~ [
Q @9
A % © F C
Ny ad’®
DOCTORADO EN 9 ? E Facultad de Ciencias
AAAAAAAAAAAAAAAAAA Universidod del Bio 8o

PROGRAMA DE DOCTORADO
EN MATEMATICA APLICADA

UNIVERSIDAD DEL BiO-BiO

MODELLING AND NUMERICAL ANALYSIS OF
NONLOCAL CONSERVATION LAWS WITH APPLICATIONS
TO SEDIMENTATION AND TRAFFIC FLOW PROBLEMS.

Thesis submitted to Universidad del Bio-Bio in fulfillment of the requirements
for the degree of Doctor en Matemdtica Aplicada

BY HAROLD DEIVI CONTRERAS CONTRERAS

DIRECTOR: DR. LUIS MIGUEL VILLADA OSORIO

CO-DIRECTOR: DR. RAIMUND BURGER
CO-DIRECTOR: DRA. FELISIA ANGELA CHIARELLO






MODELLING AND NUMERICAL ANALYSIS OF
NONLOCAL CONSERVATION LAWS WITH APPLICATIONS
TO SEDIMENTATION AND TRAFFIC FLOW PROBLEMS.

POR
HAROLD DEIVI CONTRERAS CONTRERAS

Tesis presentada al Programa de Doctorado en Matemdtica Aplicada, de la Uni-
versidad del Bio-Bio, como requisito parcial para la obtencion del Grado de Doctor
en Matemdtica Aplicada.

APROBADA POR:

Dr. Luis Miguel Villada Osorio
Director
Departamento de Matematicas, Universidad del Bio-Bio

Dr. Raimund Biirger
Co-Director
Departamento de Ingenieria Mateméatica, Universidad de Concepcion

Dra. Felisia Angela Chiarello
Co-Director
Dipartimento di Ingegneria e Scienze dell'Informazione e Matematica, Universita
degli Studi dell’ Aquila

Dra. Veronica Anaya Dominguez
Profesor Informante
Departamento de Matematicas, Universidad del Bio-Bio

Dr. Pep Mulet Mestre
Profesor Informante
Departamento de Matemaéticas, Universidad de Valencia

Dr. Victor Osores Escalona
Profesor Informante
Departamento de Matemaética, Fisica y Estadistica, Universidad Catolica del
Maule
UNIVERSIDAD DEL BIO-BIO
FacuLTtAD DE CIENCIAS
DEPARTAMENTO DE CIENCIAS BASICAS
DEPARTAMENTO DE MATEMATICA






Dedicatoria

A mi madre, Rosa Contreras, por darme existencia y unicidad, por su lucha
icansable que ha sido mi inspiracion para cada una de las metas que he
alcanzado en mi vida. Te amo muchisimo ma.

A mi companera de vida, Andy; a mi Padre, Jorge Contreras; a mis hermanos,
Jorge y Kelly y a mis sobrinos, Kaky, Sebas, Unanys, Julieth, Skarleth y Kiara.
A ustedes por permitir que la sucesion de mis anos de vida converja a una unica
solucion de entropia llamada Felicidad.






Agradecimientos

Quiero empezar dando gracias a Dios por permitirme estar donde estoy, por
ponerme en el lugar correcto y rodearme de las personas correctas en el tiempo
correcto.

Agradezco también a mi director de tesis, Luis Miguel Villada Osorio, por per-
mitirme trabajar junto a él, por cada ensenanza, por su paciencia y sobre todo
por su hospitalidad y humanidad, él tiene un don de gente tnico en esta vida.
Asi mismo, agradezco a mis codirectores, Raimund Biirger y Felisia Chiarello por
aceptar trabajar conmigo y sumar su gran conocimiento a mi persona, los admiro
mucho porque son grandes cientificos.

Gracias a mi companera de vida y de mil batallas, Andy, has sido un pilar fun-
damental para mi y un valioso aporte emocional con el que he contado siempre,
més ain en pandemia, alejados de nuestros seres amados.

Gracias a mi familia, quienes desde la distancia siempre me han brindado su
apoyo y amor incondicional, por respetar mi decision de salir de mi pais a vivir
esta experiencia maravillosa de mi vida que hoy culmina con esta tesis.

Gracias a mis profesores del programa de Doctorado en Matematica Aplicada
por brindarme sus conocimientos, por su amistad dentro y fuera de las aulas de
clases, aprendi mucho de ustedes.

A mis companeros y amigos del Doctorado en Matematica Aplicada, gracias
por brindarme su amistad en todos estos anos, en especial con quienes inicié este
camino, Yocelyn, Marfa, Heli y José. También agradezco a quienes fueron apare-
ciendo en el camino y con quienes vivi muchos carretes ademas de situaciones
inolvidables, Claudio, Juancho, Yvan Baldera, Luis, Ana Rosa, Pedro, Marcelo y,
obviamente la colonia de colombianos que me hicieron recordar nuestro pedazo de
tierra, Alberth, Rubén, Barajas, Eider, Ivan Velasquez, Rafael Ordonez, Rafael

7



Acosta.

Gracias a Ginette por toda la colaboracion brindada siempre. Nunca habia
conocido una secretaria tan eficiente en mi vida, pero sobre todo, nunca habia
conocido una secretaria tan amable.

Agradezco especialmente al programa de Doctorado en Matematica Aplicada
por el financiamiento brindado los tres primeros anos de mis estudios mediante
la beca UBB para estudios doctorales. Asi mismo, agradezco el financiamiento a
la Agencia Nacional de Investigacion y Desarrollo (ANID) por el financiamiento
brindado mediante la Beca de Doctorado Nacional 2021. También agrdezco a las
diferentes instancias que financiaron mis estadias investigativas en Francia y Es-
pana.

Quiero expresar un agradecimiento especial a Paola Goatin por permitirme re-
alizar una estadia investigativa en el INRIA y por su hospitalidad mientras estuve
alli trabajando con ella.

Por dltimo, pero no menos importante, quiero dar gracias a dos profesores de
la Universidad de Sucre que me dieron el empujon que necesitaba para tomar la
decision definitiva de venir a estudiar un doctorado, ellos son Félix Rozo y Melba
Vertel. De entre todos los consejos que me han podido dar en la vida, creo que ese
fue el mejor.



RESUMEN

Esta tesis tiene como objetivo el modelamiento, analisis y aproximaciéon numérica
mediante métodos de volumenes finitos, de leyes de balance hiperbdlicas uni-
dimensionales en espacio, con funcién de flujo no local, que son motivadas por
aplicaciones en sedimentacion y trafico vehicular. En particular, estamos interesa-
dos en estudiar el buen planteamiento y en disenar esquemas numéricos eficientes
para calcular soluciones aproximadas de nuevos modelos que se proponen en el
marco de las aplicaciones objetivo.

Primero se pretende modelar un proceso de sedimentaciéon por lotes en una
columna cerrada, para ello consideramos un problema de valor inicial y de frontera
(IBVP) para una ley de conservacion no local en el que el término no local viene
dado por la convolucién entre una funcion kernel y la velocidad de sedimentacion,
se asume que este operador no local tiene en cuenta la presencia de los térmi-
nos frontera. De este primer modelo propuesto estudiamos el buen planteamiento
y adaptamos a una version no local un esquema numérico tipo Hilliges-Weidlich
(HW). Especificamente, se demuestra que la unicidad de soluciones débiles de
entropia para el modelo no local depende Lipschitz continuamente de los datos
iniciales y de frontera; asi mismo, a través del esquema numérico se proveen es-
timaciones de compacidad, junto con una desigualdad discreta de entropia, que
demuestran la existencia de soluciones débiles y la convergencia de la sucesion
de soluciones aproximadas hacia una solucién débil de entropia del problema no
local. Comparamos el esquema HW con los esquemas basados en el flujo de Lax-
Friedrichs mediante ejemplos numéricos. También se presenta un esquema HW de
segundo orden basado en métodos tipo MUSCL.

En segunda instancia, modelamos la dindmica del trafico en una carretera
con condiciones heterogéneas, a través de una ley de conservaciéon cuyo flujo no
local contiene un término de obstaculizacién y tiene una tnica discontinuidad
espacial. El término no local refleja que los conductores adaptan su velocidad con
respecto a lo que pasa en frente de ellos. Estas hipotesis conducen a una funcién
de flujo en la que la velocidad depende de una convolucién downstream entre la
densidad de vehiculos y una funcion kernel. Aproximamos el problema a través del
esquema HW propuesto antes y proporcionamos algunas estimaciones uniformes
sobre la sucesion de soluciones aproximadas lo cual nos permite probar existencia
de una solucién débil de entropfa. También establecemos estabilidad L' y por
tanto unicidad de las soluciones de entropia.

Posteriormente, introducimos un modelo que describe la dinamica del tréfico
vehicular en una carretera con rampas de entradas y salida, para lo cual consider-
amos una ley de balance no local en la que el término fuente describe de manera
independiente el flujo de entrada y salida a través de las rampas. El término fuente
depende de un término de convolucion que describe el hecho de que los conductores
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sobre la rampa de entrada pueden ver lo que pasa detras y en frente de ellos en la
carretera principal. La existencia de las soluciones débiles de entropia es probada
aproximando las soluciones numéricas por medio del esquema HW junto con un
operador splitting que tiene en cuenta el término de reacciéon y proporcionando
estimaciones L™ y BV para la sucesion de soluciones aproximadas. La unicidad
de la soluciéon débil de entropia es probada a través de la dependencia Lipschitz
continua de la solucién sobre el dato inicial, la razon de entrada y la razon de sal-
ida de las rampas. También estudiamos numéricamente el modelo limite cuando
el soporte de la funcion kernel tiende a cero y presentamos algunas simulaciones
numeéricas que ilustran la dinamica del modelo estudiado. Ademas, motivados por
problemas de optimizacion y control en trafico vehicular, estudiamos la dependen-
cia de las soluciones para el modelo de trafico vehicular con rampas introducido
antes, sobre el kernel de convoluciéon dado en el término fuente. Obtenemos una
estimacion de la dependencia de la soluciéon con respecto al kernel del término
fuente, el dato inicial, la razon de entrada y la razéon de salida de las rampas. La
estabilidad es obtenida de la condicién de entropia a través de la técnica de dupli-
cacion de variables. También proporcionamos algunas simulaciones numeéricas que
ilustran la dependencia anterior para algunos funcionales de costo.

Finalmente, con el fin de modelar el trafico en una carretera con dos carriles
y dos vias en el cual los conductores tienen un carril preferencial (el carril de la
derecha) y el otro carril es usado solo para adelantar, proponemos un sistema de
leyes de balance no local. En este modelo la parte convectiva describe la dinamica
intra-carril de los vehiculos, por esta razon las funciones de flujo consideran tér-
minos locales y no locales, a saber, la funcién velocidad en cada carril depende
localmente de la densidad de los vehiculos de la clase preferente y de una forma
no local de la densidad de vehiculos de la otra clase que viene en direcciéon opuesta
sobre el mismo carril haciendo adelantamiento; a su vez, los términos fuente de-
scribien el acoplamiento inter-carril entre los dos carriles del modelo, por lo que
consideramos los criterios de adelantamiento y retorno dependientes de un prome-
dio ponderado de la densidad del trafico downstream de la clase preferencial y de
un promedio ponderado de la densidad del trafico downstream de las clases via-
jando en direccidon opuesta. Aproximamos las soluciones del problema usando el
esquema HW desarrollado en esta tesis y por medio de estimaciones de compacidad
probamos la existencia de soluciones débiles. También mostramos algunas simula-
ciones numéricas que describen el comportamiento de las soluciones en diferentes
situaciones.

Palabras Claves: Leyes de conservacion no local, leyes de balance no local,
problema de valor inicial y de frontera, término de convolucion, funciones kernel,
solucion débil de entropia, esquema numeérico tipo HW, funciéon de flujo discon-
tinuo, modelos macroscopicos de trafico vehicular, modelos de trafico Lighthill-
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Whitham-Richards, rampas de entrada y salida, buen planteamiento, modelo de
trafico multicarril, modelo de trafico de dos vias y dos carriles.
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ABSTRACT

This thesis aims at the modeling, analysis and numerical approximation by
means of finite volume methods, of spatially one-dimensional hyperbolic balance
laws, with nonlocal flux function, motivated by applications in sedimentation and
vehicular traffic. Particularly, we are interested in studying well-posedness and
to design efficient numerical schemes to compute approximate solutions of new
proposed models in the frame of the target applications.

First we intend to model a batch sedimentation process in a closed column,
for it we consider an initial boundary values problem (IBVP) for a nonlocal con-
servation law in which the nonlocal term is given by the convolution between a
kernel function and the velocity of sedimentation. This nonlocal operator is as-
sumed to be aware of boundary terms. For this first proposed model we study
well-posedness and adapt a nonlocal version of a Hilliges-Weidlich (HW)-type nu-
merical scheme. Specifically, it is proved that the uniqueness of entropy weak
solutions to nonlocal model follows from the Lipschitz continuous dependence of
the solution on initial and boundary data; likewise, by means of the numerical
scheme we provide compactness estimates along with a discrete entropy solution,
which show the existence of weak solutions and the convergence of the sequence
of approximate solutions to an entropy weak solution of the nonlocal problem.
We compare the HW-type scheme with schemes based on the Lax-Friedrichs flux
through numerical examples. A second-order HW-type scheme based on MUSCL
methods is also presented.

Second, we model the traffic dynamics on a road with rough conditions, by
means of a conservation law whose nonlocal flux has a hidrance term and a single
spatial discontinuity. The nonlocal term reflects that drivers adapt their velocity
with respect to what happens in front of them. These assumptions lead to a
expression flux in which the velocity depends on a convolution between density
of vehicles and a function kernel. We approximate the problem by means of the
HW-type numerical scheme proposed above and provide some uniform estimates
on the sequence of approximate solutions what allow us to prove existence of a
entropy weak solution. We also provide L! stability and therefore uniqueness of
entropy solutions.

Subsequently, we introduce a model that describes the vehicular traffic dynam-
ics on a road with on- and off ramps, for which we consider a nonlocal balance
law in which the source term independently describes the inflow and outflow via
on-ramp and off-ramps. The source term depends on a downstream convolution
term that describes that drivers on the on-ramp can see what happens behind
and in front of them on the main road. Existence of entropy weak solutions is
proved approximating the numerical solutions by means of the HW-type scheme
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along with an operator splitting to account the reaction term and providing L
and BV estimates to sequence of approximate solutions. Uniqueness of entropy
weak solution is proved by means L1 —Lipschitz continuous dependence of solution
on initial datum, on-ramp rate and off-ramp rate. We also study numerically the
limit model as support of the kernel function tends to zero and also are presented
some numerical simulations illustrating the dynamic of the studied model.

Then, motivated by optimization and control problems, we study the depen-
dence of solutions to the vehicular traffic model with ramps introduced above on
the convolution kernel given in the source term. We obtain an estimate of the
dependence of the solution with respect to the kernel function in the source term,
the initial datum, on-ramp rate and off-ramp rate. Stability is obtained from the
entropy condition through doubling of variable technique. We also provide some
numerical simulations illustrating the dependencies above for some cost function-
als.

Finally, in order to model vehicular traffic low on a two-lane and two-way
road where drivers have a preferred lane, the lane on their right, and the left
one is used only for overtaking slower vehicles, we propose a system of nonlocal
balance laws. In this model the convective part describes the intra-lane dynamics,
for this reason the flux functions consider local and nonlocal terms, namely, the
velocity function in each lane depends locally on the density of vehicles of the
preferential class and on a nonlocal form on the density of vehicles of the another
class coming in opposite direction on the same lane overtaking; in turn, the source
terms describe the inter-lane coupling between the two lanes, so that we consider
the overtake and return criteria dependent on a weighted mean of the downstream
traffic density of preferred class and a weighted mean of downstream traffic density
of the classes traveling in opposite direction. We approximate the solutions of the
problem by means of the HW-type numerical scheme developed in this thesis and
prove existence of weak solutions by means of compactness estimates. We also
show some numerical simulations that describe the behavior of the solutions in
different situations.

Key Words: Nonlocal conservation laws, nonlocal balance laws, initial bound-
ary values problem, convolution term, kernel functions, entropy weak solution,
HW type numerical scheme, discontinuous flux function, macroscopic vehicular
traffic models, Lighthill-Whitham-Richards traffic model, on- and off-ramps, well-
posedness, multilane traffic model, two way and two lane traffic model.
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Chapter 1

Introduction

Nonlocal balance laws are given by expressions of the type
o+ divy F(t,x,u, W) = R(t,x,u, W), t>0, xeRY d>1, (1.0.1)

where the variable W = W (¢, x)[u] depends on a integral evaluation of u. Such
equations are intended to model macroscopically the action of nonlocal interac-
tions occurring at the microscopic level and for this reason nonlocal balance laws
are being developed to model various phenomena, such as the dynamics of crowd
[33, 32, 34|, vehicular traffic [11, 14, 26, 43, 44, 51], supply chains [7], granular ma-
terials [4] and sedimentation phenomena [13]|. Challenges in these applications are
related to the theoretical and numerical treatment of nonlocal terms in the presence
of discontinuous solutions. In fact, discontinuous solutions may arise despite the
expected regularizing effect of the convolution product. Consequently, one must
consider generalized solutions or in the sense of distributions; furthermore, these
solutions are not necessarily unique, and therefore some extra conditions, called
entropy conditions [63], need to be imposed to guarantee stability and uniqueness
of solutions to the Cauchy problem for the conservation law under consideration.
Thus, nonlocal terms make the classical techniques developed for hyperbolic sys-
tems of conservation laws inapplicable and call for novel analytical and numerical
methods. Moreover, integral terms strongly impact the cost of numerical simu-
lations, especially in the case of multidimensional problems that possibly involve
space-dependent convolution kernels [70, 71|, which motivates the design of effi-
cient approximation schemes. Until recently, numerical discretizations had been
based on first-order Lax-Friedrichs-type methods [2, 6, 14] that usually exhibit
high diffusion properties, or second-order central schemes [64] and discontinuous
Galerkin schemes [52], which are more accurate but harder to implement and re-
quire the computation of a larger number of integral terms. The main objective
of this thesis is to propose, study well-posedness and develop efficient numerical
scheme, for hyperbolic conservation and balance laws with nonlocal flux function

19
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that arise in applications related to sedimentation and vehicular traffic.
Motivated by the above discussion and taking into account our main goal, we first
start studying an initial-boundary value problem (IBVP) for a scalar conservation
law with nonlocal flux function, on a open bounded interval ]a, b[C R, which is a
simplified version of the model introduced in [13, 50| and describes, for instance, a
batch sedimentation process in a closed column. The main motivation for studying
this nonlocal model is to propose an approach for a rigorous treatment of boundary
conditions in the case of a spatially one-dimensional nonlocal problems due to the
lack of literature on the subject so far. Regarding vehicular traffic applications,
we propose and study several models which extend the classical LWR, (Lighthill
- Whitham [66] and Richards [72]) traffic model in several directions in order to
simulate more realistic features of traffic on roads, e.g., traffic flow with abruptly
changing road conditions, which we do by means of a nonlocal conservation law
with discontinuous flux function; traffic flow in a road with on- and off-ramps,
which we do by means of a nonlocal balance law, where the key feature is in the
right hand side due to the presence of a nonlocal source; traffic flow in a two way
and two lanes road, which we introduce through a nonlocal system of balance laws
including nonlocal criteria for changing lane maneuvers in the source terms.

Let us introduce the problems to work in this thesis, and then give a descrip-
tion to solve each.

Chapter 2 is concerned with an IBVP for a scalar conservation law with non-
local flux function, on a open bounded interval |a, b[C R which reads

O+ 0, (f(p)V(t,z)) =0, (t,z) € R*x]a, b],
p(l’, 0) - pO(I)7 x G]CL, b[7
p(a, t) = pa(t)v p(b, t) = pb(t)a te R+7

where

1

Vit.) = (w00 (02) = s [ 0lott)ty =) dy

with W(z) := f: w(y — x) dy for a suitable convolution kernel w and ¢ a hindrance
function. This model is in part motivated by a model of layered sedimentation
observable in a batch process in a closed column and is a simplified version of
models proposed in [13, 50]. The layered sedimentation phenomenon occurs be-
cause homogeneous suspensions of small solid particles dispersed in a viscous fluid
do not always sediment in a smooth continuous fashion as described, for instance,
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in the well-known model of sedimentation arising from Kynch theory [65]; instead,
layers of different concentrations (staircasing) are often observed after settling has
proceeded after a finite time. This effect is particularly well documented in the
paper by Siano [78].

The aim of Chapter 2 is to propose an approach for a rigorous treatment of bound-
ary conditions in the case of spatially one-dimensional nonlocal problems, through
the development of new numerical schemes that are more accurate and less diffu-
sive than, for instance, Lax-Friedrichs type-schemes. For this purpose, we adapt a
numerical scheme, which is based on one given in [15, 55| but including a nonlocal
term which is assumed to be aware the boundary conditions, following [36, 50].
Observe that in the proposed model we take the average of velocities instead of
average of concentration. The proposed numerical method and the way of com-
puting the convolutions are the main novelties of Chapter 2. In order to study
well-posedness of model, we first give a definition of entropy weak solution and
impose an appropriate Courant-Levy-Friedrichs (CFL) condition, then we prove
maximum principle and Bounded Variations (BV) bounds in space and time,
which allows us to apply the Helly’s Compactness Theorem in order to prove con-
vergence and existence of solutions to model. We also prove uniqueness of entropy
weak solution through Lipschitz continuous dependence on initial and boundary
data of solutions, which is obtained from results for a local IBVP.

The contents of this chapter gave rise to the following submitted preprint [19]:

e R. Biirger, H. D. Contreras and L. M. Villada. A Hilliges-Weidlich-type
scheme for a one-dimensional scalar conservation law with nonlocal flux.

The second problem, which motivates Chapter 3, is related to a nonlocal con-
servation law with discontinuous flux which reads

{atp + 0, f(t,a,p) =0, (t,x)€ (0,00) xR,
p(O,x) = /)0(95)» r € R,
with

ft,z,p) = H(=x) pg(p)vilwy* p) + H(x) pg(p)v.(wy * p),

where H(x) is the Heaviside function and the flux f(¢,z, p) has a discontinuity
at x = 0 if the velocity functions v;(p) and v,(p) are different. The hindrance
function ¢ is assumed nonnegative and such that ¢’(p) < 0 and g(pmax) = 0 and
the convolution term is defined as

x+n
(wy * p)(t,7) = / p(t, y)wy(y — x)dy, 1> 0.
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In the vehicular traffic context this model describes traffic low on a road with
rough conditions, and p represents the density of vehicles on the road, w, is a
non-increasing kernel function whose support 7 is proportional to the look-ahead
distance of drivers, that are supposed to adapt their velocity with respect to the
mean downstream traffic density. Although there are many works on conservation
laws with discontinuous flux, see e.g. |9, 15, 16, 17, 58, 76, 83|, due to the lack
of works on conservation laws with nonlocal and discontinuous flux, the main
novelty of proposed model is precisely the inclusion of the nonlocal term in this
type of problems. The purpose of this chapter is to establish the well-posedness
of the proposed model. First, we propose to use a suitable notion of entropy
solution for this problem and then existence of a entropy solution is established by
proving convergence of a HW-type numerical scheme based on the proposed one in
Chapter 2. Afterwards, we prove uniqueness (L' stability) of the entropy solution
and finally, the performance of scheme is demonstrated by numerical examples.

The contents of this chapter gave rise to the following submitted preprint [22]:

e F. A. Chiarello, H. D. Contreras and L. M. Villada. Existence of entropy
weak solutions for 1D nonlocal traffic models with space-discontinuous flux.

Chapter 4 deals with the nonlocal balance law,

Pt + (p'l)(p * wn))m = Son(taxu P, P * wn,(;) — Soff(tvxu p); T e R?

which models vehicular traffic low on a road with presence of on- and off-ramps
and where the non-negative functions S,,(t, z, p, p * wy5) and Sex(t, x, p) are the
source terms that describe the inflow and output flow on a main road, via on- and
off-ramps, respectively. The algebraic expressions of these terms will be specified
in the development of chapter. The main novelty of this model is the presence of
a nonlocal source in the right hand side, that describes the fact that drivers on
the on-ramp can see what happens behind and in front of them on the main road.
The purpose of this chapter is to study the well-posedness of proposed model, i.e.,
to establish existence and uniqueness of entropy weak solution. Keeping this in
mind, we first introduce the definition of weak and entropy weak solution, then
the existence of a weak entropy solution is proved by constructing a converging
sequence of finite volume approximate solutions, defined using the HW-type nu-
merical scheme along with an operator splitting to account the reaction term. We
derive the L Lipschitz continuous dependence of solution of the proposed model
on the initial data and on parameters of the source terms.

The contents of this chapter corresponds to the following paper [23]:

e F. A. Chiarello, H. D. Contreras and L. M. Villada. Nonlocal reaction traffic
flow model with on-off ramps. Networks and Heterogeneous Media, volume
17, number 2, 2022.
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In Chapter 5 we study the dependence of solutions to the model introduced
in Chapter 4, on the convolution kernel given in the source term S,,. We get
an estimate of the dependence of the solution with respect to the initial datum,
the on-ramp rate, the off-ramp rate and the kernel function w, 5 through doubling
of variable technique. Then, we study numerically an optimization problem for
traffic flow in which we want to identify optimal values for  and ¢ such that less
congestion is generated when vehicles enter the main road through the on-ramp.
The contents of this chapter corresponds to the following preprint [24], which was
submitted to the HYP 2022 Proceedings,

e F. A. Chiarello, H. D. Contreras and L. M. Villada. Stability estimates for
nonlocal balance laws arising in traffic modelling.

In Chapter 6 the following system of balance laws is introduced

Orp1 + Ox(p1v1(p1 + (Pmax — p1)X=(P2 * wy))) = —So(p1, p2, P1, p2) + Sr(p1, P2, P1, P2),
Iip2 + 0z(p2v2(p2 + (Pmax — 2)xe(ﬁ1 *wy))) = So(p1 p2. p1, f2) — Sr(p1, P2, 1. P2),
Oip1 — Oz (P1v1(p1 + (Pmax — 1)Xe(02 ) = =So(p1, f2, p1, p2) + Sr(p1, 2, p1, p2),
Orpa — Ou(Pav2(p2 + (Pmax — P2)X=(p1 * @n))) = So(p1, fa, p1, p2) — Sr(p1, f2, p1, p2)-

This system models vehicular traffic flow on a two lane (labeled lane 1 and lane 2) and
two way road where drivers have a preferred lane, the lane on their right, and the left one
is used only for overtaking slower vehicles. We denote by p; and po the density of classes
of cars traveling from the left to right on lane 1 and lane 2, respectively; by p; and ps the
density of classes of cars traveling from the right to left on lane 2 and lane 1, respectively.
In each equation, the convective part describes the intralane dynamics, while the right
hand side models the interplay between Lane 1 and Lane 2. The main novelties of model
lie on the one hand, in that to our knowledge, this is the first nonlocal macroscopic
traffic model for describing the dynamics of this type of road which are common in many
Latin American cities, and on the other hand in the way in which the velocity function
is written that depends on densities of vehicles traveling in opposite directions on a same
lane as well as the criteria that allows overtaking and returning. The goal of Chapter
5 consists in establishing existence of weak solutions on the proposed nonlocal balance
law system. To carry out this purpose, like in Chapter 4, we introduce the definition of
weak solution, then by constructing a converging sequence of finite volume approximate
solutions, defined using the HW-type numerical scheme along with an operator splitting
to account the reaction term, we prove compactness estimates in order to apply Helly’s
Theorem, this latter allows us to get convergence and thus existence of weak solutions.
The contents of this chapter corresponds to the following submitted preprint [37]:

e H.D. Contreras, P. Goatin and L.M. Villada. Two way nonlocal traffic model.
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Chapter 2

A Hilliges-Weidlich-type scheme for
a one-dimensional scalar
conservation law with nonlocal flux

2.1 Introduction

2.1.1 Scope

The aim of this chapter is to propose an approach for a rigorous treatment of bound-
ary conditions in the case of a spatially one-dimensional nonlocal problems, through
development of new numerical schemes that are more accurate and less diffusive in com-
parison, for instance that Lax-Friedrichs-type numerical schemes. The strategies that
we employ are inspired by the results obtained in [13, 15, 50]. Particularly, we propose
to study a simplification of the problem studied in [13], we adopt the treatment of the
boundary conditions proposed in [50] and we present a numerical scheme based on local
one studied in [15, 55|. Our proposed scheme takes advantage of the form in which the
flow is written, namely density p times a local decreasing factor g(p) times a nonlocal
convolution term V(x,t) = (w * v(p)), where v is a given velocity function and w is a
convolution kernel such that the governing conservation law becomes

Op + 0z (pg(p)V (z,t)) = 0. (2.1.1)

In the case of a standard (local) conservation law, captured by setting V' = const., the
above-mentioned approach results in a monotone scheme [15], so it is possible to invoke
standard arguments to prove its convergence to an entropy solution. This idea is extended
herein to the nonlocal equation (2.1.1), although we emphasize that the resulting scheme
is mot monotone.

27
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2.1.2 Related work.

There are many works about existence and uniqueness results for nonlocal equations,
see e.g. [6, 39, 42, 50| for the scalar case in one space dimension. In these papers a first-
order Lax-Friedrichs (LxF)-type numerical scheme is used to approximate the problem
and to prove the existence of solutions and the nonlocal term is considered as a convolu-
tion between a kernel function and the unknown (mean downstream density approach).
LxF-type schemes are the most common approach used to solve nonlocal conservation
laws because they are easy to implement and due to their monotonicity, they make it
possible to numerically analyze nonlocal flux problems. Their well-known main disad-
vantage is, however, their large amount of numerical diffusion that smears out sharp
features of the exact solution. To reduce this phenomenon, Friedrich et al. [44] proposed
a Godunov-type numerical scheme where the nonlocal term is considered as a convolution
between a kernel function and the velocity of unknown (mean downstream velocity ap-
proach). We adopt this idea about the convolution to propose and develop our model and
computations. A well-known early analysis of initial-boundary value problems (IBVP)
for conservation laws is due to Bardos et al. [10], existence, uniqueness and continuous
dependence of the solution on initial data in the case of zero boundary data are prove.
These results were extended to more general but smooth boundary data by Colombo
and Rossi [35]. Rossi [75] studied an IBVP for a general scalar balance law in one space
dimension. Under rather general assumptions on the flux and source functions, the au-
thor proves the well-posedness of the problem and stability of its solutions with respect
to variations in the flux and the source terms. For both results, the initial and boundary
data are required to be bounded functions with bounded total variation. In [39] a global
well-posedness result for a class of weak entropy solutions of bounded variations of scalar
conservation laws with nonlocal flux on bounded domains is established under suitable
regularity assumptions on the flux function. The nonlocal operator is the standard con-
volution product. The existence of solutions is obtained by proving the convergence of
an adapted LxF algorithm. Lipschitz continuous dependence from initial and boundary
data is derived applying Kruzkov’s doubling of variables technique. In [50] Goatin and
Rossi study the same problem as Filippis and Goatin [39], but with a different approach,
namely following the treatment of the boundary conditions proposed by Colombo and
Rossi in [36] where a particular multi-dimensional system of conservation laws in bounded
domains with zero boundary conditions was considered. More specifically, the nonlocal
operator in the flux function is not a mere convolution product, but it is assumed to be
‘aware’ of boundaries and by introducing an adapted LxF algorithm, various estimates
on the approximate solutions that allow to prove the existence of solutions to the original
IBVP are introduced. Uniqueness was derived from the Lipschitz continuous dependence
on initial and boundary data, which is proved exploiting results available for the local
problem.
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2.1.3 Outline of Chapter 2.

This chapter is organized as follows: In Section 2.2 we present the considered class
of nonlocal conservation laws and the assumptions needed on studied problem as well as
the main result of this chapter, whose proof is postponed to end of Section 2.3. Lipschitz
continuous dependence of solutions to the studied problem on initial and boundary data
is proved in Section 2.3. Afterwards, in Section 2.4 we introduce the numerical scheme
and derive some of its important properties such as the maximum principle, BV, and L'
Lipschitz continuity in time estimates. These imply convergence of the scheme proposed,
which in turn covers the existence part of the well-posedness of the governing model.
Throughout the chapter we address the new scheme as a “HW scheme” according to the
proponent of the original idea (Hilliges and Weidlich [55]), and in Section 2.5 we provide
a second-order version of a HW-type numerical scheme. Finally, In Section 2.6 we present
some numerical examples, analysing the L'-error of the approximate solutions of studied
problem computed with different schemes. Appendix A collects some estimates necessary
throughout the chapter.

2.2 Initial-boundary value problem
We consider a particular initial-boundary value problem which is a version of a non-
local model of sedimentation proposed in [13]. Our model has the following structure:
dp+ 0:(f(p)V(z,t)) =0, (x,t) €la,b[xRT,
p(x,0) = po(z), = €la,bl, (2.2.1)
pla,t) = pa(t), p(b,t) = py(t), tE€RT,

where

f(p) = pg(p), (2.2.2)

1 b
V(z,t) = (w*v(p))(z,t) = W) / v(p(y, t))w(y — z) dy (2.2.3)

with W (x) := f;w(y — ) dy for a suitable convolution kernel w.

Remark 2.1. The particular combination of local and nonlocal evaluations of p present
in (2.2.2), (2.2.3) can be motivated by following the discussion of [13, Sect. 1.2] for a
model of sedimentation. Namely, if we assume that the monlocal model describes the
volume fraction of solids p € [0,1] within a solid-fluid two-phase flow system, then the
solid and fluid conservation equations in differential form are Op + 0x(pvs) = 0 and
Ot(1—p) + 0z ((1 — p)vg) = 0, where vs and vg are the solid and fluid phase velocities and
x 18 the wvertical spatial coordinate. One then defines the volume average velocity of the
mizture q := pvs + (1 — p)ve and the solid-fluid relative velocity v, = vs — ve. Now for the
particular case of batch settling in a closed column, we have ¢ = 0 for all x and t, and
then pvs = p(1 — p)uvy, so that the unique PDE to be solved is

p+ 0z (p(1 — p)vr) =0, (2.2.4)
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where vy is specified by some constitutive function. This scenario corresponds to (2.2.1)—
(2.2.3) if we choose g(p) = 1 — p and assume that v, is given through the nonlocal
convolution

v = v, t) = (wxv(p))(z,t), (2.2.5)

where p — v(p) is a given, in general nonlinear function. In other words, the local and
nonlocal evaluations of p in (2.2.1) arise from the combination of properly defined volume
fractions in mizture theory with the constitutive assumption (2.2.5). The standard local
evaluation ve(z,t) = v(p(x,t)) corresponds to the well-known kinematic sedimentation
model, while utilizing v(w * p)(x,t) instead of (w * v(p))(z,t) is the model alternative
explored in [13].

Assumptions 2.2.1. The initial-boundary value problem (2.2.1) is studied under the
following assumptions:

(i) The initial datum satisfies pg € BV (I;R"), where I :=]a,b[C RT.
(i) The function g satisfies

g€ C*[0,1;R{), ¢'(p) <0 for p € [0,1], and g(1) = 0.

(iii) The function v satisfies

ve C%[0,1);RT),2'(p) <0 for p€0,1],and 0 = v(1) < v(p) < v(0) = 1.

(iv) The convolution kernel w satisfies

w e (C2N WA nW2°)(R;R) such that / wy)dy =1
R

and there exists K, > 0 such that for all x € I, W(zx) = f(fw(y —z)dy > K.

In what follows in this chapter, we denote || - ||z ((0,1)) := || * lco- The weak entropy
solution of problem (2.2.1) is defined, as in [39, 50|, in the following sense:

Definition 2.2. A function p € (L'NL®NBV)(]a,b[xRT;R) is an entropy weak solution
to problem (2.2.1) if for all p € C(R%;RT) and k € R,

) b
L [ (1o tlen +snto = 1) (70 = F0)Vees = snlo — R (1)Ver) do
ba
+ [ loote) = Ko, 0 do
+ [ sl = R) (F(plat 1) = £)V(a thpta0)
= [ senlon = 0 (£09)  Floto-, )V (05000t 2 0
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Definition 2.3. A function p € L*(Ja,b[xR*;[0,1]) is an entropy weak solution to
problem (2.2.1) if, for all p € CL(R%,RY") and k € R,

oo b
L[ (0= k=gt + sen(o = 1) (70) = £V (2.0
b
—sgnt(p — k) f(k)o(z, )0,V (z, t)) dz dt + / (po(z) — k)iap(a:, 0)dx

+ L(/DOO (Pa(t) — k)igo(a,t) dt + /OOO (pb(t) B k)itp(b,t) dt) >0,

where
L := [[v]lso(llglloc + 1"lloo)- (2.2.6)
Here we have used the notation s* := max{s,0}, s~ := max{—s,0}, and
1 ifs>0 0 ifs>0
sgnt(s) := " sgn (s) = -7
Bn7(s) =4 ifs<o0, ° =311 its<o.

Definition 2.2 will be useful in the existence proof, while Definition 2.3 will be used in the
uniqueness proof. We need to remark that in the frame of functions in L°°, Definition
2.3 implies Definition 2.2, for more details see [74]. In the rest of chapter, we will denote
Z(r,s) = [min{r, s}, max{r, s}], for any r, s € R.

Our main result concerning the new model is given by the following theorem, which
states the well-posedness of the problem.

Theorem 2.4 (Well-posedness). Let po € BV (I;RY), pa,pp € BV(RT;[0,1]) and As-
sumptions 2.2.1 be in effect. Then, for all T > 0, the Cauchy problem (2.2.1) admits
a unique entropy weak solution p € (L' N L>® N BV)(I x [0,T];RT) in the sense of the
Definitions 2.2 and 2.3. Moreover, the following estimates hold: for any t € [0,T],
0<p(x,t)<1 forallzel, (2.2.7)

Hp('ﬂt)HLl(]) SRI? (2.2.8)

TV (p(-,t); 1) < €T (TV(po; 1)+ TV(pa; 10, T[) + | po(a+) = pa(0+)|

T(t) (et — 1), (2.2.9)

+TV(pp;10,T) + | po(b—) — pb(OJr)‘) * Ti(t)

and for T >0,
Hp('v t) - p('7 t— T)HLl(I) < T(Ct(t) + L(TV(pa; ]t - T, tD + TV(ﬂa? }t -7, tD)
where L is defined by (2.2.6) and

Ri(t) := cllpollrry + Lllpall L2 o.9) + llevll L1 o)) -
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Ti = L(llg]loc + ¢ |l0)

£ = 2K ol ool 11 vy (2.2.10)
To i= (WRA(t) + 2£) |lloo,
W = 255 0]l 1y + 4K 16 21 ol oo (22.11)

C(t) = vlloo (Il9'lloc + llgllc) Ca(t) + llgll oo LRA(2).

The proof consists of two parts: existence and uniqueness of entropy solutions. While
uniqueness follows from the Lipschitz continuous dependence of weak entropy solutions on
initial and boundary data, existence is based on a construction of a converging sequence
of approximate solutions defined by a numerical scheme.

2.3 Uniqueness of entropy solutions

One part of the proof of Theorem 2.4 is to show uniqueness of weak entropy solutions
for the model (2.2.1). Therefore, we prove the Lipschitz continuous dependence of weak
entropy solutions with respect to initial and boundary data. Here, we follow [50]. We
define V(x,t) by (2.2.3) and analogously U(z,t) by replacing p in (2.2.3) by another
function o. Furthermore, we let r(x,t,u) := ug(u)V(x,t) and h(z,t,u) := ug(u)U(x,t).
Observe that by the definition of V' and U,

V(z,t) < [vlleo, Ulx,t) < ||v]loo,
furthermore, we have the following estimates derived in Appendix A:

0.V (@.1)] < 2K5 olloe |31y = P, (2.1)

02,V] < K20l ol + PRS2y (232)

+ PLES + K olloollw” |2y =: P,
b
V(x,t) — Uz, 1)| < 7’3/ p(y,t) — oy, t)|dy,  Ps:= K. [[wll oo (ryllv']] oo,
(2.3.3)

b
0. (2.8) ~ 0,020 < M [ Jo(u.t) (5.0, (2.3.4)
M= K32 0 ool ey + B 10 oo o200 .

In order to obtain the desired estimate, we first consider the local initial-boundary value
problem

b+ Opr(z,t,0) =0, (x,t) € Ix]0,T7,
¢(x,0) =op(z), x€l; ¢la,t)=o04t), ¢bt)=oap(t), te€]0,T].

By Assumptions 2.2.1, r € C*(I x [0,7] x R;R) and 9,7 € L>°(I x [0,7] x R;R) and by
estimation (2.3.1), 8§¢T(ac, t,¢) < oo. Thus, we may apply Theorem 2.4 of |75| to deduce

(2.3.5)
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that problem (2.3.5) admits a unique solution in (L>° N BV)(Ix]0,T'[;R) which satisfies,
for all t € [0,T[, 0 < ¢(x,t) <1 forallz €I and

TV (4(t)) < etCQ(t)(TV(UO) + TV(04;]0,t]) + |oo(a+) — o4 (0+)|

(2.3.6)
+ TV (03;]0,¢[) + |o0(b—) — 0(0+)| + Kt),

where
Ca(t) = P1(llgllc + 1l9'loc), K :=2((P1+ P2)llglleo + Prllg ll)-
Assume that p is a solution to the IBVP
Op + Oyr(x,t,p) =0, (z,t) € Ix]0,T7,
p(2,0) = po(x), z€Il; pla,t)=pa(t), p(bt)=ps(t), te€J0,T]
and that o is a solution to the analogous IBVP

0o + Ozh(x,t,0) =0, (z,t) € IX]

0,77,
o(xz,0) =oo(z), xe€l; o(a,t)= 04

t), o(bt)=op(t), te€]0,T].
Therefore, for ¢t > 0 we compute

Hp('at) - O-("t)HLl([) < H,O(',t) - ¢("t)”L1(I) + Hd)(at) - U('vt)HLl(I)a (2'3'7)

where the first term on the right-hand side of (2.3.7) evaluates the distance between
solutions to IBVPs with the same flux function, but different initial and boundary data.
Then, we can apply Proposition 3.7 of [75] to get

H,O(',t) - ¢("t)”L1(I)
< llpo = oollr(ry + L(llpa = oall 1 o.9) + los — ol L1 (0.)) = A().

Now, the second term on the right-hand side of (2.3.7) evaluates the distance between
solutions to IBVPs with different flux functions, but same initial and boundary data.
Therefore, we apply Theorem 2.6 of [75] to obtain

H¢(7t) - O-("t)HLl(I)
t b
S/O /a Hax(r—h)(x,s,‘)HLoo(u)d:cds
/ (2.3.8)
+/0 H@u(r—h)(',s,-)HLOO(IXu))min{TV(o(-,s)),TV(gf)(-,s))}ds

+2/0 H(r—h)(a,s,~)||Lm(u)ds+2/0 = 1) (b 5.} ey .

where

U:=[- maX{||7T(5)||Loo(1)7 ”G(S)HLOO(I)}a maX{HW(S)HLw(I)» HU(S)HLw(I)H
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=[-1,1].
Next, we estimate all terms appearing in (2.3.8). First of all, by Theorem 2.4,

TV(o(-,t)) < et (TV(UO; I) + TV (04; (0,1)) + |oo(a+) — 04(0+)]

' Tat) , " (2.3.9)
+ TV (035 (0, ) + |o0(b—) — ab(0+)\) + 7?1—“)(6 Tit) _ 1)
with
Ti(t) = L(Igllo +19'llc)s  T2(t) :== (WSi(t) + 2L) |90
Su(t) == lloollr(ry + L{lloallro.n) + lowllio.))-
Thus, by (2.3.6) and (2.3.9), we get

min{TV (o(-,5)), TV(o(-,s))}

< !T3(t) (TV(O'O;I) + TV(aa; (O,t)) + |Uo(a+) - Ua(o"‘)‘
(2.3.10)
+ TV (01; (0,¢)) + |o0(b—) — Ub<0+)‘>

+ min{Kte® D" (To(t)/Ti(1) (e — 1)} =: Ta(t)
To handle the first term on the right-hand side of (2.3.8), we use the estimate
b
|0 (r = 1) (x,t,u)| = [ug(u)0(V = U)| < C\UIM/ |p(y. 1) — a(y,t)| dy,
which implies
b
Hax(r —h)(z, s, -)HLOO(M) < C’M/ ‘p(y,t) - U(y,t)l dy. (2.3.11)

Next, in view of 9, (r — h)(z,t,u) = Oy (ug(u))(V — U) we get
b
Hau(T - h)(a S, ')HL‘X’(IXL{) < Hau(u.g(u))Hoop3/ }p(ya 5) - a(y, S)‘ dy

, (2.3.12)
< (llglloo + 119100 Ps / 104, 5) — oy 5)| dv.

The third integral on the right-hand side of (2.3.8) is estimated by considering that

b
|(r = )(a, t,u)| = |ug(u)(V = U)] < C|u7’3/ |p(y.t) — o(y,t)| dy,

hence

b
|(r = h)(a,s, ‘)HLoo([_l,u) < C7>3/ Ip(y,t) — o(y, t)| dy; (2.3.13)
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the fourth integral is treated similarly. Finally, combining (2.3.10) to (2.3.13) we get

t b
[oC.t) = ()| iy < B(t)/o / |p(y,t) — o(y,t)| dyds, (2.3.14)
where we define
B(t)=CM+ 7"s((l\glloo + 119" lloo) Ta(t) + 40). (2.3.15)

Inserting A(t) and (2.3.14) into (2.3.7) yields

t
Ip(t) = ()l aery < A(t) + B(t) /0 (-, 8) = ()| 1 s,

so by an application of Gronwall’s lemma we arrive at the estimate

106+8) =081 sy < A) + /OtA(s)B(s) exp (/:B(T) d7> ds

< A(t) + B(t) /t A(S)eB(t)(t—s) ds < A(t)(l + B(t)teB(t)t).
0

Consequently, we have proven the following lemma.

Lemma 2.5 (Lipschitz continuous dependence on initial and boundary data). If As-
sumptions (2.2.1) are in effect and p and o are two entropy solutions to (2.2.1) with
initial data po, o9 € BV(I;RT) and pa, pp, 0a, 0 € BV(]0,T[; [0,1]), then the estimate

(- T) - ‘7('7T)HL1(1)
< (llﬂo — ool + L(lpa = oall Loy + oo — UbHLl([O,T]))> (2.3.16)
x (14 B(T)TeBDT)

holds for any T > 0, where B(T) is defined in (2.3.15).

2.4 Existence of solutions

The proof of existence of solutions consists of several steps that are developed in
this section. We construct a sequence of approximate solutions to (2.2.1) and derive the
compactness estimates necessary to prove its convergence by Helly’s theorem. We then
show that the limit function is a weak entropy solution to the IBVP (2.2.1).

2.4.1 Numerical scheme

Fix T > 0, we take a space step Az = (b—a)/M with M € N and a time step At that
is subject to a CFL condition specified later, and we set A = At/Az. We denote the center
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of the cells by z; := a+(j—1/2)Azxfor j=1,..., M, and v,/ = a+jAr,j=0,...,M
are the cells interfaces. Moreover, we set Ny = |TAt| and, for n = 0,...,Np let
t"™ = nAt be the time mesh. The initial datum and the boundary data are approximated
as

0. 1 /%/2 @)ds, T=1...M
P = polx)ax, J=1... ;
J Az 2 1/2
1 2«:n+1 1 tn+1
p"::/ pa(t) dt, p”::/ pp(t)dt n=0,...,Np—1,
AL f YA S
furthermore, we set py := pj and pfy; , = py. For n =0,...,Np — 1, we set wk =
w((k —1/2)Ax) for k € Z and define
M . Ar X .
Wiii = Aa:Zwk*J, e = W Zwkﬁv(p}g) forj=0,...,M.
k=1 it1/2 k3

We define a piecewise constant approximate solution pa(x,t) to (2.2.1) as
pa(z,t) = pj forte [t "z € [Tj_1/2: Tj41/2]; (2.4.1)
where n =0,...,Np — 1, j=1,..., M, through the numerical scheme
P?H =pj — )‘(Fj'n+1/2(ﬂ?:ﬂ?+1) - F]n—1/2(p?—lap?))a Jj=1...,M, (2.4.2)

where a nonlocal version of the monotone numerical flux proposed in [55] and also used
in [15] is employed, namely

' o (u,w) = ug(w)Vi o (2.4.3)

Next, we study the properties of the numerical scheme (2.4.2)-(2.4.3). Particularly, we
going to prove that the sequence of approximate solutions pa (z,t) satisfies the assump-
tions of Helly “s compactness theorem.

2.4.2 Uniform bounds of numerical solutions
Lemma 2.6 (Maximum principle). If Assumptions 2.2.1 and the CFL condition
Avllse (lgllso + 119 llo) < 1 (2.4.4)
hold, then if po(x) € [0,1] for x € I, the approximate solution satisfies
0<py<1 forallj=1,...,.Mandn=1,...,Nr.
Proof. We assume that 0 < p! <1 for j=1,..., M. From (2.4.2) we have

p;“rl =} = M} g(P) Vi e — P?_lg(P?)an_1/2)
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< pf +X5_19(PIViEy o < ) + Mg (] )V o =2 G(0]).

In view of G'(p) =1+ Ag'(p)V]", . under the CFL condition (2.4.4), G is a non-
decreasing function of p. Thus

max G(

") =G(1) =1,
s G(oj) = GO

Py

which implies that p"+1 < 1. Returning to (2.4.2), we obtain that

P2 = Ao g(P5) Vi = (L= Aa(07 )V p) P, G =1, M.

Consequently, if (2.4.4) is in effect, then ,0?“ > 0. O
Lemma 2.7 (L' bound). Let Assumptions 2.2.1 and the CFL condition (2.4.4) hold. If
po € L>°(I;[0,1]) and pa, pp € L>°(RT;[0,1]), then, for allt > 0, pa satisfies

loaC Oy < lleollziery + L(llpall o + lesll o) = Ca(t), (245
where L is defined in (2.2.6).

Proof. Lemma 2.6 (for n =0,...,N) and the assumption g(1) = 0 imply

Mo

= Az(pf + -+ Pir) + At(phg(P)Vija — pRrg(08) Vi 2)

= llpa Gt Ly + At(pag(p)Vile + pir(9(1) = 9(05) Vit i1 /)
= llpaC t")ziy + Atpag(p1)Vije + Atpirg (G = p5)Vigsa o

where (7 € Z(py,1). Now, using item (ii) of Assumptions 2.2.1 and the nonnegativity
of py and py we have

lp" My < 10" paqry + Atllvlle (lglleo + ') (05 + £b)-
An iterative argument yields the desired estimate (2.4.5). O

Lemma 2.8 (BV estimate in space). Let Assumptions 2.2.1 hold, pg € BV (I;R™),
Paspp € BV (RT[0,1]) and let pa be given by (2.4.2). If the CFL condition (2.4.4)
holds, then for alln =1,..., Nr the discrete space BV estimate

M
> | = o] < Ca(t™) (2.4.6)
j=0

is satisfied, where we define the time-dependent bound

n
Co(t") : Klt"(Z\p]H 0]+ Z AR T }p?—pinll)
— (2.4.7)

+ K (1 — 1)
and KC1 and Ko are defined as
K1 = £(19 oo + lgllee)s Kz = (WCL(E) +2£) 1 g]loc- (2.4.8)
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Proof. Subtracting two versions of (2.4.2) from each other, we obtain
pivt =Py =AY = B,

where

-A? = P;L+1 - P;'L - /\(P?+19(P§L+2)V]‘Z-3/2 - p?g(p?+1)‘/;‘7:b¢—1/2 - P?Q(P;'LJA)VJ‘T-LH;/Q

+ P;'ng(/’?)vﬁyz);

B} = p9(pj+1)Vis0 — p79(P5 1)V 0 + 051907Vl o — P1-19(PT)V]s1 jo-

A straightforward computation reveals that .A;‘ can be written in the form
Al = (1 — )\(Q(P;'L+1)Vj713/2 - P;'Lg,(§?+1/2)vﬂ1/2)) (P11 — P}) (2.4.9)

- )\P;‘L+1g,(§;t+3/2)Vﬂsm(ﬂ?& — 1) + Ag(py) ﬁl/z(P? —P5-1),

where &5 o € Z(p}11:P}1o)- By the CFL condition (2.4.4), the first term in the right-
hand side of (2.4.9) is positive, thus summing over j € {1,..., M — 1} yields

M-—1 M-1
SO < D 1ot = o3+ Mg (P Vahalot = P2l = Ag(P3) Vi1 j2lphs — Pl
i=1 i=1

- AP%Q/(5&+1/2)VA1}1+1/2‘P2 — Pl + )\P?Q/(fg/2)v?g2|/3§ - il
(2.4.10)

On the other hand,
B = _P?(%Z1/2 N ‘613/2)9/(5?“/2)@%1 - rj)
+9007) (Ve = Vitao) (0F = pj-1) + 059(07) (Visaye — 2Viajo + Vilyjo)-

Taking absolute values and summing over j € {1,..., M — 1} we have

M-—1 M-—1
AY B < =AY o1 (€ 0) Vi e — Vi ol on — 03]
j=1 j=1

M-1

+ A Z g(ﬂ?)‘v}n—l/z - VjTJLr1/2Hp? — P
=1

M—-1
FAD (| Vigse — 2VEy g + Vi ]
j=1

M-1

=-A (p?g'(ﬁyﬂ/?) - g(p}ﬂrl)) ‘V;—LH%/Q - ‘/;11/2‘ ‘p?-i-l —pj

oRUINg

1
P9I Vs o = 2V]ii o + VL) o

+
>
[
Il
-
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+ Ag(p1)Vayo = Vilallpt — pal
- AQ(PTMNVJ(/L[H/Q - VJ\7/L[—1/2||PXJ = Phr-al-

By using the following estimations (which are proved in Appendix A)

"/jrfi-3/2 - VjT—Ls—l/2’ < LAz, ‘Vjﬁ3/2 ~ Vit an—1/2| < Az*W, (2.4.11)
we obtain
M-1 M-1
A IBH < =ALax Yy (079 (€ ) — 9(0740)) | 0n = o7
=1 i=1
M—-1
+ AW Y pRg(p]) + Ag(pD)[Vahy — Vilallot — Pl
=1 (2.4.12)
- )\Q(Przﬁ)‘vﬁﬂ/z . Vﬁq/zHPTz\LJ — Phr-1
M-1
< —LAL Y (p1d (1 )0) — 9(P4)) | Pfr — P}
j=1

+ AtW||gllsollpll L1 (1) + LALg(pT) T — p]-

We now deal with the boundary terms, first for the left boundary term. By the definition
of the scheme (2.4.2),

Pyt =it =t — i+ — P - A((p’fg(p’z?) — PT9(p)) Vaya
+ (Ph9(oR) — pg(p1)) Vo + pig (1) (Vi = V1))
= o = o+ 0 = e = A (€50 Vi (05 — 1)
+ (1 = pa)9(P1) V3o + Pag(pT)(Vs)e — Vf}z))
= P = o (1= 2g(p1)Vaya) (01 = pl) — Ao (€5) (05 — pT)
- /\PZQ(P?)(V?,% - V1T}2)~

Taking absolute values, invoking (2.4.4) and using (2.4.11) we obtain

P =T < s = ea ]+ (1= Ag(PVs)) [ — o]

n _lien n n n n n (2413)
— A0TG (520 Va)a|Ps — pT| + LAt g(pT).
An analogous discussion of the other boundary term yields
op = o8 < Lo = op T+ (U4 AoRed o) Vit 2) |0 — P3| (2410

A (OR ) Vi 2| Phe — Phr—1| + Aol _19(ph) L.
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Finally, collecting the estimates (2.4.10), (2.4.12), (2.4.13) and (2.4.14) we arrive at

M
S lenit = ot
=0

M M-—1
< oo =M+ D105 = o} = LAY (079 (€1 j0) — 9(051)) |01 — P
j=0 Jj=1

+ AW gllssllpllr(ry + AtLg(PT) T — Pl + of — Py
+ AtL(pg9(p1) + prr—19(Phs))

M
<l = |+ (14 ALl Nl + Nglloe)) D Ior = o]

=0
+ AW gllssllpll iy + 18 — oy T + 2AtL] g
M
= |pi — o+ (L AKC) D 10— ol + oy — oy T + Aty
=0

with £1, W, K; and K2 defined as in (2.2.10), (2.2.11), and (2.4.8). The previous estimate
implies (2.4.6)-(2.4.7) by standard arguments.
O

Lemma 2.9 (BV estimate in space and time). Let pg € BV (I;RY) and pa, pp €
BV (R™;[0,1]). If Assumptions 2.2.1 and the CFL condition (2.4.4) hold, then for all
n=20,..., Np, the estimate

n—1 M n—1 M+1
SO AR =+ D0 D Ax|plt = o] < Car(7) (2.4.15)
m=0 j=0 m=0 j=0

holds, where
Cot(t") = £°Ca(t") + Cu(t") + ATV (93 [0,T]) + TV (33 0,7])).

Proof. By Lemma 2.8 we have

n—1 M

DSOS AR =] < nAtC(nAt). (2.4.16)
m=0 j=0

By the definition of numerical scheme (2.4.2), for m € {0,...,n—1}and j € {1,..., M}
we get

05 = 65 = (M7 (€ ) Vi o (0 = 57+ Mg (o) (Vi o = Vi)

+Ag(PTIVI o (P) = )|
<A llsollvlloc |2y = 2] + Mlgllco LAZPT
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+ Mlgllsollvllos [T — P4 ]-

Multiplying the last inequality by Az and summing for j from 1 to M we get

M
> Aalpi =g
j=1

M

< Atfvllos (19'lloo + lglloc) D 10Fer = '] + Atllglloc Lllo™ 1 (1)-
§=0

Lemmas 2.7 and 2.8 now imply that

M
S Aalpl = o] < Atolloo (19 loo + lglloc) Co (mA)
7j=1

+ Atl|g]|co £C1(mAL) = AtCi(mAL),
where we define
Co(1) = |vll oo jo.17) (19" oo + 19lloo ) Ca(T) + gl cc £C1.(7).

In particular,

M-+1 M
S Ax|p = | = M|t — g+ Azl — g+ D Ax|p = o
j=0 J=1

< Am’pm"'l — pgb‘ + Az’p?“ — p,ﬁ”‘ + AtCiy(mAt),

a

(2.4.17)
which, summed over m =0,...,n — 1, yields
n—1 M+1 n—1
D> Aalg =g < Ax Y (ot = o+ 1o = pi]) 4+ nAtC(nAt).
m=0 j=0 m=0
(2.4.18)
Summing (2.4.16) and (2.4.18) we get the desired estimate (2.4.15). O

2.4.3 Convergence analysis

Lemmas 2.6 and 2.9 allow us to apply Helly’s compactness theorem that ensures the
existence of a subsequence of pa, still denoted by pa, that converges in L' to a function
p € L>(Ix[0,T]), for all "> 0. Now we need to prove that this limit function is indeed
an entropy weak solution to (2.2.1) in the sense of Definition 2.3. First we will show
that the approximate solutions obtained by the scheme (2.4.2) satisfy a discrete entropy
inequality. To this end, for j=1,...,M, n=0,..., Ny —1, and k € R, we define

H (u,w, 2) = w — )\(Fﬁ_l/?(w, z) — F]n_l/g(u,w)),
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G?Jfl/2( sw) = Fy oV kwVEk) = Fy ok k),

n,k n
L +1/2( w) = j+1/2(k k) — g+1/2(U/\k w A k),

where w A z := min{w, z}, wV z := max{w, z}, and F! w) is defined as in (2.4.3).

+1/2(
Observe that, due to the definition of the scheme,

p;l—H H"(p] 1"0]’p]+1)

and we also recall the equivalence (s — k)t =sVk—kand (s— k)" =k—sAk.

Lemma 2.10 (Discrete entropy inequalities). If Assumptions 2.2.1 and the CFL condi-
tion (2.4.4) are in effect, then the approxzimate solution pa in (2.4.1) satisfies the discrete
entropy inequalities

( P — )+ T )‘(Gj+1/2(pj’pj+1) G;‘Lﬁ/z(p?—l?p?))
+ Asgn™ (p?Jrl k:) )( e — VA_I/Q) <0 and (2.4.19)
( i — k) - ( — k)" +X( ]+1/2(pJ’p]+1) L?Lk1/2(p?—1’p?))
+Asgn (0 = k) F(R) (Vg = Vi je) <O (2.4.20)

forj=1,.... M, n=0,...,Np—1 and k € R.

Proof. By the CFL condition (2.4.4), the map (u,w, z) — HY (u,w, z) satisfies
OuH} (u,w, 2) = Ag(w)V" )5 20,
O H (u,w,2) =1 = A(g(2)V]iy g — ug' (w)V} j5) >0, (2.4.21)
0 H (u,w, 2) = —/\wg’(z)V]H/2 > 0.

Notice that

H} (k,k k) =k = Af(k)(V]ii e — Vi)
The monotonicity properties (2.4.21) imply that
H;l(p?—l v ka P;L v kvp;'l-‘,—l v k) - H;L(ky ka k)
n/.n n o n n + n n +
= (H} (-1 P}, P11) — Hj (k, k. k) ( =k M) (Ve = Vitae))
moreover, we also have
H]”(p?_l Vk,piVk pigV k) — H}'(k, k, k:)
= (P VE) = AEF 1y (0F V Ry pf V) = FiLy o (071 V K,V K)))
(k >‘( ]—H/Q(kak) _}an—l/Q(k’k)))
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(pj v k) — k- )‘( j+1/2(p.7 vk p]+1 v k) 1/2(pj 1 VE p] v k)
Traye(k k) + 1y o(k, k))
= (p} — k)" (G’:ﬁ (0 070) = G (071 0}),

hence

(P? - k)+ - A(G;L-flﬂ (p] ) F’J+1) G;L’_k1/2 (p?—l’ p?))
> ( Pk Af(k ) (V] e — Vit 1/2))+
= sgn” (o)1 =k MR (Vo = Vitapo)) (0 = kA A (R) (Vg = Vit o)
> (P?H — k) + Asgn* (PnJrl k) f (k) (V] j+1/2 — an—1/2)7
which proves (2.4.19), while (2.4.20) is proven in an entirely analogous way. O

Remark 2.11. Lemma 2.10 and its proof mimic standard arguments known for mono-
tone schemes of local conservation laws [38], although the scheme is not monotone in the
proper sense since the argument (2.4.21) suppresses the presence of Pi_1: P} and P41
within V 12 and V+1/2

Lemma 2.12. Let py € BV (Ja,b[;R"), pa,pp € BV(RT;RT), and Assumptions 2.2.1
and the CFL condition (2.4.4) be in effect. Then the piecewise constant approximate
solutions pa in (2.4.1) resulting from the HW scheme (2.4.2) converge, as Ax — 0,
towards an entropy weak solution of initial boundary value problem (2.2.1).

Proof. Adding and subtracting )\G]Hﬂ(pj ,pjj) we may rewrite (2.4.19) as
n+1 + n n,k n o n n,k n o n
U ( k)" - (pj - k) (G]+1/2(pj’pj+1) - Gj+1/2(pj’pj))
+)‘(G]+1/2(pj7p]) G;tl/g(p]—hp]))
+ Asgn™( ?H — k) FR)(Viii e = Vitije)-

Let ¢ € CL[0,T] x I;R*") for some T" > 0. Multiplying the inequality above by
Azp(xj,t") and summing over j =1,..., M and n € N yields

0>T+ 1o+ T35+ Ty,

where we define the terms

T —AzZZ P = k)T = (0] = k) )l 1),
n= 0] 1
n,k n n n
T —Atzz ]+1/2 pj7p]+1) Gj+1/2(pj,pj))90($j,t )7
n=0 j=1

n,k n
:_Atzz G— 1/2 pg 17pj) GJ+1/2(,0],p]))(,0(ZL'j,t ),
n=0 j=1
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Atz ngn nH k) F(B) (Vi je = Vit o) (i, 7).

n=0 j=1

Summing by parts, we obtain

oo M oo M
Ty=Aay > (6f k) el ") = Ax YD (o) — k) (e ")

n=1 j—l n=0 j—l
90 Ly, ) @(‘Tth_l)
=—-A — AzAt ) J
xZ pla,0) — Az ;; N :

and by the dominated convergence theorem,

b oo b
Ty Aaim —/ (po(ac) - k)+g0(xj,0) dz —/ / (p(l‘,t) — /@)Jr@tgo(ac,t) dx dt.
a 0 a
Again by the dominated convergence theorem,
VTL V’n
n+1 j+1/2 —1/2 . 4n
T, = AtAx Z Z sgn™ k) f(k) AL o(xj,t")

n=0 j=1

Azt b bS nJr x — X X
_> /0 / gn’ (p(z,t) = k) F (k) (0 V) (2, 1) dz dt.

Concerning T» and T3, we get

Ty + Ty = Atz Z (G o (0 o741) = G o (05 07)) (5,17
n=0 j=1
oco M—1

- Atz Z G;L_fl/g pjap?+1) - G;'Lfg/g (P?+17P?+1))‘P($j+1,tn)
n=0 j=0

= Ty + T30 = T3,

where we define

oo M-—1

n,k n o n n
Ty := Atz Z ( ]+1/2 ﬂj 7p]+1) Gj+1/2(pj7pj))90(xj7t )
n=0 j=1
n,k n,k n n n
- (G +1/2(pj’pj+1) Gj+3/2(Pj+1,Pj+1))80(33j+1,t ))7

T30 := AtZ( M+1/2 vapb) GTX/[iUz(pM,pM))‘p(xMatn)

— (G0 0%) = Gy (0, 1) 1,8 )
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Now we define

+oo0 M

FaCRE t") = p(w, t")
Si=—AzALY NG (0], )= v
n=0 j=1

+oo
—LALY (o7 = k)T o(a, t") + (pf — k) T (b, 1)),
n=0

(2.4.22)

Since

G o (05 07) = Fiaya(0) V ko o V ) = FTy (R, )
= (F(p} V) = F(R) V] o = sen™ (0] = B)(f(p}) = F(R))V}1jos

it follows that

n +oo b
S [ [ s (otant) = K)(£(6]) — () Vriplt) do i
0 a

“+o0o +oo
o [Tt - mretanars [0 - b))

Let us rewrite S (2.4.22) as follows

+oo0 M
= _AtZZG]+1/2 IOJ ’p] ( (xj+17tn) - gO(ﬂfj,tn))

n=0 j=1

— LAtZ ((pZ — k) pla, t") + (o — k) (b, t”))

+oo / M
= —At Z (Z Gn—fl/?(p] 7pj )Sp(xjﬁ‘l) tn)

M-1
n,k n
- G]+3/2(P]+17P]+1)<P(33j+1at ))
=0
+oo
— LAY (o — k)T ola, ™) + (o3 — k)T ep(b, 7)) = Sao + S0,
n=0
where we define
oo M-—1
n,k n 7 n,k: n n n
SQU = —At Z Z {Gj+1/2 (p] ’ p]) - Gj+3/2 (ijrl? ijrl) }QO(LU]‘+1, t )7
n=0 j=1

S30 1= —At Z M+1/2 va PM)SO(-TM-‘,-L tn) - Gg/;(p?ll¢ p?)tp(:m, tn))
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+oo
~LALY (0 = (ot £ (= ) (bt

Adding and subtracting G" +1 /2 (pj ,,0]) we may rewrite Sogy as

co M-—1

k &
Sao = _Atz Z G?+1/2 pjap?+1) - G;L+1/2(p?7p?))90(xj+17tn)
n=0 j=1
oo M-1
&
- Atz Z ]+1/2 P] 7P]+1) G?+3/2(p?+1,p?+1))g0(xj+1,t").
n=0 j=1

We evaluate now the distance between Thy and Sog:

T — Sao

SALY N GEE 0 ph) = GEE (07 o) |, 1) — p(a, ¢
Since

}G;Lfl/g(Pg s Pir1) — G?f1/2(p?’ p?)’
‘ Py Vi pi V) = Ly o(pf VK, pf \/k)’
= |( (0 V k) (9(p} 1 VE) — g(p} Vk))v+1/2‘
= (0} V R)G (111 2) (01 V ) = (0] VE))V L o
< |vllscllglloo| (05 v k) (0511 V &) = (0] V K)))|
< Nollsollglloc P41 = 57| < L|pfs1 = 031,
in light of the uniform BV estimate (2.4.6) we deduce that

co M-—1

‘Tzo - 520’ < LAz At 02000 Z Z ‘p?-‘rl - pﬂ
== (2.4.23)
< LAQUTH&MHOOogfg%AtTV(pA(.’t )) = O(Az).

Furthermore, we obtain

Sso — Tho = —At Y (G Pk, PR ) @arins ") — Gos(pt, p1) (1, 1))
n=0

_ LAtZ((’OZ — k)T o(a,t") + (o5 — k)T (b, t"))

—AtZ( 12 (P8s P8 = Gy 1o (PR PR P, 1)
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— (G k(o o) = Gyt o) (1) )

which we can write as S3g — T3¢9 = Ry + Ro + R3 with
Ry = At Z 1/2 Pa, pl (x17 tn) - L(pZ - k)+90(a’ tn))’
n n n,k n
Ry = —AtZ(L(pb — k) To(b,t") + Gy o (Phrs o), 1)),

= _Atz GM+1/2 (Phrs Pir) (p(zare1, t7) — o(@ar, ™).

Observe that

3 a002) = 00 ) V) = 00V 0,
9 F+1/2( z) =0, (ug(z)‘/}ilﬂ) = ug'(z)VijH/2 <0,

meaning that the numerical flux is increasing with respect to the first variable and the
decreasing with respect to the second one. Consequently,

anl/Z( 2) =Fly p(uV k2 VE) = F ok k)
> F;‘H/Q(k, zVk)— ;’1+1/2(k k)= (kg(zVEk)—kg(k)) j11/2
= kg (V}1,2) (2 VE) = B)V]Ly jp 2 —[v]lollg oo (2 — &)
> —L(z— k:)+,
Gl p(w2) = F'y p(uV k2 V k) = Yy (ks )
< F! +1/2(u Vk k) — ]ﬁH/Q(k:, k)= (uVk)g(k) j11/2 — kg(k)‘/jil/Q
= (W E) = K) gV} jy < [0llcllglloc (= B)F < Llu = k),

hence

= At Z G1/2 on, o7) (e(z1,t") — p(a, "))
T Atz 1/2 (pa, p1) — Lipy — k)" )p(a, t™)

< ITAOuglloo sup (7 — k)" + LAES (62 — k) — (o — B) ) pla, 17)
0<n<T/At

< TA?CH(?MHLOOHPaHLoo([o,t]) = O(Ax),

= —AtZ T G (PR ) (.7
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— At Z GM+1/2 Pirs o) ((ar 1) — (b, 7))

< —LAtZ ((oy = k)" = (o — k) )0 (b, ")

+ LTAz| 0z sup (py — k)"

0<n<T/At
< LT A0z oo po|| oo 0,17) = O(Aw),
Ry < At Grf (0 030 (e(@arins ) — o, 1))
n=0
+o0o
n,k n 7

< AtAZ0upll Y |Gy o (01 PR

n=0

Taking into account that

GijH/Q(p?/Iv Pir) = Fipi1po(pir V ks pRp V k) = Fipyq o (k k)

= (P VE)g(0ir V E)Vip 1 ye — kg(B)Vip i
(o Vv K)(g(pis V k) — g (k) + (o V k= K)g(R)) Vi1 2
(PR VE)G (041 02) (P V K = k) + (0l V & = k)9 (k) Vi
((Phr V k)

= ((p 9 () 1172) + 9(K) (Phr V b = K)Vii i o,
we get
+00
Rs = AtAz|0npllz= > | (08 V k) (01711 2) + 9(B)) (Ps V k= B) Vil o]
n=0

< ALAZ|| 00| oo Z (9 (0F1)2) + 9(R)) (00 V k= F)Vi oy

< LAtAz |0z Loo ||v]| oo Z ‘p% Vk— k‘

n=0
= LAtAZ(|0ppl| 1< [[0]|o0 Y (R — k)T
n=0
< LTAZ|0plli=llolloo 51D (6" loo < LTAR]Ospll e [0lloo = O(Aa),
0<n<T/At

thanks to the maximum principle estimate. Hence, S3g— T30 < O(Az), so that we finally
get

02T1+T2+T3+T4=T1+T4+T23:|:S:T1+T4+S*O(AFL‘).

This concludes the proof. O
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Proof of Theorem 2.4. The existence of solutions to problem (2.2.1) follows from the
results of Section 2.4. The uniqueness is ensured by the Lipschitz continuous dependence
of solutions to (2.2.1) on initial and boundary data, see Section 2.3. The estimates on the
solution to (2.2.1) are obtained from the corresponding discrete estimates passing to the
limit. In particular, the L' bound follows from (2.7), the Maximum principle from (2.6),
the total variation bound from (2.8) and the Lipschitz continuity in time from (2.4.17),
since Az = At/\ and taking A =1/L. O

2.5 A second-order scheme

The scheme (2.4.2), (2.4.3) is only first-order accurate. We propose here a second-
order accuracy scheme, constructed using MUSCL-type variable extrapolation and Runge-
Kutta temporal differencing. To implement it, we approximate p(z,t"™) by a piecewise
linear functions in each cell, i.e. p;(z,t") = p} + o7 (z — x;), where the slopes o} are
calculated via the generalized minmod limiter, i.e.

n

1 n 1 n T 3 n
0j = A, minmod (19( = Pi-1), 5P = pj1), 9P = P ));

where ¥ € [1,2] and

minmod(a, b, ¢) :=

sgn(a) min{|al, [b],[c[} if sgn(c) = sgn(b) = sgn(a),
otherwise.

This extrapolation enables one to define left and right values at the cell interfaces re-
spectively by

. Az, Az
PJ+1/2 Pj +77t =pj + o7 o

R Ax Az
IO?—]./Z = pj <$] — 2,1&") = p;z — 0‘?7

5
and
A — | " oo, ) )
n = v(p(y,t))w(y — xj11/2) dy
j+1/2 Wj+1/2 ; j+1/
M
1 Tit+1/2 R
= — Z/ v(pr(y,1))w(y — j41/2) dy
Wit12 121 Jonrye
M 1
Ax / <A Ax Az )
M Ng

Ax )
Pev <Pk 7ye + xmt”)) <2ye +(k—-J+ 1/2)A$>
2W JH+1/2 k=1 e=1
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Ar L& n Az Az ,
:Aiz:Zpev pk+7yeak w 7y6+(k_]+1/2)ACL’
2Wit1/2 121 e=1

where Wj+1/2 = f;w(y — T;41/2)dy is computed in exact form, and y. are the Gauss-
Lobatto-Quadrature points. The MUSCL version of the numerical flux reads

L R ’
an+1/2 = pj+l/29(pj+l/2)vj11/2'

To achieve formal second-order accuracy also in time, we use second-order Runge-Kutta
(RK) time stepping. More precisely, if we write our scheme with first-order Euler time
differences and second-order spatial differences formally as

P =0 = AL (") = P = M(Ef 12 — Ffy)), (2.5.1)

then the RK version takes the two-step form

1 A
pj =05 = ALi(p"); i =S (o) + py) = S Lipg). (2.5.2)

2.6 Numerical examples

In this section we solve (2.2.1) by using the numerical scheme (2.4.2) on the z-interval
I = [0, 1] with suitable boundary conditions and ¢ € [0, 7], with T" specified later. In the
numerical examples we consider the equation (2.2.1) with g(p) = 1—p and v(p) = (1—p),
where we recall that f(p) = pg(p) and V(z,t) = (w*v(p))(x,t), where the kernel function
w(z) is specified later in each case. For numerical experiments the interval I is subdivided
into M subintervals of length Az = 1/M, and the time step is computed taking account
the CFL condition (2.4.4), and for each numerical experiment, we specify the inital and
boundary conditions.

2.6.1 Example 1

In this example we compare numerical approximations obtained by scheme (2.4.2)
with those generated by an adapted LxF-type scheme proposed by Goatin and Rossi in
[50], starting from the initial and boundary conditions

po(z) =02 forxel; pu(t)=0.1, pp(t) =05 fort>0.

Here we employ the symmetric kernel function
wly) = wiy) i= — <1 y2>x () (2.6.1)
= 1 e —_ — _ 0.
An n? [=n.m]

with n = 0.05. In Figure 2.6.1 we display the numerical approximations for M = 800
at simulated times T = 2 and T = 8 and compare them with the reference solution
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which is computed with the LxF scheme with M, = 12800. We observe better accuracy
for the proposed scheme. This property also becomes apparent in Table 2.6.1 where
we show the corresponding approximate L' errors for discretizations M = 100 x 2!,
[ =0,1,...,4 and respective experimental orders of convergence (E.O.C.). We observe
that the approximate L' errors decrease as the grid is refined and E.O.C. assumes values
close to one, in agreement with the formal first order of accuracy of the scheme.

(a) (b)
T =2 X P
0.4 — Reference Solution p +fe|1eée?1°e Solution
ll ——LxF Sch 1 xF Scheme
+H)§N Sthzz 0.8 H—=—Hw Scheme
p
0.4
0.2+
0.2
01 1 1 1 O | | I

0 02 04 06 08z1 Y 02 04 06 08z1

Figure 2.6.1: Example 1: numerical approximations obtained with HW and LxF
numerical flux with M = 800 and symmetric kernel w;(y) with n = 0.05 at simu-
lated times (a) T'= 2, (b) T'= 8.

Table 2.6.1: Example 1: approximate L!-error ej;(u) and E.O.C. for the LxF and
HW numerical fluxes with Az = 1/M and symmetric kernel (2.6.1) with = 0.05
at simulated times 7' =2 and T' = 8.

T =2 T=8
LxF HW LxF HW
M epm(pa) E.O.C. epm(pa) E.O.C.
100  1.71e-01 — 1.02e-01 — 6.34e-01 —  5.28e-01

200 1.11e-01  0.63  5.42e-02  0.92  5.96e-01 0.89 5.80e-01 -0.14
400  4.64e-02 1.25 2.74e-02 098  4.89e-01 0.28 3.69e-01 0.65
800  2.02e-02 1.20 1.39e-02  0.98  2.86e-01 0.78 1.19e-01 1.63
1600 9.58e-03 1.07  6.84e-03 1.03 1.11e-01 1.37 4.18e-02 1.51
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2.6.2 Example 2

20F ‘ .
— o,
i,
15+ wa (X))
)
=
\-3/10
5 L
0 |
-0.2 -0.1 0 0.1 0.2
X

Figure 2.6.2: Example 2: kernel functions w(z) = w;(z), i = 1,...,4, given by
(2.6.1), (2.6.2) and (2.6.3) with 5 = 0.2.

We now compare the dynamics in the solution of model (2.2.1) by using various kernel
functions. We consider the symmetric kernel w; (2.6.1) as in Example 1 along with a
non-symmetric kernel

arl) =20 (2 Dexp (<2 < 1) ) 26.2)

and the anisotropic discontinuous kernels

1 3
ws(y) = ) (), waly) = $(n — ) X0 (®); (2.6.3)
where in all cases we choose n = 0.2. In Figure 2.6.2 we display the different kernel
functions. The initial and boundary conditions are given by

po(x) =01 forxzel; pu(t)=0.1, pp(t)=1 fort>D0.

In Figure 2.6.3 we display numerical approximations with Az = 1/400 at times T =
10 and T = 100. We can evidence that the dynamics of the solution is different for
each kernel functions; by using w; we observe that numerical solution goes faster to a
stationary state solution than for other kernel functions, in which this stationary state is
not observed for enough large simulation time. Regarding the kernel wy we can see the
formation of some oscillations. Now, for the kernel w3 we can see the formation of some
layers on the numerical solution and that the period of these layers are proportional to
1. Finally, for wy we can observe a numerical solution more smooth than in the previous
solutions.
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Figure 2.6.3: Example 2: dynamics of the model (2.2.1) for various kernel functions
(w1, wa, ws or wy). Numerical solutions with M = 800 at simulated times 7' = 10

and T = 100.
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2.6.3 Example 3

The aim of the present example is to investigate the behavior of numerical solutions
considering the kernel functions w1, we, and ws as well as for two different values of the
parameter 7, namely n = 0.1 and 1 = 0.025. The initial and boundary conditions are

po(z) =05 forxel; pu(t)=0, pp(t)=1 fort >0,

which leaves zero flow conditions at boundary, i.e. fi2 = fay12 = 0. Numerical
approximations are computed at simulated times 7' = 2, T' = 7 and T = 15 with
discretization M = 400. In Figure 2.6.4, first we observe that numerical solutions for
the nonlocal problem (2.2.1) get closer to the solution of the local problem as 7 takes a
smaller value, but w; and ws make it slower due to the presence of the oscillations that
the numerical solutions present when we use these functions.

2.6.4 Example 4: Error test for second order scheme

We consider the problem (2.2.1), with a smooth initial datum
po(z) = 0.9exp(—70(z — 0.4)*) for z € [0, 1], (2.6.4)

with boundary conditions p, = pp = 0, and with the symmetric kernel function w; with
n = 0.2. In Fig. 2.6.5 we display the numerical approximations obtained with the second
order scheme (2.5.1)—(2.5.2), computed with M = 100 at 7' = 0.1. The reference solution
is computed with M = 6400. As expected, the numerical solutions obtained with second
order version of the HW scheme capture the reference solution better than the first order
one. In Table 2.6.2 we compute the L' —error and E.O.C. We recover the correct order of
accuracy for the second order HW scheme. Instead, we obtain just first order accuracy
for HW scheme (2.4.2). We also can observe for scheme (2.4.2) that the L!'—error for
each level of refinement is bigger than the error of the second order version scheme.

Table 2.6.2: Example 4: approximate L' errors ey (p) and E.O.C for the first and
second order version of the HW scheme with Ax = 1/M, at T' = 0.1.

T=0.1

HW first-order version HW second-order version

M enm(pa) E.O.C. ey (pa) E.O.C.
100  8.71e-03 - 3.20e-04 —
200 4.60e-03  9.19e-01  8.63e-05 1.89
400 2.38e-03 9.54e-01 2.24e-05 1.95

800 1.21e-03 9.77e-01 5.53e-06 2.02
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2.7 Conclusions of Chapter 2

In this chapter we extend to its nonlocal version a numerical scheme presented in
[15, 55] where we take advantages of the form in which the flow is written, pv(p)V (z,t),
where v(p) is a positive and non-increasing function, and V(x,t) is a positive function
containing the nonlocal terms. We have proved a maximum principle, L'-bound, and BV
estimations, also, a discrete entropy inequality in order to prove the well-posedness of an
1-D and nonlocal IBVP. Likewise, using kernel functions of different shapes (symmetric,
non-symmetric, isotropic) we have conducted numerical experiments aiming at assessing
whether (2.2.1) can possibly explain the phenomenon of layering in sedimentation. In
Figures 2.6.3 and 2.6.4 we can observe some fluctuations of the concentration p like
staircasing.
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2.7. Conclusions of Chapter 2

(a) (b)
T IT = 2| T p T IT - 2| T
r 1
r 0.8
r 1 0.6 .
LV — 0.4 —
—— W2 J——T)
- o ws 0.2  ws
| | | ——local 0 ) ) ) — local
02 04 06 08z 1 02 04 06 08 x 1
(c) (d)
T IT = 7| T p T IT - 7| T
3 1
r 0.8
r 1 0.6 .
- v — 0.4 o
e w2 S w2
3 L w3 0.2 . w3
. | | — local 0 ; | ) —— local
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(e) ()
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Figure 2.6.4: Example 3: numerical solutions of (2.2.1) for M = 400 at indicated
simulated times with (left) n = 0.1 and (right) n = 0.025.
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Figure 2.6.5: Example 4: comparison of the numerical solutions at 7" = 0.1 cor-
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function wy.






Chapter 3

Existence of entropy weak solutions
for 1D non-local traffic models with
space-discontinuous flux

3.1 Introduction

We are interested in the analysis of the well-posedness and the numerical approxima-
tion of solutions of non-local conservation laws with a single spatial discontinuity in the
flux

{atp +0uf(t,z,p) =0, (t,z) € (0,00) xR, (3.1.1)

p(07x> :pO(x)v z €R,
with
ft,z,p) = H(—x) pg(p) vi(wy * p) + H(z) pg(p) ve(wy * p),

where H(x) is the Heaviside function, and the flux f(¢,x, p) has a discontinuity at z = 0
if the velocity functions v;(p) and v,(p) are different. The function g is assumed to be
nonnegative and such that ¢’(p) < 0 and g(pmax) = 0. We assume that the convolution
term and the kernel function w;, satisfy

et = [ ptpenty -y, n>o0 312
wy € C2([0T77],R+), w; <0, wy(n) =0, (3.1.3)

and the following hypothesis hold on the velocity functions
vs(p) = kstp(p), s=1,r, € C*R), st. o <O0. (3.1.4)

In the vehicular traffic context p represents the density of vehicles on the roads, w;,
is a non-increasing kernel function whose support 7 is proportional to the look-ahead

29
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distance of drivers, that are supposed to adapt their velocity with respect to the mean
downstream traffic density. The equation in (3.1.1) is a non-local version of a generalized
Lighthill-Whitham-Richards traffic model [66, 72, 46] with a discontinuous velocity field
[31, 62].

Models of conservation laws with non-local flux describe several phenomena such
as slow erosion of granular flow [4, 77|, synchronization [3], sedimentation [13], crowd
dynamics [34], navigation processes 5] and traffic flow [14, 61, 20, 42, 29]. In particular,
non-local traffic models describe the behaviour of drivers that adapt their velocity with
respect to what happens to the cars in front of them. See [20] for an overview about
non-local traffic models and |25] for a continuous non-local model describing the behavior
of drivers on two stretches of a road with different velocities and capacities. There are
many results relating to existence, uniqueness, stability and numerical approximation
of weak entropy solutions of local conservation laws with a spatially discontinuous flux
[31, 62, 1, 8, 15, 18, 45, 47, 48, 58, 59, 60]. Conversely, in the nonlocal case, traveling
wave for a traffic flow model with rough road conditions were studied in [73], with the
following velocity functions:

vs(p) = ks(L—p), s=1Lr g(p)=1

But it is worth pointing out that in the latter case with k; > k, and g(p) = 1, the non-
local model does not satisfy the maximum principle, as it is showed in [21, 30]. On the
contrary, model (3.1.1) satisfies the maximum principle and this makes it more realistic
in the sense of traffic flow dynamics.

In this sense, the aim of this chapter is twofold:

e we prove the well-posedness of the non-local space-discontinuous traffic model (3.1.1)
for a general non-increasing speed function v, approximating the problem through
a monotone numerical scheme and proving standard compactness estimates;

e we numerically study the limit model as the support of the kernel function tends
to 0F.

Following [59], we recall the following definitions of solution.

Definition 3.1. We say that a function p € (L N L>®)([0,T] x R; [0, pmax]) is a weak
solution of the initial value problem (3.1.1) if for any test function ¢ € CL([0, T[xR;R),

T
/ / (pOrp + F(t, 2, p)uip(t, ) dadt + / po(2) (0, 2)da = 0.
0 R R

Definition 3.2. A function p € (L' N L*®)([0,T] x R;[0, pmax]) s an entropy weak
solution of (3.1.1) if for all ¢ € [0, pmax], and any test function ¢ € CL([0, T[xR;RT),

T
/0 /R p—clortsgn(p— ) (f(te.p) — f(t,2,¢)) po dadt

T
- / / sen (p — ¢) f(t,2, ¢)ppdadt + / Ipo(x) — ¢ (0, 2)dx
0 * R
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T
+/ |(kr — ki) g(c) (p* wy)| @(t,0)dt > 0.
0

This chapter is organized as follows. In Section 3.2, we introduce the numerical
scheme that we use to discretize our problem. After that, in Section 3.3 we prove the
existence and uniqueness of weak entropy solutions with L*° and BV bounds. Finally,
in Section 3.4, we show some numerical tests illustrating the behaviour of solutions and
investigating the limit model as the support of the kernel n — 0.

3.2 Numerical scheme

We introduce a uniform space mesh of width Az and a time step At, subject to a CFL
condition, to be detailed later on. The spatial domain is discretized into uniform cells
Ij = [xj_1/2,Tj11/2), Where z;, /9 = x; + Az /2 are the cell interfaces, and z; = jAx
the cell centers, in particular = 0 where the flux function changes, falls at the midpoint
of the cell Iy = [v_y/9,71/2). We take Az such that n = NAx for some N € N. Let
t" = nAt be the time mesh and A = At/Azx. We aim to construct a finite volume
approximate solution pa such that pa(t,z) = pj for (¢,z) € [t 4" X (21 jo, g1 /2)
To this end, we approximate the initial datum py with the cell averages

0 1 /xj+1/2 (2)d
Pi = = polT)dx,
I Ax i1/

1 (k+1)Az
we denote wy, 1= A/ w(y)dy for k=0,..., N —1 and set the convolution term
T Jk

Az
N-1
R(.%'j+1/2,tn) = (wn * pA)(l'j+1/2,tn) ~ Ax Z wkp?+k+1.
k=0

In this way we can define the following finite volume scheme Vj € Z

p}‘“ =p;—A (F(»’Uj+1/2aP?7P?+17R?+1/2) - F(xj—l/%p?—l’p?’R?*1/2)> . (321)

where F' is defined by

(3.2.2)

pig(pj+1) vi(R; if z; <0,
F(j41/2,pj5 pj+1, Ryta/2) :{ 39(Ps1) 0 Bya2) 1 T2

Pig(pj+1) vr(Rjy1/2) if 2j41/9 > 0.

This proposed scheme is a non-local version of one which was proposed in [15] and it
takes advantage of the form in which the flow is written, namely density p times a local
decreasing factor g(p) times v(w * p), where v is a given velocity function and w is a
convolution kernel.
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3.3 Well-posedness of (3.1.1)

In this Section, we prove some properties of the finite volume scheme (3.2.1)-(3.2.2).

Lemma 3.3. Let hypotheses (3.1.4) hold. Given an initial datum such that 0 < ,0‘;- < Pmax
for j € Z, the finite volume scheme (3.2.1)-(3.2.2) is such that

0< P?H < Pmax; JjEZ,

under the CFL condition

Az Az
At < min { , } . (3.3.1)
s=lr | pmaxks |9/ lLee ¥l " Es lgllnee [¥]lLee

Proof. By induction, assume that 0 < p < pmax for all j € Z. Let us consider j #0
and set v(p) := kstp(p) for s = I, r. In this case, we can observe that

,O;H_l = P;L —A (P?g(p?Jrl)U(R?Jrlp) - P?flg(Py)”(R?flﬂ))

< 05 + Momaxc ||| o Fs 1%l Loe (Pmax — £F)-

Under the CFL condition (3.3.1), we conclude that p;-‘“ < pmax for all j € Z*.
For j = 0, we obtain

o = o — X (sBa(o)vn(BY ) — 010l (R )
< pp+ A <pmaxg(p8)vl(R7—L1/2))
< 08 + Mg [0 16 (Prax — A8) < P
n+1

To prove the positivity p; =20, we observe that

p;H_l = P? —A (P?g(p?+1)U(R§L+1/2) - p?,lg(p?)v( ?—1/2)>

> g (1= Ao v (R 0))
> 0.
This concludes the proof. ]

Lemma 3.4 (L! norm). Let hypotheses (3.1.4) hold. If po € LY(R;RT) then under the
CFL condition (3.3.1), the approzimate solution pa constructed through the finite volume
scheme (3.2.1)-(3.2.2) satisfies

loatt, Mg = ool for allt > 0. (3.32)

Proof. By induction, suppose that (3.3.2) holds for ¢ = nAt. Thanks to the positivity
and the conservative form of the numerical scheme (3.2.1) we have

"l = Axd it ="l -
JEZ
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We now prove the L!-continuity in time by following the idea introduced in [58].
For the sake of simplicity we use the following notation throughout the proof, let us
define

o

ve(RE, ), if 5> 0.

Lemma 3.5. Set Ny = |T/At]. Let pg € BV(R; [0, pmax|) with ||po|ly1 < +o0. Assume
that the following CFL condition holds

Ax
At < min { } )
s=lr | pmaxKs||[¥][Lee ([[9][Lee + (19" [[Lee) + Az pmaxwn (0)ks|[¢)[|Leo gl Loe

(3.3.3)
then, forn=0,...,Np —1
Az |ttt = | < O(T), (3.3.4)
JEZ
where
T P ([ M P

+ Pmax H'(/)Hoo HQIH) ks} TV(IOO) + Atpmax“ﬁ“ - kl‘ ||¢||L°° HgHLOO >

Proof. First, we fix j € Z, by (3.2.1) we have

n+l _ n no_

-1 -1 —1
P} Py = Py —p —A<p?g(p?+1)v?+1/zip}‘ 9P )V 2

-1 —1y, n—1 -1 -1
—p; 95 )V 1 — P a9(f )0y e £ 0T g () )0

+oj oty )
= = M (090~ o 9
n—1

+05 (P ) (Vo — Vi) — (PF19(P}) — P i 9 (0 )y o

_P?__llg(/)n_l)@?flp - U;-L__ll/g)) )

and using the mean-value theorem, we take R;_;ll//; € (R;'l-i-l/w R;.:ll/Z) such that
-1 _ iy pn—l/2 -1
U?+1/2 - ”?H/z = v (Rj+1/2)( ?+1/2 N R;'LH/Z)
) N-1
—1/2 —1
= v’(R?H/2 )Ax Z Wk (P k1 = P pg1)-
k=0

Next, we can write
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i
_ 1/2
= (1 - /\(v?+1/29(p?+11) - P?—lg/(fy 1//2) Vi_1/2 — AxWOPy 19(:%
x(pf — pi )

n—1

'(RM2

;1/2»)

n—1/2y n n—1/2 n— n— n n—
—A (Pjg Gy ARy (Rj+1//2> Pj 19(Pj+11)AW0) (P = P551)

N-1

n—1/2 n— n n— n n
M (R D0 g (o)A > wilply — pih) + Al 109 (of

R
L

~1/2 _
—i—)\pJ 19(/)? 1)1} (R?_l//Q)Aa: Wi (P r — p’j:_;),
k=1

and thanks to the CFL condition (3.3.3), we have

n—1/2

1-A (U?+1/2g(p§:11) - p_?—lg/(é.jfl/Q )U?—1/2 - A:Uw()p] 19(:0? l)v (R

Then, taking the absolute value we obtain

= o
_ —1/2
< (1= A (V1 )2900) = P9 (€07 00 — Ao g
x|pp = pi 1|

D -
n—1/2
i) 20

W)

n n—1/2\ n n—1/2
A (_pj 9l(§j+1//2 )0iy12 =V <Rj+1//2) Py g(p]H)Awa) Pf1 = Pl 1

N-1

1/2 _ _
(R0 g (oA 3wl — ok + 2l 59 (ol

k=1
N-1

n— n—1/2 n
_/\p] 19(/)] 1)U (Rj 1//2)A‘T Z wk‘pj—l-k ]+k;|
k=1

Now, multiplying by Az and summing over j, we get

>_Aalp = pfl < ) Aalpf o)

1)|P§L71 -

JEZ JEZ

N-1

1/2 _
—2/\2Axp] 19 P? l)v (R;I 1//2)A.%' Z wk‘p?Jrk - p?—l—lﬂ
JEZ k=1
< D Aclf o)
JEZ
N-1

28 pmaxl gl 0/ [Le D wr Y Axlofy — o]

k=1  jezZ

)



N-1
< (1 + 28 pinax|g]| e [0l Y wk) > Azlpf = pi Y.

k=0 JEZ

Thus,

ZAx|p§LH —p < e(2nAtpmax|lgllLoo [[v[|Loo) Z Aazlp} — p?!.
JEL JEZ
On the other hand,
Z Ax|ﬂ; - P?| < At Z ‘P?Q(P?H)UI(R?H/Q) - P?ﬂg(p?)vl(R?—lm)‘
JEZ 7<0
At (o) 0B o) — gl (RS )|

—i—AtZ ‘P?Q(Pngl)Ur(R?JrUz) - Pg')flg(P?)Ur(R?qp)’ :
j>0
The first term of the right-hand side can be estimated as
D 103909 )0 (R 5) — p9-19(0ui(R)_y )]
Jj<0
< urllgee Igllzoe D165 = p11 + punae 19 [l Tenllze Y 16511 = 5
j<0 7<0

o 9l 161l g D | R 1j2 = B o]

7<0
< lvllgee 19I5, Z 1Y = P 1| + pmax || || oo 102l oo Z 105+1 — 5]
7<0 7<0
N—-1
+pmas 190 poo [Vl D D Azwr]pl i1 — 09 14]
7<0 k=0

< (lvtllpee gl + pmax llgllpee 101l oo lollLr + pmax [|9[| oo [0l ) TV (p0)-

Analogously,

Z ‘P?Q(P?H)UT(R?H/Q) - nglg(P?)Ur(qu/Qﬂ
7>0

< (Iorllgoe 19l + pmax |07 || Lo 19llee wllgs + pmax [|9']| oo 07 [l1.00) TV (p0),
and by hypothesis (3.1.4)
‘Pgw(ﬂg)vl(R%/Q) - ng(P(l))Ur(R(l)m)’
< 1021900 (R 15) £ p219(00)vr (R 15) — phg (o) o (RY 15)
< prm |9l [0 ) = v (B )|+ 0n (B 0) [ 219(68) — oo (o3)]

< Pmax ”g||L°° ’Ul(RO—1/2) + UT(R91/2) - UT(R(l)/Q)’
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+or(RY 15)[0219(00) — pog(p?)]
< pmax [9llnee [¥llgeo ki = Er| + pmax 19l 00 |07 ]| lwllg: TV (po)
+ ([lorl o0 [19lloe + Pmasx 1vrllgee (|6 ]| ) TV (00)-

Finally,

> Aalpy— ol < 3Atmax{ ([l 9l + oo [ [l Nollga g llos
JEZ ’

+Pmax ||¢||oo Hg/H>/€s}TV(po) + Atpmax|kr — ki kuLOO ”g”LOO :

This completes the proof. O

3.3.1 Spatial BV estimates.

Lemma 3.6. Let pp € L™ N BV (R; [0, pmax]). Assume that the CFL condition (3.3.1)
holds. For any interval [a,b] C R such that 0 ¢ [a,b], fir ¢ > 0 such that 2q < min{|al|, |b|}
and q > Az. Then, for any n =1,..., Ny — 1 the following estimate holds:

D e =g < e (TV(po) +2C(qT) +K2T) ,
JET;
with I8 = {j € Z:a < z; < b}.
Proof. Let
Mp = {j €L :mwj_1) € [a—q—Ax,a]},./\/'Az {j €ZL:wji1ys € [b,b+q+Agg}},

By the assumptions on ¢, observe that there are at least 2 elements in each of the sets
above, i.e. |[Mal, INa| > 2. Moreover, I[Ma|Az > g and [Na|Az > ¢. By Lemma 3.5
there exists a constant C(T") such that

Nr—1

Ax > > |phth = pi| < TC(T), (3.3.5)

n=0 j€Z

with C(T) as in Lemma 3.5, then when restricting the sum over j in the set Ma,
respectively Na, it follows that

Npr—1 Np—1
Az > Y i = pi <TC(T) and Az > ) [pf T —pf| <TC(T). (3.3.6)
n=0 jeMa n=0 jeNA

Let us choose j, € Ma and j, with j, + 1 € Na such that

NT 1 NT 1
+1 _ ~ +1
E 5. =Pl = min E 05" = pjl,
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Npr—1 Npr—1
+1 _ . +1
Z |'0;Lb+1_pjb+1’ - jrélj{/’ri\ Z |p§L _'0?|’
= n=0
thus,
Nr—1
TC(T
Z |pn+1 p < C < C( )’
el (Ma|Az q
NT 1

n+1
Z ‘p]b+17’oﬂb+1| < |NA|AIE < q
n=0

Moreover, observe that

Jb Jb—1

n+1 n—l—l n+1 n+1 n+1 n+1 n+1 n+1
Z Pj+1 — ‘_ Pjat1 =~ Pjq ‘+ Z Pi+1 — ‘+ Pjp+1 = Pj, |- (3.3.7)
J=Ja J=Ja+1

Now, let us focus on the central sum on the right-hand side of (3.3.7). We write

Pt = = Ay B

with
AD = (1= M0y 00(0540) + A0F_19" (€] 1/2) V)1 0) (P41 — PF)
A0} 109(0751) (0] = PT-1) — Ao (63200 572 (PTva — Pj4),
BY = pjg(pji1)(viisse = viaye) = P119(PF) (V7410 — vy )2)-

Taking the absolute value and summing,

Jp—1 Jp—1
Z |A?| < Z |P?+1 - P?| + )\UZZ+3/29(P?Q+2)|P?Q+1 - P?a|
J=Ja+1 J=Jja+1

— X 100 (P )P — 0+ AG (€D 0P VT s el Pl e — P
g (&5 11205 105, 12| P — P |-
On the other hand,
B = pig(piq) (0] Vjys/2 — JT'L+1/2) —p?_lg(p?)(U;LHp —v;[l/Q)
= 9V (B 0) (R — Riaaga) = iag()o (R)) (R 1o = Ry )
= pjg(pf1)v( ]H) (R?H/Q - R:;'L+1/2) + P?_19(P?)”,(R?+1) <R?+3/2 - R?+1/2>
—p?_lg(p?)v/(f??) ( e~ ?—1/2)

= 050 (€ )01 = 0DV () (Ray = B o)
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(o) (0 = )0 (Rn) (Rl = R jo)
+p?—19(p?)v’(é?+1) (R?+3/2 — 2R} + R?_uz)
+P?719(P?)U”(R§L+1/2) <R?+1/2 - }171/2) (N?H - R?) )

where R;“ € I(R;‘Ll/27R?+1/2) and R?+1/2 € I(R;L,R;‘H). Now, by the assumptions

(3.1.4) on the kernel function and defining wy := 0, we get

N-1
Rji1yo— R}l—1/2) = |Az Z Wk (P a1 = Pier)
k=0
N-1
= Az |—wopj + Z (Wk—1 — Wi) P + WN-1P4 N
k=1

< Az (207(0) prma + ||| o0 101111

and

‘R?+3/2 — 2R} 0+ R;L—I/Z‘
N-1 N-1

-1
Az (Z WkPaiez =2 Y WkPjeri D Wkﬂﬁk)

k=0 k=0

w1 — Wo

Ax

k=0
N-1
Ax < (Wk—1 = 2wk + We 1) P k1 + Axply
k=1

1
+ E(WNA —WN) P N1 AT + wo(pf — pf11)

=0
< (A2)? [|w"|| oo 2l + 2(A)? o || || oo
+Azwolpj — pjtal-

Now, we compute

PN 1L)
‘ 1~ I

= IHR?+3/2 + (=0 R o — R} p — (1 — N)R?f1/2‘
< 3Az (2wy(0)pmax + [l [[Lee[lpllLr) »
for some 6, € [0,1]. We end up with
B < Aw(2wy(0)pmax + 1/ l[Lee loll) lgllpe [[v']| g [0F = 25|
+(A2) lgllee ([l [leo ol [[o7]l e + 2pma o [ ee [0 llge) [21]

+Al‘pmax (WT](O) ||g||L°° HU,HL‘X’

T P Y A M ) [
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+3(Az)? ([l [l [l plls + 209(0) pmax) * Nlloe [0 | 271 -

Summing,
Jp—1 Jp—1 Jp—1
A IBH < A Y o = |+ AtAZKL Y [
Jo—1
AU Y [ — o,
j:ja+1
where
K = (207(0)pmax + [w'll=lloll) 19llnee |0l oo -
Ki = lgllgee (o l|pee 1ol [ + 20max ||| pee [[0']g0)
+3 ('l [l + 205 (0)pmas)” |0 | goo 19llzee -
Ko = |[v']l g pmax (@5 (0) llgllpee + [|9'[| o0 (2607(0) pmax + llonllgee llpllge)) -

We are left with the boundary terms in (3.3.7), for j = j,, we have

1 1 1
P =05 = Pl — A (ﬂ?ﬁlg(p?ﬁz)v?ﬁs/g - p?ag(p?a+1>vﬁ+1/2) — . ],

= (1= 20,3000 4 0)) (P11 = P) = Ao g (P ) (V] 430 — U 41 o)
1
=\ 13205, 419 (&, v372) (Pua = PGn) + 05, — 5T
and similarly for j = 7

1 +1 +1
Pt = P50 = PP A (p?bg(ﬂ?m)v?bﬂ/z - p?bflg(ﬂ?b)vﬁfl/z) £ 41
p?::kll - P;‘Lbﬂ + (P;‘lbﬂ - P?b)(l + )\UZ)+1/2P?,,—19,(§;,+1/2))

AT 12905, 11) (0], — PG, —1) + A0S, _19(PG, ) (V] 1 /9 — Vs _1/2)-
Next, collecting the terms, taking the absolute value and summing over j

Jb

+1 +1
Z Piti =P ‘
j:ja
Jo—1
1 1 1 1
< lomtt =t ST A+ A + [t - ]
j:ja+1
< (- )‘U;La+3/29(p?a+2))|P?a+1 = P52, 9(0), 1) U y3j2 Uﬁﬂ/z‘
Jo—1
1
o, = i = N g0l 19 € o P = P+ D 10 = A
j:ja+1

+>‘”Z+3/29(P?a+2)|/)§2+1 - P?a| - )\UZ]+1/29(P§LI,+1)|P§LI, - P;Lb—1|
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G (E], 3/2)PT 1013 2] Pve = Para] = A9 (& 112) 05, —10], 410|051 — P |

Jp—1 Jp—1 Jp—1
FALC Y |pp = ph |+ AtAzKy D e A > |ph — o]
i=jat1 =t j=jat1

n+1

1P+ — p?b+1‘ + ‘p.?b‘i’l - p?b‘(]' + )‘U;E,+1/2P§'Lb—19/(f£,+1/2))

n

n
Yjy+1/2 UJb—1/2’

FXOG g (O8] 0% = P 1| + Ao _19(0},)

Jb
1 1
= \P?a — 0 \ + D e =gl + Ap?ag(ﬂ?aﬂ)\v?ﬁwz - UZ+1/2( + \P}Zil - p}i,ﬂ\
J=Ja
g1 g1 Jp—1
TAK D fpf =l + AtARKy D [pfa| + MKy Y [6fi - o]
Jj=Jja+1 Jj=Ja+1 J=Jja+1

n

n
Yjy+1/2 U]b_l/z‘

+0j,-19(05,)

<

Jb
o, = o (14 2800) Y Iy — o1+
J=Ja

p?btll - p?b"rl) + AtKs,
where K3 = 2pmaxK + ||pllp1 £1. By a standard iterative procedure we can deduce, for
1<n<Npr—-1,

Jb

D

J=Ja J=Ja

Y R (e 0o . ,C(T)
Pit1 — Pj ‘<€ Z\Pj+1_Pj|+QT+/C3T

This concludes the proof because [a, b] C [x},, Zj,+1]- O

3.3.2 Discrete entropy inequality.

Next we show that the approximate solution obtained by the scheme (3.2.1) satisfies
a discrete entropy inequality. Let us define

Gj+1/2(u) = ug(u)v;lH/Q, .7-";+1/2(u) = Gj+1/2(u Ve)— Gj+1/2(u A c)
with a V b = max{a, b} and a A b = min{a, b}.

Lemma 3.7. Let pjj for j € Z and n € N given by (3.2.1), and let the CFL condition
(8.3.1) and the hypothesis (3.1.4) hold. Then we have

p?H —c| = [pf = + A Fp12(0F) = Fi1y2(pf-1))
+Asgn (pg“rl _ c> cg(e)(vVii12 —vji12) <0, (3.3.8)

forallj€Z, n €N and c € [0, pmax]-

Proof. For a complete proof see [44, Section 3.4]. O
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3.3.3 Convergence to an entropy solution.

Theorem 3.8. Let pg € BV NL*(R, [0, pmax]). Let Az — 0 with A = % constant
and satisfying the CFL condition (3.3.1). The sequence of approzimate solution pa con-
structed through finite volume scheme (3.2.1)-(3.2.2) converges in Li.  to a function in

L([0, T] X R; [0, pmax]) such that [|pllgs = [lpollp -

Proof. Lemma 3.3 ensures that the sequence of approximate solutions pa is bounded in
L. Lemma 3.5 proves the L!—continuity in time of the sequence pa, while Lemma 3.6
guarantees a bound on the spatial total variation in any interval [a,b] not containing
x = 0. Applying standard compactness results we have that for any interval [a,b] not
containing z = 0, there exists a subsequence, still denoted by pa converging in L*([0, T] x
[a,b]; [0, pmax])- Let us take a countable set of intervals [a;, b;] such that U;[a;, b;] = R*,
using a standard diagonal process, we can extract a subsequence, still denoted by pa,
converging in Ll ([0, T] x R; [0, pmax]) and almost everywhere in [0,7] x R, to a function
p € L([0,7] x s [0, prna]). =

Lemma 3.9. Let p(t,z) be a weak solution constructed as the limit of approximations
pa generated by the scheme (3.2.1) and let ¢ € [0, pmax|. Let ¢ € D(R* x [0,T")). Then
the following entropy inequality is satisfied:

/ / |p—c|g0td:ndt+/ /sgn —o)(f(t,z,p) — f(t,z,c))p, dedt
/ /sgn — )0, f(t,x c)Lpdxdt+/ |po(z) — c|¢(0,z)dx > 0. (3.3.9)

Proof. Let ¢ be a test function of the type described in the statement of the lemma
and set 7 = ©(t", x;), let us denote A_p; = p; — pj—1, we multiply the cell entropy
inequality (3.3.8) by ¢ Az, and then sum by parts to get

S14+ S+ 853 = AmAtZZ‘an ‘ ntl ¢])/At+AxZ|pj—c‘<p]
n>0 j€Z J
FAZALY N FT pA g /A
n>0 jEZ
—AzxAt Z ngn (,0;-”rl - c) cg(c) A_vjp1/o 9] /Ax > 0.
n>0 je7

By Lebesgue’s dominated convergence theorem as A := (Az, At) — 0,

T 00
S| — / / lp — c|lprdadt + / lpo(x) — c|e(0, x)dz,
0 R —00

and

T
So —>/0 /ngn(p—c) (f(t,z,p) — f(t,x,c))p, dzdt.
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Now let us study the sum S3 and we have

Si = —AeAtY] 3 sen (o) - ) egle) Avyiaga /A
n>0 jEZ
j<—1

—AzAt Z Z sgn <p;L+1 — c) Cg(C) A_’l)j+1/2 @?/Ax
n>0jez
j=1

—AzAt Z sgn (ng —¢) cglc) A_vy 5 /Ax,

n>0
= S31+ S39 + Ss3.

Observe that the support of the test function ¢ does not include the discontinuity flux
point 0, for this reason we consider g = 0 according to our discretization, then the sum
Sss is equal to zero because g = 0. Finally,

T 0
Syt s — — / / sgn (p— ¢) 0, f (b, 2, ¢)p dardt
0 —00

T fpoo
/ / sgn (p —c) 0. f(t, x, c)p dadt.
0 0
O

Lemma 3.10. Let p(t,x) be a weak solution constructed as the limit of approzimations
pa generated by the scheme (3.2.1) and let ¢ € [0, pmax). Let o € CLR x [0,T)). Then
the following entropy inequality is satisfied:

T
/0 /R p—clor+sen(p— <) (f(t, 2. p) — F(t,2,0)) Dupdardt
T
—I—/O /R ]&Cf(t,x,c)\(pda:dt—i—/R\po(x)—c ©(0, z)dx
T
+/ |(kr — k1)e g(e) ¥(p x wy)| ¢(t,0)dt > 0.

0

Proof. Let ¢ be a test function of the type described in the statement of the lemma and
set ¢ = (", x;). There exist T > 0 and R > 0 such that ¢(¢,2) = 0 for t > T" and
|z| > R. Our starting point is the following cell entropy inequality which is a consequence
of (3.3.8).

P e < o8 — e = AALFE s+ A|eg(@A ol (3:3.10)

We multiply (3.3.10) by ¢ Az, and then sum by parts to get

Sy+ S5+ Ss = AwAtZZ

n>0 j€Z

P = |t = /At Ay |6 el )
J



FAZALY N FT (A g)/Ax)

n>0 jEZ

+AzAt Z Z ‘cg(c)A_v;-Z+1/2’<p?/Ax > 0.

n>0 jEZ

By Lebesgue’s dominated convergence theorem as A := (Az, At) — 0,

T o
Sy — / / lp — c|oedadt + / lpo(z) — ¢|¢(0, z)dx.
0 R —00

Following the same standard arguments as in Lemma (3.9),

T
S5 — / / sgn (p —¢) (f(t,z, p) — f(t, @, ¢)) Oppda dt.
0 JR
Now we can rewrite the sum Sg

Se = AxAtZ Z ‘cg(c)A,v?+1/2‘g0§L/A1:

n>0j€Z, j<—1

+AzAt Z Z ‘cg(c)A,v?H/z ’gD?/Ax

n>0j€Z, j>1
+At E
n>0

= Se1 + Se2 + Se3.

cg(c)A—vy)y| %0

At this point, we can observe that as A := (Az, At) - 0
T
Su+S— [ [ lftsolpdsdt
0 JR\{0}

T
Sia = [ (b = R)ea(e) vl )| (t0)dr

73

O]

Theorem 3.11. Let p(t,x) be the limit of approximations pa generated by the scheme
(3.2.1) and let ¢ € [0, pmax)- Then p(t,x) is an entropy solution satisfying Definition 3.2.

Proof. Let 0 < p € CL([0,T) x R). We set @} = @(t", x;). For € > 0, define the set

o5 ={(t,x) € [0,T) x R|z € (—¢,¢), t € [0,T)}.

For each sufficiently small € > 0 we can write the test function ¢ as a sum of two test
functions, one having support away from 0 and the other with support in of. We take

test functions ¢, o € CL([0,T) x R) such that

p(t,x) =P (t,x) + a(t,2), 0 <9 (L) <plt,z), 0<a(t,z) <t ),
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where 1° has support located around the jump in 0
supp(¢°) C o5, P°(¢,0) = ¢(¢,0),
and a® vanishes around the jump, i.e.
supp(a®) € [0,T) x R*.
We can take this decomposition in such way that
of ¢ LY (0,T)xR), 4°—0 inLY[0,T)xR) (3.3.11)

as € — 0. By applying Lemma 3.9 with the test function o and Lemma 3.10 with ¢, and
summing the two entropy inequalities, using ¢ = 9° + o along with °(0,t) = (0, t) to
get

T T
| o= clandzat+ [ [ sen(o= o) (t2.) = ft.7,0))pudat
T T
—/0 /ngn (p—c) f(t,x,c)ax dxdt+/0 /R* |f(t,z,c))zltp dadt
T

+ [ 1k = R)eg(0) 0o ) ol 00t + [ Ipnla) = clo0.2)de > 0.
Thanks to (3.3.11), we can complete the proof by sending ¢ — 0. O

3.3.4 L!-Stability and uniqueness.

Theorem 3.12. Assume the hypothesis (3.1.4). If p and p are two entropy solutions of
(8.1.1) in the sense of Definition (3.2), the following inequality holds

lo(t ) = At Mgy < T 11p(0,) = 50, )lg1 gy » (3.3.12)
for almost every 0 <t < T and some suitable constant K(T') > 0.

Proof. Following [58, Theorem 2.1], for any two entropy solutions v and v we can derive
the L' contraction property through the doubling of variables technique:

//HMR (Ip = ploe +sgn(p — p) (f(t,z,p) — f(t, 2, p))¢s) daxdt

< K// lp — plodadt, (3.3.13)
R+ xR

where K = K(T), for any 0 < ¢ € D(RT x R*). We remove the assumption in (3.3.13)
that ¢ vanishes near 0, by introducing the following Lipschitz function for A > 0

F(x+2h), x€[—2h,—h],
( ) 17 xe[_h7h]7
xr =
i Loh—x), € [h2h),
0, |z| > 2h.
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Now we can define Wy (z) = 1 — pp(x), noticing that ¥;, — 1 in L' as h — 0. Moreover,
U, vanishes in a neighborhood of 0. For any 0 < ® € C>°(R* x R), we can check that
¢ = OV}, is an admissible test function for (3.3.13). Using ¢ in (3.3.13) and integrating
by parts we get

] o= et s (0= ) (7t = ft,,7),)

- //R“'XR sgn (p - ﬁ)(f(t,l’,p) - f(tvxaﬁ))q)(t,l‘)\p%({lf)dxdt

J(h)

< K// p— PO, dadL.
Rt xR

Sending h — 0 we end up with

. o=t +sen (o= ) (F(t..0) = St 7)) doc
< K//WXR lp — pldxdt + im J(h).

We can write

h—0 h—0 h

2h
lim J(h) = lim — // sgn(p—p) (f(t,z,p) — f(t,z,p))dzdt

~im © / / sen (p— 7) (f(t . p) — f(t, . p))ddt
2h

h—0 h
- /0 sen (p— 7) ({0 p) — f(t,2, 5))E=S (2, 0)dt,

where we indicate the limits from the right and left at x = 0. The aim is to prove that
the limit }llin%) J(h) < 0. This is equivalent to proving
_>

S = [sgn(p— ) (f(t,x,p) — f(t, 2, p))[2=5" < 0.

A simple application of the Rankine-Hugoniot condition yields S < 0, see the proof
of |58, Theorem 2.1|, where we notice that in this setting there is no flux crossing.
Therefore we conclude that S < 0. In this way we know that (3.3.13) holds for any
0<¢eCPR"xR). Forr > 1, let 7, : R — R be a C* function which takes values in
[0, 1] and satisfies

()= 1" @ <,
€Tr) =
o 0, J|z|>r+1.

Fix sg and s such that 0 < sp < s <T. Forany 7 > 0and k > 0 with 0 < sg+7 < s+k <
T, let - : [0,7] — R be a Lipschitz function that is linear on [sq, so + 7[U[s, s + k| and
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satisfies

_J0, tel0,s0]U[s+k,T],
fralt) = {1, t € [so+T,s]

We can take the admissible test function via a standard regularization argument
¢ = vr(x)Brk(t). Using this test function in (3.3.13) we obtain

/Hk/ lp(t,x) — p(t, )|y (x )dxdt—l/SHk/ Ip(t, ) — j(t, 2)|r () dzdt

so+k
<K / / 1p— pl(x)dedt
S0 R
s+k
H!'Vél!oo/ / sgn (p — p) (f(t,z, p) — f(t,z, p))dzdt.
50 r<|z|<r+1

Sending sg — 0, we get

/SM/_T (t,z) — p(t, x)|yr(z)dodt < /_7; 1po(x) — fo(x)|da

1 T T B B
o [0 ] Jatt) = po(oldods
T Jo —r
1 T T
s [0 Iottia) = ooz
7T Jo —r
t+1 1
—|—K/ /]p—ﬁ]%(ac)dxdzH—o().
0 R r

Observe that the second and the third terms on the right-hand side of the inequality
tends to zero as 7 — 0 following the same argument in [58, Lemma B.1], because our
initial condition is satisfied in the “weak" sense of the definition of our entropy condition.
Sending 7 — 0 and r — oo, we have

s+k
/ /|ptx p(t,z)|dedt < /’Po po(x)|dz
s+k
—i—K/ /pt x) — p(t, z)|dz dt.

Sending k£ — 0 and an application of Gronwall’s inequality give us the statement. O

Lemma 3.13 (A Kruzkov-type integral inequality). For any two entropy solutions
p = p(t,x) and p = p(t,z) the integral inequality (3.3.13) holds for any 0 < ¢ € CX(R* x
RA\{0}).

Proof. Let 0 < ¢ € C (RT x R\ {0})?), ¢ = 6(t,2,5,9), p= p(t,) and p = p(s,y).
From the definition of entropy solution for p = p(t,z) with k = p(s,y) we get

[, o=l +s8000- 9 (U(t.2.5) — F5,) 82) dida
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H [ sl ) St puodids <o
R+ xR\{0}
Integrating over (s,y) € RT x R, we find

_//// (o — plor +sgn(p— p) (f(t,2.p) — f(t.7,5)) &) dt drdsdy
(R+ xR)?

—i—//// sgn (p—p) f(t,x,p)zpdt dzdsdy < 0. (3.3.14)
(R+xR\{0})2

Similarly, for the entropy solution p = p(s,y) with a(y) = p(t, x)

_//// (Ip = plés +sgn (p = p) (f(s,9,0) — f(5,y,p)) ¢2) dt dzdsdy
(Rt xR)2

+//// sgn(p—p) f(t,z,p)gpdtdrdsdy < 0. (3.3.15)
(R xR—{0})?

Note that we can write, for each (t,z) € RT x R\ {0},

sSgn (p - ﬁ) (f(t,x,p) - f(tvxvﬁ))¢x — sgn (p - ﬁ) f(tvxvﬁ)x¢
= sgn (p - ﬁ) (f(t7$7p) - f(57y7ﬁ))¢x — sgn (p - ﬁ) [(f(tvxa ﬁ) - f(S, Y, ﬁ))¢]m7

so that

_////(RWR)QSgD (0= p) (f(t; 2, p) = f(t,2,0))¢r dt dz ds dy
+////<R+XR\{0})2Sgn (p—p) f(t,z,p)epdt dzdsdy

- _////(R+XR)QSgH (0 =p) (f(t,z,p) = f(s,9,p)) ¢z At dz ds dy
+////(R+XR\{O})QSgn (p=p) [(f(t, 2, 0) = f(s,y,p))¢], dtdzdsdy.

Similarly, writing, for each (y,s) € R x R\ {0}

sgn (p— p) (f(s,9,0) — f(5,9,p)) Py —sgn (p— p) f(5,9,p)yo
=sgn(p—p) (f(s,9,0) — f(s,9,p)) Py —sgn(p —p) [(f(t; 2, p) — f(5,9,0))P],

so that

_////(wasgn (p—0) (f(s:y:p) = f(5:y,p))py dt dzds dy

+////(R+XR\{O})QSgn (p—p) f(s,y,p)ypdtdzdsdy
/][ e S D 0 5) = T3, )0t sy



78 3.3. Well-posedness of (3.1.1)

+////(R+XR\{O})QS@ (p—p)[(f(tz,p) — f(s,y.p))¢], dt dzdsdy.

Let us introduce the notations
at-l—s = at + 857 8ar:—i—y = aa: + 8y,

By = (02+0,)% =02420,0,+ ;.

Adding (3.3.14) and (3.3.15) we obtain

////(WXR)Q <\P plOrs0

+sgn (p — p) (f(t,z,p) — f(s,9,p)) 8x+y¢) dt dzdsdy

//// sgn (p = p) (O [(f(t,2,P) — (5,9, P))¢]
R+ xR\ {0}
Oy [(f(t,2,p) = f(s,9,p))¢]) dt dzdsdy <0. (3.3.16)

We introduce a non-negative function 6 € C(R), satisfying 6(o) = §(—0), (o) = 0 for
lo] > 1, and [ 6(0)do = 1. For v > 0 and z € R, let 0,(2) = £0(2). We take our test
functlon ¢ = ¢(t,x,s,y) to be of the form

t+s z+4+vy r—vy t—s
(I)(t,x,s,y)qu( 9 52)5p< 9 >6p( 92 )7
where 0 < ¢ € C (RT x R\ 0) satisfies

o(t,x) =0, V(t,xz)€ [—h,h] x[0,T],

for small A > 0. By making sure that p < h, one can check that ® belongs
to O ((R+ ¥R\ {0})2) . We have

t+s T+ T — t—s
8t+s¢)(t>$787y) 6t+s¢< 2y> 6}7( 2y> 517( ) )7

t+s x4y Tr—y t—s
8a:+yq)(tamas7y):ax+y¢ <27 92 >6p< 92 >6p( 92 )a

and using ® as test function in (3.3.16)

—//// (I1(t,z,s,y) + I2(t, z,5,9)) Op ($ y) Sp (t — 8> dtdx dsdy
(R* xR)2 2 2

< //// (Is(t,z,8,9) + Li(t,z,8,9) + I5(t,z,5,9)) dt dzdsdy,
(RT xR\{0})?

where

L= |plt,x) — s, y)\at+s¢(”5 “y),

2
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I, = sgn (P(t, .’IJ) - ﬁ(svy)) (f(taxvp) - f(S,y,ﬁ))3x+y¢ <t—|2_87 w;y> ’
t+s z+y
2 7 2 >

I = —sgu(p(t.) — p(s.y) (Ouf (t2.5) — %f@ymb¢(

X%(Iz) (%)
05 (5) e (5)

[ o (5050 ) () = 5000

a0 (55 552) 0

Iy = (P plta),pls,y) — Fy Mt)MMMW(

an(32)s(5)

where F(z,p,c) :=sgn((p—c)) (f(t,z,p) — f(t,z,c)). We now use the change of vari-
ables

Iy = —sgn(p(t,x

1) (a0 = Flsvm 00|

t+s x4y
2 72

Tty 7g_t—i-s T—y T:t—s

9 T Ty AT T 2

7=
which maps (R* x R)2 in Q@ € R* and (RT x R\ {0})? in Qp C R*, where

Q={(,tz7)ceR: 0<t£7<T}, Qo= {(7,t,2,7) € Q: T+ 2z # 0},
respectively. With this changes of variables we can rewrite

Ops® (B2, 228 = 0;0(£,%),  Ouiyd (B2, 52Y) = 030(£, T).

Now we can write

//// (L(E, 7,7, 2) + (£, 7,7, 2)) 6y (2) 6 (7) dEdFdrdz
////Q (Is(t,2,7,2) + Lu(t, 2,7, 2) + I5(t, 2,7, 2)) dEdzdrde,

where

L(t,2,7,2) = |p+7i42)—plt—71,3—2)|00(f,7),
12(575777-7*2) = Sgn(p(f—i—T,i’—i—Z)—ﬁ(E—T,JN?—Z))
It 2,7,2) = —Sgn(p(t—|—7' x—l—z) (t—T x—z))

X (Os4f T+ 7,8+ 2,0) = 0o f (t = 7,8 — 2,p)) ¢ (1,2) I (2) 8 (7) ,



80 3.3. Well-posedness of (3.1.1)

Employing Lebesgue’s differentiation theorem, to obtain the following limits

lim //// L (t, 3,7, 2)0,(2)0,(7) dt dZ dT d2
p—0 0

=[] lote.) ~ ptt.o)ionot. apaed,
Rt xR
lim / / / / D(F, &7, 2)8,(2)8, (v) di di dr dz
p—0 9]
=[] smn(o(t.) = ) (F(t..9) ~ (8. ) Duslt, z)dks
R+ xR
Let us consider the term I3. Note that I3(¢,#,7, z) = 0, if € [—h, h], since then ¢(t, %) =
0 for any #, or if |z| > p. On the other hand, if ¥ ¢ [~h,h], then T+ 2 <0 or Z £ z > 0,

at least when |z| < p and p < h. Defining U(t,z) =1 —w, x p and V(t,z) = 1 — wy, * p,
and sending p — 0 :

hm//// I3t dtda:dez
p—0 Qo

-/ sen (p(t,) — (t,2)) 0(2) (9(5)0:V — pg(p)0:) 6 (t, ) dt d
R+ xR\{0}
<kl [ oot deas
R+ xR\{0}
e [ 1pg(p) 10V — 0,V dt da
R+ xR\{0}

< K; // lp — plo(t, z) dt dx,
R+ xR\ {0}

where

ki, if z <0,
o(z) = .
ki, if x > 0.
In fact,

|0,V — 0,U| < Hw%” llu(t,-) —v(t, )|
Fwn(0) (Ju —v[(t, 2 +n) + [u—v|(t, z)) .
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The term I, converges to zero as p — 0. Finally, the term I5

lim //// Is(t,2,7,2)dtdzdr dz < Ko // lp — plo(t,z)dtdz.  (3.3.17)
p—0 Qo R+xR\{0}
O

3.4 Numerical examples

In this section, we propose some numerical tests in order to illustrate the dynamics
of the non-local model (3.1.1) with flux function discontinuous at x = 0 and compare it
with the local case. We solve the equation (3.1.1) in an interval containing x = 0 using
the numerical scheme described in subsection (3.2) for different values of Az. For each
integration, we set At such that it satisfies the CFL condition (3.3.1), and for all tests we
choose w(z) = @ for 0 < z <7 and absorbing boundary conditions. The reference
solution is computed with Az = 1/1280.

3.4.1 Example 5.

We consider the initial condition

(2) 0.9 z€[-0.5,1.5]
€Tr) =
po 0.1 otherwise,

¥(p) = 1 — p, which satisfies the hypothesis (3.1.4) and n = 0.4. In Case I we take
k; = 3 and k. = 1, i.e. vi(p) > vr(p). In Fig 3.4.1(Left) we display the approximated
solution for Az = 1/320 at different final times 7" = 0.5,1.0,1.5,2.0. We can observe
the formation of a stationary shock wave at z = 0 and a queue travelling backward. We
observe that the solution satisfies the maximum principle according with Lemma 3.3. In
Case IT we take k; = 1 and k, = 3, i.e. vi(p) < vy(p). In Fig 3.4.1(Right) we display the
numerical solution for Az = 1/320 at different final times 7" = 1.0,2.0. We can observe
the formation of a rarefaction wave at the right of x = 0 and the density diminishes at
the left of x = 0. The L'-error for different Az at T = 2 are computed in Table 3.4.1.

3.4.2 Example 6: Limit n — 0.

In this example, we investigate the numerical convergence of the approximate so-
lution computed with the numerical scheme (3.2.1)-(3.2.2) to the solution of the local
conservation law with discontinuous flux under hypothesis (3.1.4), as the support of the
kernel function w;, tends to 0F. In particular, we show numerical solutions at final time
T = 2, with Az = 1/1600 and n = {0.1,0.02,0.005}. To evaluate the convergence, we
compute the L' distance between the approximate solution of the non-local problem with
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Figure 3.4.1: Example 5: Dynamics of model (3.1.1) (Left) Case v(p) > v,(p),

(Right) Case v(p) < v,(p)

3.4. Numerical examples

Cases | Cases 11
Az | L'-error | E.O.A. || L'-error | E.O.A.
5 | 5.7e7? — 9.8¢7* —
= | 2872 1.0 5.0e72 1.0
ﬁ 1.4e72 1.0 2.3e72 1.1
o5 | 6.5e7? 1.1 1.1e? 1.1

Table 3.4.1: Example
T=2.

a given 7 and the results of the classical Godunov scheme for the corresponding local
problem. In Table 3.4.2, we can observe than the L' distance goes to zero when 1 — 0F.

5. Ll-error and Experimental Order of Accuracy at time

The results are illustrated in Fig 3.4.2.

L! distance

n 0.1 0.02 0.005
Case I | 74e-2 2.2e-2 6.3e-3
Case II | 8.4e-2 2.8e-2 7.8e-3

Table 3.4.2: Example 6. L' distance between the approximate solutions to the
non-local problem and the local problem for different values of n at T = 2 with

Az = 1/1600.
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—— Local

Figure 3.4.2: Example 6. Limit  — 0%, numerical approximations at final time
T = 0.7 with Az = 1/3200. (Left) Case I, (Right) Case II.

3.5 Conclusions of Chapter 3

In this chapter, we have studied a non-local conservation law whose flux function is of
the form H(—x)pg(p)vi(wy * p) + H(x)pg(p)vr(wy * p), with a single spatial discontinuity
at x = 0 and the velocity functions satisfy the hypothesis (3.1.4). We have approximated
the problem through a numerical scheme which takes advantage of the form in which the
flow is written, and we have provided L* and BV estimates for the approximate solu-
tions. Thanks to these estimates, we have proved the well-posedness, i.e., existence and
uniqueness of a weak entropy solutions. Numerical simulations illustrate the dynamics of
the studied model and corroborate the convergence of the numerical scheme. The limit
model as the kernel support tends to zero is numerically investigated.






Chapter 4

Nonlocal reaction traffic flow model
with on-off ramps

4.1 Introduction

4.1.1 Scope

Models of conservation laws with nonlocal flux have been used to describe traffic flow
dynamics in which drivers adapt their velocity with respect to what happens in front of
them [14, 42, 51, 44, 79]. In this type of models, the flux depends on a downstream
convolution term between the density or the velocity of vehicles and a kernel function
with support on the negative axis. On the other hand, ramps are an important element
of traffic systems and develops some complex traffic phenomena, see |53, 57, 67, 80, 81,
82, 84|, therefore is important to study the behaviour of traffic on roads with ramps. In
this chapter, we propose a new nonlocal traffic model which includes the effects of the
inflow and output flow over the on- and off- ramps respectively. We start by considering
a modified local reaction traffic model proposed in [67],

Pt + (PU(P))m = Son — Soff (411)

where the non-negative functions Sy, and Seg are the source and sink term, respectively,

defined by

Son(t,2,p) = Lon()gon(t) (1— i ) (4.1.2)

Pmax

Sot(t,,0) = Lot (2)gomr(t)—2—, (4.1.3)

Pmax

where gon, € RT, and gog € RT the rate (number of vehicles per unit time per unit length)
of the on- and off-ramp respectively, as in [81, 82]

ramp ramp
Gon (t) dog ()
t p— t P —
qu’l( ) Lon 9 quf( ) Loﬁ‘ I

85
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ramp ramp

with gon () the expected inflow flow of the on-ramp and ¢ (¢) the expected output
flow of the off-ramp, Lo, and Log are the lengths of the on- and off-ramps respectively,
whose spatial position are described by the indicator functions 1o, (z) and 1og(z), defined
as

10n(x) _ 1 x¢€ Qon = [%r”fon], ]_Off( ) _ 1 z€ Qoﬂ‘ = [@oﬁ‘ajoﬂ']a
0 otherwise, 0 otherwise.

For simplicity we consider Lo, = Log = L in the whole paper.

In order to obtain a nonlocal version of the model (4.1.1), we first rewrite the flux
function f(p) = pv(p) in its non-local version, where drivers react adapting their velocity
with respect to what happens in front of them, see [6, 14, 42, 51],

x+n
f(p) = pv(p*wy), with (p*wy)(t,z)= / p(t, y)wy(y — x)dy.

On the on-ramp the idea is that at position x the flow merging in the traffic way is
inversely proportional to the average density around position x + 9§, see Fig. 4.1.1 , i.e,
we write

p X W, 75
Sanlt2. 91 5) = Ln0)ion(0) 1= 22 ), (11.4)
max
where
x+n+0
(p * wng)(t, ) = / plts gy — 2)dy,
z—n+6

with n € [0,1] and § € [—n,n]. Similarly to [42], here the parameter n represents the
radius of the support of the kernel function w, s, while ¢ is the point at which the
maximum is attained. This choice of the kernel models the fact that drivers on the on-
ramp can see what happens on the backward and forward on the main road. However, in
the numerical test section we will see that the choice of the non-local term (4.1.4) does
not guarantee that the proposed model satisfies a Maximum Principle, see Example 3.
In order to overcome this difficulty, we consider a first variant of (4.1.4) taking

Pmax Pmax

Sonlt, 10 4 000) = Lon()in(0) (1= L) (1 L2503 ), (4.L5)

Note that this term contains a product which differentiates it from the original model,
this choice is also assumed in the multilane model studied in [43]. An alternative to avoid
the double product in the previous equation (4.1.5) is the following

Son(t,x,p,p*wys) = Lon(x)qon(t) <1 — max {,0; W}) . (4.1.6)
Pmax  Pmax
In both models with (4.1.5) and (4.1.6), if the main road is crowded only few vehicles
can enter to the main road.
The purpose of this work is the study of the well-posedness of a nonlocal reaction
traffic flow model with source term given by (4.1.5) and (4.1.6).
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Figure 4.1.1: Illustration of the model setting. Vehicles on the on ramp are located
at point x 4 0, and by means of the kernel function w, s they can see to right and
left on the main road.

4.1.2 Related work

In [11, 14, 21, 42, 26, 51, 44] the authors studied a nonlocal conservation law to model
vehicular traffic flow in the case Sy, = Sog = 0, i.e., without on- and off-ramps. The
need to design more realistic models has led to the development of multi-lane vehicular
traffic models among which we can highlight the following. In [56] is introduced a new
local model for multilane dense vehicular traffic by means of a system of a weakly coupled
scalar conservation laws. In [49], the authors consider the model proposed in [56] but
with a more general source terms and they allow for the presence of space discontinuities
both in the speed law and in the number of lanes; in these two local models the source
term accounts for the lane change rate and the key assumption is that the drivers prefer
to drive faster, and that the tendency of a vehicle to change the lanes is proportional
to the difference in velocity between neighboring lanes. In [43] the authors introduce
a multilane model with local and non-local flux combined with a source term that also
incorporates a nonlocality; here, the non-local source term describes the lane changing
rate depending on a (nonlinear) evaluation of the velocity. In particular, the lane chang-
ing rate is proportional to the difference in the velocity between two adjacent lanes, but
the velocities are evaluated in a neighbourhood of the current position, moreover, this
rate is proportional also to the density in the receiving lane, meaning that if that lane is
crowded only a few vehicles can actually change lane.

Regarding to vehicular traffic flow models taking into account the presence of ramps we
can mention [67], where the authors study the (local) first order nonlinear conservation
law (4.1.1). In [82] a (local) second order model is proposed to study the effects of on-
and off-ramps on a main road traffic during two rush periods. Likewise, other works
about the study of effects of ramps in vehicular traffic flow models are referenced in [82].
In particular, in [40] the authors consider a Lighthill-Whitham-Richards (LWR) traffic
flow model on a junction composed by one mainline, an on-ramp and an off-ramp, which
are connected by a node. Moreover, in [54] a non-local gas-kinetic traffic model including
ramps is proposed, the model allows to simulate synchronized congested traffic and repro-
duces realistic phenomena of vehicular traffic by variations of the on-ramp flow. In [68] a
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new modeling methodology for merging and diverging flows is studied, the methodology
includes coupling effects between main and ramps flows and a new formulation for the
modeling of traffic friction is also introduced.

4.1.3 Outline of the chapter

This work is organized as follows: In Section 4.2 we present the proposed mathe-
matical model with all the considered assumptions on it. Afterwards, we introduce an
upwind-type scheme with two different source terms and derive important properties
such as maximum principle, L'— bound and BV estimates. Furthermore, we derive
the L' —Lipschitz continuous dependence of solutions to (4.2.1) on the initial data and
the terms gon and gog in Section 4.3. In Section 4.4, we present numerical examples
illustrating the behavior of the solutions of our model.

4.2 Mathematical model

The main goal of this work is to study the well-posedness of the non-local reaction
traffic model

pt+(pv(p*wn))$ == On('7'ap7p*w7],5) _Soff('7'7p)7 T e Ra (421)

where Son (-, -, p, p * wy ) defined in (4.1.5) or (4.1.6), Sog defined by (4.1.3) and initial
condition

p(2.0) = po() € (L' NBV) (R, [0, pruas])- (4.2.2)

From now on we call Model 0 the equations (4.2.1)-(4.1.4)-(4.2.2), Model 1 the equations
(4.2.1)-(4.1.5)-(4.2.2), and Model 2 (4.2.1)-(4.1.6)-(4.2.2). Let us assume the following
assumptions.

Assumptions 4.2.1. We assume
(i) qon © € LX(RT;RY), g™ € LO(RT;RT).
(ii) v € C*([0, pmax); RF), v/(p) <0, p € [0, prmax]-
(iii) w, € CH[0,n; RY) with w) (x) <0, [)wy(z)dz =1, ¥y > 0.

(iv) wys € (CYNLY([6 —n, 6 +n);RT) with W'(x)ns =0 forz € [0 —n,0], W'(x),s <
0 forxz € [0,0+n], and f;j: wps(x)de =1, Vn > 0.

We recall the definition of weak entropy solution for (4.2.1).



39

Definition 4.1. Let pg € (L1 NBV)(R; [0, pmax]). We say that
p € C([0,T]; LY(R; [0, pmax))), with p(t,-) € BV(R;[0, pmax]) for t € [0,T)], is a weak
solution to (4.2.1) with initial datum pg if for any ¢ € CL([0, T[xR;R)

T T
| [weroventsas [ [ sppdra
0 R 0 on

T
[ swpdedit [ mlayeo.)de =0,
0 Jup R
where V(t,x) = v((p*xw)(t,x)) and Son is as in (4.1.5) or (4.1.6).

Definition 4.2. Let py € (L' NBV)(R; [0, pmax]). We say that

p € C([0, T]; LY (R; [0, pmax])), with p(t,-) € BV(R; [0, pmax]) for t € [0, 71, is a entropy
weak solution to (4.2.1) with initial datum pq if for any o € CL([0, T[xR;R) and for all
keR

T
/0 /R(P—k|90t+|P—7€|chz—sgn(p—k:)k:ngp)dxdt

T T
+/ / sgn(p — k)Sonpdz dt — / / sgn(p — k)Segpde dt
0 Qon 0 Qoff
+/ lpo — klp(0,z)dz > 0.
R

Our main result is given by the following theorem, which states the well-posedness
of problem (4.2.1) to (4.2.2) with source term given by (4.1.5) or (4.1.6). In order to
simplify the computations we consider pmax = 1 from now on.

Theorem 4.3. Let py € (L1 N BV) (R;[0,1]). Let Assumptions 4.2.1 hold. Then, for
all T > 0, the problem (4.2.1) has a unique solution p € C° ([0, T];L*(R;[0,1])) in the
sense of Definition 4.2. Moreover, the following estimates hold: for any t € [0,T)

o)l @y < Ra(t),
0<p(tz) <1,
TV (p(t)) < ™ (TV(po) + tQr),

where
R = llpollpa ) + llgon™ () lLr (o) — 1in flgen™()o( 2)llL1 (o,
on (4.2.3)
— min ¢ () (-
min |5 (e o) o,
Or = 2<HQOH||L°°([O,T])+||QOH||L°°([O,T])>7 (4.2.4)
H = 2|gonllLe(o,r)) T 1ot llLos (fo,77) + wn(0)L, (4.2.5)

L = (Ivllweeo,g) + 1V Lo o)) - (4.2.6)
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4.3 Existence of an entropy solution

4.3.1 Numerical discretization

We take a space step Az such that n = NAxz, for some N € N, and a time step At
subject to a CFL condition which will be specified later. For any j € Z, let x;_; 5 = jAx

be a cells interfaces, z; = < i+ ;) Az the cells centers. We consider ramps with length L

and take L = (Ax, for some ¢ € Z* such that z,, = Tk 41/2: Ton = Th, +1/2405 Toff =
Tg_o+1/2 and Toff = Ty 1 1/24¢, for some kg, kg € Z. With this notation, we define the
subdomains Qon = [Zoy, Ton], Qoff = [Tog To], and we put QF = [k, + 1,k,, + ] and
Qléﬁ = [Eoff + 17&0& +€]

We fix T' > 0, and set Np € N such that NpAt <T < (Np + 1) At and define the time
mesh as t" = nAt for n =0,..., Ny. Set A = At/Ax. The initial data is approximated
for j € Z, as follows:

0 1 Tj+1/2 ( )d
Pj = / polT)dx.
Ax 12
We define a piecewise constant approximate solution pa(t,x) to (4.2.1) as
te [t et

T €lTj_1/2,Tj41/2];

=0,...,Np—1,
€ Z.

where

pa(t,z) = py,  for { (4.3.1)

The Son terms (4.1.5) and (4.1.6) are discretized via

Son (72,5, 0 2RI ) = Aongaint 200- (- R (432)

’ Ol’l,j Ol’l,j
Son (£7Y2 5, 92 B ) = Longa ™V (1= max {02 R (483)

The Sy term is discretizated via

S (tn+1/27xj’ p;z+1/2> _ 1Og,qu§1/2p?+l/2, (4.3.4)

where we denote

1 Tj+1/2 .
L M/x lon(z)dz, 2y, < 2j < Ton,
On,j

j—1/2
0 otherwise.
1 Tj+1/2 .
N log(z)dr, 2.4 < x; < Tofr,
1OHyj = v xj_1/2

0 otherwise.
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tntl nt1

1 1
n+1/2 £)dt n+l/2 _ / £)dt
qon At /tn qu( ) 9 qoff At in qoﬁ( ) )

The approximate solution pa is obtained via an upwind-type scheme together with
operator splitting to account for the reaction term, see Algorithm 4.3.1

Algorithm 4.3.1 (Upwind scheme).

Input: approximate solution vector {p?}jeZ for t ="

dojeZ

o g MRy ) = 00 (R ) (4.3.5)
enddo
dojeZ

s g (t"+1/2 x],p7+1/2 Rn+1./2> , using (4.3.2) or (4.3.3),

on,j on,j

Shi i e Son (t”+1/2,xj, Y 2) , using (4.3.4),

Pl e o T ARSI A (4.3.6)

enddo

Output: approximate solution vector {p?“} jez for t ="t = 1" + At

The terms R?+1/2’ RZ:;” for j € Z and n = 0,..., Ny — 1 denote the discrete

convolution operators in the velocity and source term and they are defined, respectively,
by

[n/Az]—1
Riiip = Z VP +p+1s
|52 -1
n+1/2 ~ n+1/2
Rorij/ = Z ’thj—th/ .
h=| %2
Here we denote 7, = f;”*ll//; wy(y — x)dy, for p € [0, [n/Az] — 1]
o
and 4, = f;hhjll//; wps(y —x)dy, for h € [[(6 —n)/Azx], [ (0 +n)/Az| —1].
Remark 4.4. If 0< p;-lH/Q <1 for all j € Z, then for alln € {0,...,Np — 1},
HR”H/ZH < 1. Indeed, we have that
Loo(QF, )
L6 nJ 1 5+’HJ 1
n+1/2 B n+1/2
‘Ronu ) < ]+h+1‘ = Z Y =1.

h:L(an h= L(SA;J



92 4.3. Existence of an entropy solution

R/

Remark 4.5. The discrete convolution operator on, j

Z ‘Rn+1J/r21 _ Rn+1/2
on,)

satisfies

n+1/2 n+1/2
On?] - ] '
JEZ ]EZ

The proof of this property can be seen in [43, Lemma 3.2.]

4.3.2 Existence of solution Model 1

In order to prove the existence of a solution of the model (4.2.1)-(4.1.5), in the next
lemmas we will show some properties of the approximate solutions constructed by the
Algorithm 4.3.1.

Lemma 4.6 (Maximum principle). Let pg € L>®(R;[0,1]). Let Assumptions 4.2.1 and
the following Courant-Friedrichs-Levy (CFL) condition hold

At < min / Az S (4.3.7)
(Yollv[lLee o)) + l1vllLee(o,1)) ” Qr

with Qr defined in (4.2.4) then for allt > 0 and x € R the piece-wise constant approxi-
mate solution pa constructed through Algorithm 4.3.1 is such that

0 <pa(t,z) <1

Proof. The proof is made by induction. Let us assume that 0 < p7 <1 for all j € Z.
Consider the convective step (4.3.5) of Algorithm 4.3.1, by CFL condition (4.3.7) we

have 0 < p?H/Q <1 for j € Z (see [44, Theorem 3.3|).

Now focus on the remaining step, involving the source term.

1/2 1/2 1/2 1/2 n+1/2
p;wrl _ p}” / JrAt( On]ng;rl/2(1ip?+ / ) <1*Rgn+,j/ ) — 1omq g&r / p;wr / )
5 b W) s

1/2 1/2

Because of CFL condition (4.3.7), the last right-hand side is a convex combination of

p?+1/2 and one. Then p"Jr1 [p;lﬂ/z, } and since an/Z

that0<pn+1<1 for j € Z.

€ [0, 1], we therefore conclude

O]

Lemma 4.7 (L' — Bound). Let py € L(R,[0,1]). Let (4.2.1) and the CFL condition
(4.3.7) hold. Then, the piece-wise constant approximate solution pa constructed through
Algorithm 4.3.1 satisfies, for all T > 0,

pa(T, ')HLl(R) < Cu(T),



93

with
Cu(t) = lleollea ey + llaen™ lea oy — mmin g™ (a2l o)
) (4.3.8)
— xrélén Hq QNG HLl ([0,4]) *

Proof. For the conservative form of the scheme (4.3.5), it is satisfied

Now, we going to work L' norm for relaxation step (4.3.6). By Remark 4.4 and CFL
condition (4.3.7) we have

n+1/2‘

p = lp" I ()

L1(R)

n+1/2

1/2 1/2 1/2
o] < [or 2]+ Atton a2 (1= |0 2)) - Attansald o) (43.9)
multiplying this inequality by Az and summing over all j € Z we obtain
+1 +1/2 n+1/2 . | n+1/2
Hpn HLl(R) < ‘pn / ‘Ll(R)_'_Atqon /AJ} Z ]-on,J - Z ]—on,] pj ‘
JEQEn JEQE,
1/2 1/2
—Atg" 2Ag Z Lofr P?Jr/ )
jeks
< 1 aagey + AL (1 min 5+
jeak,
n+1/2 n+1/2
—AtLq g mlg P;

off
+1/2
= [P lLrw) + AtLqn/? — At]rerlén Lq"“‘l/Qp;1 /

n+1/2 nt1/2

—At min Lq.g )

]EQ

Thus, by a standard iterative procedure we can deduce

HanLl(R) < ||P0||L1 +quamp“L1([0T} _z%“n 125 amp()PA("x)HLl([o,T])

— min quamp()

o pa(: HLl ([0,7])

4.3.3 BV estimates

We first prove the Lipschitz continuity of the source terms (4.3.2) in its second, third
and fourth argument and (4.3.4) in its second and third argument.
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Lemma 4.8. The map Son defined in (4.3.2) is Lipschitz continuous in second, third
and fourth argument with Lipschitz constant ||qonHLoo([o,T}), and the map Sog defined
in (4.3.4) is Lipschitz continuous in second and third argument with Lipschitz constant

HqufHLw([o,T})-

Proof. Let us start with term (4.3.2). We denote Son = Son(t, z, p, Ron) —Son(t, Z, p, Ron),
then

|Son’ < ‘Son(tax>pv ROD) - SOn(taxaﬁ7 ROH)‘
+ Son(tyxaﬁa Ron) - Son(ta xa ﬁv ROH)

+ Son(t7 Z, ﬁ, Ron) - Son(ta i‘a ﬁu Ron)
]—onQOn (1 - ﬁ) (Ron - Ron)

+ | (1on — Ton) gon (1 — ) (1 - RO“)

= llonqon (1 - Ron) (ﬁ - p)’ +

IN

onllgoe o7 18 = #1 + lomlloe oy [ Bom = o
+ ”qonHL"O([O,T}) ‘]—on - ion‘
Ron - Ron

< Ndonllgeqory (17— ol + + [1on — Ton] ).

Now, we prove the Lipschitz continuity of Syg term (4.3.4). Denoting
SOH - Soff(t) Z, P) - Soff(t) jj7 qoff, ﬁ)) we get

‘Soff’ < ’SOﬂ(tv L, p) - Soﬂ(tv z, p, )| + |Soff(ta z, IO) - Soff(t’ z, ﬁ)|
= ‘10HQOHP — Logqoip| + ‘10HQOHF‘ - ]-OHQOffﬁ‘
< ||quf||Loo([07T]) (‘105 - 1off’ +[p — ﬁ‘) )
Thus, we have completed the proof. ]

The Lipschitz continuity of the source term proved in Lemma 4.8 is one of the key
ingredients in order to prove the following total variation bound on the numerical ap-
proximation.

Proposition 4.8.1 (BV estimate in space). Let pg € (L* NBV) (R;[0,1]). Let the
Assumptions 4.2.1 and CFL condition (4.3.7) hold. Then, for n = 0,...,Np — 1 the
following estimate holds

S|ty -0 < TV (o) +TOT),
JEZL

with Qp as in (4.2.4) and H as in (4.2.5).
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Proof. Let us compute

+1 +1 n+1/2 n+1/2 n+1/2 n+1/2
Pit =P Pis — Py AL {Son,jﬂ ~ Sonj

n+1/2 n+1/2
—At |:Soff,j—/|—1 - Soff,j/ } :

By the Lipschitz continuity of the source term proved in Lemma 4.8 and the property
of the discrete convolution operator given in Remark 4.5, we get

n+1/2 n+1/2’

Sl =t < (L Atlldonlle oy ) 2 |05~ )
JEZ JEZ
JFAtHQOn”LOO([QT]) Z |10n,j+1 - 10n,j‘
JEQn
+1/2 +1/2
A o loe iy 2[Rt = R
jez
+1/2 +1/2
A ol oy 2 P51 = 05
jez
AL |gott || oo (0,17 Z [Lotrj+1 — Loff,
jEQof‘f
+1/2 +1/2
< (1+ ¢ (2lldonlpoe oy + Naottlleory ) ) 30 |51 = o3
jez
+AL [ gonllpoo (o) D, ong+1 = Loyl
JEQWn
+A|got oo oy Y, [offjr1 — Lot
jEQoff
+1/2 +1/2
< <1+At <2HQOHHL°°([O,T])+HQOffHLOO([O,T})>>Z P?+1/ —p; /
ez
AL (4.3.10)

Now, for convective part (4.3.5) we follow [44] and get

)

n+1/2 n+1/2 n n
‘Pj+1/ — P / ‘ < (1+ Atwy(0)£) Z |P1 = P
JEZ

with £ = (||v||Le(o,17) + [Vl (po,17)) - Substituting the inequality above in (4.3.10) we

obtain

ot = o] < (1 At (2lgonloo oy + ldonloe o )

D

JEZ
x (14 Atwy(0)£) Y~ |pfi — o} | + AtQr,
JEZ
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which, applied recursively, yields

S 16 = P3| < TV (p0) + TQr), (4.3.11)
JEZ

with H = 2|gon | jo,7) + 9ot lILoe 0,77) +wn(0)L .
Proposition 4.8.2 (BV estimate in space and time). Let Assumptions 4.2.1 hold,

po € (LY NBV) (R;[0,1]). If the CFL condition (4.3.7) holds, then, for every T >0 the
following discrete space and time total variation estimate is satisfied:

TV(pa; [0, T x R) < TCu(T),

1
Cot(T) = €7 (1 +2£) (TV (po) + TQr)) + 5 27CUT) + llgon " oo o,y - (4:3.12)

Proof.
Np—1
N.
TV(pa;[0, T xR) = Z ZAt‘Pﬁ-l P]|+ (T'— NrAt) Z‘P]Jd pjT
n=0 j€EZ JEZ
Np—1
53D S LR
n=0 j€Z
By BV estimate in space (4.3.11), we have
Np—1
> S At - ]+ (T NeA) Y|l - ]
n=0 j€eZ JEZ
< T (TV(po) +TOr). (4.3.13)
On the other hand, observe that
p?_i,-l ,Oj p;hq n+1/2’ +p n+1/2 p? _ (4.3.14)

We then estimate separately each term on the right hand side of the inequality (4.3.14).
By the definition of the relaxation step (4.3.6), for the first term on right hand side of
(4.3.14) we have

IA

P = p; At

n+1 n+1/2
on,j off,j

Sn+1/2 _ Sn+1/2‘

< Atlon g (1 _ p?+1/2> (1 - RZ;;/Q) + Atlon gy o
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< AtgH? (1on] + ony

1/2 1/2
+ ALl |

1/2
)

, (4.3.15)

IN

then multiplying by Az and summing over all j € Z,
n+1 /2‘

sz Atq"“/2 Az Z lonj + Az Z Lon,j |p;
Jez j€ak, JENk,
7}+1/2‘

At A N 1oay |

JEQg
n+1/2
Atql] (L + ‘ p Ll(R)>
o [FRE
= At (L4 ge))
FAL|qoft || oo (0,77 12" lLa ()

= SO ey + ALl o (43.16)

IN

n+1/2‘

n+1/2, ni41/2

+Atq 4

Now we analyze the second term of the right hand side (4.3.14). Since the numerical
flux defined in (4.3.5) is Lipschitz continuous in both arguments with Lipschitz constant
Lo, defined by (4.2.6), we obtain

+1/2
py =

= ’ G1/2(05, By je) — Fj—1/2(P§L_1,R?_1/2)‘

A (165 = Al + [ Ry = Ri_1ja))

IN

multiplying by Az, summing over all j € Z and by Remark 4.5 we get

Az |p —pp| < 2LAEY |ph — P} (4.3.17)
JEZ JEZ

n+1/2
J

Collecting together (4.3.16) and (4.3.17), and by using Lemma 4.7 and Proposition 4.8.1
we have,

n+1 n

1
P = = SAQTlp" L

Aazz

JET

AL [lgg™ oo go,27) + 2LAL Y |01 — o7
JEZ

1 ram
S ALQTCUT) + At [lgon™ || Lo (o,7)
+2L At (TV (po) + TQr) . (4.3.18)

IN
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Then, collecting together (4.3.13) and (4.3.18) we get

Np—1
> Do Atlof o+ (1= Nrdn) 3 |o — o)
n=0 jeZ JEZ
Np—1
P IDIN
n=0 j€Z

1
< Tl ((1+2£) (TV(po) + TQr)) + S TQrCUT) + T llgon ™ e fo,7) -

4.3.4 Discrete Entropy Inequality

In order to define an entropy inequality we define, for x € [0, 1], and the numerical
fluxes

Git12(w) =w(Rjy1p2), T p(u) = Gjpape(uV k) — Giprp(uA k),
with a V b = max{a, b}, and a A b = min{a, b}.
Lemma 4.9. Let py € (L' NBV) (R;[0,1]). Let the Assumptions 4.2.1 and CFL con-
dition (4.3.7) hold. Then, the approzimate solution pa constructed by Algorithm 4.3.1

satisfies the following discrete entropy inequality: for j € Z, forn =10,..., Ny — 1 and
for any k € [0,1],

- R‘ = lef =l +A (?§+1/2 (k) = 31‘11/2 (/’?fl)>
—Atsgn (p?“ — [{) <Son (t”+1/2,xj,p?+1/2 Rn+1/2> — Sof (tn+1/2 o pn+1/2))

» ~Yon,j » I g

+Asgn (p}”l — /@) K <v (R?H/Z) —v (R?71/2>> <0.

Proof. We set

9j(u7w) = w—A (Gj+1/2(w) - ijl/Q(u»
= w—A(wo(Rjp1y2) —uv(Rj_y2)) -
Clearly pj /% = G;(ot_1, 1),
The map §; is a monotone non-decreasing function with respect to each variable under
the CFL condition (4.3.7) since we have

95 _
ow

Moreover, we have the following identity

95 _

1-— )\U(Rj+1/2) Z O, % = )‘U(ijl/2)‘

S5(pf-1 VK, pf V&) = Gi(pf A\ K, P NE) = \,0? - "5‘ —A (?;?H/Q (p?) - 3’?—1/2 (P?—l)) -
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Then, by monotonicity, the definition of scheme (4.3.5) and by using |a + b| > |a| +
sgn(a)b, we get
Si(pj_1 V K, pf V k) = G (pj_1 A K, pj NK)
= 55(pf-1,05) V Gj(k, k) = G5 (pj_1, P7) N Gj(k, k)
= |9j(,0?_17,0?) - 9j("<'77 H)‘

— | = gyt

= p?Jrl — K+ AR <U(R§L+1/2) - U(R;'L—l/Q))

8 (P -5 (7))

» *ton,j

AV

o — ]+ vsn (2 = ) (0B o) — 0(RE )
—Atsgn (p?H _ K) (SOn (t”H/Q,xj, p;z+1/2 Rn+1/2) S (tn+1/2’ a:j,p?H/Q)) '

» ~on,j
]

The following Theorem states the L!-Lipschitz continuous dependence of solution to
(4.2.1) on both the initial datum and the ¢o, and gog functions.

Theorem 4.10 (Uniqueness). Let p and p be two solutions to problem (4.2.1) in the
sense of Definition 4.2, with initial data po, po € L* "BV (R;[0,1]), with on-ramp rate
Gon, Gon and off-ramp rate qog, Gor, respectively. Assume v € C?([0,1],R"). Then, for
a.e. t€[0,T7],

o) = A()[| L1 r)

< et (HPO — pollprmy + L (||qon — GonllL1(j0,9) + 190 — Qoﬁ||L1([o,T]))) :
Proof. The proof follows closely Theorem 5.6 of [43].

By using Kruzkov’s doubling of variables technique we get

T T
6T = T sy < o=l + [ [ |Sofazats [ ]
0 JQon 0 JQom
T T
+ [ [t asder [ [ pallotoldeat
0 R 0 R

on — Son (ta L, Gon, P, Ron) - Son (ta Z, (jona ﬁv Ron) 5

Soff = Sofr (t, T, qon, P) — Soff (tvxa QOnaﬁ) >
YV = v(R)—v(P),

Son Soﬂ dx dt

where



100 4.3. Existence of an entropy solution

Ve = 0y0(R) — 0zv(P).

Let us now estimate all the terms appearing in the right hand side of the above
inequality. We start bounding S, and Seg terms:

[ e - [ [,
[

Son de dt

SOI] (t7x7 q0117p7 ROH) - SOH (t7 x; (jona ﬁ7 ROH)

IN

Son| + |Su| + |Son

+

) dz dtt,

where
Son (t, %, Gon, P, Ron) — Son (t, 2, Gon, P, Ron> :
Sy = Son (t,:r,qon,p, Ron) — Son <t,x,qon,ﬁ, Ron> ,
Son

<t7x7q0rl7ﬁ) Ron) - Son (t,ﬂf, qon)ﬁu ROH) .

First we are going to bound Sén term |,

Sén = |1onGon (1 - P) ((1 - Ron) - (1 - Ron))‘
< ”qOHHLOO([O’T]) ‘Ron — Ron|,
thus
T R T ~
/ / S;n dZE dt S HqOHHLOO([(),T]) / / ‘Ron - Ron dx dt
0 on 0 JQon
T ~
< Mgonllno o,y /0 HRon = Bon| A
Observe that }
HRon — Ron L1(Qon) < HP(@ ) - ﬁ(tv ')HLl(Qon) ’
since [ wy(z)dz = 1. Then,
T » T
/0 /Q Son|dzdt < HQOHHLOO([O,T})/O [o(t, ) = ot )L, dt
on T
< Nlgonllueo oy [ 1lo(E ) = ot )L gy dt
0

Now we are going to bound S2,.

G2
Son

Lonton (1= Bon) (1= 9) (5. p)
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= ||CJon||Loo([o,T]) lp—pl.

Integrating in time and space we have

s

32
Son

T
dedt < HQOHHLOO([O,T})/O lo(t, ) = ot L, dt

IN

T
ol oy [ (8 = 0. gaey

Bounding Sg’n,

]-on (1 - [3) (1 - Ron) (QOn - (jon)
S |QOn - q~0n‘7

on

thus

33
Son

T
dedt < // |gon — Gon | dz dt
0 Qon

< L{gon — (jonHLl([O,T]) :

s

Therefore, we get the following estimate

[ e

< 2{[gon [l o, 1y) /0 ot ) = At Mpr ) dt + L {|gon — Gonllp1 0,77y {4-3-19)

A

Son| dz dt

Regarding S, term, we proceed in a similar way like above and we get

Soff = |1ofoOffp_1offq~0ff:5|
< Skl + 8%,
where
S(}H = Sof'f (t7$>QOffap) - Sof'f (t7$7q0ff)ﬁ)7
Sgﬁf = Soff (ta$>QOffaﬁ) - Soff (taxyqoffaﬁ) .
Then,
T - T
[ (8] dede < laotlmgomy [ ot = s o,
0 Qoff 0
T
< quffHLoo([o,T])/O lo(t, ) = pt, ) llper) At
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and

G2
Soff

dedt < L ||gogr — ‘joffHLl([O,T]) :

T
A /Qoff
Thus, we get
T
/ / |Sot| A dt
0 Qoff

T
< ||€Ioff||Loo([o,T])/0 [o(t,) = p(t, e wy At + L ot — doftllp1(jo,77) - (4-3:20)
Next, focus on V, by using the following estimate
V| < wy(0) HU/||L<>0([0,1]) Io(t, ) — p(t, ')HLI(R) )

we obtain

T
/ / V] 0up(t, 2)]| der
0 R

T
< wy(0) HUIHLOO([O,l]) t:gpﬂ lp(t, ')HTV(R) /0 lo(t, ) — p(t, ‘)HLI(R) dt.(4.3.21)

Next, we pass to V,. Following [43] we compute

Vil < (20 10" lgeeqoay + 10 oy 1oy ) 10CE ) = 02 agey
g (O lwqoayy (1 = 71 (£ + 1) + |0 = 7] (t,2)).

thus
T T
[ [maipeorasar < w [Clpte) = el b, @4322)
0 0

where

W= (20 1 oy + 1 o 16 o) €100
+200; (0) [V l| e (0,17 -

Collecting together (4.3.19), (4.3.20), (4.3.21) and (4.3.22) we get

||p(T7')_ﬁ(T7')HL1(R) < ”po_ﬁOHLl(R)
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+L (”qu - QNOHHLl([O,t]) + Hquf - Cjoﬂ””Ll([o,t]))

T
< [0 = 78 ey (13.23)
where
C =H + wy(0) HU/HLOO([O,l]) sup ||p(t, ')”TV(R) +W. (4.3.24)
te[0,7
An application of Gronwall Lemma to (4.3.23) completes the proof. O]

4.3.5 Proof of Theorem 4.3

The convergence of the approximate solutions constructed by Algorithm 4.3.1 to-
wards the unique weak entropy solution can be proven by applying Helly’s compactness
theorem. The latter can be applied due to Lemma 4.6 and Proposition 4.8.2 and states
that there exists a sub-sequence of approximate solution pa that converges in L to a
function p € L ([0,T] x R;[0,1]). Following a Lax-Wendroff type argument, we can
show that the limit function p is a weak entropy solution of (4.2.1) in the sense of Defini-
tion 4.2. Together with the uniqueness result in Theorem 4.10. this concludes the proof
of Theorem 4.3.

4.3.6 Existence for Model 2

In this section we consider the problem (4.2.1) with S, (4.1.6). In Algorithm
4.3.1 we substitute the term So, in the reaction step (4.3.6) by (4.3.3), thus now the
term (4.3.6) is given by

p}wl _ p;}+1/2 + (4.3.25)
1/2 1/2 1/2 1/2
AtLon i/ (1= max { o 12 RETI2 L) — Aol 2l

Lemma 4.11 (Maximum Principle). Let pg € L*(R;[0,1]). Let the Assumptions 4.2.1
and CFL condition (4.3.7) hold, then for all t > 0 and x € R the piece-wise constant
approximate solution pa constructed through Algorithm 4.3.1 is such that

0<pa(t,z) <1

Proof. The proof is made by induction. We assume that 0 < p7? < 1 for all j € Z.
Consider the step (4.3.5) of Algorithm 4.3.1, by CFL condition (4.3.7) we have 0 <

p?H/? <1 for j € Z.

Now focus on the remaining step, involving the source term.

it = T AL a2 (1= max (o T RLTP ) - At gl e

7o, j J
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ntl/2 | pnl/2 pr;+1/2 _ gl

il on,j J on,j
= AL 1

1/2 n+1/2
—Atlog, Zf}F / p?Jr /

At At
_ pn+1/2+Atlon,]quT1/2 ?1 n+1/2p7’b+1/2 1 qn+1/2Rn+1/2

j on,j9on j on,jY4on on,)
At +1/2  pntl/2 +1/2 n+1/2
7?10n]qg;_1/2 p;L / an/ ‘ o At]‘o ft,5 9, fo / p? /
+1/2 At 12 At 1/2
< p? / +Atlon,]qgn+l/2 710n,]qgrjrl/2p?+ / — 1lon Z)Zn R:)Lr—:]/
At T1/2 1/2 +12 +1/2 n4+1/2
+—1on4 :)Ln,]/ - 71011,] glj_ / n / } - At]‘o ff,jd gff / 'O;L /
1/2 1/2 1/2 n+1/2
= iy Atlon,gqg‘i V2 — Atdon gl ol / — Atlon gt o)
+1/2 +1/2
= <1—At( on g don ™ + Lo jqg />>p" 2 4 Atlgn g2,
now we can proceed as in Lemma 4.6. O

Lemma 4.12. Let pg € L(R, [0,1]). Let the Assumptions (4.2.1) and the CFL condition
(4.3.7) hold. Then, the piece-wise constant approximate solution pa constructed through
Algorithm 4.3.1 satisfies,

lpA(®)lle @) < C1(2),
where Cy like in (4.3.8).

Proof. By (4.3.26) and CFL condition (4.3.7) we have

p?“‘ < n+1/2‘ +At10n]qgrfl/2( _ p;z+1/2D Atlog, 2;1/2 p?+1/2 7
this cases reduce to (4.3.9) and we can proceed as in Lemma 4.7. O

4.3.7 BV estimates

Lemma 4.13. The map Son given in (4.3.25) is Lipschitz continuous in second, third
and fourth argument with Lipschitz constant ||qon ||y, (o 77)-

Proof.
Son(t» z, p, Ron) - Son(tv z,p, Ron) < 81+ 8+ S,

where

82 = Son(tvxa[): Ron) - SOn(t7$>:51 ROH)
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83 = Son(t,l',ﬁ, ﬁon) - Son(t,iff,ﬁ, Ron) .

by the definition of S,, term and by using the estimation |max(ai,b) — max(ag,b)| <
|ar — az| we have

St < onllgogozy 1 — max {p, Ron) — <1—max{ﬁ,Ron}>'

= qunHLw(OT]‘ ax {p, Ron} — max {p, on}‘
y 1o =

< qunHLOO( [0,77])
Pass now to Ss:
Sy < HquHLoo([o,T]) ’max{[}, Ron} — max {p, Ron} ‘
S qul’l”LOO([(],T]) ’Ron - Ron .

Next, we analyze the S3 term:

LonGon (1 — max {ﬁ, Ron}) - ionQon (1 — max {ﬁa Ron}) ‘

1 — max {ﬁ, Ron}

S3 =

IA

HqOHHLOO([O,T}) }lon - ion‘
< qunHLOO([O,T}) }lon - ion‘ .
O

Proposition 4.13.1 (BV estimate in space). Let pg € (L' NBV) (R;[0,1]). Let the
Assumptions 4.2.1 and CFL condition (4.3.7) hold. Then, for n = 0,...,Np — 1 the
following estimate holds

ST lona = o] < TV () + TOr)
JEZL

with H like in (4.2.5).

Proof. Due to the results obtained in Lemma 4.13, the proof is analogous to that one of
Proposition 4.8.1. O

Proposition 4.13.2 (BV estimate in space and time). Let the Assumptions 4.2.1 hold,
po € (LY NBV) (R;[0,1]). If the CFL condition (4.3.7) holds, then, for every T > 0 the

following discrete space and time total variation estimate is satisfied:
TV (pa;[0,T] xR) < TCu(T),

with C(T') defined in (4.3.12).
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Proof. For this proof we need to compute the following estimate,

n+1l

Pttt 2‘ < At

Sn+1/2 - Sn+1/2‘

on,j off,j
+1/2 +1/2 +1/2
10n,onn (1 — max {Pn / 7Rgn’j/ }) - ]-off,jQOffp;'L / ‘ .

1/2 1/2
< Atlonj [|gonl Lo (po,m) ‘1 - maX{P?Jr / vRZ:,j/ })

= At

n+1/2‘

+ Aot (|90t || 100 (j0.77) |

Here we need to consider two cases, which are described below:

nt1/2 nﬂﬂ} = p;b“/z. In this case we get the following estimate

Case 1: max {p] Y

1 +1/2
p;‘H— _p? /’ < At]-on,j

+1/2
|Gon [l e jo,177) ‘1 - pj / ‘

n+1/2‘

+AtLoft j (| Goft || oo j0,77) |5

IN

Atlon,

n+1/2
’qonHLOO([O,T]) <1+ Pj / D

—+1/2
p; /‘

+At1og HQOHHLOO([O,T])

IN

1/2
At”QonHLOO([O,T]) (lon,j + Lon, ‘P;H_ / D

+1/2
p; /’-

A | goft oo 0,77 Loft.j

» ~Yon,j on,j

Case 2: max {p?ﬂ/2 R”+1/2} — R"TY2. Observe that since RZITJ-IM < 1, this implies that

0< ‘1 — RZLUQ <1<1+ p?+1/2 , from what we get the following estimate
+1 +1/2 +1/2
P =g < Ao ldonllue oy |1 — Romy |
+1/2
+ Aot j || ot [ 1,00 0. 77) |25 / ‘

IN

n+1/2D

At||gon | o (j0,17) (1on,j + Lonj |p;

+1/2
+At ”%ff”Loo([o,T]) Loft,j ‘p? / ‘ ’

Note that both cases reduces to (4.3.15) and therefore the rest of the proof is analo-
gous to Proposition 4.8.2. O

4.4 Numerical experiments

In this section we present some numerical examples to describe the effects that the
ramps have on a road. We solve Model 1 and Model 2 by means Algorithm 4.3.1 with
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the term Sy, computed as (4.3.2) and (4.3.3), respectively. In all numerical examples
below, we consider one on-ramp and one off-ramp, both ramps with length L = 0.1, the
on-ramp is located from x = 1.0 until x = 1.1, the off-ramp is located from x = 3 until
x = 3.1 and we consider the following kernel functions

n—x

wy(z) = 27X[o,n](ﬂf),
116 5/2
o) = g (7= @ = 07)" Xiopese (@),

for convective and reactive terms respectively, with n € [0,1] and § € [—n, 7).

4.4.1 Example 7. Dynamic of Model 1 vs. Model 2

In this example we show numerically the behavior of the density of vehicles in a main

road with the presence of one on-ramp and one off-ramp. We solve (4.2.1) numerically
in the interval [—1,9] in simulated times 7' = 0.5, T'=2, T =5, T = 7. We consider
Az = 1/1000, n = 0.05, § = —0.01, a constant initial condition py(x) = 0.3, and the
rate of the on- and off-ramp are given by qon(t) = 1.2, gog(t) = 0.8, respectively.
In Fig.4.4.1 we can see that when vehicles enter the ramp, the density of vehicles on
the main road increases and a shock wave with negative speed is formed, after that, a
rarefaction wave appears and when some vehicles leave the main road through off-ramp
a shock wave with positive speed is formed. In particular we can observe a difference
between the maximum density that is reached in each model, which may be due to the
presence of the term 1 — p in the Model 1.

4.4.2 Example 8. Limit n — 0 in Model 2

In this example we take a look at the limit case n — 0 and investigate the convergence
of the Model 2 to the solution of the local problem (4.1.1)-(4.1.3). In particular, we
consider the initial condition po(z) = 0.3 for x € [0,1], gon(t) = 1.2, gog(t) = 0.8 at
T = 5 with fixed Az = 1/1000 and n € {0.1,0.05,0.01,0.004}, and § = 0. To evaluate
the convergence, we compute the L' distance between the approximate solution obtained
for the proposed upwind-type scheme by means Algorithm 4.3.1 with a given 1 and
the result of a classical Godunov scheme for the corresponding local problem. In Table
4.4.1, we can observe that the L! distance goes to zero when 7 — 0. The results are
illustrated in Fig.4.4.2.

i 0.1 0.05 0.01 0.004
L! distance | 2.8¢e-1 | 1.6e-1 | 3.6e-2 | 1.1e-2

Table 4.4.1: Example 8. L! distance between the approximate solutions to the

non-local problem and the local problem for different values of n at T" = 5 with
Az = 1/1000.
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(a) (b)
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Figure 4.4.1: Example 7. Numerical approximations of the problem (4.2.1). Dy-
namic of Model 1 vs. Model 2 at (a)T' = 0.5, (b)T' =2, (¢)T' =5, (d)T =T7.

Local RTM
= ==1=0.004

Figure 4.4.2: Example 8. Numerical approximations of the problem (4.2.1) at
T = 5. Comparison of local and non-local versions of the model (4.2.1) with § =0
and different values for 7.
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4.4.3 Example 9. Maximum principle

In this example we verify that the Algorithm 4.3.1 with the terms Sy, (4.3.2) and
(4.3.3) satisfy the maximum principle, i.e., we verify numerically that Lemmas 4.6 and
4.11 respectively, are fulfilled. On the other hand, we also verify that the Algorithm
4.3.1 with a discretization of the term S, (4.1.4), which we called Model 0, does not
satisfy a maximum principle. For this purpose we consider the initial condition given by

0.1 if z<1.1
pole) = { 10 if z>1.1,

don(t) =1, qoge(t) = 0.2 at T = 0.3, with Az = 1/100, n = 0.05, and § = —0.01. We can
see in Fig.4.4.3 (a) that the Model 0 does not satisfy a maximum principle unlike Model
1 and Model 2. The Fig 4.4.3 (b) is a zoom of (a) in which we can appreciate in a better
form that Model 0 does not satisfy a maximum principle.

(a) (b)

At
o
o
pa(t,x)

0.4 q
0.9
02F ——Model 2]
----- Model 1

Model 0

Figure 4.4.3: Example 9. Numerical approximation at time 7" = 0.3. (a) Model 1,
Model 2 satisfying a maximum principle and Model 0 not satisfying a maximum
principle. (b) Zoom of a part of (a).

4.4.4 Example 10. Free main road

In this example we consider a free main road, i.e, we consider a initial condition
po = 0, boundary conditions po(t) = 0.4 for all t > 0 and absorbing conditions at z = 5.
We also consider the rate of the on-ramp gon(t) = % (sin(nt) 4+ 1) and the rate of the off-
ramp qof(t) = 0.2. We solve (4.2.1) numerically in the interval [—1, 5] in different times,
namely T'=1, T =2, T =5, T = 7 and consider Az = 1/1000, n = 0.1, 6 = —0.02. In
Fig.4.4.4 we can see the dynamic of the model 4.2.1 approximated by means of Model 1
and Model 2.
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Figure 4.4.4: Example 10. Dynamic of the model (4.2.1). Behavior of the numer-
ical solution computed with Algorithm 4.3.1 by means of Model 1 and Model 2

at time (a)T =1, ()T =2, (¢)T' =5, ()T = 7.
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4.5 Conclusion of Chapter 4

In this chapter we introduced a nonlocal balance law to model vehicular traffic flow
including on- and off-ramps. We presented three different models called Model 0, Model
1 and Model 2 and we proved existence and uniqueness of solutions for Model 1 and
Model 2. We approximated the problem through a upwind-type numerical scheme, pro-
viding a Maximum principle, L' and BV estimates for approximate solutions. Numerical
simulations illustrate the dynamics of the studied models and show that Model 0 does
not satisfy a maximum principle. A limit model as the kernel support tends to zero is
numerically investigated.






Chapter 5

Stability estimates for nonlocal
balance laws arising in traffic
modelling

5.1 Introduction

5.1.1 Scope

In traffic flow modeling, nonlocal conservation laws are intended to describe the
behaviour of drivers that adapt their velocity with respect to what happens in front of
them, see [14, 21, 26, 43, 44]; this type of situation, the classical LWR (Lighthill-Whitham
[66] and Richards [72]) is not able to model. In the same way, in order to extend the
LWR model to more real situations, in 23] is introduced a nonlocal balance law which
is intended to model vehicular traffic flow on a main road with on- and off-ramps and is
given by

pt+ (pv(p*wy))e = Son(:, s p, px wy ) — Sot (5 p), T ER (5.1.1)

where Sy, and Sog describe traffic flow entering and exiting through an on- and off-ramp,
respectively, and the convolution term in Sy, is defined as follows,

z+n+9

(p*wns)(t,z) = / s p(t, y)wns(y — z)dy,
=7

with n € [0,1] and § € [—n, 7], here the parameter 1 represents the radius of the support
of the kernel function wy, 5, while § is the point at which the maximum is attained. This
choice of the kernel models the fact that drivers on the on-ramp can see what happens
on the backward and forward on the main road.

It is well known that on-ramp merging has a great impact on traffic efficiency, if one
concentrates on highway networks the reduction of the capacity is often due to on- and
off-ramps, for this reason in this chapter we are interested in to study the dependence of

113



114 5.2. Mathematical model

solutions to (5.1.1) on the convolution kernel given in the source term Sgy,. The strategies
that we employ are inspired by the results obtained in [23, 28|. Particularly, we adopt
the results about existence and uniqueness to (5.1.1) presented in [23] and we propose
to study the dependence of solution to (5.1.1) varying the kernel function on the source
term.

5.1.2 Outline of this chapter.

This chapter is organized as follows: In Section 4.2 we recall the mathematical model
in which we will focus our study as well as the definitions of weak and entropy weak
solution. In section 5.3 we present the main result of this chapter, which deals with L!—
Lipschitz continuous dependence of solutions to (5.1.1) on to the initial datum, the on-
ramp rate, the off-ramp rate and the kernel function in source term. Finally, in Section
5.4 we present a numerical example in order to illustrate the behaviour of solutions to
model when the kernel function in source term vary.

5.2 Mathematical model

We will consider the equation (5.1.1) with terms S, and Sog defined as

Son(t,z,p,p*wys) = lon(®)qon(t) <1 __f ) <1 — M) , (5.2.1)

Pmax Pmax

Soi(t,,p) = Log()gom(t)—L—, (5.2.2)

pmax

with pmax = 1 for the sake of simplicity, and we also endow to nonlocal traffic reaction
model (5.1.1) with a initial condition, as follows,

p(x,0) = po(z) € (L1 NBV) (R; [0, prmax])- (5.2.3)

In order to get our main goal, let us assume the following assumptions on the parameters
of model (5.1.1).

Assumptions 5.2.1. We assume
(i) gon® € L®(RT;R*), "5 € Lo(RT; RY).
(ZZ) v E C2([Oapmax];R+)7 U,(p) S 07 P € [O,,Omax]-
(iii) wy € CH([0,n]; RY) with wy(x) <0, [ wy(z)de =1, ¥y > 0.

(iv) wps € (C*NLY([6 —n, 6 +n);RT) with W(2)ys >0 forz € [6—n,0], '(x))s <
0 forx€[0,6+mn], and f;j: wys(x)de =1, Vi > 0.

We will consider solutions in a weak sense, as follows,
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Definition 5.1. Let pg € (LY'NBV)(R; [0, pmax]). We say that p € C([0,T]; LY (R; [0, pmax]))
with p(t,-) € BV(R; [0, pmax)) for t € [0,T], is a weak solution to (5.1.1)-(4.2.2) if for
any ¢ € C([0, T[xR; R)

T T
/ / (p‘Pt + pV(Pm) dxdt + / / Songpdxdt
0 R 0 on

T
[ Surpdadt+ [ po(@)e (0,20 =0,
0 JQug R
where V (t,x) = v((p *w)(t, x)).

Also, we will consider entropy weak solution in Kruzkov sense, as follows,

Definition 5.2. Let pg € (LYNBV)(R; [0, pmax]). We say that p € C([0,T]; LY(R; [0, pmax]))
with p(t,-) € BV(R; [0, pmax]) for t € [0,T], is a entropy weak solution to (5.1.1) with
initial datum po if for any ¢ € CL([0, T[xR;R) and for all k € R

T
/0 /R (Ip = Klgt + o — k| Vipw — sgn(p — k)kVag) dadt

T T
+/ / sgn(p — k)Sonpdzdt — / / sgn(p — k)Sogpdrdt
0 Qon 0 Qoff
+ [ = Ho(0.0)ds > 0,
R

where Qg and Qug are the spatial position of on-ramp and off-ramp on the main
road, respectively.

5.3 Main Result

Before giving the main result of this chapter, we first recall the main theorem in |23,
Theorem 2.1|

Theorem 5.3. Let pg € (L' NBV) (R;[0,1]). Let the Assumptions 5.2.1 hold. Then,
for all T > 0, the problem (5.1.1) has a unique solution p € C° ([0, T]; L*(R;[0,1])) in
the sense of Definition 4.2. Moreover, the following estimates hold: for any t € [0,T]

o)1 m) < Ra(t),
0<p(tz) <1,
TV (p(t)) < e (TV(po) +tOr),

where

ramp ramp

R1 = HPOHLl(R) + llgon (')HLl([O,t]) - xfgén [ om (‘)P(‘alf)HLl([O,t])
o (5.3.1)

ramp

N Z‘Egizilff quff ()P(, x)HLl([Ovt]) ’
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Or = 2 (HQOn”Loo([o,T]) + ||qoﬂ‘||Loo([07T])) ) (5.3.2)
H = 2lgonllre o1y + 1ot llLes o,77) +wn(0)£, (5.3.3)
L = (lolleeqoa + 1Vl o) - (5.3.4)

The following theorem is the main result of this chapter and it states the L1~ Lipschitz
continuous dependence of solutions to (5.1.1) on to the initial datum, the on-ramp rate,
the off-ramp rate and the kernel function.

Theorem 5.4. Let p and p be two solutions to problem (5.1.1) in the sense of Definition
4.2, with initial data py, po € LY NBV (R;[0,1]), with on-ramp rates qon, Gon, off-ramp
rates Qoft, Gof and kernel functions wy 5, @y s, respectively. Assume v € C2 ([0, 1], RT).
Then, for a.e. t € [0,T],

1(6) = 50 lia ey < eCT<||po—ﬁo||Ll<R)
+L (don = don s o,y + ot — dotella o)
() s — wmp@),

where r(T) depends on L —norms of initial conditions, expected inflow flow of the on-
ramp and expected output flow of the off-ramp and C is defined as in [23, (3.24)].

Proof. Since p and p are entropy weak solutions to (5.1.1) then

{ pt+ (PV(t, ))x = Oon (t,x, Gon, P, Ron) - Soff (t, :E)QOva)
p(0, ) = po(z),

{ pt + (ﬁ‘?(t7 7))z = Son (t7 T, Jon; P, Ron) — Soft (t, 2, Goft, )
ﬁ(ov‘r) = 50(58),
in a distributional sense, where V (¢, z) = v((p*wy)(t,x)), Ron = (p*xwys)(t, x), V(t,x) =

v((p*wy)(t, ), Ron = (p*&y4)(t, ). Following the argument in [23] and using Kruzkov’s
doubling of variables technique we get

(T, ) = p(T, )l 1wy
<l follscey + / [ fsufasaes [ [ s
+/0 /Rm |px(t,m)|dmdt+/0 /meup(t,x)mxdt, (5.3.5)

where

Son = Son (ty L,y fon, P, Ron) - Son (t; Z, QOny 57 Ron) s
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Soff = Soff (ta Z, qon, p) — Soft (t>$a (jomﬁ) )
V = u(R)—v(P),
Ve = vg(R) —vg(P).

Except for the second term, all terms appearing at the right-hand side of (5.3.5) are
computed as in [23, Theorem 3.1],

T
/ / Sy dardlt
0 Qoff

T
< HQOffHLOO([O,T]) /0 Ip(t, ) — (2, ‘)HLI(R) dt + L ||got — (joffHLl([O,T}) J

T
/ / V] pa(t, )| dadt
0 R

T
< n(O) [l oy 28 TV (1) /0 ot ) = A(t, )| gy At

T T
[ [wdistaiasae < w [ o) = e g .

Regarding the second term in (5.3.5), we have

[ oo = [,
o

Soln = SOH (t,l‘,qon,p, ROn) - SOH <t>$7 Gon; P, ROH) ’
Sgn = Son (t,x, Gon, P, Ron) — Son <t7‘r7 Gons Ps Ron) s

Sc?n = Son (t, T, Gon, Ps Ron) — Son (t, Z, Gons Ps Ron) .

‘§0n dZL‘dt

Son (tv Ly don, P, Ron) — Son (ta Z, Gon, P, Ron)

Son| + S| 183,

) dadt,

where

We bound 82, and S, writing

I

T
82 dedt < ol oy /0 ot ) — (t, gy

I

33
Son

T
dzdt < // |gon — Gon| dzdt
0 Qon
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< Lligon — CfonHLl([o,T]) :
Next, we are going to bound S}, term,

Q!
SOI]

Lonton (1= ) (1= Bo) = (1= o) )|

HQOn||Loo([07T]) ‘Ron - Ron

IN

)

thus

Gl
Son

T
dzdt < “qon”Lw([O’T])A /g; ’Ron_Ron dzdt,

[

and observe that

/ ‘Ron - Ron

dr = / |wn,5 % p— s * pl dz
QOH

= / ‘wmg*p—wm(s*ﬁ+wn,6*ﬁ_a)n,6*ﬁ|d$

IN

/Q w5 % p— w5 * Pl + |wys * p— G5 * pldo

- /Q s * (0 — B)] + /Q (wons — pg) * | da

leon sl o) 17 = AllLa(ogn) + lwns = @ns

L1(@on) 1PIL1 (20)
Hwn,aHu(R) lp— )5HL1(R) + [lwps — CD?MSHLl(R) HﬁHLl(R)
o — ﬁ”Ll(R) + [len,s — a’n,&HLl(R) Ru(t),

ININ TN

since [p wys(x)da = 1. Here Ry is defined as in (4.2.3). Then,

I

T
Son| dadt < HQOHHLOO([O,T})/O lo(t, ) = p(t, )l w) dt

T
+/0 Hwn,é _@7775”L1(]R) 'Rl(t)dt
T
— ltonllqory [ I9(t) = 7t ey
‘ T
+ s — Gnolliag /0 Ri(t)dt.

Therefore, the inequality (5.3.5) is equivalent to following inequality

lp(T,-) = p(T, )l m)

< llpo = pollyrm) + L (qun — GonllL(po,) + g0t — q~off||L1([o,t}))
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+ [ 1000 = 0 a0+ s — Enlaagey | Rafon
= llpo = pollpr(my + L <||qon — GonllL1(j0,) T 1ot — QOHHLl([O,t})>
+ [ 10009 10 Mgaay 80+ T s Gl
An application of Gronwall’s Lemma to the above quantity completes the proof. O

5.4 Numerical examples

In this section we use [23, Algorithm 3.1] in order to compute approximate solutions
0 (5.1.1)-(4.2.2) with the source term (5.2.1).

5.4.1 Example 11

We simulate an optimization problem in traffic merging, which consist in to investi-
gate what is the optimal value to § keeping fixed 7 in the kernel function w;, s, it means,
according to the meaning of that kernel function, where a driver should look, located on
the on-ramp, in order to avoid creating more congestion on the main road. For this end,
we consider one on-ramp with length L = 0.1, located from z = 1.0 until z = 1.1, and
we consider the following kernel functions

— X
wp(x) = 2777X[0,n](1‘),
116

5/2
S5m0 = @ =) X ()

Wn,é (‘T)
for convective and reactive terms, respectively, with n = 0.5 and § € [—n,n], for z €
[—1,4] at simulated time 7" = 6 and velocity function given by v(p) = 1 — p. We also
consider Az = 1/200, a constant initial condition pp(z) = 0.3, and the rate of the on-
ramp is given by gon(t) = 1.2. Following [28], as a metric of traffic congestion we consider
the two following functionals

where

0, r < 0.75,
o(r) =< 10r —=7.5, 0.75 <r < 0.85,
1, 0.8 <r<1.
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The functional J defined measures the integral with respect to time of the spatial total
variation of the traffic density while the functional ¥ measures the queue of the solution
in the interval [a,b] = [—1,4].

Figure 5.4.1 shows the values of the functionals J and ¥ when we vary the value of §
and keeping fixed 7. We can observe that the minimum value of J and ¥ is given when
0 = 0.1. In Figure 5.4.2 we are comparing the solutions of (5.1.1)-(4.2.2) for different
values of 0, keeping fixed 1, namely, we consider § € {—0.5,0.1,0.5} and n = 0.5. We can
see that the solution for § = 0.1 (optimal 0 to ¥) produces a smaller queue and therefore
less increase in density on the main road when vehicles enter through the on-ramp than
the other values considered for 6.

0.98 ‘ ‘ ‘ : : : : : ‘ 06
o 055

096 p
\ 051
0.94 \ ] N\
\
\\

\ 045

\
035 /

09 \\ 1 \ /

0.3 /
0.88 \ ) //
’ 0.25 \ //

0.86 1 1 1 1 1 1 1 1 1 02 1 1 1 1 1 1 1 1
-05 -04 -03 -02 -0.1 0 0.1 02 03 04 05 -05 -04 -03 -02 -0.1 0 0.1 02 03 04 05

Figure 5.4.1: Left: Functional J with n = 0.5 and ¢ € [—n,n]. Right: Functional
U with n = 0.5 and § € [—n, 7]

5.5 Conclusions of Chapter 5

In this chapter we proved the stability of entropy weak solutions of a scalar nonlo-
cal balance law with nonlocal source term arising in traffic modelling with a on-ramp
introduced in [23]. We got an estimate of the dependence of the solution with respect
to the kernel function in the source term, the on-ramp rate, the off-ramp rate and the
initial datum. Stability was obtained from the entropy condition through doubling of
variable technique. Finally, following [28]|, we shown a numerical simulation illustrating
the dependencies above for two cost functionals derived from traffic flow applications.
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Solution for ¢ = 0.1

09r

= = =Solution for 6 = 0.5

----- Solution for § = —0.5

Figure 5.4.2: Solution of (5.1.1)-(4.2.2) for n = 0.5 and varying § € {—0.5,0.1,0.5}






Chapter 6

Two-way nonlocal traffic model

6.1 Introduction

6.1.1 Motivation

Our main objective is to model vehicular traffic flow on a two-lane and two-way
road where drivers have a preferred lane, the lane on their right, and the left one is
used only for overtaking slower vehicles, see Figure 6.1.1. Lanes are labeled lane 1 and
lane 2 and we denote by p; and po the density of cars traveling from the left to right
on the lane 1 and lane 2, respectively; by p; and po the density of cars traveling from
the right to left on the lane 2 and lane 1, respectively. In order to extend the classical
LWR (Lighthill - Whitham [66] and Richards [72]) traffic model to a two-lane two-way
road where overtaking of cars is allowed, we should consider that the velocity in each
lane depends not only on the density of the preferred class, but also on the density of
the other class that comes in the opposite direction making overtake, which leaves the
following model

0ip1 + Oz (p1v1(p1 + (Pmax — p1)Xe(P2 xwy))) =0,

az‘,p2 + 33;(P2U2(p2 + (Pmax - pQ)Xs(ﬁl * wn))) =0, (6 1 1)
0ip1 — Oz (P1v1(p1 + (Pmax — P1)Xe(p2 x@y))) =0, o
Oep2 — 0z(P2v2(p2 + (Pmax — P2)Xe(p1 *@y))) =0,

where x.(-) is a regularization of the indicator function, this term models the fact that
the vehicles must slow down in the presence of vehicles downstream in the same lane
but traveling in opposite direction. Regularizing the indicator function in the flux
functions of this model becomes necessary since if we consider the indicator function
without regularization, the velocity functions of (6.1.1) become discontinuous, e.g. if
v(p1, p2) == vi(p1 + (Pmax — p1)x(P2 * wy))), then we have v(p1,0) = vi(p1) > 0 and
v(p1, p2) = V1(Pmax) = 0 for po > 0.

Now, in order to model overtaking and returning maneuvers we endow (6.1.1) with
source terms which are defined following some rules explain now. We impose the following

123
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rules in order to vehicles can overtake, i.e., at the position x, a vehicle can overtake if
and only if the following condition are fulfilled,

1. the particular velocity v;(p;) is greater than the velocity of the average of cars in
front of it;

2. there are no vehicles traveling in opposite direction on the other lane and neither
on the same lane (overtaking from the other lane),

which is expressed mathematically as follows,

Kl(ﬁmax - ;02)P1, if vl(wrl] *pl) < Ul(pl)v wg xp1 =0

and wg*ﬁg =0,

So(p1, p2, p1,p2) = (6.1.2)

0, otherwise,

here we have used the notation in [43, 56] in order to describe the lane change, where
Ky > 0 is a constant. At position z, the nonlocal terms w% x p1 and wg * D, 1 = 1,2,
describe the average of cars traveling in the same direction, in front of the drivers on the
lane 1, and average of cars traveling in opposite direction, respectively; we also assume
that & > n. In addition, we enforce the following rule for overtaking vehicles can return

to the preferred lane,

(3) the particular velocity v;(p;) is less than the velocity of the average of cars in front
of them,

this condition is imposed in the sense that vehicles returning to the preferred lane do not
instantly overtake again. This condition can be formulated as

Ko(pmax — p1)p2, if vl(w% xp1) >v1(p1), or w(% xpp >0
2 ~

. or ws*pg >0,

Sr(p1, p2, p1, p2) = °

0, otherwise,
(6.1.3)
vyhere Ky > 0 is a constant. Likewise, we define the terms go(ﬁl,ﬁg,pl,pg) and
Sr(p1, P2, p1, p2) as follows

K1(pmax — p2)p1, if va(@y % p1) <wva(pr), @ixp1=0

- and cbg*pgz(),

So(p1, P2, p1,p2) = (6.1.4)

0, otherwise,
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Ko(pmax — p1)pa, if va(@p  p1) > va(pn), or @i*pr>0

A2
- or wfxpe >0,
Sr(p1, P2, p1, p2) = °

0, otherwise,
(6.1.5)
where d)},(m) = w%(—x), for all z € {—n,...,0} and &}(z) := wi(—=x) for all x €
{=46,...,0}. At position z, the nonlocal terms d;,17 * p1 and djg x p;, 1 = 1,2, describe the

average of cars, in the same direction, in front of the drivers on the lane 2, and average
of cars traveling in opposite direction, respectively.

Figure 6.1.1: Ilustration of the model setting. The red car overtakes a slower
vehicle, the bus, using the lane 2 and then return to their preferred lane, the lane
1.

6.1.2 Related Work

Macroscopic models of vehicular traffic flow with nonlocal fluxes have been extensively
studied recently [12, 14, 20, 23, 21, 26, 51]. In this kind of models, the velocity function
depends on a weighted mean of the downstream traffic density and their importance lies in
the fact that it allows describe traffic flow dynamics in which drivers adapt their velocity
with respect to what happens to the cars in front of them. Most of work mentioned above
consider a one-directional road with a class of vehicles, but since it is necessary to model
more realistic situations, the study on nonlocal models has been extended to multi-class
and multilane settings; for example, in [26] is studied a system of nonlocal conservation
laws that model multi-class traffic flow for which the authors proved the existence of weak
solutions for small times, this solutions are approximate by means of a Godunov type
scheme. Holden and Risebro [56] proposed a (local) weakly coupled system of hyperbolic
conservation laws with a source term in order to model the vehicular traffic flow on a road
with multiple lanes where the velocity depends only on the density in the same lane. In
that model it is assumed that the tendency of drivers to change to a neighboring lane is
proportional to the difference in velocity between lanes; the authors proved some bounds
for the solutions of the model and show the convergence to a weak solution. In [43] the
authors proposed and studied a multilane traffic model based on nonlocal balance laws
where the nonlocal source term was used to describe the lane change rate. In that paper
also was proposed a Godunov type scheme in order to approximate the solutions of the
model and was proved compactness estimates in order to show the well posedness of
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model. More recently, in [27] it has been proposed a system of conservation laws with
nonlocal fluxes, coupled in the velocity functions, in which is described two populations
moving in opposite directions and the authors proved existence of weak solutions for
sufficiently small times.

We remark that this model differs from the nonlocal multilane model presented in [43]
in several aspects, namely, in [43] the authors consider a one-way multilane model only,
thus the velocity on a lane depends only on density of vehicles in the same lane traveling
in the same direction, while we consider a two-way model in which is allowed to overtake,
that leads to a velocity function that depends not only on the preferred class but also of
the classes traveling in opposite direction on the same lane. Likewise, in [43] the source
terms take into account a nonlocal evaluation of the velocity influencing the lane changing
rate; in our proposed model, instead, in the source term the criteria of overtaking and
returning are defined in a nonlocal form, only.

6.1.3 Outline of the chapter

This chapter is organized as follows: In Section 6.2 we present the proposed mathe-
matical model with all the considered assumptions on it. Afterwards, in Section 6.3 we
introduce a HW-type numerical scheme and derive important properties such as posi-
tivity of approximate solutions, L>°— bound, L'— bound and BV estimates in order
to show the convergence of approximate solutions to a weak solution of the proposed
model. In the Section 6.4, we present numerical examples illustrating the behavior of the
solutions of our model.

6.2 Mathematical model

The main goal of this chapter is to study the well-posedness of the nonlocal system
of equations

Otp1 + 0z (p1v1(p1 + (Pmax — p1)Xe(P2 * wy))) = —=So(p1, p2; p1, p2) + Sr(p1, P2, O1, P2)
Oip2 + 0x(p2v2(p2 + (Pmax — p2)Xe(P1 * wy))) = So(p1, P2, p1, P2) — Sr(P1, P2, P15 P2)
8Ifﬁl - az(ﬁlvl(ﬁl + (pmax - ﬁl)xf(pQ * (’DT]))) = tSO(ﬁla P~2,p1,p2) _{:SR(p‘vl’ﬁ%pla p2)
Otpa — Oz(p2v2(p2 + (Pmax — P2)Xe(p1 * Wy))) = So(p1, P2, p1, p2) — SR(P1, P2, P1, P2),

(6.2.1)
where p; = (p,', pm) and p; = (ﬁi, [’[i})’ for ¢ = 1,2, take values in the set

Q= {pzaﬁz € R?: (070) < pi,pi < (pmampmax)? for i = 172}7

and the notation [-], means [1] = 2 and [2] = 1. Next, the convolution terms in fluxes
are defined as follows for ¢ = 1,2,

x+n
P / wnly - 2)pilt, y)dy,
x
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€T
pi ki = / wn(y = )pilt, y)dy,
z—n
where Wy () = wy(—=). The initial conditions satisfies

g(ﬂf) € (L' NBV)(R; [0, pmax]),  p2(x,0) =0,
1

() € (LY NABV)(R; [0, prmax)),  p2(x,0) =0, (6.2.2)

where pa(x,0) = pa(z,0) = 0 means that there is no overtake initially. In addition, we
consider the following assumptions.

Assumptions 6.2.1. The nonlocal problem (6.2.1) is studied under the following as-
sumptions:

(Z) vy, V2 € Cl([()? 1];R+)’ with vll(p) <0, ’Ué(p) <0,p€ [07 1]
n
(ii) w) € CL([0,7]; R*) with (w!)! (z) <0, /0 wh(@)dz = 1, ¥ > 0.

)
(iii) w2 € CL([0,8]; RY) with (w2)(x) < O, / WA(z)dz = 1, V6 > 0.
0

(iv) supp(w%) C supp(w?), i.e, § > 1.

0
(v) d)% € CL([0,n); RT) with (d)l)%(l‘) >0, / @%(z)dx =1, Vn>0.
-n
0
(vi) &2 € CL(|=3, 0 R*) with (&)} (x) = 0, / P2 (2)dz = 1, ¥ > 0.
-4

Solutions for (6.2.1)-(6.2.2) are intended in the following weak sense,

Definition 6.1 (Weak solution). Let p?, 5 € (L' NBV) (R;[0,1]), for i =1,2. We
say that p;,p; € C°([0,T];L*(R;[0,1])), with pi(t,") € BV (R [0,1]) for t € [0,T]
and i = 1,2, is a weak solution to (6.2.1) with initial data szPz i = 1,2, if for any
¢ € CL([0, T[xR;R)

T ~
/ / < P1 ) ot dazdt +/ / < plvl pl + pmax pl)Xs(/jZ * Wn)) > O dzdt
o Jr \ P2 p202(p2 + (Pmax — p2)Xe(P1 * wy))

/ /< o )sodmdt+/Rso<0,m> < Z;ESQ >dm: ( 0 )
/ (5 )eeamaen [ [ (ol 2ot o)) e s
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T (&, & ~
(B3 Y s [ (200 Yam (9)
o Jr So — Sr R p2(0, z) 0
Our main result is given by the following theorem, which states existence of solutions
to problem (6.2.1) - (6.2.2).

Theorem 6.2. Let p?,p? € (L NBV) (R;RY) for i = 1,2 and the Assumptions 6.2.1
hold. Then, for all T > 0, the problem (6.2.1) admits a weak solution on [0,T] x R in
the sense of the Definition 6.1.

In order to prove the Theorem 6.2 we first propose a numerical scheme in the sense of
finite volume method along with a operator splitting whereby we derive some important
properties of model as well as compactness estimates that will allow us to use the Helly’s
Compactness Theorem.

6.3 Numerical scheme

6.3.1 Discretization of the model

We take a uniform space step Ax and a time step At subject to a Courant-Friedrichs-
Levy (CFL) condition which will be specified later. For any j € Z, let z;,1/9 = (j +
1/2)Ax be a cells interfaces and z; = jAx the cells centers. We fix T' > 0, and set
Np € N such that NpAt < T < (Np + 1)At and define the time mesh as t" = nAt, for

n =20,..., Np. The initial data are approximated, for j € Z and i = 1,2 as follows
1 /%‘-&-1/2 Jt+1/2
0 0 0
Pij= pd(x)dz, and pd / pi (x)dz.
" Az Tj—1/2 ' R A Tj—1/2
We denote
(k+1)Az
wﬁ::/ wy(y)dy for k=0,...,N —1,
kAx
kAx
(D,];::/( Wp(y)dy for k=0,...,N -1

—k—1)Az
and set the convolution term, for i = 1,2

N-1
Ry (5172 t") = (Wi % p ) (@412, 1) = D Wil jnens
k=0
N-1
R0, ") = (@ % pig) (@1 jo ™) ~ Y GFpls .
k=0

Likewise, we define a piecewise constant approximate solution
P2 (t,x) = (p(t 7). p5 (£, 7)) and At x) = (0 (t 7)., 35 (1, 7)) as

pZA(t,JJ) = p?,] and ﬁZA(t,.T}) = ﬁZJ’ (ta .’E) S [tnvtn+l[x]xj—l/27xj+1/2}7 1=1,2.
(6.3.1)
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The convective terms in (6.2.1) are obtained via a finite volume Hilliges-Weidlich-type
(HW) scheme [15, 55| defined by

Fiji12 = PZ;’UI(P%H + (Pmax — PZj+1)Xs(Rf§},j+1/2))a (6.3.2)
Glitg+1/2 = Pl j+1v2(Pf 5 + (Pmax — Pfj ) Xe (R 41 /2)),

A N-1 k=~ N-1 -
where Ry jt1/2 = D o W f]p’[;]j+k+1 and R; ;1172 == D i wnp” x- Then, we put
F 1o = BT 11)00 F5 40 0] and Ga+1/2 (G 12 G5 gl
In order to compute the source terms in (6.2.1), we first introduce the following notations
for the convolutions terms for kernel functions w}] € CL([0,7)), (JJ% € CL([-n,0]) satisfying

the Assumptions 6.2.1 for some Ny € N such that n = Az /Ny and any piecewise constant

function u®
A . A x;+n . A N1
Ri(u?)] := (wy x u™)(z),t") = / wy(y — z;)u=(t,y)dy =~ Z’quﬁka
T k=0
with coefficients
Az/2
w = [ whwa (6.3.4)
0
k+1/2)Am
S / ()dy, fork=1,... Ny —1, (6.3.5)
(k—1/2)A
K 1
YN = wy, (y)dy, (6.3.6)
n—Az/2
and we also define
. 2 ol
Ry(u®)! o= (@) u®) (x5, t") = / Gy — Yt y)dy = > Fpufyy,
T;—n k=0
with coefficients
0 1
foo= [ e (6.3.7)
Az/2
(k—1/2)Az
i = / A%(y)dy, fork=1,...,N; —1; (6.3.8)
(k+1/2)Az
. (n—Az/2)
o= [ ala (6:3.9)
-7

Similarly, for w? € CL([0,4]) and &2 € CL([—4,0]) satisfying the Assumptions 6.2.1 for
some Ny € N such that § = Ax N,

$j+5 N

Ry(u®)} = (wF * u®)(x;,t") = / Wiy — z)u(ty)dy = Y CGrufey,
j k=0
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with coefficients (; as in (6.3.4), (6.3.5), (6.3.6) and likewise we define

X No

~ J ~

Roy(u) = (& * u™)(x;,t") :/ 5w§(a;j —yutty)dy = > Gulyy,  (6.3.10)
Tj— k=0

with coefficients (j, as in (6.3.7), (6.3.8) and (6.3.9). Finally for j € Z and n € N we can
compute the source terms (6.1.2) and (6.1.3) as

Kl(pmax - pg])pip if, ’Ul(Rl(IolA)?) < Ul(p?,j)v R2(151A)? =0

So(p™,p%); = and  Ry(p3)} =0,
0 otherwise.
(6.3.11)
K2(pmax - p?,j)pg,jv lfv U1 (Rl (plA);l) > (pij)v or RQ(ﬁlA);l >0
Sr(p®,p%); = or Ry(f5)" > 0,
0 otherwise.
(6.3.12)

In the same way, we can compute the source terms (6.1.4) and (6.1.5) as follows

Kl(pmax - ﬁg,j)ﬁqll,j? if, UQ(Rl(ﬁlA)?) < UQ(ﬁ?,j)v RQ(plA)ZL =0

So(p™, p%); = and  Ry(p3)" =0,
0 otherwise,
(6.3.13)
Ko(pmax — A1) 5 if, va(Ra(pR)F) > vi(pt,), or Ra(pf) >0
Sr(p®, p2); = or Ry(pg')? > 0,
0 otherwise.
(6.3.14)

4

The values p} = (o7 ;,p5 ;) and pj = (p} ;. p5 ;) are update by using Algorithm 6.3.1
composed of HW type scheme together with operator splitting, to account for the source
terms.

Algorithm 6.3.1.

Input: approximate solution vectors pj = (p ;, py ;) and p7 = (o7 ;, p3 ;) for j € Z

and t ="
do j €7Z,
n+1/2 n n n
p; % pPj — )\(Fjﬂm - ij1/2)7 (6.3.15)
~n+1/2 ~n, n n
P e B AMGEy — G ), (6.3.16)

enddo
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do j€7Z,
S So (PR, ) g (pn 2, ) (6.3.17)
j J
5 5 ( 512 n+1/2> % (,3n+1/2,,,n+1/2>', (6.3.18)
j J
ngH - p;z+1/2 + At[— S"+1/2,S;L+1/2], (6.3.19)
p;H_l - p;H—l/Q + At Sn+1/2’5;1+1/2] (6.3.20)
enddo

( n+l n+l

P1] 7p2j )and pn+1 ( ~n+1 ~n+1)

Output: approximate solution vectors p"+1 P1j P2

for j € Z and t = t"t! =" + At.

Notation: From now on, the conditions for overtaking or returning will be denoted
as follows

e So > 0if vy (R (pf )7 < vi(pt ), Rg(ﬁlA)? =0 and Rg(,52A)7j1 =0and Sg >0
otherwise.

e So > 0 if va(Ry(p9 )7) < wa(pf ), Rg(pf)}1 =0 and ]?g(pQA)? =0, and Sg >0

otherwise.

Next, in the following lemma we present some properties of the discrete source terms,
which will be useful later.
Lemma 6.3. Let u”,u” € [0,1], for all j € Z and i = 1,2. Consider the terms
So (u, @)}, S (u, )], So (u, u); and Sk (@, u);, then,

1. If So (u,u); > 0, then So (@, u); =0 and Sk (@, w); = 0. Furthermore, u;H—l —0,

for ﬂ?“ given by (6.3.19) in Algorithm (4.3.1), for all j € Z and i =1,2.

2. If So. (@,u); >0, then So (u, )7 =0 and Sg (u, @)} = 0. Furthermore, u}‘“ =

0, for u’?'H given by (6.3.20) in Algorithm (4.3.1), for all j € Z and i = 1,2.

Proof. 1. If vy (R (uf ) ) <wi(uf ), Rg(ﬂf) =0 and RQ(UQ) =0, then ', =
0 and u2k =0 for all k € {j,...,7 + 5} so by definition of the source term

So(a®, u ) (6.3.13) we obtain
K1(pmax — Giz,)l1j, if, va(R1(0f);) < va(fin),
So(a®, u?)} = Ro(uf); =0 and Ry(us); =0
0, otherwise,

0, if, va(Ri(af);) < va(@ny), Ra(uf); =0
= and  Rg(us'); =0

0, otherwise,
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and regarding to the term (6.3.14) we have

Ko (pmax — T j)fing, if, va(Ra(af);) > v (i),
(i ud), — or Ralpf)} > 0 or RapR)} > 0
0, otherwise
K2(pmax - ﬁ?,j)ﬁ%}ja ifv ?Q(Rl (ﬁlA)?) > U~1 (ﬁ?,j)’
_ or Ra(pf); > 0 or Ra(ph); >0

0, otherwise.

Thus, we have gotten So (@,u); =0 and Sk (@,u); =0, ie, S;ZH/Q = 0 and this
implies that, for (6.3.20) in Algorithm (4.3.1) we obtain

~n+l _ ~n+l/2 on+1/2 gn+1/27
'u,;L =u; —I-At[—S’j ,Sj ] =0.

2. The proof of this property is similar to that of the previous item, but taking into
account that in this case u; , =0 and ugy, =0 for all k € {j,...,j + d}.
d

Remark 6.4. Properties proved in Lemma 6.3 tell us that in a same cell, overtaking
of two different classes of vehicles traveling in opposite direction on a same lane is not
allowed at the same time. Implicitly this means that two vehicles traveling in opposite
direction on a same lane can not occupy the same cell.

In order to prove the existence of solutions of model (6.2.1), in the next lemmas we
will show some properties of the approximate solutions computed by Algorithm 6.3.1.
We start proved positivity of approximate solutions.

Lemma 6.5 (Positivity). Let Assumptions 6.2.1 hold. Then under following CFL
condition

Az 1
At <ming —,——— 6.3.21
<min{ A5 b, (6.3.21)

the approximate solutions computed by means Algorithm (6.3.1) satisfies
0< p?+17 ﬁ?+1 < Pmax,

for all j € Z. Here,
C = max{||vi|[Lejo,1) [v2llLe o, }s
D = max{pmax [V} le< ((0,1)): Pmax | V5] [L2e po,17)}

and K = max{K1, Ky}.
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Proof. We assume that 0 < p%, p7 < pmax for all j € Z, then first for the convective
part, for ¢ = 1,2, we have

+1/2 -
ATt = (1= MR+ (s = )X (B 112)) ) P
+pij1v1(pi i1 + (Pmax — pij—1)X=(Rp j_1/2)
> 0,
and similarly we can obtain ﬁ?]ﬂ/ 2 > 0. Now, in order to simplify the notation we will

denote F(u,w,R) = woi(w + (Pmaz — w)x<(R)), for i = 1,2 and observe that 01F =

Ui(w + (pmtw - w)XE(R)) 2 01 WF = uvg(w +~(pmaax - w)Xe(R»(l - Xs(R>) < 0 and
O3F = wl(w + (pmaz — W) Xe(R))(Pmaz — w)xL(R) < 0. With this notation we can write

ijl/z, i = 1,2 in the scheme (6.3.15) as follows

+1/2 ad ~
Pt = = A [F(PZj’ijH’R[i],jH/Q) —F(ij_l,ij,R[i],j_l/g)} . (6.3.22)

now observe that by the CFL condition (6.3.21), we get

n+1/2 n noS ~
,Oij / < Pij + A [F(Pmaxa Pijs R[i],j—l/Q) - F(,OmaXa Pmax; R[i],j—1/2):|
= P?,j + A {—32F(V?+1/2)(Pmax - P?g)}
= (1= AP0 2))) Ay = A0F (V41 2) P
< Pmax;

where V?_Hﬂ € (pi'» Pmax)- In the same way we can compute

~n+1/2
4,J

(1= A02F(F}172))) 25 = A0 (T j2) e

Now for reactive terms (6.3.19) we have the following estimates,

o If So >0,
P = oY A (pmax — Py )t
_ (1 — ALKy (pmax — 0331/20 Py
> 0,
and also
A = M = A (s = 501

— (1 — AtKl (pmax - 0331/2)) prll:}_l/2
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In the same way,

n+l __
P2, -
>
and
n+l __
P2j =
<
<
o If Sg >0,
n+l
P1,; -
>
and also,
n+l
P1,j -
<
<
In the same way,
n+1
P2,
n+1
P2,

Following a similar procedure we get 0 < p;

6.3. Numerical scheme

n+1/2
P1,j

Pmax-

IA A

1/2 1/2 1/2
Pyt ALK (pmax — oyt )t Y
(1 _ AtK1p7f+1/2> pn+1/2 L AtK1pmaxpn+1/2

0,

+1/2 +1/2 +1/2

(1 ALK pn+1/2) pn+1/2 + AtKlpmaxpn+1/2

(1 - AtK pn+1/2> Pmax + AtKlpmaxpn+1/2

Pmax-

1/2 1/2 1/2
P2 AR (pmax — oy ) 5

(1 _ Atngﬂ/z) pn+1/2 i AtKgpmaxp"+1/2
0,

+1/2 +1/2 +1/2
pn / +AtK2(pmax p?g / )pg,j /

(1 —AtKgpn+1/2> pn+1/2 +AtK2pmaxpn+1/2

(1 — AtEopy Y 2) Prnax + ALK pmacpy +

Pmax

+1/2 +1/2 +1/2
- Pg] / AtK?(pmax p?g / )pg,j /

(1 — AtK(pmax — p’ff”)) it
> 0,

= <1 — AtKQ(pmaX p?j1/2)) p;»—;l/Q

n+1/2
P2,

Pmax-

IN N

1
rt < Pmax-
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O]

Lemma 6.6 (L'—bounds). Let p?, 3! € L1(R;[0,1]), for i = 1,2 and let the Assump-
tion (6.2.1) holds. Under CFL condition (6.3.21), the approzimate solutions p™, p™
constructed by means algorithm (6.3.1) satisfies

HpAHLl(R) = leA(t)HLl(IR) + HpQA(t)HLl(R) = Hp?HLl(R) + HngLl(R)-

Proof. The proof is done by induction. Observe that

[y = Wb = 18 ey
[ gy = 3y = 8oy
then, since p?}l/Q >0 and ,033”2 > 0 we get
1/2 2
’ 'O?Jr / ’ L1(R) + ) pgﬂ/ ‘ L1(R) - Hp?HLl(R) + H'08HL1(]R)'

Now, we consider the reactive terms (6.3.19). Note the fact that when we compute
n+1 +pn+1

P 2 the source terms sum up to 0, for which we get
18 ey + 105" ey = o™ oy + 87 ey = I8 s + I8l

In the same way we get

172 ey 1122y = 178 ey 18 ey = 181y + 18y
and
1272 gy 11282y = 178 ey 18 ey = 1281y + 18y

O]

Lemma 6.7 (L*°—bound). Let p?,ﬁ? € L>®(R,R"). Let the Assumptions 6.2.1 and
the CFL condition (6.3.21) hold. Then, for all T > 0, there exist positive constants A
and B such that p™, p™ constructed through Algorithm 6.3.1 satisfies

< T ||

1™ [l Ol -

}.

Proof. In order to prove the estimate in the L° norm we will work with the convective
terms written like in (6.3.22) and we will follow closely [27]. First we add and subtract
the term AF(p}';, pi;, Rij j+1/2) in (6.3.22), considering

Here we denote o™ = || (o7, 57| = maxei{loisl: 170,

5;14_1/2 = (u?+1/27w?+1/275?) el ((P??P?+17Rﬁ],j+1/2> ) (P?—laP?aRﬁ],j_1/2)> )
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and denOting ,6 = max{ij—lv ija ijJrla ﬁﬁ]}jflv ﬁﬁ}’]w :[)[T;]’j+1}7 we get

PZ}AQ = (1 + A (82F(fj+1/2) - alF(gy_uQ))) Pij — AO2F (&j41/2)P7 41
FAONF(E] 1 j2)Pij—1 — O3F (§j41/2) (R[i],j+1/2 - R[i]7j—1/2>
< p—O3F(&j41)2) | Ry gz — R[i],jfl/Q‘ (6.3.23)
and likewise,
~n+1/2 c en ~n c ~n
P[i],j/ = (1 + A (32F(§j—1/2) - 31F(§j+1/2))) Pryj + AOLE (§541/2)P17 541
—ARF (71 )2)pry j—1 + O3F (§j-1/2) (Rijt1/2 — Rij—1/2)
< p—0sF(€j12)|Rijurje — Rijo1)o (6.3.24)

The next step is to compute the differences of convolution terms in the last term in
(6.3.23) and (6.3.24), we estimate it as follows

N-1

N—-1
DN DN _ k ~n k ~n
Ry 12 — R[i]u‘—lﬂ‘ = D Bl ke — D Bl
k=0 k=0

N

k-1 k) 0~
Z (wn B wn) Plig+k — “nPl g
k=1
N

k-1 k) 0~
< Z (wn B wn) Plig+k T nPl 5
k=1
< 2w 0™l (6.3.25)
< 2Azw,(0) [[p" | pee (6.3.26)

because wg < Azwy(0). In the same way we can compute
B2y = Rl < 28000(0) 16 g (6.3.27)

then by replacing (6.3.25), (6.3.27) in (6.3.23) and (6.3.24) respectively we get the fol-
lowing estimate for L°°—norm

[on 22| < (1 ALY " g (6.3.28)

where A = 2||03F ||, Wp, and Wy = w,(0) + &, (0). Next, we proceed to bound the
solution at time n + 1. For this end, we need to consider the following cases:

n+1/2
J

= 0 and then p7*!

;= 0. In this case we have the

following results:

n+1 __  ~ntl/2 & n+1/2 -n+1/2 n+1/2 n+1/2
prj = Py —AtSo (P Tipyy ey P
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SO (p17p2aﬁ17ﬁ2) > 0 SO (p17p27ﬁ17ﬁ2> =0
So (p1, p2, p1,p2) >0 X Case 1
So (p1, p2, p1,p2) =0 Case 2 Case 3

Table 6.3.1: Cases considered to prove L>*— bound of approximate solutions to
problem (6.2.1) at time n + 1

n+1/2
< py
thus,
1 1/2
o < o],
Likewise,
~ n+1/2 nt+1/2 n+1/2 n+1/2 n+l1/2
At = anSo (a3 e )
n+1/2 n+1/2 n+1/2 n+1/2 n+1/2
= Y +At<8 ([f;j 2 Gl i/ o /)
& n+1/2  n+1/2  n+1/2
—So (O p;] d 7p7117j / ’p;j / >>
n+1/2 n41/2
= AP AtonSo (),
then

[+ < (14 At 2130 ) e+

Case 2: This case implies that Sg = 0 and by Lemma 6.3 p ~n+1/ 2 — 0 and therefore Sk
A7 =0. Then
+1 . n+l/2 n+1/2 n+1/2 ~n+1/2 -n+1/2
Py = Py AtSo (pla 1Pag Py Pay )
n+1/2
S Py
thus,
o g = flom 272
Likewise, we have
+1 +1 n+1/2 n+1/2 n+1/2 nt+1/2
Paj = pPaj T AS (pu P2 PPy >

+1/2 +1/2 n+1/2 n+1/2
= p’r}j1+At<S (p?] P2yt 2 Y 7p§,j/)
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+1/2 ~n+1/2 n+1/2
—-So (07P;j / 7,071I,j / ,P;,j / ))
+1/2
= Pyt 4+ AtdiSo(Ci)el 2,
so we have
- n+1/2 +1/2 | ~nt1/2
pit A = (54 A7) + dranSolc) (o + 7551

and it implies

[l < (L4 AtOSOlL=) o2

Case 3: In this case we have the following estimates

1 1/2
it = A5 At (Grs

and

~n+1 ~n+1/2
P2, < Paj s

then
|07 g < 07 F22|| o+ At02Sr e o2
Likewise for the other lane we have
B TP s WY o W el W
So we get

|p™ | e < (1+ AtBR) Hp"“”HLOO :

where Br = max {||8QSRHLOO , HE)QSRHLOO}.

Now if we consider B = max {H81§O ‘ ,o1Sol| ,BR} we can bound the L°°— norm of

the solution at time n + 1 in all the considered cases, as follow
67+ g < (14 AtB)||pm+272| (6.3.29)

By replacing (6.3.28) in (6.3.29)

Hpn+1HLDO < eAt(.AJrB) Hpn”Loo )

Then, applying an iterative procedure we finally get the desired result.
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Remark 6.8. By virtue of Lemma 6.3 and Remark 6.4 it is not needed to consider the
case marked with X in Table 6.3.1.

O
Next lemma is an important property that allows us to prove the BV estimates later.

Lemma 6.9 (Lipschitz continuity of the source terms). The maps So, Sr, So and
Sk defined in (6.1.2), (6.1.3), (6.1.4) and (6.1.5), respectively, are Lipschitz continuous
in first and second argument with Lipschitz constant K = K1 + Ko.

Proof. In order to prove this lemma, we need to consider the following cases:
Case 4. This case implies that Sy (p1, p2, p1, p2) = 0 and Sg (u1,ug2, U1, a2) = 0, then

So (p1, p2: p1,p2) >0 | So (p1,p2,p1,p2) =0
So (u1,ug, Uy, 4s) > 0 Case 4 Case 5
So (u1,ug, Uy, ) =0 Case 6 Case 7

Table 6.3.2: Cases considered to prove Lipschitz continuity of source terms

So (p1, p2, p1, p2) — So (ur, ug, U1, Uz)

= K1 ((Pmax — p2)p1 — (Pmax — u2)u1)

= Ki ((pmax — p2)p1 £ (Pmax — p2)u1 — (Pmax — u2)u1)
= K1 ((Pmax — p2)(p1 — u1) + (uz — p2)u1)

< Ki((p1 —w) + (u2 — p2)),

then, taking absolute value in the above equality, we get

|So (p1, p2: p1, P2) — So (w1, ug, U, U2)| < Ki (|p1 — wi| + |p2 — u2l) .

Next, we will turn to Case 6, the Case 5 is similar.

Case 6. Regarding the Case 13, it implies Sg (p1, p2, p1, p2) = 0 and Sg (u1, uz2, 4y, t2) >
0,

then we have the following estimates

1So (p1, p2, p1, p2) — Sk (u1, uz, U1, U2)|

1So (p1, p2, p1, p2) — So (1, ug, U, 42) + Sk (p1, p2, P1, P2) — Sk (U1, uz, U1, Uz)|

< [So (p1, p2, p1, p2) — So (w1, u2, U, U2)| + [Sw (p1, p2, P1, Pp2) — Sk (u1, ug, U1, U2)|
< Ki(lpr —wi| + [p2 — uz|) + K2 (|pr — wi| + |p2 — u2l)

=K (|pr — u1| + |p2 — ua).

Case 7. This case implies that Sg (p1, p2, p1,p2) > 0 and Sg (u1, ug, 41, u2) > 0, then
we get

Sr (p1,p2, P15 p2) — SR (U1, ug, U1, U2) = Ko ((Pmax — p1)p2 — (Pmax — U1)u2)
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= Ko (p2(ur — p1) + (p2 — u2)(Pmax — u1))
< Ko ((u1 — p1) + (p2 — u2)),

then,

ISR (p1, p2, P15 p2) — Sk (w1, uz, U1, 02)| < Ko (|p1 —ur] + |p2 — ual)

Considering similar cases we can prove the Lipschitz continuity of So and Sg. ]

6.3.2 BV estimates

Proposition 6.9.1 (BV estimates in space). Let p?,ﬁ? € (L>*NBV) (R;R"). Let
the Assumptions 6.2.1 and CFL condition (6.3.21) hold. Then, for all T > 0 there exist
a positive constant H such that p®, p™ constructed through Algorithm 6.3.1 satisfies the
following estimate: for alln =0,..., Np,

2 2
3 <Tv(p?) n Tv(ﬁﬁ])) < (TRK+H) (Z (TV(p?) + TV(ﬁ‘[)i])) + 2TQ) (6.3.30)
i=1 i=1

Proof. Taking into account (6.3.22) we can write

+1/2 - ~
P = Pl — A [F(ijJrhijJrZa Ry jva2) = F(pitj pijss R[z‘},jﬂ/z)] :

n+1/2 n+1/2  n+1/2

Setting A, G2 = Pijil — Pij

, for all i = 1,2 we compute the following estimates

A?ﬁ{% - { —A (81F (&511/2) 82F(§?_1/2))} 2
A0 F (€11 /2) A 1570 + ANF (71 2) ATy o
—Ad5F(§ J+1/2)( [i,j+3/2 ﬁ],j+1/2>
+A03F(§71 /) (R[z 1j+1/2 ~ Rﬁ],j-lﬂ)
= 1A (00— F(1y2))| ALy
—ARF (&1 /9) Ay y372 + AOLF(E] 1 9) AT 5
301 p2) | (Rbyase = By jorse) = (Rigeae = Rhyiagn)|

+A [33F (§-1/2) — O3 F°(€ +1/2>] (Rﬁl,m/z —Rﬁm—l/z)

where €y, = (4717054100 010) € T (05 05100 Riy g a72): (a5 By 1))
Observe that the first term in the last equality is positive because of (CFL) condition
(6.3.21), so taking absolute value in the above equality we get
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’ ntl/2 ) (6.3.31)

i+1/2
= 1A (DF(G10) ~ BFE )| AT
CALF(ER ]A”+3/2\+A81F T ‘AJ 1/2‘
+A 03 F |z )( i.j+3/2 ~ R[z‘},jﬂ/z) — (B 1o Rﬁm—m)‘ (6.3.32)
PN | (€ 1j2) = B3P 1y2)]| [ B sy = Rl jol (6.3.33)

Next, the term (6.3.32) can be estimated as follow
’ (Rﬁl,j+3/2 - Rﬁwﬂ/z) - (Rﬁ},jﬂ/z - Rﬁw—wz) ‘

N-1 N—-1 N—-1
k~n k~n k~n
Z WnPj+k+2 — Z WnPjt+k+1 | = Z Wnpy+k+1 Z WnPj+k
k=0 k=0 k=0
-1 N-1
k (~=n ~n k‘
Wy (pj+k+2 - pj+k+1 Z Wy P]+k+1 Pﬁk)
k=

=

N—

W’;fl (P k1 = Plw) — wlg (P} ks — Phok)
k=

[e=]

Il
M= 1= 11

(™! = k) (Finss — ) =8 (Fir — 7))

[y

M=7

<3 (b = b) Fns — Bl + 8 [0 — 7]

b
Il
—

and summing over all j € Z we get

> ‘ (B gasse = By gine) = (B = Biygoage) )

JEZ
i (w,’j—l - wj;) TV (ﬁg]) +WOTV (53})]

k=1
— 282w, (0)TV (5fy ) -

< Az

Now, for (6.3.33) we have the following estimates

03P (€] 1/2) = DsF (€11)0)| < [VOF

n _en
J+1/2 T Sj—1/2|

and by the choice of " /2 the term ‘§;L+1/2 — {?_1/2‘ can be decomposed as follows
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€2s1/2 = €10

= [0} s1 + (1= 0)p} — pp + (1 — p)pj_4| (6.3.34)
+ [0pf o+ (L= 0)p g — oy + (1= 1)} (6.3.35)
0By g+ (1= OREy 1o = BRE 41y = (1= BRG] (6.3.36)
so, for (6.3.34) we obtain
10051 + (1= 0)p] — ppf + (L= p)pfy| = [0(pfs1 = pj) + 1 =) (0] —pf-1)]|

IN

|01 = P54 1oy — Pl -
Similarly, for (6.3.35) we have
900+ (L= 0)pjy — oy + (L= )05 | < [pfya = P | + [efa — 05 ]

and finally, for (6.3.36) we get

’O‘Rﬁhﬁi”/? +{1- O‘)Rﬁlu‘ﬂ/? - 5}?3]#1/2 - (1= ﬁ)Rﬁ],j—l/Q‘
N
= ‘Z {04 <w7];”_1 - W:;) +(1-5) (Ws - WZ;H) } P +k+1
k=1

— (awy + (1 = B)wy) g + (1= Bwy (571 — 77) ‘

N
< Z {a w’;_l - w’;) +(1-5) (WS - %];Jrl) } Ptk
k=1
+ (awh + (1= Blwy) Fja1 + (1= By |51 — 5
thus,
> (O‘Rﬁi,ﬁsm + (1= )Ry 1y = BRE 41 — (1= @Rﬁ],j—m‘
JEZ
N
< T (N ) T A -
JEZ k=1 JEZ JEZ

< Awn(0))IAg I + Azwy(0)TV (,5’[2}) .
Therefore, taking into account all the above estimates we get

3 )Azjj{fQ‘ < (1A TV () + ATV () + AtHs,

=7/
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where

Hi = 8wyl VOsF e,
Hy = 2(|[03F [[Locwn(0) + Az(wy(0))*|p" L= Vs F L) ,
Hs = 8(wy(0)?1f P lLe | VO F[oe.

Likewise, we can estimate

S |AIe < (1r A TV (") + ATV () + AT
JEZ

Hi = 80,(0)[|p" L~ VI3 F L,
Hy = 2([|03F|[Lo@n(0) + A (@ (0)*[[p" L= [VOs F L) ,
Hs = 8(@y(0)?lp}lrallp™lLee || VOsF||poe
Thus we get, for 1 = 1,2
n+1/2 A n+1/2
> (‘Ai,j+1/2) T ‘AMJH/?D
JEZ
= (1+ AtH1) TV (p7) + AtHa TV (7)) + AtHs
+ (1 + At’}:h) TV (pjy") + AtH2 TV (p}') + AtHs
- (1 + At (7{1 n HQ)) TV(ol) + (1 At (H2 n H1)> TV (™)
FAL (7‘[3 + 3%)
< (14 AtH) (TV(p?) +TV (ﬁg])) + ALG,

where H = max{H; + Ho, Ho + 7:[1} and G = M3 + Hs. If we sum the two lanes, we get

2
; (TV( ) + V()

< (1+ AtH) 22: (TV(py) +TV (ﬁfg])) +2AtG (6.3.37)
=1

Let us compute now, for the reactive part (6.3.19)

n n+1/2
A= Ai,j+{/2 — At (So,j41 — So,j — (Sr,j+1 — SR,j)) »

now applying absolute value and Lipschitz continuity of the source terms given in Lemma
6.9 and summing over all j € Z we get. for i =1,2

+1 n+1/2 n+1/2
Z‘A?,jﬂ/z‘ < (1+AtK)Z’Ai,j+l/2‘ +AtKZ’A[i]J+1/2
JEZ JEZ JEZ

bl
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In a similar way for the other species we get,

Z ‘Azfglﬂ/z‘ < (1+AtK) Z ’Amlﬁ/z) + ALK Z ‘Anﬁ@‘

then

n+1 n+1 n+1/2 xn+1/2
> (’A ,]+1/2’ T ‘A z],a+1/2‘) < (1+AtK) ) (‘Auﬂﬂ‘ t ’A[i],ﬁl/?’)
JEL Jje

n+1/2 n+1/2
+AtKZ (‘A ]-‘1-1/2’ + ‘A ,]+1/2‘>
summing the two lanes and by (6.3.37) we get
2
> (TV(prt + TV ()

=1

2
(1+2A1K) Y (TV nt1/2) +TV(~E]+1/2)>
=1
2
(14 2AtK) ( 1+ AtH) > (TV(py) + TV(%)) + 2Atg>
=1

2

= (1+2A¢K) (1 + AtH) (Tv or) + TV(,OM))
=1

+(1 4 2AtK)2ALG

2
< AH2K+H) (Z (TV(,O?) + Tv(ﬁﬁ])) + 2Atg> ;
i=1

ie.,

2

2

1=1 =1

Then applying an iterative process we get

> (Tv(p?) N TV(%)> T2K+H) (i <TV (00) + TV (5 H)) + 2Tg> .

i=1 =1

O]

Corollary 6.10 (BV estimate in space and time). Let p?, ﬁ? € (L*NBV) (R;R").
Let the Assumption 6.2.1 and CFL condition (6.3.21) hold. Then, for all T > 0,



145

p2, P2 constructed through Algorithm 6.3.1 satisfies the following estimate: for all

77,21,...,NT,

Npr—1 2
Z ZZAt|sz+1 pis| + (T — NrAt) ZZ pzj'v,jTH*pi,jT‘
n=0 =1 j€Z 1=1 jEZ
Npr—1 2
2 2D Awleiy! =l
n=0 i—1 jez
2
< TTEKM (1 4 9p) (Z (TV(p?) n TV(ﬁ&)) n 2Tg>
=1

+27 max {9150 | . 125w I~ } (Hp?HLl(R) +||efa,

1(R>) '

Proof. By means BV estimate in space (6.3.30), we have

Np—1 2
Z ZZAt|p”+1 Pis| + (T — NrAt) ZZ pzN,jTH - pi,jT‘
n=0 =1 j€Z i=1 jEZ
< T(E+H) (i: (TV(pz) + TV(pM)> + 2TQ> . (6.3.38)
=1
On the other hand, observe that
i = o) < [t = o | ] (6:3.39)

Now we estimate every term on right hand side of the inequality (6.3.39). By (6.3.19) in
Algorithm 6.3.1 we have

+1/2 ~n o~ ~n o~
At = < ASo (ot 0. 71 78) — Sw(et o 1 7))
< A0 (0}, 05, 57 5)R + DSk (pY p5. P 756

< Atmax {1010l s 1025kl e (07 + 2y )

then, multiplying by Ax and summing over all j € Z,

ASUZ

JEZ

< Atmax {9150l 1925w} (up?nLI(R) + |lotal|.

pljl p; j / (6.3.40)

1(R)> . (6.3.41)

Now we analyze the second term on the right hand side of (6.3.39). Since the numer-
ical flux defined in (6.3.2) is Lipschitz continuous in all their arguments with Lipschitz
constant £ = max{||01F||,||0=F,||03F ||}, we get

n+1/2
i.j — Pij

N (F@): e Fgi2) ~ F G e B )|
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s AL (\P?,j = pijr| + [Pian — Pl + ‘Rﬁ],jﬂ/z - Rﬁ},j—l/zD :

then multiplying by Az and summing over all j € Z we have

sz

JEZ

n+1/2 n
Pij — P

<AL (Dol = ol + D et — el D ’Rﬁjﬂ/z — Rl
JEZ JEZ JEZ
and noticing that
> ‘R’Zj'f‘l/Q - RZjH/Z‘ < TV(Ap),
JEZL
we get the following estimate

sz

JET

Pi 5 — Pij

< AL (TV(p?) + TV(ﬁ%)) . (6.3.42)
Collecting together (6.3.40), (6.3.42) and summing for ¢ = 1,2 we obtain

Amiz

i=1 jEZ

n+1 n
Pij  — Piy

o)

< 2A¢ max {0150l . 925w} <||me1(R> +[lety

2
+2ALLY (TV(p?) - TV(ﬁﬁ])) :
=1

by using Lemma 6.6 and Proposition 6.3.30 we get

Axiz

i=1 jez

< 22t max {91 S0l - 25} (H,o?HLl(R) +|

n+1 n
Pij  — Pij

vl

2
+2AtLeTEEFH) (Z (TV(p?) + TV(ﬁg])) + 2TQ> : (6.3.43)

i=1

0
Pli)

Finally, collecting together (4.3.13), (6.3.43) and summing for n from 0 until Ny — 1 we
get the following BV bound in space and time

Npr—1 2 2

D DD Atlpl ol + (T = Nrat) )

n=0 i=1 jez i=1 jEZ

N Nt
Pij+1 — Pij
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2
+Ax Z Z P?;rl — Pi;
i=1 jEZ
2
< TeTKM) (1 4 27) (Z (TV(,o?) + TV(ﬁ&)) + 2Tg>
i=1

w2 max (101Sol [0Sl ) (1 ooy + o8 ) - (0340

O

6.3.3 Proof of Theorem 6.2

The convergence of the approximate solutions constructed by Algorithm 6.3.1 to-
wards the weak solution can be proven by applying Helly’s compactness theorem. The
latter can be applied due to Lemma 6.5, Lemma 6.7 and Corollary 6.10 and states that
there exists sub-sequences of approximate solutions p® and §® that converge in L' to
functions p, p € L™ ([0, 7] x R;R™), respectively.

Now we need to prove that this limit function is indeed a weak solution to (6.2.1), in
the sense of Definition 6.1.

Lemma 6.11. Let pg,ﬁ? € BV(R;R"), and the Assumptions 6.2.1 and the CFL con-

dition (6.3.21) be in effect. Then the piecewise constant approximate solutions p2, pA

resulting from the Algorithm 6.3.1 converge, as Ax — 0, towards an weak solution of
(6.2.1).

Proof. Let ¢ € CL([0,T]; RT) for some T > 0. Multiplying first (6.3.15) by Azp(t", z;)
and summing over j € Z and over n =0, ..., Ny yields

AmZZ( n+1/2—l)?> 7 +Atzz< j+1/2 1/2) o(t", z;) = 0.

JEZ n=0 JE€Z n=0

Il 12

We first consider I.

n+1/2 .\ _ n o ..

B n—|—1/2 ("2 25) — (t", ;) 0 ,

= —AtAx E g A7 — At E p;¢(0,z5),
JEZ n=0 JEZ

and by the the Dominate Convergence Theorem, we get for ¢ = 1, 2.

T
o= [ [ ttepttaadt — [ pe(0.2)d.
o JRr R
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We now study I. This term can be rewrite as

t,.’E' 1)_90(157171.,)
_[2 = —AtAI’ZZ J+1/2< ]+A$ J s

JE€EZ n=0

and again by Dominate Convergence Theorem we get

t
I, — —/ /F@xgo(t,m)dxdt,
0o Jr

where F' = p;vi(pi 4 (Pmax — pi)Xe (P * wy)) thus

T t
L+ 1, — / /p,-(t,x)@xgo(t,:v)dxdt / p?go(O,x)dx / /F@xcp(t,x)dxdt.
0 R R 0 JR

Now, the next step in the proof is to multiply (6.3.19) by Az¢(t", z;) and summing over
j €7Z and over n =0, ..., Np yields

Ax Z Z ( ntl n+1/2> o(t", xj)

JEZ n=0

At S (ST S ) <0,

JEZ n=0

replacing p; nt1/2 o (6.3.15) in above equality we get
L+1L+13=0,

where

= 8ant Y3 (SR S ),

JEZ n=0

of which we can deduce that

T
Ig—)—/o‘ /R(_(SO_SR),SO_SR)SD(tyl')-

Therefore,

/OT/RPi(taJU)axsﬁ(tx)dmdt—k/Ot/RFg)x@(t’x)dxdt
+ATAC4S0—&950_SM¢@@



149

6.4 Numerical examples

In the following numerical tests we will solve (6.2.1) numerically for z € [0, 5] and we
set At satisfying CFL condition (6.3.21). In each numerical example we consider n = 0.1,
0 = 0.5 and the same maximum velocity for each class of vehicles, namely V. = 1, we
also consider the following regularization for the indicator function

0, if <0
Xe(®) = exp(—=50(£==)?), if 0<z<e
1, if  x>e¢,

with € = 0.1.

6.4.1 Example 12.

This example is intended to describe the behaviour of vehicles on a two-lanes and
two-way road in which the lane 1 is occupied for vehicles traveling from left to right
and there are no vehicles traveling in opposite direction, i.e we have a empty road with
0.5 if 02<z<0.6
09 if l1<z<?2
and pJ = 3 = 9 = 0. In Figure 2.6.1 we show the evolution of p2(-,t) for ¢ € [0,2.5]
with Az = 1/160. This initial condition indicate that initially there are two queues of
vehicles on the Lane 1, the first one with a medium density and second one with high
density concentration; the first queue is shorter than second one. As time progresses we
can observe that vehicles at the head of the first queue advance forming a rarefaction
wave and then a few number of vehicles overtake using the Lane 2, also, we can see a
few number of vehicles in the back of first queue overtaking to the Lane 2. Regarding to
second queue, we can observe that between x = 1 and = = 1.5 a high concentration of
vehicles overtaking using the Lane 2, after a while that vehicles return to Lane 1, and
between ¢t = 0.6 and ¢ = 1.8, approximately, we see the formation of a shock due to the
difference of densities concentration of vehicles and finally, the vehicles at the head of
second queue form a rarefaction wave, it means that vehicles advance normally on the
Lane 1 without to do overtaking.

presence only of vehicles p1, more specifically we consider p = {

6.4.2 Example 13

Main aim of this example is show that model proposed (6.2.1) doesn’t allow crashes
between vehicles. For this, we consider p{ = 0.9 for z € [0.5,1.5] and p9 = 0.9 for
x € [2.5,3]. This numerical example show a extreme case in which the specie p; travel
on lane 1 and there is a lane invasion by the specie traveling in opposite direction, i.e.,
there is presence of ps closely to p; on the Lane 1. In Figure 6.4.2 we can see the evolution
of the behavior of vehicles for ¢ € [0,2.5] with Az = 1/160. The initial condition tell us
that initially there are a big concentration of vehicles of both classes p; and pgo. As time
progresses, vehicles of the class po return quickly to their preferred lane, p1, while vehicles
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Lane 2 (Overtaking lane for p;)

0.5 1 15 2 25 3 35 4 45

Lane 1 (Preferred lane for p;)

Figure 6.4.1: Numerical approximation of solutions in Example 12 at time ¢ €
[0,2.5]. Bottom: Vehicles of class p; traveling from left to right on Lane 1. Top:
vehicles of class py using lane 2 for overtaking.

of the class p; at back of queue, namely = € [0.5,1], do overtaking using the Lane 2,
while at head of queue, vehicles p; advance normally forming a rarefaction wave. After,
on Lane 2, with respect to class p1, we can see the formation of a shock at ¢t = 0.75 and
x = 1.625, approximately, it happens because the vehicles that have been overtaking, po,
and the vehicles of p; that returned from lane 1 are facing each other; at that moment,
the vehicles of the p; class wait for those coming from the opposite direction to return
to their preferred lane, so that they can continue moving forward. Now, regarding the
class po, from x = 1 we can see a decrease in density for all ¢, it means that after
overtaking vehicles return to their preferred lane. In Figure 6.4.3 we see the behaviour
of approximate solutions in three different times, t =0, t = 0.3 and ¢ = 1.

6.4.3 Example 14

With this example we want to illustrate the convergence of approximate solutions. For
this end, we consider the same parameters of Example 13 at time ¢t = 2.5. In Figure 6.4.4
we can see several approximate solutions computing by means Algorithm 6.3.1 for Az =
1/20,1/40,1/80,1/160 and reference solution computed for Az = 1/640. As expected,
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Lane 2 (Overtaking lane for pi) Lane 2 (Preferred lane for p;)

05 1 15 2 25 3 35 4 45 05 1 15 2 25 3 35 4 45
Lane 1 (

Preferred lane for py) Lane 1 (Overtaking lane for p;)

»0 AN

0.5 1 15 2 25 3 35 4 4.5 0.5 1 15 2 25 3 35 4 4.5
xT T

Figure 6.4.2: Example 13. Bottom left: Vehicles of class p; traveling from left to
right on Lane 1. Bottom right: Vehicles of class py traveling from right to left on
Lane 1. Top left: vehicles of class p, traveling from left to right, using lane 2 for
overtaking. Top right: vehicles of class p; traveling from right to left, using lane 2
for returning, t € [0, 2.5].

as Ax goes to 0 the numerical solutions better approximate the reference solution, what
can be checked in Table 6.4.1, in which the total error and the Experimental Order of
Convergence (E.O.C.) in L norm are shown.

Table 6.4.1: Example 14: Total L'-error ea,(u) for numerical solutions computed
by means of HW-type numerical scheme in Algorithm 6.3.1 with Az = 1/M,
M = 20,40, 80, 160.

T =0.25

1/Ax Total en, E.O.C.

20 0.274 —

40 0.1438 1.0134
80 0.0736 1.0932
160 0.0418 0.8012
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Lane 2 (Overtaking lane for p;) Lane 2 (Preferred lane for ;)

t=0 t=0

08 4 08 4
--=-t=03 ---t=03
06 —_t=1 b 06 - —_t=1 b
& . & 1
04 N 04 .
1 I 1
0.2 ' 02 \
! M}\\ '
0 - 0 :
o o5 1 15 2 25 3 35 4 45 5 0 o5 1 15 2 25 3 35 4 45 5
Lane 1 (Preferred lane for p;) Lane 1 (Overtaking lane for p;)
1 : : : : : : . . 1 : . : : . : : . .
08F t=0 1] 08 t=0 1]
---t=03 ---t=03
061 . —_t=1 b 06 —_—t=1 b
g 1 &
041 ' 0.4r '._‘
1 1 1
o2f . 02 j/L '
0 . 0 = ML

Figure 6.4.3: Example 13: numerical solutions of system (6.2.1) at t =0, ¢t = 0.3
and t = 1. Bottom left: Density p; of vehicles traveling from left to right on Lane
1. At t = 0 we see the initial queue, at t = 0.3 a small shock with negative velocity
is formed on the back of queue and a rarefaction wave on their head; at t = 1
vehicles warn of the proximity of those coming from the opposite direction, this
makes them slow down and the density begins to increase. Top left: Density po
of vehicles traveling from left to right. At ¢ = 0 we have the initial condition, at
t = 0.3 we observe an increasing of density, because vehicles of p; are using lane 2
for overtaking and at ¢ = 1 we observe a decreasing of density because vehicles are
returning to their preferred lane. Bottom right: Density p, of vehicles traveling
from right to left on the lane 1. At ¢ = 0 we observe the initial condition, at t = 0.3
it is observed that a big density of vehicles return to their preferred lane, lane 2,
and at £ = 1 density continues decreasing because vehicles continue returning to
lane 2. Top right: Density p; of vehicles traveling from right to left. At ¢ =0 we
see p; = 0, at ¢ = 0.3 we observe an increasing of density, because vehicles of p,
are returning and then we observe the same pattern as in bottom left, even for
t=1.

6.5 Conclusions of Chapter 6

In this chapter we introduced a system of nonlocal balance laws which describes
vehicular traffic flow in a two way and two lane road. System allows vehicles to overtake
to adjacent lane and return to their preferred lane, namely, lane to their right. We
distinguish four classes of vehicles, labeled p1, p2, p1, p2, according to the direction of
travel and the lane that they use. We provided compactness estimates that allowed us to
apply the Helly’s Compactness Theorem to prove existence and convergence of entropy
solutions. We show some numerical experiments in which some features of the model are
displayed, namely, no crashes between vehicles, the overtaking and returning maneuvers,
and also that two vehicles of different classes traveling in opposite direction can not



153

= Reference
weo Az = 0.05
——Ax = 0.025
- - =-Az =0.0125

e A Az = 0.00625

— R eference
a o Az = 0.05 |
. ——Ax = 0.025

- = -Az =0.0125

0.6
Az = 0.00625

Figure 6.4.4: Example 14. Bottom: Convergence of sequence of approximate
solutions p2 to reference solution. Top: Convergence of sequence of approximate
solutions g2 to reference solution.

occupy the same cell. We was not able to prove a maximum principle for the proposed
numerical scheme, but in all the numerical examples shown we can observe that the sum
of vehicles density traveling in opposite direction in a same lane is always less than 1.






Chapter 7

Conclusions and future work

In this chapter we present a discussion of the main results of this thesis and a de-
scription of the future work to develop.

7.1 Conclusions

The main results of the thesis are related to the modeling, analysis and numerical
approximation of nonlocal balance laws that model sedimentation and vehicular traffic.
In this thesis we provided new models that allow to describe vehicular traffic flow on
roads with different realistic features, e.g., roads with rough conditions, roads with on-off
ramps and two way two lane roads. Likewise, this work also provides an approach for
a rigorous treatment of boundary conditions in the case of a spatially one-dimensional
nonlocal IBVP which models, for instance, a batch sedimentation process in a closed
column, moreover we developed new numerical schemes that are more accurate and less
diffusive in comparison to schemes based on the Lax-Friedrichs flux. We studied well-
posedness of each introduced model and developed numerical simulations in order to show
the behaviour of solutions. Here we present a summary with the main contributions and
conclusions of the thesis.

The simulation model proposed in [55] can be understood as a simple method for
approximating solutions of scalar conservation laws whose flux is of density times veloc-
ity type, where the density and velocity factors are evaluated on neighboring cells. The
resulting scheme converges to the unique entropy solution of the underlying problem.
The same idea was applied in the Chapter 2 of this thesis in order to devise a numerical
scheme for a class of one-dimensional scalar conservation laws with nonlocal flux and
initial and boundary conditions. The new developed numerical scheme takes advantage
of the form in which the flow is written and results less diffusive than schemes based on
the Lax-Friedrichs flux. Numerical experiments provided evidence of performance of the
numerical scheme.
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In Chapter 3 we proved the well-posedness for a class of space-discontinuous scalar
conservation laws with non-local flux arising in traffic modeling. We approximate the
problem by means of a HW-type numerical scheme and we show convergence to a entropy
weak solution of nonlocal conservation law considered in this chapter. We also establish
L1 stability, and thus uniqueness for weak solutions satisfying the entropy condition.

In Chapter 4 we propose a new traffic flow model with nonlocal flux, which through
the source and sink terms includes the effects of the inflow and output flow over the
on- and off- ramps, respectively. The source term include a nonlocal term which models
the fact that drivers on the on-ramp can see what happens behind and in front of them
on the main road. We proved well-posedness of the proposed model and present some
numerical experiments in order to show the effect of including ramps in a road. A limit
model as the kernel support tends to zero is numerically investigated.

Chapter 5 was focused on to prove the stability of entropy weak solutions of a nonlo-
cal balance law that models vehicular traffic flow on a road with on- and off-ramps, with
respect to a function kernel present in a source term. We get an estimate of the depen-
dence of the solution with respect to the initial datum, the on-ramp rate, the off-ramp
rate and the mentioned kernel function. We also shown a sample numerical experiment
in order to model an optimization problem in traffic flow with on-ramps.

Chapter 6, on the basis of assumptions about of behaviour of drivers concerning accel-
eration or slow down and lane changing maneuvers, a macroscopic traffic flow model for
two lanes and two way road is constructed. The model allows maneuvers of lane changes,
i.e. overtaking and returning between the two lanes, due to vehicle interactions, such
maneuvers are modeled through source and sink terms. The resulting model is a system
of balance law with nonlocal flux functions, in which each equation is a generalization of
nonlocal LWR models proposed in [14, 51|, but unlike those works, the model developed
here considers velocity functions that depends not only on density of the class of vehicles
traveling in their preferred lane but also of density of vehicles traveling in opposite direc-
tion on each lane. We proved the existence of weak solutions of the system and for that
we use the HW-type numerical scheme in order to approximating solutions and proved
that the limit of the discrete solutions constitutes a weak solution. In addition, we show
numerical simulations in order to describe different traffic situations.

7.2 Future works

The methods developed and the results obtained in this thesis have motivated several
ongoing and future projects. Some of them are described below:

1. Vehicular traffic. In the frame of this topic it has been proposed:

e Multiclass and multilane traffic flow with on- and off-ramps. It is
well known that on-ramp merging has a great impact on traffic efficiency,
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if one concentrates on highway networks the reduction of the capacity is
often due to on- and off-ramps, for this reason is important to construct
more generalized macroscopic models in order to describe the dynamics of
multiclass traffic low on a multilane highways including on- and off-ramps.
In this sense, the non-local models play a key role regarding lane changes
and vehicular speed control. Taking into account this, It is natural propose
to extend to its multilane and multiclass version the non-local model with
on- and off-ramps (4.2.1) introduced in the Chapter 4 and study their well-
posedness. A representation of such a model is shown in Figure 7.2.1.

Lane 1 m m
wer OO _ OO0 _ _ _ _
Lane3 - m D:D E:D

Figure 7.2.1: Section of a highway with three lanes an on-ramp.

e Second-order schemes. We would like to consider a second-order version
of the model (4.2.1) as in [82].

e Traffic flow management by means of calibrating models with real
data. Due to the realistic features introduced in the traffic models studied
here and the rapidly growing amount of data obtained by GPS, navigating
tools like Google Maps or Waze and mobile phones within vehicles, it is neces-
sary to consider the objective of developing a data-driven modeling approach
for accurate calibration and simulation of vehicular traffic in real-life trans-
portation networks, with applications in real-time decision support systems
and urban planning. Moreover, by comparing model predictions with data
and changing the values of the model parameters to obtain a maximum fit, a
model can be calibrated which is a prerequisite for any meaningful application

2. Sedimentation processes. It has been proposed

¢ Non-local balance laws with memory. In sedimentation processes one of
the forces that may act on a given particle is the Basset force, which addresses
the temporal delay in the development of the boundary layer surrounding
the particle as a consequence of changes in the relative velocity. This force
is usually called the “history" force. This force is represented by an integral
whose accurate numerical evaluation is rather difficult. Taking into account
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7.2. Future works

this, I am interested in develop approximate solutions to the non-local initial
value problem

yue+ Bru+ f(w)e +9(y)y = AA(w), (z,y,t) €y =R x ((TR)1)
u(z,y,0) = wup(z,y) (x,y) € R?, (7.2.2)

We assume that A(u) = [ a(s)ds, a(u) > 0. Moreover, v is a parameter
that may assume the values v = 0 or v = 1, which also includes all cases
0 < v < 1 by suitable scaling. the memory term S * u; denotes the Volterra
convolution integral

t
Bruy = (B ulz,y,t) = /0 B(t — s)ur(x,y, s)ds.

Here we assume that for all t > 0, 8 € L}, _(R*), B(t) > 0 is a non-increasing

loc
function. Of particular interest is the choice

B(t) = ml_a)t—a, a e (0,1),

for which 8 % u; corresponds to the Caputo fractional derivative of order a.
In order to carry out the proposed study I will rely on [69], where a nu-
merical scheme was considered to approach an one dimensional conservation
laws with memory represented by a Volterra term with a smooth decreas-
ing but possibly unbounded kernel. Likewise, another important work to
base the study of the proposed problem is [41]|, where the authors consider
consistent, conservative-form, monotone difference schemes for a strongly de-
generate nonlinear convection-diffusion equation in one space dimension in
which solutions can be discontinuous and, in general, are not uniquely deter-
mined by their data, and they prove that the difference scheme converge to
the unique BV entropy weak solution of the problem.

3. Pedestrian flow. We aim to investigate how to extend the numerical scheme

developed in this thesis in applications such as crowd dynamics models where the
function V(x,t) is a vector field containing the preference directions and nonlocal
corrections terms.
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Appendix A: Technical estimates
In this appendix we show the computations for some estimates used in the proofs of
above sections. First, we prove estimates (2.4.11) in the proof of Lemma 2.8. We denote

yi = (k — 1/2)Ax, for k € Z and then we compute

‘ j+3/2 J+1/2‘

Az M Az M
_ k—j—1 ( ny k—j n
= w v(pk) w*v(pp)
Wits2 ; Wi & g
M M
Ax . ) 1 1 )
- @ = o)+ A (Gt = ) S )
Wits/2 ; g Witsjz Witi)2 kzzl g
M
A ) .
< o YW W ()
Wj+3/2 k=1
AIEz M M
I wk—jv(pn) [ L A
Wj+3/2W +1/2 (kzl g ; ( )
A575||UH<>0 Z‘ k—j—=1 _ , fj|
+3/2’
+ Az||v] Az iwk]’ i (wkfj . wkqu)
Witz 2Wita/2 k=1 k=1
M ) M
Az Yk—j _
w k=1 Yk—j—-1 k=1

with £ = 2K;1||1)H00Hw’||L1(R). Now following closely [50], we compute

v a2 — 2V VL 1/2‘

wk—i-1 k=i

M k—j k—j+1
w w
Az g v(py) ( - - + ) ‘
S \ Wisape Wise Wi Wiops
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M M

A /gkj+1/2 " I—

< WV E v(p w'(y) dy E w™J
‘ i+3/2Wit1/2 (( ) P

k=1 Ek—j—1/2
M &1—jr1/2
_ <Z ) Z/ // dy
k=1 §1—j—1/2
2Az4 ||| 1 M M
+ w' (€
|Wj+3/2W+1/2W ~1/2 ; ; t=i+1/2)

M
—(Z (o) (6 Nm)Zw )|
2 M Ek—jt1/2 M
Ayl (Z/ a w”(y)dy)AaBZwl_]
+3/2 Jj+1/2 Ek—j—1/2 =1
Az?(|v]| oo M .y M/&z—j+1/2 "
4+ |———= [Az ) w7 w'(y)dy
Wits2Wit1/2 2 2 v

=1 Y &i—j—1/2
QACCQHW/HD 1)||UHoo ki M
Az Y (&
Wiz oWit12Wj 12 ; Eimgrrz2)
2A$2Hw’HL1<1)HvHoo

M
+ Ax Y (& Az W
Wy Ws1alV) 1/2< ; (& J+1/2)) ;

Ek—jt1/2
sm?nmoo( Z/ ) dy

v
(S

()=
&

J+3/2 Ehj—1/2
M
1 §1—jr1/2
= [ e way
JH3/2 15 a1z
20|l L (ny
n ()

—Ax Y (-
WiraaW_12 ; (&1—j11/2)

2|’ ||L1(I
—Am g W' (&g

ACEQHUHOO ( /ik J+1/2 S )
E y)dy| +
& j—1/2

&k j—1/2
anra ol + 225221 ol < B2,

+

)

El—j11/2 ,

dy

where we set W := 2K;1Hv||oo||w”||L1(R) + 4K;2Hw’||%1 I)HUHOO and

$e—j+1/2 €JYk—j—1,Yr—;[- This concludes the proof of estimates (2.4.11) in the proof of
Lemma 2.8. Next, we establish estimates (2.3.1) to (2.3.4) in Section 2.5. To this end
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we calculate

‘&cV(x, t)|

W@ P I :
= ) - i | e =) dy g [ ool 0 ) dy

< 2K [vlloo | 1 ry,s

_ | =W @)W (@) + 2(W (2))W () [
’832317‘/} - ‘ (W($))4 /av(p(y,t))w(y—m)dy
"o b
+(WW(1);2/Q v(p(y, ))w'(y — x) dy
L W)
(W(x))?
b
i [ e =) dy
K2 ollsollw” | g lwll iy + 2K5 2 [olloo 'l 1y Il 1 2y
252 [[vlloo |w'l| 21 (1) + Ko 10lloolw” |1 (1)

b
/ v(p(y, 1) (y — ) dy

IN

1 b
V(z,t) = Ulz,t)] = 'W(I)/ (v(p(yi))—v(a(yjt)))W(y—ﬂf)dy‘
b
= | [ @0 - et - 1ay
< w1,y
" b
0.V (w.0) - 0,00 = | = s [ (wloto: 1) = v(o(0.0))ly -~ 2)ay
I )
it | 00 = o) - a)
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