into account that due to the implicit
space definition, we would not know how to compute the bilinear form exactly. Nevertheless, the
final output will be a local matrix on each element K whose associated bilinear form is exact
whenever one of the two entries is a polynomial of degree k. This will allow us to retain the
optimal approximation properties of the space Vj,.

With this end, for any K € T, and for any sufficiently regular function ¢, we define first

1K

where P;, 1 < ¢ < Ng, are the vertices of K. Now, we define the projector HkK : VkK —
Pr(K) C V;E for each v € V}I* as the solution of

o™ (Ifv,q) = a™(v,q) Vg € Py(K), (2.4a)
Ky =7. (2.4b)




2.8 The discrete problem 23

Remark 2.3.1 FEquation (2.4b) is only needed for the problem above to be well posed. However,
it is not used at all on the forthcoming analysis. Therefore, it could be substituted by any other
appropriate compatible average of ¢ on 0K, for instance,

- 1
Pi= |0,
0K Jox

which makes sense for any ¢ € H'(K).

On the other hand, let S¥(-,-) be any symmetric positive definite bilinear form to be chosen as
to satisfy

coa(v,v) < §E(v,v) < ¢1a’(v,v) VYo e VE  with  IIEv =0, (2.5)
for some positive constants ¢y and ¢; independent of K. Then, set

an(up,vn) = Y ap (up,vn),  up,vp € Vi,
KeTy,

where alf (-, -) is the bilinear form defined on VX x VI by
af (u,v) == aK(HkKu,HkKU) —I—SK(u—HkKu,v —Hka), u,v € VK. (2.6)

The following properties of the bilinear form ahK (+,-) have been established in Theorem 4.1
of Ref. [18].

» k-Consistency:
aj (p,vn) = a™(p,vn)  Vp €PR(K), Vo, € Vi
s Stability: There exist two positive constants a, and o*, independent of K, such that:
aa (v, vp) < af (v, o) < a*a® (v, vp) Vo, € ViE. (2.7)
Now, we are in a position to write the virtual element discretization of Problem 2.2.1.
Problem 2.3.1 Find (A, wp) € R X Vj,, wy, # 0, such that
ap(wn, vp) = Apb(wp,vp)  Vop € V.

We use again a shift argument to rewrite this discrete eigenvalue problem in the following

convenient equivalent form.
Problem 2.3.2 Find (Ap,wp) € R X Vi, wy # 0, such that

ap(wp, vp) = (An + 1) b(wp,vp) Yo € Vy,
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where
ah(wh,vh) = ah(wh,vh) + b(wh,vh), wp, vy € V.

We observe that by virtue of (2.7) and the trace theorem, the bilinear form @+, -) is bounded.
Moreover, as shown in the following lemma, it is also uniformly elliptic.
Lemma 2.3.1 There exists a constant 8 > 0, independent of h, such that

an(vn,on) > Bllonliq  You € Vi

Proof. Thanks to (2.7) and Lemma 2.2.1, it is easy to check that the above inequality holds
with 8 := amin {a,, 1}. 0
The discrete version of the operator 7' is then given by
Ty : HY(Q) — HY(Q),

[ r—="Thf := up,
where uj, € V}, is the solution of the corresponding discrete source problem

ap(up,vp) = b(f,vn) Yo € V.

Because of Lemma 2.3.1, the linear operator T} is well defined and bounded uniformly with
respect to h. Once more, as in the continuous case, (Ap,wp) € R x V}, solves Problem 2.3.2
(and hence Problem 2.3.1) if and only if Tpwy, = ppwy, with pp, # 0 and wy, # 0, in which case
[ = ﬁ Moreover, Th|y, : Vi — V}, is self-adjoint with respect to ap(-,-). Indeed, given
1,9 € Vp,

an(Thf,g) = b(f,9) = b(g, f) = an(Thg, ) = @n(f, Thg)-

As a consequence, we have the following spectral characterization.

Theorem 2.3.1 The spectrum of Ty|y, consists of My, := dim(V},) eigenvalues, repeated accor-
ding to their respective multiplicities. It decomposes as follows: sp(Ty|v;,) = {0,1} U {th}iv:hl;
where:

i) the eigenspace associated with pp = 1 is the space of constant functions in Q;
i1) the eigenspace associated with pp =0 is Zp, := Vi N H%O () ={gn€Vs: qp=0o0nTy};

iii) {prtren C (0,1), k = 1,...,Ny = My — dim(Zy,) — 1, are non-defective eigenvalues
repeated according to their respective multiplicities.

2.4. Spectral approximation

To prove that T}, provides a correct spectral approximation of T', we will resort to the classical
theory for compact operators (see Ref. [15]), which is based on the convergence in norm of 7},
to T as h — 0. With the aim of proving this, the first step is to establish the following result.
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Lemma 2.4.1 There exists C > 0 such that, for all f € H'(Q), if u = Tf and uy = T}, f, then
(T =Th) fllio=llu—unll; o <C (HU —uglly o+ [u— Uw|1,h) ;
for all uy € Vi, and for all u, € L?(Q) such that ur|x € Pp(K) VK € Ty.

Proof. Let f € HY(Q). For u; € Vj, we set vy := up — u; and thanks to Lemma 2.3.1, the
definitions (2.6) of aX and those of T and T}, we have

BllonllF.q <an(vh, vi) = an(un, vn) — anlur,vp)

=b(f,vn) — Z ags (ur, vp) — blur, vp)

KeTy,
:b(f, ’Uh) — b(uI, ?)h)

— Z (af (ur — ur,vp) + a (ur — u,vp) + @™ (u, v4))
KeTy,

=b(u — ur,vp) — Z (af (ur — ur,vp) + a (ur —u,v)) .
KeTy,

Therefore, from the trace theorem, (2.7) and the boundedness of af(-,-) and a(-, ),

Bllonllfa <llu = urllorollvallor, + Y (@ lur — ue|yklvnly & + [ur — uly ke |vnl1x)
KeT,

<llu —urllallvalle + Y (@ |ur =l k|val1 i + (@ + Dlu — urly klonl1, i)
KeTh,

<C (llu = wrlly g+ hu = uel ) llonlly o

Hence, the proof follows from the triangular inequality. O

The next step is to find appropriate terms uy and u, that can be used in the above lemma
to prove the claimed convergence. For the latter we have the following proposition, which is
derived by interpolation between Sobolev spaces (see for instance Theorem I.1.4 in Ref. [86])
from the analogous result for integer values of s. In its turn, the result for integer values is stated
in Proposition 4.2 of Ref. [18] and follows from the classical Scott-Dupont theory (see Ref. [51]).

Proposition 2.4.1 If the assumption A0.2 is satisfied, then there exists a constant C, depen-
ding only on k and vy, such that for every s with 0 < s < k and for every v € H'*5(K), there
exists vy € Prp(K) such that

lv— Uﬂ||o7K + hi v — U7r|1,K = Ch.lr;rs ||UH1+8,K‘

For the term u; € V}, in Lemma 2.4.1, we have the following result which is an extension of
Proposition 4.3 in Ref. [18] to less regular functions.

Proposition 2.4.2 If the assumptions A0.2 and A0.3 are satisfied, then, for each s with 0 <
s < k, there exists a constant C, depending only on k, vy and 7, such that for every v € H'*5(Q),
there exists vy € Vy, that satisfies

v — U[HQQ +hlv— UI|1,Q < Ot ||UH1+8,Q ‘
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Proof. Let v € HHS(Q), 0 < s < k. Since we are assuming A0.2, let v, € LQ(Q) be defined on
each K € Ty so that v;|x € Pr(K) and the estimate of Proposition 2.4.1 holds true.

For each polygon K € 7Ty, consider the triangulation 7;LK obtained by joining each vertex of
K with the midpoint of the ball with respect to which K is starred. Let ﬁ =U KeT, 7;LK . Since
we are also assuming A0.3, {ﬁ} ,, is a shape-regular family of triangulations of (2.

Let ve be the Clément interpolant of degree k of v over 7y, (cf. Ref. [71]). Then, v, €
H1(Q) and the following error estimate follows by interpolation between Sobolev spaces from
the analogous result for integer values of s (which in turn has been proved in Ref. [71]):

o = vellog + b 1o = vely g < O ol 4. 23)
Now, for each K € T, we define vr|x € H'(K) as the solution of the following problem:
—Avy = —-Av; in K,
{ vy =v, on 0K.

Note that v|x € VkK . Moreover, although vy is defined locally, since on the boundary of each
element it coincides with v, which belongs to H'(f2), we have that also v; belongs to H'(Q)
and, hence, vy € V},.

According to the above definition we have that

—A(vy —vr) =0 in K,
{ Up — U] = Uy — U on 0K,
and, hence, it is easy to check that
[vr —vrly g = inf{|z|1’K, ze HY(K): z=wv; —v. on OK} < vz = vely g -
Therefore,
[v—wily g S| —=vly g+ |vr =il g <= vrly g+ vr = vely
<20 = vrly g + [0 = vely g
which together with Proposition 2.4.1 and (2.8) lead to
[v—wrly o < Ch vl 4 0 (2.9)

On the other hand, for all K € T, each triangle T € ’7;LK has one edge on 0K . Hence, since
vr = v on 0K, a scaling argument and the classical Poincaré inequality yield

lve — UIHO,T < Ch |ve — UI‘l,T’
Thus, from the above inequality, (2.8) and (2.9), we have
o —villgg < llv=velloq + llve = villg o < lv = vellg g + Chlve —vil o
<o —vellgg + Chlv —ve|y g+ Chlv =il o
< Ch* ol

which together with (2.9) allow us to conclude the proof. O
The following result yields the convergence in norm of T} to T as h — 0.
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Lemma 2.4.2 For allr € [3,1q), let vy := min {r, 1} as defined in Lemma 2.2.2(i). Then, there
exists C' > 0 such that

(T = Th) fllo < CH™ Ifllg  Vf € HY(Q).

Proof. The result follows from Lemma 2.4.1, Propositions 2.4.1 and 2.4.2, and Lemma 2.2.2(i).
0

2.4.1. Error estimates

As a direct consequence of Lemma 2.4.2, standard results about spectral approximation (see
Ref. [90], for instance) show that isolated parts of sp(7') are approximated by isolated parts of
sp(Ty). More precisely, let u € (0,1) be an isolated eigenvalue of 7' with multiplicity m and let
& be its associated eigenspace. Then, there exist m eigenvalues ug), e ugm) of T}, (repeated
according to their respective multiplicities) which converge to p. Let &, be the direct sum of
their corresponding associated eigenspaces.

We recall the definition of the gap & between two closed subspaces X and Y of H L(Q):

~

5(X,Y) == méx {0(X,)), 6, X)},

where

X, V) = sup (fnf |z — Z/‘|1Q> )

TEX: ||zf|, =1 \YEY

The following error estimates for the approximation of eigenvalues and eigenfunctions hold true.

Theorem 2.4.1 There exists a strictly positive constant C' such that

~

5(575h) S C’Yh7
‘M_Mg)‘§07h7 izl)"'7m7

where

Y= sup (T =Th)flliq-
fe€ | fll,o=1

Proof. As a consequence of Lemma 2.4.2, T}, converges in norm to 1" as h goes to zero. Then,
the proof follows as a direct consequence of Theorems 7.1 and 7.3 from Ref. [15]. O

The theorem above yields error estimates depending on 7. The next step is to show an
optimal order estimate for this term.

Theorem 2.4.2 For all r € [%,T’Q) there exists a positive constant C such that
T = Tw)fll o < CR™™ 8 fll g V€€ (2.10)

and, consequently,
v < Cpmin{rk} (2.11)
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Proof. The proof is identical to that of Lemma 2.4.2, but using now the additional regularity
from Lemma 2.2.2(ii). O

The error estimate for the eigenvalue p € (0,1) of T leads to an analogous estimate for the
approximation of the eigenvalue \ = % — 1 of Problem 2.2.1 by means of the discrete eigenvalues

)\g) = (11.) —1,1 < i < m, of Problem 2.3.1. However, the order of convergence in Theorem 2.4.1
Hh
is not optimal for p and, hence, not optimal for A either. Our next goal is to improve this order.

Theorem 2.4.3 For all r € [%,TQ), there exists a strictly positive constant C' such that

< Ch2 min{rk} )

‘)\—)\g)

Proof. Let wy, be such that (/\gf),wh) is a solution of Problem 2.3.1 with [jwp|[; o = 1. According
to Theorem 2.4.1, there exists a solution (A, w) of Problem 2.2.1 such that

|w = whlly o < C (2.12)

From the symmetry of the bilinear forms and the facts that a(w,v) = Ab(w,v) for all v €
HY(Q) (cf. Problem 2.2.1) and ay,(wp,, vy,) = )\g)b(wh,vh) for all v, € V}, (cf. Problem 2.3.1), we
have

a(w — wp, w — wp) — Ab(w — wp, w — wy) =a(wp, wp) — Ab(wp, wp)
=[a(wp,wp) — ap(wn, wh)]

— (A=A b, wn),
from which we obtain the following identity:

0 _ =a(w — wy,w — wy) — Ab(w — wy,w
(M) = ) blawns wn) =a(w =, w = wy) = Ab{w — wh,w = w) (2.13)

+ [an(wh, wp) — a(wy, wp)] -

The next step is to bound each term on the right hand side above. The first and the second
ones are easily bounded from the continuity of a(-,-) and b(,-), the trace theorem, (2.12) and
(2.11):

la(w — wp, w — wp)| + A |b(w — wp, w — wy)| < CHZ™ITEY (2.14)
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For the third term, we use (2.5) and (2.4a) to write:

lan(wh, wy) — a(wy, wy)|

= Z @™ (T wp, T wp) + S (wy, — T wp, wy, — T wy) ] — Z o (wp, wy,)

KeTy, KeTy,
< Z [aK(HkKwh,HkKwh) — aK(wh,wh)]
KeTy
+ Z C1 aK (wh — Hffwh, whp — Hffwh)
KeTy,
= Z [aK(wh — HkKwh,wh — HkKwh)} + Z c1 aK(wh — Hffwh,wh — Hffwh)
KeTy KeTy,
= Z (1+c1) aK(wh — Hi{wh,wh — Hi{wh).
KeTy,

Therefore, from the definition of a®(,-) (cf. (2.2)) and the fact that II¥ is the projector defined
by (2.4a), we obtain

2
lap (wp, wp) — a(wp, wp)| < C Z lwp, — wah‘vi

KeTy,
<C Z ‘wh _HkKwE,K
KeTy,
2
<C 3 (jwn = wly g+ [w—11fw], )
KeTy,

Now, also from (2.4a) it is immediate to check that
|w—HkKw|LK§|w—w7r|17K Vw, € Prp(K).

Then, from the last two inequalities, Proposition 2.4.1, (2.12) and (2.11), we obtain

lan (wp, wp) — a(wy, wy)| < CRZ™RATFY

On the other hand, by virtue of Lemma 2.3.1 and the fact that )\g) — X as h goes to zero, we
know that there exists C' > 0 such that

~ 2
w
ah(wh,wh) 5” h||1,Q > ﬁ >0

b(wh,wh) = . = . = .
AWt T A 0

By using this estimate to bound the left-hand side of (2.13) from below, together with the
previous one and (2.14) for an upper bound of the right-hand side, we conclude that

‘/\ _ /\2@) < Ch2 min{rk}

and we end the proof. O
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2.4.2. Error estimates for the eigenfunctions on [';.

Our next goal is to improve the error estimate for the trace of the eigenfunctions in the
L?(T'p)-norm. With this end, we will resort to a duality technique. Given u € H(Q) and uy, € Vj,
let v € HY(Q) be the solution of the following problem:

Av=0 1in €,

u —up on [y,
o —
v { 0 on I'y.

By testing the first equation above with functions in H!(Q2) and integrating by parts, we
obtain

a = v-Vz vz = w—up)z =: b(u—up, 2 z LQ). )
a(v,z).—/QV v+/r0 /FO( e = b(u—upz) Vi€ HYQ).  (215)

Therefore, v = T'(u — uy,), so that according to Lemma 2.2.2(i), for all r € [3,7), v € HT1(Q)
(recall that r; := min {r,1}) and
[0l 17,0 < Cllu—unll - (2.16)

The improved error estimate will be a consequence of the following result.

Lemma 2.4.3 Let f € £ be an eigenfunction of the operator T'. If u =T f and up, = T} f, then,
for all v € [3,7q), there exists C > 0 such that

(T = Th) fllor, = lu —unllgp, < CR™/ZREL £ .

Proof. Let v be as defined above and vy € V), so that the estimate of Proposition 2.4.2 holds
true. Testing (2.15) with 2z = (u — uy) € H'(), we obtain

|lu — “h”g,ro =a(u — up,v) = a(u — up,v —vy) + a(u — up, vy). (2.17)

To bound the first term on the right-hand side above, we use the continuity of the bilinear form
a(+,-), Proposition 2.4.2 and (2.16):

a(u—up, v —vr) < Cllu—wupll g llv—vill o

2
< Ch™ [ju— uhH1,Q ||U||1+r17Q < Ch™ [ju— uhHLQ' (2.18)
For the second term, we use that a(u,vy) = b(f,vn) = ap(up,vy) for all vy € V), to write

(= up, vr) =an(un, vr) = a(up,vr) = Y (ah (wn,vr) — a® (up,vr))
KeTy
= Z (a® (T up, I vy) + S5 (wy, — O wp, vp — i or) — a® (up, vr))
KeTy
= Z (a®™ (I up — wp, vr — g vg) + S (up, — O up,vr — O vp)),  (2.19)
KeTy
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where we have used (2.4a) to derive the last equality.

Now, from the symmetry of S¥(-,-), inequality (2.5) and the definition of a®(-,-), we have
that S&(vp, 2) < ¢1 ’Uh’LK ’Zh’LK for all vy, 2, € VkK such that vah = Hfzh = 0. We use this
inequality to bound the second term on the right-hand side of (2.19):

Z SK(uh — Hfuh,m — H?U}) < C1 Z |uh - Hfuhh’K |?)[ - Hé(v]‘l,K . (2.20)
KeTy KeTy

Using that IIY is the projector defined by (2.4a), we have that
‘uh - HkKuh‘LK = |uh - HkKu‘l,K
< \uh—ull’K—Hu—uﬂ LK Vur, € Pr(K)
and, analogously,
‘UI_HkKUI‘LKS|UI_'U|1,K+|'U_'U7r|17K Vo, € Pr(K).

Substituting these inequalities into (2.20) and using (2.10), Proposition 2.4.1 and Lem-
ma 2.2.2(ii) (since f € &) for the former and Propositions 2.4.1 and 2.4.2 and (2.16) for the
latter, we obtain

> S8 (un — I up, v = T or) < O£ o flu— |y g -
KeTh,

By repeating the same steps as above, we obtain a similar bound for the first term on the
right hand side of (2.19):

> a®(un = Of up, vp = I vp) < CAEEY ] o flu— uplly g -
KeTh,

Hence,
(u = up,vr) < CHPPERHFLL o flu—uplly g

The proof follows by substituting this inequality and (2.18) into (2.17) and using (2.10). O
The next step is to define a solution operator on the space L?(T):

T: L*Ty) — L*(T),
fr—TF :=ulp,,

where u € H'(Q) is the solution of the following problem:

a(u,v) = | fo  Yve HY(Q). (2.21)
To

It is easy to check that the operator T is compact and self-adjoint. We also define the corres-
ponding discrete solution operator:

Ty : L*(To) — L*(Ty),

F e Tnf = upr,,
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where uy, € V}, is the solution of the discrete problem

Eih(uh,vh) = f?)h Yoy, € V. (2.22)
o

The spectra of T and T coincide. In fact, it is immediate to check that if Tw = pw, with
w # 0 and p # 0, then w|r, # 0 and T(w\po) = pw|r,. Conversely, if T = pw, with @ # 0 and
i # 0, then there exists w € H'(2), such that Tw = pw and w|p, = w. The same arguments
allow us to show that the spectra of T}, and T}, also coincide and their respective eigenfunctions
are related in the same way as those of T" and T.

To prove that the operators th converge in norm to Tv, we will use the following additional
regularity estimate analogous to that in Lemma 2.2.2 but that only involves | f{q -

Lemma 2.4.4 For all s € (0, %), there exists C > 0 such that, for all f € L*(Ty), the solution
u of problem (2.21) satisfies u € H'**(Q) and

||u||1+s,ﬂ <C HfHO,Fo :

Proof. The proof is a consequence of Theorem 4 in Ref. [106]. O
Now, we are able to conclude the convergence in norm of T}, to T'.

Lemma 2.4.5 For all s € (0,31), there exists C > 0 such that
H(f - Th)ﬂ‘o,ro < Cthﬂ’o,ro'

Proof. Given f € L2(T'g), let u € H*(Q) and uy, € Vj, be the solutions of problems (2.21) and
(2.22), respectively, so that T'f = u|r, and T}, f = up|r,. The arguments used in the proof of
Lemma 2.4.1 can be repeated in this case yielding

= wnllyg < C (Il = urlly g+ lu = ualy )

with u; and wu,; as in that lemma. Thus, the result follows from Propositions 2.4.1 and 2.4.2,
and Lemma 2.4.4. 00

As a consequence of this lemma, a spectral convergence result analogous to Theorem 2.4.1
holds for 7 n and T. Moreover, we are in a position to establish the following estimate.

Theorem 2.4.4 Let wy, be an eigenfunction of Ty, associated with the eigenvalue ,ugf), 1< <m,
with ||wpllgr, = 1. Then, there exists an eigenfunction w of T' associated with yu such that, for
all r € [%,T’Q), there exists C' > 0 such that

e —willyp, < Chm/2EmRAE,

Proof. Thanks to Lemma 2.4.5, Theorem 7.1 from Ref. [15] yields spectral convergence of T
to T'. In particular, because of the relation between the eigenfunctions of 1" and T}, with those
of T and Ty, respectively, we have that wy|r, € &, and there exists w € £ such that

lw—wnllor, <C  sup (T =Th)f|, - (2.23)
feé: ”fHo,ro:l
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On the other hand, because of Lemma 2.4.3, for all fe g, if f € £ is such that f: flry, then
1@ = Tl ry = T = Ti) fllop, < CHIZmERY £ o

Now, for f € £ Tf = pf. Hence, |f[l; o = %HTleQ < C|fllor, (cf. Lemma 2.4.4). Thus,

substituting this expressions into the previous inequality, we have that
- o~ ~ otminfrk) || F
H(T - Th)fHo,ro < Chrl/ min{r i} HfHO,Fo’
which together with (2.23) allow us to conclude the proof. O

Remark 2.4.1 The result above is actually an improved error estimate in L?(Tg)-norm as com-
pared with the obviously one ||w — wp|lor, < CR™™M*} which follows from Theorems 2.4.1 and
2.4.2 and the trace Theorem.

2.5. Numerical results

We report in this section some numerical examples which have allowed us to assess the
theoretical results proved above. With this aim, we have implemented in a MATLAB code a
lowest-order VEM (k = 1) on arbitrary polygonal meshes, by following the ideas proposed in
Ref. [22].

To complete the choice of the VEM, we had to fix the bilinear forms S (-, -) satisfying (2.5)
to be used. To do this, we have proceeded as in Ref. [18]: for each polygon K with vertices
Py, ..., PNy, we have used

N
SE (u,v) = ok Zu(Pi)v(Pi), u,v € Vi, (2.24)
i=1

where o is the so-called stability constant that can be chosen freely as far as it satisfy
0<o.<og <o" (2.25)

with the two constants o, and ¢* independent of h and the particular element K.

As stated in Section 4.6 of Ref. [18], under assumption AQ.3, this choice of S¥(-,-) satisfies
(2.5).
2.5.1. Test 1: Sloshing in a square domain.

In this test, we have taken 2 := (0,1)2, with I'q and T'; as shown in Figure 2.1.
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I'o
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/

Figura 2.1: Sloshing in a square domain.

This problem corresponds to the computation of the sloshing modes of a two-dimensional
fluid contained in 2 with a horizontal free surface I'g. The analytical solutions of this problem
are

An = nmtanh(nm), wp(x,y) = cos(nmz) sinh(nry), n € N.

We have taken oxg = 1 in (2.24). We have used three different families of meshes (see

Figure 2.2):

] ’7;3: triangular meshes, considering the middle point of each edge as a new degree of
freedom;

] 7',;2: trapezoidal meshes which consist of partitions of the domain into N x N congruent
trapezoids, all similar to the trapezoid with vertexes (0,0), (3,0), (3,2), and (0, );

] ’7;5’: meshes built from ’7;3 with the edge midpoint moved randomly; note that these meshes
contain non-convex elements.

The refinement parameter N used to label each mesh is the number of elements on each edge.

dhdh

dhdh

Figura 2.2: Test 1. Sample meshes: 7;} (left), 7, (middle) and 7;? (right) for N = 4.

We report in Table 2.1 the lowest eigenvalues Ap; computed with this method. The table also
includes the estimated orders of convergence. The exact eigenvalues are also reported in the last
column to allow for comparison.
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Cuadro 2.1: Test 1. Computed lowest eigenvalues \p;, 1 < i < 3, on different meshes.
Tn | Ani | N=16 | N=32 | N=64 | N =128 | Order Ai

Ant1 | 3.1330 | 3.1306 | 3.1301 3.1299 2.03 | 3.1299
Th | A2 | 6.3095 | 6.2894 | 6.2846 6.2835 2.07 | 6.2831
Ang | 9.5183 | 9.4459 | 9.4298 9.4260 2.09 | 9.4248
A1 | 3.1424 | 3.1331 | 3.1307 3.1301 1.98 | 3.1299
6.3765 | 6.3095 | 6.2900 6.2849 1.92 | 6.2831
Ang | 9.6929 | 9.5092 | 9.4475 9.4306 1.85 | 9.4248
Apt1 | 3.1331 | 3.1308 | 3.1301 3.1299 2.03 | 3.1299
T2 | An2 | 6.3105 | 6.2896 | 6.2847 6.2835 2.05 | 6.2831
Apg | 9.5193 | 9.4470 | 9.4300 9.4261 2.06 | 9.4248

=
>
=

It can be seen from Table 2.1 that the computed eigenvalues converge to the exact ones with
an optimal quadratic order as predicted by the theory.

We report in Table 2.2 the L?(I'g)-errors of the eigenfunctions corresponding to the lowest
eigenvalue for each family of meshes and different refinement levels. We also include in this table
the estimated orders of convergence.

Cuadro 2.2: Test 1. Errors ||w — wp||y, of the vibration mode for the lowest eigenvalue Ay1 on
different meshes.

Th| N=8 | N=16 | N=32 | N =64 | Order
T,L | 3.633e-3 | 8.715e-4 | 2.265e-4 | 5.567e-5 | 2.00
T2 | 2.507e-2 | 5.939¢-3 | 1.445¢-3 | 3.558e-4 | 2.05
T2 | 4.559e-3 | 9.943e-4 | 2.576e-4 | 6.592¢-5 | 2.03

We observe from this table a clear quadratic order of convergence. Let us remark that this
is the optimal order attainable with the virtual elements used, which is actually larger than the
order O(h*/?) predicted by the theory.

Figure 2.3 shows the eigenfunctions on I'y corresponding to the three lowest eigenvalues. Let
us remark that, in the sloshing problem, this corresponds to the shape of the fluid free surface
(Opw = Aw) for each sloshing mode.
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Figura 2.3: Test 1. Sloshing modes: wy; (left), wpo (middle) and wpg (right) computed with
N = 256.

2.5.2. Test 2: Effect of the stability.

The aim of this test is to analyze the influence of the stability constant ok in (2.24) on
the computed spectrum. We will show that the introduction of the stability terms Sk in (2.6)
leads to spurious eigenvalues. We will also show that these spurious eigenvalues can be driven by
appropiately choosing the stability constant oz . If the same value of o is chosen for all K € Tj,
(as in the previous test), roughly speaking, the spurious eigenvalues will be proportional to this
stability constant. This can be seen from Table 2.3, where we report the lowest eigenvalues
computed by the method with varying values of ox on a fixed mesh 7;3 with refinement level
N = 8 (see Figure 2.2, left).

The table also includes on the last column the three lowest exact eigenvalues. The computed
eigenvalues into boxes correspond to approximations of these physical eigenvalues, whereas the
rest correspond to spurious spectrum.
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Cuadro 2.3: Test 2. Computed lowest eigenvalues for ox = 47k with —3 < k < 3.

og =1/64 | ox =1/16 | ox =1/4 | ok =1 | ox =4 | ox =16 | o = 64 i
1.517 13.078 | 3.101 3.142] | [3.175 3.189 3.193] | 3.1299
1.531 5.563 6.065 6.393] | [6.668 6.784 6.819] | 6.2831
1.587 5.646 8.716 9.788] | [10.755| | [11.181] | [11.309] | 9.4248
1.693 5.824 11.020 | 13.487 | 15.948 | 17.105 | 17.460
1.715 5.903 12.878 | 17.494 | 22.298 | 24.551 | 25.235
2.171 6.368 14.527 | 22.314 | 30464 | 34.046 | 35.093
2.180 6.537 15.731 | 27.513 | 39.415 | 43.831 | 45.055
2.196 7.806 16.752 | 33.436 | 44.896 | 49.191 | 50.407
2.214 8.134 18.433 | 41.706 | 113.899 | 405.657 | 1573.904

8.251 19.318 | 49.196 | 141.263 | 501.449 | 1941.283
5.834 8.409 21.881 | 61.343 | 183.830 | 655.050 | 2534.774
8.037 8.607 23.403 | 72.371 | 231.747 | 844.138 | 3285.114
9.645 10.182 27.705 | 85.040 | 282.392 | 1051.315 | 4119.669
10.747 11.494 28.317 | 92.654 | 324.962 | 1237.860 | 4883.585
11.080 12.064 29.445 | 99.697 | 358.294 | 1377.508 | 5448.886
11.712 12.800 29.840 | 101.609 | 369.180 | 1426.727 | 5652.202

For o > 1 we observe that the lowest computed eigenvalues are correct approximations of
the physical ones, whereas the largest are spurious and behave roughly speaking proportional to
ok as claimed above. For values of o < 1, the spurious eigenvalues appear interspersed among
the correct ones, which makes it hard to distinguish spurious and physical eigenvalues. For very
small values of ok, the spurious eigenvalues become even smaller than the physical ones, as can
be seen on the first column of Table 2.3 for o = 1/64.

The above analysis suggests to use sufficiently large o in order to avoid the correct spec-
trum to be polluted. This phenomenon seems to contradict the theoretical analysis: spurious
eigenvalues should not appear, when there is convergence in norm as was shown to happen in
our case (see Lemma 2.4.2). However, this assertion is of an asymptotic nature: spurious eigen-
values will not appear interspersed among the correct spectrum for A small enough. In fact, this
is what happens in our case as is shown in Table 2.4. In this table we report the eigenvalues
computed only with the smallest o of the previous experiment, but with increasingly refined

meshes.
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Cuadro 2.4: Test 2. Computed lowest eigenvalues for o = 1/64.
N=4| N=8 | N=16| N=32| N =64 Ai

0.747 | 1.517 | 2.929 3.126 3.129| | 3.1299
0.801 | 1.530 | 2.975 5.854 6.276 | | 6.2831
0.874 | 1.587 | 3.033 5.901 9.399] | 9.4248
1.096 | 1.693 | 3.044 5931 | 11.703
1.098 | 1.715 | 3.056 5981 | 11.752

2.171 5.987 | 11.815
2.180 | 3.150 | 5.990 | 11.857

5425 | 2196 | 3.260 | 6.046 | 11.890
2.214 | 3.367 | 6.109 | 11.897
3.071] | 3.394 | 6.140 | 11.915
5834]| 3.407 | 6.220 | 11.952
8.037 | 3.482 11.976
9.645 | 3.569 | 6.404 | 11.991
10.747 | 3.626 | 6.438 | 12.033
11.080 | 4.367 | 6.446 | 12.179
11.712 | 4.382 | 6.469 | 12.185
4389 | 6.516 | 12.199
4401 | 6.618 | 12.312

6.827 | 12.463

The table shows that the spurious eigenvalues are also roughly speaking proportional to 1/h,
so that they blow up as the mesh is refined. For instance, for the most refined mesh reported in
Table 2.4 (N=64), the three lowest correct eigenvalues are not polluted by the spurious ones.

This analysis suggests, that the user of VEM for spectral problems, has to be aware of the
risk of spurious eigenvalue pollution. The way of minimizing this risk is to take a reasonably large
ok (which will depend, in real problems, on the value of the physical constants) and sufficiently
refined meshes. Moreover, the spurious character of an eigenvalue can be easily checked from its
dependence on og and the mesh.

2.5.3. Test 3: Circular Domain.

In this test, we have taken as domain the unit circle €2 := {(:E,y) eR?:2%2 +9% < 1} with
FozaQandFlz(Z).

It is easy to check that any homogeneous harmonic polynomial of degree n satisfies 0,,w = nw
on JN). Therefore, for all n € N, A\ = n is an eigenvalue of this problem and the corresponding
eigenspace is the set of homogeneous harmonic polynomials of degree n, whose dimension is 2.

We have taken o = 1 in (2.24). We have used polygonal meshes created with Polymesher
[113], as that shown in Figure 2.4. The refinement parameter N used to label each mesh is now
the number of elements intersecting the boundary.
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Figura 2.4: Test 3. Sample Polygonal mesh for N = 29.

We report in Table 2.5 the four lowest eigenvalues \p; computed with this method. The table
also includes the estimated orders of convergence. The last column shows the exact eigenvalues.

Cuadro 2.5: Test 3. Computed lowest eigenvalues Ap;, 1 <7 < 4.
Mi | N=8| N=30| N=104 | N =342 | Order | A
Apt | 0.9509 | 0.9960 0.9997 1.0000 1.97
Ano | 0.9762 | 0.9971 0.9997 1.0000 1.81
Apsg | 1.9528 | 1.9957 1.9997 2.0000 1.91
Apa | 2.0601 | 2.0002 1.9998 2.0000 1.89

<.

N N = =

Once more, a quadratic order of convergence can be clearly appreciated from Table 2.5.
Finally, Figure 2.5 shows a plot of the eigenfunctions computed with the finest mesh.
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Figura 2.5: Test 3. Eigenfunctions: w1 (upper left), wpo (upper right), wps (lower left) and wpy

(lower right) computed with a very refined mesh (N = 342).

In order to compute the L?(I'g)-errors, some special care had to be taken because of the
double multiplicity of each eigenvalue. We focused on the eigenvalue A3 = Ay = 2, whose
corresponding eigenspace is spanned by the eigenfunctions ws(z,y) = zy and wa(z,y) = 22 —y>.
As can be seem from Figure 2.5 (down), the computed eigenfunctions are not necessarily ws
or wy, but linear combination of these two. To isolate one particular eigenfunction, we took
advantage of the symmetry of the domain and solved the problem in the quarter z,y > 0 of the
unit circle. Thus, to compute ws(x,y) = zy, which vanishes on x = 0 and y = 0, we imposed
these values as homogeneous Dirichlet data of the problem. Proceeding in this way, we could

ensure that the computed eigenfunction was actually an approximation of ws.
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Another difficulty of this test is that the curved domain is approximated by a polygonal
one, so that the boundary values of these computed eigenfunctions are defined on the polygonal
domain, whereas those of the exact eigenfunctions are given on the curved domain. To avoid
these drawback, we projected the latter onto the polygonal domain.

We report in Table 2.6 the L?(Tg)-errors computed as described above on the curved boun-
dary of the quarter of circle by using again polygonal meshes obtained with Polymesher, similar
to that shown in Figure 2.4, but for the quarter of circle. We also include in this table the
computed order of convergence which, once more, is clearly quadratic.

Cuadro 2.6: Test 3. L?(I'g)-errors of the eigenfunction ws(z,y) = zy on different polygonal
meshes.

N=9 | N=37 | N=117 | N =379 | Order
3.485e-3 | 4.354e-4 | 2.970e-5 | 1.672e-6 | 2.06




Capitulo 3

A posteriori error estimates for a
Virtual Elements Method for the
Steklov eigenvalue problem.

3.1. Introduction

The Virtual Element Method (VEM), introduced in [18, 22], is a recent generalization of the
Finite Element Method, which is characterized by the capability of dealing with very general
polygonal /polyhedral meshes. The interest in numerical methods that can make use of general
polytopal meshes has recently undergone a significant growth in the mathematical and enginee-
ring literature; among the large number of papers on this subject, we cite as a minimal sample
[18, 29, 60, 76, 104, 109, 112]. Indeed, polytopal meshes can be very useful for a wide range of
reasons including meshing of the domain, automatic use of hanging nodes, moving meshes and
adaptivity. VEM has been applied successfully in a large range of problems; see for instance
[3, 6, 14, 18, 22, 30, 35, 36, 38, 58, 84, 97, 100, 101].

The object of this paper is to introduce and analyze an a posteriori error estimator of residual
type for the virtual element approximation of the Steklov eigenvalue problem. In fact, due to the
large flexibility of the meshes to which the virtual element method is applied, mesh adaptivity
becomes an appealing feature as mesh refinement strategies can be implemented very efficiently.
For instance, hanging nodes can be introduced in the mesh to guarantee the mesh conformity
without spreading the refined zones. In fact hanging nodes introduced by the refinement of
a neighboring element are simply treated as new nodes since adjacent non matching element
interfaces are perfectly acceptable. On the other hand, polygonal cells with very general shapes
are admissible thus allowing us to adopt simple mesh coarsening algorithms.

The approximation of eigenvalue problems has been the object of great interest from both
the practical and theoretical points of view, since they appear in many applications. We refer to
[48] and the references therein for the state of art in this subject area. In particular, the Steklov
eigenvalue problem, which involves the Laplace operator but is characterized by the presence of
the eigenvalue in the boundary condition, appears in many applications; for example, the study

42
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of the vibration modes of a structure in contact with an incompressible fluid (see [45]) and the
analysis of the stability of mechanical oscillators immersed in a viscous media (see [102]). One
of its main applications arises from the dynamics of liquids in moving containers, i.e., sloshing
problems (see [46, 59, 65, 68, 80, 117]).

On the other hand, adaptive mesh refinement strategies based on a posteriori error indicators
play a relevant role in the numerical solution of partial differential equations in a general sense.
For instance, they guarantee achieving errors below a tolerance with a reasonable computer
cost in presence of singular solutions. Several approaches have been considered to construct
error estimators based on the residual equations (see [4, 78, 116] and the references therein). In
particular, for the Steklov eigenvalue we mention [9, 10, 73, 85, 119]. On the other hand, the
design and analyses of a posteriori error bounds for the VEM is a challenging task. References
[34, 61] are the only a posteriori error analyses for VEM currently available in the literature.
In [34], a posteriori error bounds for the C''-conforming VEM for the two-dimensional Poisson
problem are proposed. In [61], a posteriori error bounds for the C%-conforming VEM introduced
in [63] for the discretization of second order linear elliptic reaction-convection-diffusion problems
with non constant coefficients in two and three dimensions are introduced.

We have recently developed in [97] a virtual element method for the Steklov eigenvalue
problem. Under standard assumptions on the computational domain, we have established that
the resulting scheme provides a correct approximation of the spectrum and proved optimal order
error estimates for the eigenfunctions and a double order for the eigenvalues. In order to exploit
the capability of VEM in the use of general polygonal meshes and its flexibility for the application
of mesh adaptive strategies, we introduce and analyze an a posteriori error estimator for the
virtual element approximation introduced in [97]. Since normal fluxes of the VEM solution are
not computable, they will be replaced in the estimators by a proper projection. As a consequence
of this replacement, new additional terms appear in the a posteriori error estimator, which
represent the virtual inconsistency of VEM. Similar terms also appear in the other papers for a
posteriori error estimates of VEM (see [34, 61]). We prove that the error estimator is equivalent
to the error and use the corresponding indicator to drive an adaptive scheme.

The outline of this article is as follows: in Section 3.2 we present the continuous and discrete
formulations of the Steklov eigenvalue problem together with the spectral characterization. Then,
we recall the a priori error estimates for the virtual element approximation analyzed in [97]. In
Section 3.3, we define the a posteriori error estimator and proved its reliability and efficiency.
Finally, in Section 3.4, we report a set of numerical tests that allow us to assess the performance
of the estimator when combined with an adaptive strategy. We have also made a comparison
between the proposed estimator and the standard edge-residual error estimator for a finite
element method.

Throughout the article we will use standard notations for Sobolev spaces, norms and semi-
norms. Moreover, we will denote by C' a generic constant independent of the mesh parameter h,
which may take different values in different occurrences.
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3.2. The Steklov eigenvalue problem and its virtual element ap-

proximation

Let Q C R? be a bounded domain with polygonal boundary 9€2. Let I'y and I'; be disjoint
open subsets of d such that dQ = ['o U T and |Ty| # 0. We denote by n the outward unit
normal vector to 0f2.

We consider the following eigenvalue problem:

Find (\,w) € R x H'(Q), w # 0, such that

Aw =0 in ,
0_w ) Aw on Ty,
on ] 0 only.

By testing the first equation above with v € H'(Q) and integrating by parts, we arrive at
the following equivalent weak formulation:

Problem 3.2.1 Find (\,w) € R x HY(Q), w # 0, such that
/Vw'Vfu:)\/ wv Vo € HY(Q).
Q To

According to [97, Theorem 2.1], we know that the solutions (A, w) of the problem above are:
= )y = 0, whose associated eigenspace is the space of constant functions in €2;
= a sequence of positive finite-multiplicity eigenvalues {A\ }ren such that Ay — oc.

The eigenfunctions corresponding to different eigenvalues are orthogonal in L?(Ty). Therefore

k corresponding to \; > 0 satisfy

/FO wk = 0. (3.1)

We denote the bounded bilinear symmetric forms appearing in Problem 3.2.1 as follows:

the eigenfunctions w

a(w,v) := / Vw - Vo, w,v € HY(Q),
Q

b(w, v) ::/ wv, w,v € H(Q).
To

Let {73}, be a sequence of decompositions of € into polygons K. Let hx denote the diameter
of the element K and h the maximum of the diameters of all the elements of the mesh, i.e.,
h = mé,XKeTh hK.

For the analysis, we will make as in [18, 97] the following assumptions.

» Al. Every mesh 7, consists of a finite number of simple polygons (i.e., open simply
connected sets with non self intersecting polygonal boundaries).
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= A2. There exists 7 > 0 such that, for all meshes 7, each polygon K € T}, is star-shaped
with respect to a ball of radius greater than or equal to yhg.

s A3. There exists 4 > 0 such that, for all meshes 7}, for each polygon K € Tj, the distance
between any two of its vertices is greater than or equal to Yhy.

We consider now a simple polygon K and, for k € N, we define
Br(0K) :={v e CUOK) : v|y € Py(¢) for all edges ¢ C 0K} .
We then consider the finite-dimensional space defined as follows:
VE = {ve HY(K) : v|px € BL(OK) and Av|x € Py_o(K)}, (3.2)

where, for k = 1, we have used the convention that P_;(K) := {0}. We choose in this space the
degrees of freedom introduced in [18, Section 4.1]. Finally, for every decomposition 7, of € into
simple polygons K and for a fixed k € N, we define

Vii={ve H(Q): v|[g eV’ VK eT,}.
In what follows, we will use standard Sobolev spaces, norms and seminorms and also the broken

2 2
”U’Lh = Z ”VUHO,K7
KeTy,

which is well defined for every v € L?(2) such that v|x € HY(E) for each polygon K € Tj.
We split the bilinear form a(-,-) as follows:

H'-seminorm

a(u,v) = Z CLK(U,’U), u,v € Hl(Q)7
KeTh

where
a (u,v) == / Vu - Vo, u,v € H'(E).
K

Due to the implicit space definition, we must have into account that we would not know how
to compute a’ (+,-) for up,vy, € Vj. Nevertheless, the final output will be a local matrix on
each element K whose associated bilinear form can be exactly computed whenever one of the
two entries is a polynomial of degree k. This will allow us to retain the optimal approximation
properties of the space V},.

With this end, for any K € T, and for any sufficiently regular function ¢, we define first

1 Ik
Bi=— ¢(P),
@ NKiZIw()

where P;, 1 < i < Nk, are the vertices of K. Then, we define the projector HkK : VkK —
Pr(K) C VX for each v;, € VX as the solution of

a® (g v, q) = a(vp,q) Vg € Py(K),

Hkah =y,
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On the other hand, let S¥(-,-) be any symmetric positive definite bilinear form to be chosen
as to satisfy

co aK(vh,vh) < SK(vh,vh) <c aK(vh,vh) Yoy, € VkK with Hkah =0 (3.4)
for some positive constants ¢y and ¢; independent of K. Then, set

an(up,vn) =Y ap (up,vn),  up,vp € Vi,
KeTy,

where alf (-, -) is the bilinear form defined on VX x VI by
ahK(uh,vh) = aK(HkKuh,Hkah) + SK(uh — HkKuh,vh — Hkah), Up, Vp, € VkK.

Notice that the bilinear form S¥(-,-) has to be actually computable for uy,, v, € VkK .
The following properties of af (-,-) have been established in [18, Theorem 4.1].

» k-Consistency:

ap (p,vp) = a™(p,vy)  Vp € Py(K), Vv, € ViE. (3.5)

s Stability: There exist two positive constants a, and o*, independent of K, such that:

aa (v, vp) < al (v, o) < a*a’ (v, vp) Vo, € ViE. (3.6)

Now, we are in a position to write the virtual element discretization of Problem 3.2.1.

Problem 3.2.2 Find (Ap,wp) € R X Vi, wy # 0, such that
ap(wp,vp) = Apb(wp,vp) Yoy, € V.

According to [97, Theorem 3.1] we know that the solutions (A, wp) of the problem above
are:

= \,0 = 0, whose associated eigenfunction are the constant functions in ).

. {)\hk}kN:hl, with Np, := dim ({vp|r,, vn € Vi }) — 1, which are non-defective positive eigen-
values repeated according to their respective multiplicities.

Moreover, the eigenfunctions corresponding to different eigenvalues are orthogonal in L?(Ty).

Therefore the eigenfunctions wﬁ corresponding to Api > 0 satisfy

/FO wh = 0. (3.7)

Let (A, w) be a solution to Problem 3.2.1. We assume A > 0 is a simple eigenvalue and we
normalize w so that [w[[y, = 1. Then, for each mesh 7, there exists a solution (An,wy) of
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Problem 3.2.2 such that A\, — A, [lwpop, = 1 and [[w — wp[l1,0 — 0 as b — 0. Moreover,
according to (3.1) and (3.7), we have that w and wy, belong to

V::{veHl(Q):/FOvzo}.

Let us remark that the following generalized Poincaré inequality holds true in this space: There
exists C' > 0 such that
[vllhe < Clvhae  YveW (3.8)

The following a priori error estimates have been proved in [97, Theorems 4.2-4.4]: There
exists C' > 0 such that for all 7 € [3,7q)

lw —wpll; o < CR™E, (3.9)
A — Ap| < Cp2minink} (3.10)
Hw N whHO,Fo < Chml’n{r,1}/2—|—min{r,k}7 (3'11)

where the constant rq > % is the Sobolev exponent for the Laplace problem with Neumann

boundary conditions (if €2 is convex, then rq > 1; otherwise, rq := T, with w being the largest
re-entrant angle of €2).

3.3. A posteriori error analysis

The aim of this section is to introduce a suitable residual-based error estimator for the
Steklov eigenvalue problem which be completely computable, in the sense that it depends only
on quantities available from the VEM solution. Then, we will show its equivalence with the error
|lw — w1, 0. For this purpose, we introduce the following definitions and notations.

For any polygon K € Tj, we denote by Ex the set of edges of K and let

E = U Ek.
KeTy,
We decompose & = Eq U Ery, U Er,, where py :={{ € E: L C Ty}, &, :={f €& : L C T} and
Ea = E\(ér, U &r,). For each inner edge ¢ € &g and for a sufficiently smooth function v, we
define the jump of its normal derivative on £ by

0
|:|:a—:;:|:|£ = V(’U|K) ‘NK + V(U|K/) ‘NK’,

where K and K’ are the two elements in 7, sharing the edge ¢ and nx and ng are the respective
outer unit normal vectors.

On the other hand, as a consequence of the mesh regularity assumptions, we have that each
polygon K € T, admits a sub-triangulation 7;LK obtained by joining each vertex of K with the
midpoint of the ball with respect to which K is starred. Let ﬁ =U KeT, ’7;LK . Since we are also

assuming A3, {’7A7l} , is a shape-regular family of triangulations of (2.
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We introduce bubble functions on polygons as follows (see [61]). An interior bubble function
Y € H&(K ) for a polygon K can be constructed piecewise as the sum of the classical cubic
bubble functions for each triangle of the sub-triangulation ’7;LK . On the other hand, an edge
bubble function v, for £ € 0K is a piecewise quadratic function attaining the value 1 at the
barycenter of ¢ and vanishing on the triangles T' € ’7A7L that do not contain ¢ on its boundary.

The following results which establish standard estimates for bubble functions will be useful
in what follows (see [4, 116]).

Lemma 3.3.1 (Interior bubble functions) For any K € Ty, let g be the corresponding
interior bubble function. Then, there exists a constant C' > 0 independent of hx such that

C M all3 ke < / Uk < lalZx  Va € Pr(),
K

C M gllox < lvxalox +rxlV@rdlox < Cllglo.x Vg € Py(K).

Lemma 3.3.2 (Edge bubble functions) For any K € T, and { € Ek, let 1y be the corres-
ponding edge bubble function. Then, there exists a constant C' > 0 independent of hgx such
that

gl < /Z vei® < lal2,  Va € Py(o).

Moreover, for all q € Pi(€), there exists an extension of q € Pp(K) (again denoted by q) such
that

hi P bedllo.re + hi IV (We)llo.xe < Cllallo.-

Remark 3.3.1 A possible way of extending q from ¢ € Ex to K so that Lemma 3.3.2 holds is
as follows: first we extend q to the straight line L D ¢ using the same polynomial function. Then,
we extend it to the whole plain through a constant prolongation in the normal direction to L.
Finally, we restrict it to K.

The following lemma provides an error equation which will be the starting points of our error
analysis. From now on, we will denote by e := (w — wy,) € V the eigenfunction error and by

1 T wy)
| Ak ) ¢
2 H on ‘ < &a,
K
o= 8(H£nwh) (€& (3.12)
_ O wn) le &
19

on
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the edge residuals that will appear in the error estimator. Notice that J; is actually computable
since it only involves values of wy, on I'g (which are computable in terms of the boundary degrees
of freedom) and ¥ wy, € P(K) which is also computable.

Lemma 3.3.3 For any v € HY(Q), we have the following identity:
a(e,v) = Ab(w, v)—\pb(wp, v) — Z o (wy, —TTE wy,, v) / AITE wy)v + Z /ng
KeTy 1(672 leli

Proof. Using that (A, w) is a solution of Problem 3.2.1, adding and subtracting HkKwh and
integrating by parts, we obtain

a(e,v) = Ab(w,v) — a(wp, v)
= \b(w,v) — Z (a® (wp, — T wp,v) + ™ (T wp, v))

KeTn
oI
= Ab(w,v) = 3 a®(wn — T wn,0) = 3 (‘/ A<H§wh>v+/ A >
K OK on
KeTy, KeTy,
= )‘b(w7v) - Z aK(wh — HkKwh,v)
KeTn
H w H w
R VR e i O b o B
KeTh LeEkN(EryUeT, ) éeé’ Néq ¢

Finally, the proof follows by adding and subtracting the term \,b(wp,v). O
For all K € T, we introduce the local terms 5 and Ry and the local error indicator nx by

K K K
0% = ay, (wp, — I wp, wy, — 11 wp,),

Ric == hic | A wn) 6.k,

Wi = 0% + R+ > bl JellG -
(el

We also introduce the global error estimator by

1/2

=k

KeTy

Remark 3.3.2 The indicators ng include the terms 0 which do not appear in standard finite
element estimators. This term, which represent the virtual inconsistency of the method, has been
introduced in [34, 61] for a posteriori error estimates of other VEM. Let us emphasize that it
can be directly computed in terms of the bilinear form S¥(-,-). In fact,

2 K K K K K K
0% = ap, (wp, — I} wp, wp, — g wy) = S™ (wy, — 10wy, wp, — 5 wy).
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3.3.1. Reliability of the a posteriori error estimator
First, we provide an upper bound for the error.

Theorem 3.3.1 There exists a constant C' > 0 independent of h such that

A+ A
o= unha <€ (n+ 222w~ wnlor, )

Proof. Since e = w —wy, € V. C HY(Q), there exists e; € V}, satisfying (see [97, Proposition
4.2])
le = erllox + hile —erli,xk < Chillell1,x. (3.13)

Thanks to Lemma 3.3.3, we have that

lw— w3 g = a(w — wy, )

= a(w —wp,e —eg) + a(w, er) — ap(wp, er) + ap(wp, er) — alwp, er)

= Ab(w, e) — Apb(wp, €) + Z /K A(HkKwh)(e —er)+ Z /ZJg(e —eg)

T KeTy, (el
1>
K K
- Z a” (wp, — I} wp, e — er) + ap(wp, er) — a(wp, er) .
KeT, ps
Ts
(3.14)
Next, we bound each term 7T; separately.
For Tj, we use the definition of b(-,-), the fact that ||w|or, = ||wn|lo,r, = 1, a trace theorem
and (3.8) to write
A+ A A+ A
7=+ - ) | wwn = 22 el < 02 P eforyfeha. (319
o
For Ty, first, we use a local trace inequality (see [36, Lemma 14]) and (3.13) to write
~1/2 1/2 1/2
le = erlloe < Ol lle = exlloe + hig*le = erli i) < Chil el
Hence, using (3.13) again, we have
T<C Yy (AW wn)loxle —erlox + D [1elloelle = erllo.e
KeTy, JAST 9%
1/2
<C 3 | el A wn)loxlelse + 32 il Telnellel i
KeTy, le€k
1/2
<C Yo | RIAMTEw)§ 5+ D hicllTelld e lel10, (3.16)

KeTy, el
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where for the last estimate we have used (3.8).
To bound T3, we use the stability property (3.6) and (3.13) to write

1/2

T3 < C Z ahK(wh - wah,wh - ngh)l/zue”LK < C Z 9%- ‘6’1797 (317)
KeTn K€eTh

where for the last estimate we have used (3.8) again.
Finally, to bound T}, we add and subtract HkK wp, on each K € T, and use the k-consistency
property (3.5):

Ty = Z (ahK(wh — 1wy, er) — o (wy, — T wy,, er))

KeTy
< Z af (wy, — T wy, wy, — T w, )20l (e1, e1)"/?
KeTy
+ Z o (wy, — T wy, wy, — T w,) Y20 (61, e7)Y/?
KeTy
§ C Z a{f(wh — HkKwh,wh — Hé{wh)l/2’€]’17[{
KeTy
1/2
<C| Y O] leha (3.18)
KeTy,

where we have used the stability property (3.6), (3.13) and (3.8) for the last two inequalities.
Thus, the result follows from (3.14)—(3.18). O
Although the virtual approximate eigenfunction is wy,, this function is not known in practice.
Instead of wy, what can be used as an approximation of the eigenfunction is I1,wy,, where 11y is
defined for vy, € V}, by
(Hh’uh)‘[{ = Hé(’l)h VK € Tp.

Notice that II,wy, is actually computable. The following result shows that an estimate similar
to that of Theorem 3.3.1 holds true for II,wy,.

Corollary 3.3.1 There exists a constant C > 0 independent of h such that

A+ Ay
lw —wp|1,0 + |w— w1, < C (77 + [|w — wh||0,ro> ,

Proof. For each polygon K € 7Tj, we have that
lw — T wp|1,x < Jw—wplx + [wy, — T wp]1 k.

Then, summing over all polygons we obtain
1/2

w —Twp|in <C | Y Jw—wnli g+ D fwn =T wplf i
KeTy, KeTy
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Now, using (3.4) together with Remark 3.3.2, we have that

1 1 1
K 2 K K K 2 2
’wh - Hk wh‘LK S as (wh - Hk W, WhH — Hk U)h) = 59[{ S aT]K

Thus, the result follows from Theorem 3.3.1. O
In what follows, we prove a convenient upper bound for the eigenvalue approximation.

Corollary 3.3.2 There exists a constant C' > 0 independent of h such that

A+ A
2

2
W §C<n+ uw—whuo,m> |

Proof. From the symmetry of the bilinear forms together with the facts that a(w,v) = Ab(w,v)
for all v € HY(Q), ap,(wp,,vy) = Aub(wp,vp,) for all vy, € Vj, and b(wy,, wy,) = 1, we have

la(w — wp, w — wp) — Ab(w — wp, w — wp,) + ap(wp, wp) — alwy, wp)|
b(wp,, wp,)
< C(lw=walig+ lw—walgr, + lan(ws, wp) — a(ws,wy)])
< C (Jw = wl? o + |an(wh, wp) — a(wy,wy)]) (3.19)

A=Al =

where we have also used a trace theorem and (3.8). We now bound the last term on the right-hand
side above. Using the definition of a(-,-) and (3.4), we have

lan(wh, wy) — a(wp, wy)|

= Z [a® (T wp, T wy) + S5 (wp, — T wp, wy, — TEwy)] — Z a® (wp, wp,)
KeTh KeTn

< Z [aK(HkKwh,HkKwh) —aK(wh,wh)] + Z c1 aK(wh—HkKwh,wh—HkKwh)

Ker, KeT,
= Y (1+er)a® (wy — T wp, wy, — T wy)
KeTy,
2
<(14e1) Z (|wh — w|iK + ‘w — HkKwh|1,K> .
KeTy,

Finally, from the above estimate and (3.19) we obtain
‘)\_)\h‘ < C(\w—wh\ig—k\w—ﬂhwhlih) . (320)

Hence, from Corollary 3.3.1, we conclude the proof. O

According to (3.9) and (3.11), the term [Jw —wp||o,r, in the estimate of Theorem 3.3.1 should
be of higher order than |w —wp|; o and hence asymptotically negligible. However this cannot be
rigorously derived from (3.9) and (3.11), which are only upper error bounds. In fact, the actual
error |w — w1, could be in principle of higher order that the estimate (3.9).
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Our next goal is to prove that the term ||w — wy||or, is actually asymptotically negligible
in the estimates of Corollaries 3.3.1 and 3.3.2, with this aim, we will modify the estimate (3.11)
and prove that

lw = whlor, < CA™™I2 (jw — wy[10 + [w — Tyws|1p) (3.21)

This proof is based on the arguments used in Section 4 from [97]. To avoid repeating them step
by step, in what follows we will only report the changes that have to be made in order to prove
(3.21).

We define in H!(Q) the bilinear form a(-,-) := a(-,-) + b(-,-), which is elliptic [97, Lemma
2.1]. Let u € H'(2) be the solution of

a(u,v) = b(w,v) Vv e HY(Q).

Since a(w,v) = Ab(w,v) we have that u = w/(A + 1). We also define in V}, the bilinear form
anp(+,-) == ap(-,-) + b(-,-), which is elliptic uniformly in h [97, Lemma 3.1]. Let u;, € V), be the
solution of

ah(uh,vh) = b(w,vh) Yoy, € Vj,. (3.22)

The arguments in the proof of Lemma 4.3 from [97] can be easily modified to prove that
[ — upllo,ry < CR™™M2 (lu —wp |10 + [u — Myup|ip) -
Now, using this estimate in the proof of [97, Theorem 4.4] yields
|w — wplory < CAR2 (ly — w10 + [u — Thup)s) - (3.23)

Now, since as stated above u = w/(A + 1), we have that

= unlio < ‘w’;:—l)hl"lﬂ n ‘)\—1%1 —~ Ah1+ 1‘ w10+ 'Ahwj; T (3.24)
For the second term on the right hand side above, we use (3.20) to write
| e < e et - Tk, (325
To estimate the third term we recall first that
ap(wp,vp) = (Ap + D)b(wp,vn)  Vop, € V.
Then, subtracting this equation from (3.22) we have that
ap <uh — )\:}i 1,vh> = b(w — wp, vp) Yoy, € V).
Hence, from the uniform ellipticity of a,(-,-) in V}, we obtain
‘uh— n | < Cllw = who.r |[un — —— < Cllw = whllo.r |[un — —2—| .
A1l g~ e A+ 1lop, ~ e A+ 1l g
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Therefore

Wh,
Ap+1

< Cllw —wpllory < Cllw — w10 < Clw — w10, (3.26)

Up — =~
1,9

the last inequality because of Poincaré inequality (3.8). Then, substituting (3.25) and (3.26) into
(3.24) we obtain

]u—uhh@ S C(\w—whh@+\w—thh]1,h). (327)

For the other term on the right hand side of (3.23) we have

lu — Mpuplip < Ju—uplio + lun — Mpuplip, (3.28)
whereas
wp, lwp, — Ipwp |1 4 wp,
up — Mpu < |up, — t+——F— t || +—— —u
’ h h h‘l’h_ h A+ 1 1.0 A+ 1 ‘ h()\h—i-l h> 1h
< 9w, - —n lw—wpli0  |lw—wp|n
)\h—l-lLQ A+ 1 Ap+1

< C(Jw—wpli,0+ |w—Tpwpli4),

where we have used (3.26) for the last inequality. Substituting this and estimate (3.27) into
(3.28) we obtain
lu = Tpunip < C(jw —wplig + [w = Mywn|in) -

Finally, substituting the above estimate and (3.27) into (3.23), we conclude the proof of the
following result.

Lemma 3.3.4 There exists C' > 0 independent of h such that
lw = wllo.r, < CR™™MI2 (jw —wpl10 + [w = Thws|1s) -

Using this result, now it easy to prove that the term ||w — wp|or, in Corollaries 3.3.1 and 3.3.2
is asymptotically negligible. In fact, we have the following result.

Theorem 3.3.2 There exist positive constants C' and hg such that, for all h < hg, there holds

lw — wp 1,0+ |w — Dywy |1 < Chn; (3.29)
A=Al < O, (3.30)

Proof. From Lemma 3.3.4 and Corollary 3.3.1 we have
]w — whh,g + ]w — thh‘l,h <C (7] + hmm{r’l}/2 (]w — whh,g + ]w — thh‘l,h)) .

Hence, it is straightforward to check that there exists hy > 0 such that for all h < hg (3.29)
holds true.
On the other hand, from Lemma 3.3.4 and (3.29) we have that for all h < hg

lw — wplo,r, < CROLY/2,

Then, for h small enough, (3.30) follows from Corollary 3.3.1 and the above estimate. O
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3.3.2. Efficiency of the a posteriori error estimator

We will show in this section that the local error indicators nx are efficient in the sense of
pointing out which polygons should be effectively refined.
First, we prove an upper estimate of the volumetric residual term Ry .

Lemma 3.3.5 There exists a constant C > 0 independent of hx such that
R <C(lw—wpyl1,x +0K).

Proof. For any K € T, let ¥ be the corresponding interior bubble function. We define
v = Q/JKA(H,[Q{wh). Since v vanishes on the boundary of K, it may be extended by zero to the
whole domain (2. This extension, again denoted by v, belongs to H'(2) and from Lemma 3.3.3
we have

a"(e,v) = —a™ (wp, — T wp, i AT wy)) +/ A(TIE wp ) AT wy ).
K
Since A(IIKwy,) € Py_o(K), using Lemma 3.3.1 and the above equality we obtain

A wn < [ AT wy)?
= a" (e, vk A wp)) + a® (wy — TIF wp, P A(TTE wy,))
< C (lelyc + lwn — T wnl, ) [or AT w)],
< Ohit (el + 0 ) AT )] 5 (3.31)

where, for the last inequality, we have used again Lemma 3.3.1 and (3.4) together with Re-
mark 3.3.2. Multiplying the above inequality by hx allows us to conclude the proof. O
Next goal is to obtain an upper estimate for the local term 6.

Lemma 3.3.6 There exists C' > 0 independent of hx such that
0 <C (]w — w1,k + |w — wah]u{) )
Proof. From the definition of §x together with Remark 3.3.2 and estimate (3.4) we have
Ok < Clwy, — w1,k < C (Jwp, — w1k + [w — TIF wy|1 k) -

The proof is complete. O
The following lemma provides an upper estimate for the jump terms of the local error indi-
cator.

Lemma 3.3.7 There exists a constant C > 0 independent of hx such that

il 1Tt < C (Jw — wilyx + 0x) Ve Ex N Er,, (3.32)

R el < Cw — wpluk + 0 + Byl Ihw — Mywnllo) Ve € Ex N Ery, (3.33)

h}</2 | Jello,e < C Z (lw — wpl1, ke + Ok7) Ve e Ex N &, (3.34)
K'ewy

where wy :={K' € Tp : L € Exr1}.
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Proof. First, for ¢ € Ex N&r,, we extend Jy € Pr,_1(¢) to the element K as in Remark 3.3.1. Let
1y be the corresponding edge bubble function. We define v := Jypyy. Then, v may be extended
by zero to the whole domain 2. This extension, again denoted by v, belongs to H*(£2) and from
Lemma 3.3.3 we have that

K(e,v) = —aK(wh - HkKwh, Jg?,!)g) + /K A (HkKwh) Jobe + /ZJ?QM.

a
Since in this case J; € Px_1(¢), from Lemma 3.3.2 and the above equality we obtain

1 Tellf ¢ < /ZJEW <C ((\eh,K + fwn — I wnl1 k) [edely g + || AMTE ws) || HJZWHO,K)

—1 2
<C <(|€|1,K + |wy, — Mg wp|1,x) hye

< Ch " [ Jellge (elnx + 0x)

1/2
el + it (O + lelic) il el )

where we have used again Lemma 3.3.2 together with estimate (3.31) from the proof of Lemma
3.3.5. Multiplying by h}(ﬂ the above inequality allows us to conclude (3.32).

Secondly, for £ € EgNEr,, proceeding analogously to the previous case, we extended v := Jy)y
to H'(€2). Taking into account that in this case J; € Py(£) and 1, is a quadratic bubble function
in K, from Lemma 3.3.3 we obtain

a® (e,v) = )‘/ZZUJﬂW - Ah/gthJeW —a® (wy, — T wp, Jewe) +/ A (I wy) Joe + /éJeZW-
K

Then, repeating the previous arguments we obtain

/ZJ?W §C<

Hence, using Lemma 3.3.2 and a local trace inequality we arrive at
-1/2
el < C (HAw — nwnllo g e dello + R’ (Ox + lelnxc) HJzHo,Z>

< Chz_cl/2||=]e||0,e <9K + lel1,x + h}(/2||)\w - )\hthHO’g) ,

Ah/zwhz]ew - A/éwJﬂ/}e +

B el (B¢ + |e|1,K>) .

where we have used Lemma 3.3.2 again. Multiplying by h}{p the above inequality yields (3.33).

Finally, for £ € Ex N &g, let wy := {K' € T, : £ € Exr}. We extend v := Jpby to H ()
again. Taking into account that J, € Pr_1(¢) and 1y is a quadratic bubble function in K, from
Lemma 3.3.3 we obtain

a(e,v) =— Y o™ (wy — I wy, Joe) + Y / wh Jobe+ > /ng
K'ewy K'ewy K'ewy

Then, proceeding analogously to the above case we obtain

—1/2
1630 < Chi 1 lloe | D7 (leluser + 0xcr)
K'cewy

Thus, the proof is complete. O
Now, we are in a position to prove an upper bound for the local error indicators 7.
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Theorem 3.3.3 There exists C' > 0 such that

!
Me <C{ D0 o =T wil} g+ lw—wilf g+ Y hrldw = Nwnli§e | |
K'ewg ZE(‘:KQSFO

where wi = {K' € T, : K’ and K share an edge }.

Proof. It follows immediately from Lemmas 3.3.5-3.3.7. O
According to the above theorem, the error indicators 77% provide lower bounds of the error

terms Z (\w - HkK/wh\iK/ + |w — wh\iK,) in the neighborhood wg of K. For those elements
K'ewgk

K with an edge on I'y, the term hy ||[Aw — )\hwhﬂag also appears in the estimate. Let us remark

that it is reasonable to expect that this terms be negligible. In fact, this is the case at least for

the global estimator 7% =Y KeT, 77% as is shown in the following result.

Corollary 3.3.3 There exists a constant C > 0 such that
n? < C(Jw—whlf g+ |lw—pwali ) -
Proof. From Theorem 3.3.3 we have that
i’ < C(lw—wplf g+ [w = ywy[3 ), + BlAw = Apw|[§ r, ) -
The last term on the right hand side above is bounded as follows:

Ihw = M]3y < 202w — wi 3, + 213 — An

where we have used that ||wy||o,r, = 1. Now, by using a trace inequality and Poincaré inequality
(3.8) we have
lw = whllore < Clw —whl1,0.

On the other hand, using the estimate (3.20), we have
A= Xal? < (AL + MDA = M| < O (Jw = wi g + [w = Thwp3 ) -

Therefore,
n* < C (lw—wnlf g+ [w— w3 ;)

and we conclude the proof. O

3.4. Numerical results

In this section, we will investigate the behavior of the error estimator in two numerical tests
that differ in the shape of the computational domain €2 and, hence, in the regularity of the exact
solution. With this aim, we have implemented in a MATLAB code a lowest-order VEM (k = 1)
on arbitrary polygonal meshes following the ideas proposed in [22].
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To complete the choice of the VEM, we have to choose the bilinear forms S (-,-) satisfying
(3.4). In this respect, we have proceeded as in [18, Section 4.6]: for each polygon K with vertices

Py, ..., PNy, we have used
Nk
S (u,v) == Z’U,(PT)U(PT), u,v € V.
r=1

In all our tests we have initiated the adaptive process with a coarse triangular mesh. In order
to compare the performance of VEM with that of a the finite element method (FEM), we have
used two different algorithms to refine the meshes. The first one is based on a classical FEM
strategy for which all the subsequent meshes consist of triangles. In such a case, for k =1, VEM
reduces to FEM. The other procedure to refine the meshes is described in [34]. It consists of
splitting each element into n quadrilaterals (n being the number of edges of the polygon) by
connecting the barycenter of the element with the midpoint of each edge as shown in Figure 3.1
(see [34] for more details). Notice that although this process is initiated with a mesh of triangles,
the successively created meshes will contain other kind of convex polygons as can be seen in
Figure 3.3.

(a) Triangle K refined in- (b) Pentagon K refined
to 3 quadrilaterals. into 5 quadrilaterals.

Figura 3.1: Example of refined elements for VEM strategy.

Since we have chosen k = 1, according to the definition of the local virtual element space
ViE (cf. (3.2)), the term R2 := h%HAwhHg’ i vanishes. Thus, the error indicators reduce in this
case to

M =05+ > hllJlg, VK €Th.
el

Let us remark that in the case of triangular meshes, the term 0%( = a,lf (wp, —HkKwh, wy, —HkKwh)
vanishes too, since Vi = P;(K) and hence Hff is the identity. By the same reason, the projection
1K also disappears in the definition (3.12) of J,. Therefore, for triangular meshes, not only VEM
reduces to FEM, but also the error indicator becomes the classical well-known edge-residual error
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estimator (see [10]):

1 [[ Owy,
= || 2%n ¢
2 [[ on ﬂz €&,
. P
= > hucll il with Jo=13 N — S pe gy,
e€ on
K
8wh

“on teén.

In what follows, we report the results of a couple of tests. In both cases, we will restrict our
attention to the approximation of the eigenvalues. Let us recall that according to Corollary 3.3.2,
the global error estimator 1> provides an upper bound of the error of the computed eigenvalue.
In what follows, we will only report this error.

3.4.1. Test 1: Sloshing in a square domain.

The aim of this test is to assess the performance of adaptive schemes driven by the proposed
error indicators. These schemes are based on the strategy of refining those elements K which
satisfy

> 0,5 max /(.
NK > K,ET}L{UK }

We have chosen for this test a problem with known analytical solution. It corresponds to the
computation of the sloshing modes of a two-dimensional fluid contained in the domain €2 :=
(0,1)? with a horizontal free surface 'y as shown in Figure 3.2. The solutions of this problem

o An = nmtanh(nr), wy(z,y) = cos(nmz) sinh(nmy), n € N.
L'y
Q
I'y
/
Figura 3.2: Test 1. Sloshing in a square domain.
Since the eigenfunctions are smooth, according to (3.9) we have that |\ — \,| = O(h?).

Therefore, in case of uniformly refined meshes, [\ — Ay| = O (N™!), where N denotes the
number of degrees of freedom which is the optimal convergence rate that can be attained.

Figures 3.3 and 3.4 show the adaptatively refined meshes obtained with VEM and FEM
procedures, respectively.
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(a) Initial mesh. (b) Mesh after 1 adaptive (c) Mesh after 3 adaptive (d) Mesh after 6 adaptive
refinement. refinements. refinements.

Figura 3.3: Test 1. Adaptively refined meshes for VEM scheme.

(a) Initial mesh. (b) Mesh after 1 adaptive (c) Mesh after 3 adaptive (d) Mesh after 6 adaptive
refinement. refinements. refinements.

Figura 3.4: Test 1. Adaptively refined meshes for FEM scheme.
Figure 3.5 shows the error curves for the computed lowest eigenvalue on uniformly refined

meshes and adaptively refined meshes with FEM and VEM schemes. The plot also includes a
line of slope —1, which correspond to the optimal convergence rate of the method O (N _1).
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Figura 3.5: Test 1. Error curves of |A\; — Ap1| for uniformly refined meshes (“Uniform FEM”),
adaptively refined meshes with FEM (“Adaptive FEM”) and adaptively refined meshes with
VEM (“Adaptive VEM”).

10° T T T

—*— Adaptive VEM

—A— Adaptive FEM
—6— Uniform FEM
— — slope-1

10°F

Error
=
o

T

10°F

10 10 10 10 10

It can be seen from Figure 3.5 that the three refinement schemes lead to the correct conver-
gence rate. Moreover, the performance of adaptive VEM is slightly better than that of adaptive
FEM, while this is also better than uniform FEM.

We report in Table 3.1, the errors |[A\; — Ay1| and the estimators n? at each step of the
adaptive VEM scheme. We include in the table the terms 6% := Y KeT, 62. which arise from the

inconsistency of VEM and J? := 5 KeT, (Zée e P ||Jz||(2)7g> which arise from the edge residuals.
We also include the effectivity indexes |[A; — Ap1|/n%.
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Cuadro 3.1: Test 1. Components of the errors estimator and effectivity indexes on the adaptively
refined meshes with VEM.
A1 — Anal

N Al A1 — Anil 6* J? 772 n?

38 3.2499 0.1200 0 0.8245 | 0.8245 0.1456
167 | 3.1644 0.0345 0.0111 | 0.2469 | 0.2580 0.1339
313 | 3.1450 0.0151 0.0117 | 0.1108 | 0.1225 0.1234
745 | 3.1355 0.0056 0.0054 | 0.0427 | 0.0481 0.1171
1540 | 3.1327 0.0028 0.0033 | 0.0216 | 0.0249 0.1113
3392 | 3.1311 0.0013 0.0015 | 0.0102 | 0.0117 0.1069
5806 | 3.1307 0.0008 0.0009 | 0.0064 | 0.0073 0.1069
11973 | 3.1303 0.0004 0.0005 | 0.0032 | 0.0037 0.1075

It can be seen from Table 3.1 that the effectivity indexes are bounded above and below far
from zero and that the inconsistency and edge residual terms are roughly speaking of the same
order, none of them being asymptotically negligible.

3.4.2. Test 2:

The aim of this test is to assess the performance of the adaptive scheme when solving a
problem with a singular solution. In this test ) consists of a unit square from which it is
subtracted an equilateral triangle as shown in Figure 3.6. In this case €2 has a reentrant angle
w = %’T Therefore, the Sobolev exponent is rq := I = 3/5, so that the eigenfunctions will
belong to H'*"(Q) for all » < 3/5, but in general not to H'*3/5(Q). Therefore, according to
(3.9), using quasi-uniform meshes, the convergence rate for the eigenvalues should be |A — A\p| ~
@) (hﬁ/ 5) ~ 0 (N =3/ 5). An efficient adaptive scheme should lead to refine the meshes in such a

way that the optimal order |A — Ap| = O (N~!) could be recovered.
L'y
Q

Figura 3.6: Test 2. Domain 2.
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Figures 3.7 and 3.8 shows the adaptively refined meshes for the VEM and FEM adaptive
schemes, respectively.

(a) Initial mesh. (b) Mesh after 1 adaptive (c) Mesh after 4 adaptive (d) Mesh after 6 adaptive
refinement. refinements. refinements.

Figura 3.7: Test 2. Adaptively refined meshes for VEM scheme.

(a) Initial mesh. (b) Mesh after 1 adaptive (c) Mesh after 4 adaptive (d) Mesh after 6 adaptive
refinement. refinements. refinements.

Figura 3.8: Test 2. Adaptively refined meshes for FEM scheme.

In order to compute the errors |A\; — Ap1|, due to the lack of an exact eigenvalue, we have
used an extrapolated approximation based on a least squares fitting of the computed values
obtained with extremely refined meshes. Thus, we have obtained the value Ay = 1,9288, which
has at least four correct significant digits.

We report in Tables 3.2-3.4 the lowest eigenvalue Aj,; computed with each of the three
schemes. Each table includes the estimated convergence rate.
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Cuadro 3.2: Test 2.

Computed eigenvalue
Ap1 on uniform meshes.
N An1
38 2.3083
123 2.0686
437 1.9828
1641 1.9505
6353 1.9377
14137 1.9341
24993 1.9325
38291 1.9316
55921 1.9310
75993 1.9306
99137 1.9303
125353 1.9301
154641 1.9299
187001 1.9298
222433 1.9297
Order | O (N_0’68)
A 1.9288

Cuadro 3.3: Test 2.

Computed

eigenvalue

Ap1 on the adaptive

refined meshes with

Cuadro 3.4: Test 2.

Computed

eigenvalue

Ap1 on the adaptive
refined meshes with

VEM. FEM.
N An1 N An1
38 2.3083 38 2.3083
58 2.0721 60 2.1067
106 1.9960 85 2.0362
229 1.9592 148 1.9810
350 1.9467 185 1.9678
666 1.9384 280 1.9530
909 1.9354 458 1.9427
1340 1.9329 646 1.9382
2141 1.9315 895 1.9356
3438 1.9306 1593 1.9325
5172 1.9300 2122 1.9315
8014 1.9296 3178 1.9306
12365 1.9293 5341 1.9298
19153 1.9291 7522 1.9295
29403 1.9290 11124 1.9292
Order | O (N_l’lo) Order | O (N_1’16)
A 1.9288 A 1.9288

It can be seen from Table 3.2, that the uniform refinement leads to a convergence rate close
to that predicted by the theory O (N =3/ 5). Instead, Tables 3.3 and 3.4 show that the adaptive
VEM and FEM scheme allows to recover the optimal order of convergence O (N _1). This can
be clearly seen from Figure 3.9, where the three error curves are reported. The plot also includes
lines of slopes —1 and —3/5, which correspond to the convergence rates of each scheme.
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Figura 3.9: Test 2. Error curves of |A\; — Ap1| for uniformly refined meshes (“Uniform FEM”),
adaptively refined meshes with FEM (“Adaptive FEM”) and adaptively refined meshes with
VEM (“Adaptive VEM”).

T
—©6— Adaptive VEM
—— Uniform FEM
—4— Adaptive FEM

Finally, we report in Table 3.5 the same information as in Table 3.1 for this test. Similar

error

— % -slope -1
— + -slope -3/5

conclusions as in the previous test follow from this table.

Cuadro 3.5: Test 2. Components of the error estimator and effectivity indexes on the adaptively

refined meshes with VEM.

10

N | M | M=l | 62 J? ’ Ml%’”‘
38 | 2.3083 | 0.3795 0 |[23181 23181 | 0.1637
58 | 2.0721 | 0.1433 | 0.0379 | 0.8231 | 0.8609 | 0.1664
106 | 1.9960 | 0.0672 | 0.0368 | 0.4188 | 0.4556 | 0.1475
229 | 1.9592 0.0304 0.0216 | 0.1942 | 0.2158 0.1408
350 | 1.9467 | 0.0179 | 0.0164 | 0.1359 | 0.1522 | 0.1173
666 | 1.9384 | 0.0096 | 0.0094 | 0.0749 | 0.0844 | 0.1143
909 | 1.9354 | 0.0066 | 0.0068 | 0.0556 | 0.0624 | 0.1052
1340 | 1.9329 | 0.0041 | 0.0047 | 0.0408 | 0.0454 | 0.0907
2141 | 1.9315 | 0.0027 | 0.0032 | 0.0275 | 0.0308 | 0.0891
3438 | 1.9306 | 0.0018 | 0.0022 | 0.0178 | 0.0199 | 0.0904
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Conclusions

We have derived an a posteriori error indicator for the VEM solution of the Steklov eigenvalue
problem. We have proved that it is efficient and reliable. For lowest order elements on triangular
meshes, VEM coincides with FEM and the a posteriori error indicators also coincide with the
classical ones. However VEM allows using general polygonal meshes including hanging nodes,
which is particularly interesting when designing an adaptive scheme. We have implemented such
a scheme driven by the proposed error indicators. We have assessed its performance by means
of a couple of tests which allow us to confirm that the adaptive scheme yields optimal order of
convergence for regular as well as singular solutions.



Capitulo 4

A virtual element method for the
acoustic vibration problem

4.1. Introduction

The Virtual Element Method (VEM) introduced in [18] is a recent generalization of the
Finite Element Method which is characterized by the capability of dealing with very general
polygonal /polyhedral meshes and the possibility to easily implement highly regular discrete
spaces. Indeed, by avoiding the explicit construction of the local basis functions, the VEM can
easily handle general polygons/polyhedrons without complex integrations on the element (see
[22] for details on the coding aspects of the method). The interest in numerical methods that
can make use of general polytopal meshes has recently undergone a significant growth in the
mathematical and engineering literature; among the large number of papers on this subject, we
cite as a minimal sample [8, 29, 60, 76, 77, 109, 112]. Regarding the VEM literature, we limit
ourselves to the following few articles [3, 6, 14, 18, 22, 23, 30, 38, 54, 57, 84, 97, 101].

The numerical approximation of eigenvalue problems for partial differential equations derived
from engineering applications, is object of great interest from both, the practical and theore-
tical points of view. We refer to [48, 49] and the references therein for the state of the art in
this subject area. In particular, this paper focus on the so called acoustic vibration problem:;
namely, to compute the vibration modes and the natural frequencies of an inviscid compressible
fluid within a rigid cavity [121]. One motivation for considering this problem is that it consti-
tutes a stepping stone towards the more challenging goal of devising virtual element spectral
approximations for coupled systems involving fluid-structure interaction, which arises in many
engineering problems. The simplest formulation of this problem is obtained by using pressure
variations which leads to an eigenvalue problem for the Laplace operator [121]. However, for
coupled problems, it is convenient to use a dual formulation in terms of fluid displacements
(see [91]). A standard finite element approximation of this problem leads to spurious modes
(see [89]). Such a spectral pollution can be avoided by using H(div)-conforming elements, like
Raviart-Thomas finite elements [40, 43, 44, 49, 105]. See [42] for a thorough discussion on this
topic.

67
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The aim of this paper is to introduce and analyze an H(div) VEM which applies to general
polygonal (even non-convex) meshes for the two-dimensional acoustic vibration problem. We
begin with a variational formulation of the spectral problem relying only on the fluid displace-
ment. Then, we propose a discretization based on the mixed VEM introduced in [23] for general
second order elliptic problems. The well-known abstract spectral approximation theory (see [15])
cannot be used to deal with the analysis of our problem. Indeed, the kernel of the bilinear form
on the left-hand side of the variational formulation has in our case an infinite-dimensional ker-
nel. Although the standard shift strategy allows a solution operator to be defined, this is not
compact and its nontrivial essential spectrum may in such cases lead to spectral pollution at the
discrete level. However, by appropriately adapting the abstract spectral approximation theory
for non-compact operators developed in [74, 75|, under rather mild assumptions on the poly-
gonal meshes, we establish that the resulting scheme provides a correct approximation of the
spectrum and prove error estimates for the eigenfunctions and a double order for the eigenvalues.
As a by-product, we derive optimal approximation estimates for H(div) virtual elements with
vanishing rotor, a result that could be useful also for other applications. These results and their
corresponding proofs are collected in an appendix.

The outline of this article is as follows: We introduce in Section 4.2 the variational formu-
lation of the acoustic vibration problem, define a solution operator and establish its spectral
characterization. In Section 4.3, we introduce the virtual element discrete formulation, describe
the spectrum of a discrete solution operator and establish some auxiliary results. In Section 4.4,
we prove that the numerical scheme provides a correct spectral approximation and establish
optimal order error estimates for the eigenvalues and eigenfunctions. In Section 4.5, we report
a couple of numerical tests that allow us to assess the convergence properties of the method, to
confirm that it is not polluted with spurious modes and to check that the experimental rates of
convergence agree with the theoretical ones. Finally, we introduce in an appendix the proofs of
the approximation results for the introduced virtual element interpolant.

Throughout the paper, € is a generic Lipschitz bounded domain of R2. For s > 0, ||-|| o0
stands indistinctly for the norm of the Hilbertian Sobolev spaces H*(€2) or [H*(£2)]? with the con-
vention H%(Q) := L?(Q). We also define the Hilbert space H(div; ) := {v € [L*(Q)]?: divw €
L?(Q)}, whose norm is given by ||'v\|§ﬁv7Q = HngQ + HdivaaQ. Finally, we employ O to de-
note a generic null vector and C' to denote generic constants independent of the discretization
parameters, which may take different values at different places.

4.2. The spectral problem

We consider the free vibration problem for an acoustic fluid within a bounded rigid cavity
Q C R? with polygonal boundary I" and outward unit normal vector n:

—w?ow = —Vp in €,
p = —oc?divw in Q,

w-n=>0 on I,
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where w is the fluid displacement, p is the pressure fluctuation, ¢ the density, ¢ the acoustic
speed and w the vibration frequency. Multiplying the first equation above by a test function

veV:={veH(div;Q): v-n=0onT},

integrating by parts, using the boundary condition and eliminating p, we arrive at the following

weak formulation in which, for simplicity, we have taken the physical parameters ¢ and ¢ equal

to one and denote \ = w?:

Problem 4.2.1 Find (A\,w) € R xV, w # 0, such that
/divwdivv:)\/w"v Vv e V.
Q Q

Since the bilinear form on the left-hand side is not H(div; 2)-elliptic, it is convenient to use
a shift argument to rewrite this eigenvalue problem in the following equivalent form:

Problem 4.2.2 Find (A\,w) € R xV, w # 0, such that
a(w,v) = (A+1)b(w, ) Yo eV,

where the bilinear forms are defined for any w,v € V by

a(w,v) ::/divwdivv+/w-v,
Q Q

b(w,v) ::/Q'w-'v.

We define the solution operator associated with Problem 4.2.2:

T: V—YV,
f— Tf =u,

where u € V is the solution of the corresponding source problem:
a(u,v) =b(f,v) Vv e V.

Since the bilinear form a(-,-) is H(div; Q)-elliptic, the problem above is well posed. As an im-
mediate consequence, we deduce that the linear operator T is well defined and bounded. Notice
that (\,w) € R x V solves Problem 4.2.1 if and only if (1/(1+ \),w) is an eigenpair of T, i.e,
if and only if

Tw = pw, with p:= ——.

Moreover, it is easy to check that T is self-adjoint with respect to the inner products a(-,-) and
b(-,-) in V.

In what follows, we recall some results that can be found in [40] in the more general context
of fluid-solid vibration problems. The proofs in [40] can be readily adapted to this case to obtain
the following results. Let the space

K:={veV: divv=0in Q}.
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Lemma 4.2.1 The operator T admits the eigenvalue = 1 with associated eigenspace IC.

The following result provides a simple characterization of the orthogonal complement of IC

in V.
Lemma 4.2.2 Let G := {Vq: q€ H'(Q)}. Then,
V=Ka&((@GnV),

is an orthogonal decomposition in both [L*(Q)]? and H(div; ).
Moreover, there exists s € (1/2,1] such that, for allv € V, if v = ¢ + Vq with ¢ € K and
Vq €GNV, then Vq € [H*(Q))? and HVqHS’Q <C Hdivv”oﬂ.

From now on, we fix s € (1/2, 1] such that the above lemma holds true.
The following result shows that the subspace G NV is invariant for T.

Lemma 4.2.3 There holds
TGNVY)C(GNV).

Smoothing properties of T as an operator from G NV into itself are established in what
follows.

Theorem 4.2.1 There holds
T(GNV) C {ve [HQ): dive e H'(Q)}
and there exists C' > 0 such that, for oll f € GNYV, if u=TFf, then
[ulls o + [[divel; o < C[fllgva-
Consequently, the operator Tlgny : GNV — GNV is compact.
Finally, the following result provides a spectral characterization of T.

Theorem 4.2.2 The spectrum of T decomposes as sp(T) = {0,1} U {px} e, where:
i) w =1 1is an infinite-multiplicity eigenvalue of T and its associated eigenspace is IC;

i) {pktreny C (0,1) is a sequence of finite-multiplicity eigenvalues of T which converge to 0
and if w is an eigenfunction of T associated with such an eigenvalue, then there exists
§>1/2 and C > 0, both depending on the eigenvalue, such that

[wlls o+ [divwl]li ;0 < Cllwllgy o

i11) =20 is not an eigenvalue of T.
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4.3. The virtual elements discretization

We begin this section, by recalling the mesh construction and the assumptions considered to
introduce a discrete virtual element space. Then, we will introduce a virtual element discretiza-
tion of Problem 4.2.1 and provide a spectral characterization of the resulting discrete eigenvalue
problem. Let {7} be a family of decompositions of € into polygons E. Let hp denote the
diameter of the element F and h := mxgecq hg.

For the analysis, we make the following assumptions on the meshes as in [23, 54]: there exists
a positive real number C'y such that, for every E € T;, and for every 7y,

= A;: the ratio between the shortest edge and the diameter of E is larger than C7r;

s A, F is star-shaped with respect to every point of a ball of radius C7hg.

For any subset S C R? and any non-negative integer k, we indicate by Px(S) the space of
polynomials of degree up to k defined on S. To keep the notation simpler, we denote by n a
generic normal unit vector; in each case, its precise definition will be clear from the context.
We consider now a polygon E and, for any fixed non-negative integer k, we define the following
finite dimensional space (inspired in [54, 23]):

VE .= {'uh € H(div; E) : (vp,-n) € Pr(e) Ve C OF, divyy, € Pi(E), rotvy, =0 in E}

Remark 4.3.1 It is elementary to check that a vector field vy, € VE satisfying vy,-m =0 on OF
and div vy, = 0 in F is identically zero. In fact, since a star-shaped polygon E is simply connected
and rotvy, = 0 in E, there exists v € H'(E) such that v, = Vv. Then, Ay = divv, = 0 in
E and 0y/0n = v, -n =0 on OE. Hence, vy, = Vv = 0 in E. This implies that VE s finite
dimensional, the dimension being less or equal to Ng (k+ 1)+ (k+1)(k+2)/2—1, where Ng
is the number of edges of E.

We define the following degrees of freedom for functions vy in Vf :
/(vh-n)qu Vg € Pr(e), V edgee C OE; (4.1)
/E vn Vq Vg€ Py(E)/Po(E). (4.2)

Proposition 4.3.1 The degrees of freedom (4.1)~(4.2) are unisolvent in V.

Proof. It is easy to check that the number of degrees of freedom (4.1)—(4.2) equals the dimension
of VE . Thus, we only need to show that if vy in VE is such that

/(vh-n)qu:o Vg € Pr(e), Vedgee COF,

e

[Evh Vg=0  VqePu(E)/Py(E),
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then vy, = 0. Since div vy, € Pi(F), by taking ¢ := div v}, above, we have

/(divvh)2:/divvhq:—/vh-Vq+/ (vp,-m)qds =0.
E E E OF

Then, div v, = 0. Similarly, for each edge e C OF, since vy - n € Pg(e), by taking g := vj, - n we

/e(vh-n)2 ds = 0.

Hence, vy, - n =0 on OF. Therefore, according to Remark 4.3.1, v, =0 in E. 00

obtain

Remark 4.3.2 For the degrees of freedom (4.2), we could integrate by parts and substitute them
with
/ div vy q Vq € ]P’k(E)/]P’()(E)
E

Needless to say, certain degrees of freedom will be more convenient when writing the code and
the others might be more convenient when writing a proof.

For each decomposition Tj, of € into polygons E, we define
V= {thV: vh\EGVE}.

In agreement with the local choice, we choose the following global degrees of freedom:
/(’Uh ‘m)qds Vq € Pi(e), for each internal edge e ¢ I';

/ vy, - Vg Vg € Pp(E)/Po(FE), for each element E € Ty.
E

Remark 4.3.3 The number of internal degrees of freedom of the Virtual Element Method here
considered (VEMy) is in general less than that of standard finite elements of the same order
such as Raviart-Thomas (RTy,) or Brezzi-Douglas-Marini (BDMjy,) elements, while the number
of degrees of freedom per edge is the same. A count of the internal degrees of freedom gives

RTy,: k(k+1), BDMy: (k+1)(k—1), VEM: (k+1)(k+2)/2—1.

The proposed family may therefore be preferable to more standard finite elements even in the
case of triangular meshes, especially for moderate-to-high values of k.

In order to construct the discrete scheme, we need some preliminary definitions. First, we
split the bilinear form a(-,-) introduced in the previous section as follows:

a(up,vp) = Z </ div uy, div vy, +/ up, - vh> , up, vy € Vi,
per, \JE E

The local matrices associated with the first term on the right hand side above are easily compu-
table since divuy, and div vy, are polynomials in each element. We explicitly point out that, as
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can be seem from (4.1)—(4.2), the divergence of any vector v, € V}, can be easily computed from
knowledge of the degrees of freedom of vj. Instead, for the local matrices associated with the
second term on the right hand side above, we must take into account that, due to the implicit
space definition, it is not possible to compute exactly the integrals. Because of this, we will use
an approximation of them. The final output will be a local matrix on each element E whose
associated bilinear form is exact whenever one of the two entries is a gradient of a polynomial
of degree k + 1. This will allow us to retain the optimal approximation properties of the space
V). With this aim, we define first for each element E the space

~F
V), = V(Pr1(E)) C VE.

Then, we define the [L?(E)]?-orthogonal projector IIZ : [L?(E)]? — \A)f by
/Hffv-ﬁh:/v-ﬁh Vi, € V) . (4.3)
E E

We point out that Hf vy, is explicitly computable for every vy € VE using only its degrees of
freedom (4.1)—(4.2). In fact, it is easy to check that for all v, € V¥ and for all ¢ € Py (E),

/HEvh-Vq:/vh-Vq:—/divvhq+/ (v, -m)qds.
E E E OF

Remark 4.3.4 In particular, for k=0, for all v, € VE and for all ¢ € P1(E), we have that
/Hf'uh.Vq:—<E Z/’uh nds)(/ > Z/'vh n)qds.
E el eCOE eCOE

On the other hand, let S¥(-,-) be any symmetric positive definite (and computable) bilinear
form to be chosen as to satisfy

Co / Up * Up < SE(’Uh,’Uh) < C1 / Vp * Uy, V’Uh S VE, (4.4)
E E

for some positive constants ¢y and ¢; depending only on the constant C'y from mesh assumptions
A4 and As. Then, we define on each element E the bilinear form

b uh, ’Uh / Hh uy, HE’U}L + SE(uh — Hfuh, vy — HE’U}L), Up, Vp € VE, (4.5)
and, in a natural way,

b uh,vh Z bh uh,vh up, vy € Vh.
EcTy,

The following two properties of the bilinear form bf (+,+) are easily derived by repeating in our
case the arguments from [54, Proposition 4.1].

= Consistency:

-~ - . oFE
bE (@, vp,) = / Uy - vy, Va, €V, Yo, €VE, VYEE€T,. (4.6)
E
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» Stability: There exist two positive constants a, and o, independent of F, such that:
a*/ vy, v < bf(vh,vh) < a*/ vy, -V, Yoy, € VE, VE € Tp,. (4.7)
E E

Now, we are in a position to write the virtual element discretization of Problem 4.2.1.

Problem 4.3.1 Find (Ap,wp) € R x Vp,, wy, # 0, such that
/ divwy, divv, = )\hbh(wh,vh) Y € Vp.
Q

We use again a shift argument to rewrite this discrete eigenvalue problem in the following
convenient equivalent form.

Problem 4.3.2 Find (A, wy) € R x Vy,, wy, # 0, such that
ah('wh,vh) = ()\h + 1) bh(wh, ’Uh) Yvp, € Vy,

where
ap(wp,vp) = / div wy, div vy, + by (wp,, vp,) Ywy,, vy, € V),
Q

We observe that by virtue of (4.7), the bilinear form ay(-,-) is bounded. Moreover, as is
shown in the following lemma, it is also uniformly elliptic.

Lemma 4.3.1 There exists a constant 8 > 0, independent of h, such that
an(vn,vn) > BlonllGg  Yon € Vi

Proof. Thanks to (4.7), the above inequality holds with 8 := min {a, 1}.
d
The next step is to introduce the discrete version of the operator T:

Ty, : Vh —)Vh,

Ior— Trfp = un,
where uj, € V}, is the solution of the corresponding discrete source problem:

ah(uh,'vh) = bh(fh,'vh) V’Uh c Vh.

We deduce from Lemma 4.3.1, (4.7) and the Lax-Milgram Theorem, that the linear operator T},
is well defined and bounded uniformly with respect to h.

Once more, as in the continuous case, (Ap, wy) solves Problem 4.3.1 if and only if (1/(1 +
An),wp) is an eigenpair of T}, i.e, if and only if

1
M+ 17

Trwp = ppwp,  with py =
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Moreover, it is easy to check that T}, is self-adjoint with respect to ay(+,-) and by (-, -). To describe
the spectrum of this operator, we proceed as in the continuous case and decompose V), into a
convenient direct sum. To this end, we define

Kn=VinK={v, €Vy: divvy =0 in Q}

and notice that, here again, T, : ICp, — ICj, reduces to the identity. Moreover, we have the
following result.

Proposition 4.3.2 up =1 is an eigenvalue of Ty and its eigenspace is ICp,.

Proof. We have that wy, € V}, is an eigenfunction associated with the eigenvalue uj, = 1 if and
only if [ divwy, divw, =0 Yvp, € Vj, namely, if and only if wy, € KCp,.
a

As a consequence of all this, we have the following spectral characterization of the discrete
solution operator.

Theorem 4.3.1 The spectrum of T}, consists of My := dim (V) eigenvalues, repeated according
to their respective multiplicities. It decomposes as sp(Tp) = {1} U {uhk}i\zl, where:

i) the eigenspace associated with pup =1 is ICp;

it) ppe € (0,1), k = 1,...,N, := M — dim(KCy), are non-defective eigenvalues repeated
according to their respective multiplicities.

In what follows, we derive several auxiliary results which will be used in the following section
to prove convergence and error estimates for the spectral approximation.

First, we establish interpolation properties in the discrete space Vj. Although the V-
interpolant can be defined for less regular functions, in our case it is enough to consider v € YV
such that v|p € [HY(E)]? for some t > 1/2 and for all E € Ty, so that we can easily take its
trace on each individual edge. Then, we define its interpolant v; € V), by fixing its degrees of
freedom as follows:

/(v —vy)-nqds=0 Vg € Py(e), V internal edge e ¢ T (4.8)
/ (v—wv7)-Vg=0 Vg € Py(E)/Po(E), VE € Tp. (4.9)
E

In what follows, we state two results about the approximation properties of this interpolant,
whose proof we postpone to the Appendix. The first one concerns approximation properties of
div v; and follows from a commuting diagram property for this interpolant, which involves the
L?(2)-orthogonal projection

Py L*(Q) — {q€ L*(Q) : qlp € PW(E) VE€Th}.
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Lemma 4.3.2 Let v € V be such that v € [H (Q)]? with t > 1/2. Let v € V}, be its interpolant
defined by (4.8)—(4.9). Then,
diver = Py(dive)  in Q.

Consequently, for all E € Ty, ||divor < [|divo and, if divu|gp € H"(K) with r > 0, then
0,E 0,E
Ildivw — divor |l p < CRE™ M dive), .
The second result concerns the L?(£2) approximation property of v;.

Lemma 4.3.3 Let v € V be such that v € [H (Q)]? with t > 1/2. Let v € V}, be its interpolant
defined by (4.8)—(4.9). Let E € Ty. If 1 <t < k+1, then

v — UI”o,E < Ch% ‘U‘t,E7

whereas, if 1/2 <t <1, then
lo = vrllos < € (W [0l + R Idivollos)

Let IC;b be the [L?(92)]?-orthogonal complement of ICj, in Vj,, namely,
KﬁZ:{UhEVhZ/'Uh‘Eh:O VEhEKh}
Q

Note that ICj, and K- are also orthogonal in H(div;$2). The following lemma shows that, alt-
hough Kﬁ ¢ K+ = G NV, the gradient part in the Helmholtz decomposition of a function in
Klﬁ is asymptotically small.

Lemma 4.3.4 Let vy, € KCi-. Then, there exist p € H'*5(Q) with s € (1/2,1] as in Lemma 4.2.2
and v € IC such that vy, = ¥ + Vp and

IVplls0 < Clldivonlgg, (4.10)
HTP”O,Q < Ch*|div ”hHO,Q' (4.11)

Proof. Let vy, € Kﬁ C V5 C V. As a consequence of Lemma 4.2.2, we know that there exist
p € H'(Q) and 4 € IC such that v, = Vp + 4 and that [|Vpl|,, < C||divwplyq, which
proves (4.10).

On the other hand, we have that

[la = [ (9= o) (Tp= (Tp)) + [ (9= w) (T —on),
Now, according to Lemma 4.3.2, div((Vp)r) = Px(div(Vp)). Therefore, since Ap = div vy, we
obtain
div ((Vp)[ - ’Uh) = Pk (Ap) — div Uy = Pk (diV’Uh) — diV’Uh = 0,
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where we have used that for vy € Vy, divwvy|p € Pi(E). Therefore ((Vp); — vy) € K, C K and
since Vp e GNY = K+ and vy, € Klﬁ, we have that

/Q (Vp— o) - (V)1 — on) = 0.
Thus,
[9l30= [ (Vi) (Vp (Vo))

and, by using Cauchy-Schwarz inequality, Lemma 4.3.3 and (4.10), we obtain

2
15,0 < E IVp = vnllo g VP = (VD)1llg &
E€Ty,

<C 3 19p—wnllos (h5 199l + his [4iV(TP)]g )
EcT,
<Cn’ H"PHO,Q HdiVUhHo,Q,

which allows us to complete the proof.
d
To end this section, we prove the following result which will be used in the sequel. Let ITj,
be defined in V by
() |p = TOE(v|g) forall E €T, (4.12)

with TIZ defined by (4.3).

Lemma 4.3.5 There exists a constant C > 0 such that, for every p € H'TH(Q) with 1/2 < t <
k + 1, there holds
IVp = TLh(VD)[lg o < CR VDl g -

Proof. The result follows from the fact that, since TI¥ is the [L2(E)]?-projection onto \A)f =
V(Prr1(E)) (cf. (4.3)),

HVP - HE(VP)HOE = qul;Iﬁ(E) VP —Vallg g < Chiy Vol g -

Let us remark that the last inequality is a consequence of standard approximation estimates for
polynomials on polygons in case of integer ¢ (see, for instance, [51, Lemma 4.3.8]) and standard
Banach space interpolation results for non-integer ¢.

0

4.4. Spectral approximation and error estimates

To prove that T}, provides a correct spectral approximation of T, we will resort to the theory
developed in [74] for non-compact operators. To this end, we first introduce some notation. For
any linear bounded operator S: YV — V, we define

HSUth' Q
ISl = sup S,
0#£v,LEV), ||’Uthiv,Q
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We recall the definition of the gap § between two closed subspaces X and Y of V:

~

5(X’y) = méx{é(X,y),é(y,X)},

where

5(X7y) = sup 5(m7y) with 5(m7y) = inf ||m_deiVQ'
re X yey 7
2]l giv,0 =1

The theory from [74] guarantees approximation of the spectrum of T, provided the following
two properties are satisfied:

» P1: |[T—-Ty||, =0 as h—0;

» P2: YoeV limd(v,V))=0.
h—0

Property P2 follows immediately from the density of the smooth functions in V and the
approximation properties in Lemmas 4.3.2 and 4.3.3. Hence, there only remains to prove property
P1. With this aim, first we note that since T|x, and Tp|x, both reduce to the identity, it is
enough to estimate [|(T — Thr) £y lg;y.0 for fr, € ICik.

Lemma 4.4.1 There exists C' > 0 such that, for all f; € Klﬁ,
(T = Th) Frllaiv.o < CP I Fullaiv.o
with s € (1/2,1] as in Lemma 4.2.2.

Proof. Let f), € Kﬁ, u = Tf,; and u, := T}, f;. According to Lemma 4.2.2, we write u =
w + Vq with ¢ € IC, Vq € [H*(Q)]? and [Valls.q < Clldivully o. We have

(T = Th) Frllawo < v = (VO)illgwo + lun = (VO llgiv .o (4.13)
where (Vq) is the Vp-interpolant of V¢ defined by (4.8)—(4.9). We define vy, := up—(Vq)r € Vy.
Thanks to Lemma 4.3.1, the definition (4.5) of b¥(-,-) and those of T and T}, we have

BllvalGi.o < an(vn, vi) = an(un, vi) — an((Vq)r, vp)

= bn(Fpsvn) —/QdiV((VQ)I)diVUh— > b ((Va)r, vn)

E€Ty

= bh(.fha ’Uh) — /th - Up + /Qdiv(u - (Vq)]) div vy,
- Z (bf (Va)r —Hfu,'vh) +/ (Hfu —u) -vh> ,

EE€T;, E

where for the last equality we have also used the consistency property (4.6). Since div((Vq)s) =
Py, (div(Vq)) (cf. Lemma 4.3.2), we have that [, div(u—(Vq)s)div vy = 0 for all v, € Vj,. Then,

Bllonlda < <bh(fh7vh)_/gfh"vh>
- % (h w0 - T +

(Hfu —u) -'vh> . (4.14)
EET), E
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The first term on the right hand side can be bounded as follows:

bh<fh,vh)—/ﬂfh-vh= 3 (bf(fh,vh>—[th-vh>

EeTh
- Z (/Eﬂgfh'Hg'vh“‘SE(fh_Hgfhavh_ﬂi?vh)_/th"vh>

E€T,
=S [ g et Y S5 - TS0 - 1),
EeT, ' F E€Ty

where we have used (4.3) to write the last equality. Now, from the symmetry of SZ(-,.), (4.4),
a Cauchy-Schwarz inequality and the fact that TIZ is an L?(FE)-projection (cf. (4.3)), we have
that

Z SE(fn — I frovp — Ifvy) < Z || fn— Hftho,E lvnllo -
E€T, Ee€Ty,

Therefore, using Cauchy-Schwarz inequality again,

bn(Fr>vn) _/th"vh <C Z H.fh_HthHQE”vh”O,E' (4.15)

EcTh,

Substituting the above estimate in (4.14), from (4.7) and Cauchy-Schwarz inequality we obtain

Bllonlive < C - (I1Fn =T Fullg s + e = (Va)rlos + [|w = T wll, ) lonllos
EcT),

< (I =T fullog + e = (V@)oo + e~ o o) lonll g0

with ITj as defined in (4.12). Therefore, from (4.13),

[(T —Th) fh”div,ﬂ <C (Hfh - thhHo,Q + flu - HhuHo,Q + [lu — (Vq)l”div,Q) :

Thus, there only remains to estimate the three terms on the right-hand side above. For the
first one we write f, = 1 + Vp with ¢y € K and p € H'*(Q) as in Lemma 4.3.4. Hence, by
using this and Lemma 4.3.5,

[Fn —MaFplloq < 19 —ppllgq + (Ve — (VD)o o
<0 (Illog + 199 ~ T(Vp)log )
< Ch*|[div frlloq -

On the other hand, we have that u = T(¢ + Vp) = ¢ + T(Vp) and, from Lemmas 4.2.3
and 4.2.2, T(Vp) = Vq and 9 = . Moreover, by virtue of Theorem 4.2.1, ¢ € H'™$(Q) and

HVq”s,Q < C ”Vp”diV,Q < C ”-fh”div,Q ’

whereas estimate (4.11) still holds true for :

H":bHO,Q < Ch*[|div thO,Q'
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Then, using that ITj, is an [L?(Q2)]2-projection, from Lemmas 4.3.4 and 4.3.5 we have

lu— MWyulgq < |~ Mtblloq + Vg — TT4(Va) g o)
<0 (Illog + ¥4~ TTa(Va) o)
< OB |[div Fallo + 1 [Vl
<CP [ fullgiva -

Finally, using once more that w = 1 + V¢ and Lemmas 4.3.4, 4.3.3 and 4.3.2, we write

[|u — (VQ)I”diV,Q < ”"p”div,ﬂ + Vg — (V‘J)I”div,ﬁ
< CRAdiv fillo0 + 1IVe = (Vg g + [1div(Ve) — div((Va) 1)l

< OB Ifillgiv + € (B° [Valy + 1 1div(Va) o o) + ChIdiv(Va)ly g
<CP [ fullgiv.a s

where, we have used that V¢ = T(Vp) and, hence, since Vp € G NV, from Theorem 4.2.1
div(Vq) € H'(Q) and [|div(Va)[l, o < C[Vplgivo < C 1 alldiv0-
Collecting the previous estimates, we obtain

H(T — Th) fh”diV,Q < Chn* ||fh||diV,Q

and we end the proof.
d
Now, we are in a position to conclude property P1.

Corollary 4.4.1 There exists C > 0, independent of h, such that
|T —Thll,, < CR.
Proof. Given v;, € Vj, we have that vj, = 4, + f,, with ¢, € IC;, and f,, € KCj-, then

1T~ Tw) wnllae = (T = Ta) Fullawo < C° | Fallaive -

where the last inequality follows from Lemma 4.4.1. The proof follows by noting that, since
vy = ¥y, + [}, is an orthogonal decomposition in H(div;€2), we have that || £} [lgy.0 < [Vnlaiyv 0
0

In order to establish spectral convergence and error estimates, we recall some other basic
definitions from spectral theory.

Given a generic linear bounded operator S : ¥V — V defined on a Hilbert space V, the
spectrum of S is the set sp(S) :={z € C: (2I —S) is not invertible} and the resolvent set of S
is its complement p(S) := C\ sp(S). For any z € p(S), R.(S) := (21— 8)"': V — V is the
resolvent operator of S corresponding to z.

The following two results are consequence of property P1, see [74, Lemma 1 and Theorem 1].
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Lemma 4.4.2 Let us assume that P1 holds true and let F C p(T) be closed. Then, there exist
positive constants C' and hg independent of h, such that for h < hg

sup ||Rz(Th)’Uh||div,Q <C HUthiv,Q Vze L
vRLEV
Theorem 4.4.1 Let U C C be an open set containing sp(T). Then, there exists hy > 0 such
that sp(Ty) C U for all h < hg.

An immediate consequence of this theorem and Corollary 4.4.1 is that the proposed virtual
element method does not introduce spurious modes with eigenvalues interspersed among those
with a physical meaning. Let us remark that such a spectral pollution could be in principle
expected from the fact that the corresponding solution operator T has an infinite-dimensional
eigenvalue p = 1 (see [40, 44, 48]).

By applying the results from [74, Section 2] to our problem, we conclude the spectral con-
vergence of Tp, to T as h — 0. More precisely, let u € (0,1) be an isolated eigenvalue of T with
multiplicity m and let C be an open circle in the complex plane centered at p, such that p is
the only eigenvalue of T lying in C and dC N sp(T) = (. Then, according to [74, Section 2],

for h small enough there exist m eigenvalues ,ugll), cee #gn) of T}, (repeated according to their

respective multiplicities) which lie in C. Therefore, these eigenvalues ,ugll), e ,,uglm) converge to
1 as h goes to zero.

Our next step is to obtain error estimates for the spectral approximation. The classical
reference for this issue on non-compact operators is [75]. However, we cannot apply the results
from this reference directly to our problem, because of the variational crimes in the bilinear forms
used to define the operator T},. Therefore, we need to extend the results from this reference to
our case. With this purpose, we follow an approach inspired by those of [41, 95].

Consider the eigenspace £ of T corresponding to p and the Tj-invariant subspace £, spanned
by the eigenspaces of T}, corresponding to ,ugll), A Mém). As a consequence of Lemma 4.4.2, we
have for h small enough

Let Py, : ¥V — V), — V be the projector with range V;, defined by the relation
a(Phu — u,vh) =0 Youy, € Vy,.

In our case, the bilinear form a(-,-) is the inner product of V, so that [Ppullg, o < [[ullgy.0

and
|u — Phquiv,Q = 0(u, V1) Yu e V.

Now, we define T}, := T Pj, : V —» V},. Notice that sp(T}) = sp(T) U {0}. Furthermore,
we have the following result (cf. [75, Lemma 1}).

Lemma 4.4.3 There exist hg > 0 and C > 0 such that

|R- (T}, <C  Vze€dC, Yh<h,.

)Hdiv,Q —
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Proof. Since T}, is compact, it suffices to check that | (=1 — Th)deiv,ﬂ > Clvllgyq Yo EV

and Vz € 0C. By using (4.16) and basic properties of the projector Py, we obtain
[llgiv.0 < IPrvllgiv, + [[v = Prollgiv o
< C[(zI—Ths) th”div,ﬂ + ‘Z’_l |2 (v — PhU)Hdiv,Q
<C|(21- ’i‘h)Ph'demQ + |2 |2 (v — Ppo) — T), (v — Pyo
= CHPh(ZI - Th)”Hdiv,Q + 12| H (I-Pp) (21— Th)v)Hdiv,Q
<C||(s1-Ty)

) Hdiv,Q

deiv,Q’
where we have used that the curve 9C is bounded away from 0.
d
Next, we introduce the following spectral projectors (the second one, is well defined at least
for h small enough):
1

= the spectral projector of T relative to u: F := — R.(T)dz;
21 ac
~ ~ 1 ~
= the spectral projector of T}, relative to ugl), ... 7,uﬁlm): Fp=— R.(Ty) dz.

- 211 oC
We also introduce the quantities

|w — pw]
Yh = 0(E,Vh) and N i= Sup I rTe
we€ HdeiV,Q

These two quantities are bounded as follows:
< Chml’n{§,k+1} and nn, < C«}.Lmin{§,k+1}7 (417)

where § > 1/2 is such that £ C [H¥(Q)]? (cf. Theorem 4.2.2). In fact, the first estimate follows
from Lemmas 4.3.2 and 4.3.3 and Theorem 4.2.2(ii), whereas the latter follows from the fact
that £€ C G NV, Lemma 4.3.5 and Theorem 4.2.2(ii) again.

The following estimate is a variation of Lemma 3 from [75]) that will be used to prove
convergence of the eigenspaces.

Lemma 4.4.4 There exist positive constants hg and C such that, for all h < hg,
I® ~Fn)le g < CT = T)lell g0 < C (vn + )

Proof. The first inequality is proved using the same arguments of [75, Lemma 3] and Lem-
ma 4.4.3. For the other estimate, let f € €, w := Tf and wy, := ’i‘hf = T}, P f. Note that, by
Theorem 4.2.2(ii), f € V(H'*3(Q)), § > 1/2. By using the first Strang lemma (see, for instance,
[69, Theorem 4.1.1]), we have

b(Prw,vy) — by (Prw, vy,
w0 = whll g < € (0= Potw] g+ sup LR 00— On(Br, 1)
vpEV), ||,UthiV7Q

v, EV), thHdiv,Q

. \b(f,m—bh(th,vh)\)
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and by proceeding as in the proof of Lemma 4.4.1 to derive (4.15), we obtain

b(Prw, vy) — by (Prw, vp)| < C Y ||Prw — I Prwl| 1 lonllo g
EeT;,

<O -1f) (Prw — w) + (T T )w|, .
EcTy,

< C (Jw = Ppwlg + o = Twloq ) 1o -
On the other hand,
b(f,vn) = ba(Prf,vn)| < [0(f = Paf,vn)| + [b(Prf,vr) — ba(Prf, vs)l
< C (I = Pufloglivnllon) + 1b(PLF,vn) = n(Paf,vp)|
<0 (I = Pufllog + If ~ tloq) onla.o-
where, for the last inequality, we have used the same argument as above. Then, we have
Jw = whllgg < C (1w = Prwlgo + w - Tl

+11£ = Puflloo+ I1F — Tflog)

< C (+ o ~ Wyl g + 1 — Mafllg)
=C(m+ (1+p7) w - Twllg)
<C(m+m),

where we have used that, for f € £, w := Tf = pf. Thus, we conclude the proof.
a
To prove an error estimate for the eigenspaces, we also need the following result.

Lemma 4.4.5 Let
Ay = Fh|g : E— &)

For h small enough, the operator Ay, is invertible and there exists C' independent of h such that
Azl <c.

Proof. It follows by proceeding as in the proof of Lemma 2 from [75], by using Lemma 4.4.4
and the fact that v, — 0 and n, — 0 as h — 0 (cf. (4.17)).
a

The following theorem shows that the eigenspace of T}, (which coincides with that of ’i‘h)
approximates the eigenspace of T.

Theorem 4.4.2 There exists C > 0 such that,

~

6(E,En) <C (v +mn).
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Proof. It follows by arguing exactly as in the proof of Theorem 1 from [75] and using Lem-
mas 4.4.4 and 4.4.5.
d

Finally, we will prove a double-order error estimate for the eigenvalues. With this aim, let

1 : 1
A := — —1 be the eigenvalue of Problem 4.2.1 with eigenspace €. Let \} := — —1,i=1,...,m,
I

h
be the eigenvalues of Problem 4.3.1 with invariant subspace €. We have the following result.
Theorem 4.4.3 There exist positive constants C' and hg independent of h, such that, for h < hg,
A=A <Cc(i+m),  i=1,...,m.

Proof. Let wy € &) be an eigenfunction corresponding to one of the eigenvalues )\Ef) (i =
1,...,m) with [lwpl|g;, o = 1. According to Theorem 4.4.2, §(wp,E) < C (v + np). It follows
that there exists w € € such that

[w —wh|lgiv.0 < C (v + 1) - (4.18)

Moreover, it is easy to check that w can be chosen normalized in H(div;2)-norm.
From the symmetry of the bilinear forms and the facts that w and wy are solutions of
Problem 4.2.1 and 4.3.1, respectively, we have

/ div(w — wp,)? — )\/ (w—wp)? = )\g)bh(wh,wh) — Ab(wp, wp)
Q Q

= A (b (wn, wh) — b(wn, wp)) + (A = A) b(awy, wh),

from which we obtain the following identity:

()‘Ej) —X) b(wp, wp) = /Qdiv(w —wy)? — )\/Q (w — wp)?

- )\s) (bh('wh, wh) — b(wh, wh)) . (4.19)

The next step is to estimate each term on the right hand side above. The first and the second
ones are easily bounded by using the Cauchy-Schwarz inequality and (4.18):

/ div(w — wp)? — )\/ (w — wp)?2| < C 1w — wy % 0 < C (32 +72) (4.20)
Q Q
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For the third term, we use (4.4)—(4.5) to write

br(wh, wy) — b(wp, wy)|

= Z (/ (wah)Q—i—SE(wh—HEwh,wh—Hf'wh)> — Z / (wp)?
BeT, P per, B

< Z (HHEwhHaE_ ”whHgE) + Z Cl/ (’wh—l_[ffwh)2
EeT, EE€T;, E

= > lwn =T[5 o+ e Y flwon — T
E€Ty EeT,

< Cllwy, — Tywy 3 g
2 2 2
< C (lfwn — wl3 g + 1w~ Tyl o + | Tha(w —wp) |3
Then, from the last inequality, the definition of 7, the fact that ITI; is an [L?(2)]2-projection

and (4.18), we obtain
\b('wh, wh) — bh('wh, wh)] < C("}/;zl + T]?L) (4.21)

On the other hand, from the stability property (4.7),
Idivewnls o = Ay b (wn, wa) < Ao Jwal g,

hence
. « 2 2
(L2 0) willf g 2 llwnllfiv.0 = L1

Therefore, since )\g) — A as h goes to zero, the theorem follows from (4.19), (4.20), (4.21) and
the inequality above.
a

As shown in Theorem 4.2.2(ii), the eigenfunctions satisfy additional regularity. The following
result shows that this implies an optimal order of convergence for the numerical method.

Corollary 4.4.2 If £ C [H¥(Q)]? with 5§ > 1/2, then
g(gjgh) < Chmin{g’k+1}.

and '
A= AD| < op?mintER g,

Proof. It follows from the above theorems and the estimates (4.17).
a
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4.5. Numerical results

Following the ideas proposed in [22], we have implemented in a MATLAB code a lowest-order
VEM (k = 0) on arbitrary polygonal meshes. We report in this section a couple of numerical
tests which allowed us to assess the theoretical results proved above.

To complete the choice of the VEM, we had to fix the bilinear form S¥(-,-) satisfying (4.4)
to be used. To do this, we proceeded as in [18]. For each element E € T, with edges ey, ..., eng,
let {¢1,..., N, } be the dual basis of V& associated with the degrees of freedom (4.1); namely,
©; € V¥ are such that
/cpi-nds:éij, i,j:1,...,NE.

.

J

1
Therefore, ||| g =~ e namely, there exists C' > 0 such that

- < ) < — ,=1,...,Ng.
ChE = ”‘PZHOO,E— hE7 ¢ ’ yVE

Hence, a natural choice for SZ(-,-) is given by

Ng
SE (up, vp,) ::O'EZ</ uh-n> </ 'vh-n>, up, v, € Vi,
k=1 €k €L

where o is the so-called stability constant which will be taken of the order of unity (see for
instance [18]).

4.5.1. Test 1: Rectangular acoustic cavity

In this test, the domain is a rectangle Q := (0,a) x (0,b), in which case the exact analytic
solution is known. The non vanishing eigenvalues of Problem 4.2.1 are given by

A ;:W2<<g)2+<%>2>, n,m=0,1,2,..., n+m#0,

while the corresponding eigenfunctions are

n . nTx mmy
— sin —— cos
a a b

Wpm —

We have used a = 1 and b = 1,1. The stability constant has been taken op = 1. We have used
three different families of meshes (see Figure 4.1):

] 77}: triangular meshes;
] ThQ: rectangular meshes;

= 72: hexagonal meshes.
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The refinement parameter N used to label each mesh is the number of elements intersecting
each edge.

Figura 4.1: Sample meshes: 7;} (left), 7,2 (middle) and 7,2 (right). In all of them N = 9.

Let us remark that for triangular and rectangular meshes like ’7;3 and 7,2, respectively, the dis-
crete spaces V), coincide with those of the standard lowest-order Raviart-Thomas discretization.
However, the resulting discrete problems are not the same. In fact, the matrices corresponding
to the left-hand side of Problem 4.3.1 also coincide, but this does not happen with the matrices
corresponding to right-hand side.

We report in Table 4.1 the scaled lowest eigenvalues Xhi = Api/m? computed with the
method analyzed in this paper. The table also includes estimated orders of convergence. The
exact eigenvalues are also reported in the last column to allow for comparison.

It can be seen from Table 4.1 that the computed eigenvalues converge to the exact ones
with an optimal quadratic order as predicted by the theory in almost all cases. The exception
seems to be the computation of some of the eigenvalues with the hexagonal meshes. In this
case, although the computed eigenvalues are as good approximations to the exact ones as those
computed with the other families of meshes, the order of convergence deteriorates mildly. We
have observed from our numerical experiments that this can be avoided by choosing a smaller
stability constant op.

This can be clearly seen by comparing the lowest part of Table 4.1 with Table 4.2, where we
report the result obtained with a smaller value of o and meshes 7;L3. A more detailed discussion
about the effect of the stability constant o appears in the following test.

Figure 4.2 shows plots of the computed eigenfunctions wy; and wy3 corresponding to the first
and third lowest eigenvalues, respectively. The figure also includes the corresponding pressure
fluctuation pp; = —divawy;, ¢ = 1, 3. In both cases, the eigenfunctions have been computed on
an hexagonal mesh ’7%3 with NV = 27 and stability constant op = 1.

4.5.2. Test 2: Effect of the stability constant op

As was shown in the previous test, in some cases the quality of the computation can be
affected by the choice of the stability constant og. A similar behavior was observed in other
VEM for different eigenvalue problems. In particular, it was demonstrated in [97] that certain
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Cuadro 4.1: Test 1. Computed lowest eigenvalues Xh,-, 1 < ¢ < 5, on different meshes with
op = 1.

Th | Ai | N=19 | N=35 | N=53 | N="T71| Order Ai

An1 | 0.8248 | 0.8259 | 0.8262 | 0.8263 | 2.01 | 0.82645
Tk th 0.9976 | 0.9993 | 0.9997 | 0.9998 | 2.00 | 1.00000
/)\\hg 1.8182 | 1.8240 | 1.8254 | 1.8259 | 2.01 | 1.82645
Xh4 3.2788 | 3.2978 | 3.3023 | 3.3039 | 2.02 | 3.30579
/)\\h5 3.9595 | 3.9883 | 3.9949 | 3.9972 | 2.03 | 4.00000
Ap1 | 0.8200 | 0.8245 | 0.8256 | 0.8260 1.99 | 0.82645
th 0.9896 | 0.9969 | 0.9987 | 0.9992 1.99 | 1.00000
/)\\hg 1.8096 | 1.8214 | 1.8243 | 1.8252 1.99 | 1.82645
Xh4 3.2047 | 3.2754 | 3.2925 | 3.2983 1.98 | 3.30579
/)\\h5 3.8389 | 3.9512 | 3.9786 | 3.9880 1.97 | 4.00000
An1 | 0.8249 | 0.8260 | 0.8262 | 0.8263 1.98 | 0.82645
T2 th 0.9948 | 0.9982 | 0.9990 | 0.9993 1.56 | 1.00000
/)\\hg 1.8132 | 1.8220 | 1.8241 | 1.8249 1.63 | 1.82645
Xh4 3.2805 | 3.2979 | 3.3024 | 3.3039 1.98 | 3.30579
/)\\h5 3.9387 | 3.9823 | 3.9912 | 3.9946 1.84 | 4.00000

2

VEM discretizations of the Steklov eigenvalue problem introduces spurious eigenvalues which can
be well separated from the physical spectrum by choosing appropriately the stability constant
oR.

In the present case, no spurious eigenvalue was detected for any choice of the stability
constant. However, for large values of op, the eigenvalues computed with coarse meshes could
be very poor. The aim of this test is to analyze the influence of the stability constant or on the
computed spectrum.

We report in Table 4.3 the lowest eigenvalue computed with varying values of or on the
family of meshes ’773 (see Figure 2, middle). The table also includes the estimated order of
convergence.

It can be seen from Table 4.3 that for values of the parameter o < 1 the computed ei-
genvalues depend very mildly on this parameter. Moreover, this dependence becomes weaker,
as the mesh is refined or o is taken smaller. In fact, it can be seen from this table that even
the value o = 0 yields very accurate results, in spite of the fact that for such a value of the
parameter the stability estimate and hence most of the proofs of the theoretical results do not
hold. On the other hand, it can be seen from Table 4.3 that the numerical results depend much
more significantly on this parameter o when it is chosen larger. In such a case, the results for
coarse meshes are poorer and more refined meshes are needed for the computed eigenvalues to
lie close to the exact ones.

This analysis suggests that the user of H(div) VEM for this kind of spectral problems has to
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Cuadro 4.2: Test 1. Computed lowest eigenvalues Xh,-, 1 <1 <5, on meshes ’775’ with op = 274
Tn | M | N=19 | N=35| N=53| N =71 | Order i

Ant | 0.8294 | 0.8272 | 0.8268 | 0.8266 | 2.09 | 0.82645
T2 th 1.0032 | 1.0009 | 1.0004 | 1.0002 | 2.15 | 1.00000
:\\hg 1.8389 1.8297 1.8278 1.8272 2.12 1.82645
s | 3.3539 | 3.3179 | 3.3112 | 3.3088 | 2.09 | 3.30579
Xh5 4.0536 | 4.0149 | 4.0063 | 4.0034 | 2.09 | 4.00000

be aware of the risk of degeneration of the eigenvalues for certain values of the stability constant
op. The way of minimizing this risk in this case is to take small values of op (what “small”
means in a real problem will of course depend on the value of the physical constants).

4.6. Appendix

We derive in this appendix optimal approximation properties for the H(div) virtual elements
with vanishing rotor introduced in Section 4.3. The main goal of this appendix will be to prove
the error estimates stated in Lemmas 4.3.2 and 4.3.3 for the Vj-interpolant defined by (4.8)—
(4.9). Let us remark that these results could be useful for other applications as well.

Our first result, whose proof is quite straightforward, is a commuting diagram property
and some consequences that follow from it. We recall that P, denotes the L?({)-orthogonal
projection onto the subspace {q € L*(Q) : ¢|p € Pi(E) VE € Tp}.

Lemma 4.3.2 Let v € V be such that v € [H'(Q)]? with t > 1/2. Let v € V}, be its interpolant
defined by (4.8)—(4.9). Then,
diver = Py(dive)  in Q.

Consequently, for all E € T, ||divvrlly g < [|divolly g and, if dive|p € H(K) with r > 0, then

Ildivw — divorfly p < CRE™ M dive), .

Proof. As a consequence of (4.8)—(4.9), for every element E and for every q € Py(E)

/Ediv(v—'v[)q:/E(v—'v[)-Vq+/ (v—v7)-nqgds=0.

OE

Since divwv; € Px(E), we have that
divv; = Py(dive) in E.

Therefore,
[[div 'UIHO,E < [|div ”HO,E .
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Figura 4.2: Eigenfunctions of the acoustic problem corresponding to the first and third lowest
eigenvalues: displacement field wy; (upper left), pressure fluctuation pp1,(upper right), displa-
cement field wp3 (bottom left), pressure fluctuation pp3 (bottom right).

Additionally, if divw|g € H"(K) with r a non-negative integer, as a consequence of [51,
Lemma 4.3.8], we have that for every E € Ty,

Idive — diver|y , < CRE™ M divel, .

Thus, the second estimate of the lemma follows by standard Banach space interpolation.

O
In order to prove Lemma 4.3.3 about the L?(Q) approximation property of this interpolant,
we need several previous results. We begin with the following local trace estimate on polygons.

Lemma 4.6.1 Let v € V and E € T, such that v|p € [H(E)]? with t € (1/2,1]. Then, there
exists C > 0 such that

—1/2 t—1/2
lolloos < € (A5 I0llos + 5 10],5) -



4.6 Appendiz

91

Cuadro 4.3: Test 2. The lowest eigenvalue Xhl for op =0 and op = 27 with —6 < k < 6.

N op =20 O‘E:2_6 O‘E:2_5 O‘E:2_4 O‘E:2_3 UE:2_2 UE:2_1
8 0.8482 0.8472 0.8463 0.8444 0.8406 0.8332 0.8187
16 0.8318 0.8316 0.8313 0.8309 0.8300 0.8281 0.8245
32 0.8278 0.8277 0.8277 0.8275 0.8273 0.8269 0.8260
64 0.8268 0.8268 0.8268 0.8267 0.8267 0.8265 0.8263
128 0.8265 0.8265 0.8265 0.8265 0.8265 0.8265 0.8264
256 0.8265 0.8265 0.8265 0.8265 0.8265 0.8265 0.8264
Order 2.00 2.00 2.00 2.00 2.00 2.00 2.00
A1 0.82645 | 0.82645 0.82645 0.82645 0.82645 0.82645 0.82645
N |og=2"| op=2! op = 22 op =23 op =24 op = 2° op =26
8 0.7912 0.7415 0.6586 0.5383 0.3943 0.2569 0.1513
16 0.8174 0.8034 0.7770 0.7289 0.6487 0.5317 0.3907
32 0.8242 0.8206 0.8135 0.7997 0.7735 0.7258 0.6463
64 0.8259 0.8250 0.8233 0.8196 0.8125 0.7988 0.7726
128 | 0.8263 0.8261 0.8256 0.8247 0.8229 0.8193 0.8123
256 0.8264 0.8264 0.8262 0.8260 0.8256 0.8247 0.8229
Order 1.99 1.97 1.94 1.90 1.82 1.70 1.55
A 0.82645 0.82645 0.82645 0.82645 0.82645 0.82645 0.82645

Proof. Consider the triangulation ’7;LE of the element F obtained by joining each vertex of F
with the midpoint of the ball with respect to which F is star-shaped. Since we are assuming
that the meshes satisfy Ay and Ag, the triangles T € ’7;LE have a shape ratio (i.e., the quotient
between outer and inner diameters) bounded above by a constant that only depends on C7.
Moreover, each triangle T' & 7;LE has one edge on JF. Hence, a scaling argument and a trace
inequality in the reference triangular element allow us to conclude the proof.
O

In order to prove an L?(f2) error estimate for the interpolant v;, we will introduce a basis
of VE dual to the degrees of freedom (4.1)(4.2).

Let £ € Ty, with edges eq,...,en, and F: E — E be an affine mapping of the form

7)) 6)

where xp = (zp, yE)T is the center of the ball with respect to which F is star-shaped according
to assumption Ag. Note that E:=F (E) has diameter 1. Moreover, F' maps the above mentioned
ball onto a ball of radius C'y with 0 < C7 < 1 and C7 independent of hg, Moreover, E is star-
shaped with respect to each point of this ball.
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We define the following basis of Py (F) :

po(z,y) = 1,

(x —2p)™ (y —yr)™
ps(z,y) = partas + Cs, a,a2 €N, 0<ag+ag <k,

with the constant Cs € R such that | 5 Ps = 0. We have associated above each s = 1,... ,]v =
dim(Px(E)) — 1 with one particular couple (aq,z), by fixing a particular ordering of these
couples. Therefore, the set {po,pl, ..,pN} is a basis for Pi(F) that satisfies prs = 0 for
s=1,.. N Let now ps := pso F~! be defined in E. Then, for the particular (a1, ay) associated
with s, we have that py(Z,y) = z*1y*2 + Cs. Moreover, since |F| = h%‘E‘, we have

2

z—xp)" (y —yr)® 1 SN
- dedy = —— [ 319°2 dz d.
< !E\/ g o TR /@x o

As a consequence, note that |Cs| < 1 and, hence, |ps|lo g = [Psllo 5 <2, s=0,...,N.

For each edge e¢; of E (I = 1,...,Ng), let T; be the affine function mapping € := [—1,1]
onto e;. We define qli =q'o Tl_1 (i = 1,...,k) with g° being the Legendre polynomials on
[—1, 1] normalized by A'( ) = 1. Then, {qlo, .. ,qf} is a basis of Pj(e;) which satisfies ¢) = 1,

o qlqu ds = 6;j, i,j = 1,...,k, and quZHoo,el = 1. Note that, in particular, fq qgjds =0, 1 =
1,...,k.
Therefore,
{q;}i:O,...,k, I=1,..,Ng and {Pshor, &
are bases for the spaces of test functions appearing in the degrees of freedom (4.8) and (4.9),
respectively. Next, we introduce a set of dual basis functions for VE :

{‘P;}i:o,._.,k, =1, .Np Y {‘7’8}5:1,...,1? : (4.22)

The first ones, ¢!, are the “boundary basis functions” determined by

¢l € VY, (4.23)

/ (o] -m) ¢, ds = 01y, m=1,...,Ng, j=0,...,k, (4.24)

/ (dive})p, =0, r=1,...,N. (4.25)
E

Note that these boundary basis functions use two indexes, ¢ and [, one for the moment and the
other for the edge. On the other hand, note also that as a consequence of (4.23)—(4.24) pi-n =0
on OF\e; The second kind of functions in (4.22), @°, are the “internal basis functions” determined
by

st c VE7 (4.26)
@°lop - n =0, (4.27)

/ (div@®) pr = dsr, r=1,...,N. (4.28)
E
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Remark 4.6.1 Since divy] € Py(E) = span{l,p1,...,ps} and [pps = 0 for s = 1,...,N,
equation (4.25) implies that div cpf has to be constant. Therefore,

; 1 , 1 .
divcp%zE/EdivM:E/aEcp}-nds.

Moreover, thanks to (4.24), we have that

. Ne . Ne
/aESOf'ndS:Z/ (‘P?'n)qgndszzfslm&o:%.
m=1"Y¢ém m=1

Then,

div ! = @
RN

Next goal is to prove that all the functions in (4.22) are bounded uniformly in hA. We begin with
the boundary basis functions.

Lemma 4.6.2 There exists C' > 0 such that Hcpl <C forl=1,...,Ng andi=0,...,k.

o,z

Proof. Since <pf € V{f , we know that rot cpf = 0. Therefore, there exists v € H!(E) such that
cpf = V7. Hence, from the remark above and (4.24), we have that 7 is a solution of the following

problem:
Ay = % in F,
[2ad
n =l on OF,

/’y:O.
E

It is easy to check that these Neumann problems are compatible. Therefore,

/vacz/aE(cpé-n)cds—/|E|< /«pl JCds ¢ e HY( ):/Eczo.

Now, taking ( = v, we obtain

HQOlH(]E |V7HOE < HQOl nHO €l ‘|7||0 ,€l
<C|lei nly,, (h5" o5 + B 191 5
< Chil (e} nllo., 19705

where we have used Lemma 4.6.1 with ¢ = 1, the generalized Poincaré inequality and a scaling
argument. Now, because of (4.24) with m = [ and the orthogonality property of Legendre

) . -1
polynomials, ¢ - n!el = <fez (ql’)2 ds) q;- Therefore,

ot -l = ([ as) = ([ @y as)
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< C' and we end the proof.

Thus, from the last two estimates we derive that Hcpl Ho g <

d
Next, we show a similar result for the internal basis functions.

Lemma 4.6.3 There exists C > 0 such that ||@°||q p < C for s =1,... . N.

Proof. Since ° € VE| there exists v € H'(E) such that @* = V. Hence, by virtue of (4.27),
we have that v is a solution of the following well posed Neumann problem:

Ay = —div® in E,

oy
a—n—O on OF,

fi-
/V’y V(=-— /ng V¢ e HY(E /g_o

where ¢* := div®. Now, taking ¢ = v and using the generalized Poincaré inequality and a

Therefore,

scaling argument, we have that

~ 512 2
H‘PSHO,E = ”V’YHO,E <C st”O,E H’YHO,E < Chg ”T/JSHO,E ”V’Y”QE'

Thus,
18°llo,2 < Che 1V llo 5 - (4.29)

On the other hand, since ©° € P (E), it is easy to check that
he 62l g < Ch |[V* ]l = ChE |0 o5 (4.30)

where ¢ 1= (¢ o F~1) € P(E).
For 1;5 IS Pk(ﬁ), we write Js = Zf\il B;p; and, since ||p;|| . 5 < 2, we have that

[l < méx \58\2\@@% < € mix |5 (4.31)

Now, from (4.28), a change of variables from FE to E yields

/AQ,ZS]/?}: 525”, r:1,...,ﬁ,
E

which can be written as

N

Zﬁf/\ﬁlﬁr = hg‘zésry r= 17""N' (4‘32)
E

1=1
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Let

M = (m”) e RVXN with m;, ::/A@-@, i,r=1,...,N.
E

Therefore, from (4.32), if M is invertible, then 3° = (ﬁf ﬁ%)T is equal to hgz times the
s-th column of M1,

Next, we will show that M is invertible and that its inverse is bounded uniformly in h. With
this aim, note that the polygon E is uniquely defined by the vector ((Z1,91),...,(ZTng.UNg)) €
R2NE that collects the coordinates of its (ordered) vertexes. Let U C R?VE be the set of all
possible values of these coordinates such that the mesh regularity assumptions Ay and Ao are
satisfied. Since the diameter of E is equal to 1, U is a bounded set. On the other hand, the
constraints that arise from hypotheses A; and Ag yield that U is a closed set. Therefore U is
compact. o

The function from U into RV*Y that maps the coordinates of the vertexes of E into the
entries of the matrix M is a continuous function. Moreover, for any coordinates in U, E satisfies
A, and Az and, hence, it contains a ball of radius C7. Let us show that this implies that M has
to be positive definite. In fact, given a € ]Rﬁ, a’Ma = fE ‘ anv:l arﬁr‘z > 0 and the equality

holds only if Zi\f: | @Dy vanishes a.e. in E, which in turn implies that o has to vanish (since E
contains a ball of radius C'7 > 0). Thus, M is positive definite and hence invertible. Therefore,
taking also into account the continuity of the mapping M —— M™! for invertible matrices, we
conclude that the mapping

U3 ((@1,51) - (@ng Ing)) — M e RVN

is well defined and continuous and, hence, bounded above in the compact set U. Consequently,
from (4.32),

18°]l o < Ch?,
which recalling (4.31) yields

[9°]| .5 < Chz” (4.33)
Let us remark that, in principle, the constant C' above depends on the number Ng of vertexes
of E. However, by virtue of assumption A7, this number is bounded above in terms of C7.
Therefore, Ng can take only a finite number of possible values and, hence, (4.33) holds true
with C only depending on C'7. Thus, we conclude the proof by combining (4.29), (4.30) and
(4.33).
ad

Now, we are in a position to prove L?(£2) error estimates for the Vj-interpolant.

Lemma 4.3.3 Let v € V be such that v € [H'(Q)]? with t > 1/2. Let v; € V}, be its interpolant
defined by (4.8)—(4.9). Let E € Tp. If 1 <t < k+1, then

lv —willgp < Ch |v], (4.34)
whereas, if 1/2 <t <1, then

lo = w1l < C (W [0l + i [div ol ) (4.35)
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Proof. First, we consider the case 1 <t < k + 1. The first step is to bound |v;l|y ;- Since
v; € V| thanks to (4.23)(4.28) we write it in the basis (4.22) as follows:

Ng k

”I-ZZ(/ v- nqlds> Z+Z</ (divv) >¢S.

=1 i=0

Therefore, from Lemmas 4.6.2 and 4.6.3 we have

Ng k N
[villor <C ZZ/ v-n)q ds| + Z /E(divv)ps
=1 =0 s=1

Then, byusmgthathlH —1f0rz—1 kandl=1,...,Ng, |psll p < Cfors=1,.... N,
the Cauchy-Schwarz 1nequahty and Lemma 4.6.1, we obtain

1 2
[orlo.z < € (b 10l p il + N0 10V ol 1951 )
< C (Illos + i o]y g + b v o]l
< C (Ivllg.5 + helvl ) - (4.36)

Now, for all vy € [Px(E)]? we note that (vy); = vy and, hence, using the above estimate for
v — vV, we write

lo = vrlloz = 1o = vk = (= v4),llg g < o = vkllo + C (0 = vrllo s + b [v = Vel ) -

Thus, by choosing vy, as in [18, Proposition 4.2], we have that ||v — villg g + he v — vkl g <
Chl, ]v!m > Which together with the above inequality allow us to conclude (4.34).

Next, we consider the case 1/2 < t < 1. Using the same arguments as above, we obtain in
this case instead of (4.36),

lorllo.s < C (I0llg.s + bz ol g + his ldiv ol ) - (4.37)
Therefore, repeating again the arguments above with vy € [Po(E)]? instead of vy, we have
v —willgp < flv—vo — (v — vO)IHQE
< llo = vollo,5 + € (Ilv = vollg,g + bl vl + b [div ]l )
< C (Hp ol + b lldivol )

where we have used again [18, Proposition 4.2]. Thus, the proof is complete.
d

Remark 4.6.2 FEstimate (4.35) can be improved for k =0 and 1/2 < t < 1. In fact, in such a
case, the interpolant vy € YV}, is defined only by (4.8). Hence,

Ng

o= ([ womdas)f

=1
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and repeating the arguments above we obtain

lorllo,s < € (Iolly,5 + bz 1ol z) -
instead of (4.37), which leads to

v — UI||0,E < Chi |U|t,E-



Capitulo 5

A Virtual Element Method for
Reissner-Mindlin plates

5.1. Introduction

The Virtual Element Method (VEM), introduced in [18, 22], is a recent generalization of the
Finite Element Method which is characterized by the capability of dealing with very general
polygonal /polyhedral meshes. The interest in numerical methods that can make use of general
polytopal meshes has recently undergone a significant growth in the mathematical and enginee-
ring literature; among the large number of papers on this subject, we cite as a minimal sample
[8, 18, 29, 60, 76, 104, 109, 112].

Indeed, polytopal meshes can be very useful for a wide range of reasons, including meshing
of the domain (such as cracks) and data (such as inclusions) features, automatic use of hanging
nodes, use of moving meshes, adaptivity. Moreover, the VEM presents the advantage to easily
implement highly regular discrete spaces. Indeed, by avoiding the explicit construction of the
local basis functions, the VEM can easily handle general polygons/polyhedrons without complex
integrations on the element (see [22] for details on the coding aspects of the method). The Virtual
Element Method has been applied successfully in a large range of problems, see for instance
[3, 6, 14, 18, 22, 30, 36, 37, 38, 54, 57, 58, 84, 97, 100, 101, 118].

The Reissner—Mindlin theory is the most used model to approximate the deformation of a
thin or moderately thick elastic plate. Nowadays, it is very well understood that the discretization
of this problem poses difficulties due to the so called locking phenomenon when the thickness ¢
is small with respect to the other dimensions of the plate. Nevertheless, adopting for instance a
reduced integration or a mixed interpolation technique, this phenomenon can be avoided. Indeed,
several families of methods have been rigorously shown to be free from locking and optimally
convergent. We mention [81, 94] for a thorough description and further references.

Recently, a new approach to solve the Reissner—Mindlin bending problem has been presented
in [26] by Beirao da Veiga et al. (see also [79, 93]). In this case a variational formulation of the
plate bending problem is written terms of shear strain and deflection with the advantage that
the “shear locking phenomenon” is avoided. A discretization of the problem by Isogeometric

98
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Analysis is proposed. Under some regularity assumptions on the exact solution, optimal error
estimates with constants independent of the plate thickness are proved.

The aim of this paper is on developing a Virtual Element Method which applies to ge-
neral polygonal (even non-convex) meshes for Reissner-Mindlin plates. We consider a varia-
tional formulation written in terms of shear strain and deflection presented in [26]. Here, we
exploit the capability of VEM to built highly regular discrete spaces and propose a conforming
[H'(2)]2 x H?(Q2) discrete formulation, respectively for the shear strain and deflections. The
resulting bilinear form is continuous and elliptic with appropriate t-dependent norms. This met-
hod makes use of a very simple set of degrees of freedom, namely 5 degrees of freedom per
vertex of the mesh plus the number of edges, and approximates directly the transverse shear
strain, which is distinctive of this approach. Moreover, the rotations are obtained as a simple
postprocess from the shear strain and deflection. Under some regularity assumptions on the
exact solution, optimal error estimates (in the natural norms of the adopted formulation) with
constants independent of the plate thickness are proved for all the involved variables. In addi-
tion, we present error estimates in weaker norms using a duality argument. Finally, we point
out that, differently from the finite element method where building globally C'(Q2) functions
is complicated, here the virtual deflection space can be built with a rather simple construction
due to the flexibility of the virtual approach. In a summary, the advantages of the proposed
method are the possibility to use general polygonal meshes and a better conformity with the
limit Kirchhoff problem, ensuing from the H?(£2) approximation used for the discrete deflection.

The outline of this article is as follows: we introduce in Section 5.2 the Reissner-Mindlin
plate model, first in terms of deflection and rotations variables and then in an equivalent form in
terms of deflection and transverse shear strain variable. In Section 5.3, we present the discrete
spaces for the shear strain and deflection, together with their properties, next, we construct
the discrete bilinear forms and the loading term. We end this section with the presentation of
the virtual element discrete formulation. In Section 5.4, we present the error analysis of the
virtual scheme. In Section 5.5, we report a couple of numerical tests that allow us to assess the
convergence properties of the method.

Throughout the paper, € is a generic Lipschitz bounded domain of R2. For s > 0, ||-|| 50
stands indistinctly for the norm of the Hilbertian Sobolev spaces H*(Q2) or [H*(2)]? with the
convention H%(Q) := L?(2). Finally, we employ 0 to denote a generic null vector and we will
denote with C a generic constant which may take different values in different occurrences, and
which is independent of the mesh parameter h and the plate thickness t.

5.2. Continuous problem

Consider an elastic plate of thickness ¢,0 < t < 1, with reference configuration Qx(—t/2,t/2),
where ) is a convex polygonal domain of R? occupied by the mid-section of the plate. The
deformation of the plate is described by means of the Reissner-Mindlin model in terms of the
rotations @ = (61, 63) of the fibers initially normal to the plate mid-surface and the deflection
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w. We subdivide the boundary I' of € in three disjoint parts such that,
'=Tr.ul'suly.

The plate is assumed to be clamped on I'., simply supported on I'y and free on I'y. We assume
that I'. has positive measure. We denote by n the outward unit normal vector to I', the following
equations describe the plate response to a conveniently scaled transverse load g:

—divCe() — M 2(Vw—6) =0  in Q,

—div(At—2(Vw — 0)) =g in Q,
0=0, w=0 on D¢, (5.1)
Ce@)n =0, w=0 on Ty,
Ce(@)n=0, (6 —-Vw)=0 on Ty,

where X\ := Fk/2(1 + v) is the shear modulus, with F being the Young modulus, v the Poisson
ratio, and k a correction factor, (0) := 1(V@ + (V)") is the standard strain tensor, and C is
the tensor of bending moduli, given by (for isotropic materials)

E
Co:

= o (- Ve +vi@D, o ei@)P,

where tr(o) is trace of o and I is the identity tensor.
Let us consider the space

X = {(v,n) e H'(Q) x [H(Q)?:v=00onT,Uly,n=0onT,}
By testing the system (5.1) with (v,n) € X/, integrating by parts and using the boundary
conditions, we write the following variational formulation:
Problem 5.2.1 Given g € L*(Q), find (w,0) € X such that
a(6,m) +b(6 — Vw,n — Vv) = (g,v)00  Y(v,n) € X,

where (-,-)o.q denotes the inner-product in L*(Q2), and the bilinear forms are given by

a(8,m) := (Ce(0),e(n))og;

b(07 77) = )‘t_2(07 T’)O,Q'

The following result states that the bilinear form appearing in Problem 5.2.1 is coercive (see
[26, Proposition A.1]).

Lemma 5.2.1 There exists a positive constant o depending only on the material constants and
the domain € such that:

a(n,n) +b(m = Vo,n = Vo) > a([nliq+t2In - Vollia + [vlia) VY,m)eX. (5.2)

It is well known that the discretization of the Reissner-Mindlin equations have difficulties due
to the so called locking phenomenon when the thickness ¢ is small with respect to the other
dimensions of the plate. To avoid this phenomenon we will introduce and analyze an alternative
formulation of the problem that does not suffer from such a drawback. In order to simplify the
notation, and without any loss of generality, we will assume A\ = 1 in the following.
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5.2.1. An equivalent variational formulation

The variational formulation that will be considered here, was introduced in the context of
shells in [79, 93] and has been studied in [26] for Reissner-Mindlin plates using Isogeometric
Analysis.

Now, we note that the equivalent formulation is derived by simply considering the following
charge of variables:

(w,0) +— (w,y) with 6 =YVw+~. (5.3)

We note that the physical interpretation of the variable - corresponds to the transverse shear
strain.

The equivalent formulation will be obtained by using the change the variables (5.3) in Pro-
blem 5.2.1.

For the analysis we will consider the following t-dependent energy norm:

llo, 72 == ll7 + Vol o + 2715 0 + 0l 0, (5.4)

for all sufficiently regular functions 7 : Q@ — R? and v : @ — R.
Now, we define the following variational spaces:

—

X = C’oo(Q) X [Coo(Q)]QHIle’

X :={(v,7) 6/)2:1):0 onT.UTs,Vo+7=0onT.}.
It is immediately verified that
H*(Q) x [H'(Q)]> ¢ X € HY(Q) x [L2(Q))%.

Moreover, note that the space X exactly corresponds to X up to the change of variables (5.3).
Let us introduce the equivalent variational formulation for the Reissner-Mindlin model as
follows:

Problem 5.2.2 Given g € L*(Q), find (w,~v) € X such that
CL(VU) +, Vv + T) + b(77 T) - (97 U)O,Q V(’U, T) € X.

We have that Problem 5.2.2 is equivalent to Problem 5.2.1 up to the change of variables
(5.3). As a consequence, we have the following coercivity property for the bilinear form on the
left hand side of Problem 5.2.2 (see (5.2)):

a(Vo+ 7,V + 1)+ b(r,7) > afl|v, 7|} V(v,T)€ X, (5.5)

with same constant . Moreover, bilinear forms a(-,-) and b(-,-) are bounded uniformly in ¢.
Therefore, Problem 5.2.2 has a unique solution (w,~) € X and

w7l < Cliglo.q-
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5.3. Virtual element discretization

We begin this section, by recalling the mesh construction and the assumptions considered to
introduce the discrete virtual element spaces for the shear strain and deflection, together with
their properties, next, we will introduce discrete bilinear forms and the loading term. Finally,
we end this section with the presentation of the virtual element discretization of Problem 5.2.2.

5.3.1. Mesh regularity assumption

Let {73}, be a sequence of decompositions of {2 into polygons E. Let hg denote the diameter

of the element £ and h := méax hg.
E€Ty,

For the analysis, we will make the following assumptions as in [18, 31, 36]: there exists a
positive real number C'y such that, for every h and every FE € Ty,

A: the ratio between the shortest edge and the diameter hg of E is larger than C'r;
As: E €Ty, is star-shaped with respect to every point of a ball of radius Crhp.

For any subset S C R? and nonnegative integer k, we indicate by P.(S) the space of poly-
nomials of degree up to k defined on S. To keep the notation simpler, we denote by n a general
normal unit vector; in each case, its precise definition will be clear from the context and we
denote by t the tangent unit vector ¢t defined as the anticlockwise rotation of n.

To continue the construction of the discrete scheme, we need some preliminary definitions.
First, we split the bilinear forms a(-,-) and b(+,-) introduced in the previous section as follows:

a(Vw+~,Vo+71) = Z o (Vw+~,Vo+71) Y(w,7),(v,7)e X, (5.6)
E€Ty,
by, = Y b7 vy, 7 € [H' Q) (5.7)
E€Ty,
with
o (Vw +~, Vo +7) = (Ce(Vw + 7),e(Vu + Y)o.e
and

bE(7aT) = t_2(77T)O,E-
Finally, we define
A((w,7), (v,7)) = a(Vw+7, Vo+ 1) +b(v,7) = > A%((w,7),(v,7)) Y(w,7), (7)€ X,
EcT,

where
AP ((w,~), (v, 7)) = af (Vw +~, Vv + 7)) +bF (v, 7).

In order to construct the discrete scheme associated to Problem 5.2.2, in what follows, we
will show that for each h > 0 it is possible to build the following:
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1. a discrete virtual space X, C X such that
Xy ={(vp,mh) € WpxVp):v,=00onT.UT,, Vo +7,=0o0nT.},
in which the virtual spaces W), C H?(2) and V,, C [H(Q)]%
2. a symmetric bilinear form Aj, : X x X} — R which can be split as

An((wn,¥)s (o, h)) ==Y AR (wnovp), (0n,78)) Y(wn,¥4), (on, Th) € Xn,  (5.8)
BeT,,

with AP (-,-) local bilinear forms on Xp|p x Xp|p;

3. an element g, € X and a discrete duality pair (-,-), in such a way that the following
discrete problem: Find (wp,7y;,) € X}, such that

An((Wn, k), (0n, Th)) = (gnsvn)y, V(0w Th) € X, (5.9)

admits a unique solution (wp,y;,) € X, and exhibits optimal approximation properties.

5.3.2. Discrete virtual spaces for shear strain and deflection

We introduce a pair of finite dimensional spaces for shear strain and deflection:
Vi, C [HY(Q))?, Wy, C H*(Q).

First, we construct the shear strain virtual space Vp, inspired from [6]. With this aim, we
consider a simple polygon E and we define

Bog := {Th € [C°(OE))? : 71, - tlor € Pa(e) and 7, - n|op € Pi(e) Ve € OE}.
We then consider the finite dimensional space defined as follows:
VE .= {7, e [HY(E)]? : rot 1), € Po(E), Th|or € Bop, T, minimizes the H'-seminorm}.

Note that the space Vf is well defined. Indeed, given a (piecewise polynomial) boundary value
Thlop € [H'?(OE))?, the associated function 7, inside the element E is obtained by solving the
following well-posed problem:

—AT1p+rots=01in FE,
rot 7, = f with f € Po(E), (5.10)
T}, assigned in OF,

where
f =rotTp] ! /rotT ! Th -t
= hE = o h= T 2
Bl Jp E| Jor

It is important to observe that, since the functions in V,’? are uniquely identified by their
boundary values, dim(V¥) = dim(V¥|sg), i.e., dim(VF) = 3Np, with Ng being the number
of edges of E. This leads to introducing the following 3Ng degrees of freedom for the space V,}f :
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= V7. the values of T, (vector) at the vertices of F.

n 523: the value of the

1
m/Th't YV edge e € OF.

Moreover, we note that as a consequence of the definition Vf , the output values of the two sets
of degrees of freedom VLE and Egi are sufficient to uniquely determine 74 -t and 7 - n on the
boundary of E, for any 7, € VE. Finally, we note that clearly [P1(E)]*> C VE.

For every decomposition 7, of € into simple polygons E, we define the global space Vj,
without boundary conditions.

V,;, = {Th S [HI(Q)F : Th’E S VE VE € ﬂl}

In agreement with the local choice of the degrees of freedom, in V} we choose the following
degrees of freedom:

= V" the values of 7, (vector) at the vertices of Tj,.

= £ the value of the 1
ﬂ/Th't YV edge e € Tp,.
€ e

Now, we will introduce the discrete virtual space W}, for the deflection, see also [57, 6]. With
this aim, we first define the following finite dimensional space:

W}F = {’Uh S H2(E) : A2Uh = O,’Uh‘aE S Co(aE),?}h‘aE S Pg(e),
Vuplor € [CY°(OE)]? and Opvp|op € Pi(e) Ve € OE},

where A? represents the biharmonic operator. We observe that any v, € Wf satisfy the following
conditions:

= the trace on the boundary of E is continuous and on each edge is a polynomial of degree
3;

» the gradient on the boundary is continuous and on each edge its normal (respectively
tangential) component is a polynomial of degree 1 (respectively 2);

» inside F satisfy the biharmonic equation A%vy, = 0;
= Py(E) C WE.
We choose in Wf the degrees of freedom introduced in [7, Section 2.2], namely:

= Wg: The values of v, and Vv, at the vertices of E.
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We note that as a consequence of the definition W,‘? , the degrees of freedom Wg are sufficient
to uniquely determine v, and Vv, on the boundary of E.

We now present the global virtual space for the deflection: for every decomposition 7, of 2
into simple polygons E, we define (without boundary conditions).

Wi = {v, € H*(Q) : v4|p € WE VE € T,}.

In agreement with the local choice of the degrees of freedom, in W) we choose the following
degrees of freedom:

= WP the values of v, and Vuy, at the vertices of 7Tj,.

As a consequence of the definition of local virtual spaces V,}f and Wf , we have the following
result which will be used in the forthcoming analysis.

Proposition 5.3.1 Let E be a simple polygon with Ng edges. Then VW}? C VE.

Proof. Let v, € W, then we have that: v, € H?(E), A%v, = 0, vy]c € P3(e) and Vuy, - nl. €
Py (e) for all e € OF. Hence, Vuy, € [HY(E)]?, Vuy, - t|. € Pa(e) and Vuy, - n|. € Py(e) for all
e € OF, i.e, Vup|or € Byg. Moreover, rot(Vuv,) = 0 € Po(E). On the other hand, we have that

0= A%y, = A(Avy) = A (div(Voy)) = div (A(Vy)).

Since a star-shaped polygon E is simply connected, there exists ¢ € H'(E) such that A(Vuy,) =
rot g. Thus, Vv, satisfies (5.10) and therefore Vv, € VE. The proof is complete. 0
Finally, once we have defined Vj, and W}, we are able to introduce our virtual element space
X
Xy = {(Uh,Th) e Wy x Vh} NnxX.

5.3.3. Bilinear forms and the loading term

In this section we will discuss the construction of the discrete version of the local bilinear
forms a”(-,-) (cf (5.6)) and b¥(-,-) (cf (5.7)), which will be used to built the local bilinear form
appearing in (5.8). Moreover, we will discuss the construction of the loading term appearing in
(5.9).

We define the projector IIZ : V& — [Py (E)]> C V¥ for each 7, € VE as the solution of

af (p,NETy) = a®(p,T1) Vp € [P1(E)]?,
(5.11)
<<p7 HaETh>> = <<p7 Th>> Vp € ker(aE('7 ))7

: E
where for all ry,s;, in Vy;

Ng
1
({rp,sp)) == Ny Zrh(vi) -sp(v;), wv; = vertices of E, 1 <i < Np.
i=1
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We note that the second equation in (5.11) is needed for the problem to be well-posed. In fact,
it is easy to check that it returns one (and only one) function X7, € [P1(E)]?. Moreover, we
observe that the local degrees of freedom allow us to compute exactly the right hand side of
(5.11). Indeed, for all p € [P1(E)]?, we have

aE(p,Th) = /ECE(p): e(tn) = —/Ediv(Ca(p)) cTh A+ /E)E (Ce(p)n) -1
- [ (cstom)-m.
oF

where we have used that div(Ce(p)) = 0. Therefore, since the functions 7, € VE are known
explicitly on the boundary, the right hand side of (5.11) can be computed exactly without
knowing 7, in the interior of E. As a consequence, the projection operator HsE is computable
solely on the basis of the degrees of freedom values.

Let IT¥ : VI — [Py(E)]? be the [L?(E)]*projector, defined by

/EH(;ETh'Po:/ETh‘Po Vpy € [PO(E)]Q-

We note that as before, the right hand side above is computable. In fact, we consider a simple
polygon E with barycenter x = (vp,yg)" and we have that any p, € [Po(E)]? can be written
as py = a(1,0)! + 8(0,1)! = arot(y — yg) + Brot(zg — x). Thus, for all ), € VE we have

/ETh-(l,O)t:/ETh-rOt(y_yE):/EI“OtTh(y—yE)—/ (Th-t) (y — yp)

oF

:rom/E@—yE)—AE<rh-t><y—yE>:—/Mm-t)(y—ym,

where we have used that for 7, € fo , ot 7, € Po(E). Using the same arguments, we get

/Erh-(o,nt:—/aE(Th.t)(xE—:c),

which shows that Hg T, is computable solely on the basis of the degree of freedom values.
Let now SE(-,-) and S¥(-,-) be any symmetric positive definite bilinear forms to be chosen
as to satisfy

coa(th, 1) < SE (11, mh) < cra? (T, 1) V1, € VE with TP+, =0, (5.12)
b (Th,h) < S§ (7w, Th) < @D (Th, ) VTH €V, (5.13)
for some positive constants ¢y, ¢1, ¢op and ¢ depending only on the constant C7 from mesh

assumptions A; and Ajy. Then, we introduce on each element E the local (and computable)
bilinear forms

af(‘)’ha Th) = aE(H§7h7stETh) + SE(‘Yh - H§7h’7h - HfTh) Yh: Th € VE?
bn (Vs a) o= 0P (M, I 7)) + S§ (v, = T§vp T =5 TR) T € Vi
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Now, we define in a natural way

an(YpTh) = D> ap (V) (Y Th) = D b (Ve Th)  YhTh € Vi
E€T, E€T,,

The construction of af (+,-) and bf (+,+) guarantees the usual consistency and stability proper-
ties of VEM, as noted in the Proposition below. Since the proof is simple and follows standard
arguments in the Virtual Element literature, it is omitted.

Proposition 5.3.2 The local bilinear forms a(-,-) and b¥(-,-) on each element E satisfy

» Consistency: for all h > 0 and for all E € Ty, we have that

af (p,71) = a”(p,71) Vp € [PU(E))?, V1, € VE; (5.14)
bf (py, Th) = bE(pO,Th) Vp, € []P’O(E)]Q, V1), € Vf. (5.15)

» Stability: there exist positive constants o, o, By and B*, independent of h and E, such
that

Oé*aE(Th,Th) < aE(Th,Th) < oz*aE(Th,Th) V71, € VE, VE € Ty, (5.16)
,B*bE(Th,Th) < bE(Th,Th) < 5*bE(Th,Th) VTh c V}[:J, VE € 7;L (517)

We note that as a consequence of (5.16) and (5.17), the bilinear forms a(-,-) and bZ(-,)
are bounded with respect to the H' and L? norms, respectively.

We now discuss the construction of the loading term. For every E € T;, we approximate the
data g by a piecewise constant function g, on each element E defined as the L?(E)-projection
of the load g (denoted by gg). Let the loading term

(n,vn)p Z QEZUh v )w (5.18)

E<T, i=1

E

where vy,...,vn, are the vertices of I/ and w};, . ,wg are positive weights chosen to provide

the exact integral on E when applied to linear functions.

5.3.4. Discrete problem

The results of the previous sections allow us to introduce the discrete VEM in shear strain-
deflection formulation for the approximation of the continuous Reissner-Mindlin formulation
presented in Problem 5.2.2.

With this aim, we first note that since VW}? - Vf (see Proposition 5.3.1), the operator
Hf can be also applied to Vv, for all v, € Wf . Hence, we introduce the following VEM
discretization for the approximation of Problem 5.2.2.

Problem 5.3.1 Find (wp,7y;,) € X, such that

an(Vwp, + v, Vo, +78) + 0 (Y, Th) = (9hsVn)), V(vp, Th) € X, (5.19)
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The next lemma shows that the problem above is coercive in the ||| - ||| norm.

Lemma 5.3.1 There exists 5 > 0, independent of h and t such that
an (Vo + T, Vou + 74) + b (T, 71) > Bl (0n, )] V(on, Th) € Xp.
Proof. Thanks to (5.16), (5.17) and (5.5), we have that
an (V470 Vo +71)+bn (T, T1) = Cu (a(NVop + Thy Vo + 74) + b(Th, 1)) = Bl (on, 71)l112,

with 8 := min{C,,a}. 0 We deduce immediately from Lemma 5.3.1 that Problem 5.3.1 is
well-posed.

Remark 5.3.1 The solution of Problem 5.2.2 delivers the shear strain and deflection. In ad-
dition, it is possible to readily obtain the rotations @ by recalling (5.3). At the discrete level,
this strategy corresponds to computing the rotations as a post-processing of the shear strain and
deflection. If (wp,y;,) € X, is the unique solutions of Problem 5.3.1, then the function

0, = Vwy, + vy,

18 an approrimation of the rotations. The accuracy of such approzimation will be established in
the following section.

5.4. Convergence analysis

In the present section, we develop an error analysis for the discrete virtual element scheme
presented in Section 5.3.4. For the forthcoming analysis, we will assume that the mesh assum-
ptions A and As, introduced in Section 5.3.1, are satisfied.

For the analysis we will introduce the broken H'-norm:

lollif po =D Il &,

E€Ty

which is well defined for every v € L?(f2) such that v|z € HY(E) for all polygon E € Tj.

Moreover, we have the following propositions, which are derived by interpolation between
Sobolev spaces (see for instance [86, Theorem 1.1.5] from the analogous result for integer values
of s. In its turn, the result for integer values is stated in [18, Proposition 4.2] and follows from
the classical Scott-Dupont theory (see [51]).

Proposition 5.4.1 There exists a constant C > 0, such that for every v € H*(E) there exists
v € Pp(E), k > 0 such that

‘?} — UH‘l,E < ChsE_l’U’&E 0<s<k+1,0=0,...,s.

Proposition 5.4.2 There exists a constant C > 0, such that for every T € [H*(E))? there exists
71 € [Pr(E)]?, k > 0 such that

T — Tl <ChyUrler 0<s<k+1,1=0,...,s.
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The first step is to establish the following result.

Lemma 5.4.1 Let (w,7y) € X be the unique solution to the continuous Problem 5.2.2 and let
0 .= Vw+~. Let (wp,~y) € X be the unique solution to the discrete Problem 5.3.1. Then, for
any (wr,v;) € Xp, and (011,711, 7o) € [L?(Q)]® such that On|g € [P1(E))?, vule € [P1(E))? and
YolE € [Po(E)]? for all E € Ty, there exists C > 0 independent of h and t such that

llw = wh,y = 2lll < C (v = villog + 170 = Yloe) + 117 = rllie + Plgloe
+6 = Oullino + [[Vw = Vwrll10) .

Proof. We set 6 := 7, =7, 0w = wp—wy, 0}, := Vwy+7y, 07 := Vwr+~; and dg := 6, —07.
Thanks to Lemma 5.3.1 and equations (5.19), (5.14), (5.15) we have that
Blll(wn — wr), (vn =YD < an(@n — 01,86) + bu(vi — 1, 04)

= ap(Vwp, + vp, 09) + bn (V4 0+) — (an(01,8¢) + ba(vy, 0+))

= (gh, Ow)), — Z (af (81 — O11,3¢) + a”(O11 — 0,84) + a” (0, 80))

E€T,
= > (K (v =70, 84) + 05 (9 — 7, 84) + b7 (7, 65))
E€T,
<Ti +1T15+ 13,
where
Ty = ‘<9h75w>h — (9, 5w)0,9 ) T = Z (af(é’z — 01, 00) — aE(OH o 9’59)) )
EET,

Tyo=| > (bF(vr —70:04) — b5 (70 — 7. 84))| -
E€7’h

We now bound each term T;, i = 1,2, 3, with a constant C' independent of h and t.
First, we bound the term T5. Using (5.16), the fact that bilinear form a(-,-) is bounded and
finally adding and subtracting 6, we obtain

T < Z ‘GE(GI—GH,(sg)‘ + Z |aE(0H—0,69)‘

EET,, EET,,

< > C(16; - Oulle + 61 — 0l11,5)|d6l1.
EET,,

<> C6;=0ll1,5+ 10n—0l1.£)861.k.
EET,,

For the term T3, using (5.17), the definition of bilinear form b(,-), the Cauchy—Schwarz
inequality, and finally adding and subtracting -y, we obtain

Ty< ) Cllvr —loe + Ivo = Ylloe)t 2 10llo.e-
E€Ty
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Now, we bound 77. Using the definition (5.18), and adding and subtracting gr we rewrite
the term as follows

T =) <gE25 ;)W ) Z/ga

EeT;, E€Th
_ %(9’325 v /m) EE;(/ 95— <6w—p>>,

for any p € Py(FE), where we have used the definition of gg. Therefore,
n<|) <9E > Ou(vi)w / o ) + 3" llg - gello.slldw - plos = T¢ + TP,
EcT, E€Ty
First, le is easily bounded. In fact, taking p as in Proposition 5.4.1, we obtain that
T < Chllgllo.elldwlle.

In what follows we will manipulate the terms 77": adding and subtracting py € Py(E), and since
the integration rule in (5.18) is exact for constant functions, we have

1< [ ants Y (gE (f(éw—pw(w)w%))

E€Ty, E€Ty, =1
1/2
< lglloa | D 16w —polld & + Y 1EIgellow — poll Lo
E€Th E€Th
1/2 1/2
<lgloe | 3 16w=polds | +llgloa [ 3 W5l60 = pol2eion
E€Th E€Th
We now recall that d,, — po is a (continuous) piecewise polynomial on JF, and that the length

of the edges of F is bounded from below in the sense of assumption A;. Therefore, we can
apply Lemma 3.1 in [47], standard polynomial approximation estimates and a trace inequality
to derive

16w — pollLee 9y < Cldwli/2.0m + h;/szsw —pollo,oe < Clowliy20r < Clowl1,E-
Hence, we obtain,
11" <Chllgllo,ldw|1,0-
Thus, since |0y |1,0 < [||0w, d~|||, we have that

Ty < T + 17 < Chlgllo.alllow, 6411 (5.20)
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Therefore, by combining (5.20) with the above bounds for T, and T3, we get

[(wn — wr), (va — DI <CE Y = v1lloe + 7o — Vo)
+ 16 — 61|10 + |10 — O]l1,n,0 + hllgllog)-

Hence, the proof follows from the bound above, the triangular inequality, the definition of ||| |||
(see (5.4)), the definition of 87 and the inequality ||6 — 01|10 < [|Vw — Vwr|1.0+ |7v — 7110
In fact,

w —wn, v — ¥l <[|Jw —wr, vy =¥l + |[lwr — wn, Y7 — V3]l
<C(t v —villog +t  vo = Yllog + v — il
+ hllglloo + 116 — Oullina + [[Vw — Vwrl[1,0).

The proof is complete. O

The next step is to find appropriate terms (wr,~y;), (wm,vyr) and v, that can be used in
Lemma 5.4.1 to prove the claimed convergence. As a preliminary construction, we introduce, for
every vertex v of the mesh laying on 912, the following function. Let e, be any one of the two
edges on 0f) sharing v, fixed once and for all; the only rule being that, if one of the two edges
is in I';. and the other is not, then the one in I'. must be chosen. Then, we denote by ¢, the
unique (vector valued) polynomial of degree 2 living on e, such that

/ P @, =p)  Vpe [Palen) (5.21)

Then, for the term w; € Wy, we have the following result.

Proposition 5.4.3 There exists a positive constant C, such that for every v € H3(Q) there
exists vy € Wy, that satisfies

’1) — 'U[’LQ S Ch%_l‘v‘gﬂ, | = 0, 1, 2.

Proof. Given v € H3(Q), we consider vy € L?(f2) defined on each E € Ty, so that vy|g € Po(E)
and the estimate of Proposition 5.4.1 holds true.

For each polygon F € Tj, consider the triangulation ’7;ZE obtained by joining each vertex of
FE with the midpoint of the ball with respect to which FE is starred. Let ’7A7L =U EeT, ’7;ZE . Since
we are assuming Aq and Ao, {’ﬁ} , is a shape-regular family of triangulations of €2.

Let v, be the reduced Hsich-Clough-Tocher triangle (see [69, 70]) interpolant of v over 7y,
slightly modified as follows. For the nodes on the boundary, the value of Vv, is given by

Vue(v) ::/ Ve - @y,

see (5.21), while the values of the remaining degrees of freedom is the same as in the original
version. This is a modification, in the spirit of the Scott-Zhang interpolation [107], of the standard
nodal value; the motivation for such modification is not related directly to the present result
(that would hold also with the original HCT interpolant) and will be clearer in the sequel. This
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modified version still satisfies similar approximation properties with respect the original version
[69, 70]; we omit the standard proof and simply state the result:

v —velio < Ch ' ol 1=0,1,2. (5.22)
Now, for each E € Ty, we define v;|g € H?(E) as the solution of the following problem:

—A%; = —A?% in E,
vy = v, on JF,
Opvr = Opve. on OF.

Note that v|g € W}? . Moreover, although vy is defined locally, since on the boundary of each
element it coincides with v. which belongs to H?(f2), we have that also v; belongs to H?(£2)
and, hence, vy € Wj,.

According to the above definition we have that

—A2%(vp—vy) =0 in E,
v — vy = v — Ve on OF,
On (vt — vr) = On (vt — v) on OF,

and, hence, it is easy to check that
lvnt — vrly p = inf {|z|27E7 z€ HYE): z=vg—v. ondE and 0pz = dp (v — ve) on 8E}
< |vn — Uc,z,E'
Therefore,

v —vrlyp < v —vnly g+ |on —vily g
<|v—wnlyp+lvon —vely g

<2fv—vnly g+ v —vely -

By summing on all the elements and recalling (5.22) (plus standard approximation estimates
for polynomials on polygons) we obtain

v — UI’2,Q < C( lv— UH’z,Q + v — Uc,z,Q) < Chlvlsa.

Moreover, from the above bound and (recalling that dp,(vr — v.) = 0 and (v; — v.) = 0 on OF)
a Poincaré-type inequality, we have

v — UI‘LE <lv-— UC‘LE + |ve — UI’LE <|v-— UC’l,E + Chg |ve — UI’z,E

<|v—vely g+ Chelv—rclyp+ Chelv—uily 5,
so that, summing on all the elements and using the bounds above,

[0 —vrl o < Ch? [ulzq
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By an analogous argument one obtains
lv = vrlloq < O (v = vellog + hlve — vil, ) < OB [ol g,

which allows us to complete the proof. O
Finally, we present the following result for the approximation properties of the space Vy,.

Proposition 5.4.4 There exists C > 0 such that for every T € [H*(Q)]? with s € [1,2] there
exists Tr € Vy, that satisfies

”T — 7'1”079 + h’T — T]‘LQ < Chs”T‘&Q.

Proof. We refer the reader to Section 5.3.2 for the definition of the degrees of freedom of V}, and
define 71 as follows. All degrees of freedom associated to internal vertices are calculated as an
integral average of T on the elements sharing the vertex (as in standard Clément interpolation).
All the vertex boundary values are taken as (see (5.21))

TI(U)Z/SUT'%-

Finally, the edge degrees of freedom are computed directly by

1 1
@/T}'t:E/T't Y edge e € Tp,.
e e

The rest of the proof is omitted since it follows repeating essentially the same argument used to
establish [31, Proposition 4.1]. O

According to the above results, we are able to establish the convergence of the Virtual
Element scheme presented in Problem 5.3.1.

Theorem 5.4.1 Let (w,v) € X and (wp,7;,) € X, be the unique solutions of the continuous
and discrete problems, respectively. Assume that (w,~) € (H3(),[H?(2)]?). Then, there exists
C > 0 independent of h, g and t such that

llw = wp,y =3l < Ch(t vl + [020 + [wlz0 + llgllog) .
where 6 := Vw + ~.

Proof. The proof follows from Lemma 5.4.1 and Propositions 5.4.1, 5.4.2, 5.4.3 and 5.4.4. In
fact,

llw = wn, ¥ = alll SC(t‘l(Hv =il +llvo =llope) + v = 7ilie
+lglog + 116 = Oulli e + Ve = Vurllie)
<Ch (t' 10 + 1020 + [wizo + lgllos)

where we have used that v = @ — Vw so that |v[2o < |w[3 0 + |60|2,0. Thus, we conclude the
proof. O
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Remark 5.4.1 It is easy to check that the couple (wy,~ ;) used in Theorem 5.4.1 (accordingly to
the interpolants definition given in Propositions 5.4.3 and 5.4.4) does actually satisfy the boun-
dary conditions and is thus in Xy. Indeed, the condition wy = 0 on I'.UL's follows immediately
from the analogous one for w. The condition Vwr+~; =0 on I'c can be easily derived from the
analogous one for (w,~y) combined with our choice for the boundary node interpolation and the
definition of the discrete spaces.

Remark 5.4.2 We note that Theorem 5.4.1 provides also an error estimate for the rotations
in HY(Q)-norm.

In what follows, we restrict our analysis considering clamped boundary conditions on the
whole boundary, essentially to exploit the associated regularity properties of the continuous
solution of the Reissner-Mindlin equations. Nevertheless, the analysis in what follows can be
straightforwardly extended to other boundary conditions.

Now, we present the following result which establish an improve error estimate for rotations
in L2(Q)-norm and the deflection in H!($)-norm.

Proposition 5.4.5 Assume that the hypotheses of Theorem 5.4.1 hold. Moreover, assume that
the domain ) be either regular, or piecewise reqular and convex, that g € H'(E) for all E € T,
and that T. = T. Then, for any (wi,vmYo) € [L*(Q)]° such that wi|p € Po(E), yule €
[P1(E))? and vo|g € [Po(E)]? for all E € Ty, there exists C > 0 independent of h, g and t such
that

16 — Orllo.0 < C(h+t) (|[|w —wh,y — !l + Rllgllin0 + [[Vw = Vwrll1p,0 (5.23)
+lv = yrlluae + 7y = vollog) ;
|w — w10 <CUIO = Onlloo + 7 —Yrllon)- (5.24)

Proof. The core of the proof is based on a duality argument. We first establish (5.23). We begin
by introducing the following well-posed auxiliary problem: Find (w,~) € X such that

a(Vuo+~,Vo+7)+b(v,7) =(0 -6, Vo+T)oq V(v,7)eX. (5.25)
The following regularity result for the solution of problem above holds (see [96, Theorem 2.1]):
1@ ls.0 +t~H[@*[l2.0 + A lLe < ClO — Orllo, (5.26)

where w! is the solution of the Kirchhoff limit problem and @w? := w — w'. Let (w},~;) € X,
be the interpolant of (w',~) given by Propositions 5.4.3 and 5.4.4, respectively. Therefore, the
above regularity result yield immediately:

l@" = @lle +hlw' = @flz0 + 7 hIF = Filoe < 1?0 — Orllo., (5.27)
[@2]l2.0 + 17 = Fille < 6 — Oxllo. (5.28)
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Next, choosing v := (w — wy) and 7 = (v —7,,) in (5.25), so that Vv + 7 = 6 — 6;,, and then
adding and subtracting the term V@} + 77, we obtain

10 — 0450 = al6 — 6,V +5 — Vi +7;) + a(0 — 0, Vg +7;)
+b0(y =Y, Y — 1) F (Y — VR Y1)
< lw — wh,y =l 1@ — @F, 7 — 771l + [a(0 — On, VaT +77) +b(y — v, 71)| 5
(5.29)

where we have used that the bilinear forms are bounded uniformly in ¢ with respect to the ||| - |||
norm. Now, we bound each term on the right hand side above. For the first term we have, using
(5.27) and (5.28),

o — w7, 5 —F;||]> < C (|lw - {EIH%,Q +t7 A - ’71”8,9 + 7 = ’71”%9)
<C (@' - willzn + @250+t 217 = Yrl5a + 17 —1lli o)
< C(h*+1°)]60 — 043 .q-

Therefore
|@ — w7,5 — ;||| < C(h+1)]|6 — Ox]l0.0- (5.30)

For the second term on the right hand of (5.29), since (w},~;) € X, we have that (see Pro-
blems 5.2.2 and 5.3.1),

|a(0 - 0h7 vw} + ;;II) + b(7 - 7h7;)7[)| = |(g7&;})0,9 - G(Oh, vw} + ﬁ[) - b(ﬁYh);?I)‘
= |(97{17})0,Q - <9h7ﬂ7}>h + an (01, Var + 1) + bu(vs Y1) — a0n, VT + ;) — b(vn, 1)
< By + Bs, (5.31)

where
By = (0,5} g.0 — (90:@1),,
and

By = ‘ah(eha Vg +3;7) = a(On, Vi + 1) + b (v ¥1) — b(’Y}ﬁI)‘ .

We now bound B; and Bs uniformly in t.
We begin with the term B;. First adding and subtracting @' we have

By < |(g,w; — @)ool +[(g, @ o = (gn, @), | + [(gn, @] —@"), |
< h?|lgllo.l@' 2.0 + |(g:@")oa = (gn @), ], (5.32)

where we have used the Cauchy-Schwarz inequality and Proposition 5.4.3 to bound the first
term; note moreover that the last term on the right hand side above vanish as a consequence of
(5.18) and the definition of w}:

Ng
(g} 1), = | 3 (QEZ@} —a1><vi>wg) o
=1

E€Ty,
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Now, we bound the second term on the right hand side of (5.32) and we follow similar steps as
in Lemma 5.4.1 to derive (5.20). In fact, using the definition (5.18), and adding and subtracting
gn we rewrite the term as follows

Ng
|(ngl)0,ﬂ_<ghvwl>h‘: Z /gw - (gEZ&;l(Ul)w}j’)
E€Ty, i=1

EeTy,

IN

/EQEM—Z

E€Ty

(%Zw (v3) w) + 3 g - gelosl@ - pllos.

E€Ty

for any p € Py(E). Now, taking p as in Proposition 5.4.1 and using that g|p € H'(E) and [51,
Lemma 4.3.8]. we have that

(0:300 ~ 90,1, < W lglhnal@ o [ gedt = 3
E EE€T;,

Ng
(éEwa)w%) — Bl4+B2.
=1

(5.33)
In what follows we will manipulate the terms B%: adding and subtracting p; € P1(F), and the
fact that (5.18) is exact for linear functions, we have

Ng
Bf<|) /ng —p)|[+| > (QE (Z(ﬁl—Pl)(W)wE>>

E€Th EE€T i=1
12 12 (5.34)

<lgloa [ D @' =pil§ s +lglloo | D hlla' —pilZ
E€Ty, E€eTy,

By polynomial approximation results on star-shaped polygons we now have

[@" = pillo.p < ChElw |2,

_ _ (5.35)
@' = pilloc,p < Chg|@'|s,p,

where the first bound follows from Proposition 5.4.1 and the second one can be derived, for
instance, using the following brief guidelines. Let B be the ball with the same center appearing
in Ay, but radius hg. It clearly holds £ C B. One can then extend the function @' to a function
(still denoted by w') in H?(B) with a uniform bound |w!|l2. 5 < C|lw'|2.z (see for instance
[108], where we use also that due to Ag all the elements E of the mesh family are uniformly
Lipshitz continuous). Then, the result follows from the analogous known result on balls and
some very simple calculations. Hence, from (5.34) and (5.35), we obtain

B} < CR*||glloeld’ |2.0. (5.36)
Finally, from (5.32), (5.33) and (5.36) we have the following bound for the term Bj:

By <Ch?|gllinell® 20 < Ch?|lgllLnell® = Onllog < C(h+t)hllgllipell® — O4llo.o-
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Now, we bound the term By in (5.31). First, we consider (wr, v, Yo) € [L?(R2)]® such that
wr|p € Po(E), vl € [P1(E)]? and vy|g € [Po(E)]%. Moreover, we consider wi; € L*(2) with
wii|g € Po(E) and define Oy := Vwr + vy Thus, using the consistency property we rewrite the
term as follows

By=| Y (af (64, Y} +7; — (VT + 7)) +af (01, VT + 1)
E€T,
- Z (a®(On, Vur + 51 — (Vi + 1)) + a” (On, Vior; + Y11))
E€Th

+ Z (bE(7h7'~71 — o) + bf(’mﬁo) - bE(’YhﬁI —%o) — bE(’Yhﬁo)) ‘
EET,,
= | 3 (af(On — 60, Vi} + 7, — (Vith + ) — aP(8 — O, Vit + 7y — (Vioh + 7))
EET,,
+ Z (05 (Yn = Y0, ¥1 — o) — " (Y1 — Y0, 71 — Vo)) ‘
EET,

Therefore, we have

By < C (16n — Oullina +t s — olloq) X
1/2

Z |Va; — V@HH%,E + 1177 — ‘NYHH%,E +t72)A, — ‘~>’0||%,E
EET,

< C(16n = Oulline + 1t vn — vollog) (M@ .0+ ht Ao + Fle)

where we have added and subtracted Vw'! and 4 and then we have used Propositions 5.4.3,
5.4.1, 5.4.4 and 5.4.2, respectively. Finally, using (5.26) and the triangular inequality we have

By < C(h+1)]|10 = xllo.e (Illw — wn,y = vulll + 110 = Oulline + ¢ v = ollog) -

Hence, (5.23) follows from (5.29), combining the estimate (5.30), with the above bounds for By
and By and the definition of 6. In fact, we obtain that

160 — Onllo0 < C(h+t) (|||lw—wn,y —ulll + Rllglline + |Vw — Vw10
v = vullipe + 7Y = vollog) -

Finally, bound (5.24) follows from the Poincaré inequality and the triangular inequality we
have that

[w —wpl1,0 < C|Vw = Vwlloo = Cll0 —v — (0n — Y1) llo.0 < C10 — Onlloe + [|[7v — vrllo)-

The proof is complete. O
Finally, we obtain the following result.
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Corollary 5.4.1 Assume that the hypotheses of Theorem 5.4.1 hold. Moreover, assume that the
domain Q be either reqular, or piecewise reqular and convez, that g € H'(E) for all E € T;, and
that I'. = I'. Then, there exists C' > 0 independent of h, g and t such that

10 — Onlloe + lw—wpll1,o < C(h+ A (T v]10 + 10l20 + [wsa + lglline) -

Proof. The proof follows directly from Proposition 5.4.5, combining Theorem 5.4.1, Proposi-
tions 5.4.1, 5.4.2 and the fact that ||v —~,llo.0 < t|||lw —wp, v —~,]||- O

Remark 5.4.3 We note that the shear strain variable in the present paper is given by v =
Vw — 0 and it is related with the usual scaled shear strain used in other Reissner-Mindlin
contributions in the literature as follows Q = t=2~. Since t '~ = tQ is a quantity that is known
to be uniformly bounded in the correct Sobolev norms (see, e.g [13, 56]). Therefore, the factors
t~1 appearing in Theorem 5.4.1 and Corollary 5.4.1 are not a source of locking.

Remark 5.4.4 We note that in our convergence results, in order to obtain the full convergence
rate in h (independently of the thickness t) we need |wl|s o to be bounded uniformly in t. Even in
the presence of reqular data, this condition is not always assured due to the presence of layers
at the boundaries of the plate. Such small limitation of the method is related to the adopted
formulation and is, somehow, the drawback related to the advantage of having a method with
Cl deflections, that is therefore able to give (at the limit for vanishing thickness) a Kirchhoff
conforming solution. We finally note that, in practice, this kind of difficulty can be effectively
dealt with by an ad-hoc refinement of the mesh near the boundaries of the plate.

5.5. Numerical results

We report in this section some numerical examples which have allowed us to assess the
theoretical results proved above. We have implemented in a MATLAB code our method on
arbitrary polygonal meshes, by following the ideas proposed in [22]. To complete the choice of
the VEM, we have to fix the bilinear forms SF(-,-) and S§(-,-) satisfying (5.12) and (5.13),
respectively. Proceeding as in [22], a natural choice for S¥(-,) is given by

2NEg

1
ST (vh, ) Z‘YhUzThUz +Z<| |/ ><m/7’h't>, ‘YhaThGVE,
.] ] ej
while a choice for SF(-,-) is given by
2Ng

h2 1
st =5 ( Smtwmion 3 (2 [ et (3 [ 7wee) | et
.] ] ej

The choices above are standard in the Virtual Element literature, and correspond to a scaled
identity matrix in the space of the degree of freedom values.
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To test the convergence properties of the method, we introduce the following discrete L2-like
norm: for any sufficiently regular function v,

Ng
v]|§.q = Z <’E\Z(U(Uz’))2> ,

EcTh

with |E| being the area of element E. We also define the relative errors in discrete L2-like norms
(based on the vertex values):

Ng
> <|E| > (w(v) - Wh(vz'))2>
_ E€Th i=1
Ng
> <|E|Z(W(Ui))2>
i=1

(ew)2 =
E€T,

I

and the obvious analogs for ey,, and eg. Finally, we introduce the relative error in the energy
norm

()2 = Al = Wy =), (0 = wn, ¥ = 74))
. Ah((w77)’ (w77)) ’

where Aj(+,-) corresponds to the discrete bilinear form on the left hand side of Problem 5.3.1.

5.5.1. Test 1:

As a test problem we have taken an isotropic and homogeneous plate 2 := (0,1)2, clamped
on the whole boundary, for which the analytical solution is explicitly known (see [66]).
Choosing the transversal load g as:

g(z,y) = [12y(y — 1)(52® — 5z + 1)(2y* (y — 1)? + z(z — 1)(59* — 5y + 1)

E
12(1 —2)
+12z(z — 1)(5y* — 5y + 1)(22% (z — 1)? + y(y — 1)(52” — bz + 1)]

the exact solution of the problem is given by:

w(e,) = 32— 1Py - 1)

2t2
_ 75(1 — I/) [y3(y - 1)3x(aj — 1)(5x2 — bx + 1) + w3(x o 1)3y(y o 1)(5y2 . 5y + 1)] 7
3 3,.2 2
Y3y — 132 (x — 1)%(2z — 1)
0 = .

(-Z'yy) .Z'3((L' o 1)3y2(y . 1)2(2y _ 1)

. 5E ) ‘ .
The shear modulus A is given by A\ := ———— (choosing 5/6 as shear correction factor), while

S 12(1+v)
the material constants have been chosen £ =1 and v = 0.

We have tested the method by using different values of the plate thickness: ¢t = 0,1, t = 0,01
and t = 0,001. Moreover, we have used different families of meshes (see Figure 5.1):
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] 7;}: triangular meshes;

= 7'}?: trapezoidal meshes which consist of partitions of the domain into N x N congruent
1 1 2 1
trapezoids, all similar to the trapezoid with vertices (0, 0), (5, 0), (5, §) and (0, §)’
= 723: triangular meshes, considering the middle point of each edge as a new degree of freedom
but moved randomly; note that these meshes contain non-convex elements.

The refinement parameter h used to label each mesh is h = Ena%( hg.
SYFS

Figura 5.1: Sample meshes: T;! (left), 7,2 (middle) and 7, (right) with h = 0,1189, h = 0,1719
and h = 0,11078, respectively.

We report in Table 5.1, Table 5.2 and Table 5.3 the relative errors in the discrete L?-norm
of w, Vw and 6, together with the relative errors in the energy norm, for each family of meshes
and different refinement levels. We consider different thickness: ¢ = 1,0e — 01, 1,0e — 02 and
1,0e — 03, respectively. We also include in these table the experimental rate of convergence.
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Cuadro 5.1: 773: Computed error in L?-norm with t = 1,0e — 01, t = 1,0e — 02 and ¢t = 1,0e — 03,

respectively.
error | h =0,1189 | h = 0,05878 | h = 0,03142 | h = 0,01582 | h = 0,008271 | Order
ew | 1.1084e-01 | 2.9410e-02 7.4232e-03 1.8414e-03 4.6791e-04 | 2.0627
evy | 1.3000e-01 | 4.1684e-02 1.3215e-02 | 4.2296e-03 1.5018e-03 | 1.6872
eg | 8.8733e-02 | 2.2288e-02 5.4344e-03 1.3314e-03 3.3668e-04 | 2.1019
E 2.9935e-01 | 1.2776e-01 5.3946e-02 | 2.2765e-02 1.0702e-02 | 1.2625
ew | 1.0302e-01 | 2.6332e-02 | 6.4931e-03 1.5956e-03 4.0406e-04 | 2.0898
evw | 8.9532e-02 | 2.2548e-02 5.4769e-03 1.3430e-03 3.3972e-04 | 2.1023
eg | 8.9247e-02 | 2.2442e-02 5.4452e-03 1.3345e-03 3.3748e-04 | 2.1036
E 1.7557e-01 | 8.5496e-02 | 4.1989e-02 | 2.0203e-02 1.0289e-02 | 1.0712
ew | 1.0296e-01 | 2.6311e-02 | 6.4884e-03 1.5960e-03 4.0430e-04 | 2.0893
evw | 8.9262e-02 | 2.2454e-02 5.4519e-03 1.3385e-03 3.3869e-04 | 2.1022
eo | 8.9259e-02 | 2.2453e-02 5.4516e-03 1.3384e-03 3.3866e-04 | 2.1023
E 1.7332e-01 | 8.4751e-02 | 4.1677e-02 1.9984e-02 1.0143e-02 | 1.0719

Cuadro 5.2: 7',?: Computed error in L?-norm with ¢t = 1,0e — 01, ¢

= 1,0e — 02 and t = 1,0e — 03,

respectively.
error | h=0,1719 | h =0,0859 | h =0,0430 | h = 0,0215 | h = 0,0122 | Order
ew | 3.8903e-01 | 1.1104e-01 | 2.9582e-02 | 7.6148e-03 | 1.8676e-03 | 1.9103
evy | 4.1467e-01 | 1.3705e-01 | 4.3810e-02 | 1.4053e-02 | 4.6530e-03 | 1.6097
eg | 3.6466e-01 | 9.7423e-02 | 2.4805e-02 | 6.2472e-03 | 1.5348e-03 | 1.9574
£ 6.2673e-01 | 3.1044e-01 | 1.3447e-01 | 5.8121e-02 | 2.5266e-02 | 1.1580
ey | 3.7958e-01 | 1.0366e-01 | 2.6508e-02 | 6.6562e-03 | 1.6079e-03 | 1.9554
evw | 3.6633e-01 | 9.8309e-02 | 2.5015e-02 | 6.2782e-03 | 1.5342e-03 | 1.9594
eg | 3.6589%-01 | 9.8016e-02 | 2.4903e-02 | 6.2447e-03 | 1.5252e-03 | 1.9611
£ 4.1994e-01 | 1.6745e-01 | 7.4795e-02 | 3.6193e-02 | 1.8249e-02 | 1.1154
ew | 3.7950e-01 | 1.0361e-01 | 2.6499¢e-02 | 6.6620e-03 | 1.6120e-03 | 1.9545
eve | 3.6591e-01 | 9.8030e-02 | 2.4914e-02 | 6.2538e-03 | 1.5283e-03 | 1.9603
eg | 3.6590e-01 | 9.8027e-02 | 2.4913e-02 | 6.2534e-03 | 1.5282¢-03 | 1.9604
£ 4.1544e-01 | 1.6465e-01 | 7.3602e-02 | 3.5478e-02 | 1.7716e-02 | 1.1213
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Cuadro 5.3: 775’: Computed error in L?-norm with t = 1,0e — 01, t = 1,0e — 02 and ¢t = 1,0e — 03,

respectively.
error | h =0,1108 | h = 0,05943 | h = 0,02939 | h = 0,01571 | h = 0,007911 | Order
ey | 2.8478e-01 | 8.7688e-02 2.4214e-02 | 6.2665e-03 1.5694e-03 | 2.0614
evey | 3.1623e-01 | 1.2017e-01 4.0908e-02 1.3382¢-02 4.4467e-03 | 1.6953
eg | 2.5664e-01 | 7.4651e-02 1.9137e-02 | 4.7397e-03 1.1606e-03 | 2.1426
E 6.3713e-01 | 3.6532e-01 1.6896e-01 7.6472e-02 3.4702e-02 | 1.1691
ew | 2.6595e-01 | 7.4074e-02 1.9065e-02 | 4.7609e-03 1.1608e-03 | 2.1543
evw | 2.5677e-01 | 7.4955e-02 1.9117e-02 | 4.7777e-03 1.1667e-03 | 2.1435
eg | 2.5625e-01 | 7.4605e-02 1.8981e-02 | 4.7359e-03 1.1552e-03 | 2.1466
E 3.7935e-01 | 1.9753e-01 9.5553e-02 | 4.8323e-02 2.3655e-02 | 1.1007
ew | 2.6642e-01 | 7.4576e-02 1.9021e-02 | 4.7417e-03 1.1613e-03 | 2.1801
evy | 2.5605e-01 | 7.4680e-02 1.9071e-02 | 4.7265e-03 1.1606e-03 | 2.1689
eg | 2.5605e-01 | 7.4676e-02 1.9069e-02 | 4.7261e-03 1.1605e-03 | 2.1689
E 3.7438e-01 | 1.9044e-01 9.4471e-02 | 4.7568e-02 2.3429e-02 | 1.1081

It can be seen from Tables 5.1, 5.2 and 5.3 that the theoretical predictions of Section 5.4 are
confirmed. In particular, we can appreciate a rate of convergence O(h) for the energy norm &,
that is equivalent to the ||| - ||| norm. This holds for all the considered meshes and thicknesses,
thus also underlying the locking free nature of the scheme. Moreover, for sufficiently small ¢
we also observe a clear rate of convergence O(h?) for for e, ey, and ey, in accordance with
Corollary 5.4.1.

5.5.2. Test 2:

As a second test, we investigate more in deep the locking-free character of the method, and
also take the occasion for a comparison with the limit Kirchhoff model. It is well known (see [55])
that when t goes to zero the solution of the Reissner-Mindlin model converges to an identical
Kirchhoff-Love solution: Find wy € H?() such that

E

7 A=
120" T

(5.37)

with the corresponding boundary conditions.
We have considered a rectangular plate Q := (0,a) x (0,b), simply supported on the whole
boundary, and we have chosen the transversal load g as

g(z,y) = sin <g:p> sin <%y) )

Then, the analytical solution wq of problem (5.37) is given by

-1
wo(z,y) = 12(1T_V2) (774 <% + bi2> 2) sin <gaz) sin (%y) .
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The material constants have been chosen £ = 1 and v = 0,3. Moreover, we have taken a = 1
and b = 2, and we have used three different families of meshes (see Figure 5.2):

] ’7;3: triangular meshes;
] 7;L4: hexagonal meshes;

] ’7;?: Voronoi polygonal meshes.

Figura 5.2: Sample meshes: 7;! (left), 7;* (middle) and 7;? (right).

Tables 5.4, 5.5 and 5.6 show an analysis for various thicknesses in order to assess the locking-
free nature of the proposed method. We show the relative errors in the discrete L?-norm of the
deflection w for each family of meshes and different refinement levels and considering different
thickness: t = 1,0e — 01, t = 1,0e — 02, t = 1,0e — 03, t = 1,0e — 04 and ¢t = 1,0e — 05, respectively.

It can be clearly seen from these tables that the proposed method is locking-free, since even
for corse meshes the solution does not lock but approximates (for small ¢) the Kirchhoff solution.

Cuadro 5.4: Computed error in e, by ’7;3.

t\h 2.4495e-01 | 1.2706e-01 | 6.4686e-02 | 3.2407e-02 | 1.6166e-02
1.0e-01 | 8.6091e-03 | 4.0902e-02 | 6.0389e-02 | 7.1077e-02 | 7.5623e-02
1.0e-02 | 4.6875e-02 | 1.0335e-02 | 1.7984e-03 | 7.6646e-04 | 2.0123e-03
1.0e-03 | 4.7301e-02 | 1.0963e-02 | 2.7190e-03 | 6.6677e-04 | 1.3850e-04
1.0e-04 | 4.7305e-02 | 1.0969e-02 | 2.7284e-03 | 6.8234e-04 | 1.6637e-04
1.0e-05 | 4.7305e-02 | 1.0969e-02 | 2.7285e-03 | 6.8250e-04 | 1.6665e-04
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Cuadro 5.5: Computed error in e, by 77?.

t\h

2.7813e-01

1.3086e-01

6.7301e-02

4.4428e-02

3.3163e-02

1.0e-01
1.0e-02
1.0e-03
1.0e-04
1.0e-05

8.3939e-02
4.9794e-02
4.9428e-02
4.9424e-02
4.9424e-02

5.9358e-02
1.0178e-02
9.5752e-03
9.5691e-03
9.5691e-03

6.2558e-02
4.0223e-03
3.1448e-03
3.1358e-03
3.1357e-03

6.7150e-02
2.4758e-03
1.3334e-03
1.3211e-03
1.3210e-03

6.9098e-02
2.0948e-03
7.3806e-04
7.2280e-04
7.2265e-04

Cuadro 5.6: Computed error in e, by ’7;L5.

t\h

4.5918e-01

2.3481e-01

1.2942¢-01

8.1744e-02

5.5071e-02

1.0e-01
1.0e-02
1.0e-03
1.0e-04
1.0e-05

2.7624e-02
1.2695e-02
1.2768e-02
1.2768e-02
1.2768e-02

4.0550e-02
3.4544e-03
3.0038e-03
2.9994e-03
2.9993e-03

4.6180e-02
7.2182e-04
3.8157e-04
3.8727e-04
3.8736e-04

6.5997¢-02
1.1407e-03
6.4829¢-05
6.2480e-05
6.2151e-05

6.9822e-02
1.3932e-03
4.5322e-05
3.2567¢e-05
3.1927e-05




Capitulo 6

Conclusiones y trabajo futuro

6.1. Conclusiones

Esta tesis se desarrollo, con el propésito de estudiar la robustez y la flexibilidad de los VEM
para adaptarse a diferente tipo de problemas que son de interés fisico y tedrico. Asi la tesis
recoge el andlisis matemdatico y numérico de los métodos de elementos virtuales aplicado a los
problemas de valores propios de Steklov y el de vibraciones actsticas y al problema de flexion de
placas modeladas por las ecuaciones de Reissner-Mindlin. Para el problemas de valores propios de
Steklov también se propuso un estimador a posteriori del tipo residual completamente calculable.
A continuacion se presentan las conclusiones mas relevantes de este trabajo.

1. En el Capitulo 2 se estudio6 el problema de valores propios de Steklov en dos dimensiones.
Se propuso una discretizacion por medio de elementos virtuales para aproximar numéri-
camente el problema de autovalores y se establecié que el esquema resultante proporciona
una aproximacién correcta del espectro y se probd que las estimaciones de los errores son
de orden Optimo para las funciones propias y los valores propios. Ademas, se demostro,
una estimacion de mejor orden para el el calculo del error de las funciones propias en
la frontera libre. Se desarrollaron cédigos escritos en Matlab que permitieron validar los
resultados tedricos. Adicionalmente se presenté un test numérico para verificar la influen-
cia de la constante de estabilizacion o en (2.24) en el espectro discreto calculado y se
observé que la introduccién de los términos de estabilidad Sk en (2.6) conduce a valores
propios espurios, pero que estos valores propios espurios pueden ser controlados si se elige
apropiadamente la constante de estabilidad og.

FEn el Capitulo 3 se desarrollé un estimador de error a posteriori del tipo residual para
la aproximacién por elementos virtuales del problema de valores propios de Steklov. Se
observo que como consecuencia de utilizar VEM, aparecen nuevos términos adicionales en
el estimador de error a posteriori, que representan la “inconsistencia virtual”. Sin embar-
go el estimador es totalmente computable, ya que depende tnicamente de las cantidades
disponibles a partir de la solucién VEM obtenida. Resultados numeéricos confirmaron el
buen rendimiento del esquema, ademads se observd que un residuo basado en un estimador
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de error a posterior con VEM convergen con el mismo orden que los FEM para el proble-
ma de valores propios Steklov, sin embargo, el verdadero atractivo de este método es la
flexibilidad de mallas que da la utilizacién de VEM, para la aplicacién de estrategias de
adaptacion de malla.

En el Capitulo 4 se abordd el andlisis matemaético y numérico de la aproximacién por
elementos virtuales, para el problema de vibraciéon acustica. Para ello, se introdujo una
formulacion variacional del problema espectral basiandose sélo en el desplazamiento de
fluido y se propuso una discretizaciéon mediante H(div) con elementos virtuales con rotor
nulo y se demostré que el esquema virtual estd bien planteado y que genera aproximacio-
nes de orden 6ptimo. Con este fin, adicionalmente se probaron estimaciones éptimas de
aproximacién para los H(div)-VEM con rotor nulo, este resultado podria ser util también
para otras aplicaciones. Tos los resultados tedricos obtenidos fueron validados numeérica-
mente. Nuevamente, en la seccion de resultados numéricos, se presenta un test numérico
para verificar la influencia de la constante de estabilizacion ok . A diferencia del problema
de Steklov, en este caso, no se detectan valores propios espurios para cualquier eleccion
de la constante de estabilidad ok. Sin embargo, para valores grandes de ok , los valores
propios calculados con mallas gruesas podrian ser muy pobre. Este andlisis sugiere que al
usar H(div)-VEM para este tipo de problemas espectrales, se tiene que estar consciente
del riesgo de la degeneracion de los valores propios, para ciertos valores de la constante
de estabilidad ox. La forma de minimizar este riesgo en este caso es tomar valores pe-
quenos de ok (donde “pequeno.®™ un verdadero problema, dependerd de los valores de las
constantes fisicas).

En el Capitulo 5 se estudié un método de elementos virtuales para el problema de flexion
de placas de Reissner-Mindlinse. La formulacion variacional del problema se escribié en
términos de las variables de la deformacion de corte transversal y la deflexion y se propuso
una formulacién discreta conforme en [H1(Q)]? x H?(Q2) para la deformacién de corte y la
deflexién, respectivamente. Se demostré que las estimaciones del error son Optimas para
todas las variables involucradas (en las normas naturales de la formulacién adoptada), con
constantes independientes del espesor de la placa. Por dltimo, se presentaron experimen-
tos numéricos que nos permitieron evaluar el desempeno del método. Una caracteristica
distintiva de este enfoque es la aproximacion directa de la deformacion por esfuerzo cor-
tante transversales. Por otra parte, las rotaciones se obtienen con un simple tratamiento
de post-procesamiento de la deformacién por esfuerzo cortante y la deflexién.

Trabajo futuro

. Estudiar la aplicacién de los VEM para el problema de los modos propios de cavidades

electromagnéticas;

Estudiar la aplicacién de los VEM para el problema de pandeo de placas delgadas utilizando
los modelos de Kirkchhoff;
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3. Derivar un estimador de error a posteriori residual, confiable y eficiente, para el problema
de vibraciones actsticas presentados en el Capitulo 4;

4. Extender los resultados y técnicas introducidas en el Capitulo 4. Con el fin de disenar un
método de elementos virtuals de aproximaciones espectrales para los sistemas acoplados
que implican la interacciéon entre fluido-estructura.
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Conclusions and future work

6.3. Conclusions

The aim of this thesis was to study the robustness and flexibility of VEM to solve different
types of problems of physical and theoretical interest. The thesis collects mathematical and
numerical analysis of the virtual element methods applied to problems of Steklov eigenvalues,
acoustic vibrations and plate bending modeled by Reissner-Mindlin equations. A computable
residual type a posteriori estimator is also proposed for the Steklov eigenvalue problem. The
most significant conclusions of this work are presented below.

1. Chapter 2 studies the Steklov eigenvalue problem in two dimensions. Discretization by
virtual elements is proposed to numerically approximate the eigenvalue problem and it
is established that the resulting scheme provides a correct spectral approximation and
that the error estimations are of the optimal order for the eigenfunctions and eigenvalues.
As well, a better order estimation is proved to calculate eigenfunctions errors on the free
boundary. Codes written in Matlab were developed to validate the theoretical results. As
well, a numerical test is presented to verify the influence of the stability constant in the
calculated discrete spectrum and it is observed that the introduction of stability terms
results in spurious eigenvalues, although these spurious eigenvalues can be controlled if
the stability constant is appropriately chosen.

2. A residual type a posteriori error estimator was developed in Chapter 3 for the approxi-
mation by virtual elements of the Steklov eigenvalue problem. As a consequence of using
VEM, new terms appear in the a posteriori error estimator that represents “virtual incon-
sistency”. However, the estimator is completely computable, given that it depends solely
on the quantities available from the VEM solution obtained. Reliability and efficiency es-
timates are proved to hold up to higher order terms. Numerical results confirm the good
performance of the scheme.

3. The mathematical and numerical analysis of the approximation by virtual elements for
acoustic vibration problem was addressed in Chapter 4. To do this, a variational for-
mulation of the spectral problem based on fluid displacements and a virtual elements
discretization of H(div) with vanishing rotor was proposed. It was proved that the virtual
scheme generates approximations of optimal order. All the theoretical results obtained
were validated numerically. Once again, the numerical results section presents a numerical
test to verify the influence of the stability constant . Unlike the Steklov problem, in this
case no spurious eigenvalues were found for any chosen stability constant. However, for
large values of it, the eigenvalues calculated with coarse meshes could be very poor. This
analysis suggests that for the use of H(div)-VEM on this kind of spectral problems, it is
necessary to be aware of the risk of degeneration of the eigenvalues for certain values of
the stability constant. The way to minimize this risk in this case is to take small values of
it (where “small”, in a real problem, will of course depend on the values of the physicals
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constants).

A virtual element method for the Reissner-Mindlinse bending problem was studied in
Chapter 5. The variational formulation of the problem is written in terms of the shear
strain and deflection variables and a discrete formulation in [H'(2)]?> and H?(Q) was
proposed. The error estimations are optimal for all the variables involved (in the natural
norms of the adopted formulation), with constants independent of plate thickness. Finally,
numerical experiments are presented to evaluate the performance of the method. A dis-
tinctive characteristic of this approach is the direct approximation of the deformation by
shear strain. The rotations are obtained with a simple post-processing treatment from
shear strains and deflections.

Future work

. To study the solution by VEM of Maxwell eigenvalue problem;

To study the application of VEM to vibration and buckling problems of thin plates;

To derive a posteriori error estimators, reliable and efficient for the acoustic vibration
problem;

To design VEM for coupled systems involving fluid-structure interaction.
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