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Abstract

The goal of this thesis is to develop hybridizable discontinuous Galerkin-type discretizations applied
to non-linear elliptic problems from plasma physics. The complexity of these problems lies in the non-
linearity of the unknowns and their source terms, as well as the fact that the equations are posed
in non-polygonal domains. To deal with the curved boundaries, a high-order transfer technique is
applied for the boundary data.

First, we present the a priori and a posteriori error analysis of a high order hybridizable discon-
tinuous Galerkin method (HDG) applied to a semi-linear elliptic problem, raised in a non-polygonal
domain (2. In this case, the non-linearity appears in the source term. We approximate {2 by a
polygonal subdomain 2, and guarantee optimal convergence under mild assumptions related to the
non-linear source term and the distance between the boundaries of the polygonal subdomain (2, and
the original domain 2. In addition, we use a local nonlinear post-processing of the scalar unknown
to guarantee an additional order of convergence. Finally, we provide a reliable and locally efficient
a posteriori error estimator that includes the approximation error between the original and artificial
boundary data.

Then, we extend the above analysis to a class of nonlinear elliptic boundary value problems posed
on curved domains, where both the source term and the diffusion coefficient are nonlinear. The
non-linearity of the diffusion coefficient can be presented by means of a scalar function or a vector
function. Therefore, we divide the analysis into two cases: In the first one, we consider that the non-
linear diffusion coefficient depends on the solution, while in the second case, this coefficient depends
on the gradient of the solution. We also show that under minor assumptions about the source term
and the computational domain, the discrete systems, for both cases, are well defined. In addition,
we provide a priori error estimates that show that the discrete solution will have an optimal order of
convergence as long as the distance between the curved boundary and the computational boundary
remains the same order of magnitude as the mesh parameter.

Finally, we propose a formulation that combines the HDG method with boundary element method
(BEM) used for a more general problem from plasma physics. In this situation, the location of the
plasma is unknown and it is necessary to solve the equilibrium condition in the half-plane to determine
both the flow and the confinement region. The BEM method is ideal for working in unbounded
domains, since the FEM approach would need an infinite number of elements to cover the domain.
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Resumen

El objetivo de esta tesis es desarrollar discretizaciones de tipo Galerkin discontinuo hibridizable apli-
cados a problemas elipticos no lineales de la fisica de plasmas. La complejidad de éstos problemas
radica en la no linealidad de las incégnitas y sus términos fuentes , asi como en el hecho de que las
ecuaciones se plantean en dominios no poligonales. Para lidiar con las fronteras curvas se aplica una
técnica de transferencia de alto orden para los datos de frontera.

Primero, presentamos el andlisis de error a prioriy a posteriori de un método de Galerkin discontinuo
hibridizable de alto orden (HDG) aplicado a un problema eliptico semi-lineal planteado en un dominio
no poligonal 2. En éste caso la no linealidad aparece en el término fuente. Aproximamos {2 por un
subdominio poligonal {2}, y garantizamos convergencia 6ptima bajo suposiciones menores relacionadas
al término fuente no lineal y la distancia entre las fronteras del subdominio poligonal (2, y el dominio
original £2. Ademds, usamos un posprocesamiento local no lineal de la incégnita escalar para garantizar
un orden adicional de convergencia. Finalmente, proporcionamos un estimador de error a posteriori
confiable y localmente eficiente que incluye el error de aproximacion entre los datos de la frontera
original y artifical.

Luego, extendemos el andlisis anterior para una clase de problemas de valores de frontera elipticos
no lineales planteados en dominios curvos, donde tanto el término fuente como el coeficiente de difusion
son no lineales. La no linealidad del coeficiente de difusién puede ser presentada mediante una funcién
escalar o una funcién vectorial. Por lo tanto, dividimos éste andlisis en dos casos: En el primero,
consideramos que el coeficiente de difusién no lineal depende de la solucién, mientras que para el
segundo caso, dicho coeficiente depende del gradiente de la soluciéon. Mostramos también que bajo
hipodtesis no restrictivas sobre el término fuente y el dominio computacional, los sistemas discretos,
para ambos casos, estan bien definidos. Ademads, proporcionamos estimaciones de error a priori que
muestran que la solucién discreta tendrd un orden 6ptimo de convergencia siempre que la distancia
entre la frontera curva y la frontera computacional permanezca con el mismo orden de magnitud que
el parametro de la malla.

Finalmente, proponemos una formulaciéon que combina el método HDG con método de elementos
de frontera ( conocido com BEM por sus siglas en inglés) utilizados para un problema més general
proveniente de fisica de plasmas. En ésta situacién se desconoce la ubicacion del plasma y es necesario
resolver la condicién de equilibrio en el semiplano para determinar tanto el flujo como la regién de
confinamiento. El método BEM es ideal para trabajar en dominios no acotados, ya que el enfoque
FEM necesitaria un nimero infinito de elementos para cubrir el dominio.
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Introduction

Interest in the study of plasma physics has grown greatly in recent decades, this is understandable,
since plasma is present in 99% of the known universe. In 1927, Irving Langmuir—Nobel Prize winner
in Chemistry—first introduced the term “plasma” to refer to an ionized gas, which is formed by
subjecting the gas to very high temperatures to such a point that its atoms collide with each other
and its electrons are eliminated [40,51]. One of the first applications where plasma was used was made
in 1960 to perform styrene polymerization. Later, Hollander et al., studied the industrial processing
of polymers by low pressure plasmas [83]. Other applications are in the study of the optical and
electrical properties of plasma polymerized silicones [31], the chemical treatment to clean surfaces [28],
in odontology [79], etc. In nature, plasma appears in lightning bolts, Northern lights and sun flames ;
the Earth itself is contained within a thin plasma called the solar wind and is surrounded by a dense
plasma known as the Ionosphere, [55].

A particular application of plasma physics occurs in the nuclear reaction that produces two nuclei
of light atoms that merge together to form a heavier nucleus. During this process, known as nuclear
fusion, large amounts of energy are released in the form of electromagnetic radiation. In a controlled
setting, this type of reaction is possible, for example, in a family of axially symmetrical reactors
known as “Tokamak” whose design dates back to the late 1960’s by soviet scientists [4,84]. This type
of reactor uses magnetic fields generated by an external coil matrix that allows the confinement of the
plasma until the reaction occurs, thus avoiding damage to the reactor walls. Due to the cylindrical
symmetry of these devices, the magnetic field generated by this type of reactor can be described in
terms of two scalar functions: the poloidal flux u and the toroidal field g. The equilibrium between
the magnetic pressure and hydrodynamical pressure, p, is described through a differential equation
expressed in the following free boundary problem.

v (L) - oo )

pe 0 elsewhere

where p is the magnetic permeability; F' is a function that contains the toroidal field g and the
hydrodynamic pressure p; I; are the values of the currents that flow through the external coils located
in the domains Cj; and {2p is, a priori unknown, the region where the plasma is confined.

The first row of equation (*) is known as the Grad—Shafranov equation (or Grad—Shafranov—Schluter
equation) [41,56,78]. In this work, we focus on the analysis of a more general form of equation (*).
We will study separately, the different situations that derive from said equation.

The region where the plasma is confined is a domain enclosed by a level set of the solution, which is
a smooth piecewise curve. Due to the non-polygonal nature of this domain, the geometric complexity
represents an additional problem when using a discretization scheme. Standard Galerkin methods
devised to solve partial differential equations in curved domains 2 (2p in (*)) do not guarantee



high-order convergence when (2 approaches a close domain {2,—due to the presence of singularities
or high gradients of the continuous solution, which arise from domains with re-entrant corners or
boundary layers. Here §2;, is a polygonal domain that approximates 2. To deal with the lack of
precision in convergence, in the standard literature it is suggested to use “fitted” methods or high
order approximations to the boundary. In particular, we can mention isoparametric finite elements
(see for example, [53]) where the mesh of (2, fits the domain 2 under an explicit parameterization of
its boundary I' = 9f2. This type of elements can be implemented efficiently without much difficulty.
However, they lose precision if the domains are evolutionary (domains that involve time). On the
contrary, the “unfitted” methods build (2}, putting {2 in a uniform mesh background trying to make
2, as independent of I' as possible. One of the first studies where the boundary value is corrected
was done by Bramble-Hilbert [6], where the correction is based on what was proposed by Nitsche [63]
together with the method of polygonal domain approximation made by Thomée in [80]. Other methods
that follow the “unfitted” approach are: the CutFEM method [9-12], or the immersed boundary
methods [54, 66]. There are other numerical techniques to improve the higher order precision and
which are used in this type of domains [52,61].

Returning to the problem presented in the equation (*) and taking into account that the region
where the plasma remains confined is a non-polygonal domain, we propose a hybridizable discontinuous
Galerkin (HDG) discretization. One of the first contributions for Dirichlet boundary value problems
proposed in the context of HDG method was made in [21] and improved in [18]. Our approach is
to pose the discrete problem in a polygonal subdomain 2, C (2 and transfer the boundary data
prescribed on I to the computational boundary I}, := 02, using a family of segments called transfer
paths. This technique was proposed for one-dimensional problems in [17] and involves a line integral
of the numerical flow.

In Chapter 2, we consider the magnetic permeability p as constant and only the source term F'
depends on wu, resulting in a semilinear elliptic problem posed in a non-polygonal domain (2. We
approximate {2 by a polygonal subdomain (2, using transfer techniques and propose a high-order
hybridizable discontinuous Galerkin method. We show optimal convergence under minor assumptions
on the non-linear source term, and the distance between the boundaries of the polygonal subdomain
{2, and the original domain {2. Furthermore, we propose a non-linear local post-processing of the
unknown scalar function u providing an additional order of convergence. A reliable and locally efficient
a posteriori error estimator that takes into account the error in the approximation of the boundary
data is also provided . This first contribution was accepted in

[71] NESTOR SANCHEZ, TONATIUH SANCHEZ-VIZUET AND MANUEL E. SOLANO, A priori and
a posteriori error analysis of an unfitted HDG method for semi-linear elliptic problems in
curved domains. Numerische Mathematik, 148 (2021), pp. 919-958.

As we mentioned earlier, in the presence of ferroelectric materials, permeability is affected by the
magnetic field B which is proportional to the gradient of u taking the form p = p(Vu) and leads
to a quasi-linear equation that requires more detailed treatment. Recently, there have been some
theoretical studies of the HDG method applied to quasilinear problems [27, 37, 38], however, these
efforts are limited to polygonal domains. Furthermore, the first reference does not consider non-
linearities where the diffusion coefficient depends on Vu, while in [37,38], the authors analyzed an



augmented HDG discretization for a strictly quasi-linear problem which arises from a non-linear Stokes
flow under an approach based on a non-linear version of the Babuska—Brezzi theory. As we will
show, our analysis will be valid for both quasi-linear and semi-linear problems, without requiring an
augmented formulation, and the domain can be piecewise smooth.

In the event that an iron component appears, the permeability becomes a function dependent on
the magnitude of the magnetic field, that is:

- 1o in vacuum
o= w(|Vul?/2?)  in iron

where pg is the magnetic permeability of the vacuum, this case is analyzed in Chapter 3. More
precisely, in Chapter 3 we studied HDG discretizations for a class of nonlinear elliptic boundary
value problems posed on curved domains where both the source term and the diffusion coefficient are
not linear. Here, we focus on situations where the source term is independent of u and pu takes one
of the forms given in (3.1c). Then, we proceed to study separately the HDG discretizations for the
case where the diffusion coefficient depends only on u (Section 3.2), and the case where the coefficient
depends on Vu (Section 3.3). We also show that, under proper assumptions about the source term
and the computational domain, the discrete systems are well posed. In addition, we provide a prior:
error estimates that guarantee that the discrete solution has an optimal order of convergence as long
as the distance between the curved boundary and the computational boundary are of the same order
of magnitude as the mesh parameter. The preprint version of this work is:

[70] NESTOR SANCHEZ, TONATIUH SANCHEZ-VIZUET AND MANUEL E. SOLANO, Error ana-
lysis of an unfitted HDG method for a class of non-linear elliptic problems (Submitted).
Preprint 2021-13, Centro de Investigacién en Ingenieria Matematica (CI?’MA), Univer-
sidad de Concepcién, Chile, Preprint available at https://www.ci2ma.udec.cl/ pub-
licaciones/prepublicaciones/prepublicacion.php?id=451.

Lastly, in Chapter 4 we study the coupled problem given in the equation (*) combining a finite
element method with a boundary element method. This formulation is geared towards the solution
of a variant of the problem known as the free boundary problem [32]. In this situation the location
of the plasma is unknown and it is necessary to solve the equilibrium condition in the semi-plane
to determine both u and the confinement region. We propose an unfitted discretization scheme that
couples HDG with the boundary element method (BEM) for the solution to a non-linear problem
posed in an unbounded domain. The transfer of information between the non-touching grids is done
via the method of transfer paths and the coupling is done using Costabel’s symmetric approach [26].
The unfitted computational domain breaks the symmetry of the scheme and we are able to show that
under a suitable local proximity condition on the grids, the influence of the perturbation vanishes as
the mesh parameter tends to zero. Finally we show that if the sources have small Lipschitz constant,
the nonlinear discrete problem is well posed. This work will result in two separate articles that are in
preparation:

[68] NESTOR SANCHEZ, TONATIUH SANCHEZ-VIZUET AND MANUEL E. SOLANO, Afternote to
“Coupling at a distance”: convergence analysis and a priori error estimates. (Dedicated to
the memory of Francisco-Javier Sayas). In preparation.



[69] NESTOR SANCHEZ, TONATIUH SANCHEZ-VIZUET AND MANUEL E. SOLANO, Analysis of a
coupled HDG-BEM formulation for non-linear elliptic problems with curved interfaces. In
preparation.

In the opening Chapter 1, we introduce basic notations on Sobolev spaces and introduce the idea of
extended domains and transfer paths. In this chapter we will also describe some geometric hypotheses
about the computational domain that will be useful for the solvability of the problem. We also present
a dual problem and the HDG projection which will both be necessary for the a priori error estimates,
and the Clément and Oswald interpolants used in the error estimates a posteriori. In the general case,
studied in this work, the diffusion coefficient will be denoted by x and the Grad—Shafranov equation
is recovered by making k = 1/(ux).



Introduccion

El interés por el estudio de fisica de plasmas ha crecido de gran manera en las ultimas décadas,
ésto es entendible, pues el plasma estd presente en el 99 % del universo conocido . En 1927, Irving
Langmuir—ganador del Premio Nobel en Quimica—introdujo por primera vez el término “plasma”
para referirse a un gas ionizado, el cual se forma al someter el gas a temperaturas muy elevadas a tal
punto que sus dtomos chocan entre si y sus electrones son eliminados [40,51]. Una de las primeras
aplicaciones donde se usé plasma, fue hecha en 1960 para realizar polimerizacién de estireno. Méas
adelante, Hollander y colaboradores, estudiaron el procesamiento industrial de polimeros por plasmas
de baja presién [83]. Otras aplicaciones se dan en el estudio de las propiedades épticas y eléctricas de las
siliconas polimerizadas por plasma [31], el tratamiento quimico para realizar limpiezas de superficies
[28], en la odontologia [79], etc. En la naturaleza, el plasma aparece en los reldmpagos, las auroras
boreales y las llamas del sol; la Tierra misma se encuentra dentro de un plasma delgado llamado viento
solar y estd rodeada por un plasma denso conocido como Ionésfera, [55].

Una aplicacién particular de fisica de plasmas se produce en la reaccién nuclear que producen dos
nucleos de atomos ligeros que se fusionan para formar un nicleo méas pesado. Durante éste proceso,
conocido como fusién nuclear, se liberan grandes cantidades de energia en forma de radiacién elec-
tromagnética. En un entorno controlado, este tipo de reaccién es posible, por ejemplo, en una familia
de reactores axialmente simétricos conocidos como “Tokamak” y cuyo disefio se remonta a finales de
la década de 1960 realizada por cientificos soviéticos [4, 84]. Este tipo de reactores utilizan campos
magnéticos generados por una matriz externa de bobinas y permiten el confinamiento del plasma
hasta que la reaccién se produzca, evitando asi dafios en las paredes del reactor. Debido a la simetria
cilindrica de éstos dispositivos, el campo magnético generado por éste tipo de reactores pueden descri-
birse en términos de dos funciones escalares: el flujo poloidal u y el campo toroidal g. El equilibrio ente
la presion magnética y la presion hidrodinamica, p, es descrita a través de una ecuacion diferencial
expresada en el siguiente problema de frontera libre.

F(u) en 2p
1
-V. (Vu) =< I en 2, , (*)
0T
0 en otras partes

donde, u es la permeabilidad magnética; F' es una funcién que contiene al campo toroidal g y la presion
hidrodindmica p; I; son los valores de las corrientes que atraviezan las bobinas externas localizadas en
los dominios C;; v {2p es, a priori desconocida, la region donde el plasma es confinado.

La primera fila de la ecuacién (*) es conocida como ecuacién de Grad—Shafranov (o ecuacién de Grad—
Shafranov—Schliiter) [41,56,78]. En éste trabajo, nos enfocamos en el anélisis de una manera general la
forma de la ecuacién (*). Estudiaremos de manera separada, las diferentes situaciones que se derivan
de dicha ecuacion.

La region donde el plasma es confinado es un dominio encerrado por el conjunto de nivel cero



de la solucién, el cual es una curva suave por partes. Debido a la naturaleza no poligonal de este
dominio, la complejidad geométrica representa un problema adicional cuando se usa un esquema
de discretizacion. Los métodos estdndar de Galerkin ideados para resolver ecuaciones diferenciales
parciales en dominios curvos {2 ( 2p en (*) ) no garantizan una convergencia de orden alto cuando
{2 se aproxima a un dominio cercano §2;,—debido a la presencia de singularidades o altos gradientes
de la solucién continua, que surgen de dominios con esquinas re-entrantes o capas limite—. Aqui {2,
es un dominio poligonal que aproxima a 2. Para lidiar con la falta de precisién en la convergencia,
se sugieren emplear métodos “fitted” o aproximaciones de alto orden para la frontera. En particular,
podemos mencionar a los elementos finitos isoparamétricos (ver por ejemplo, [53]) donde la malla
de (2}, se ajusta al dominio {2 bajo una parametrizacién explicita de su frontera I" = 0f2. Este tipo
de elementos pueden implementarse sin mucha dificultad de manera eficiente. Sin embargo, pierden
precision si los dominios son evolutivos (dominios que involucran tiempo). Por el contrario, los métodos
“unfitted” construyen {25, poniendo {2 en una malla unifrome background tratando de que {2}, sea tan
independiente de I" como sea posible. Una de los primeros estudios donde se corrije el valor de frontera
fue hecho por Bramble-Hilbert [6], donde la correccién se basa en lo propuesto por Nitsche [63] junto
con el método de aproximacién de dominio poligonal hecho por Thomée en [80]. Otros métodos que
siguen el enfoque “unfitted”son: el método CutFEM [9-12], o los métodos immersed boundary [54,66].
Existen otras técnicas numéricas para mejorar la precisién de orden superior y que son usados en éste
tipo de dominios [52,61].

Volviendo al problema presentado en la ecuacién (*) y teniendo en cuenta que la regién donde
el plasma permanece confinado es un dominio no poligonal, proponemos una discretizacién Galerkin
Discontinuo Hibridizable (HDG). Una de las primeras contribuciones para problemas con valores de
forntera Dirichlet propestas en el contexto del método HDG fue hecha en [21] y mejorada en [18]. Nues-
tro enfoque consiste en plantear el problema discreto en un subdominio poligonal 2, C {2 y transferir
los datos de frontera I" a la frontera computacional I}, := 02, usando una familia de segmentos, lla-
mados caminos de transferencia. Esta técnica fue propuesta para problemas unidimensionales en [17]
e involucra una integral de linea del flujo numérico.

En el Capitulo 2 consideramos la permeabilidad magnética u como constante y sélo el término
fuente F' depende de wu, resultando en un problema eliptico semilineal planteado en un dominio no
poligonal. Aproximamos {2 mediante un subdominio poligonal {25, usando técnicas de tranferencia y
proponemos un método de Galerkin discontinuo hibridizable. Mostramos convergencia 6ptima bajo
supusiciones pequenias, dadas sobre el término fuente no lineal y la distancia entre las fronteras del
subdominio poligonal {2, y el dominio original {2. Ademds, proponemos un posprocesamiento local
no lineal de la funcién escalar desconocida u proporcionando un orden adicional de convergencia.
Probamos también, un estimador de error a posteriori confiable y localmente eficiente que toma en
cuenta el error en la aproximacion de los datos de la frontera. Esta primera contribucién esta aceptada
en :

[71] NESTOR SANCHEZ, TONATIUH SANCHEZ-VIZUET AND MANUEL E. SOLANO, A priori and

a posteriori error analysis of an unfitted HDG method for semi-linear elliptic problems in
curved domains. Numerische Mathematik, 148 (2021), pp. 919-958.



Como mencionamos anteriormente, en presencia de materiales ferroeléctricos, la permeabilidad se ve
afectada por el campo magnético B que es proporcional al gradiente de v tomando la forma p = pu(Vu),
lo que lleva a una ecuacién cuasi-lineal que requiere un tratamiento méds detallado. Recientemente se
han realizado algunos estudios tedricos del método HDG aplicado a problemas cuasilineales [27,37,38],
sin embargo, éstos esfuerzos se limitan a los dominios poligonales. Adem4s, la primera referencia no
considera las no linealidades donde el coeficiente de difusién depende de Vu, mientras que en [37,38],
los autores analizaron una discretizacién HDG aumentada para un problema estrictamente cuasi lineal
que surge a partir de un flujo de Stokes no lineal bajo un enfoque basado en una versién no lineal de
la teoria de Babuska—Brezzi. Como mostraremos, nuestro analisis sera valido tanto para problemas
cuasi-lineales como semi-lineales, sin requerir una formulacién aumentada y el dominio puede ser suave
por partes.

En el caso de que aparezca un componente de hierro, la permeabilidad pasa a ser una funcién
dependiente de la magnitud del campo magnético, es decir

B 140 en el vacio
r= w(|Vul?/z?)  en el hierro

donde p es la permeabilidad magnética del vacio, este caso es analizado en el Capitulo 3. Mas
precisamente, en el Capitulo 3 estudiamos discretizaciones HDG para problemas elipticon con va-
lores de forntera no lineal planteados sobre dominios curvos, donde tanto el término fuente como el
coeficiente de difusién son no lineales. Aqui nos enfocamos en situaciones donde el término fuente es
independiente de u y p toma una de las formas dadas en (3.1c). Luego, procedemos a estudiar por
separado las discretizaciones HDG para el caso donde el coeficiente de difusién depende sélo de u
(Seccién 3.2), y el caso donde el coeficiente depende de Vu (Seccién 3.3). También mostramos que,
bajo supusiciones adecuadas sobre el término fuente y el dominio computacional, los sistemas discretos
estan bien planteados. Ademas, proporcionamos estimaciones de error a priori que garantizan que la
solucién discreta tenga un orden de convergencia éptimo siempre que la distancia entre la frontera
curva y la frontera computacional sean del mismo orden de magnitud que el parametro de la malla.
La versién preprint de este trabajo es:

[70] NESTOR SANCHEZ, TONATTUH SANCHEZ-VIZUET AND MANUEL E. SOLANO, Error analy-
sis of an wunfitted HDG method for a class of mon-linear elliptic problems.. Preprint
2021-13, Centro de Investigacién en Ingenieria Mateméatica (CI?MA), Universidad de
Concepcién, Chile, Preprint available at https://www.ci2ma.udec.cl/ publicacio-
nes/prepublicaciones/prepublicacion.php?id=451.

Por dltimo, en el Capitulo 4, estudiamos el problema acoplado dado en (*) combinando un método
de elementos finitos con un método de elementos de contorno. Esta formulacién estd orientada a la
solucién de una variante del problema conocido como problema de frontera libre [32]. En ésta situacién,
se desconoce la ubicacién del plasma y es necesario resolver la condicion de equilibrio en el semiplano
para determinar tanto u como la regién de confinamiento. Proponemos un esquema de discretizacion
no ajustado que combina HDG con el método de elementos de frontera (BEM) para la solucién de
un problema no lineal planteado en un dominio no acotado. La transferencia de informacién entre las
mallas que no se tocan se realiza mediante el método de los caminos de transferencia y el acoplamiento



se realiza utilizando el enfoque simétrico de Costabel [26]. El dominio computacional no ajustado rompe
la simetria del esquema, pero podemos demostrar que bajo una condicién de proximidad local en las
mallas, la influencia de la perturbacion se desvanece cuando el pardametro de la malla tiende a cero.
Finalmente, mostramos que si las fuentes tienen una constante de Lipschitz pequena, el problema
discreto no lineal estd bien planteado. Este trabajo resultarda en dos publicaciones que se encuentran
en preparacion:

[68] NESTOR SANCHEZ, TONATIUH SANCHEZ-VIZUET AND MANUEL E. SOLANO, Afternote to
“Coupling at a distance”: convergence analysis and a priori error estimates. (Dedicated to
the memory of Francisco—Javier Sayas). In preparation.

[69] NESTOR SANCHEZ, TONATIUH SANCHEZ-VIZUET AND MANUEL E. SOLANO, Analysis of a
coupled HDG-BEM formulation for non-linear elliptic problems with curved interfaces. In
preparation.

En el inicio del Capitulo 1, introducimos notaciones basicas sobre espacios de Sobolev y las ideas
de dominios extendidios y caminos de trnasferencia. En éste capitulo describimos también algunas
hipétesis geométricas acerca del dominio computacional que seréd usado para la solubilidad del proble-
ma. Presentamos también un problema dual y las proyecciones HDG, necesarias para las estimaciones
de error a priori, y los interpolantes de Clément y Oswald usados en las estimaciones de error a poste-
riori. En el caso general que se considera en éste trabajo, el coeficiente de difusién serd denotado por
k y la ecuacién de Grad-Shafranov es recuperada haciendo k = 1/(px)



CHAPTER 1

Preliminaries

In this chapter we introduce basic notations on Sobolev spaces and introduce the idea of extended
domains and transfer paths. In this chapter we will also describe some geometric hypotheses about
the computational domain that will be useful for the solubility of the problem. We also present a dual
problem and the HDG projection necessary for the a priori error estimates. and the Clément and

Oswald interpolants used in the error estimates a posteriori.

1.1 Computational domains and admissible triangulations

Given a domain 2 C R? with d € {2,3} , we will define a family of polygonal subdomains and
admissible triangulations approximating {2 where we will ultimately pose our discretization. First,
consider a family of simply connected domains {{2,},>0 such that, for every « the following conditions
hold: (1) £2, C 2, (2) the boundary I, := 92, is a polygon, and (3) for every € > 0 there are infinitely
many indices o such that A\(£2\{2,) < e. In the preceding expression A(-) denotes the Lebesgue measure.
These conditions ensure that the family of subdomains {2, }4>0 will exhaust (2.

Having built the family {2, }a>0 satisfying all the conditions above, the next step is to define a
family of admissible simplicial triangulations {7, }xr~0. To be considered admissible, a triangulation
T, must be such that: (1) Ty, is a triangulation for at least one 2, € {24 }a>0 (we will identify both 7,
and the respective domain (2, with the same subscript h, adding copies of 2, to {24 }a>0 if necessary
to account for different triangulations of the same domain) (2) it is shape regular, meaning that there
exists § > 0 such that for all elements T" € T, and all h > 0, hp/pr < 3, where hp is the diameter
of T and pr is the diameter of the largest ball contained in 7', and (3) for every T' € T} such that
T NIy # @, the maximum distance between & € TN 1} and y € I' is of the same order of magnitude
as the element diameter hy. More precisely, if dj,. := max{d(z,y) : * € TN I} and y € I'} then
dioe = O(hr). This last requirement, which will be referred to as the local proxzimity condition and is
depicted schematically in Figure 1.1, is of key importance for the transfer process that will be defined
later on.

For every element T in a particular triangulation, we will denote by nr the outward unit normal
vector to 7', or simply m instead of n whenever the context prevents any confusion. As it is conven-
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A ; \ /\§{\
Figure 1.1: Left and center: The proximity condition ensures that the distance between the computa-
tional and the physical boundaries remains always of the same order of magnitude as the local element
diameter. The schematic shows close ups to the boundary of two triangulations of the same domain:
an admissible triangulation satisfying the local proximity condition (left), and inadmissible one that

violates the local proximity condition (center). Right: An admissible triangulation and one possible
arrangement of extension patches (shaded in the figure) defined on the region 2\ {2,.

e
ext

tional, we will denote the mesh parameter as h := :rrna7g< hr, which will be assumed to be smaller than
€/n

one for the sake of simplicity. We will denote by e any face of a simplex and its length by h.. Moreover,
we will talk about an interior face e if there are two elements T and T~ in the triangulation 7y,
such that e = T N OT~. The set of all interior faces will be denoted by &;. In a similar manner,
we will talk about a boundary face e if there is an element T € 7T, such that e = 0T N I},; the set of
boundary faces will be denoted by 5,(3 . Note that with these definitions, the entirety of the faces of the
triangulation denoted by &, (often referred to as the skeleton of the mesh) can then be decomposed
as &, = & U 5,? .

Henceforth, we will be working with functions that in general will not be continuous across mesh

T — w™ to refer to its jump

elements. For a scalar-valued function we will use the symbol [w] := w
across any given interior face. At the boundary faces, the jump will be defined as [w] := w — ¢p,
where @y, is the approximation of the boundary data at I}, that will be defined later. In the case of
vector-valued functions v, we will be interested in the discontinuity of its normal component across

interior faces, which will be denoted by [v] := vt -nT +v~ -n".

A remark on the local proximity condition and mesh refinement: The local proximity condi-
tion limits the minimum size that the elements near the boundary of an admissible triangulation can
attain. Therefore, mesh refinement in this context must be understood as moving through a sequence
of computational domains in the set {{2,},~0 and their corresponding admissible triangulations in
{Th}r>0 as the parameter h — 0. As it will be shown later, the error estimates will not depend on
the particular domain §2;, or triangulation 7T, as long as the three requirements on the mesh stated
above are satisfied. Possible ways of building sequences of admissible triangulations and computational
domains have been detailed in [21] for uniform meshes and in [74] for adaptively refined triangulations.

1.2 The extended domain

Having defined the family of polygonal subdomains and admissible triangulations on which the dis-
cretization will be performend, we will now proceed to detail the process through which the boundary
information will be transferred from the boundary into the computational domain. In order to do that
we will have to tessellate the region enclosed between the two boundaries I" and I}, as follows.

Given a triangulation 7, of the computational domain (2, and a boundary face e € £2, we will
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denote by T° the unique element of T;, such that e N T¢ = e. To every point & € e, we will associate
a point T € I' and set [(x) = |x — T|. We will define the extension patch Tf,, as
TS ={x+st:0<s<l(x),x < e},

where t = t(x) is the unit vector anchored at  and pointing in the direction of . With this notation,
the line segment connecting x to T can be parameterized by

ot(x) :={x+st:sel0,l(x)}.

The point T € I' and therefore the vector t(x) can be specified in several ways. Here, we will consider
that the point has been determined in such a way that

t(x) =n forall z € e. (1.1)

This assumption is made with the sole purpose of making the analysis simpler, it can in fact be relaxed
to the existence of a constant ag such that 0 < ag < t(x) - n for every x belonging to a boundary
edge. The numerical method described here is remarkably robust with respect to the method used
to choose t(x). Previously, the direction had been determined using the algorithm proposed by [21],

which assigns T in such a way that the three following conditions are satisfied: (1) T is unique, (2)

e
ext’

any two different line segments o; do not intersect each other inside and (3) the segments oy do
not intersect the interior of £2;,. As it is proven in the aforementioned reference, these three conditions
guarantee that the union of T, completely covers 2§ := 2\ §2;,. We would like to point out that
the algorithm developed in [21] for the two-dimensional case, always produces a family of connecting
segments satisfying the aforementioned conditions, independently of how complicated the boundary
is, since it makes use of a background mesh where the domain (2 is immerse. The same ideas can
be extended to three dimensions. On the other hand, the first condition is not essential and is only
required to simplify the analysis and the computational implementation. If it is not satisfied, (2; will
be composed by overlapping extension patches. Then, we can consider the average of the extrapolated
polynomials that share an overlapped region. An alternate method was used and tested numerically
in [73,74], where t(x) was determined using a weighted average of the normal vectors from neighboring

boundary edges.

For an extended patch T, and a mesh element T¢ € Tj, sharing a boundary face e € £, we

e

denote by hl (resp. HZ) the largest distance between a point inside T, (resp. T,

) and the plane
determined by the face e. The ratio between these two distances will be denoted by 7. := H}/h} and

the maximum such ratio taken over all the boundary edges will be denoted by Ry, := maxre. We will
e€ly

refer to this quantity as the proximity parameter of a geometric discretization.

The proximity parameter Ry, plays a key role in many of the error and convergence estimates in
this work, therefore a few remarks on its properties are in order. By definition, for any fixed geometric
discretization pair (£2j,,7p), the quantity R, is constant, however its value may change between any
two given pairs (2, T, ) and (£2p,, Tp,). Therefore, if a family of geometric discretizations is labeled
by the parameter h, then the dependence of Ry, with respect to the geometric discretization may be
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expressed succinctly with the notation

R}, := maxr,, (1.2)
6682

which we shall prefer over the alternate Ry, whenever the dependence on h needs to be made explicit.
We stress the fact that, in the definition above, varying h must be understood as varying the discret-
ization pair (24, 7Tp,). It follows from the local proximity condition discussed in the previous section
that, for any admissible family of discretizations ({25, 75,), The proximity parameter must satisfy

0 < R, <ChP forp>0, (1.3)
which implies that for an admissible family of discretizations {({24, Tr)};>0, the proximity parameter
vanishes at least with order AP, but may be identically zero or vanish as a larger power of h.

We will also define the class of non-trivial vector-valued polynomials of degree at most k defined in
and across both patches as

VARE {p € [Pr(TS, UTe))? : p-n, # 0}.

We can then introduce, for all those elements with a non-empty intersection with the computational
boundary, the element-wise constants

¢ 1 Ix - mellze,,

V ‘n e
oot 1= sup < and C¢,, :=ht sup V- me e

Ve xeve [IX - mellre xeve |Ix - mellre

(1.4)

where, in abuse of notation, n. is a constant vector field defined in T, UT*® U e that coincides with
the unit exterior normal vector associated to the face e and pointing in the direction of the extension
patch. Above, the norms || - ||z and || - ||z are the standard L? norms supported on the extension
patch T¢,, and its neighboring element T respectively. In [18], these constants were bounded in terms
of the polynomial degree of the approximation, k, and the regularity constant of the mesh, 53, as

G <Cik+1°(38+2)%  and G

ext mnu

< Cak?, (1.5)

where C7 and Cy depend only on the mesh regularity. As we will see below, these constants will
determine the magnitude of the proximity constant and therefore the maximum admissible gap between
the computational and physical boundaries.

1.3 The transfer paths

Having established the requirements for an admissible triangulation, and defined the extension
patches T, in such a way that for each of them there corresponds a single 7° € T}, we can define a
way to extend polynomial functions from the computational domain into (2;. This extension process
will enable us to transfer the boundary condition from I" into the computational boundary I},. Let

p:T% — R be a polynomial function and T

v+ an extension patch associated to 7°. We will define the
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extension E},(p) of p to TS, by extrapolation as follows:

Ep: Pp(T%) —PRp(T°UTE,,)
ply)VyeT® —p(y) Vy € T°UTE

ext:

Where, to keep notation simple, a polynomial function p should be understood as its extrapolation
E;,(p) whenever an evaluation outside of (2, is required, which should be clear from the context. For
vector-valued polynomial functions, the extension is defined similarly component by component.

1.4 Sobolev space notation

To denote spaces of functions we will make use of the standard notation and terminology from
Sobolev space theory. Let O be a domain in R%, and X be either a Lipschitz curve (if d = 2) or surface
(if d = 3); for scalar-valued functions and non zero real numbers s, we will use the spaces H*(O) and
H*(X) with their usual definition, whereas for the case s = 0 we will write simply L?(0) and L?(X).
The spaces of vector-valued functions will be denoted in bold face, therefore H*(O) := [H*(0)]¢ and
H:(X) = [H*(D)]“

The L? inner products for both scalar and vector-valued functions on volumes and surfaces will be
denoted by (-,-)o and (-, -) 5, respectively. The associated norms will be denoted by || - ||s.0 and || - ||s
and simply || - ||o for the case s = 0. As is common, will we write | - |50 for the H® and H?*-semi
norms.

We denote by v : HY(O) — L?*(00O) the trace operator and set H'/2(d0) := v(H'(0)), the space
of traces of H'(O)-functions, endowed with the norm

I12ll1 /2,00 == inf {[|v[lLo : v € H'(O)such thaty(v) = u} .
The dual space of H'/2(d0) will be denoted by H~'/2(d0) and we endow it with the induced norm
I+ 1l-1/2,00-

Given a triangulation 7 we will define the following mesh-dependent inner products over elements
and edges

('7 )Th = Z ('7 ')Tv <'7'>6Th = Z <'7 '>8T and <'v '>Fh = Z <'v '>6'

TeT, TeT ec&?

These inner products induce mesh-dependent norms that will be denoted, respectively, by

1/2 1/2 1/2

F-lls= Do 01 5 I-lome={ D -3 and |||, = | D012

TeTh TeTh ecEp

In the forthcoming analysis, the expression a < b should be understood as meaning a < Cb where C
is a positive constant independent of h.

For the discrete formulations that will be introduced in the next sections, we will make use of the
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following finite dimensional spaces of piece-wise polynomial functions

V5 :={ve L*T) :v|r € [Pe(T)]%, VT € Thl, (1.6a)
Wy, = {w e L*(T}) : wlr € PR(T), VT € Tp}, (1.6b)
Mh = {,u S LQ(gh) : /J’T € IPk(e), Vee gh}, (1.6C)

where, Pi(T") denotes the space of polynomials of degree at most k defined in 7' € Tj,. Similarly, Py (e)
denotes the space of polynomials of degree at most k defined over a face e € &,.

1.5 Dual Problem

We present an auxiliary problem that generalizes the result of Lemma 3.3 in [18] to our semi-linear
case. We will consider that, given @ € L?(f2), the solution to the auxiliary problem

K 1o+ Vi =0 in {2, (1.7a)
V-¢p=06 in {2, (1.7b)
=0 on 012, (1.7¢)
satisfies the regularity estimate
H¢HH1(Q) + ”w”HZ(_Q) < CregHQHQ- (1.8)

1.6 HDG projection

In order to make this manuscript self-contained, in this section we provide previous results that will
help us to analyze our discrete scheme. First of all we recall the HDG projection operators introduced
by [16]. Given constants l,,lq € [0, k] and a pair of functions (q,u) € H' ™ (T) x H*!(T'), we denote
by II(q,u) := (I1q, II,u) the projection over V', x W}, defined as the unique element-wise solutions
of

(ITyq,v)r = (q,v)r Ve [Pr_1(T)], (1.9a)
(Iyu,w)r = (u,w)y VwePr_(T), (1.9b)
(ITyq-n+ Tl u, ) p = (q -1+ Tu, 1) YV ue Pp(F), (1.9¢)

for every element T' € T;,, and F € 8T. The L? projection into Mj will be denoted as Pys. If the
stabilization function is chosen so that 7j"** := max 7|7 > 0, then by [16] there is a constant C' > 0

independent of T" and 7 such that

lgt1 .

1T vq — qllr < Chital g1y + CHE T Tl g oy, (1.10a)
lgt1

[Twu — ullp < Ch%+1|u’Hlu+1(T) + C%aﬂv ’ Q|qu(T)- (1.10b)

Tr
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Here 77, := max 7|sp\ g+ and F* is a face of T" at which 7g7 is maximum. As is customary, the symbol
| - |rs is to be understood as the Sobolev semi norm of order s € R.

1.7 Auxiliary estimates

The following results were used throughout the text.

Lemma 1.1. Consider x € I}, and any smooth enough function v defined in T°UTY,,, and define
1 I(x)
dp(x) == l(gc)/o [v(x + ns) —v(x)] - nds. (1.11)
The following estimates hold for each e € 5,?:
1
112 80l < 7 r2/ Ceny Chy |0l Vv e [Py(T))", (1.12a)
1725, . < ;g re I, - iz, v v e [HY(T)", (1.12b)
1
112 8y |00 < 757 S |hg Opv - 1|y v ve [HY(T) (1.12¢)
Proof. See [18, Lemma 5.2]. [ ]

The following lemma was needed to bound the terms in the decomposition of T* carried out in
Lemma 2.5.

Lemma 1.2. [18, Lemma 5.5] Suppose Assumption (2.8d) and the elliptic reqularity inequality (1.8)
hold. Then,

—-1/2
1) (Tdar = Pu)dllr, S hlIO o,

(

112 (Ldas — Pan)ontellr, S RY2H)O] e, (
11732 + 10,01, S (1€, (1.13c

1=l < 16lle. (

The result below is used when deducing the bound for the term of the estimator involving the jump
in the flux.

Lemma 1.3. Let e € £ and v € H(div; T¢). It holds

|Bre()|Bre, S0 [0l3e + 12 W3]V - o3 (1.14a)

Proof. We employ a scaling argument. Let @ :7T¢ — T be the affine mapping from 7 to the reference
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element 7T and set fe: = @~ HTE,,). We have

ET

1Bze (0)i7e,, = 2ATEMEO 7= S 1 TG00 iy = 1Tl (I101F + IV - D%
ext ext H(le,T) T T

1
S 178l (e Il + 190l ).
Thus, considering that |T¢,| < (H1)? = R? (h1)? < r2 k%, and |T¢| < k%, the inequality (1.14a) can
be deduced. |

The following result pertaining bubble functions is useful when addressing the local efficiency of the
error estimator.

Lemma 1.4. [82, Lemma 3.3.] Let By := ngllx\i be the element-bubble function associated to
T € Tn, where {)\z}fill are the barycentric coordinates of T', and B, := Hfljll)\i be the face—bubble

7]
function associated to e C T, where \; vanishes on e. Then, the following estimates hold

lvl7 < (v, Bro)r,  [|Brollr < vl 1Brolir < by lvllz,

1/2 —1/2
25 (1 Bew)e,  |Beprlla, S B palles  [|Bepe Pl

1.15
l,Ae’,S he ( )

for allv € [PR(T)]?, T € Ty and for each p € [Pr(e)]?, e € &,.

1.8 Clément and Oswald interpolants

The following two interpolants are useful in the arguments leading to the reliability of the estim-
ator. They allow to control the behavior of functions with piecewise H' regularity by representatives
belonging to the global H}(2) space.

First, in the next lemma, we state the approximation properties of the Clément interpolation oper-
ator Cy, : L2(2y) — W,o° 0 HY(£2), introduced in [13] as

1
Crw = Z (Qz| ; wdﬂﬁ) ¢z,

ZGNh

where ¢, is the Py nodal basic functions associated to the interior vertex z, {2, = supp ¢,, and
W,y = {w e C(2) : wlp € P1(T),T € Tp}.

Lemma 1.5. [82, Lemma 3.2] For any T € Ty, e € £ and 0 < m < 1, the following estimates hold,
for all w € H}(2)

IChwllme S lwllme:  Ilw=Chwlor S hrlwlhar, |lw = Chwlloe S he?[lwlh,a,;

where Ap = {T" € T, : TNT' #0} and Ae = {T" € T, : T' Ne # 0}.
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We define now the space
Wi = {w e L*(Ty) s wlr € Pry(T), YT € Tr},

and shows that an element w of W}* can be approximated by a continuous function w € W}, sometimes
referred to as Oswald interpolant, and that the approximation error can be controlled by the size of
the inter-element jumps of w.

Lemma 1.6. /50, Theorem 2.2.] For any wy, € W} and any multi-index with |a| = 0,1, the following
approximation results holds: Let up be the restriction to I, of a function in Wi N H(§2;,). then there
exists a function wy, € W; N HY($2,) satisfying wp|r = up, and

Yo D (wn = @) |3 < Co | D he 2 W lwnl 2+ D he 2 fup —wnl? | |
TeT, eesy e€&?

above, Cop is a positive constant independent of the mesh size.



CHAPTER 2

A priori and a posteriori error analysis of an unfitted HDG method
for semi-linear elliptic problems

In this chapter we present a priori and a posteriori error analysis of a high order hybrid-
izable discontinuous Galerkin (HDG) method applied to a semi-linear elliptic problem
posed on a piecewise curved, non polygonal domain. We approximate {2 by a polygonal
subdomain {2, and propose an HDG discretization, which is shown to be optimal under
mild assumptions related to the non-linear source term and the distance between the
boundaries of the polygonal subdomain (2 and the true domain 2. Moreover, a local
non-linear post-processing of the scalar unknown is proposed and shown to provide an
additional order of convergence. A reliable and locally efficient a posteriori error estim-
ator that takes into account the error in the approximation of the boundary data of {2,
is also provided.

2.1 Introduction

In this chapter, we carry out a priori and a posteriori error analyses of a hybridizable discontinuous
Galerkin (HDG) method [14] applied to semi-linear elliptic problems of the form

-V - (kVu) = F(u) in 2, (2.1a)

u=gqg on I := 012, (2.1b)

where the domain 2 C R? (d = 2, 3) is not necessarily polygonal/polyhedral,  is a positive function
in {2, F is a source term that depends on the solution u and ¢ is the Dirichlet boundary data on I'.

To avoid the trivial solution, we will assume that if the boundary conditions are homogeneous, the
source term will not vanish for v = 0.

In the present study, the source term F will be assumed to be Lipschitz-continuous in {2, i.e, there
exists L > 0 such that

H.F(ul) — .F(UQ)HQ < LQH’LLl — UQHQ Yuy,ug € LQ(Q). (2.2)

18
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In addition, we assume that there exist positive constants x and % such that
k<k(x) <R Vxel.

An HDG discretization requires us to formulate the problem in mixed from through the introduction
of the flux ¢ := —kVu as an additional unknown. This choice makes it possible to write (2.1) as the
equivalent first order system

q+rkVu=0 in {2, (2.3a)
V.-q=Fu) in 2, (2.3b)
u=yg on 012. (2.3c)

HDG schemes, as many other discretization methods, are based on a triangulation of the domain. In
our case, {2 has a piecewise curved boundary which complicates the use high order methods, since
the boundary must be properly interpolated by “curved” triangles or tetrahedra in order to preserve
high order convergence. An alternative is to approximate (2 by a polygonal/polyhedral subdomain
2, C 2, that can be easily discretized by a uniform triangulation of size h > 0. Then, the system
(2.3) can be restricted to £2;:

g+ krkVu=0 in (25, (2.4a)
V.-q=F(u) in (2, (2.4b)
U= on I}, := 082, (2.4c)

where the unknown ¢ is the Dirichlet data on the computational boundary I}. A clever way to
determine ¢ was proposed for one dimension in [17] and then extended to higher dimensions by [21].
The method consists of using the definition of the flux to transfer the Dirichlet data from I to I},
along segments called transferring paths. In fact, given @ € I', and @ € I', one can integrate (2.3a)
along a segment of length [(x) with unit tangent vector ¢(x) connecting them to obtain the following
representation for (:

I(x)
o(x) = g(xT) —i—/o (k7L q)(z + t(zx)s) - t(x)ds. (2.5)

Above, we have considered that u(Z) = g(x). At the end of Section 1.3 we will describe a way to
pick T in such a way that the transfer will preserve the order of approximation of the underlying
discretization. Notice that the assumption (2.2) implies that F is also Lipschitz continuous in (2,
with constant I < Lg; this observation will be useful in the analysis to follow.

In previous works the authors had applied this transfer technique in combination with an iterative
HDG discretization to deal with the nonlinear system (2.4) arising from the Grad-Shafranov equation
[73] and explored an h-adaptive HDG scheme for the solution of the problem [74]. The adaptive
strategy was powered by a residual-based error estimator first proposed by Cockburn and Zhang
[23], albeit for polygonal domains—therefore not requiring the transfer of the boundary data— and
linear problems. The goal of this work is to provide a rigorous justification for the numerical results
obtained previously by the authors when applying these techniques for semi-linear problems in curved
geometries. The present communication is mainly theoretical and we refer the reader interested on
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numerical experiments to [73,74] where plenty of experiments are provided within the context of
plasma equilibrium. The results presented here, however, are not limited to plasma applications and
remain valid for general semi-linear elliptic equations .

2.2 The HDG method

The HDG scheme associated to (2.3) reads: Find (qy,, up, up) € Vi, x Wy, x My, such that

(g, v), — (up, V- v)7 + (Up, v - n>87'h 0, (2.6a)
—(an, V)7, + (@ - 1 w) o7, = (F(un), w)7, (2.6b)
<Uh, > <()0h7:u’> ) (26C)
(@n-n N>aTh\ph 0, (2.6d)
for all (v, w,u) € Vi, x Wy, x Mj,. Here
gy -n:=qy -n+71(u,—uy) on IT, (2.6e)

with 7 being a positive stabilization function, whose maximum will be denoted by 7, and the approx-
imate boundary condition, motivated by (2.5), is given by

I(x)
on(x) = g(T) —i—/o (kL) (x +t(x)s) - t(x)ds, for € I}, (2.6f)

Note that the function s is defined by (2.3) in the full domain (2, while the flux g, is extended from
(2;, to {2 as defined in Section 1.2.

2.3 Well-posedness

In this section we employ a Banach fixed-point argument to ensure the well-posedness of (2.6). To
that end, we define the operator J : Wj, — W), that maps ¢ to the second component of the triplet
(q,u,u) € Vi x Wy, x M}, satisfying the linearized HDG system (2.6) where the source has been
evaluated at ¢, namely

(k! q,v)7, — (u,V-v)7, + (u,v- n)m—h =0, (2.7a)
—(q, V)7, + (@ - n, w)yy, = (F(C), w)7;, (2.7b)

(U, = (Pa W, » (2.7¢)

(q- naﬂ>an\rh =0, (2.7d)

for all (v, w,u) € Vi, x Wy x My, where ¢-n :=q-n + 7(u — u) and

I(x)
va(@) = g(@) + / (5L @)@ + t(x)s) - t(x)ds, (2.7¢)
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for ® € I},. We stress the difference between the non-linear mapping 7, which maps arguments
of the source F(-) to solutions of the corresponding HDG system, and the linear solution operator
S : Wy, — W, that maps the source term F itself to the solution of the corresponding HDG system.

In [18] it was shown that the constants C¢,; and Cf,, (defined in Section 1.2) are independent of

muv
h, but depend on the polynomial degree; in particular, the supremum appearing in the definition of
Cs. ., is proportional to (h+)~1. With these definitions in place, we can now state the following set of

geometric assumptions on the boundary faces of the triangulation.

Assumptions. For each e € 5,‘? we will require the following to hold:

1
t(x) =mn for all x € e, (2.8a) THr 1 < 3 (2.8¢)
re < C, (2.8b) R trd (C,Co) < 1. (2.8d)

Before proceeding, let us comment on this set of assumptions. As mentioned at the end of Section
1.2, the vector t(x) does not necessarily have to be normal to the face e. Therefore, the results
presented in what follows still hold if (2.8a) is not satisfied as long as the difference 1 — t(x) - n is
positive and small enough. However, this assumption helps us to facilitate the presentation of the
ideas behind the proofs. On the other hand, (2.8b) imposes the geometric constraint that the family
of triangulations {7} should be such that the distance between the computational boundary I, and
the true boundary I" remains locally of the same order of magnitude as the face mesh parameter h,.
Moreover, it guarantees that as long as H;} > 0, then H} ~ hZ; if H} = 0 for some e, then no transfer
of boundary conditions is needed on that particular face—as this would only happen if e N {2 = e.
Given that the stabilization parameter 7 is of order one, (2.8¢c) states that the minimum value of the
diffusion coefficient x imposes a restriction on how far apart I}, and I" are allowed to be. Due to the
proportionality guaranteed by (2.8b), then (2.8c) will hold whenever the mesh size—and therefore the
distance between the boundaries—is small enough. Assumption (2.8d) is the most demanding of all.
By requiring 7. to be small enough compared to the product &', the condition effectively limits
the range of values of x that the method is able to resolve for a given, fixed, distance between the
computational and physical boundaries, as measured by H.. Not surprisingly, the closer to zero the
diffusion coefficient gets, the smaller H, j‘ must be with respect to the mesh size near the computational
boundary.

The main result of this section, Theorem 2.1, is that under suitable assumptions 7 is a contraction
and therefore the solution of (2.6) can be obtained by applying it iteratively. The proof of this fact
is almost a straightforward consequence of the linearity of the solution map and of a key stability
bound established in Lemma 2.1 that estimates the norm of u in terms of those of the sources and the
boundary conditions. However, the proof of the latter follows from a lengthy series of estimates. In
order to prioritize clarity of exposition, we first present this estimate without proving it and show how
the main result follows from it. The technical details of the proof of Lemma 2.1 are then presented
afterwards.

Lemma 2.1. Suppose that Assumptions (2.8a) throughout (2.8d) and the elliptic regularity of the
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auziliary problem (1.7) are satisfied. Then, there exists ¢ > 0, independent of h such that
lull g, < 4 max{e®h, 1} F(Q)lle, + 283+ 1) h2 |2 1712 gl , (2.9)
where g(x) = g(®(x)) YV € I},

Thanks to this estimate the main result, from which well-posedness of the problem follows, can be
proved in a very compact way, as we now demonstrate.

Theorem 2.1. If Assumptions (2.8a) throughout (2.8d) and the elliptic regqularity of the auxiliary
problem (1.7) hold, then J is well-defined. Furthermore, if we assume 4 L max{c?h,1} < 1, then J
18 a contraction operator.

Proof. The system in (2.7) is linear and has a unique solution under the set of assumptions (2.8)
(see [18]), therefore the operator J is well-defined.

Let (1, (2 € W}, and consider u; = J(¢1) and ug = J(¢2). Then, u; and ug are the second component of
the solution of (2.7) with right hand sides F({;) and F((2), respectively. Hence, the difference u; — us
satisfies equations (2.7), with source term F({1) — F((2) and homogeneous boundary conditions on
I'. By the stability estimate in Lemma 2.1 and Lipschitz continuity assumption, we have

17(¢1) = T (@)l 2, = llur — u2]l 0, < 4max{e®h, 1}|F(¢1) = F()lle, < 4L max{e®h, 1}[I¢1 - Gl 2,

The result follows due to 4 L max{¢?h,1} < 1. [ |

As a consequence of the above result, system (2.6) subject to the hypotheses of the theorem has a
unique solution that depends continuously on the problem data.

We now present the arguments that lead to the proof of Lemma 2.1. We start by establishing a
connection between the norm of the transferred boundary conditions ¢4, the magnitude of the flux q
and the length of the transfer path taken. In order to do so, we will make use of a tool introduced
in [18]. More Precisely, we use the auxiliary function d, and its properties listed in the Lemma 1.1.
The significance of this function is that it will allow us to separate the contributions to the boundary
conditions coming from the flux, from the diffusivity, and from the length of the transfer path.

Observe that due to Assumption (2.8a) and (2.7e), we have

l(x)
pal@) ~gla@) = [ 5 @) gl +ns) nds
0
I(x)
—x (@) [ la@+ns) - ql@)] - nds +I(@)n (@)g(@) .
0
with g € V', and using the definition of ¢4, given in (1.11), we can rewrite the above as
pq(@) —g(@(x) = ! (2) l(x) dg(x) + v (2) l(z) g(2) - n. (2.10)

This expression, combined with the bounds that we will derive in Lemma 2.2 below, will enable us
to estimate the approximate solution in terms of the sources, as will become evident in Lemma 2.3.
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The following three inequalities follow readily from estimate (1.12a), assumptions (2.8d) and (2.8c¢),
and Young’s inequalities.

Lemma 2.2. Let g4 be the transferred boundary condition defined in (2.7e) and suppose that As-
sumptions S are satisfied. It holds

1 _ 1, _
[ (6arbad | < S22 13, + S s 2l
R 1, 1/9._ 1 ~
[ g 7w = D), | < Y2204, + Sl 2 = D)l
1 1 . 3 _1/2 -
(a8 | < CIRYEY2 g, + St/ 2 g

O

The expression for ¢4 in (2.10) implies that g(z) -n = k(x)l~(x)(pq(z) — ) — d¢(x). Thus, thanks
to the definition of @ - n, it follows that

G-n=rl"pg—8) —6q+7(u—1) on [}. (2.11)

The above expression can now be combined with the estimates from Lemma 2.2 to produce a bound
for the norm of (q,u — u, pq) in terms of the source F(¢) and the boundary data g as we will show
next.

Lemma 2.3. If Assumptions (2.8) hold, then
(g, u =@, 0)l” < 2017 (Ol lulla, + 31721717,
where
B B 1/2
. w )l = (15200, + 772wl + 5/ 2, ). (2.12)

Proof. Take ¢ € Wy, and let u = J(() € W}, be the corresponding solution satisfying (2.7). Integrating
by parts the left hand side in (2.7b), testing (2.7) with v = q, w = u, and

) —g-n  on I},
o= —u on Ty \ I,

and adding the resulting equalities, we get
152 ql%, + 11772 (u = @)lI37, = (F(Q),w)7 — (9q: @ m)r-
Then, using the fact that g - n = q-n + 7(u — @) in combination with identity (2.11), we obtain

(g, u — @, 091> < IF(Q)ll e lulle, + 1 {pq,0q) p, | +1{0q, T(u =), |+ (g, 517 8))p, .



2.3. Well-posedness 24

By the Cauchy-Schwarz inequality and Lemma 2.2, we arrives at

~ 1 _ 1, _
(g, u =@ ¢q)II” <IIF ()l lulle, + 511/41/21 Y20qllF, + S lx Y2q|3,
1 - 3 1/2
+ 5\\Tl/g(u —@)|[37, + §HH1/QZ Y2l
and the result follows. |
Proof of Lemma 2.1. With all the previous technical results in place we are now in a position

to prove the crucial result. In the arguments below, IIy and Ily are, respectively, the V and W
components of the HDG projector introduced in the Section 1.6.

Proof. Given © € L?(f2), the solution to the auxiliary problem (1.5) and following the argument
of [16, Lemma 4.1] it is possible to show that if u satisfies (2.7) then

(u7 9>Th = (ﬁil q7HV¢ - ¢)Th + (@, d) : n>['h - @ : n’¢>Fh + (-7:<<)7HW1/})7—},

We will now use this expression to bound the norm of u. In order to simplify the exposition, we will
group some terms on the right hand side of this expression and treat them separately. Hence, we
decompose the above expression as

(u,0);, =Tqg+Tr+ Ty, (2.13)
by defining

Tq = (K/_l q, HV¢ - ¢)7—ha ’]I‘u = <aa ¢ . n>Fh - @ . na¢>[‘h ; and T]: = (}—(C)aHW@ZJ)Th

The terms T4 and Tz can be bounded by an application of the estimates (1.10a) in combination with
the elliptic regularity (1.8), yielding

Tyl < & 2672 ql|, [ Tve — ¢llo, < kil qlle, O] (2.14)
and

TF S IF (Ol 18]l (2.15)

The treatment of the term T, requires more work. Denoting by Id;; the identity operator in M,
considering (2.11) and equation (1.7a), T, can be written as T, = Z?Zl Ti,, where

T, = — (Kl oq, 0 +10n0)r,,  To = (kpq, (Pu — Idar)Ont) 1y,
Tg = <6Q7w>Fh> T’i = _<T(u_a)>PM¢>Fh7
TS = (kI 1 g, ¥)p,.

We will now determine bounds for all the terms in the decomposition.

By Young’s inequality and combining the fact that [(x) S Rph ,Va € I}, with the estimate (1.13c),
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we have
IT5 < (K212 172 00, 1732 (0 + 10,0)) 1, | S R hIIY2 172 g1, 110 -
Analogously, we get
T2 S B2 K220 | 1,16 -
To bound T3, we employ (1.12a), (1.13d), and (2.8d) yielding
T3] < Ry b)Y 21112 8|, 17 46| 5,
1/2

1 e e
S (Rh h)1/2 Z 57“2 (Cea:t Cinv)QHqH%“e HQHQ
6683

S B2l 2q] 0, )16]l0-
Similarly, using (1.13d) we can bound
Tol ST Rk |72 (w=@)lloz 0Nl and  [T5] S (Ruh)'2 (121712 G|, 16|

Taking © = u in 2, and © = 0 in 2 in (1.7) and considering the bounds for the terms T, we can
combine the decomposition (2.13) with the estimates (2.14) and (2.15), to obtain
_ 2 _ _
lulle, S Bl allg, + bRy + RB,?) 61217 20q |, + B 22|51 2q| g,
+ 72 Ry 72 (0 = @), + I F(Ollay, + (Buh) 2|61 2 172 g,

Now, let

e=C {1+ R+ Ru+ B+ 72 Ry} (2.16)

where C' > 0 is the constant hidden in the symbol <. Then, since h < 1 by Lemma 2.3 and Young’s
inequality, we infer

lullo, < @R (VRIFQIG Nul gl + VB IR 2G5 ) + IFQllg, +r2 6217 g,
1 ~ ~1/2 —
<@ hIFQlla, + 5 lulle, + 1FQ) e, +E(V3+1) 2 |12 17 g

and thus
|ullg, <4 max{c®h, 1}|F({)lla, +22(V3 + DAY |62 1712g]| .

2.4 A priori error analysis

We now provide the a priori error bounds for the method. As we will see, some of the results
presented in this section can be proven by using similar arguments to those of Section 2.3 and many
details will be omitted. Given that the set of assumptions (2.8) is required to hold in order to ensure
the well-posedness of the problem, in the present section they will be assumed as true and used for
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the error analysis without explicitly stating them in the results. Similarly, the regularity assumption
(1.8) will be assumed to hold.

The total approximation error has a component due to the accuracy of the discretization, and
a component due entirely to the approximation properties of the discrete subspace. This is made
apparent using the HDG projection defined in (1.9) and defining the projections of the errors

el:=IIyq—q;, and ¢&":=Ilwyu— up,
and the error of the projections
I9:=q—IIyq and I":=u— IIyu.
Using these quantities we can decompose the error as follows
qg—q,=¢€?+19 and wu—up=c"+1I"

In addition, we define ¥ := Pyju — Uy, where we recall that Py is the L? projection into Mj,.

It is not difficult to show that (g9, %, %) belongs to V', x W), x M), and satisfies

(k7 led,v), — (6%, V -v)7, + (€% v -n)or, = — (k9 0)7, (2.17a)
—(e1, V)1, + (- n,w)or, = (F(u) — Flup),w)T,, (2.17h)

(", 1)r, = (9 — ns 1) s (2.17c)

(€ n, wornr, =0, (2.17d)

for all (v,w,p) € V, x Wy, x My, where €9-n :=e9-n+7(c" — %) = Py;(q-n) — g, - n. This error
equations will help us establishing two results that will eventually lead to the proof of the convergence
of the method.

To abbreviate the notation in the following arguments it will be useful to define

1/2
Ay = (HIqH%h_’_HhLan(Iq_n)H%z_,_H(hL)1/2Iq.n)H%h> , (2.18a)
A= (IS 0, + 11, ) (2.180)

With respect to these quantities we point out that, if ¢ € Hk“(!?), u € H*1(0) and 7 = O(1) then,
by scaling arguments and the properties (1.10), both A4 and A, are of order A**1.,

The first of these auxiliary lemmas establishes the convergence of the discrete flux q;,, the restriction
to the mesh skeleton @y, and the transferred boundary data @) as a consequence of the convergence
of the primary scalar variable u;, and the errors of the projections I* and I9.

Lemma 2.4. Let ||-|| be the norm defined in (2.12). There exists a positive constant C' > 0, independ-
ent of h, such that

(e e =%, 0 — en)l® < 4 L(l" |, + I 20) |l 2y, + C 43 (2.19)
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Proof. Testing (2.17) with

Oth

v:i=¢e9 w:=¢" and p:= —et-m ,
g on 0T, \ I',

results in
5712 |5, + 172 (" — e)log, = — (k™ I9,e%) 7, + (F(u) — F(un),e")7;, — (@ — on. €T m)py,,

then, owing to (2.11), we readily obtain €9 -n = k1~ (¢ — @}) — 6ea — 6ra — I9-n + 7(* — %) on I},.
Substituting this above, we get

(e e =% — on)II” < (57" 1%, )7 | + L(lle“ .y + 17" 20) Il 2,

n 2.20
H1(p = onsbea + 819+ IT- 1= 7(% — )| 220
The estimates in Lemma 2.2, can be applied to the last term of (2.20) to arrive at
(p—ondra)r, < &2V (0 —en)lF, + 557 max{rg}HhLan(Iq 1) [
{p—¢ndea)r, < Gl (o - <Ph)th 3 Hfi’l/2 €q|!2
(o —onI%-m)r, < FI12 (0 — o)l + 557 Hé%{g{?“ }H(hl)l/2 I7-n)|7,,
eCen
(o —on7(e* =l < IV (0 —on)lT, + 5 1777 (€ = D)3
(2.21)
The estimate (2.19) is obtained with C := 4 x~! max {1 Rh, 3 Rh} applying Young’s inequality to
term |(k~! I9,€9)7, | and the estimates given in (2.21) . [ |

Due to the previous result, it is enough to show the convergence of € to guarantee the convergence
of the method. The next step then is to estimate ||e"||, , which we will do through a duality argument
very much in the spirit of the proof of Lemma 2.1. Indeed, given © € L?(£2), and considering the
linear auxiliary problem (1.7), but now using equations (2.17) instead of (2.7), we can decompose

(e*,0)7, = TF + T + T, (2.22)
where

T = (F(u) — F(un), Iw)7, ,
T?:= (k" '(q— q,), Tv )7, + (€%, V)7,
T := (%, - n)p, — (€7 -n,¢)p,.

In order to estimate the size of €* we will now treat each of these terms separately. The term T/ is
easy to bound, since

IT7] < Lllu = unl| @, [Tw 2, < Ll 0, + 112) 1w o, S L0, + 112, 18]l o
(2.23)
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Now, by adding and subtracting (k= *(q — qy,), @)7, in the definition of the term T4, we obtain

T = (k' (q—q4), Ty — )7, + (' (q — q), d) 7, + (€%, V)7,

However, due to (1.7a), it holds that (v~ (q — q,), ®)7,, + (€4, V)7, = —(I9, V) T,,. Let oy, € W),
be arbitrary. Then, by (1.9b), we have (I9, V1) = 0. Combining these last two facts we obtain

T = (v (¢ —an), Tv$ — ¢)7, + (T4, V() — ¢1)) 7,
Therefore, by choosing v, = Iy, it follows that

T < |l + I9)||o, | v — Pl + T2, IV (@ — ¢n)la,
ShE T 2ed g, 0] g + BT g, 6] (2.24)

where we have used the elliptic regularity for the auxiliary problem, the approximation properties
(1.9) and (1.10) of the HDG projector. Finally, we can further decompose T := ZZ:1 T}, where:

T := — (kI (@ — on), ¥ +10n0)ry,, T4 = — k(e — on), (Tdar — Pau)Ont)
Tg = <(51q,1/)>ph, TZ = <Iq'n7(IdM_PM)¢>Fh7

Ty == — (T Py 1", 7/’>Fh ) Tg := <5sq»7f)>rh )

T% := —(1(c* — &%), Pyb)r, -

Bounding separately each of the terms above it is possible to estimate |[e"||7;, as we show below.

Lemma 2.5. Assume that the Lipschitz constant is such that L is small enough, and consider the
discrete spaces to be of polynomial degree k > 1. Then,

Il 2, S (Rah)'2(1+712) + h)ll(e9,e" — &%, — on)ll + (Ruh'/? + L) (4q + Au). (2.25)

Proof. By applying Young’s inequality to each term in the decomposition of T“, considering the
estimates in Lemma 1.2, using the fact [(x) < Rph ,V& € I}, and having in mind the estimates in
(1.12), it is possible to deduce:

T S B2 Ry b |22 (0 — o) |1Ollas |TE S 7 Ry b2 (B5)Y21 1,116 0,
T8 S EY2 R h(IKV217Y2 (0 — o) 1Olle, |TE S RY2R2BY? |12 €9, |6]| o,
T4 < RY? B2 bt 0,17 - n|| 1, |16 0, IT7| < 7Y/2Ryh| 72" — €M) |1, O]

T4 < I (RH)Y2I9 0|1, )16 e,

Then, recalling the definition of the norm ||-|| in (2.12), and of the terms A4 and A, in (2.18), we get

TS (B2 Rub 2 R b R 4 PR [ = o=l [0l o0

+max{R,/%, 7} Ryh}2 (A, + Ag) 1Ol + hAg)| O] -

Finally, taking © = € in {2, and © = 0 in (2] in (2.22) and using the estimates (2.23), (2.24) and
(2.26), and considering assumption (2.8c), the estimate (2.25) is obtained. [ |
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Combining Lemmas 2.4 and 2.5, we can bound the error in terms of the error of the projection I
and I9 as we do below.

Theorem 2.2. Assume that 6 L ((Rh Y2 (1 +72) + h) < 1, 7 is of order one, and the discrete
spaces are of polynomial degree k > 1, then

l(e% e — €% ¢ — on)ll S Ag + Au, (2.27a)
and
Il S ((RaR)Y2 4 Lt k) (Au + Aqg). (2.27b)
Proof. 1t follows from Lemma 2.4 and the estimate in (2.25), that
(€%, 6" — &% o — o)l <6 Lle"|[E, +2L A% +C A7

< 6L ((Ruh)Y2 (1L+72) + 1) (€%, — &%, o — @) I? + max{6 L(Ry hY/2 + L, C, 2 L)} (42 + A3),

where C' is the constant defined in Lemma 2.4. Then, due to 6 L ((Rh R)V2(1+72) + h) < 1, the
estimate (2.27a) is fulfilled. Finally, (2.25) and (2.27a) imply (2.27b). [

As a byproduct of the previous result, we are now in the position to establish the asymptotic
convergence rate of the discretization.

Corollary 2.1. Suppose that assumptions of Theorem 2.2 hold. If u € H**1(2) and g € H*'(12),
then

lg —anlle + llu—unllo S P (Julerre + glkie) - (2.28)
Proof. 1t follows from Theorem 2.2, Lemma 2.25, and the approximation properties (1.10), combined

with Lemmas 3.7 and 3.8 in [18]. [

2.5 A posteriori error analysis

2.5.1 Local post processing of the scalar solution

Our a posteriori error estimator will be obtained in terms of a local post processing u;, which
approximates the scalar unknown u with enhanced accuracy. We seek for u; in the space

Wi = {w e L*(Ty) : wlp € Pp(T), YT € Tp},
such that, in each element T € 7Tj, satisfies:

(kVuy, Vw)r + (F(up), w)r = —(qy, Vw)r + (F(up), w)r Vw e Priq(T), (2.29a)
(up, w)r = (up, w)r Vw e Py(T). (2.29b)
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In the case where F is independent of u, it is well known (Section 5.2 in [16]) that u} is well defined
and converges to u with order A**2 when the solution has enough regularity. It is also known that
there is a variety of choices to construct u;. In fact, we could consider a simpler choice and use
(kVuy, Vw)r = —(gn, Vw)7 instead of (2.29a). However, the term involving F plays a key role in
deriving the error estimator.

Consider real numbers I,y € [0,k] and assume that u € H**%(T},) and g € H'a1(7,). We can
sate the following result on the well posedness and convergence rate of the post-processing.

Lemma 2.6. The local post processing u; is well defined for L small enough. Moreover, if Lh? <1
and k > 1, then

lu — o, S (R B)Y2 (W uly, 12,0, + W gl 12,0,) + B2 uli, 12,0, + Lh T ul, 12,0,

(2.30a)
lu—uilir S Rl + Lhrlleor + lg — apllor + Lhr|ju — unlor, (2.30b)
and
% w11/2 . . 1/4
Z W2 uillle Sl — “h”()/h (lu = upll%, + A u—ujlig,) " - (2.30c)
6683

Here, Rp—which will be defined properly in the following section—is proportional to the product
h~=tdist(I},,I"). When dist(I},,I') is of order h, then Ry, is of order one. This result guarantees a
superconvergence of h**2 if L < h and Ry, is of order h. If Ry, is of order one, it only ensures a
convergence of order h*+3/2. However, for the linear case, [18,21] reported numerical experiments
suggesting that the order is indeed h**2 even when Ry, is of order one.

Proof. We will prove first that the problem (2.29) is well posed. For this, we will use a fixed point
argument. Let T' € Tj,. We define the operator S : Py 1(T) — Pri1(T) as S(¢) = z, where z is the
only solution of

(kV2, Vw)r = —(qn, Vw)r + (F(up), w)r — (F(), w)r, Vw e Py (T), (2.31a)
(z,w)r = (up, w)r, Y w € Po(T). (2.31D)

Note that S is surjective because (2.31) is well-posed. We will show now that S has a unique a fixed
point and in that case it is the solution of (2.29). Let (1,(2 € Pyy1(T) such that S(¢1) = 21 and
S((2) = 22, with z; and 29 satisfying (2.31). We observe that ¢; — (2 € Pr11(T") and

(KV(Zl — 2’2), Vw)T = —(]:(Cl) — ]:(CQ), w)T Ywée Pk+1(T), (2.32&)
(2:1 — ZQ,'U})T =0 YVwe IP()(T). (2.32b)

1
Then, for i = 1 and 2, we set z; := |T\/ z; and noticing that Z; = Z by equation (2.32b), we have
T

l21 = 22017 = (21 = 21) = (22 = B)|IF < CRIRV (21 = 22)17,
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where we have used the Friedrichs inequality with constant Cp > 0. Taking w = 23 — 23 in (2.32a),
and recalling that F is Lipschitz continuous with constant L, we obtain

|21 — 22|17 < CR(F(G) — F(G1), 21 — 22)7 < CEL||G — Gi|7ll21 — 227

Thus, the operator S is a contraction as long as C%L < 1. If that is indeed the case, it has a unique
fixed point.

For the inequality (2.30a), let Py and Py« be the L?—projectors into the space of constants and
into W} respectively and decompose

u—uy = (I — Py+)u+ Py(Pw~u—uy) + (I — Py)(Pw=u — uj). (2.33)

We will now proceed to bound each of the terms on the right hand side of this expression separately
in order to estimate the difference v — uj. For the first term it is easy to see that

I(T = Pow<)ullor S B2 uli, 4o.7- (2.34)

For the second term we first notice that, since W* is a space of piecewise polynomials, the definitions
of Py and Iy, since k > 1, imply Py Py+u = Pou = Py IIywu

| Po(Pw~u — up)llor = [[Po(ITwu — up)llor < [[Hwu —upllor = € ]lo,r- (2.35)

In the first equality we have made use of the fact that, due the definition of uj in equation (2.29b),
we have Pyuy = Pyuy,.

Now we move on to the third term in (2.33) and note that for every v in the space of vector valued
functions with components belonging to W;* and T' € T it holds that

(kV(u —up,),v)r = (KV (Pw+u —up) ,v)p = (kV (I — Po)(Pw=u — up),v)r. (2.36)
Moreover, for the exact solutions (u,q), we have kVu = —q so that the difference u — uj satisfies
(kV(u—up), Vw)r = —(q — g, Vw)r + (F(up) — F(u), w)r — (F(un) — F(u),w)r,

for every w € W) and T' € T. Letting w := (I — Py)(Pw+u — uj) € W* and Vw be the test functions
above, and using conditions (2.36) leads to

(kVw, Vw)r = =(q = gy, Vw)r + (F(u) — F(u), w)r + (F(u) = F(un), w)r.

~

From this equation, using the the scaling argument ||wl|jor < hr|w|ir and the inverse inequality
lwhir S h;1||w|]0,T we arrive at

hp2 lwll§r S Elwlf 7 < llg = aullozlwlhr + L (Ju—ujllor + llu — unllor) lwllo,r,
from which we conclude that
lwllor < hrllg — aqpllor + L3 (|lu —ulllor + llu—unllor) -
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Recalling the decomposition (2.33), and the estimates (2.34), (2.35) we can bound the term |ju—uj |[o. 7
on the right hand side yielding

(1 = Lag)|[wllor < hr llg — gpllor + L b7 (hlf‘wlu\lﬁz,T + e lor + llu — uhHo,T) : (2.37)
Combining (2.37) above with (2.34) and (2.35) once more we arrive at

(1= Lh3) llu = ujllor S (1= Lhg)h ul, 420 + (1= LAl + b llg — aullo,r
+ L3 (n 7)

ShEPP i, o1 + €0 + hr g — apllor + LAZ Ju — uplor-

So, assuming Lh% < 1 for each T € Tp, results

luw — ujllor S WPl +or + 1€ o, + b lg — anllor + LhZ|lw — uplo,r-

By adding on each T' € Tj, the estimate (2.30a) is concluded after considering the results in Theorem
2.2. Now, if we apply the inverse inequality to the estimate above, we arrive at

(1= Lhd)[wlr S lla - aulor + Lir (B
Assuming again Lh2 < 1 for each T € Ty, (2.30b) follows.

1/2
Finally, using the trace inequality, the fact that hellv[l§ . < llvllo.r (HvH%T + h%\v[iT> for any
v € [H'(K)]4, and the estimates (2.30a) and (2.30b), we have

Do helllwpdlfe S D2 D hellu—uilr i,

e€e€y e€&p T €we
1/2
<SS lu— o (e — il g0+ hlu — wj2) 2,
e€&p T €we
which implies (2.30c). [ |

2.5.2 A residual-based error estimator.

In order to prevent the proliferation of high order (with respect to h) oscillatory terms that would
only make the analysis more cumbersome, we will suppose for the remainder of this sections that
¢ is the trace of a function in W; N H'($2). Let (T, Z,E}‘?) refer to the elements, interior faces
and boundary faces of the computational mesh respectively. In each element T € 7Tj, we define the
following residual-type local error estimator:

nr (@ s o) = (h%How(uZ) LV g2+ RV K2,

s <h Manll2 + k2 e ||2) S htlon —u

ecgoNT ecE9NT

1/2 (2.38)
>||2) ,
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and introduce the data oscillation term

osc®(F, Tp) i= > W7l F(uf) — PwF(uj)||7. (2.39)
TeTh

We will show that the global error estimator, given by

1/2

n:i= Z n%(qlw u;kw (Ph) ; (240)
TeTh

constitutes a reliable and efficient local a posteriori estimator for the error

e = 15712 (a — an)lif, + lu = uhlldy, + 102 (@ = en) 1, (2.41)

The remaining part of this section is devoted to proving one of the main contributions of this work,
which is the efficiency and reliability of the local error estimator (2.38). We state the result here, and
will proceed to develop the tools required for its proof. This will follow readily from Theorem 2.3 and
Theorem 2.4, the proof of which is lengthy and requires a few technical lemmas.

2.5.3 Reliability and local efficiency.

If the Lipschitz constant L associated to the source term F and the distance between I}, and I is
small enough (in a sense that will be made clear in the hypothesis of Theorem 2.3), then the error
estimator 7 is reliable, i.e.,

e? <n? 4 0sc?(F, Tp).

Moreover, 7 is locally efficient, meaning that

(@ uien) S > (K72 (@ = @)l + llu— il + bzl = onll2 + oscX(F, Ui (e)),
TeUn(e)

where U}, (e) is the set of elements that have e as an face. Namely, Uy (e) :={T € T, : TN &, = e}.

Before setting out to show the validity of this result, we would like to make a few remarks regarding
the steps required for the proof. The efficiency of the estimator can be established by adapting some
of the arguments in [24] to account for the semi-linearity of the problem and for the approximation
of the boundary data due to the curved boundaries. This will be addressed at the end in Theorem
2.4. Reliability, however, requires a much lengthier argument and the proof will be divided in several
steps. Lemma 2.7 establishes the connection between the residual of the HDG equation (2.6a) and the
post-processed solution uj that appears in the local error estimator. To show that each of the terms
in the estimator are indeed upper bounds for the error in the flux, the term ||x~/?(q — qh)H%h will be
decomposed in four components which will be treated separately in Lemma 2.8. This shows that the
error on the flux can be successfully bounded by the estimator, plus some additional terms involving
the error the scalar variable v and the data in the boundary ¢. Next, Lemma 2.9 shows an estimation
for the error in the variable u in terms of that of the transferred boundary condition and the flux. All
these results are then consolidated in Theorem 2.3, which establishes that the error can be controlled



2.5. A posteriori error analysis 34

by a combination of the estimator 7 and the data oscillation, that is, the reliability is finally proven.

As mentioned in Section 2.5.1, the inclusion of the nonlinear source term F in the definition of uj
helps obtaining the following result, which is important for the estimate in Lemma 2.8, that will link
the post processed solution with Equation (2.6b).

Lemma 2.7. Let (un, qy) be the solutions to (2.6) and ujy be the post-processing of up, given by (2.29).
It holds

(PW‘F(U;;,) -V qh7w)7—h == (qh 'n, w>87—h - (Rvuz + qp, V'IU)Th, Vwe ch,h7

where W, = {w € HY}N) : w|p € Py(T), VT € T}, and P1(T) is the space of piecewise linear
polynomials on T'.

Proof. Considering w € Wﬁh and integrating by parts in the equation (2.6b) we obtain, for all T' € T},
(V- qp,w)r — (g -, w) or + (@) - 1 w) gr = (F(un), w)r.
Then, due to (gj, - n,w),7, = 0 and using (2.29), we have
(V- qp,w)r, =gy - mw)yy, = (£Vup, V)7, + (F(up), w)T, + (gn, V)73,

which concludes the proof. |

In what follows, u} € W; N H'(£2,) such that @} = ¢ on I}, will be used to denote the so-called
Oswald interpolation of uj defined in 1.6. Now, we apply the Lemma 1.6, with |a| = 1, to get

IV (@, —ui)llf, < Co | D he 'IMupdIZ + D hetlle — il

6682 eeg}?

<Co | D hetIMupdIZ+2 " hetllio —enllZ +2 > bt lon —uillZ |

e€ty ecf ec&f

where Cp > 0 is a constant independent of h arising from the approximation properties of the Oswald’s
interpolant. Similarly, for |a| = 0, we have

a5, — uhlls, < Co | D helllwhllZ+2 " helo —enllz 42D hellon — uillz
ee&y ecgf ecg?
Since for a fine enough mesh h, < h_!, the two inequalities above can be combined into
5, = uf |2, + 1V @, —uidll@, <2Co | Y h luillz + D hetlien — willZ + 11he V(0 — en)llF,

ec&y eeg]?
(2.42)
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The following three results allow us to find a preliminary estimate for each term of our error defined
n (2.41). We begin rewrite ||x~/2(q — q;)|%, in a suitable manner. Note first that using (2.3a), and
adding and subtracting uj , it follows

I~ 2(q — @)} = (@ — an. & (@ — an))r
—(q—qp, V(u—up))r — (g —qp, Viuj, — Kk~ Qh)
= (v : (q - qh)vu - UZ)T - <(q - Qh) n,u — uh)aT - (q — G, Vﬂ;ﬁ - H_lqh)T'

Adding and subtracting F(u} ) and Py F(uj) in the first term above, and using (2.3b) to replace V- q
by F(u) yields
Ix="2(q = a3 = (F(uj) = PwF(up) + PwF(up) = V - gy + Flu) = Flup),u — ;)7
— (g —an) - nyu =) op — (a = G, Vs, — £ q)

Thus, since g € H(div; £2,) and u — @}, € H}(£2,), we can add over the entire grid to obtain

k7 2(a — ap) 15, = ZTZ, (2.43)

where

Ty := (F(uy) — PwF(u}), v —up)7, , Ts:=—(q—qp,, Vu; — /flqh)Th
Ty := (PwF(uj;) — V- qp,u—up)7, +(q, - nu—1up)oy,  Tq:=(F(u) = F(up,),u—uj)T,

In the following estimates, for a given function v, let Qx(v) be the averaged Taylor polynomial of
degree k associated to v. For smooth functions this polynomial coincides with the “usual” Taylor
polynomial, whereas for functions with Sobolev regularity it is defined by mollification of the weakly
defined Taylor polynomial [7, Section 4.1].

Lemma 2.8. There exists C1 > 0, independent of h such that

I5=12(q — qu)|3, < Cr | 0s(F, )+ Y hi | PwF(uj) — V- q,7
TeTh

+ 162V + 5T 27+ Y (e lgnlll2 + b ITusllI2) + > hetlien — )12
TET ecEy e€&?

+ Cllhe % (o = n)llf, + C1 L llu— |13,

Proof. To prove the result, we will bound each of the terms T; in the decomposition separately. The
final result will come as a consequence of the individual estimates. In some cases we will make use of
a free parameter €; > 0.

Bound for T;. Consider Qo(u — uj), the zeroth order averaged Taylor polynomial associated to
u — uj. Since (F(uy) — PwF(uf),Qo(u — u}))r = 0, then by Young’s inequality and the Bramble-
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Hilbert lemma with constant ¢ > 0, independent of i, we obtain

2
(hT(f(uZ)—ow(u;i)),h%l(u—ﬁi—Qo(u—ﬁi)))cr<hTHf( B = PwF (i)l +cen [V (u—a;)l7.

Using (2.4a) in the last term of the above expression to replace Vu by x~!q along with adding and
subtracting Vu; and x~'q,, we obtain

w

IV =)l < = (Ik2(a = @) I} + [1/2Vul + 57 2qy f + 162 V0), — 612937 ) . (2.44)

Thus

M < Gy (1672 = @)l + 162V + 5 2qy 620, - 512V )
TETh

Z || F(uy) — P F(uj) |17, (2.45)
TE’Th

where C) := max{1,3cx1}.

Bound for T3. We begin by rewriting T as

T2 =(q), - n,u — U},) o7, + (PwF(u) =V - @y, (u—1up) — Ch(u —up))7,
+ (PwF(up) = V- qp, Ch(u — Up)) 7,

where Cj, is the Clément interpolation operator defined in Section 1.8. Rearranging terms above, using
u = uj, = ¢ on I}, and applying Lemma 2.7, we have

Ty = (g, - mv,u —Up) 5, + (PwF(up) — V- qp, (Ldar — Cp)(u — 1)) 75, — (@ - 1, Ch(u — U)o,
— (kVuj, + gy, VCh(u — Up)) T,
= (ap -, (Idy = Cp)(u — U ))ognp, + (PwF(up) = V- qp, (Idy — Cp)(u — U3)) 75,
— (kVup, + g5, VC(u — 1 ))Th

Then, by Young’s inequality,

1 . ~ .
ol < o 37 WP Fh) V- aulld + e 32 02y — G — i)}
2 TeTh TET,

+7 > hellanlllz +e2 Y ket (Tdar — Co)(u — )12

665" ec&}

F i Y IRV gl e Y (Gl - T
2 TeTh TeTh
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On the other hand, the properties of Clément’s interpolant—Lemma 1.5—and the Poincaré inequality
with constant ¢, imply that

Yo b lUdy = Co)(u =)l S D e —alh, <ee Y Ju—alis,

TeTh TETh TeTh
> hMTdy = C)(u—T) 2 S D lu—ThllA, <Gcp Y fu—5
ec&y e€ly TeT,
S lChu—)ir S Y lu—uhllF <@cp Y Ju—5lT
TETh TeTH TeTh

Above, the sets Ar and A, correspond to the macro element surrounding the element 7' and face e
respectively, i.e.

Ap:={T' €T, : TNT # o} and A ={T'€T,:T' Nne # o}.

Then, applying (2.44) to the right side terms of the last three inequalities, one arrives at

Cs .
[To| < o Z Wl Pw F(up) =V - qpll7 + Z helllanlliZ
2 \rem, c€E?
-~ — 1 * — ~%
rale 5 (I - anlp+ (1 +1) 1672905 + a2+ 162 = )l ).
TeT,

(2.46)

with Oy = max{1,%,3c,k 1 (¢1 + 2 +C3)}.

Bound for T3. From Young’s inequality, it follows that

1 * — ~x% * —
DY (23 (161725705 + 572, 3+ 11612 V (@5, — i)l ) + el 1/2<q—qh>u%). (2.47)
T€ETh

Bound for T,. Adding and subtracting uj, and using the Lipschitz continuity of F, we have

* * * ~ L * * ~
Tal < LY (lu—willf + lle = willrliuy —Ghlr) <5 Gllu—will + lluh —4[17), (248)
TeTn TeTh

where the second inequality follows from Young’s inequality.
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Wrap-up. By the decomposition (2.43) and the bounds (2.45) - (2.48) obtained for the terms T; ,
we deduce that

— * 62 *
b, < £ 3 )~ AR+ (5 S I -5 0l
L rer, TETn

O, 1 . Oy
<C1€1+C262+4+> Z K"V, + & 1m‘ﬁh”%‘*‘; Z he [anl1?

26 ) 17, 2 cegp
~ 3L
Crer+Co 624‘7 Z IV (up, — up HT+ Z lup, = @17 + =~ Z lu — |17
TeTh TETh TeTh
+ (51 €1+ Coer + €3) Z 15~ (q — qp)7-

TeTh

Finally, considering values of €1, €2, and €3 such that 61 €1 + 62 €2 + €3 < 1/2, and the estimate for
the terms that involve u}, given in (2.42), the proof in concluded with Cy dependent only of C; and
Ch. |

Now, we bound the second term of the error €2 (see (2.41)).

Lemma 2.9. Under all the previous assumptions, the following bound for the error in the post pro-
cessed solution holds

lu—wjll, < Co | D 67 Pay +£2Vuilz+ > b LuidlZ + Y bt lon — ubll?
TET; =, ceg?

—-1/2
+Hw™? (g = ap)lI, + llhe /(sﬂ—wh)\l%h),

where Cy > 0 is a positive constant independent of h.

Proof. First, note that, since u — uj € H}(£2,), then thanks to the triangle and Poincaré inequalities
with constant ¢, it follows that

lu = uplle, < 2w =43, + 21T, —ujll, <260Ve = Vag|§, + 21, - uj )b, -
then, since ¢ = —k~! Vu (see (2.3a)) adding +x"1q;,, we get
lu =il <4cs™ (152 — @il + 1572y, + 612V I, ) + 213 - i,
Now, adding +r1/2 Vuj, results in

lu —ujlly, < 4cput|wm?(q — qh)thJrSC & |82y + KV G,

(2.49)
2 max( s 7 1) (19— @), + 3 — i, ).

Finally, the proof is concluded by substituting (2.42) into (2.49). [
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We conclude this part with an estimate for the last term of our error,

Lemma 2.10. Assume that all previous assumptions are satisfied. Then, there exists a positive
constant Cs, independent of h such that

112 (0~ @u)lIF, < Ts max{r?, re (C)?) (er—lﬂ(q— @ )lley, +1* L lu = uj g,
€CCh

+ > W | PwF(ui) = V- gyl + 0802(177771))'
TeT,

Proof. We first notice that this term depends on what happens in the domain (27, that is

1he 2 (o = en)lIF, S s~ (a — an) - (2.50)
Then, for each T € Ty, we have

hr|V (g —aqp)llr = hrl|F(u) = V- qlr

< hrl|PwF(uy) = V- qpllr + hrl| F(u) = Fup)llr + hrll P F(uy,) = F(ug) |7
(2.51)
Now we will need to consider the approximation error measured in a function space with additional
regularity. For T € Tj, let Er : H(div;T) — H(div;R?) be any local extension operator, and
Qr(Er(q)) € Pr(R?) the averaged averaged Taylor polynomial of degree k introduced in the proof of
Lemma 2.7. Let also E : H(div;T;) — H(div; R?) be a global extension such that E(v)|r := Er(v)
for all T' € Tj, and v € H(div; 7). Note that

lg — anllo; < 1QK(E(Q) — anllog + lla — Qu(E(q))llog
1/2

= [lg — Qr(E(q)) |2 + Z 1QK(E(q)) — ap|Fe

ext
6688

1/2

<|1E(q) = Qu(E(@)llag + | Y re (C5)*IQk(E(a)) — gl

6683
Since ||Qx(E(q)) — anlFe = |1Qk(E(@) — ap)ll7e S 1E(a) — aull7e = g — qulF, we obtain

lg — anllog < 1E(q) — Qr(E(q))lleg +ngx{7“l/2 Centlla — anlla-

Moreover, to bound the first term on the right hand side, we observe that

|Ere(q) — Qu(Bre(q))3, = |1E<(q — a1,) — Q(Ere(q) — Ere(qn))|7e
S Bre(q —ap)lFe, Sr2ls='(a—ap)llre +r2 03|V - (@ — q3) 7,
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where we have used the estimate in (1.14a). Thus,
157 (@ = @)l < maxtr?, e (C2an)} (I8 (a = @), + 131V - (@~ an)llh, )
€Sen
The result follows combining the last inequality with (2.50). [

With all the pieces in place, we can now show that the error in the flux can be successfully estimated
if one considers the data oscillation.

Theorem 2.3. Assume that the hypotheses of Lemmas 2.8-2.10 hold. In addition, if

0105 ma%({rg,re( c D)< 1/2, (2.52a)
e€ly
CyL(LR*+2C) < 1/2, (2.52b)
(2C2 +1) O3 max{r?, re (C&u)?} < 1/2, (2.52¢)
ec&y

where C;, i € {1,2,3} are defined in the Lemmas 2.8, 2.9 and 2.10. Then, there exists a positive

constant C,y, such that

6}21 < Cra (772 + 0502(]:’ 77L)) :

Proof. We first replace the estimation of the Lemma 2.10 into Lemma 2.8 and, together with assump-
tion (2.52a), obtain

Hffl/Z (g — qh)||%zh < L(LR*+2C) |lu— quH?)h +(2C1 +1) (och(}",’E) + 172) . (2.53)
Combining the assumption (2.52b) with (2.53) into the Lemma 2.9, we obtain
lu = wjlB, <2C2 k"2 (0 = @n)llF, +2(C1 +1) Ca (0se*(F, Th) +17°) - (2.54)
Note that, thanks to (2.54) and assumption (2.52b), the estimation (2.53) can be rewritten as
15712 (g = ap)lif, < 1072 (9 = en)lIF, + (BC1+2) (ose*(F, To) +1°) (255)

Combining (2.54) with (2.55) and using the Lemma 2.10 again, we arrives at

15712 (@ = an)lIfy, + lu = ujll3,

< (20> + 1) Ty max{r?, re (C5)*} (157 (a = @)l + llu — willh, ) + (ose*(F,T5) + 7).
€SCh

Then, by assumption (2.52¢), we deduce

15712 (@ = @)@, + llu = ujlls, S 0sc?(F, T) + 0.
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Finally, observe that the above estimation allows us rewritten the Lemma 2.10 as
1he 2 (0 = o), S 0s¢*(F, Th) + 177,
which concludes the proof. |

Having established the reliability of the estimator we can now adapt arguments from the linear
case to show that the estimator is locally efficient as well. This will follow readily from the following
estiamtes.

Theorem 2.4. Suppose that Lh < 1. Then we can assert the following local estimates

1512 q, + &2 Vuillr S 152 (g — ap) |7
RIlIZ S S w2 (g —an)lf Vee&s,

TeUp(e)
B len—uille S D0 WV a— an)liF+ 10 (0 — )2 Ve e g,
TeUR(e)
pelllanll? s > (172 = @)l + B Pw F ) - V- 4,
TeUR(e)

+ |u—u",;||?p> + 05 (F,Un(e)) Vee &
W 1P F (i) = V- ayllr S 572 (a = a7 + 1 || Pw F(uf) = Flup) |17 + llu - uf[7-

Proof. Note that due to the presence of the non-linear source term, the post-processing defining uj
is also non linear, and a direct application of the results in [24, Lemmas 4.4-4.5] and [25, Lemmas
3.4-3.7] is not possible. We then proceed to adapt those arguments to the current semi-linear case and
treat each of the estimates above separately in what follows. Local efficiency will follow by combining
these estimates.

Bound for ||k~ /2q), + kY2 Vu}||r. This term can be bounded by an application of [25, Lemma
3.7], that is

1512 qy + 12 Vuplle S 572 (g = an) 17 (2.56)
Bound for A '|[u}]||?. We begin by splitting [u}] into its component in the space defined as

My = {u € L*(0Ty) : ple € Po(e), Ve € &,} and its orthogonal complement. Considering Pyy,, the
L?(£2)-orthogonal projection into My, and Idy; the identity operator on the same space we have

he ' Tuilll? < het 1Pag TuplllZ + ket Nl (dar — Pag)[ur] 2. (2.57)
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Each of these terms can be bounded by an application of [25, Lemma 3.4. and Lemma 3.5.] to all the
interior faces of the triangulations. That is, for each e € &,

h 1P [up] 2 S D Ik 2 ap + 612 V|17, (2.58a)
Teuh(e)

heHl(Tdy = Pag)[uilI2 S D IV (u— )13 (2.58b)
TeUp(e)

Now, adding and subtracting x~/2q;, to V(u — uy) and using the definition of the flux it follows that
IV (u—up)lF S e (@ = a7+ Is~% gy + &2 Va7 (2.59)

Moreover, using the fact that ||k ~'/2 g, + k"2 Vu} |2 < k712 (g — q,)||> (see (2.56)), we can bound
the second term above. The same argument can be applied to (2.58a), and combining these two results
we arrive at

h 2SI a—an)lF Vee&. (2.60)
Teuh(e)

Bound for h_'|¢n — uj||?. First, we define for each T € Ty, the local Raviart-Thomas [33] space
of order £ as
RTR(T) := [Pr(T)]? ® Pp(T) ,

where Pi(T') denotes the space of polynomials of degree at most k defined in T' € T}, (see Section 2.2).

Taking as test in (2.6a) v € RTy(7T), it is possible to use the second equation defining the post
processing uj, (2.29b), for V- v belongs to the space of piece-wise constant functions P(7’), to obtain

(/1_1 qp,v)r — (uy,, V- v)r + (Up,v-n)sgpr = (H_l qy, + Vui,v)r + (Up — up,v-n)sgr = 0.

On the other hand, if we consider v € H(div,Uy(e)) for each e € &7, then by summing over all
T € Up(e), we arrive at

S gt Va3 S @ —wiv - mlor — (on — 6,0 n)e.
Tely,(e) TelUy(e) FeoT \e

Since v € H (div,Up(e)) is arbitrary, we can choose it such that, on each T' € Uy, (e), belongs to RTy(T")
and satisfies

/v ‘n = /PMO(cph —up)-mn for the face e,
e

e

/'v-n:O VF € 0T \e,
F
we obtain

1Pasy(pn —up) 2= D (7" @y + Vi, o)
Teuh(e)
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/2

Then, from the Cauchy—Schwarz inequality and a standard scaling argument ||v|r < |lv-nlle, we

get
he ' 1Pa(on —ui)lZ S D e 2an + w12 Vg |7 (2.61)
TGuh(e)

Now, analogously to [25, Lema 3.5], it follows that for each boundary face e € I},

he HNl(Zdar — Par)(on — up)l2 = he | (Tdar — Pagy) (on — ui) 2
< heI(Tdar = Pagy)(w = w12 + he || (Tdar — Parg) (9 = on)l2

S D IV@—ap)lF+h e = enll2-
Teuh(e)

Therefore, by (2.59) it follows that

he |(Tdu = Pa)on —wp)ll2 S D (157 (a— a7 + 572 @, + £ Vi [17)
Tl (e) (2.62)
+hetlle — enll2.
Finally, we decompose

on —up, = Pary(on —up) + (Idyr — Pagy ) (on — up,),

and apply (2.61) and (2.62), to arrive at

he llen —uille S D (k7@ = @)l + 1572 g, + £ Vi |13) + b e — onll?
TeUy(e)

S D s g —an)lF + 1P (0 — en)lI2, (2.63)
Telp(e)

where we have applied (2.56) in the second line.

Bound for h.||[g}]]|?>. For the interior faces, we have that for any w € H{ (U (e)), then

(lanl, w)e = D ((a—aq) nwior= > ((q —qp,), Vw)r + (F(u) = V- thw)T>

TeUy (e) Tely (e)

< > (215 2@ - )z IVwlr + hr 1F(w) = V- @yl b7t lwlr)
TEZ/{h(E)

< > (R @ - an)lr + b [F @) = - aulir) (19wl + A7 elir).
TeU(e)

By choosing a test function of the form w = Bc[q,] € Pr+q(T), whith being B, is a face bubble
function defined in (1.15), it follows that

/ Blal*s > (1572 = aw)llz + he 1F(w) = V- aylir ) b7 B2 Belanl .
€ Ty, (e)
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then, due to hr}l h;p < he_l/2 and the fact that

[ Bal s [lal < [ Bdal

pellallZs Y. (I - @)l + 31 Fw) — V- aul)
TeUn(e)

one arrives at

Now, using (2.51) and the Lipschitz continuity of F, due to Lh < 1 we get

nelllaallz < % (6@ — @)+ W31 PwF i) — V- gyl + o — wi3)
Tely, (e) (2.64)
+osc?(F, Uy (e)).

Bound for hZ||PywF(u}) — V - q|/%. For each element T' € Tj, and any function w € H{(T), we

have that

(Pw F(up,) =V - g, w)r = (Pw F(up) — F(up), w)r + (F(up) — F(u), w)r + (F(u) =V - g, w)r
= (PwF(up) — F(up), w)r + (F(up) — F(u), w)r — (g — g5, Vw)r.

We now consider the element bubble function By defined in Lemma 1.4 and take w := Bpv, with
v:= PwF(u;)— V- qy. Then, the equation above yields

(v, Byv)r
< (R s a — ap)llr + | PwF(uyy) — F(up)lr + Liu — ujllz) (br ||V (Bro) |7 + || Bro|lr).

Then, due to (1.15) and the inverse inequality hr |Vw||r + [Jw|r < ||w||7, we obtain
ol S (B 157" (a = @w)lr + |1 Pw F (i) = Fui)llr + L lu = willr ) | Brolr,
Since ||Brv||r S ||v|lr also by (1.15), we have
lllr < ket 1571 (g = an)llr + |1 PwF(uy) = F(up) iz + Lllu —uj 7.
Equivalently, since Lh < 1, the estimate above can be rewritten as

W | PwF () =V - aullr S 572 (q — @) I3+ Wi [P F(uh) — F@i)lF + lu— 7. (2.65)



CHAPTER 3

Error analysis of an unfitted HDG method for a class of
non-linear elliptic problems

In this chapter we study Hibridizable Discontinuous Galerkin (HDG) discretizations for a class
of non-linear interior elliptic boundary value problems posed in curved domains where both
the source term and the diffusion coefficient are non-linear. We consider the cases where the
non-linear diffusion coefficient depends on the solution and on the gradient of the solution.
To sidestep the need for curved elements, the discrete solution is computed on a polygonal
subdomain that is not assumed to interpolate the true boundary, giving rise to an unfitted
computational mesh. We show that, under mild assumptions on the source term and the
computational domain, the discrete systems are well posed. Furthermore, we provide a priori
error estimates showing that the discrete solution will have optimal order of convergence as long
as the distance between the curved boundary and the computational boundary remains of the
same order of magnitude as the mesh parameter.

3.1 Introduction

In this work we will study a discretization based on the hybridizable discontinous Galerkin (HDG)
method [15] for a class of quasilinear elliptic boundary value problems of the form

-V - (kVu) = f(u) in 2, (3.1a)
u=g on I' := 012, (3.1b)

where the domain 2 C R? (d = 2, 3) is not necessarily polygonal /polyhedral, the diffusion coefficient,
K, is a positive function that depends on the solution, wu, in one of the following functional forms

K= ro(u) c
{ k(Vu) ’ (3:1c)

and that will be assumed to be a bounded and Lipschitz—in a sense that will be made precise in due
time. In addition, the source function f will be taken to be a Lipschitz-continuous mapping from

45
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L%(£2) to L*(£2), so that there exists Ly > 0 such that

I1f(u1) = fug)lle < Ly llur —uslle  Vur,up € L*(02). (3.2)

In this model, the unknown u is the stream function of the poloidal magnetic field, the source term
f is a nonlinear function of u accounting for the effects of the hydrostatic pressure and total electric
currents present in the device, and the coefficient x encodes the magnetic properties of the system.
The case where k is a constant leads to a semi-linear equation for which an HDG discretization
was proposed and implemented in [73,74], and analyzed in detail in [71]. However, in the presence of
ferroelectric materials, the permeability is affected by the total magnetic field B—which is proportional
to the gradient of u—and the coefficient then takes the form x = x(Vu), leading to a quasi-linear
equation that requires the more detailed treatment that will be the subject of this article. Some
theoretical studies of the HDG method applied to quasilinear problems have been pursued recently
[27,37,38], however these efforts are limited to polygonal domains. Moreover, the first reference does
not consider non-linearities of the form x(Vu), while in [37,38] the authors analyzed an augmented
HDG discretization for a strictly quasi-linear problem arising from a non-linear Stokes flow using an
approach based on a nonlinear version of the Babuska—Brezzi theory. As we will show, our analysis
will be valid for both quasi-linear and semi-linear problems, will not require an augmented formulation
and the domain may be piecewise smooth.

Having established the basic setting in the Chapter 1, we then proceed to study separately the HDG
discretizations for the case when the diffusion coefficient is a function of u only (Section 3.2 ), and the
case where the diffusion coefficient depends on Vu (Section 3.3). In these sections the well posedness
of the corresponding discrete HDG formulations are established, and a priori error analyses on the
discretizations are performed.

We will also need to make two technical assumptions relating the proximity constant to the and
the diffusion coefficient x and the degree of the polynomial approximation. For each e € 5}? we will
require the following to hold:

1
Hy < on7h, (3.3)
Fr e (Coy Chy)? <1, (3.3b)

where k and % are the lower and upper bounds of k, resp., specified in (3.6), whereas 7 is the maximum
of the stabilization parameter 7 of the HDG scheme .

The first of these two conditions, (3.3a), states the well known fact that for small values of the dif-
fusivity, small scale behavior can be expected near the physical boundary, and therefore fine extension
patches are required. However, it also provides the additional insight that the distance between the
boundaries can be increased at the cost of accepting smaller values of the stabilization factor 7—and
hence larger discontinuities in the discrete solution. In a similar vein, (3.3b) relates the range of val-
ues of the diffusion coefficient with the maximum separation between the computational and physical
boundaries, thus making sure that the external patches are fine enough to resolve possible boundary
behavior induced by large variations in diffusivity over the domain. Moreover, it sets a hard upper
limit to the mechanism that allows for a larger separation by decreasing 7.
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By combining (1.5) with (3.3) it is not hard to show that, for & > 0, H;* must be bounded as

ht ik 1/3 1
H}: < mi e = SRT LS.
e = mm{(clcg)Q <k4(k:+ 1)4(36 + 1)%) 3hT

This expression provides insight into the way in which the physics of the problem—through the range
of values for k—interacts with the discretization—through the parameters Hj-, hé‘, k, B, and 7—
and determines the maximum separation between the physical boundary and that of an admissible
triangulation. Of particular note is the role played by the polynomial degree of the approximation:
for larger values of k the distance between the mesh and the boundary must decrease. The reason
for this will become apparent soon, as we will resort to extrapolation to approximate some quantities

over the extension patches.

Recasting (3.1) in mixed form and restricting the resulting equivalent first order system to {25, leads
to

g+rVu=0 in (2, (3.4a)
V.-q=f(u) in (2, (3.4b)
u=¢ on I}, := 082, (3.4c)

where the specific relation between k, v and Vu has not been made explicit, and the—a priori
unknown—function ¢ encodes the restriction of u to the computational boundary I,. We can recover
¢ following the method proposed by [17] (in one dimension) and extended to higher dimensions by [21].
The idea consists of transferring the Dirichlet data g from I" to I';, along segments called transfer paths
by computing a line integral of the flux q.

To be precise, given @ € I, and € I, equation (3.4a) can be integrated along the segment
connecting them. Let us denote by t(x) the unit vector anchored at x pointing towards x, and by
[(x) the length of the segment connecting them. We then have the following representation for ¢:

I(x)
o= g(®) + /0 (5L @)@ + t(x)s) - t(x)ds. (3.5)

Note that ¢ depends on the values of either u or V u (through £~!), and q over the extended domain
27, As such, we should write ¢ = ¢(u, Vu,q,x) however, to keep notation simple, we will abstain
from this and will write simply ¢. In a similar fashion, ¢g(Z) is in fact a function of @, since the point =
varies smoothly with z. To avoid the use of cumbersome notation we will write either ¢g(Z) or simply

g:=g(x(x)).
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3.2 Non-linearities of the form x(u)

3.2.1 The HDG formulation
We will first consider the case when the coeflicient £ depends on the solution in the form

Kk L*(0) — L®(N)

u — k(u).
For the analysis, we will require the existence of positive constants x and % such that for all u € L?(£2)

k < k(u) <K  almost everywhere in (2. (3.6)
Moreover, k will be assumed to be Lipschitz-continuous on L?(§2), i.e, there exists L > 0 such that
[5(u1) = K(u2)l|poo(o) < Lllur — uollp2()  Vui,up € L*(£2). (3.7)
The two conditions above, together, imply the existence of constants L and L such that
162 (u1) — 62 (u2)l| poo(ry < Ll — uall ooy Vur,us € L*(£2), (3.8)
57 (wr) = &7 (u2) || ooy < Lllwn — wall2)  Vur,ug € LP(£2). (3.9)

Note that all these assumptions imply the Lipschitz continuity of x, x'/2, and x~* on the subdomain
2, C §2 with corresponding Lipschitz constants equal to or smaller than those stated above.

Before introducing the discrete formulation we will recall here the mixed form (3.4), but now we
make explicit the dependence k = k(u)

g+ k(u)Vu =0 in 2, (3.10a)
V.-q=f(u) in 2, (3.10Db)
U= on 082, (3.10c)

The boundary data ¢ on the computational boundary I}, is transferred according to (3.5).

Taking an admissible triangulation 75 of the computational domain (2}, the HDG discretization of
(3.10) reads: Find (qy,, up, up) € Vi, x Wy x My, such that

(k™ (un) @n, )75, — (Un, V - 0)7;, + (Un, v - Yoy, =0, (
—(ap,, V), + (@ - n,w)ar, = (f(un),w)7;, (3.11b
(Un, w1y, = (enlun), 1), (3.11c
(@, -n, o, =0, (3.11d

for all (v, w,u) € Vi, x Wy, x Mj,. Here

g, -n:=qp -n+7(up—up) on I,



3.2. Non-linearities of the form k(u) 49

with 7 being a positive stabilization function, whose maximum will be denoted by 7. The approximate
boundary condition ¢ on the right hand side of (3.11c) is given by the discrete counterpart of (3.5)

I(x)
on(up)(x) := g(x) +/0 (kY (up) Engy)(x 4 t(zx)s) - t(z))ds, for & I}, (3.11e)

In the definition above, we have used the extrapolation E}q; due to the fact that the approximation
q;, is available only inside of the computational domain 25, but the transfer paths along which the
integral is computed are defined over the complementary extended region (2.

3.2.2 Well-posedness

In this section we employ a Banach fixed-point argument to ensure the well-posedness of the discrete
problem (3.11). To that end we will define an operator J : Wj, — W), mapping ¢ to the second
component of the triplet (q,u,u) € Vi, x Wy, x M}, satisfying, for all (v, w, u) € V', x Wy, x My, the
HDG system (3.11) where the source has been evaluated at ¢, namely

(571 (Q) @ )7, — (. V - 0)7;, + (v - m)yy, =0, (3.12a)
(@, V)7, + @ whor; = ()0}, (3.12D)

(@, )1y, = (@(C), 1) 13, » (3.12¢)

(@-n,wor\r, = 0. (3.12d)

Above, the term ¢(() corresponds to the boundary condition transferred to the computational domain
by means of (3.11e). The mapping J is well defined, as the linearized system (3.12) is uniquely solvable
as proven in [18].

The main result of this section—that the mapping 7 defined above is a contraction—relies on the
validity of a particular inequality—estimate (3.13) below—but is otherwise a simple argument. Since
the proof of (3.13) requires a sequence of technical arguments, in the interest of clarity (we will first
prove the main theorem assuming that the aforementioned inequality is valid. After having established
the well posedness of the discrete problem, the reminder of the section will be devoted to verifying the
validity of (3.13). This will be finally established in Lemma 3.3, after a series of auxiliary results.

Theorem 3.1 (Well-posedness of the discrete problem). Suppose that Assumptions (3.3) are satisfied
and that additionally

(V3e+®VZR)Y?) 17 28|, ThY? < 1/4,
max{c?h, 1} L; < 1/8,

where ¢ is the constant given in Lemma 3.3. Then J is a contraction operator.

Proof. Let (1,(2 € W}, and define u; := J(¢1) and ug := J(¢2). Then u; and wug are the second
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components of solutions to (3.12) and Lemma 3.3 guarantees that

1T () = T (), = llur — uzlla,

< 4 max{c®h, 1} | f(C1) — f(&)lle, +2(V3E+EY? RyRy M) B2 ||(612(C1) — 62(0)) 28,
(3.13)

Then, applying the Lipschitz-continuity of f and x'/2—given respectively in (3.2) and (3.7)—we get
<4 max{&h, 1} Ly |G = Gllo, +2(V3E+ R RY2) W2 (|12(C) = 1Y@l pe i 17 8l
e o 1/2\ 7 12~
< 4 max{@h, 1} Ly |1 = Gllg, +2(VBE+ R RY*) LAY |1 = Gllo, 1728l -

The result follows from the hypothesis for Land L I |

Combined with a standard fixed-point argument, the theorem above guarantees the existence and
uniqueness of the solution to the discrete HDG system. We will now direct our efforts to showing
that inequality (3.13) holds. To that end we will make use of the following auxiliary function and its
properties listed in the lemma below—the proof of which can be found on [18, Lemma 5.2].

For the subsequent analysis, we will also make use of the following norm. Given (v, w,u) € Vi, x
Wy x My, and & € My, we define

1/2
(v, w, @)l == (Ilff_lﬂ(&)vll?zh + (172 w3, + Hﬁl/Q(é)l_l/Qu(&)Hﬁ) - (3.14)

The proof of (3.13) requires considering the solution ¢ to an auxiliary problem (c.f. (1.5) ) and using
a duality argument that connects a stability estimate for ¢ with our variables of interest. This will
be done in Lemma 3.3. Lemmas 3.1 and 3.2 below establish estimates relating the norm (3.14) of the
solution (g, u,u) to problem data that will be used in the final step of Lemma 3.3.

Lemma 3.1. Let ¢ be the transferred boundary condition appearing in (3.12) and suppose that as-
sumptions (3.3) are satisfied. It holds

(900l < 5 KU QI + 3 I572(C) alf,
(PO, 7w~ ), < IO T (R, + 3 17— ) s,
(PO, RO B, < gl (O12 GO, + 1K T8l
where g(x) = g(xT(x))Vx € I},
Proof. The first inequality is obtained after applying Young’s inequality and estimate (1.12a), whereas

the second inequality follows from assumption (1.2) and (3.3a). The third inequality follows from
Young’s inequality exclusively. |
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Lemma 3.2. If Assumptions (3.3) hold, then
(g, u =@ @)lIF < 21 £ (Ol lulle, + 3I&72(C) 171?53,

Proof. Let ( € Wj, and u = J(¢) € Wj. Since u defined this way is the solution to the discrete system
(3.12), then testing (3.12) with

- o o —-g-n on I},
=4 o H= —u on 0T, \ I}, ’
we deduce that
w20 @l + 112 (w = @37, = = (2(0).@- ), + (F(), ). (3.15)

On the other hand, we can use the definition of ¢ and dq (cf. (3.11e) and (1.11)) to show that
G- = KO P(Q) — ) — bq + (u— 1),
Substituting the expression for g - n above in (3.15) , we obtain
=2 alld,  + 177 (u =) 57, + 167212 (O,
=l(g,u — 4, 9)|Z
< [{e(©), k(I B + 1(2(C), 0g) 1y | + K (€)s 7(w = @) | + | (F(C), w) s -
Now, using Lemma 3.1 to estimate the first three terms in the right hand of this expression we obtain
1 N 3 _1/2
(@ QE < 15Ol Jule, + 21572 &%,

whereupon the proof is concluded. |

For the following result, we will make use of the properties of the HDG projectors Ily and Iy
onto the discrete spaces V', and Wj. This projection was first introduced in [16] and we include its
definition and main properties in the Section 1.6. The L? projector onto the space M), will be denoted
by Py, while Idy; will denote the identity on Mjy,.

Lemma 3.3. Suppose that Assumptions (3.3) and the regularity (1.8) are satisfied. Then, there exists
¢ > 0, independent of h such that

lulla, < 4 max{eh, 1} 1 £(Q)lle, +2 (VBE+R2 BY) 02 |162(0) 17 g, (3.16)

Proof. Consider © € L?(£2) and let ¢ and v be the solutions to the dual problem (1.5) associated to
6. If we define

Tq = (v (Q)q, Hv¢—d)7,, Tu:= (@ Pu(d-n))r,—(@n,dwi)r, and Ty:=(f(C), Hwi)T,,
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it is possible to verify that
(u,0);, =Tq+Ts+T,. (3.17)

The terms Ty and Ty appearing on the expression above can be easily estimated by
Tql S &~ 2hllx%(C) all, €0, and [T SO, 1Olle- (3.18)
In order to bound the final term of the decomposition of (u, @) , we rewrite T, = >.>_, T/, where
T, == —(k()l (), ¥ + 10n¥)rs,, T, == —(r(u — @), Put)r,,
T3 := ((Q)¢(C), (Pu — Ida)0nt)r,,  To = ((O) 178 ¥)
T3 = (3q, V) 1y,
It is not hard, if cumbersome, to verify that for the terms above the following estimates hold
Ty SF2 R h 62U 20Ol 8llo, T2 SR R B8V 20l 16,
T3 S &2 R P 2(Odlle, )la, T3 S 72 Ryh |72 (w = @) |lo7, 1€l 2,
T3 S &Y2 (Ruh)'2 15120 2 gl 1€l
Taking © = w in (3.17) and combining all of the above estimates with (3.18), we obtain
lull o, < @Rl (o, u— @)l + &2 (Ruh) 262 12 8l + 1Al

where ¢ := C max{@fl/Q,El/th,El/zRfL,El/QR;Lm,?l/QRh}, and C > 0 is the constant hidden in the
symbol <. Then, applying Lemma 3.2, we get

lullo, < E0M2 (VRIFOllg Il g +V3Is2() 178l )

h h

+ R (R 22O V28, + 1) 2 -
lull, < 4 max{@h, 1} [ £(Ollo, +2 (V3E+RY2 R nY2 |20 1725 1,

with which the proof is concluded. |

3.2.3 A prior error analysis

We now provide the a priori error bounds for the discretization error. The main results of the section
are Theorem 3.19 and Corollary 3.1 immediately after it. As we will see, several of the results leading
to the main presented in this section can be proven by using similar arguments to those of Section
3.2.2 and we will omit some of the arguments. The analysis will be performed by decomposing the
approximation errors in two components using the properties of the HDG projection (see Appendix
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1.6). The projection of the errors is defined as
el:=IIyq—q;, and &":=Ilwyu— up,
and the error of the projections are given by
I9:=q—IIyq and I":=u— IIyu.
This allows to express the approximation errors as
q—q,=¢€?+19 and u-—u=c"+1I"

In addition, recalling that Py, is the L? projection into M}, we define the projection error for the
hybrid unknown @y, as €% := Pyru — Up,. The L2-projection of the error for the numerical flux on 87},
can be expressed as €9 -n = &9 -n + 7(c* — £%). It is not difficult show that (e9,e", 66) belongs to
Vi, x Wy, x My, and satisfies

(m_l(uh)sq,'v)Th — (e, V. -v)7, + (56, v-N)pT, = — ﬁ_l(u)Iq,v)Th
(-1

—_

(K (u) — H_l(uh))ﬂvq,v)Th, (3.19a)

—(e9, V)7, + (7 - n,w)ar, = (f(w) = f(un), w)7, (3.19D)
(", 1y, = (o) — on(un), )1y, (3.19¢)

(€?-n, worr, =0, (3.19d)

for all (v, w,u) € Vi, x Wy, x Mj,.

To try and keep the notation compact, we will define the following two quantities involving only
the errors in the projections IV, I'?, and I* measured in the three relevant domains 2, 2; and I},

1/2
Ag = (1T, + W01 - )l + N 21 m) 3, ) (3-200)
1/2
Aw = (IS0, + 11, ) (3.20b)

We note that, as pointed out in [16,71] by using the properties of the projectors and scaling arguments,
if g € H*"(2), u € H*"1(02) and 7 is of order one, then A, and A, are of order h**1. As stated in
the theorem below, these quantities are in fact the key to estimating the approximation error of the
method.

Theorem 3.2. If L is small enough, the regularity (1.8) holds and the discrete spaces are of polynomial
degree k > 1, then there exists hg > 0 such that, for all h < hg, we have

(e e — % ¢ — n)lla, S 45 + A3 (3.21)

~

The proof of this result will follow straightforwardly from lemmas 3.4 and 3.5 below.

Before setting out to prove these two lemmas (and therefore the theorem above) we first state the
convergence order of the method—the main result of the section—which thanks to the remark made
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just above Theorem 3.2 follows as a corollary.

Corollary 3.1 (Order of convergence). Suppose that the assumptions of Theorem 3.2 hold. If, in
addition, u € H**1 () and ¢ € H*"(02), then

hk+1 (

lg —aqullo + lu—upllo < C [ulkr 1,0 +1qlri1,0) -

Having stated the main results of the section, we now set out to prove the two lemmas leading
to Theorem 3.2. The first part of the analysis will require using an energy argument on the error
equations (3.19) and a meticulous study of the error contribution due to the transferred boundary
conditions ¢p(up). This will be done in the following

Lemma 3.4. There exist positive constants, independent of h, such that

(e " — e ¢ — @n)llz, <12 max{Cih,Co}L? (l"[3, + I1°13,) + Cs Ag. (3.22)

up — q
Proof. Starting from (3.19) and letting

. —el.n on I},
v=¢€9 and w=¢" in7T,, and u::{ O on O\
it follows that

522 () €912, + 172" — )3y, = kW) I%, %)
(3.23)

~((x7Hu) = k™ Nun)) v q,e9) 7, + (f (u) — flun), )7, —(p(u) — on(up), €9 - n)r,.

We will now manipulate the final term in the expression above to include a term involving the norm
of the difference p(u) — pn(up), thus allowing us to estimate the transfer error. Using definitions of
op, and ¢ (cf. (3.5) and (3.11e) respectively), as well as the definition of d4 it follows that

pu)—g=r""(w)l(6g+q-n) and @p(up) —g=r""(up)l (5q, +qn - m).

Subtracting the second expression from the first one and adding zero in the form of £~ (uy,) (64 — g - 1)
it is possible to express the difference as

p(u) = on(up) =0 (57 (w) = £ (up)) Og + g -n) + Lr " (up) (3g—q, + (a9 — a1) - )
=0 (k™ (u) — kY (up)) (5q +q- n) 0 (up) (6Sq + Opa + (sﬁ + I‘I> : n)
— 0k Yup) (T v sﬁ))
=0 (57 (w) = 57 (wn) (319 + Oy + (17 + Tvq) - m)
+ 0k (up) (5€q 4 o+ (ea + I") A (5" - gﬁ)) , (3.24)

where the first equality comes from the substitutions

(q—qh)~n:(sa—i—Iq)-n—T(e“—aa), and  dgyq, = g + dq,
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while the second one is obtained by replacing ¢ = I9+ Iy q. The expression (3.24) allows us to write
the term €9 - n in terms of the transfer error

€7 n = wlup) I (p(w) — on(un)) — wlun) (5 (w) = & () (659 + S11y.q + 17 -1+ Iy q - )

—Oea — 00 — I9 - m + (% — ).
Substituting this expression back into (3.23) and rearranging terms, it follows that
1172 (un) €95, + 172 (e = €)1, + 16 (un) 12 (o(w) — on(un))IF,

< (w7 M @) I9, )7 + (51 (w) = 67" (up)) Ty g, €9) 7, + [T7] + [T,

(3.25)
with T/ := (f(u) — f(up),e")7, and Ty, := 35 | |T%|, where
T}, := (p(u) — pn(un), dea) T2, := (p(u) — @n(un), £(un) (v~ (u) = k7 (un)) d11y ) 13,
T2 = (p(u) = pnlun), 7(" — ")), TG = (p(u) — nun), klup) (k' (u) — K~ (un)) dra) 1y,
T, = (p(u) = ¢n(up), I - n)p, T, := (p(u) — en(un), k(un) (k1 (w) = 67 (un)) IT-m)p,
T, := (p(u) — ¢n(un),dra)r, T = (p(u) — on(un), £lup) (5~ (u) — £~ (un)) v q - n)r,

To determine upper bounds the terms in the right hand side of (3.25), we will make use of Young’s
inequality, the Lipschitz continuity of f and x~' and the fact that [|v]|z2() < il [v]e for all e € &7
and for each v € Pg(e). A combination of these with arguments similar as those in [71, Lemma 5]
results in the following

1 _ o1 —
L] < gl ) 72 () = on(u) I, + 5 I (un)e D,

1 _ 0 w_ @
51 < gl ) 72 () = onn) I, + 5 1772 = D)l
1 _ d _
T3 < g 72 un) 2 (o) = onn) I, + 5 B ()21 m)
1 0.
4 L og1/2 -1/2 _ 2 92 -1 2 L . 2
o1 < gy I 2(un) 72 (o) = en(um)lF, + G 57" max{rd} It 0 (1% - )l

1 _ 52 — u U
Tg| < @Hml/%um Y2 (o(w) = on(un))ll7, + = F N v al e (o, h L (110, + 1112,)%,

6
6 Lo ~1/2 o 202 _ 2013L q 2
Ty| < 2752”"5 (un)l (p(u) = on(un)lin, + 3 fE I;é%’g”'e |h=0, (I '")H(zg,

h
1 _ o
TG| < Ellﬁm(%)l Y2 (p(u) = pn(un)IF, + 202 Ruke™? | (RH)210-n)|3,,

02

1 - - u u
TS| < @nm”%uh)z Y2 (o) = on(un) 17, + 5,{”(}&)1/21]‘,.1 | oo () L2 (12 + 111 2,)%
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as well as

_ 1 _ 03 _o_
(k™ (u)I9,e%)7, | < @Hﬁ Y2(up)el|3, + 5 & 2R3,

1
(57 (w) — k7Y (w)) Tv g, €))7, | < =— |k
203

T < Ly (el + 1 2,) Il 2

_ 03 _ 2
Y2(up)ed|3, + EHHVqH%OO(Qh) RL? (|l + 1T"2,)*

where §1, 02, 63 are free positive parameters arising from applications of Young’s inequality, ® and

are the upper and lower bounds for the diffusivity, and L and Ly are the Lipschitz constants from k1

and f respectively.

If we let 61 = 4, 02 = 12, and J3 = 6 in the above estimates and substitute back into (3.25) we
obtain

(€, e — &% 0 — on)lI2,
< 12 max{C1 h, Co}L? (|||, + 11"11%,) + C LIl 2, + 1T 24) lI€% /|2, + C3 AZ.

where C1,Cy and C3 only depend on %, &, Ry, and the projections ||(ht)Y2IIy q - "H%w(l“h) and
1Ty alB g, n

We now proceed to show that the approximation error in u can be indeed controlled by the errors in
the approximation of the flux, the hybrid variable and the transfer error, modulo the approximation
properties of the discrete spaces. To show that, in the next lemma we will build upon the ideas as
in [71] and use a duality argument.

Lemma 3.5. Assume that the Lipschitz constant is such that Ly is small enough, and consider the
discrete spaces to be of polynomial degree k > 1. Then,

Il 2, S 2% e — e o — @n)lu, + (2 + Lh)Ag + (L + h'/?) A, (3.26)

~

Proof. The first part of the proof follows very closely the argument used in the proof of Lemma
3.3. Given © € L%*(2) we will denote by ¢ the solution to the dual problem 1.5 associated to ©.
Considering then the equations (3.19), together with the dual system, it is possible to show that

(e,0)7, = Ty + Ty + Ty + Ty, (3.27)
where

T = (6 (g — @) Ty e) + (€0 Va)n, T = (6 w) — ()09 + Tva), Hya)r,
T, := <5a, Py(op-n))r, — <€a -n, ITw{)r, Ty = (f(u) — f(un), Hw)7,-

To prove the result (3.26), we will bound each of the terms Ty, with x € {q, u, f} in the decomposition
(3.27).
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Bound for ’]ch. The simplest term to bound is Ty, for which an application of Cauchy-Schwartz,
the properties of the HDG projector and the Lipschitz continuity of the source term f, together with
the dual estimate (1.8) yield

Ts] < Creg Ly ([l 2y + 11"l 2,) €]l 2- (3.28)

Where the constant Cieg is the stability constant from the dual problem (1.5).

Bound for T}, . Using the Lipschitz-continuity of % (c.f. (3.7)) and following the arguments leading
to equation (4.8) in [71, Lemma 5], the terms Tj and T% can be bounded like

gl < &7 272 () (7 + 1), [ TTv o — dlle, + 1T 2, IV (% = ¢n)| 2,
< CCregr™ PR |[5712 ()€ 2,162 + 2C Creg max{s™ 2R 12, 1} 19 g, 6]
(3.29a)

and

T5] < Creg (1o + [T valloc) L ("]l 2, + 11" 2,)l16] - (3.29b)

Bound for T,. To estimate this term we Will have to decompose it and treat each of the parts

separately. We will write then write T, := Z ', Where:
Ty, = —(k(un) 17" (p(u) — p(un)), ¥ + 10 1, T := —(r(c* — &%), Py
T3, = (k(un)(p(u) — on(un)), (Par = Ida)On)r,, Th = —(r(un) (p(u) — on(un)) dra, %),
T3 = <5I‘177/)>Fh7 T, == —(k(un) (p(u) — n(un )5quv¢>f‘h
T, = (I-n,(Idy — Py)¥)r,, T, = —(k(un) (p(u) = pn(un)) I7-n,9)r,,
T, := <TPM—7 ) T = —(k(un)(p(u) — pn(u h))ﬂvq n, V),

T?L = <5€qa ¢>Fh7

Bounds for T} — T7: These terms can be estimated by we applying the same techniques of [71,
Lemma 6]. We will omit most of the the details here. Recalling that the length of the transfer path
l(x) <cRph Vx € I} and considering the constant ¢ from Lemma 1.2 ( [71, Lemma 6]), we have

ITL| < cerY2 Ry b2 (un) 172 (p(w) — on(un)) |1, 18] 2,
~— 1/2 _

T2 ScfnlﬂR,/ R |KY2(up) 1722 (9 (u) — on(un)) |5, O],

3| < ﬁcl/%fe?’” W20t 0,19 - n o |6l o,

T4 < &h|(h5)219 - n|r, |60,

TS| < TR B W2 (B 21 5, 16| o,

T s7c1/ er? max{Coa, Co YR W2 (|2 (uy) €9, |16 02,
3 eck

TG < cer'/? Ry hl|r'/? (6“ —Mo716llo-
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Bounds for TS — T9: Let us first notice that by definition of T, we can obtain

T3] =

(kM2 (un) L2 (a1) 172 () = o)) 172 b, 170 )

Iy

Then, by Cauchy-Schwartz, the fact that [(x) < ¢Rph Va € I}, and the boundedness of k, we can
obtain
TS| < e®Y2 Ry b ||612 (up) 1712 (p(w) = n(up)) 12 Spall 1, 17 4|

Finally, a direct application of (1.12¢) to the factor involving the function dyq, and using the estimation
(1.13d) for the factor [|I=1 4|1, , results in

TS| < Jzcer2Ryn Sup (™ 0u T - iy |52 (wn) 12 (o(w) = on(wn)) |, €] -
zelh

Analogously, we can show that

Tol < Jzcew'PREA sup (A 00 TTog - nllya) |52 (un) 1772 (0(u) = on(un)) I, 16| -
4 h

Bounds for T’ — T!!: We start as in the case for T’ — T by combining, Cauchy-Schwartz , the
bounds for x and [ < Rph, to obtain

T = (R (n) L2 ) U2 () = o) 12 1, ) |
< Y2 Ry h I8 (un) 17V (o) = on(un)) 1210 1,
< eRY2 Ry h |2 () 17/2(0() = onun)) |, I0/220 - e ) I

From here, we will use the inequality {(x) < rcht together with the estimate (1.13d) for [|I=14||p,,
we get

. 3/2 _
TR < ce®Y2 Ry |62 (un) 1792 (0(w) = pn(un)) |, |(R)Y2 19 0| poo 1) 1O
Similar arguments can be used to derive the following analogous bound
- 3/2 _
ML < camM2 Ry k2 (un) 172 (o(w) — on(un)) |, | ()2 Ty q - 0] oo 16 -

Finally, letting © = ¢* in {2, and © = 0 in {2} and using the estimates derived above for all the terms
T, in the decomposition (3.27), one arrives at the desired estimate:

Il 2, S 2% e = o — pn)lu, + (2 + Lh)Ag + (L + h'/?) A,

This concludes the analysis of the discretization for problems with nonlinear diffusivities of the form
k = k(u). The reminder of the article will be devoted to the analysis of cases where the nonlinearity
appears as a dependence to the gradient of the unknown. This functional dependence will require a
different reformulation of the problem.
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3.3 Non-linearities of the form x(Vu)

3.3.1 Problem statement

In some applications, the diffusivity coefficient depends on the gradient of the solution, rather than
on the solution itself. This is indeed the case, for instance, in the plasma equilibrium problem, where
the coefficient is the inverse of the magnetic permeability. In ferromagnetic materials, the magnetic
permeability becomes a function of the total magnetic field and therefore the coefficient has the
functional dependence k = k(Vu). In cases like this, we will be interested in boundary value problems
of the form

=V - (k(Vu)Vu) = f(u) in £, (3.30a)
u=g on [ := 012. (3.30b)

where, just like in the previous section, the source term f will be assumed to be Lipschitz-continuous in
{2, with Lipschitz constant Ly > 0. We will also maintain the assumption (3.6) on boundedness of the
permeability. Note that, since we will be searching for solutions with H!(2) regularity, the hypothesis
(3.6) will guarantee that the permeability remains bounded as a function of Vu. The Lipschitz-
continuity assumptions (3.7), (3.8), and (3.9) will be replaced by their following vector counterparts

&7 o1) = o)ll2ry < Lllor—o2l2  Voi,00 € L(2),

IK172(01) = K12 (a2)le(ry < Lllon—oallgz  Vou,o0 € LX), (3.31)

Ik(o1) = k() 120y < Llloyw—o2llpzg — Vou,00 € L)

Following the spirit of reformulating the problem in a mixed form, the functional dependence x(Vu)
will require us to introduce a new auxiliary variable. Therefore, we introduce o := Vu and will express
the the flux as g := —x(0o)o, thus introducing two additional unknowns to the problem. With these
definitions, it is possible to write (3.30) as the equivalent system

o—-—Vu=0 in (2,

q+r(oc)o=0 in {2,

V-q=f(u) in £,
u=g on 0f2.

We shall analyze the discretization of this system when restricted to the subdomain in 2. In view of
this, our target formulation is

oc—-Vu=0 in (2, (3.32a)
q+r(oc)o=0 in 2, (3.32b)
V-q=f(u) in (2, (3.32¢)
u=q on Iy, = 082y, (3.32d)
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where the boundary conditions have been transferred by means of

I(x)
olo,x) := g(x) —I—/O (k7' (0)q) (z + t(z)s) - t(x)ds.

The HDG scheme associated to (3.32) reads: Find (qy,, oh, un, up) € Vi x Vi x W), x My, such that

(oh, V)7, + (un, V- v)75, — (Un, v - M)yr =0, (3.33a)
(@n, 8)7, + (6(on) ons 8)7;, = 0, (3.33b)

—(qp, Vw)’fh +(qy, - m, w>a7~h = (f(un), Uf)Th, (3.33¢)

(Un, 1)1y, = (pnlan), )1, (3.33d)

(@, -n, o\, =0, (3.33¢)

for all (v,s,w,u) € Vi x Vi x Wy, x Mj,. Here, the spaces Vi, Wy, and M}, have been defined in
(1.6), the restriction to the mesh skeleton of the numerical flux has been defined as

g, -n:=qp -n+7(up—up) on 9T,

and the approximate boundary condition given by

I(x)
on(on, ) = g(x) +/0 (k7 (on)an) (x + t(z)s) - t(z)ds. (3.33f)

As before, the maximum value of the positive stabilization function 7 will be denoted by 7.

In this section we will analyze an HDG scheme for problems of this form. We will first have to
reformulate the problem in terms of a mixed system with one additional unknown when compared to
the case analyzed in the previous section. Many of the arguments required for the analysis will be
similar to those developed in the previous section, and the analysis technique is similar as well. We
will therefore omit many of the technical details and indicate the main steps in the analysis, focusing
on those that are different from the previous section.

3.3.2 Well-posedness

The proof that the system (3.11) is well-posed will rely on a fixed point argument. As in the previous
section, we define the operator Ja : Vi x W), — Vi, x W}, that maps a pair of functions (n, () to the
first and third component of the solution (g, o, u,u) € Vi x Vi, x Wp, x M}, to the HDG system (3.33)
where the source has been evaluated at (n, (). Namely

(o,0)7, + (u, V- v)7, = (W, v-n)yr =0, (3.34a)
(¢,8)7;, + (k(n) &, 8)7;, =0, (3.34b)

—(q, V)7, + (@ n,w)yp, = (f(0),w)7,, (3.34¢)

(@, mr, = (p(n), 1)1, (3.34d)

(@ n,wor\n, =0, (3.34¢)
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for all (v,s,w,u) € Vi x Vi x Wy x M. Just as before, ¢(¢) accounts for the transferred boundary
conditions and, since the discrete linearized system above is uniquely solvable [18], J2 is well defined.

Given a function n € V', we define the following norm over the product space V', x Vi, x Wy, x My,

B 1/2
(s, 000, Ml = (sl + 2 mpwlb, + 172wl + 162 m) T2 amIE) . (3:35)

The general road map for the proof is as follows. Lemmas 3.6 and 3.7 below, will allow us to control
(g, 0, u—u, ) by the linearized source term f(¢) and the boundary condition at the physical boundary,
g. An application of these two results will then allow us—modulo some technical assumptions involving
the bound of the diffusivity and the distance between the physical and computational domains—to
use the Lipschitz continuity of f and k to prove that the mapping is indeed a contraction. This will
be done in Theorem 3.3, from which the well posedness of the HDG system (3.33) will follow as a
simple corollary.

Lemma 3.6. If Assumptions (3.3) hold, then
(g0 u @)1} < max(L & (A1) llo, lullo, +65"2m) 1722, ). (336)
Proof. Note that if we let s = g in (3.34b) , we have
lall%, <%llx"*n)ollf,- (3.37)

Then, following the process outlined in the proof of Lemma 3.2, we go back to (3.34) and choose the
test functions as v = —q,s = o, w = u, and

)

{ -, on 0T, \ I,
n= _

q-n, on I},

This leads to the equality

152 |1G, + 172 (w = D55 = (FO), w7 — (), smI o(m)n, + (o), x(e) '),
+ (o), &), — (p(n), T(u—u))r,.

The terms on the right hand side can be estimated by an application of Lemma 3.1, yielding
12, + 172 (= B3 + 15726 72 e, < 207(©lley lullo, +3l5M20m) 7/,
Combining this estimate with (3.37), we obtain

(g0 u @) < max{L,7} (41£(Qlla, lullo, + 6l 1253, )

which concludes the proof. |

It only remains now to estimate the norm of u in terms of the sources and the boundary conditions.
This will be done in the next lemma.
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Lemma 3.7. Suppose that Assumptions (3.3) and (1.8) are satisfied. Then, there exists ¢ > 0,
independent of h such that

lull g, < 4 max{&h, 1} | £(O)lla, +2 (VBE+RY2 RY?) V2 |62 (0) 172 g .. (3.38)

Proof. The proof of this result is follows, with small variations, the same process as that of Lemma
3.3. By using n instead of ¢ in the dual problem given in (??), and splitting the duality product as

(u,0)7;, = To + T+ Ty,

where
Ty :=—(0, Iy — @)1, Tu:= (U Py(p-n))r, — (@ n,Iw)r, and T;:= (f(), Twy)T,.
The terms Ty and Ty are bounded as

Tol S 720" 2(m) ollo, 1€lle, and |T; S 1f(Olla, 1€]e.
and, we rewrite T,, as T, = Z?:1 T, with

T, := —(k(ml o(n), ¥ +10n)r,, Ty = —(r(u—1), Put)r,,

T3 = (s(m)e(m), (Pu — 1a)0nt)r,, Ty = (k(n) I8, ¥,

Ti = <5aa¢>rh-

These terms can be bounded using arguments analogous to those in Lemma 3.3, yielding the desired
estimate (3.38). [

The results in the two preceding lemmas can be combined to estimate (q,o,u — U, ¢) in terms of
the source f(¢) and the boundary data g. This follows readily from an application of Lemma 3.7 to
(3.36), yielding

(g, 0, u—u,0)l; < (16 max{1,7}* + 8 max{c*h, 1}%) [| /()15
+ <6 max{1, 7} + 2 (V32 + &2 R}/*)? h) |52 (m) 172 |13, . (3.39)
In turn, (3.38) implies that
lul3, <32 max{@h, 112 [|f(Q)l1%, +8(VBe+RY2RY)2h (Y2 (m) 1= 2gl3,.  (3.40)
These two estimates will be used to prove the contractive properties of J> as we will now show.

Theorem 3.3. Suppose that the dual regularity (1.8) and the Assumptions (3.3) hold and suppose
also that

1
(16 max{1,%}? + 40 max{c?h, 1}2> L?c <

7 (3.41)



3.3. Non-linearities of the form r(Vu) 63

and
. — 1
<6max{1,/£} +10 (V3 +r/? R}L/2)2h> Lg%, < 1 (3.42)

are satisfied. Then Jo is a contraction operator.

Proof. Let (n;,(i) € Vi, x Wy, and define (o, u;) := T2 ((1;,G)) € Vi x Wy, for @ € {1,2}. Then,
1/2
172(n1, 1) = Fa(n2, )2, = (01 — 02,u1 — ua) ||, = (o1 — o2llBy, + [ur — uall?,) 2

By applying the inequalities (3.39) and (3.40) respectively to (o1 — o2) and (u; — u2), we obtain
1T2(n1, C1) = T2(n2, C2) |2, < ( (16 max{1,7}* + 40 max{c®h, 1}*) [| (1) — f(C)I%,
1/2
+ (6max{1, 7} +10 (V3E+ 72 B2 R) 1612 () n1/2<n2>u%w(ph)||z-l/2g|%h) :
Then, using the Lipschitz continuity of f and x!/2, we get

||'~72(’r’17 Cl)_ j2("’727 C2)||Qh < < (16 maX{LE}Q +40 max{EQh, 1}2) L?‘Hé.l - CQH??;L
, R 1/2
+ <6max{1,ﬁ} +10(vV32e+7"/? Rllz/ )? h) L?|my — 772”%00(%)’”71/2 g||2rh> :

The proof is concluded, by applying the assumptions (3.41) and (3.42) to the right hand side of the
preceding inequality. |

As a result we can then conclude this section with with the following
Corollary 3.2. If the hypotheses of Theorem 3.3 are satisfied, the HDG system (3.34) is well posed.

Having established the well posedness of the discrete system (3.34), we will concentrate our efforts
in the next section on establishing the convergence properties of the HDG scheme.

3.3.3 A priort error analysis

The study of the convergence properties and rates of our discretization follows similar steps as the
ones laid out in Section 3.2.3, adapted for the extended system that arises from the introduction of
the additional auxiliary variable o = Vu. To avoid unnecessary repetition of arguments, we will focus
on the differences between these two cases and will omit most of the details that can be easily inferred
from Section 3.2.3.

As before, we decompose the error with the aid of the HDG projection as :

q—q,=€1+19 o—-0,=€+1° and u—uy=ce"+1"
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where, similar to Section 3.2.3, we have defined

el :=IIyvq—q,, e’ =Ilyo — oy, e = Iyu — up, (Projection of the error)

I9:= gq—IIyq, I .= o —Ilyo, I":= u— IIyu. (Error of the projection)

In addition, using the L? projection into M), we have % := Pyyu — Uj,. The vector of error projections
(e1,e°, 8“,56) belongs to Vi, x Vi x Wy x M), and satisfies the error equations

(e%,v)7, + (6%, V -v)7, — (€% v -n)ar, = — (I7,v)7, — (I*,V - v)7, (3.43a)
(€, 8)7, + (k(on) €, 8) =— (I, 8)7, — (k(o) L7, 8) 1 (3.43b)

— ((k(e) — k(o)) Ty o, 5)771 (3.43c¢)

—(e%, Vw)7, + (67 m,w)or, = (f(u) — f(un), )7, (3.43d)

(", m)r, =(p(a) = enlon), wr,, (3.43e)

<€§ “n, o, =0, (3.43f)

for all (v, s,w,pn) € Vi x Vi, x Wy, x M. Here, as before, on 97, we have el.n=¢gl. n+ (e —aa).

Following the same arguments of Lemma 3.4 is possible to estimate the magnitude of (¢7,e9,&% —
€%, ¢ — ¢p), as measured by the norm ||-[|, defined in (3.35). Choosing the vector of approximation
errors both as test and trial in the error equations we obtain

I52(n) €73, + [I7/2(" = €937, + 182(00) 172 (p(0) — en(an)I,

< I + (I, )7 | + |(5(0) X7, €7) 7, | + |((5(0) = w(on) Ty o,e%)7, | + [T/] + |Ty|.

(3.44)
8
The final two terms are defined as T/ := (f(u) — f(up),e%)7, and Ty, = Z |Tfpl, where
i=1
T, = (p(o)—wn(on),dea)r, R
T? = —(p(o) —enlon),7(e" — "),
TS, = (p(o) —¢n(on), I -n)p,
T, = (p(o)—¢nlon),d19)n,
T, = (o(0) —¢n(on),s(on) (k' (o) — k7 (on)) b1y q)r,
TS = (o(o) —pn(on), klon) (k7 (o) — k™ on)) éra),
T, = (¢(o) —pn(on), k(o) (57 (o) = Hon) I? - n)p,
TS, (p(e) = pnlon), klon) (v (o) =k~ (on) IIvg -n)r,
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By a combined use of arguments similar to those appearing in Lemma 3.4, it is possible to deduce

< o2 12 (o(0) — enlon) I, + 271 2,
T2 < oo lIR (00 1 2(6(e) — (ol + 2 I = Dl
Ty < zfsgunl/%ah)zl/%so(a) —eulonl, + 5; Ryt [ (h) 21T m) 3,
TH < 5 I 2(00) 17 2(plr) = enlom)lf, + B s B I0,(17 )y
T3] < oo RH2(n) 17 2(p(o) — enlon)l?,
+ 3R R supgeecr, [IM0u (v a - )3, L2 (171, + 117113, )
T8 < 5 020 1720 (0) — aulonlf, + 50 R B 0,10 ),
T < 5 I 2(00) 172 () = onlon) [, +205 Rums= (0210w,
T8 < W20 2 p(o) — enlon) I3, + SFBAl (W) 2 Ty g - 2 22 (e, +11712,)
(3.45)
and
0% ] < 5o, + 2 1,
Il < o W 2oner, + % 57 1,
(K(0)17, &) < 22 K12 0)e I, + 5 s R,
(50) ~ Ko Tye. e | < o kY2 (on)emlh, + 8 u vl 22 (e, +11713,)

265
T/ < Ly (le¥lle, + 1111 2,) I /|2,
(3.46)
Then, taking the test function s = €7 in the second equation of (3.43), we get

693, < (47 + 851 L2 [Ty ql%) [512(0n) €13, + 4 1T, +4 max(R,2 L2 | Ty o2} [17]%,

(3.47)
If the Lipschitz constants L and Ly are sufficiently small, a direct application of (3.47) in the first
equations of (3.45) and (3.46), together with the choices 01 = 1,09 = 3,03 = 12,04 = 24/R, 05 = 18
yield the following estimate for the right hand side of (3.44)

152 (@n) €1l + 72" = )37, + 157200177 (9(@) ~ en(on)IIE,
A2+ 22+ Ly (I, + 11712,) 2, (3.48)

In the expression above, the term A, has been defined according to (3.20a). By combining (3.47) and
(3.48) we get

I(e7 €%, 6" =%, 0 = on)llz, S Ag+ A5+ Ly (Il + 1| 2) 1 20 (3.49)

The following result allows us to estimate the term " in (3.49) by means of a duality argument. The
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proof technique is analogous to the one used for Lemma 3.5.

Lemma 3.8. Given the regularity condition (1.8), assume that the Lipschitz constant is such that Ly
is small enough, and consider the discrete spaces to be of polynomial degree k > 1. Then,

I, < Al €%, " — &% o — )2, (<h+L2h2>A3+<L2+h>A3). (3.50)

Proof. Consider the pair of functions function ¢ and 1 satisfying the dual problem (1.5). We will use
them to define the following terms

To:=—(0 —onyvd— @)1, + ((k(or) — k(o)1 + ITvo), V)7,
Tq = *(Iq v¢)7—h’

(f( ) f(un), Iw) 7,

T, == (%, Pu(¢p-n))p, — (€2 n, M),

=
k’ﬁ
||'

With all the definitions above and the equations in (1.5), it is possible to decompose the inner product
between ” and the function © appearing as the source term of the dual problem in the form

(€",0)7, = Tg + Ty +Ts+ T, (3.51)

Following arguments similar to the ones applied in Lemma 3.7, it is possible to bound each of the
terms in the decomposition as

To| < R 161 2(00) (67 + 17) |, 1]l + L (I (an)e” || + IT7]) 16 .

Tq| S ™M g, (16]]0,
Ts[ S Ly (el + 11 2,) €l

10
The bound for the final term in (3.51) requires decomposing it in the form T, := Z T!, where:
i=1
T, := —(r(an) I (9(0) = pn(on), ¥ +10p¥)r,,  Tj = —(r(c" — %), Pud)r,,
T3 = (k(un)(¢(a) = on(on)), (P — Ida)On)r,, Ty = —(s(0n) (9() = n(on)) o1a,¥)r,
T = <514,¢>Fh : T, == —(k(on) ((0) = on(on)) o1ty q: ¥) 135
T, == (I7-n, (Idy — Pa))p, - T, := —(k(os) (p(0) — pn(on)) I n,¥)r,.
T, = — (TPul" ), T,' := (k(on)(on(on) — w(o)Iva-n,P)r,

Tg = <5eq,¢>rh )

These terms can be estimated by arguments like the ones detailed in Lemma 3.5. Finally, taking
© = €% in (3.51) and considering the estimates for the components of T¢ it is possible to deduce that

€412, < 3hI(e7, €% e — &%, — on)2, <<h+L2h2>Az+<L2+h>Az).
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The result of the previous Lemma allows us to estimate the error incurred by the HDG approxim-
ation by that of the HDG projection onto the discrete space, as we now show.

Theorem 3.4. If L is small enough and the discrete spaces are of polynomial degree k > 1, then there
exists hg > 0 such that, for all h < hgy, we have

I(e”, 6% " — e 0 —on)llz, S A%+ A%+ 42 (3.52)
Proof. Using simple algebraic arguments, note that the term (3.49) can be rewritten as

- 3 1
(7, €%, =% = nlle S Ag + A5 + 5 Lylle" I, + 5 Ly Aulle”
Combined the above with the estimate given in the Lemma 3.8, we can deduce
1 — gL h o .q u __ _u o 2
g Lrhe)ll(e” e e = o —on)lls
1
< 9Lf<(h+L2 h*) A% + (L* + h) Ai) + AL+ AL+ 5LfAi,

where ¢ > 0 is a constant independent of h arising from the symbol <. Assuming that Ly is small
enough and considering that h < hg, te proof is concluded. |

As a consequence of this theorem, it follows that the HDG approximation of the linearized systems
will indeed achieve optimal order of convergence with respect to the degree of the polynomial basis,
provided that the true solutions are smooth enough.

Corollary 3.3. Suppose that assumptions of Theorem 3.4 hold. If u € H*1(2) and g € H* (1),
then

o —onlle + lla — aplle + lu—unlle < CRF (Julkr1,0 + |@lir1,0 + o lki1,0) -



CHAPTER 4

HDG-BEM coupling for non-linear problems with curved
boundaries

In this chapter we study an unfitted discretization scheme that couples HDG with the boundary
element method (BEM) for the solution to a non-linear problem posed in an unbounded domain.
The transfer of information between the non-touching grids is done via the method of transfer
paths. The coupling is done using Costabel's symmetric approach [26]. However, the unfitted
computational domain introduces a perturbation that breaks the symmetry of the scheme. We
show that under a suitable local proximity condition on the grids, the influence of the perturbation
vanishes as the mesh parameter tends to zero and, if the sources have small Lipschitz constant,
the nonlinear discrete problem is well posed. This analysis constitutes a stepping stone towards
the computational solution of a variant of the Grad—Shafranov problem known as the free
boundary problem, where the location of the plasma is not known a priori and the equilibrium
condition must be solved in free space in order to locate the plasma.

4.1 Introduction

In the reminder of this chapter we will follow the notations and definitions given in Sections 1.1
and 1.2. Consider a bounded domain 29 C R? (d = 2,3) that is not necessarily polygonal /polyhedral,
but has a Lipschitz boundary that will be denoted by Iy := 9. We will denote the unbounded
complement of its closure by (2§ =: R? \ 2. In this chapter, we will be concerned with the analysis
of a discretization for following non-linear diffusion problem

V. g™ = F(u™) in £, (4.1a)

g + Kk Vu' =0 in 26, (4.1b)
u'©t = ug on [y, (4.1¢)

|[u®f| =0 as € — oo. (4.1d)

Above, the diffusion coefficient s is a strictly positive constant. This problem is in fact motivated by
an application in magnetic plasma confinement where a compactly supported plasma is surrounded by
vacuum [5]. In that context, k is related to the reciprocal of the magnetic permeability, which might

68
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T}

n
Qext

Figure 4.1: Left: The artificial boundary I" splits the domain of definition of Problem (4.1) into an
unbounded region 2.5 and a bounded annular domain (2. Right: The computational domain (2, is
discretized by an un-fitted triangulation (blue), with boundary I'y, U Iy .

vary with the position inside of the plasma and becomes a nonlinear function within ferromagnetic
components of the reactor but is a constant in vacuum. The current work, with x being a constant,
is a first approximation to the aforementioned problem, which will be addressed in the near future.

The source term F' depends on the solution as well; it will be assumed to be Lipschitz continuous
as a function of u, and square integrable over 25 and compactly supported as a function of the space
variables. More precisely, we will assume that there exists Ly > 0 such that

HF(ul) — F('U,Q)HQS < Lp H’U,l — UQH_QS Yui,us € LZ(Qg). (4.2)

The Dirichlet boundary data ug will be considered to be an element of the trace space H'/2(I). The
radiation condition at infinity (4.1d) is equivalent to assuming that there is a constant us, such that
U= U + O(|z|71) [57].

To deal with the unboundedness of the domain, we will make use of an integral representation that
will reduce the computations to a bounded domain. To this avail, we introduce an artificial, smoothly
parametrizable interface I" enclosing {29 and the support of F. We will denote the unit normal vector
to I' pointing in the direction of (2.4 by n and will also require that I'N Iy = &. The bounded
region interior to I and exterior to I will be denoted by {2, while the unbounded region exterior to
I' will be denoted by {2ext. This geometric decomposition, depicted in Figure 4.1, splits our region of
interest into two disjoint domains and allows us to rewrite the problem (4.1) in terms of an interior
and an exterior problem coupled by continuity conditions at the artificial boundary I'. For reasons
that will become clear later on, in the exterior domain we will prefer a second order formulation and
will eliminate g from the system. This will lead to the representation of the solutions to (4.1) as the
superposition

' =y 4 u™, and "' =q+&Vu™, (4.3)

t

where the functions v and g are supported in {2, while u®*" is supported in (2.. The interior and

exterior functions are coupled continuously at the artificial boundary I'. The functions u and q
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appearing in the foregoing decomposition satisfy the interior problem

V-q=F(u) in {2, (4.4a)
q+rKVu=0 in 0, (4.4b)
u=g on I, (4.4¢)
g-n=2.\ on I, (4.4d)

u = Uy on Iy. (4.4e)

Above, the boundary value g € H/ 2(I') corresponds to the trace of u over the artificial boundary I,
while A € H='/2(I") is the value of the normal flux. These two functions are unknown at this point
and will have to be retrieved as part the solution process.

On the other hand, the exterior function u®** satisfies

—V - (kVu™') =0 in Qext, (4.5a)
ut =g on I (4.5b)

KVU™' n = -\ on I (4.5¢)
u™t — 0 as |x| — oo . (4.5d)

Above, we made use of that, outside of {2, the source F' vanishes identically and of the fact that
the normal vector m is interior to 2. Since the support of the nonlinear source term is contained
entirely on {2, the exterior boundary value problem above is in fact linear however, it has the additional
challenge of being posed in an unbounded domain. In Section 4.3 we will see how to leverage the
linearity to transform the problem into one defined uniquely on I'; this will lead to a system of
boundary integral equations.

The task is then to solve the interior boundary value problem (4.4) coupled to the exterior problem
(4.5) through continuity conditions on the traces and normal fluxes on I'. These conditions are
reflected by the shared terms g and A appearing in conditions (4.4c) and (4.5b), and (4.4d) and (4.5¢)
respectively. We will do so by, following the phrasing in [19], “coupling at a distance”, meaning that
the interior problem will indeed be posed over a polygonal subdomain §2;, C {2 and transferring data
between the two problems following the method of transfer paths introduced in [18,21]. The coupled
system that we propose here will be different from the one used in [19] and will lead to an almost
symmetric formulation, perturbed only by the transfer of data through the “gap” between I" and (2.

We will proceed as follows, Section 4.2 will detail how to deal with general linear problems of the
form (4.4) posed on subdomains {2, C {2 with polygonal boundaries. These problem will then be
discretized through an augmented Hybridizable Discontinuous Galerkin (HDG) formulation. Next, in
Section 4.3, we will introduce the basic elements of boundary integral equations (BIE) which will then
be used to reformulate problems of the form (4.5) as systems of boundary integral equations. Having
established the main results pertaining well posedness of said systems, the section will conclude by
introducing a spectral discretization of the boundary integral equations, also known as a spectral
boundary element method (BEM). Finally, in Section 4.4 we will return to the original non-linear
problem (4.1) and will introduce an almost symmetrical coupled BEM-HDG discretization. We will
then analyze the symmetry-braking perturbation introduced by the unfitted HDG scheme and show
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that its norm is bounded by terms proportional to the mesh size. Combining this analysis with the
results pretaining the HDG and BEM discretizations obtained in sections 4.2 and 4.3, we will then
show that the linearized coupled BEM-HDG discretization is uniquely solvable if the discretization
mesh is small enough. Finally, having shown that the linearized discrete system is well-posed, the
non-linear problem will be tackled through a fixed-point argument under smallness conditions for the
mesh size and the Lipschitz constant of the non-linear source term F'.

4.2 An augmented HDG formulation for an interior problem

In this chapter we will step back and consider augmented HDG formulations for an interior boundary
value model problem of the form

V-g=f in {2, (4.6a)
g+xVu=0 in (2, (4.6b)
u=£& on 0f2, (4.6¢)

posed over a bounded open domain {2 with Lipschitz continuous boundary 0f2. The source term
f € L2(2) and the Dirichlet boundary data & € HY/2(d12).

In order to guarantee that the discrete HDG scheme arising from (4.6) is well-posed and derive the
corresponding a priori error estimates, we propose to enrich the HDG formulation with two suitable
equations. This augmented formulation will enable us to combine the powerful machinery of the
Babuska—Brezzi theory. The use of these tools is certainly not new. In fact, they have been widely
applied in the context of conforming mixed finite element method (see for instance [34] and [35], and
the references therein). We also refer to [37,38] for an augmented HDG method for quasi-Newtonian
Stokes flows. Even though the analysis of this interior problem has been done in [18] by considering
the projection-based analysis in [16], we must resort to a different type of approach in order to analyze
the discrete coupled problem by employing the tools for analyzing saddle-point schemes.

4.2.1 The Augmented HDG method

Given Dirichlet data & € HY?(942), we will focus on a family of polygonal subdomains 2, C £2,
labeled by the parameter h, and for each (2, will consider an admissible triangulation 75 such that
the pair ({25, 7;,) satisfies the local proximity condition discussed in Section 1.1. In this setting, an
HDG discretization of (4.6) seeks an approximation (g, un,0p) € Vi, x Wy, x M, satisfying

0, (
fiw)T,, (4.7b

(
0, (4.7¢
(

(k~'qn, )75, — (Un, Vi - )75, + (fin, v - m)o,
(V- gy, w)7;, + (T up, w)ar, — (T n, w)ar,
(s @y, - M) o700,

(tp, (1) ogy,

03 1) og, (4.7d

for any test (v,w,\) € Vi x Wy, x My. Here, V, W), and M), are the finite dimensional spaces
of piece-wise polynomial functions defined in (1.6) and we have abused the notation for the normal
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vector m which, in this context, denotes the exterior normal to each mesh element. Following [21], the
approximate boundary data on {2, appearing on the right hand sides of (4.7d) is given by

I(x)
od(z) = & (T(x)) +/ kg (x+ts) - tds for € € 042, and T € 012 (4.8a)
0

The unit vector t appearing in the definition above is anchored on  and pointing in the direction of
x. The transfer formula above requires a mapping

6002, — 00

4.9
r — T (4.9)

associating a point ® € 0f2 to every point ® € 0f2;. As numerous numerical experiments have
shown [21,22,73,74], the algorithm is robust with respect to the particular choice for this mapping, so
long as distance between x and its corresponding @ remains comparable to the local mesh diameter.
However, for a key argument used in Section 4.4.3, we will need to require from the mapping ¢ to
be a diffeomorphism. With this condition, we will denote the image of an edge e € 97, under ¢ by

I, := ¢(e).

The numerical flux in the normal direction g, - n is defined as
- m=qu n+7(w—a,)  ondTp, (4.10)

where 7 is a non-negative stabilization operator, whose maximum will be denoted by 7. Throughout
this analysis, we will assume that there exists a positive constant C;, such that 7 < C h.

Note that, the terms (up,v - n)s7, and (T, w)s7;,, given in (4.7a) and (4.7b), respectively, can be
split into the contributions of the interior edges and of the boundary edges as

(U, v - n)ar, = (U, v - N)ar\00, + (5, V- 1)an, (4.11a)

<Tﬂh, w>37-h = <7‘ ﬁh, w>8771\8(2h —+ <Tg08, w>agh. (4.11b)

Replacing now the numerical flux (4.10) in (4.7c), results in
(g - 1)or\o0, + (1 T(un = Gn))oz\o0, = 0- (4.12)

As we mentioned above, in order to establish the unique solvability of the nonlinear problem (4.7),
the HDG formulation will be augmented with the equilibrium equation

p(V-qy,,V-v)r =p(f,V-v)7, Vv e Vy, (4.13)

where p > 0 is a parameter whose value will be determined later on. Combining the estimates (4.11),
(4.12) and (4.13), the HDG scheme (4.7) becomes:
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Find (gy,, up, i) € Vi x Wy, x My, such that

(K, 0)75, = (un, Vi - 0)75, + (i, v - Moz \00, = — (95,0 Mo, (4.14a)
(V- qp, w) 7, + (T up, w)a7, — (T ln, w)ar\o0, = (f, )7 + (T¢g, w)an, (4.14b)
(1t @n M) om0, + (1 T(un — Un))oT\02, = 0, (4.14c)
p(V-q,, V- v)y, =—p(f,V-v)7,. (4.144)

for all (v,w, u) € Vi x Wp, x Mj,. It is worth mentioning that the equivalent formulation (4.14) above
serves only theoretical purposes. It will facilitate the forthcoming analysis but is not be used for the
explicit numerical calculations for which (4.7) is better suited. The following section will be devoted
to showing the well posedness of these systems.

4.2.2 Analysis of the augmented HDG method

In order to apply known results from functional analysis, we rewrite the numerical trace iy in terms
of averages and jumps. For this, we use the equation (4.14c) and separate the term featuring ay, as

0= {1, qp - M)ar\00, + (1 TuR)oT\02, — (s TUR) T3\ 002,

=> > /uqh nA T Uy — 7 dy)

TET) ecdT\02y,

= Z/ ap] w27 {up}p— 270, p) = / (lgp] + 27 {un} —27an) V€ My,

e€ty &

Above, the average {-} and jump [-] operators above are defined as in Section 1.1, and we have
used the fact that the hybrid variable 4y, is single valued. Then, taking a test function u = [q;] +
27 {up} — 271, € My, we deduce that

lapn] + 27 {ur} —271, =0 on &,

which yields
I _ o
ap = 57 an] + {un} on &. (4.15)

We now replace (4.15) in (4.14a) and (4.14b), to obtain

<ﬁh,v-n>a7-h\89h = Z Z /uh'v n—/[[v uh—/ 1 _1[[qh]][[v]]+{uh}[[v]]), (4.16)

TETs ecdT\O2),

i womon, = YY) / rapw = -2 / r{w}in = / (laal e} — 2r o {un}). (417)

TET) e€T\02,

In this way, replacing the definition of ¢d—see (4.8a)—in (4.14a) and (4.14b) together with the
foregoing identities and the estimate (4.14d), we obtain that (4.14) is equivalent to finding (q;,,up) €
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Vi, x Wy, such that

Ar(gy,v) + A(gy, v) + B(v, up) = Fi(v) Vo e Vy, (4.18a)
Br(qy,w) + B(qp,w) — C(up, w) = Fa(w) Yw e Wy, (4.18b)

where the bilinear forms A, Ay : V, x V), - R, B,Br : Vi, x W, - R, C: W, x W, — R, and the
functionals Fi(-) : Vi, = R and Fa(+) : W), — R are defined by

Algnv) = (5 gy ), + 5 / g lo] + (V- 44V - v). (4.192)
I(x)
Ar(gy,v) = ( K qp(x +ts) - t) v-ndsdSy, (4.19Db)
T\dp e; / / Qh
Blayw) =~V - au)r; + [_[ail{w} (419¢)
, kg (x + ts) -t) w ds dSq, (4.19d)
r(qn,w e; / </ dn
C(up, w) = (T up, w)o7, + 2/50 T {up{w}, (4.19¢)
Fi(v) == p(f, V- v)7;, — (§0,v - n)ogy, (4.19f)
Fa(w) = —(f, w) 7, — (T &o, w>agh. (4.19¢)

Note that if it were not for the the bilinear forms Ar and Br, the system (4.18) would have the
standard form of an augmented formulation for a saddle point problem. These two additional terms,
however, are due only to the transfer of boundary conditions from 92 to 92, (thus the subscript T
in their definitions). It is natural then to interpret these forms as perturbations introduced by the
transfer technique which—as we shall show in what follows—indeed vanish as 9f2;, — 0f2. Indeed, if
the boundaries 92 and 0f2;, were equal, these two terms would vanish, due to the fact that, in that
case, [(x) = 0. This will happen naturally when refinements are done along a sequence of admissible
triangulations and computational domains—as defined in Section 1.1.

Due to the transfer of boundary conditions, (4.18) is a perturbation of the simpler problem of finding
(gn,un) € Vi x Wy such that

A(qh, ’U) + B(v, uh) = .7:1(’0) Vv e Vy, (4.20&)
B(qy,w) — C(up,w) = Fa(w) Yw e Wy, (4.20b)

If we can first establish the well-posedness of this system and then control the size of the perturba-
tion, the unique solvability of (4.18) will follow from the fact that the set of invertible operators over
a Banach space is open. The first step can be deduced from the following abstract result derived from
the Babuska—Brezzi theorem whose proof can be found in [39, Lemma 3.2].

Theorem 4.1. Let X and Y be Hilbert spaces and consider bilinear forms A : X x X — R, B :
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XxY —>Rand C:Y xY — R. Suppose that C is positive semi-definite, that is
Cly,y) 20 Vyey,
and that there are positive constants o and (3, such that
Az, z) > alz||% Vo e X,

and

sup 2&Y)

> ylly  Vyey.
xEX H ||

Given the functionals F : X — R and G : Y — R, there is a unique (v,u) € X XY, such that

A B v\ (F
B —Cc)\u) \G)’
In addition there is a constant C' > 0 dependent of || Al|, | B||,« and B, such that:

lollx + lluly <€ (I1F]x +1Gly) -

The first hypothesis of the theorem described above requires that the bilinear form C—defined in
(4.19¢)—to be a positive semi-definite operator, which is established in the following result.

Lemma 4.1. Bilinear form C : Wy, x Wy, — R defined by (4.19¢) is positive semi-definite, that is,
C(w,w) >0 Vw e Wy

Proof. Thanks to the fact that 7 is positive on &, we have

(w, w) ZZ/ew +2/ T {w}? >0 Vw e Wy

TeT, eCOT

]
In what follows it will be proved that the bilinear forms A and B satisfy the hypotheses of the
Theorem 4.1, however some preliminary results are required to guarantee this. We begin by recalling

the discrete trace inequality (cf. Lemma 1.46 in [29]).

Lemma 4.2. Let T € T and e C OT. There exists a positive constant C, independent of h, such that

[

e <Clvljor

The parameter 7 introduced in (4.10) will play a key role in the solvability analysis of the fixed
point problem associated to the fully coupled problem that will be shown later. This is reflected in the
definition of the following norm onto V', which will be used to guarantee the ellipticity of the bilinear
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form A—defined in (4.19).
3 1/2
ollni= (ol + IV -0l30, + 7 R]Eg) (a.21)

Having established a norm on Vy, the ellipticity of the bilinear forms 4 and is proved in the
following result, where we also show that the perturbed form (A + A7) is also elliptic under suitable
conditions of proximity between the boundaries.

Lemma 4.3. There exists a g > 0, independent of h, such that
A(v,v) > aqllv]i, VoveVy.

Moreover, if p and R satisfy

é@flR}/Q < p < max {;,Iil} , (4.22)
for a positive fived constant 6’, independent of h, appearing in the proof, we have
A(v, ) + Ar(v,v) 2 (a4 — aar) v,
where a4, — 0 as h — 0.

Proof. Given o,v € Vy, let first focus on the bilinear form A defined on (4.19a). Taking o = v, we
obtain

1
A(v,v) = (/ﬁ_lfv,v)n + 2/ 7'_1[[11]]2 +p(V-v,V-v)7,
&

_ -
= 5208 0, + 5 I72[0]

3,5; +pl|V - ”Hg,nh

> min {77, 1/2, p} |[0][f .-
So, defining a4 := min {Eil, 1/2, p} it follows that
A(v,v) = aav|i (4.23)

Now, we verify that Ag is bounded. By the Cauchy-Schwarz inequality, we have that

I(a) 1/2
|A7(o,v)| <k Z /l(a:)l/2 (/ lo(x +ts)|2ds> v-ndSy
0

eCly €

<71 ol 11720 - nflo.

eCly

<7 ol 11720 - nlo,
eCly
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Since I(z) < Ht = reht < Rphe, for all x € e and e C I, we deduce that

— 1/2
Ar(e,v)] < RS2 el 10 v -l
eCly

() 1/2
lloll, == (//0 lo(x + st(x))|> ds d5$> i (4.24)

By Lemma 3.4 in [64] (two dimensions) and Lemma A.1 in [65] (three dimensions), we have that the

where

Il norm is equivalent to the L?*(T<,)-norm under certain conditions on the transferring segments

ext
associated to the vertices of the triangulation. Then, we deduce that there exists a constant ¢ > 0,

independent of h, such that

[Ar(o,v)| <éa ' Y lollze, 17 v - nlloog, -
eCly,

Hence, by Lemma 4.2, (1.4) and (4.21), we deduce that

(o, v)| <60 x max(rl?CEllo lonla
CCFh

In other words, there exists a positive constant C , independent of h, such that
. AN —1pl/2
Ar(o,)| <l llvallin, — with au, :==Cr'R)/”. (4.25)

Note that Rj, — 0 as h — 0 then o4, — 0 as h vanishes.

Finally, using the ellipticity of A (see (4.23)) and the continuity of Ay, it follows that

A(v,v) + Ar(v,0) = A(v,v) = |Ar(v,)| > (a4 — aar)||v][7 -

This expression, together with the lower bound of p given in the assumption (4.22), implies the
result. |

We now proceed similarly to [37] to derive the discrete inf-sup condition for the bilinear form 5. It
will be useful to recall here the definition of the Raviart—Thomas space of order k£ and dimension d
defined over a domain O (cf. [67]))

RT}(O) := [Pr(0)]% & zP1(0), (4.26)

where ]3;@(0) is the space of polynomials of total degree equal to k defined on @, € R? and, as usual,
for k > 0, Px(-) denotes the one dimensional space of polynomials of degree at most k.

Lemma 4.4. There exists a constant 8 > 0 such that

B(v,w
sup 1B(v, w)] > Bllwllq, Vw e Wh.
vev,, v,
v#0
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Moreover, there exists a constant S — 0 as h — 0, such that

up 1B.0) & Br(v.w)

vEV]), H'UHLQh
v#0

> (B =pr)lwle,  Ywe W,

So that the perturbed bilinear form (B + Br) satisfies an inf-sup condition if the mesh is fine enough.

Proof. Given v € Vj, and w € W), we start by noticing that the Raviart—Thomds space of degree
k — 1 (defined as in (4.26)) belongs to the discrete space V', from wich it follows that

Bo.w) L Ju ¥ v f e /wv

sup
veVy, H'U”l,Qh veVy HUHI,Qh veERT,_1(2,)\0 Hle,Qh
v#£0 v#0 fﬂh tr(v)=0

Following the classic result from mixed finite element methods (see e.g. [33, Section 4.2 and Lemma
2.6]), we have

B(v,w
sup BCO 5 51, (4.27)
veVy HUHLQ}L
v#£0

For Br we use the same arguments as for Ap to conclude that there exists a positive constant 6,
independent of the mesh size such that

[Br(v,w)| < Cu R * 7wl nllwlo.o, (4.28)

We define then
br=Cx'R)/*7,

which, since T vanishes as h — 0, the influence of S7 will disappear as the mesh is refined. Then,

Br(v,w

sup 7| ( ) < Br ||lwlo,0, - (4.29)
vev, v,

v#0

Finally, from (4.27) and (4.29) we have

|B(v, w) + Br(v,w)]|

sup > (8 = Br) |wllo,a, -
veEV), [v]]1,52,
v#0
Note that for h small enough, the coefficient 8 — S > 0. [ |

Let us now discuss the stability properties of the forms A, B,C, F; and F» which are established in
the following results.

Lemma 4.5. Let q;,,v € Vi, and up,w € Wy. The bilinear forms A, and Bare continuous and there
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exist positive constants C4, Cp, Cc and Cr, such that

|A(qp, v) + Ar(qp, v)| < Callgpllirlvll (4.30a)
1B(qp, w) + Br(qp, w)| < Cg llwllo,e, llgyllin, (4.30b)
C(un, w)| < Cc |lunllo,a, |wllo,e,; (4.30c)
and,
| Fi(v)| < max{1, p} (Ifllo,2, + [oll1/2,00,) 10ll1.h, (4.31)
[ Fo(w)| < Cx, (IIfllo,2, + €0ll1/2,00,) lwllo,a,- (4.32)

Proof. For the first inequality we point out that the continuity bound for A was established in Lemma
4.3. Thus, it is enough to notice that

_ 1 _ _
|A(gy,v)| = (k lqh,v)n+2/gof V2[qu )7 2 [o] + p(V - g1, V - 0) 7,
h

_ - _
<& gl 0.2 + 5 I 2 apllleg 1772 [ollleg + 21V - anlloo, [V - vllo.0,

07Qh ”v

1
Smax (K5, p lanlln vl n

Hence, combining this with the bound for Az in (4.25), it follows that

|A(gn, v) + A1(gn, v)| < Callgpllin v,

where, using the definition of o 4, given in (4.25), we defined C4 := max {@‘1, %, ,0} +ag, > 0.

On the order hand, taking directly the definitions of B, applying the Lemma 4.2 and considering
the fact that 7 is of order h, we have

1B(ay, w)| < llwlog, IV - anllo.g, + (0 h™)2 107 2lay]lleg IR fwhle;
< (1+C*C)' 2 lanllun

‘O,Qhu

which, combined with the estimation of By (see (4.29) ) yields

1B(qp, w) + Br(gn, w)| < Cs l|gnllin l[wllo.a,,
where O :=2¢2Cy C3 75~ R} + (1+ C*C;)'/2 > 0,
Now, from Lemma 4.2 and the definition of C it follows

IC(up, w)| = (T h~ WY 2wy, B2 w) +2/ Th™ R fup ) 2w}
50

h
<Fh YWY Lunlo,r, |22 {wo,r, + 277 [RY2 Lun}lo,r, 1Y/ {w}
< C*7h™! Jlunllo.g, [wllog, +2CE7h" unlo.g, llwllo.e,

|07Fh

=3C*7hunllo., lwllo.o,-
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The estimation of C follows, remembering that 7 is of order h.

Finally, the estimates of F; with j = 1,2, follow directly from Lemma 4.2 and the Cauchy-Schwarz
inequality. |

We are now ready to state the main result concerning the well-posedness of (4.18). For this, let us
note that in Lemmas 4.1, 4.3, 4.4 and 4.5 it is shown that the bilinear forms A, B3, C and the functionals
Fj (for j = 1,2) satisfy the hypotheses of the Theorem 4.1, which shows that the unperturbed problem
(4.20) has a unique solution (g, up). However, since the space of invertible operators over a Banach
space is open and, by the estimates (4.25) and (4.28), the norm of the perturbations Ap and Bp
vanishes as h — 0, we can conclude that if the mesh is fine enough, then the problem (4.18) is well
posed. Moreover, there is a constant Cypg > 0, independent of h, such that

lgnllin + llunllo,en < Cupe (I1fllo,0, + [oll1/2.00,) - (4.33)

4.3 A spectral BEM discretization for an exterior problem

The main motivation of considering this type of discretization is that the approximation provided by
BEM makes use of trigonometric polynomials. Hence, the approximate solution converges to the exact
solution spectrally fast. Moreover, a spectral BEM discretization is characterized by the simplicity of
the corresponding equations. In order to exploit these features, the boundary I' must be C*° and this
is why we need to deal with a non-polyhedral domain.

4.3.1 Basic results from boundary integral equations

Before setting out to reformulate and analyze this problem, we need to introduce a few concepts
from the boundary integral equation literature. The material presented in this subsection is standard
machinery in the boundary integral equation literature. The reader is referred to classical sources
like [48,57] for further a comprehensive treatment or [47] for a concise overview.

Being linear, equation (4.5a), has an associated Green function G(x,y), given by

—g-log(|lx —y|) ifd=2

1 : _ )
in \fE—yI lf d =3

G(mv y) = {

that can be used to transfer the unbounded transmission problem into one posed solely over I'. Green’s
representation theorem guarantees that w has a representation of the form

u(z) = S[kulNew — P[ulpe Yz € R\ T, (4.34)
and the Dirichlet and Neumann jump operators are defined for almost every @ € I as
[ulpic(®) := liH(lJ (u(T — en) —u(xT + en))
e—

[u]Neu(T) := 151(1) (Vu(@ —en) -n—Vu(xT+en)- -n).
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The operators D and S are known respectively as double layer potential and single layer potential.
They are defined respectively for any ¢, A € L*(I") by

/8 y)d(y)dl'(y) and SA(z /Gmy y)dI'(y).

The interior and exterior traces and normal derivatives of the functions defined through the single and
double layer potential motivate the definition of the following integral operators for all ¢ in the trace
space € H'/2(I') and every X in its dual space H~1/2(I):

VA :% (’y S\ + ’y+8)\) =7 SA=~TS\ (Single layer operator), (4.35a)

Ko = % ( D¢ + 7+D¢) (Double layer operator), (4.35b)

KX =14 (8 SA+ 91 SN) (Weakly singular operator), (4.35¢)

Wo = — 3 (GnD¢ + 0, Dp) = —0,, Dp = —0;,, D¢ (Hypersingular operator). (4.35d)
Moreover, the following jump identities hold

OESA = (FL+KHN  vae H VXD, (4.36a)

D= (£L+ K)o Vo HYVA(D). (4.36b)

Above, the operators v+ (resp.y~) denote the restriction of a function defined over 2% (resp. £27) to
the boundary I'. The operators defined above and their one sided traces and normal derivatives define
mappings between the spaces HY/2(I') and H~Y/2(I'). The following well known result establishes
their continuity.

Theorem 4.2. The following mappings are continuous

V:H V() — HYA(I), (£3+ K" HVXI) — H V(D)
W HYA(D) — HTVA(D), (£ +K) :HYV2() — HYA(D).

Finally, denoting by (-,-) the duality pairing between the space H'/2(I") and its dual H—'/2(I"), we
define the spaces

oA (r) = {6 e BVA(N) (0, 1) =0}, and  HVAD) = {Ne HTVAID): (1) = 0},

we can state the following coercivity estimates:

Theorem 4.3. There exist positive constants ay, ayy, axe, and ax such that

avllullyy <1V )] vu e Hy V(D)
aw 8113/, <[(Wg, )] vo € Hy'*(I),
ccellil®y o SIS + K oo )] A e Hy (D),
cxllgllt e < (3 +K) 6, 6)| Vo € Hy/*(I).
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4.3.2 Boundary integral reformulation

Going back to (4.1), we note that, since the diffusivity coefficient becomes constant and F' vanishes
in ext, equation (4.5a) from the exterior problem is in fact linear. We will exploit this fact to recast
the problem in terms of boundary integral equations posed over the bounded interface I" rather than
over the unbounded domain (2ext. We will illustrate the process with the following model problem

—V - (kVu) =0 in 27, (4.37a)
—kO U =x0 on I, (4.37b)
u—0 as |x| — oo, (4.37¢)

where I' is a closed and bounded Lipschitz d — 1 dimensional hypersurface, d € {1,2}, dividing the
space into a bounded region 2~ and an unbounded region {27; the unit normal vector to I" pointing
in the direction of 27 is denoted by n, x > 0 is a constant, and 9,/ denotes the exterior normal
derivative.

We will now proceed to use the tools introduced in the preceding section to reformulate (4.37a) as
a boundary integral equation. We will start by representing u in 27 as

u(z) = Dp — SA.

Applying the boundary integral operators (4.35) and the jump properties (4.36) to the integral rep-
resentation above, we can re-write the boundary condition as

Ottt = —Wo — (=5 + K1) X = xo, (4.38)

where ¢ € HY/2(I') and A\ € H~'/2(I") are unknown functions that need to be determined. Since there
are two unknowns, a second equation must be provided in order to close the system. This second
relation arises naturally if we extend w by zero into {27. In particular, this implies that the interior
trace must vanish. Once again, using the integral operators and the jump conditions, the condition
v~ u = 0 leads to the following boundary integral equation

Y u=(—5+K)p—-Vr=0. (4.39)

In the following section we describe a spectral discretization of the weak formulation that arises by
testing (4.38) with n € H'Y/2(I") and (4.39) with u € H='/2(I").

4.3.3 Spectral BEM discretization

Let us now explain the spectral BEM discretization that will be employed on the interface I". We
will discretize the integral equations (4.38) and (4.39) using a spectral method. Towards this goal, we
first translate boundary integrals and functions to a fixed interval through parametric representation
of I'. Let x : R — I be a a twice continuously differentiable regular 27-periodic parametrization of
I

|2'(s)] >0 VseR and x(s) # x(t), 0<|s—t|<2m.
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Now, we introduce the spaces of trigonometric polynomials
n n—1 2m
T, = { Zaj cos(jt) + ij sin(jt) : aj,b; € ]R} and TO := {)\n eT,: / An(8)ds = O}.
§=0 j=1 0

We will consider the parametric representations of the integral operators V, K, K! and W. The latter
of these is an appropriate regularization of the hypersinglular operator W, which can be constructed
through tangential differentiation. For instance, if the parametrization of I" has C? regularity it can
be shown [75] that

(Wo) ==& (Vo(5)) (7) = W9) (7).

Note that if we take g, : I’ — R such that T,, > g, ox = (gg + cn) o x, where gg € ']l“g and ¢, is a
constant, it follows that

(=30n +Kgn) = (-3 + ) gn+ (-3 +K)en = (-3 +K) gp+en (-3 +3) = (3 + K) -
Analogously, for T, 3 Ay ox = (A) + ¢,) o @ with A\) € T we have
(L + KN = (-2 + K5 AL

We can now reformulate the problem defined by equations (4.38) and (4.39) as that of finding \J :
I' - Rand ¢ : I' — R such that \? o z|2/(-)| € T, ¢¥ o z|2/(-)| € TY and

2m 2m 1
|- [T (54 e o vyeT,

27 1 . 27 21
/ <2+K)A2<m<s>>u<s>ds+ | v = - [Txouds e,

Defining the bilinear forms a,b,¢,d : TO x T? — R as

a0v) = [ 7V A @ () ($)ds, (4.40a)
k) = [ (14 K) () (s)ds, (4.40D)
o) = [ T (4 ) X ()is)ds, (4.400)
o) = | 7 W ) @) a(s)is, (4.400)

the weak formulation above can be expressed compactly as that of finding (A2, g%) € T9 x TY such
that

21
a(A%, ) + (g0 ) + (AL, 1) + d(g2, 1) = — / You(s)ds Vo xpeTdx T  (441)
0
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The proof of the result below follows from using (¢, 1) = (A2, ¢%) as tests in (4.41), the linearity of
the right hand side, the continuity and coercivity results in theorems 4.2 and 4.3, and a Lax—Milgram
argument.

Theorem 4.4. The variational problem (4.41) is uniquely solvable. Moreover, there exists a constant

apem > 0 such that

HX0|||—1/2
/\0 0 _ < 4 =
H( n’gn)H 1/2,1/2 = BE

where apgy s the smallest of the constants oy, aywy, axt, and ax appearing in Theorem 4.3 and
0 0y(2 02 02
A 9121 /2,172 = 1Al Z1 /2 + llgnlly)o-

Spectrally accurate approximations of the bilinear forms in (4.40) can be built by discretizing the
parameter space [0.27) with N equispaced points and approximating the integrals by the trapezoidal
rule, which is exponentially convergent due to the periodicity and smoothness of the parametrization
[81].

4.4 A perturbed symmetrically coupled formulation

We are now in the position of addressing the original problem (4.1) for the interior functions (g, u)
and the exterior function u®™*. The idea of a symmetrically coupled boundary-field formulation was
introduced by Costabel in [26], where it was used to analyze a linear problem posed in a domain
with polygonal boundaries, and geared towards a BEM-FEM discretization. This formulation gained
prominence due to the fact that, until recently [77], it was considered that other celebrated alternative
requiring only one boundary unknown (e.g. Johnson-Nédélec [49]) was not stable unless the domain
has smooth boundaries. This technique that has been recently used successfully even in time domain
problems [8, 45,46, 72]. While requiring two boundary unknowns, Costabel’s formulation has the
advantage of being symmetric when the computational domains share a common boundary, which
greatly simplifies the analysis. In this chapter we will exploit this latter advantage while in fact
choosing a smooth interface I" at the continuous level.

Some of the techniques of the discretization that we will use here can be traced back to [59], where
the authors analyzed a coupled BEM-FEM scheme for a quasilinear elliptic boundary value problem.
In that work the authors formulate the interior equation in second order form and deal with the
curvature of the interior domain via a curved triangulation that interpolates the boundary I"UIj. For
the BEM part of the problem, they eliminate the trace g from the system and discretize the integral
operators using a spectral approach like the one we describe below. One of the first combination of
spectral and finite element methods for exterior problems can be found in [60]. There, trigonometric
polynomials were used to approximate the unknown in the artificial boundary and curved triangles
were employed to fit the boundary. In order to avoid the use of curved triangles and thus simplify
the construction of the mesh, the authors in [19] coupled the HDG method with the spectral method
in [60] through the data transferring technique developed in [21], however no analysis was provided.
The novelty of our work in this chapter is to develop the analysis of the discrete method in [19] and
include the additional difficulty of handling a nonlinear source.
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For the discrete interior problem we will consider an unfitted region (2, C (2, as our computational
domain, which will be triangulated by a shape-regular and admissible (as defined in Section 1.1)
triangulation 7. The computational boundary 025, can be split into interior and exterior components
as 082y, = I, U I}, o, where

Iy = {665}? 2d(e, I) §d(e,F0)} and o= {eegg:d(e,f’o) < d(e,F)}.

The computational domain and the geometric setting are depicted schematically in Figure 4.1.

4.4.1 A strong integro-differential formulation

With the geometric discretization introduced above, the strong forms of the problems (4.4) and
(4.5) become

V.-q=F(u) in (2, (4.42a)
qg+rVu=0 in (2, (4.42b)

£(x)
uU=goqp— K 1q(p(x) + st) - tds on Ip, (4.42c¢)

0
()
uU=1uyo¢p— Kk 1q(¢(x) + st) - tds on Iy, (4.42d)
0

g-n=2.\ on I (4.42¢)
—V - (kVu™) =0 in Qext, (4.42f)
KVU™t . n = -\ on I (4.42g)
ut =g on I, (4.42h)
Y ut =0 on I, (4.421)
u™" — 0 as x| — oo . (4.42j)

Some clarifications about this system are in order. First of all, it is important to recall that the
Dirichlet and Neumann traces g and A (defined on I") are both problem unknowns that must be
determined. The second point of note is the addition of the condition (4.42i) pertaining the interior
trace of u®™*. As discussed in the previous section, this condition has been added to enforce that the
extension of u®™* into 2~ vanishes identically. This will ensure that the decompositions

utot — uext Y and qtot — VUeXt 4 q

accurately represent the solutions to (4.1) by forcing u®** to be supported exclusively on 2°**. Finally,
the reader will note that the exterior problem is still posed in 2.yt and conditions for this problem
are still prescribed over I, while the interior problem has now been posed in the subdomain (2, with
polygonal boundary I},. Moreover, the boundary conditions on u have been transferred from the
boundary I' U Iy to the computational boundary I, U I, o, but the one for the normal flux q - n was
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not. In fact, we will exploit the continuity condition
—kVu™' . n=\A=q-n onl

to merge these equalities into the single, coupled condition
qg-n+rVu™ . n=0 onl

This important detail will introduce a perturbation in the system that will be discussed in detail later.
If we now represent the exterior solution in the form

Uext (L) = /Fan(y)G(m,y)g — /FG(a:,y))\dF(y), (4.43)

and use the boundary integral operators introduced in Section 4.3 the conditions (4.42¢) and (4.421)
become, respectively

(-1 4KDA+Wg—g-n=0, and VA-(-14+K)g=0.

This equations, together with the integral representation (4.43), effectively replace equations (4.42¢),
(4.42f), (4.42g), (4.42h), (4.42i), and (4.42j). In this way, we finally arrive at the following coupled
formulation

VA—(—3+K)g=0 on I, (4.44a)
(-3 +KN)A+Wg—q-n=0, on I, (4.44D)
g+ rVu=0 in (25, (4.44c¢)
V.q=F(u) in (2, (4.444)

L(x)
u=goq¢p— klq(p(x) + st) - tds on [}, (4.44e)

0
L(x)
u=ugo¢p— K rq(p(x) + st) - tds on Iy, (4.44f)
0

pV - q = pF(u) in (2, (4.44g)

for the unknowns (A, g, q,u). The final (seemingly redundant) equation of the system has been added
to aid in the stabilization of the HDG discretization. In the following section we will pose this system
weakly and will describe a discretization algorithm.

4.4.2 Discretizing the coupled system

We will approximate the solutions to the coupled system introduced in the previous section by
coupling the HDG discretization described in Section 4.2 for the equations involving (q,u), and by
discretizing the weak form of the boundary integral operators acting on (A, g) by following the tech-
nique described in Section 4.3.

Choosing test functions (1,1, v,w) € T% x TY x V', x W), and using the identities (4.16) and (4.17)
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along with the definitions of the bilinear forms and linear functionals given in (4.19) and (4.40), the
integro-differential system (4.44) introduced in the previous section can be posed weakly as

a(Ap, ) +b(gn, ¥) =0, (4.45a)

c(Ansm) +d(gn,n) — (@y - m,m)r =0 (4.45D)

(g%, v-n)p, + Algy,v) + Ar(gy, v) + B(v,up) = Fi(up;v), (4.45c¢)
(1g2,w)r, + Blay,w) + Br(gy, w) — C(up, w) = Fa(up; w), (4.45d)

where we recall that, according to the notation set in Section 1.3, g; evaluated in I" should be
understood as the piecewise local extrapolation of q;, from (2, to I'.

The attentive reader will notice a few details about this system. Firstly, the last term in (4.45b)
and the first term in (4.45¢) are almost the transpose of each other, which should be expected from
a symmetrical coupling like the one carried over in this work. The only difference between these
two terms is the fact that the one arising from the boundary integral equation is integrated over I,
while the one stemming from the HDG discretization is integrated over the computational boundary
I7,. The second point is the presence of the term (72, w) r, which has no counterpart on the second
equation of the system which, once again, would be normal in a symmetric coupling. Next, is the
presence of the term involving the bilinear form Br in the final equation. This bilinear form, involving
an integral over [}, also lacks a counterpart in the third equation of the system and therefore breaks
the expected symmetry of the discretization. Finally, and perhaps less obvious, there is the presence
of the term involving Az in the third equation; while this term does not break the symmetry of the
system, it does have an impact on the ellipticity constant of the system.

The common element in all these symmetry-breaking terms is the presence of an integral over the
computational boundary I7},. Indeed, all these terms arise from the transfer of boundary conditions
and, as we shall now see, it is possible to rewrite the system above in terms of two separate groups
of operators: one corresponding to a symmetrically coupled system discretized over grids aligned
perfectly along the interface I', and another one accounting for the perturbation in the symmetric
system introduced by the non-matching grids and the transfer of boundary conditions.

We will devote the reminder of this section to showing how to split the system into the aforemen-
tioned components and will then show in the following section that indeed, the geometric perturbation
vanishes as the mesh is refined (pushing the computational interfaces closer and closer).

Let us begin with the term involving ¢ in equation (4.45c). By adding and subtracting (g,v - n)r,
we have that

9@, v n)r = (g0 m)r+ Y / D - ) (@)dss — (9,0 )

ecly,

gav nF“‘Z

ecly

, z)(v-nr,)(¢" (@))dsz — (9.0 n)r.
e [‘e

Here, nr, is the exterior unit normal vector on I,. Since in this section we will be dealing with terms
involving the two boundaries I" and I}, to avoid confusion we will also denote by n the normal vector
on I'. Moreover, we are using the notation |e| and |I| respectively to denote the d — 1 dimensional
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Lebsegue measure of the face e and of its image under ¢, I, = ¢(e).

Adding and subtracting appropriate terms to the previous identity, we obtain that

(v-np)( dsw—Z/ (v-nr)(T)dsz

ecly,

(v 15,) (07 (@) — (v nr)(@))dss,

(9@()).v - n)r, gmnHZ

+Z

ecly,

el n?

e\

or equivalently,

(9@, v-nhp, = (g0 -m)p+ Z( ) [ @ nr)@ ds
eef fe (4.46)

* Z ,p, (v-np,)(¢" ' (F)) - (v-nr)(@)]dss.

ecly

A re-writing for the term involving g in (4.45d) can be derived by similar arguments, resulting in

ro@()un =Y 10 [ ro@ dsﬁz
ecly, € Fe

9(@)[w(¢™! () — w(@)]dsz. (4.47)

e’ Fe
If we then define the bilinear forms G : Vi, x TO - R, T} : T2 x V), = R and T3 : T x W), — R as

g(qh777) = <qh ' n777>F7

Tt = ¥ (5 1) /F (@) - nr)(x) dss

ecly,
+e; [ d@lw )@ @)~ @) @) (4.45)
Do) = 3 i [ @@ s Y0 [ e d@ee @) - w@lds, @)
ecly, el JIe ecly, ¢

the problem (4.45) can be rewritten in matrix form, equivalently as

a b 0 0 00 0 O Y 0
c d -G 0 00 0 O o 0

no| = . 4.50
0 g& A B * 0 Th Ar 0 qay Fi(up) (4.50)
0 O B* —C 0 Ty, Br 0 up, Fa (uh)

Above, in abuse of notation, we have used the same symbol to denote the bilinear forms and their
associated operators (i.e. the operators mapping the components of the column vector into the first
argument of the bilinear form with the same symbol). The first matrix on the left hand side corresponds
to the formulation that would arise from the analysis of this problem if the two grids were to line up
perfectly at the artificial interface, rendering I" = I},. The second matrix encodes the action of the
geometric perturbation induced in the system by the gap between the computational domains and
the subsequent transferal of data between the two boundaries. In the following section, we will show
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that the unperturbed matrix is indeed continuous and coercive, and that if the two boundaries are
sufficiently close (or equivalently if the mesh is sufficiently fine) the perturbation does not preclude
the invertibility of a linearization of (4.50). Moreover, as the mesh is refined, all the terms in the
perturbation vanish.

4.4.3 Well-posedness of a linearized formulation

In this section we will consider the source terms in the problem to be independent of the solution,
which effectively linearizes the system. We will show under what conditions this linearization is in
fact a well-posed problem in the sense of Haddamard. This results will be useful once we return to
consider the non-linearity in the sources.

The matricial form of the problem given in (4.50) gives a clear roadmap of the steps required to

show that the operator on the left hand side is invertible. To simplify the discussion, let us define the
following formal matrices of operators (by identifying bilinear forms with their respective operators)

a b 0 0 00 0 0 00 0 0
cd 0 0 0 0 -G 0 00 0 0
Mpi=1|yo o 4 g | Me= 0 G 0 o | Mri= 0 Tn Ar 0
00 B -C 00 0 0 0 T, Br 0

The first step is to prove that the matrix of operators is continuous. Then, formally speaking, the
second step would be to show that there exists a positive constant & such that

t ~
()\2792»%” Uh) (MD + Mg + MT) ()‘91’.927 qh?“h) > a‘|()‘9wgg7 qhvuh)HJQLI'

As we shall show in the rest of this section, 1) the continuity and coercivity of the term M p will follow
readily from the analysis carried out in sections 4.2 and 4.3 for the interior and exterior problems, 2)
due to the symmetric nature of the coupling, the term Mg will drop about of the coercivity analysis
and will easily be shown to be continuous, and 3) for the perturbation component My, the terms in
the third column have already been shown in Section 4.2 to be continuous and with norm proportional
to the mesh size, therefore their effect on the coercivity of the system will decrease as the mesh is
refined. A similar statement holds true for the terms appearing in the second column of My, as we
will prove below. After establishing these facts, the invertibility the system will be proven at the end
of the section. The following lemma establishes the continuity of the bilinear forms G, T3, and T5.

Lemma 4.6. The bilinear form G(-,-) is bounded, that is,

1G(gn, )] < lgnllijo,rllvlln-

Moreover, if we assume that there exist non-negative constants C1 and Cy, and positive parameters si
and sz, such that

max
ecly,

‘e| — 1| <Ci Ry, and max |nr, — TLF(EH < CyRy, (4.51)
’Fe’ xely,
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then,

1/2 1/2
IT1(90,v)| S Ry (R + )12 a1,
T2, w)| < 7(h™2 + (Ruh)?) 162111 2. |00, 2,

Proof. We started the proof, by applying trace inequality to term G,

1G(gn: 0)| = [lgn, v - n)r| < llgnllyzr v

Adding suitable terms to 77, defined in (4.48), and the assumption (4.51), we have

Ti(gn,v) = Z(;H ) ZROVESY ‘p‘/ gn@)(v-nr,)(¢7 (@) — (v nr)(@)]dsz

ecly, eely
=y <F| ) GV M)+ Z/ gn (@) - (nr, —nr)(@)|dsz
ecly, eely
+> / R@) (0 7@ (@) - (0 nr,).@)dss
ecly,
<C1 Rn ||gy Ri |lgolliy2,rllwllo,e,

+ 10202, 2 (0 - m) 0 671 — v ) p.

The term ||I=Y?(v-no ¢! — v - n|p is estimated thanks to [62, Lemma 1]. Since I(z) is bounded
by Rph, for all & € I}, then

T3 (90, v)| < (C1 Ry, + C2 Ry + (Bph) ) |92 |1 ja.r 101,

We adapt the same technique used for the bound of 77, and estimate the term T5. |

Before making use of this result, a few words about the assumptions (4.51) in the lemma are
pertinent. The segment I, = ¢(e) is in fact a subset of the “true” boundary I'. As such, the ratio
le| /|| is a measure of the quality of the geometric approximation of {2 given by (2;,. For a sequence of
admissible geometric discretizations ({2, 7y,) this ratio and should approach the value 1 asymptotically
as h — 0, therefore the first assumption is natural. It may in fact be a consequence of the admissibility
criterion of the meshes.

In a similar vein, the second assumption on the difference of normal vectors also pertains the quality
of the geometric approximation of the computational domain. The hypothesis amounts to demanding
that the normal vector of the computational domain lines up asymptotically with . This natural
requirement does in fact exclude certain families of computational domains that would otherwise be
admissible. However many families of geometric approximations remain valid. It seems plausible,
although it remains to be proven, that by requiring for a family of computational domains 25, to be
admissible that they satisfy the second hypothesis, the first one will also be satisfied due to the local
proximity condition.

We will now proceed to prove the unique solvability of a linearization of (4.50). We will first define
rigorously the bilinear form associated to the problem. To this end, we start by simplifying notation,
and define the space H := TY x T% x V', x W}, and the bilinear form M : H x H — R associated to
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the weak formulation (4.45) as

M((A0s Gn» Gy ), (8,1, ,w)) =
a(Xn, ¥) + b(gn, ) + ¢(Ay,n) + d(gn, 1)
—G(n,q5) +G(gn,v)
+ A(gp, v) + Ar(qp, v) + B(v,un) + B(gqy, w) + Br(g,, w) — C(up, w)
+ Ti(gn, v) + Ta(gn, w). (4.52)

Then, for a continuous linear functional F € H' we have the following.

Theorem 4.5. If assumptions (4.22) holds true and the mesh is sufficiently fine, then the problem of
finding (A9, g%, @y, wy,) € H such that

M((Agmg?wqh)w)?(d))n? v7w)) :‘F((,l/}7 7]7U7w))7 v(w?n? v7w) 6 H' (4’53)
is uniquely solvable, moreover, for the solution vector (A9, g%, q;,w) it holds that

[

o an) (4.54)

”()‘27997,7 qp, w)HH <

Proof. The proof of this statements will follow a Lax—Milgram argument. To that end, we will first
show that operator M, defined in (4.52), is continuous. The boundedness of the bilinear forms
A, Ar, B, Br and C had alread been proven in Lemma 4.5. As for the bilinear forms a, b, ¢, d arising
from the BEM discretization, their continuity is given by Theorem 4.2. Finally G, T1, and T5 are
bounded using Lemma 4.6. Hence,

ML, 90 anw), (Ym0, w)] < |a(A, )+ [blgn, )| + (A%, m)| + |d(gn, n)|
+G (., q)| + 190, v)| + [Algn, v)| + |Ar(gs, v)]
+[B(v, up)| + |B(gy, w)| + [Br(gn, w)| + [Clun, w)|  (4.55)
+|T1(g9za ’U)| + |T2(g7(')ww)|
< CmllN0: gn: @)l (@, m,0,w) |,

where Cyq > 0 depends only on C4,Cp,Cegym, and the continuity coefficients for T3, T, Ar, and
Br. The latter four all vanish as h — 0.

Let us now discuss the ellipticity of M. We take (¢,n,v,w) = (A2, ¢° q,,w) € H as the second
argument of M and, as a consequence of Lemma 4.3 and the analysis of the interior problem studied
in Section 4.2.2, we establish the following result

M(()‘gm 927 dh, w)v()‘gza gq(')w dh> w)) ZCVBEMH()\?L, 92) H2+ (aHDG - maX{aAT7 BT})H(qu uh) H2
— 708, an)| — [ T2(g2 un)! (4.56)

Where agpe := min{ag, ap} and apgy are the ellipticity constants for the uncoupled HDG and
BEM discretizations.

On the other hand, the estimations for 77 and 75 given in the Lemma 4.6 yield to the existence of
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a constant C' > 0, independent of the meshsize, such that
|T1(927 qh)‘ + ‘T2(927 uh)’ < C?(hil/2 + Ry + (th)l/Z) H(Agwg?w qh7uh)H2‘ (4'57)

So, from (4.56) and (4.57), and by denoting o, = CF(h~/2 + Ry, + (Ry,h)"/?), we deduce that

M(()‘gmgg’ thw)’ ()‘27927 thw)) > (min{aHDGv OZBEM} - aT) ”()‘917927 qhvuh)”%{' (4'58)

Finally, applying the Lax-Milgram theorem, we deduce that, for a sufficiently fine mesh, (4.53) has a
unique solution and there holds

(min{aHDGv aBEM} - aT) ||()\91792, thuh)HIZ’{ SM((ATO7,799L7 qh7w)7 ()‘gvgquhﬂ w))
:'F(()‘g>g?wqhvw)))
<IFNa (S g @nswn)llm
From which we conclude that
| F 1|

/\Oa 07 ; < ;
H( ns 9ns dn uh)HH = (Oé—OéT)

where we had defined
a:=min{agpe,opem} and  ar :=max{a;, a4, 01}

We point out that ar — 0 as h — 0. |

4.4.4 The non-linear problem: A fixed-point approach

In the preceding sections we have slowly built all the machinery necessary to tackle the non linear
coupled problem. We will do so by leveraging the Banach fixed-point theorem. We start by defining
the functional F(z;-) : H — R, with z € W}, given by

F(z; (¥, n,v,w)) := Fi(z;v) + Fa(z;w). (4.59)

Where F; and F> are defined in terms of the source function F' appearing on the right hand side of
(4.1a) as

Fi(v) = —p(F(2),V-v)7, — (o,v - n)an,, and Fa(w):=—(F(2),w)7, — (T &, w)on,-

The continuity of F follows from Lemma 4.5, that is,

|.F(Z, (1/},77,’1),'11}))| < C]: (”F(Z>H07Qh + Huo‘|1/2,8(2h) "(1/}7777”7'“})”117 (460)

where Cr := max{1, p,Cy,Cxr,} > 0.
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Now, we can define the operator 7, : W;, — W}, as
jh(z) = Up Vze Wy, (4.61)
where wy, is the fourth component of the solution (A2, %, q;,,us,) € H to the problem:

M, g5, ap, w), (¥, n,v,w)) = F(z; (Y,m,0,w),  V(¢,n,v,w) € H.

It follows from Theorem 4.5 that the mapping 7}, is well-defined. Thus, we realize that solving (4.45)
is equivalent to finding up € W), such that

TIn(un) = up.

We can now prove the main result of the section: under suitable conditions, 7, has indeed a fixed
point and thus, the discrete nonlinear coupled problem (4.45) has a unique solution.

Theorem 4.6. Assume the same hypothesis of Theorem 4.5. In addition, if the Lipschitz constant of

the source term, Lp, satisfies

(a —ar)
(p+1)

then the mapping Jp, has a unique fized point and, equivalently, there exists a unique solution of (4.45).

Lp <

Y

Proof. Choose 21,29 € W), and define uj := J,(2;) (j = 1,2) using the mapping Jj, given in (4.61).

By construction, for all (¢, n,v,w) € H, the function u; —ug is the fourth component of the solution
to the problem

M((M = A2, 91 — 92, G471 — q1,u1 — u2),(,n,v,w)) = F(z1 — 22; (¥, n,v,w))
= —p(F(21) = F(22), V- v)7, — (F(21) — F(22),w)7;,,

and therefore, from (4.54) it follows that

[Tn(21) = Tn(22)lw, = llur — u2llw, <A1 — A2,91 — 92, @1 — @1, u1 — w2)||m

C
< WHF(»’H) — F(22)ll0,02,
(p+1)LF
<
< a—or) 21 = 22/lw,
Therefore, if

(p+Lp _
(a — ar) ’

then the mapping is a contraction and the result follows from Banach’s fixed-point theorem. |
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Conclusions, and future work

In this thesis we analyzed nonlinear elliptic problems of physical interest. More precisely, those
from plasma physics, in the form

F(u) in 2p(u)
—V - (k(u, Vu))Vu) = { I, in ¢, : (**)
0 elsewhere

subject to domains with curved boundaries. Due to the complexity of the domain, we used a high-
order transfer technique for the boundary data. This technique is known as transferring paths and
was proposed in [17], in which the definition of flux is used. Using this approach, we developed
new optimally-convergent Hybridizable Discontinuous Galerkin (HDG) methods for all the problems
analyzed. Below we present details of the study carried out for the different situations that derive
from the problem (**).

In Chapter 2, we considered the case in which the parameter x is a positive function independent
of the solution, and we provide a rigorous justification for the numerical results obtained in [73, 74],
where the use of transfer techniques was applied to semi-linear problems in curved geometries. To
prove stability of the discretizations proposed for these kinds of problems, we made certain assumptions
about the transfer paths that appear in (2.8). In particular, (2.8b) imposes the geometric constraint
that the family of triangulations should be such that the distance between the computational boundary
and the true boundary remains locally of the same order of magnitude as the face mesh parameter.
The assumption (2.8d) establishes that the minimum size of k determines an upper bound for the
admissible mesh size and the distance between the real and artificial boundary, that is, the smaller &
is, the finer the mesh must be and therefore the distance between I" and I}, is reduced.

Under the assumptions required in (2.8) and a duality argument given in Section 1.5 we present an
error analysis a priori that guarantees the order of convergence. Additionally, we established a non-
linear local post-processing of the scalar unknown that guarantees an additional order of convergence.
This result is corroborated with the a posteriori error estimator presented in Section 2.5.2. This
estimator is shown to be reliable and locally efficient and includes the approximation error between
the real and transferred boundary data.

In Chapter 3, we extended the analysis carried out in [71], considering the source term and the
diffusion coeflicient x as non-linear. In practice, this arises due to the presence of ferroelectric materials.

95
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In Sections 3.2, and 3.3, we independently analyzed the cases when k = k(u) and kK = k(Vu),
respectively. The study for both cases is not trivial, since new terms appear both in the stability
analysis and in the error analysis, however, we corroborate that, under certain assumptions about
the source term and the computational domain—that appear by the techniques of transfer—both
schemes are well-posed. We also provide a priori error estimates that guarantee the optimal order of
convergence for the discrete solution, provided that the distance between the curved boundary and
the computational boundary are of the same order of magnitude as the mesh parameter. Motivated
by what was done in [71], we are interested in performing an error analysis a posteriori for k variable.

In Chapters 2 and 3 we analyzed the interior problem of (**), that is, we only consider the first
row of said equation, known as the Grad—Shafranov equation. However, the results obtained are not
limited to plasma applications and remain valid for general semi-linear elliptic equations.

In Chapter 4, the discrete method proposed in [19] was developed and we added the difficulty of
including a non-linear source term. It is worth mentioning that the authors, in [19] coupled the HDG
method with the spectral method in [60] by means of the transfer technique used in both Chapter 2
and Chapter 3 however they did not present any analysis at a theoretical level. In this chapter, we
studied the coupled problem associated to (**) that involves an interior problem analyzed by HDG
discretization and an external problem in which we use BEM. The coupling occurs through continuity
conditions on the traces and normal fluxes of I'. Therefore, we proposed an almost symmetric coupled
BEM-HDG discretization. The presence of perturbation terms that appear due to the transfer of data
between the non-matching grids was analyzed and we showed that their norm is limited by terms
proportional to the size of the mesh. Finally, we proved that the coupled BEM-HDG discretization
has a unique solution as long as the Lipschitz constant of the sources and the discretization mesh are
small enough . It is important to mention that throughout Chapter 4, the stabilization parameter 7
from the HDG scheme was considered to be of order h. However, the authors in [19] reported optimal
experimental rates of convergence when 7 is of order one. This is why we intend to extend our analysis
to this case.

We are currently working on the analysis of the coupled problem at a continuous level and we intend
to obtain error estimates showing optimal order of convergence. Another alternative is to analyze a
different integro-differential formulation of the coupled problem as a non-symmetric system of three
unknowns.
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Conclusiones y trabajos futuros

En esta tesis analizamos problemas elipticos no lineales de interés fisico. Mas precismante, aquellos
provenientes de la fisica de plasmas, de la forma

F(u) en 2p(u)
—V - (k(u, Vu))Vu) =< I; en 2¢; , (**)
0 en otras partes

sujetos a dominios con fronteras curvas. Debido a la complejidad del dominio, utilizamos una técnica
de transferencia de alto orden para los datos de frontera. Esta técnica es conocida como caminos de
transferencia y fue propuesta en [17], en la cual se usa la definicién del flujo. Usando este enfoque,
desarrollamos nuevos métodos de Galerkin Discontinuo Hibridizable (HDG) éptimamente convergente
para todos los problemas analizados. A continuacién presentamos detalles del estudio realizado para
las diferentes situaciones que se derivan del problema (**) .

En el Capitulo 2, consideramos el caso en que el paramtro x es una funcién positiva independi-
ente de la solucion, y proporcionamos una justificacién rigurosa de los resultados numéricos obtenidos
en [73,74], donde el uso de las técnicas de transferencia es aplicada a problemas semi-lineales en geo-
metrias curvas. Para probar la estabilidad de la discretizacién prupuesta para este tipo de problemas,
adoptamos ciertas suposiciones sobre los caminos de transferencia que aparecen en (2.8). En par-
ticular, (2.8b) impone la restriccién geométrica de que la familia de triangulaciones debe ser tal que
la distancia entre la frontera computacional y la frontera original, mantengan localmente, el mismo
orden de magnitud que el pardmetro de malla en las caras, h.. La condicién (2.8d) establece que el
tamano minimo de x determina una cota superior para el tamano de malla admisible y la distancia
entre la frontera real y artificial, es decir, mientras mas pequeno es x, més fina debe de ser la malla y
por lo tanto la distancia ente I" y I}, se reduce.

Bajo las suposiciones requeridas en (2.8) y un argumento de dualidad dado en la Seccién 1.5 presentamos
un analisis de error a priori que garantiza el orden de convergencia. Adicionalmente, establecemos un
posprocesamiento local no lineal de la incégnita escalar que garantiza un orden adicional de convergen-
cia. Este resultado se corrobora con un estimador de error a posteriori presentado en la Seccién 2.5.2.
Se muestra que este estimador es confiable y localmente eficiente e incluye el error de aproximacon
entre los datos de la frontera original y transferida.

En el Capitulo 3, extendemos el andlisis realizado en [71], considerando al término fuente y al
coeficiente de difusién k como no lineales. En la préctica, ésto surge debido a la presencia de material
ferroeléctrico. En la Seccién 3.2, y 3.3, analizamos de manera independiente, los casos cuando k = k(u)
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y & = k(Vu), respectivamente. El estudio para ambos casos no es trivial, pues aparecen nuevos
términos tanto en el andlisis de estabilidad como en el anélisis de error, sin embargo, corroboramos
que, bajo ciertos supuestos sobre el término fuente y el dominio computacional-—que aparecen por las
técnicas de transferencia—ambos esquemas estan bien puestos. Proporcionamos también estimaciones
de error a priori que garantizan el orden de convergencia éptimo para la solucién discreta, siempre
que la distancia entre la frontera curva y la frontera computacional sean del mismo orden de magnitud
que el pardmetro de la malla. Motivados por lo realizado en [71], estamos interesados en realizar un
analisis de error a posteriori para x variable.

En los Capitulos 2 y 3 analizamos el problema interior de (**), es decir sélo consideramos la primera
fila de dicha ecuacién, conocida como ecuaciéon de Grad Shafranov. Sin embargo, los resultados
obtenidos, no se limitan a las aplicaciones de plasma y siguen siendo véalidos para ecuaciones elipticas
semilineales generales.

En el Capitulo 4, se desarroll6 el método discreto propuesto en [19] y agregamos la dificultad de
incluir un término fuente no lineal. Cabe mencionar que los autores en [19] acoplaron el método HDG
con el método espectral en [60] mediante la técnica de transferencia utilizada tanto en el Capitulo 2
como el Capitulo 3, sin embargo no presentaron ningtn andlisis a nivel tedrico. En este capitulo, estu-
diamos el problema acoplado asociado a (**) que involucra un problema interior analizado mediante
una discretizacién HDG y un problema exterior en el que utilizamos BEM. El acoplamiento se da medi-
ante condiciones de continuidad sobre las trazas y flujos normales de I'. Por consiguiente, propusimos
una discretizacién BEM-HDG acoplada casi simétrica. La presencia de términos de perturbacién que
aparecen debido a la transferencia entre las mallas no ajustadas fue analizada y mostramos que su
norma esta limitada por términos proporcionales al tamano de la malla. Finalmente, probamos que
la discretizacién BEM-HDG acoplada tiene solucion tnica siempre que la constante de Lipschitz del
término fuente y la malla de discretizacién sean lo suficientemente pequenas. Es importante mencionar
que a los largo del Capitulo 4, se considerd al parametro de estabilizacién 7, proveniente del esquema
HDG, de orden h. Sin embargo, los autores en [19] reportaron tasas de convergencias éptimas cuando
7 es de orden 1. Es por ello que pretendemos extender nuestro analisis a este caso.

Actualmente estamos trabajando en el andlisis del problema acoplado a nivel continuo y pretendemos
obtener las estimaciones de error a priori mostrando orden de convergencia éptimo. Otra de las
alternativas, es analizar una formulacién integral diferente del problema acoplado como un sistema no
simétrico de tres incégnitas.
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