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Abstract

This thesis is concerned with the mathematical and numerical analysis of partial differential equations
(PDE)-based models for the coupling of flow equations and transport arising from problems related
with the simulation of transport phenomena and chemical interactions within saturated porous media.
This framework is encountered in a vast variety of engineering applications such as polymer flooding in
petroleum extraction, wastewater treatment, food and chemicals processing, chromatography and oth-
ers. Among the applications mentioned, those that motivated the development of this work are mainly
related to the design of equipment used in water treatment. This includes settlers, clarifiers/thickeners,
and filtration equipment. However, we point out, that other applications where envision and devel-
oped during the work on the general models. In fact, this dissertation also includes some results
related to traffic flow, bioconvection and thermohaline circulation. Other extensions which require
more extensive modifications or additions, such as fluid-structure interactions are briefly discussed in
the ”current and future works” section, at the end of this thesis.

As a quick overview, in Chapter 2 we begin by studying the phenomenon of sedimentation, in the
first instance, through polydisperse sedimentation models, considering from the numerical point of view
a finite volume method with entropy conservation properties. In Chapter 3, we introduce models for
the coupling of flow and transport equations motivated by the study of double-diffusive flows. Here
we change the approach of the numerical approximation, to focus on the finite element method, with
divergence-free approximations for velocity. The analysis and numerical scheme designed for the non-
stationary setting is then extended, to develop a second approach for the sedimentation phenomenon,
which in turn, motivated Chapter 4. It is a complete three-dimensional model for clarifiers, where we
incorporate the one-dimensional Kynch density function describing hindered settling, used in the first
approach, in a transport equation coupled with a Navier-Stokes-Brinkman model for the flux. Finally
Chapter 5, discuss the application to the modelling of soil-based water filters of a similar scheme
adapted to the context of an axisymmetric domain and a non-stationary system.

The main contents of this thesis are structure as follows:

In Chapter 1, we briefly introduce the topics that will be addressed in this thesis. We also discuss
the relevant literature and related papers and present a summary of the main contributions of this
thesis work. The chapter closes by introducing the notation that will be used regularly in the following
chapters.

Chapter 2 discusses entropy conservative schemes for diffusively corrected multiclass kinematic
flow models. As a new contribution, we demonstrate, firstly, that these schemes can naturally be ex-
tended to initial-boundary value problems with zero-flux boundary conditions in one space dimension,
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including an explicit bound on the growth of the total entropy. Secondly, it is shown that the model
assumptions are satisfied by certain diffusively corrected multiclass kinematic flow models of arbitrary
size that describe traffic flow or the settling of dispersions and emulsions, where the latter application
gives rise to zero-flux boundary conditions. Numerical examples illustrate the behaviour and accuracy
of entropy stable schemes for these applications.

In Chapter 3 we present our model for double-diffusive flows, which adopts the form of the incom-
pressible Brinkman-Navier-Stokes equations for the viscous flow of an incompressible Newtonian fluid
in a porous medium, coupled to a pair of advection-diffusion equations with cross-diffusion that de-
scribe the diffusion of heat and solute. The solvability analysis of these governing equations results as
a combination of compactness arguments and fixed-point theory. Also, an H (div)-conforming discreti-
sation is formulated by a modification of existing methods for Brinkman flows. The well-posedness of
the discrete Galerkin formulation is also discussed, and convergence properties are derived rigorously.
Computational tests confirm the predicted rates of error decay and illustrate the applicability of the
methods.

Then in Chapter 4 we take this model as a basis for the development of the non-stationary setting
model, applied to the simulation of sedimentation-consolidation of solid particles in an incompressible
fluid under the effect of gravity and in the presence of a slowly rotating arm assisting the removal of
sediment on the bottom of clarifier-thickener units. The governing equations now include an initial-
boundary value problem for the Navier-Stokes equations describing the flow of the mixture coupled
with a nonlinear parabolic equation describing the volume fraction of solids. The novelty of the
treatment consists in the inclusion of terms that account for the influence of the rake motion on the
momentum balance and the removal of solids. We also adopt techniques of the immersed boundary
finite element method (see e.g. [34]) for the analysis and numerical approximation of those terms. An
H (div)-conforming method for the coupled problem is proposed, a rigorous proof of convergence is
provided, and the validity of the new model and the performance of the scheme are demonstrated
numerically by several computational tests. Our aim after completing the presentation of these two
approaches is to have complementary models that can help in gaining a better understanding of the
sedimentation process inside clarifiers/thickeners.

In Chapter 5 a related model, but in an axisymmetric domain is developed with an explicit ap-
plication to the modelling of soil-based water filtering devices. The governing equations are the
Brinkman-Navier-Stokes equations for the flow of the fluid through a porous medium coupled with
a convection-diffusion equation for the transport of the contaminants plus a system of ordinary dif-
ferential equations accounting for the degradation of the adsorption properties of each contaminant.
These equations are written in meridional axisymmetric form and the corresponding weak formula-
tion adopts a mixed-primal structure. As in the previous cases, a second-order, (but axisymmetric)
divergence-conforming discretisation of this problem is introduced and the solvability, stability, and
spatio-temporal convergence of the numerical method are analysed.

Chapter 6 is devoted to discuss the conclusions of this work. We also describe the new topics
that we are addressing as an extension of the models presented in this thesis. In this regard, we
place special emphasis on a fluid-structure model for the study of blood coagulation in veins. The
purpose of the investigation initiated in this subject is to study the effects of platelet count, shear rate
and injury size on the initiation of blood coagulation. The model consists of a system of advection-



diffusion-reaction equations describing the spatio-temporal distributions of blood coagulation factors
and platelet subtypes during thrombus development, coupled with Navier-Stokes equations to describe
the dynamics of blood flow in the vessel. We address the problem of the fluid-structure interaction
within the blood vessel using the immersed boundary method that was briefly introduced in Chapter
4. We describe the spatio-temporal discretisation, including a semi-implicit scheme for time integration
and show some qualitative preliminary results. We conclude this chapter by discussing some of the
problems we would like to address in the future.



Resumen

El objetivo de esta tesis es el andlisis matematico y numérico de modelos basados en ecuaciones di-
ferenciales parciales (PDE) para el acoplamiento de ecuaciones de flujo y transporte, que surgen de
problemas relacionados con la simulacién de fenémenos de transporte e interacciones quimicas dentro
de medios porosos saturados. Este marco tedérico se encuentra en una gran variedad de aplicaciones
de ingenieria tales como la inyeccion de polimeros en extraccién de petrdleo, tratamiento de aguas
residuales, procesamiento de quimicos y alimentos, cromatografia, entre otros. De entre estas aplica-
ciones, las que motivaron el desarrollo del presente trabajo, son aquellas relacionadas con el disenio de
equipos para el tratamiento de agua, tales como sedimentadores, clarificadores/espesadores y filtros.
Sin embargo, hacemos notar, que a lo largo de este trabajo se identificaron muchas otras aplicaciones
para los modelos matematicos generales. Es por esto, que se incluye ademds resultados concernientes a
fenémenos de trafico vehicular, bioconveccién y circulacién termohalina. Otras extensiones mas com-
plejas de los modelos estudiados, tales como interacciones fluido-estructura se discuten brevemente en
la seccién de trabajos en marcha y a futuro, al final de la tesis.

Haciendo una vista rapida de la tesis, comenzamos estudiando el fenémeno de sedimentacién, en
primera instancia, a través de modelos de sedimentacién polidispersa, considerando desde el punto
de vista numérico, un método de volimenes finitos con propiedades de conservaciéon de entropia.
Este desarrollo y aplicaciones adicionales de los modelos més generales de flujo cinematico multiclase
corregido por difusion se presentan en el Capitulo 2. En el Capitulo 3, introducimos modelos para
el acoplamiento de ecuaciones de flujo y transporte motivados por el estudio de flujos doble difusivos.
Aqui cambiamos el enfoque de la aproximacién numeérica, para centramos en el método de elementos
finitos, con aproximaciones de divergencia libre para la velocidad. Luego, el analisis y el esquema
numérico disenados para el caso no estacionario se extienden para tratar un segundo enfoque para el
problema de sedimentacion, el cual motiva el Capitulo 4. Este corresponde a un modelo tridimensional
para clarificadores/espesadores, donde incorporamos la funcién de densidad unidimensional de Kynch
que describe sedimentacion obstaculizada, en una ecuacién de transporte acoplada con el modelo de
flujo incompresible de Navier-Stokes-Brinkman. El Capitulo 5, trata sobre la aplicacion al modelado
de filtros de agua basados en suelos de un esquema similar adaptado al contexto de un dominio
axisimétrico y un sistema no estacionario.

Los contenidos principales de la tesis se estructuran como sigue:

En el Capitulo 1, introducimos brevemente los topicos que serdn abordados en esta tesis. También
discutimos la literatura relevante y los trabajos relacionados, y presentamos un resumen de las prin-
cipales contribuciones de este trabajo de tesis. El capitulo se cierra introduciendo la notacién que se
usard de forma recurrente en los siguientes capitulos.
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En el Capitulo 2 abordamos los esquemas que conservan entropia para flujo cinematico multiclase
corregido por difusién. Como nueva contribucién, demostramos, primero, que estos esquemas se pueden
extender de forma natural a problemas de valores iniciales y de frontera con condiciones de borde de
flujo cero en una dimensién espacial, incluyendo una cota explicita sobre el crecimiento de la entropia
total. Segundo, se muestra que las suposiciones del modelo, son satisfechas por modelos de flujo
cinematico multiclase corregidos por difusién de tamano arbitrario, tales como los que describen el
flujo de trafico o la sedimentacion de dispersiones y emulsiones. Esta ltima aplicacion es la que requiere
el uso de condiciones de borde tipo flujo cero. Los ejemplos numéricos que acompanan ese capitulo,
ilustran el comportamiento y la precisién de los esquemas de entropia estable para las aplicaciones
mencionadas.

En el Capitulo 3 presentamos nuestro modelo para flujos doble-difusivos, el cual adopta la forma
de las ecuaciones para el flujo en un medio poroso de un fluido viscoso no Newtoniano incompresible de
Navier-Stokes-Brinkman, acoplado a un par de ecuaciones de adveccion-difusion con difusién cruzada
que describe la transferencia de calor y de masa de un soluto. El andlisis de existencia y unicidad de las
ecuaciones gobernantes resulta de una combinacién de argumentos de compacidad y teoria de punto
fijo. Adicionalmente, se formula una discretizacién H (div)-conforme, partiendo de una modificacién de
métodos existentes para flujos de Brinkman. También discutimos la existencia y unicidad de soluciones
para la formulacién discreta de Galerkin, y las propiedades de convergencia de la misma se derivan de
forma rigurosa. Los ensayos computacionales confirman las tasas de convergencia del error e ilustran la
aplicabilidad de los métodos para la simulacién de problemas de bio-conveccién bacteriana y circulacion
termohalina.

Después, en el Capitulo 4 tomamos este modelo y desarrollamos su extensién natural al contexto
no-estacionario, aplicado a un modelo macroscépico para la simulacién de sedimentacién-consolidacion
de particulas sélidas en un fluido incompresible bajo el efecto de la gravedad y en presencia de un
brazo que gira lentamente, asistiendo con la remocion de sedimentos del fondo de una unidad de
clarificacién-espesamiento. El modelo gobernante es un problema de valores iniciales y de contorno
para las ecuaciones de Navier-Stokes describiendo el flujo de una mezcla acoplado con ecuaciones no-
lineales parabdlicas que describen la fraccién en volumen de sélidos. La novedad de nuestro tratamiento
consiste en la inclusién de términos que modelan la influencia del movimiento rotatorio de la rastra,
tanto en el balance de momento como en el balance de masa de la fase sélida. Ademds, adaptamos
técnicas del método de elementos finitos con frontera inmersa (ver por ejemplo [34]) para el andlisis
y aproximacién numérica de los términos mencionados. Se propone un método H(div) conforme
para el problema acoplado, junto con una prueba rigurosa de convergencia, y se demuestra mediante
varios ensayos numéricos la validez del nuevo modelo y su rendimiento. Nuestro objetivo al completar
la presentacién de estos dos enfoques, es que sean modelos complementarios, que puedan ayudar a
adquirir un mejor entendimiento del proceso de sedimentacién en clarificadores/espesadores.

En el Capitulo 5, presentamos un modelo relacionado, pero en el dominio axisimétrico con aplica-
cion explicita al modelado de equipos de filtrado de agua basados en suelos. Las ecuaciones gobernantes
son las de Navier-Stokes-Brinkman para el flujo de fluido, acoplados con una ecuacion de conveccién-
difusién para el transporte de contaminantes, mas un sistema de ecuaciones diferenciales ordinarias
para la degradacion de las propiedades de adsorcién de cada contaminante. Estas ecuaciones estan
escritas en forma axisimétrica meridional y la correspondiente formulacion débil adopta una estructura
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mixta-primal. Como en los casos anteriores, desarrollamos un esquema discreto de segundo orden (pero
axisimétrico) y se analiza la existencia de soluciones, estabilidad y convergencia espacio-temporal del
método numérico.

En el Capitulo 6 discutimos las principales conclusiones de este trabajo. También describimos los
nuevos temas que estamos abordando como una extension de los modelos presentados en esta tesis.
Ponemos especial énfasis en un modelo de fluido-estructura para el estudio de coagulacién en venas.
El propésito de esta investigacién es el estudio de los efectos del conteo de plaquetas, velocidad de
corte y tamano de la herida en la iniciacién de la coagulaciéon. El modelo consiste de un sistema de
ecuaciones de adveccién-difusion-reaccién describiendo la distribucién espacio-temporal de los factores
de coagulacién y subtipos de plaquetas durante el desarrollo tromboso, acoplados con las ecuaciones de
Navier-Stokes para la descripcién de la dindmica del flujo sanguineo en el vaso. Abordamos el problema
de la discretizaciéon del modelo fluido-estructura haciendo uso del método de frontera inmersa, que se
presentd brevemente en el Capitulo 4. Describimos ademés un método discreto semi-implicio para la
integracion temporal y mostramos algunos resultados cualitativos preliminares. Cerramos este capitulo
discutiendo algunos de los topicos que nos interesa investigar en el futuro.
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CHAPTER 1

Introduction

The simulation of transport phenomena and chemical interactions within saturated porous media is a
framework encountered in a vast variety of scientific and engineering applications, including the flow
of chemical pollutants in saturated soil, subsurface drilling and petroleum extraction, crystal growth,
chemical and food processing, polymer flooding as part of the process of enhanced oil recovery in
petroleum engineering [46], chromatography [141], or water decontamination and removal of pollutants
such as heavy metals or radioactive ions [160], and numerous other applications [24, 86, 88,119, 136,
139,150, 166].

The aim of this thesis work is the mathematical and numerical analysis of partial differential equa-
tions (PDE)-based models for the coupling of flow equations and transport. Challenges in these
physico-mathematical problems concern the strong nonlinearities involved, as well as a dynamical be-
haviour characterised by very different time scales. Among the applications mentioned, those that
motivated the development of this thesis are mainly related to the design of equipment used in wa-
ter treatment. This includes settlers, clarifiers/thickeners, and filtration equipment. We begin by
studying the phenomenon of sedimentation, firstly, through polydisperse sedimentation models, con-
sidering from the numerical point of view, a finite volume method with entropy conservation proper-
ties. The numerical scheme showed errors and errors rates comparable with the other tested methods
(Kurganov-Tadmor and component-wise Global Lax-Friedrichs) and it seemed to have some computa-
tional performance advantages for some applications, however, we also identified some shortcomings of
the method, including explicit requirements over the form of the diffusion term, and the need of fine-
tuning stabilization parameters. We remark also that the method is a one-dimensional simplification
of the sedimentation process. All of this motivated us to explore complementary approaches.

The second approach to sedimentation modelling, which motivates Chapter 4, is a complete three-
dimensional model for clarifiers/thickeners, where we incorporate the one-dimensional Kynch density
function in a transport equation coupled with the Brinkman-Navier-Stokes equations for incompress-
ible flow. We also consider the presence of a rotating rake assisting the sedimentation. Previously,
in Chapter 3, we discuss a double-diffusive flow model that will be used as the basis for the devel-
opment of the scheme. We believe that the two approaches, studied here, can help to gain a better
understanding of the operation of clarification units.

The other research line of this work involves the study of finite element formulations for partial



differential equations modelling the coupling of flow and transport. As we mentioned earlier, the first
model studied in this line, takes as a motivational problem the more general double-diffusive phe-
nomena in a stationary setting. Double-diffusive flows originate in combining heat and mass transfer
interacting with flow within porous structures. The model adopts the form of the incompressible
Brinkman-Navier-Stokes equations for the viscous flow of an incompressible Newtonian fluid in a
porous medium, coupled to a pair of advection-diffusion equations with cross-diffusion that describe
the diffusion of heat and solute.

We then extend the previous model and its analysis to an axisymmetric domain with an explicit
application to the modelling of soil-based water filtering devices. The governing equations are the
Brinkman-Navier-Stokes equations for the flow of the fluid through a porous medium coupled with a
convection-diffusion equation for the transport of the contaminants plus a system of ordinary differen-
tial equations accounting for the degradation of the adsorption properties of each contaminant. These
equations are written in the meridional axisymmetric form and the corresponding weak formulation
adopts a mixed-primal structure. Under this model, it is assumed that each site has a maximum
capacity for each contaminant, which we take to be uniform across the two layers of filter media. In
this way, the adsorption is noncompetitive and the saturation of a site by one contaminant does not
prevent adsorption of the other contaminants at the same site. It is also assumed that the adsorption
process is irreversible for all contaminants and all filter layers, so that once adsorbed the contaminants
remain attached to the filter media with no desorption back into the fluid.

Note that an important component of this thesis work is devoted to the solvability of the associated
PDEs using fixed-point theories. We also work in the construction of accurate, robust and reliable
methods for the discretisation of these equations, and special emphasis is placed in H (div)-conforming
formulations for the flow equations, whereas for the formulation of the transport problem (resulting
in a scalar or vectorial advection-diffusion equation) we study entropy stable schemes for stand-alone
systems as well as finite element primal formulations when coupled with the flow equations. The main
advantage of an H (div)-conforming formulation is that it produces exactly divergence-free velocity
approximations, which are of particular importance in ensuring that solutions to the flow equations
remain locally conservative as well as energy stable (see e.g. [62]). Moreover, the error estimates of
velocity can be derived in a pressure-robust manner (see [100]).

The H(div)-conforming discretisation is introduced in Chapter 3 by a modification of existing
methods for Brinkman flows. The well-posedness of the discrete Galerkin formulation is also discussed,
and convergence properties in space are derived rigorously. In Chapter 4, we extend this analysis
to the non-stationary case, and in consequence, we derive spatio-temporal convergence properties. In
Chapter 5, this analysis is modified to account for the axisymmetric domain, which involves the work
with weighted spaces. In all cases, the validity of the models and the performance of the schemes are
demonstrated numerically by several computational tests.

Finally, in Chapter 6, we discuss the main conclusions derived from each chapter. Moreover, we
present our current and ongoing investigation, which incorporates fluid-structure interactions to the
framework developed through this thesis, aimed at addressing problems with biological applications.
Our motivation is to study the effects of platelet count, shear rate and injury size on the initiation
of blood coagulation. The work is an extension of the mathematical model for clot growth dynam-
ics proposed in [39], to which we add fluid-structure interactions through the use of the immersed
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boundary method with Lagrange multiplier introduced in [37]. The base model consists of advection-
diffusion-reaction equations describing the spatio-temporal distributions of blood coagulation factors
and platelet subtypes during thrombus development, coupled with the Navier-Stokes equations to
describe the dynamics of blood flow in the vessel. We describe the spatio-temporal discretisation, in-
cluding a semi-implicit scheme for time integration and show some qualitative preliminary results. The
chapter concludes by discussing some perspectives regarding future work, motivated by our results,
and suggestions/proposals from collaborators we met during the course of this thesis work.

1.1 Related Work

To put this work further into the proper perspective, we mention that a large number of references
to the well-posedness and numerical analysis of degenerate convection-diffusion equations are provided
in [99]. However, the existence and uniqueness of entropy solutions, and the convergence of numerical
methods have so far only been established in the scalar case (N = 1); important contributions in this
direction include [57,73,103-106, 110] (this list is far from being complete). This state of matters
is in agreement with the well-known lack of corresponding results for general first-order systems of
conservation laws (2.4) considering that (2.1) reduces to (2.4) wherever K = 0. That said, we mention
that degenerate convection-diffusion systems (2.1) arise in a number of applications such as multiclass
vehicular traffic [29,30,38,53,54,158], settling of polydisperse solid-liquid suspensions [38,43,54,151],
settling of dispersions of droplets and emulsions [1,51,146], and chromatography [52,70]. In particular,
in these applications systems of convection-diffusion equations (rather than scalar equations) arise
because one wishes to describe the segregation of different classes of units of the disperse phase (cars,
particles, droplets, etc.), with the consequence that the number of species N in these applications can
be arbitrarily large. These applications motivate the interest in developing efficient solvers for the
numerical solution of (2.1), (2.2) or (2.1)-(2.3) even if there is no closed well-posedness theory for
these systems. Common numerical schemes are based on a space discretisation which can be finite
volumes or discontinuous Galerkin methods [127], while the time discretisation could be fully explicit
or implicit-explicit (IMEX; see for example [38,51,54]). On the explicit side, a well-known scheme
is the Kurganov-Tadmor high-resolution central difference scheme [116]. The original KT scheme
was proposed alongside high-order convex combinations of Runge Kutta time stepping. The latter
concept was developed further on, resulting in the so called Strong Stability Preserving Runge-Kutta
(SSPRK) methods. These schemes allow for a high-order time discretisation while preserving the
strong stability properties of first-order Euler time stepping, which makes them attractive for solving
hyperbolic partial differential equations by the method of lines [85].

In other hand, concerning the well-posedness of double diffusive systems (under suitable assump-
tions), we first restrict the discussion to classical Boussinesq-type equations. The solvability of the
associated PDEs goes back to Lorca and Boldrini [125,126]. These works include existence, regularity,
and conditions for uniqueness addressing both stationary and non-stationary cases. These results hold
for temperature-dependent viscosity and thermal conductivity. Related to the context of our specific
problem, the analysis of solutions to double-diffusive problems has been addressed e.g. in [88,124].

A diversity of numerical methods is available for classical Boussinesq equations as well as for their
generalisations to temperature-dependent coefficients. We mention for instance the stabilised finite
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elements (using projection-based techniques) proposed and rigorously analysed in [6,59], the mixed
formulations analysed in [5,9, 10, 63], but also the stability of splitting schemes (for discontinuous
Galerkin, spectral, and vorticity-based finite element formulations) and some more applicative exam-
ples have been explored in [2,8,46,119,120,136, 149,150, 163]. Mixed-primal and fully-mixed schemes
using H (div)-conforming velocity approximations have been studied in [137,138].

One advantage of including a diffusion matrix in the model is that it allows us to study cross-
diffusion effects, such as the Soret and Dufour effects. Even when in some applications these can be
neglected as their contributions can be orders of magnitude smaller than those described by terms
arising from Fourier’s or Fick’s law, these effects can be significant when species are introduced at a
surface in a fluid domain and have different densities in comparison to the surrounding fluid. These
mechanisms are important as well in applications related to the transport of moisture in fibrous
insulations or grain storage insulations and the dispersion of contaminants through water-saturated
soil, bio-chemical contaminants transport in environmental problems, and underground disposal of
nuclear waste and crystal growth processes [24].

Other contributions to this area include the finite volume discretisations for thermal and solutal
buoyancy within Darcy-Brinkman flows introduced in [86], the error analysis for spectral methods
applied to bioconvection in [66], or the vorticity-based Brinkman and nonlinear advection-reaction-
diffusion system analysed via fixed-point and compactness arguments in [14], that also includes a
mixed-primal scheme featuring divergence-free discrete velocities. Penalty Petrov-Galerkin methods
were used for the solution of double-diffusion convective problems in [93]. In [155] the authors introduce
least-squares schemes specifically tailored for Rayleigh-Bénard convective flows, and the averaging
finite element method has been employed in [165] for solidification problems having the same structure
as the models we examine here.

On the side of numerical schemes that provide divergence-free velocity fields approximations for
incompressible flows, the work of V. Jhon et al [100] provides a good review of the different approaches
that have been proposed and the importance of the divergence-free property for the computation of
pressure robust velocity approximations. Some of the methods currently available include conforming
finite element pairs obtained using exterior calculus techniques [74] or by enriching H (div)-conforming
elements locally [91], discontinuous Galerkin (DG) methods with postprocessing [25] and hybridizable
DG finite-element methods (HDG) with and without postprocessing [60, 143]. In [96], the authors
present a space-time HDG method for the Navier-Stokes problem on time-dependent domains that
results in pointwise divergence-free and H(div)-conforming velocity fields. It is shown that the scheme
is momentum conserving, energy-stable, and pressure-robust. The study of more efficient schemes for
the numerical approximation of the problems developed in this thesis, keeping the good properties of
the numerical method currently used, is a topic that we want to address in the future.

Early models for the clarifying process with and without swirl effects are reviewed in [152], where
mainly axisymmetric configurations were employed. More recently, a fairly complete model can be
found in [65], where the authors couple the momentum equations for fluid flow with a transport
equation for solids. The realisable k — € model, in conjunction with scalable wall functions, is used
to model turbulence. The removal of sludge from the clarifier floor by means of a spinning rake
is modelled through a rotating sink term added to the right-hand side of the transport equation.
References that are related to the rake mechanism in applications of mineral processing include [61,
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84,89,90, 121,147,156, 167).

In the model studied in Chapter 4, we also include appropriate drag terms, much as in [161],
that account for the indirect effects of the rake on the flow patterns. This consists basically in
penalising the moving structure and computing (or as we do here, simply imposing) its velocity and
its reconfiguration in an adequate manner. Volume penalisation techniques can be frequently found
in the relevant literature. See for instance [108], where the authors propose high-order methods for
the modelling of solid obstacles as porous structures whose permeability tends to zero and the flow is
regarded in a unified domain, and the momentum on the obstacle is simply obtained from integration
of the penalised velocity over the obstacle domain. Other modelling and numerical approaches one
could use to incorporate the interaction between the rake and the flow include immerse boundary and
fictitious domain finite elements [35], level set methods and their variants [69,135], other unfitted finite
element schemes [22]; or formulations based on remodelling, such as the arbitrary Lagrangian-Eulerian
(ALE) setting [164].

A time dependent Boussinesq model with nonlinear viscosity depending on the temperature is
proposed in [4]. The authors analyze first and second order numerical schemes based on finite element
methods and derive an optimal a priori error estimate for each numerical scheme. A related non-
stationary phase-change Boussinesq model is presented in [163], where a second order finite element
method for the primal formulation of the problem in terms of velocity, temperature, and pressure is
constructed, and conditions for its stability are provided.

The coupling of advection-diffusion-reaction systems with Brinkman equations in their velocity-
vorticity-pressure formulation, is studied in [120]. The equations are discretised in space using mixed
FE methods on unstructured meshes, whereas the time integration hinges on an operator splitting
strategy that uses the differences in scales between the reaction, advection, and diffusion processes.
The authors compare several coupling strategies in terms of memory usage, iteration count, speed of
calculation, and dynamics of the energy norm.

Regarding our axisymmteric model applied to the study of filtration equipment, we mention that
several studies treat the axisymmetric formulation of the Stokes and Navier-Stokes flows, including
the discretisation employing spectral, mortar, and stabilized finite elements (see e.g. [18,26,27,31,72],
and references cited in these works). More recently, mixed formulations of Brinkman flow including
the numerical analysis of finite element (FE) approximations were studied. Anaya et al. [15] presented
an augmented finite element approximation for the Brinkman equations based on an extension of the
vorticity-based Stokes problem. A related recent model in [16] incorporates a stream function and
vorticity formulation of axisymmetric Brinkman flow, for which a conforming mixed FE approximation
is employed.

The numerical analysis of the axisymmetric Darcy and Stokes-Darcy flow using Raviart-Thomas
(RT) and Brezzi-Douglas-Marini (BDM) finite elements was presented in [71,72]. In [71], the authors
established the stability of the RT and BDM approximations for an axisymmetric Darcy flow problem
by extending the Stenberg criteria, and they also derive a priori error estimates.

Other contributions to the design of numerical methods for axisymmetric formulations of coupled
flow and transport problems include [12,55]. Furthermore, in [47] a semi-discrete discontinuous finite
volume element (FVE) scheme is proposed and the unique solvability of both the nonlinear continuous
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problem and the semi-discrete counterpart is discussed. An FVE method is also proposed in [55] to
discretise a Stokes equation for flow coupled with a parabolic equation modelling sedimentation. The
method is based on a stabilized discontinuous Galerkin formulation for the concentration field, and a
multiscale stabilized pair of P;-P; elements for velocity and pressure, respectively. A mixed variational
formulation of a Darcy-Forchheimer flow coupled with a energy equation is semi-discretised in [12]
using Raviart-Thomas elements for fluxes and piecewise constant elements for the pressure, a posteriori
error estimates are also established.

The technological application behind the water filter model goes back to the observation that it
is possible to remove arsenic from water by passing it through iron-rich laterite soil [131,132]. The
arsenic is removed through an adsorption process, which may be enhanced by chemically treating the
laterite to increase its porosity and surface area, improving the adsorption efficiency [130]. Clearly,
the formulation of accurate mathematical models of these filters, in addition to their efficient compu-
tational solution, would greatly aid in the development of improved filters and guidelines for their safe
operation. The development and analysis of such a model forms the basis of the work [134], where
the authors examined the removal of a single contaminant (arsenic; case m = 1 in our notation) in
a cylindrical filter of uniform media. The authors utilised a Darcy-Brinkman equation, coupled with
an advection-diffusion-adsorption equation to model the flow of the contaminated water through the
filter and the removal of the arsenic through adsorption. In practice, however, there are likely m > 1
contaminants present, which calls for a filter consisting of multiple (up to m) layers in order to allow
for their removal. In this work we attempt to study the filtration process in a soil-based water filter
consisting of two distinct layers of differing media, in the presence of multiple contaminant species.

Problems of a similar nature abound in the literature. For example, [86] considers the numerical
solution, via a finite volume method, of a double diffusive problem within a porous medium. The
paper [150] considers a similar double diffusive problem, however, much like our proposed layered
filter, the authors allow for the possibility of heterogeneous stratified porous media. While many of
the studies concerning double diffusive problems consider entirely closed domains filled with porous
media, a large number of application cases, such as our filter, feature partial enclosures with openings or
infiltrations. The article [154] introduces such a feature, with the addition of ‘free ports’ to their model
domain. Considering other potential variants, the authors of [166] extend the usual double diffusive
problem by a first-order reaction process between the diffusing species and the fluid. This reaction
process necessitates the addition of a sink term to the equation governing the species concentration
that plays a role similar to that on the right-hand side of (5.1c).

1.2 Contributions of this thesis

In Chapter 2, we extend the analysis of a class of entropy stable schemes for the numerical solution
of initial value problems of nonlinear, possibly strongly degenerate systems of convection-diffusion
equations, recently proposed in [S. Jerez, C. Parés, Entropy stable schemes for degenerate convection-
diffusion equations, STAM J. Numer. Anal. vol. 55 (2017) pp. 240-264]. As a new contribution, we
demonstrate, firstly, that these schemes can naturally be extended to initial-boundary value problems
with zero-flux boundary conditions in one space dimension, including an explicit bound on the growth
of the total entropy. Secondly, it is shown that the model assumptions are satisfied by certain diffusively
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corrected multiclass kinematic flow models of arbitrary size that describe traffic flow or the settling of
dispersions and emulsions. The contents of this chapter gave rise to the following paper:

[48] BURGER, R., MENDEz, P. E., PARES, C., On entropy stable schemes for degenerate

parabolic multispecies kinematic flow models. Numer Methods Partial Differential
Eq. 1- 26; (2019)

In Chapter 3 we propose a model for double-diffusive flows, that includes possible cross-diffusion
terms. The main differences between the available well-posedness results and analysis of H (div)-
conforming methods for classical Boussinesq equations and the double-diffusive equations (3.1) are,
of course, caused by the vector-valued nature of the quantities (the components of 1) that diffuse
in (3.1) while in the classical Boussinesq formulation there is only one scalar diffusive quantity (for
instance, solely temperature). Some of the arguments related to the well-posedness analysis of the
continuous problem, in particular those related to handling non-homogenous Dirichlet data by a lifting
argument [125, 137], carry over almost verbatim from the scalar to the vectorial case. However, the
bilinear form associated with the term —div(DVni) must be coercive so that stability is ensured.
This requirement, in turn, imposes restrictions on the choice of the diffusion matrix ID; this matrix
must be positive definite (though not necessarily symmetric). These properties are essential for the
proof of existence of a discrete solution, however, it is still possible to study cross-diffusion effects,
such as those of Soret and Dufour. In addition, an H (div)-conforming discretisation is formulated by
a modification of existing methods for Brinkman flows. The well-posedness of the discrete Galerkin
formulation is also discussed, and convergence properties in space are derived rigorously. The contents
of this chapter gave rise to the following paper

[49] BURGER, R., MENDEZ, P.E., Ruiz-BAIER, R., On H(div)-conforming methods for double-
diffusion equations in porous media. SIAM Journal on Numerical Analysis, 57, 1318-
1343 (2019)

In Chapter 4 we introduce a new model for the simulation of sedimentation-consolidation of solid
particles in an incompressible fluid under the effect of gravity and in the presence of a slowly rotating
arm assisting the removal of sediment on the bottom of clarifier-thickener units. The governing model
is now an initial-boundary value problem for the Navier-Stokes equations describing the flow of the
mixture coupled with a nonlinear parabolic equation describing the volume fraction of solids. The
novelty of the treatment consists in the inclusion of terms that account for the influence of the rake
motion on the momentum balance and the removal of solids. We also adapt techniques of the immersed
boundary finite element method (see e.g. [34]) for the analysis and numerical approximation of those
terms. We derive rigorously the spatio-temporal convergence properties of the divergence conforming
numerical scheme, and demonstrate its properties through several numerical tests. The contents of
this chapter gave rise to the following preprint

[50] BURGER, R., MENDEZ, P.E., RuUiz-BAIER, R., A second-order H(div)-conforming scheme
for the simulation of sedimentation and flow in circular clarifiers with a rotating rake.
Centro de Investigacién en Ingenieria Matemaética (CI2MA), Preprint 2019-39, Uni-
versidad de Concepcion, Chile 2019.
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In Chapter 5 we extend the previous model to an axisymmetric domain with an explicit application
to the modelling of soil-based water filtering devices. Furthermore, we derived an optimal a priori
error estimate for the H (div)-conforming second-order numerical scheme in time and space, where
the main difficulty is the fully discrete analysis verifying that each of the terms is bounded optimally
in the corresponding weighted spaces. Some numerical examples illustrate the main features of the
problem and the properties of the numerical scheme. The contents of this chapter gave rise to the
following preprint

1.3 Notations

From Chapter 3 and onward we will consider the following notations:

Let £2 be an open and bounded domain in R%, d = 2,3 with Lipschitz boundary I" = 9. We
denote by LP(£2) and W"P({2) the usual Lebesgue and Sobolev spaces with respective norms ||-||1» (o)
and [|-[|yrp0). If p = 2 we write H"({2) in place of W™P({2), and denote the corresponding norm
by [|[lr.2, (Il for H°(£2) = L?(£2)). The space L3({2) denotes the restriction of La({2) to functions
with zero mean value over (2. For r > 0, we write the H"-seminorm as |-|,. o and we denote by (-,-)0
the usual inner product in L?(£2). In addition, H'/2(I") is the space of traces of functions H'(£2) and
H~1/2(I') is its dual. Spaces of vector-valued functions (in dimension d) are denoted in bold face, and
we denote by L the corresponding tensorial counterpart of the scalar variable or functional space L.
Next, we denote by L*(0,7; W™P({2)) the Banach space of all L*-integrable functions from [0, 7] into
W™P((2), with norm

T 1/s .
(ST WO gy dt) i1 <5 < o0,

vl s 0, 7:wmr(2)) =
esssupyeio, 77|V () [wmr(2) if s = oo

Let us denote by 7y, a regular partition of {2 into simplices K (triangles in 2D or tetrahedra in 3D)
of diameter hyx. The mesh size will be denoted by h = max{hgx, K € T}, and for any interior edge
e in &, (the set of faces in 7), we will label K~ and KT the elements adjacent to it, while h, will
stand for the maximum diameter of the edge. We suppose that v, w are smooth vector and scalar
fields defined over 7;. Then, by (v*, w?) we will denote the traces of (v, w) on e being the extensions
from the interiors of the elements K™ and K —, respectively. Let n. denote the outward unit normal
vector to e on K, we define the tangential component of u on each face e as ur = u — (u - n¢)n.. We

introduce the average {-}} and jump [-] operators as follows:

o =0 +v7)/2, {wh =@ +uw")/2,

[v] = (v™ —v"), [w]=(w" —w"),

whereas for boundary jumps and averages we adopt the convention that {v}} = [v] = v, and {w}} =
[w] = w. In addition, we will use the symbol V}, to denote the broken gradient operator and &, to
denote its symmetrised counterpart. Finally, given a positive integer k and a set O C R"™, Px(O)
stands for the space of polynomials of degree < k defined on O.
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Introduccion

La simulacién de fenémenos de transporte e interacciones quimicas dentro de medios porosos saturados
es un marco que se encuentra en una amplia variedad de aplicaciones cientificas y de ingenieria, inclu-
yendo el flujo de contaminantes quimicos en suelo saturado, perforacién sub-superficial y extraccion de
petroleo, crecimiento de cristales, procesamiento de quimicos y alimentos, inundaciéon con polimeros
como parte de procesos de recuperacién mejorada de petréleo en ingenieria de petréleos [46], croma-
trografia [141], o saneamiento de agua y remocién de contaminantes tales como metales pesados o
iones radioactivos [160], entre otras aplicaciones [24,86,88,119,136, 139, 150, 166].

Este trabajo de tesis tiene como objetivo analizar modelos de ecuaciones diferenciales parciales
(EDP) para el acoplamiento de ecuaciones de flujo y transporte. Algunos de los retos que implica el
trabajo en estos problemas fisico-matematicos, incluye las fuertes no-linealidades y el comportamien-
to dindmico caracterizado por escalas de tiempo diferentes. De entre las aplicaciones anteriormente
mencionadas, las que motivaron el desarrollo de esta tesis son aquellas relacionadas con el diseno de
equipamiento usado en el tratamiento de agua. Esto incluye sedimentadores, clarificadores/espesadores
y equipo de filtrado. Comenzamos con el estudio del fenémeno de sedimentacién, analizando en pri-
mera instancia modelos de sedimentacién polidispersa. Consideramos desde el punto de vista del
método numérico, un esquema de volimenes finitos con propiedades de conservacién de entropia. Los
errores y la tasa de convergencia, para este esquema, resultan comparables a los otros métodos eva-
luados (Kurganov-Tadmor y Lax-Friedrichs global por componentes), y el esquema muestra ventajas
en cuanto a rendimiento computacional para algunas aplicaciones, sin embargo, también se pudieron
identificar algunas desventajas, tales como las restricciones sobre las propiedades del término de di-
fusion y la necesidad de calibrar los parametros de estabilizacién. Notemos ademas que el método es
una simplificaciéon en una dimensién del proceso de sedimentacién. Todo esto nos motivé a explorar
enfoques complementarios para la modelacién de este fenémeno.

El segundo enfoque para el problema de sedimentacién, que motiva el Capitulo 4, es un modelo
tridimensional para clarificadores/espesadores, donde incorporamos la ecuacién unidimensional para
la densidad de Kynch, usada anteriormente, en una ecuacién de transporte acoplada con las ecuaciones
para flujo incompresible de Navier-Stokes-Brinkman, considerando ademaés la presencia de una rastra
giratoria. Previamente, en el Capitulo 3, discutimos un modelo el flujo doble-difusivo que sera usado
como base para el desarrollo del esquema. Creemos que los dos enfoques, aqui estudiados, pueden
ayudar a adquirir un mejor entendimiento de la operacién de unidades de clarificacion.

La otra linea de investigacion de este trabajo involucra el estudio de formulaciones de elementos
finitos para las ecuaciones diferenciales parciales que describen el modelamiento de flujo acoplado
con transporte. El primer modelo estudiado, estd motivado por el fenémeno de flujo doble-difusivo
estacionario. El flujo doble-difusivo se origina cuando combinamos transferencia de masa y calor in-
teractuando con flujo dentro de una matriz porosa. El modelo adopta la forma de ecuaciones de flujo
viscoso incompresible de Navier-Stokes-Brinkman en un medio poroso, acoplado con un par de ecua-
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ciones de adveccién-difusién con términos de difusién cruzada, para describir la difusién de masa de
un soluto y energfa.

En el Capitulo 5, extendemos el modelo anterior y su andlisis a un dominio axisimétrico con
aplicacién explicita al modelado de equipos de filtracién basados en suelos. Las ecuaciones gobernantes
son la ecuacién de Navier-Stokes-Brinkman para el flujo a través del medio poroso, acopladas con las
ecuaciones de conveccion-difusién para el transporte de contaminantes, mas un sistema de ecuaciones
diferenciales ordinarias para las propiedades de adsorcién de cada contaminante. Estas ecuaciones se
escriben en forma axisimétrica meridional y la formulacién débil correspondiente adopta una estructura
mixta-primal. Bajo este modelo, se asume que cada sitio tiene una capacidad méxima para cada
contaminante, la cual se toma uniforme a lo largo de las dos capas de medio filtrante. De esta forma,
el proceso de adsorcién es no competitivo y la saturacién de un sitio para un contaminante no previene
la adsorcién de otros contaminantes en el mismo sitio. También se asume que el proceso de adsorcion
es irreversible para todos los contaminantes y capas de filtrado, y una vez que un contaminante es
adsorbido permanece adherido al medio filtrante.

Senalamos que un importante componente de esta tesis se dedica a estudiar la existencia de solu-
ciones de las EDP asociadas, usando teorias de punto fijo. También trabajamos en la construccion
de métodos numéricos precisos, robustos y confiables para la discretizacién de estas ecuaciones, con
especial énfasis en formulaciones H (div)-conformes para las ecuaciones de flujo, mientras que para la
formulacién del problema de transporte (resultando en ecuaciones de adveccién-difusion escalares o
vectoriales) estudiamos esquemas de entropia estable para sistemas sin acoplamiento con una ecuacién
de flujo y formulaciones primales de elementos finales para el caso de sistemas acoplados. La principal
ventaja de una formulacién H (div)-conforme radica en que esta produce aproximacién de la velocidad,
libres de divergencia, las cuales son de gran importancia, ya que permiten asegurar que las ecuaciones
de flujo permanezcan localmente conservativas y estables en energia (ver v.g. [62]). Ademds, permite
derivar estimaciones de error de la velocidad que son robustas a los errores en la presién (ver [100]).

La discretizacién H(div) conforme se introduce en el Capitulo 3 como una modificacién de métodos
existentes para flujos de Brinkman. También se discute, el analisis de existencia y unicidad de soluciones
para la formulacion discreta de Galerkin, y se deriva de forma rigurosa sus propiedades de convergencia.
En el Capitulo 4, extendemos este analisis al caso no estacionario, y en consecuencia, derivamos
propiedades de convergencia espacio-temporal. En el Capitulo 5, modificamos el analisis considerando
una formulacién axisimétrica, que involucra el trabajo con espacios con peso. En todos los casos, la
validez de los modelos y su rendimiento computacional se muestra numéricamente a través de varios
ensayos computacionales.

Finalmente, en el Capitulo 6, discutimos las conclusiones principales de cada secciéon. Adicional-
mente, presentamos el trabajo de investigacién actualmente en curso, que anade a la base de los
modelos que se presentan a lo largo de esta tesis, interacciones fluido-estructura, para abordar proble-
mas con aplicaciones bioldgicas. El trabajo es una extensién del modelo matematico para la dindmica
de la coagulacién, propuesto en [39]. Proponemos la adicién de interacciones fluido-estructura al mo-
delo original, utilizando el método de frontera inmersa con multiplicador de Lagrange que se introdujo
en [37]. El modelo base consiste de un sistema de ecuaciones de adveccién-difusién-reaccién que des-
criben la distribucién espacio-temporal de los factores de coagulacion y los subtipos de plaquetas
durante el desarrollo tromboso, acoplado con las ecuaciones de Navier-Stokes para la descripcion de
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la dindmica de flujo sanguineo en los vasos. Describimos la discretizacion espacio-temporal del mode-
lo, incluyendo un esquema semi-implicito usado para la integracién termporal y mostramos algunos
resultados cualitativos preliminares. Cerramos el capitulo discutiendo las perspectivas con respecto al
trabajo futuro, motivadas a partir de nuestro resultados, pero también de sugerencias/propuestas de
colaboradores que conocimos a lo largo del desarrollo de esta tesis.

1.4 Trabajos relacionados

Con el fin de poner este trabajo en perspectiva, mencionamos que una gran cantidad de referencias
con respecto a la existencia de soluciones bien puestas y el analisis numérico de ecuaciones de convec-
cién-difusién degeneradas se pueden encontrar en [99]. Sin embargo la existencia y unicidad de solucio-
nes de entropia, y la convergencia de los métodos numéricos solo ha sido establecida hasta el momento
para el caso escalar (N = 1); contribuciones importantes en esta direccién incluyen [57,73,103-106,110]
(esta lista estd lejos de ser completa). El estado del tema estd en acuerdo con la bien conocida falta
de resultados correspondientes a los sistemas més generales de primer orden de leyes de conserva-
cién (2.4), considerando que (2.1) se reduce a (2.4) cuando K = 0. Dicho esto, mencionamos que
los sistemas de conveccién-difusién degenerados (2.1) surgen en un gran nimero de aplicaciones tales
como trafico vehicular multiclase [29,30,38,53,54,158], sedimentacién de suspensiones sélido-liquidas
polidispersas [38,43,54,151], sedimentacién de dispersiones de gotas y emulsiones [1,51,146], y croma-
tografia [52,70]. En particular, estas aplicaciones de las ecuaciones de adveccién-difusion (en lugar de
las escalares) surgen dado que se desea describir la segregacién de diferentes clases de unidades de una
fase dispersa (autos, particulas, gotas, etc.), con la consecuencia de que un nimero de especies N en
estas aplicaciones puede se arbitrariamente grande. Estas aplicaciones motivan el intéers en desarrollar
métodos eficientes para la solucién numérica de (2.1), (2.2) o (2.1)—(2.3) incluso si no existe teoria
cerrada repecto a la existencia y unicidad de soluciones para estos sistemas.

Algunos esquemas numéricos comunes son basados en una discretizacién espacial que puede ser por
medio del método de volimenes finitos o Galerkin discontinuo [127], mientras que la discretizacién en
espacio puede ser totalmente explicita o implicita-explicita (IMEX; ver por ejemplo [38,51,54]). Por
el lado explicito, un esquema bien conocido es el de diferencias centradas de Kurganov-Tadmor (KT)
[116]. El esquema KT original fue propuesto junto con combinaciones convexas de el método de paso
temporal de Runge Kutta. Este concepto fue luego desarrollado, resultando en los esquemas llamados
Strong Stability Preserving Runge-Kutta (SSPRK). Estos esquemas permite una discretizacién de
alto orden en tiempo mientras preservan las propiedades fuertes de estabilidad del método de Euler
de primer orden. Esto los hace atractivos para la resolucién por el método de lineas de ecuaciones
diferenciales parciales hiperbdlicas [85].

Por otro lado, con respecto a la existencia de soluciones bien puestas para sistemas doble difusi-
vos (bajo suposiciones razonables), primero nos restringimos a la discusién de ecuaciones clasicas de
tipo Boussinesq. La existencia de soluciones asociadas a estas EDPs se remonta a Lorca and Boldri-
ni [125,126]. Estos trabajos incluyen existencia, regularidad, y condiciones para la unicidad abordan-
do tanto el casos estacionario como el no estacionario. Estos resultados se cumplen para viscosidad
y conductividad térmica dependientes de la temperatura. Relacionados con el contexto de nuestro
problema en especifico, el analisis de soluciones de problemas doble-difusivos ha sido abordado por
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ejemplo en [88,124].

Existe una diversidad de métodos numeéricos disponibles para las ecuaciones de Boussinesq y sus ge-
neralizaciones con coeficientes dependientes de la temperatura. Mencionamos por ejemplo los elementos
finitos estabilizados (usando técnicas basadas en proyeccién) propuestas y rigurosamente analizadas
en [6,59], formulaciones mixtas analizadas en [5,9,10,63], y la estabilidad de esquemas de particion
(para Galerkin discontinuo, espectral y formulaciones de elementos finitos basadas en la vorticidad)
y mas ejemplos de aplicacién han sido explorados en [2, 8,46, 119,120, 136, 149, 150, 163]. Esquemas
Mixto-primales y totalmente-mixtos usando aproximaciones de la velocidad H (div)-conformes se han
estudiado en [137,138].

Una de las ventajas de incluir una difusién matricial en el modelo es que esto permite el estudio
de efectos tales como el de Soret y Dufour. Incluso cuando en algunas aplicaciones estos se pueden
despreciar dado que sus contribuciones son algunos érdenes de magnitud inferiores que aquellos des-
critos por términos que surgen de las leyes de Fick y Fourier, estos efectos pueden ser significativos
cuando se introducen especies en la superficie de un dominio fluido y tienen diferentes densidades en
comparacién al fluido circundante. Estos mecanismos son importantes también en aplicaciones rela-
cionadas con el transporte de humedad en aislamiento fibroso o almacenamiento de granos, transporte
de contaminantes quimicos, deposito subterrdneo de desperdicio nuclear y procesos de crecimiento
cristalino [24].

Otras contribuciones en esta area incluyen discretizaciones de volimenes finitos para la flotacién
térmica y por concentracién de un soluto dentro de los flujos de Darcy-Brinkman introducidos en
[86], el andlisis de error para métodos espectrales aplicados a bioconveccién en [66], o los sistemas
basados en vorticidad de Brinkman y sistemas no lineales de adveccién-reaccion-difusion analizados via
punto fijo y argumentos de compacidad en [14], esto incluye un esquema mixto-primal con velocidad
libres de divergencia. En [93] se usaron métodos de Petrov-Galerkin Penalizados para la solucién
de problemas convectivos de doble difusién. En [155] los autores introducen esquemas de minimos
cuadrados especificamente disenados para flujos convectivos de Rayleigh-Bénard, y en [165] se emplea
el método de elementos finitos promediados para abordar problemas de solidificacién que tienen una
estructura similar a los modelos examinados aqui.

Por el lado de los esquemas numéricos que resultan en aproximaciones libres de divergencia del
campo de velocidad, el trabajo de V. Jhon et al [100] provee un buen resumen de los diferentes
enfoques que han sido propuestos y la importancia de la propiedad de divergencia libre para el calculo
de aproximaciones de la velocidad robustas a errores en la presiéon. Algunos de los métodos actualmente
disponibles incluyen pares de elementos finitos conformes obtenidos usando técnicas de calculo exterior
[74] o enriqueciendo elementos localmente H (div)-conformes [91], métodos de Galerkin discontinuo
(DG) con post-procesamiento [25] y de elementos finitos DG hibridizables (HDG) con y sin post-
procesamiento [60, 143]. En [96], los autores presentan un método HDG en espacio-tiempo para el
problema de Navier-Stokes en dominios dependientes del tiempo que resulta en campos de velocidad
H(div)-conformes y libres de divergencia punto a punto. Se demuestra ademds que este esquema
conserva momento, es estable en energia y robusto respecto a la presion. El estudio de esquemas
numéricos eficientes para la aproximacion de las soluciones de los problemas presentados en esta tesis,
de forma que se mantengan las buenas propiedades del método actualmente usado, es un tema que
queremos abordar en investigaciones futuras.
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Modelos tempranos para el proceso de clarificacién con y sin efectos de agitacién se revisan en
[152], donde se emplean configuraciones principalmente axisimétricas. Més recientemente, un modelo
bastante completo puede encontrarse en [65], deonde los autores acoplan las ecuaciones de momento
para el flujo de fluido con las ecuaciones de transporte para sélidos. Se utiliza el modelo realizable k —e€
junto con funciones escalables de pared, para modelar la turbulencia. La remocién de lodo del piso del
clarificador por medio de una rastra rotativa se modela a través de un término de sifén rotativo anadido
al lado derecho de las ecuaciones de transporte. Referencias adicionales, relacionadas con el mecanismo
de rastra y sus aplicaciones el procesamiento de minerales incluyen [61,84,89,90,121, 147,156, 167].

En el modelo estudiado en el Capitulo 4, también incluimos términos de arrastre apropiados,
similares a los utilizados en [161], que capturan los efectos indirectos de la rastra en los patrones de
flotacién. Esto consiste basicamente en penalizar el movimiento de la estructura y calcular (o como
realizamos aqui, simplemente imponer) su velocidad y su configuracién de una manera adecuada. Las
técnicas de penalizacién de un volumen pueden encontrarse frecuentemente en la literatura relevante.
Ver por ejemplo [108], donde los autores proponen métodos de alto orden para la modelacién de
obstaculos sélidos como estructuras porosas con una permeabilidad que tiende a cero, el flujo se
maneja en un dominio unificado, y el momento del obstaculo se obtiene simplemente d la integracion
de la velocidad penalizada sobe el dominio del obstaculo. Otros enfoques numéricos que pueden ser
utilizados para incorporar la interaccién entre la rastra y el flujo incluyen los métodos de elementos
finitos de frontera inmersa y dominio ficticio [35], métodos de conjunto de nivel y sus variantes [69,135],
otros esquemas de elementos finitos no ajustados [22]; o formulaciones basadas en remodelar, tales como
el esquema arbitrario Lagrangiano-Euleriano (ALE) [164].

Un modelo de Boussinesq con viscosidad no lineal dependiente de la temperatura se propone en [4].
Los autores analizan esquemas numeéricos basados en métodos de elementos finitos de primer y segundo
orden y derivan estimaciones de error a priori 6ptimas para cada esquema. Un modelo relacionado de
Boussinesq para cambio de fase se presenta en [163], donde un método de elementos finitos de segundo
orden para la formulacién primal del problema en términos de la velocidad, temperatura y presion se
construye y se discuten las condiciones para su estabilidad.

El acoplamiento de sistemas de adveccién-difusién-reaccion con las ecuaciones de Brinkman en
su formulacién de velocidad-vorticidad-presion, se estudia en [120]. Las ecuaciones se discretizan en
espacion usando métodos de elementos finitos en mallas no estructuradas, mientras que la integracion
en tiempo se basa en una estrategia de particiéon de operado que usa diferencias en las escalas entre los
procesos de adveccion, difusiéon y reaccion. Los autores comparan varias estrategias de acoplamiento
en términos de usos de memoria, nimero de iteraciones, velocidad de computo y dindmica de la norma
de energia.

Con respecto a nuestro modelo axisimétrico aplicado al estudio de equipo de filtracién de agua,
mencionamos que varios estudios han tratado la formulacién axisimétrica de flujos de Stokes y Navier-
Stokes, incluyendo la discretizacién empleando métodos espectrales, mortero, y elementos finitos es-
tabilizados (ver por ejemplo [18,26,27,31,72], y las referencias citadas en estos trabajos). Mds recien-
temente, se estudiaron formulaciones mixtas de flujos de Brinkman incluyen el andlisis numérico de
aproximaciones de elementos finitos (FE). Anaya et al. [15] presenté una aproximacién aumentada de
elementos finitos para las ecuaciones de Brinkman desarrollada como una extensién de la formulacion
basada en vorticidad para el problema de Stokes. Un modelo relacionado fue recientemente presentado
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en [16] e incorpora una funcién de corriente y una formulacién de vorticidad para el flujo axisimétri-
co de Brinkman, ademads se emplea una aproximacién mixta conforme de elementos finitos, para la
soluciéon numérica del problema.

El andlisis numérico de problemas de flujo axisimétrico de Darcy y Stokes-Darcy usando elementos
finitos de Raviart-Thomas (RT) y Brezzi-Douglas-Marini (BDM) fue presentado en [71,72]. En [71], el
autor establece la estabilidad de las aproximaciones RT y BDM para el problema de flujo axisimétrico
de Darcy, extendiendo el criterio de Stenberg, v ademés se derivan estimaciones de error a priori.

Otras contribuciones al diseno de métodos para formulaciones axisimétricas de problemas de flujo
y transporte acoplados incluyen [12,55]. Ademds, en [47] se propone un esquema semi-discreto de
volumenes-elementos finitos discontinuos (FVE) y se discute la existencia y unicidad de soluciones para
los casos no lineal continuo y su contraparte semi-discreta. Un método FVE también se propone en [55]
para discretizar la ecuacién de Stokes para el flujo acoplado con una ecuacién parabdlica modelando
sedimentacién. El método se basa en una formulacién de Galerkin discontinuo estabilizado para el
campo de concentracién, y un par estabilizado multi-escala de elementos P;-P; para la velocidad y
presion, respectivamente. Una formulacion variacional mixta del flujo de Darcy-Forchheimer acoplado
con una ecuacién de energia es semi-discretizado en [12] usando elementos finitos de Raviart-Thomas
y elementos constantes por pedazos para la presién, también se establecen estimaciones de error a
posteriori.

La aplicacién tecnoldgica detras del modelos de los filtros de agua, se remonta a la observacién de que
es posible remover arsénico de agua, haciéndola circular a través de suelo de laterita enriquecido con
hierro [131,132]. El arsénico se remueve a través de un proceso de adsorcion, el cuél se puede mejorar
por medio del tratamiento quimico de la laterita para incrementar su porosidad y area superficial,
aumentando la eficiencia de adsorcién [130]. Claramente, la formulacién de modelos matematicos
precisos para estos filtros, ademas de su eficiencia computacional, ayudaria de forma importante al
desarrollo y mejora de estos filtros y a desarrollar gufas para su operacion segura. El desarrollo y
andlisis de estos modelos forma la base del trabajo [134], donde los autores examinan la remocién de
un contaminante (arsénico, caso m = 1 en nuestra notacién) en un filtro cilindrico con medio uniforme.
Los autores utilizan un ecuaciéon de Darcy-Brinkman, acoplado con la ecuacién de adveccién-difusion-
adsorcion para el modelamiento del flujo de agua contaminada a través del filtro y la remocion de
arsénico por adsorcién. En la practica, sin embargo, existen m > 1 contaminantes, los cual induce a
usar filtros consistentes de miiltiples (hasta m) capas con el fin de permitir su remocién. En este trabajo
nosotros intentamos estudiar el proceso de filtracion en filtros de agua basados en suelos consistentes
de dos capas de medios distintos, en la presencia de multiples especies contaminantes.

Problemas con una naturaleza similar abundan en la literatura. Por ejemplo, [86] considera la solu-
cién numérica, via un método de volimenes finitos, de un problema doble-difusivo dentro de un medio
poroso. La publicacién [150] considera un problema doble-difusivo similar, sin embargo, a semejanza
del filtro en capas que proponemos, los autores permiten la posibilidad de medio poroso estratificado
heterogéneo. Mientras muchos estudios concernientes a problemas doble-difusivos consideran dominios
cerrados llenos con medio poroso, un gran ntimero de aplicaciones, tales como nuestro filtro, presentan
confinamientos parciales con aberturas o infiltraciones. El articulo [154] introduce esta propiedad, con
la adicién de ’puertos libres’ al dominio de su modelo. Considerando otras variaciones potenciales,
los autores de [166] extienden el problema doble-difusivo usual con un proceso de reaccién de primer
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orden entre la especie que se difunde y el fluido. Este proceso de reaccién necesita adicionalmente la
adicién de un término de sifén a la ecuacion que gobierna la concentracién de especies y que juega un
rol similar al lado derecho de (5.1c).

1.5 Contribuciones de esta tesis

En el Capitulo 2, extendemos el andlisis de una clase de esquemas de entropia estable para la
solucién numérica de problemas no lineales de valor inicial, recientemente propuestos en [S. Jerez, C.
Parés, Entropy stable schemes for degenerate convection-diffusion equations, SIAM J. Numer. Anal.
vol. 55 (2017) pp. 240-264]. Como nueva contribucién, demostramos, primero, que estos esquemas
pueden extenderse de forma natular a problemas de valores iniciales y de frontera con condiciones de
borde de flujo cero en una dimension espacial, incluyendo una cota explicita para el crecimiento de la
entropia total. Segundo, mostramos que las suposiciones del modelo se satisface para ciertos modelos
de flujo cinem&tico multiclase corregidos por difusividad de tamafio arbitrario, que describen el flujo
vehicular o la sedimentacién de dispersiones y emulsiones. Los contenidos de este capitulo dieron origen
a la siguiente publicacion:

[48] BURGER, R., MENDEZ, P. E., PARES, C., On entropy stable schemes for degenerate para-

bolic multispecies kinematic flow models. Numer Methods Partial Differential Eq. 1-
26; (2019)

En el Capitulo 3 proponemos un modelo para flujos doble-difusivos, que incluye la posibilidad de
difusion cruzada. Las principales diferencias entre el analisis de métodos para las ecuaciones clasicas
de Boussinesq y las ecuaciones doble-difusivas estan, por supuesto, en la naturaleza vectorial de las
cantidades a difundirse mientras que en la formulacién cldsica de Boussinesq solo se considera una
cantidad escalar (por ejemplo temperatura). Algunos de los argumentos relacionados con el andlisis de
existencia y unicidad de soluciones, en particular aquellos relacionados con el manejo de condiciones
de frontera tipo Dirichlet no homogéneas por argumentos de lifting [125, 137], se trasladan casi sin
cambios del caso escalar al vectorial. Sin embargo, la forma bilineal asociada al término de difusion
debe ser coerciva de forma que se garantice la estabilidad. Este requerimiento, a su vez, impone
restricciones sobre la eleccién de la matriz de difusién D; esta matriz debe ser positiva definida (aunque
no necesariamente simétrica). Estas propiedades son esenciales para la prueba de existencia de una
solucién discreta. A pesar de esto, aun es posible estudiar efectos de difusién cruzada, tales como
los de Soret y Dufour. Adicionalmente, formulamos una discretizacién H (div)-conforme modificando
métodos conocidos para flujos de Brinkman. Discutimos, la existencia de soluciones para la formulacion
de Galerkin y derivamos de forma rigurosa propiedades de convergencia en espacio. Los contenidos de
este capitulo dieron lugar a la siguiente publicacion:

[49] BURGER, R., MENDEZ, P.E., RUizZ-BAIER, R., On H (div)-conforming methods for double-
diffusion equations in porous media. SIAM Journal on Numerical Analysis, 57, 1318-
1343 (2019)

En el Capitulo 4 introducimos un nuevo modelo para la simulacién de sedimentacion-consolidacién
de particulas sdlidas en un fluido incompresible bajo los efectos de la gravedad y en presencia de un
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brazo rotatorio que gira lentamente asistiendo con la remocién de sedimento del fondo de unidades
de clarificacién/espesamiento. El modelo gobernante es ahora un problema de valores iniciales y de
frontera para las ecuaciones de Navier-Stokes describiendo el flujo de una mezcla acoplados con ecua-
ciones no lineales parabdlicas describiendo la fraccién en volumen de sélidos. La novedad de nuestro
tratamiento consiste en la inclusiéon de términos que modelan la influencia del movimiento de la rastra
en el balance de momento y en la remocién de sélidos. Ademds, adaptamos técnicas del método de
elementos finitos de frontera inmersa (ver v.g. [34]) para el andlisis y aproximacién numérica de esos
términos. Derivamos rigurosamente las propiedades de convergencia espacio-temporal del método y
demostramos estas propiedades a través de varios ensayos computacionales. Los contenidos de este
capitulo dieron origen a la siguiente pre-publicacién:

[50] BURGER, R., MENDEz, P.E., RUIz-BAIER, R., A second-order H(div)-conforming sche-
me for the simulation of sedimentation and flow in circular clarifiers with a rotating rake.
Centro de Investigacién en Ingenieria Matematica (CI?MA), Preprint 2019-39, Uni-
versidad de Concepcion, Chile 2019.

En el Capitulo 5 extendemos el modelo previo a un dominio axisimétrico con aplicacién explicita
al modelado de equipos de filtraciéon basados en suelos. Ademés, derivamos estimaciones de errores a
priori éptimas para el esquema numérico de segundo orden H (div)-conforme en tiempo y espacio. La
principal dificultad en este caso, estd dada por el analisis discreto donde es necesario verificar que cada
término este acotado de forma éptima en los espacios con peso correspondientes. Algunos ejemplos
numéricos ilustran las propiedades principales del problema y del esquema numérico. Los contenidos
de este capitulo dieron origen a la siguiente pre-publicacién:

[23] BAIRD, G., BURGER, R., MENDEZ, P.E., Ruiz-BAIER, R., Second-order schemes for
azisymmetric Navier-Stokes-Brinkman and transport equations modelling water filters.
Centro de Investigacién en Ingenieria Matematica (CI2MA), Preprint 2019-23, Uni-
versidad de Concepcion, Chile 2019.

1.6 Notacion

Desde el Capitulo 3 y en adelante consideraremos la siguiente notacién: Sea {2 un dominio acotado
y abierto en R?, d = 2,3 con frontera Lipschitz I" = 9f2. Denotamos por LP(£2) y WP(£2) los espacios
usuales de Lebesgue y Sobolev con sus normas respectivas ||-||zr(0) ¥ [|[lwrr(2). Si p = 2 escribimos
H"(£2) en lugar de W"P(£2), y denotamos la norma correspondiente por |-, (||| para H(2) =
L%(£2)). El espacio L3(£2) denota la restriccién de Ly(£2) a funciones con valor medio cero sobre 2.
Para r > 0, escribimos la seminorma H" como ||, y denotamos por (-,-)q el producto interior usual
en L?(£2). Adicionalmente, H'/2(I") es el espacio de trazas de funciones H'(£2) y H~'/2(I") es su dual.
Los espacios de funciones con valores vectoriales (en dimensién d) se denotan en negrita, y denotamos
por L sus correspondientes contrapartes tensoriales. A continuacién, denotamos por L*(0, 7; W™P((2))
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el espacio de Banach de todas las funciones L*-integrables de [0, 7] en W™P({2), con norma

T s /s
(T N0 gy dt) i1 <5 < o0,

V]| s 0, mwmw () =
esssupyepo V() lwmr(o) if s = o0.

Denotamos por 7T, una particién regular de {2 compuesta por elementos triangulares K en dos di-
mensiones, tetrahedros en tres dimensiones de diametro hgx. El tamano de malla serd denotado por
h = max{hg, K € Ty}, y para cualquier cara interior e en &, (el conjunto de caras en Ty), etiqueta-
remos como K~ y KT sus elementos adyacentes, mientras h, corresponders al didmetro maximo de
la cara.

Asumimos que v,w con campos escalares y vectoriales suaves definidos sobre 7;. Entonces, por
(v, w?) denotaremos las trazas de (v, w) en e correspondiendo a las extenciones desde los interiores
de los elementos KT y K, respectivamente. Sea m. el vector normal unitario exterior a e en K,
definimos la componente tangencial de u en cada cara e como ur = u — (u - ne)ne. Introducimos los

operadores promedio {{-}} y salto [-] como sigue:

o = +v7)/2, {wh =@ +w")/2,

[v] = (v™ = "), [w]=(w" —w"),

mientras que para los saltos y promedios en las fronteras adoptamos la definiciéon {v}} = [v] = v, y
{w} = [w] = w. Ademas, usaremos el simbolo V}, para denotar el operador de gradiente a trozos y ey,
para denotar su contraparte simétrica. Finalmente, dado un entero positivo k& y un conjunto O C R",
Pr(O) corresponde al espacio de polinomios de grado < k definidos en O.



CHAPTER 2

On entropy stable schemes for degenerate parabolic multispecies
kinematic flow models

In this chapter we analyse entropy stable schemes for the numerical solution of initial value
problems of nonlinear, possibly strongly degenerate systems of convection-diffusion equations,
recently proposed in [S. Jerez, C. Parés, Entropy stable schemes for degenerate convection-
diffusion equations, SIAM J. Numer. Anal. vol. 55 (2017) pp. 240-264]. These schemes extend
the theoretical framework by [E. Tadmor, The numerical viscosity of entropy stable schemes
for systems of conservation laws. I, Math. Comp. vol. 49 (1987) pp. 91-103] to convection-
diffusion systems. As a new contribution, we demonstrate, firstly, that these schemes can
naturally be extended to initial-boundary value problems with zero-flux boundary conditions in
one space dimension, including an explicit bound on the growth of the total entropy. Secondly, it
is shown that these assumptions are satisfied by certain diffusively corrected multiclass kinematic
flow models of arbitrary size that describe traffic flow or the settling of dispersions and emulsions,
where the latter application gives rise to zero-flux boundary conditions. Numerical examples
illustrate the behavior and accuracy of entropy stable schemes for these applications.

2.1 Introduction

2.1.1 Scope

This chapter concerns numerical schemes for systems of degenerate convection-diffusion equations
in one space dimension of the form

u + f(u), = (K(u)ux)x, relCR, teRy, (2.1)
where I = R or [ is a bounded interval, w = (uq, . .. ,uN)T: IxR; — 2 ¢ R is the vector of unknown
functions of position z and time t, f = (f1,..., fn)" is a given flux vector, and K(u) € RV*V is

a positive semidefinite diffusion matrix defined in 2. We allow that K(u) = 0 on a set of u-values
of positive N-dimensional measure, so (2.1) is, in general, strongly degenerate. Equation (2.1) is
equipped with the initial condition

u(z,0) =uo(z), =z €l; (2.2)

18
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if I is bounded, that is I = [0, L] with L > 0, then we impose, in addition, the zero-flux boundary
condition

(f(u) — K(u)ux) |x:0 =0, (f(u) — K(u)um) ‘x:L =0. (2.3)

For the problem (2.1), (2.2), whose solutions are in general discontinuous, Jerez and Parés [99] de-
vised so-called entropy stable finite difference schemes. These schemes extend the concept of entropy
stable methods for systems of conservation laws due to Tadmor [153]. Such schemes are obtained by
adding an adequate amount of artificial dissipation to an entropy conservative method so that the
entropy satisfies a system of differential equalities arising from a spatially discrete but continuous in
time entropy inequality. Entropy conservative methods capture correctly the appearance and prop-
agation of shocks but they may may produce oscillations around shocks, which are handled by the
artificial dissipation. It was shown in [99] that a necessary condition for such a method to be feasible
for (2.1) is that the first-order system of conservation laws

ut + f(u), =0 (2.4)
has a convex entropy function n = n(u) and entropy flux g = g(u), for which the entropy inequality

n(w): +g(u)s <0 (2.5)

is valid (in the sense of distributions) for solutions of (2.4) [118]. It is well known that for N > 3, the
existence of an entropy pair (7, g) for the first-order system (2.4) is an exceptional property since the
gradient of g, denoted by g,, and which we assume to be a column vector, the gradient of the entropy
function, n,,, and the Jacobian of f, denoted by f,, must satisfy the compatibility condition

G = Ty Fu- (2.6)

Such an entropy pair exists, however, in the exceptional case f,, is symmetrizable. In fact, the existence
of an entropy pair and the computation of an entropy-conservative flux is a general limitation for the
application of entropy-stable methods in the context of systems of conservation laws. Nevertheless,
there are many real-world models for which entropy pairs and entropy conservative numerical fluxes
are available, including Euler and related systems, shallow water and related systems, and some
multiphase fluid models (see, e.g., [58,75-77,94]). In fact, an application to the shallow water model
was also considered in [99]. To highlight the principal advantage of entropy stable schemes for (2.1),
we may follow the reasoning of [77] (which is expressed in similar form in many other works) advanced
for the first-order system (2.4). Namely, convergence results for numerical schemes (even first-order
schemes) approximating solutions of (2.4) are difficult to obtain since a global well-posedness theory
for (2.4) is currently not available. Thus it is reasonable to require that numerical schemes be entropy
stable, i.e., satisfy a discrete version of the entropy inequality (2.5). In particular, such a scheme
satisfies a discrete form of a bound of the total entropy (as will be specified in Section 2.2.1 below
in the context of the more general equation (2.1)), and will be stable in a suitable LP space. As
Fjordholm et al. [77] further point out, no entropy stability results for high-order numerical schemes
for approximating (2.4), based on the total variation diminishing (TVD), essentially non-oscillatory
(ENO), weighted essentially oscillatory (WENO), and discontinuous Galerkin (DG) procedures are
available (however, entropy stable streamline diffusion finite element methods were proposed in [97]).
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This underlines the interest in the construction of schemes that have entropy stability “built in”, which
will be achieved in this work for the initial(-boundary) value problems (2.1), (2.2) and (2.1)—(2.3).

As was derived in [99], the specific limitation in the case of problems with a diffusion term is the
additional requirement of positive definiteness of the matrix K (u)n;lu, where 7%, is the inverse of the
Hessian 7y, ., of n(w). Thus, the class of convection-diffusion problems to which the scheme developed
in [99] can actually be applied seems fairly narrow, but it does include a class of diffusively corrected
applicative kinematic flow models [38,53,54], for instance of vehicular traffic or of polydisperse sedi-
mentation. These models can be expressed by (2.1) on a bounded interval I with an arbitrarily large
number NN of species. It is therefore the purpose of this chapter to demonstrate that the entropy stable
schemes of [99] can successfully be applied to these models, under modifications due to the presence
of boundary conditions but maintaining the principal property of entropy stability.

2.1.2 Outline of the chapter

The remainder of this chapter is organized as follows. In Section 2.2 we summarize from [99] the
construction of entropy stable schemes for (2.1) and extend the discussion to the zero-flux initial-
boundary value problem (IBVP) (2.1)—(2.3). Specifically, we discuss in Section 2.2.1 properties of the
continuous problem, and motivate a global entropy inequality for solutions of (2.1)—(2.3). With the
goal to design numerical methods for (2.1), we treat in Section 2.2.2 the spatial discretisation of that
equation in the interior of the domain and derive an entropy-conservative numerical flux. The result-
ing semi-discrete scheme is equipped with a small amount of extra viscosity to prevent oscillations,
as is detailed in Section 2.2.3. Then, in Section 2.2.4, we outline the numerical scheme that arises
from the previous discussion if we wish to solve the zero-flux IBVP (2.1)-(2.3). Results include a
time-continuous, spatially discrete entropy inequality. The treatment of Sections 2.2.2 to 2.2.4 pre-
supposes that an entropy conservative numerical flux is given, for which we provide in Section 2.2.5 a
sample definition that follows Tadmor [153], and which is utilized in the numerical examples. In Sec-
tion 2.3 we outline two applicative models to which the entropy stable schemes are applied, namely in
Section 2.3.1 a diffusively corrected multi-class version of the well-known Lighthill-Whitham-Richards
model (DCMCLWR model) that gives rise to the initial value problem (2.1), (2.2), and in Section 2.3.2
a model of settling of dispersions of droplets and colloidal particles that motivates the IBVP (2.1)—
(2.3). Both problems are introduced along with the corresponding entropy conservative numerical
flux. Numerical examples for both applicative models are introduced in Section 2.4, starting with
a description of the time discretisation and the computation of approximate numerical errors for all
cases (in Section 2.4.1). Examples 2.1 to 2.4 (Sections 2.4.2 to 2.4.5) deal with the DCMCLWR traffic
model, and Examples 2.5 and 2.6 (Sections 2.4.6 and 2.4.7) are related to the settling model.
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2.2 Entropy stable schemes

2.2.1 Preliminaries

If there exists a vector-valued function K: 2 — RY such that K, = K, where K, denotes the
Jacobian of the function I, then the system (2.1) can be written in the form

ur + fu)y = K(u)zg.

This is always the case for scalar equations with K (u) = K(u) if we define

K () = /Ou K(€) de.

Let us suppose that the system of conservation laws obtained by dropping the viscous term, i.e., (2.4),
is equipped with an entropy pair (7, g) consisting of an entropy function n and an entropy flux g such
that 7, g: 2 — R, n is strictly convex, and (2.6) holds. We then define the so-called entropy variables
v as in [116], namely v(u) = 1y (w). Then, in order to study the evolution of the entropy for a solution
of (2.1), let us first express the diffusion term in terms of the entropy variables. Clearly,

A~

(K(u)u,), = (K('u)vx)z, (2.7)
where we define
K(v) =K, b, (2.8)

where 1)y, is the Hessian matrix of . The matrix on the left-hand side of (2.7) is evaluated at
u = 1y, (v). Once the diffusion term is rewritten, we multiply (2.1) by the vector of entropy variables
v to obtain

0=vTus + vt fu(u)u, — v’ (K(v)vx)x =n(u); + g(u), — (UTK(U)vx)x + vl K (v)v,.
Therefore, if the matrix K is positive semidefinite, i.e.
wlK(v)w >0 for all w e RY, (2.9)
the following entropy inequality is satisfied:
n(u) + g(u)y — (UTK(v)vz)x <0. (2.10)

In the case that I = R and we consider the initial value problem (2.1), (2.2) under the additional
assumption that 4 — 0 when z — +o00, then the total entropy decreases, i.e.,

d

o Rn(u) dz <0

(This also includes the case of a finite interval I with solution w that is compactly supported in [
at all times.) On the other hand, considering the IBVP (2.1)—(2.3) and assuming that w and v have
well-defined traces at the boundaries x = 0 and = L, which we denote by w(0,t) and u(L,t), as well
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as that the boundary condition (2.3) is well defined in the sense of traces, we can argue as follows.
Integrating (2.10) over I, utilizing that K (v)v, = K (u)u, and the boundary condition (2.3), we get

d

o
< K
at Jg Y

( (v)vy) ‘xZL—(’UTK(’U)’Ux) ‘:L':O

(v K (wus)|,_, — (v K(w)us)],
o(L, )T f (w(L,t)) —v(0,8)" f (uw(0,1)).
In terms of the so-called entropy potential function ¢ = vT f — g, we get

d
at Jx

n(w) dz +g(w(L, 1)) — g(u(0,1)) <

n(w) dz < p(u(L.)) — p(u(0.1)). (2.11)

Note that the function ¢, and therefore the right-hand side of (2.11), do not depend on the particular
choice of the diffusion matrix K (u).

Remark 2.1. We emphasize that the requirement that the matriz K defined by (2.8) should be positive
semidefinite is the most severe restriction of the applicability of the approach. In fact, for a general
positive semidefinite matric K = K(u), the product Kn;’%‘ 18, in gemeral, not positive semidefinite
unless K and ngh or equivalently, K and 1. possess the same set of eigenvectors. That latter
property is, however, valid if the diffusion term can be expressed as K(u) = k(uw)l, where k(u) > 0 is
a scalar function and 1 is the N x N identity matriz. Then

K (v) = k(w)l, (2.12)

is indeed positive semidefinite, since 1y is positive definite. Therefore, in this case, (2.10) holds.

2.2.2 Entropy conservative numerical method

We first consider the case of the initial-value problem (2.1), (2.2) on a standard spatial mesh defined
by cells Z; := [xj_1,x;), where z; = jAz, Az = L/M for some integer M, and u;(t) denotes the cell
average of u(-,t) on Z;. We will first discretize (2.1) in the interior of the computational domain, and
handle the boundary conditions in Section 2.2.4. To this end, we first consider an entropy-conservative
(EC) numerical flux F} /o, i.e. a numerical flux satisfying

[[”]]JT+1/2F}+1/2 = [l 4125 (2.13)

where we employ the following notation to denote the average and jump of any variable w:

[wljs1/2 = wjrr — wj, {{w}}j+1/2 = (wj +wjy1)/2.
Tadmor [153] showed that if the numerical flux Fj, satisfies (2.13), then the solution of the semidis-
crete method for (2.4),
, 1
u;(t) = _fx(Fj+1/Q - F;_y)2),
where ' = d - /dt, satisfies the equality

1
n(w)i(t) = *E(Gj+1/2 —Gj_1)2)
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for some numerical entropy flux G/, consistent with g. Once an EC numerical flux (for (2.4)) has
been chosen, we propose the following semidiscrete method for (2.1):

; 1

w,(t) = Az

1, )
j (Fjs1/2 = Fio1p2) + 35 (K plvline — Kjoeloljoage), (2.14)

where
K =K({v}, ) (2.15)

Let us show that a semidiscrete counterpart of (2.10) is satisfied. Multiplying (2.14) from the left by
v;-f yields

1 1 . .
n(U)}(t) = —E”}(F}+1/2 - Fj—1/2) + TxQ’U;F (Kj+1/2[[’0]]j+1/2 - Kj—1/2[[’0]]j—1/2)-

The following identities are obtained by straightforward algebraic manipulations:

UjTFj+1/2 = {{U}}3T+1/2F}'+1/2 — %[[U]]JT+1/2F}'+1/2,
1JjTFj—1/2 = {{U}}]'T—lij—l/z + %[["’]]]'T—l/zf}—l/m (2.16)
v K1 [v]ji/e = {{U}}jT+1/2Kj+1/2[[U]]j+1/2 - %[[v]];r+1/2kj+l/2[[v]]j+l/2a
U}Kj—uz[[”]]j—lm = {{U}}?_1/2Kj—1/2[[v]]j—1/2 + %[[’l’]];r_uzqu/z[[”]]j—uz
From (2.13) we now conclude that
'U;'F (Fji1/2 — Fj—1/2) = {{U}}]'T+1/2F}‘+1/2 - {{U}}]-T_l/gf}'—1/2 - %([[W]]j—&-l/Q + [[‘P]]j—l/?)
= {{U}}g'T+1/2F}'+1/2 - {{U}}ij1/2F}>1/2 + {{9}}j+1/2 - {{9}}3'71/2
- {{”Tf}}j+1/2 + {{va}}j—l/Q’

while in light of (2.9) we get

’UjT (Kj+1/2ﬂvﬂj+1/2 - Kj—1/2[[’0]]j—1/2) < {{U}}]T+1/2Kj+1/2[[’0]]j+1/2 - {{U}}]T_1/2Kj—1/2[[’U]]j—1/2-

(2.17)
We arrive at the semi-discrete entropy inequality
(W(0) + 5= (Craj2 — Gyge)

1 X .
- m({{v}};r—l-l/QKjJrl/Q[[U]]j+1/2 - {{v}}}‘—l/QKjfl/QH’U]]jfl/Z) <0,

where the following numerical entropy flux is obviously consistent with (2.10):

Gisz = 9P 11 j0 + KB 1o Frirye — {{UT'f}}j-i-l/T (2.19)
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2.2.3 Additional numerical diffusion

In regions where the diffusion matrix K vanishes, the numerical methods (2.14) or (2.29) reduce
to entropy conservative methods whose solutions may exhibit strong oscillations near discontinuities.
So to prevent these oscillations some extra numerical diffusion has to be added, either in conservative
variables or in entropy variables. Hence the complete scheme is given by

1 1 . .
wi(t) = =3 (Fja2 = Fjoage) + 5 (Kjplolioge — Kjoaplvliag) 290
£ ( * )
+ @(ﬂvﬂjﬂ/z — [v]j-1/2),
where we choose the extra viscosity
e =alx (2.21)

with a suitable constant o > 0.

It can be checked easily that the numerical method (2.20) (with the extra viscosity given by (2.21))
satisfies an entropy inequality similar to (2.18) if the numerical entropy flux is replaced by

Gisy2 = G2 — af{vl i plvljo, (2:22)

with G /2 given by (2.19).

2.2.4 Discretisation of the initial-boundary value problem with zero-flux bound-
ary conditions

The zero-flux IBVP (2.1)—(2.3) is discretized in space by the following variant of (2.20):

1 .
U;(t):—fx(t]jﬂ/z—z]j—uﬂ, J=1..., M, (2.23)

where we implement (2.3) by setting the total numerical flux to zero at the boundaries,i.e., we utilize

1 .
E]+1/2_E((K+QAZ]I)IIUHJ+1/2) fOI’jzl,...,M—l,

Jjyip2 = (2.24)

0 for j=0and 5 = M.

Then the scheme (2.23), (2.24) satisfies the semi-discrete entropy inequality (2.18) for j = 2,..., M —1.
On the other hand, for j = 1 we obtain by calculations similar to (2.16)—(2.17), and utilizing (2.13)
for j =1, from

1 R
n(w);(t) + E’UlTF?)/z - EUFK?)Q[[’U]]?M =0

the inequality

w0 + 5 ((Fye - 5lok ) - 3z (0} ]oKoalolys <0
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A straightforward calculation and taking into account (2.22) for j = 1 reveal that

1 ~ N
{vB30Fs /2 — = [@l3/2 = Gaja — g1 + v f1 = G a0 + p(wr(t)),
/ 2

hence we obtain

1 = 1 .
n(w)i(t) + E(GW? + o(ui(t))) — m{{”}}ng:s/Q[[U]]:s/Q <0. (2.25)
For j = M we deduce by analogous arguments from

1 1 N
n(w)y () — E”]\EFM—I/Q + TQUQ’UJEKMAQ[[’U]]M—UQ =0

the inequality

M@)hr#) = 3 (Crrrge + p(war() + 55 M oKl p <0 (2.26)

Let us now define

M

(o (t) = Az Yy n(w);(t).

=1

Then, summing (2.25), (2.18) for j =2,..., M — 1, and (2.26), and multiplying the result by Az, we
obtain the inequality

(w)ior(t) < o(unr(t)) — @(ui(t)), (2.27)

which is a discrete analogue of (2.11).

2.2.5 Construction of an entropy conservative (EC) numerical flux

Following Tadmor [153], we may obtain an entropy conservative (EC) numerical flux by solving the

following integral:
1
Fil)0= /0 f(u (v + s (vjy1 —vj)))ds. (2.28)

Remark 2.2. An alternative way of constructing entropy stable schemes could be the following. Sup-
pose that, given ur, and ug, there exists an approximation of m,, ,,, denoted by H (uy,, uRr), that satisfies
the Roe-like property vg — vy, = H(ur, ur)(ur — uy,). We may then consider the numerical method

1 1
uj(t) = 7A71'(‘Flj+1/2 —F;_1)5) + ng(Kj+l/2[[u]]j+1/2 — K;_1p[u]j_12), (2.29)

A~

where Kj+1/2 = Kj+1/2Hj+1/2' H@T@, Kj+1/2 18 g’l;’U@TL b’y (215) and Hj+1/2 = H(uj,uj+1) The
equality

A~

Kjipluljiiye = Kjpyalvljge

allows one to prove the entropy inequality (2.18) reasoning as in the previous case.
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2.3 Applicative models

2.3.1 A diffusively corrected multi-class traffic model (DCMCLWR model)

We consider the system (2.1) with a flux function defined by
fu) = V() (Vi*u, ..., VE™un) T, (2.30)

where V;™* is the preferential (maximum) velocity of species i (driver class i); u = u; + -+ + uy is
the total density; and V is a hindrance function that is usually assumed to satisfy

V() =1, V(umax) =0, V/(U) <0 for 0 <u < Umax,

where umax is a maximum density. We assume, furthermore, that V& > Vouax > > Ygax,
Under these assumptions on f, the first-order system (2.4) corresponds to the multiclass extension,
introduced in [29,162], of the well-known Lighthill-Whitham-Richards (LWR) single-class kinematic
traffic model [123,144]. An entropy pair (7, g) for this multiclass model is given by [30]

N, (log(u;) — 1) al ~
Z - Vm;" . g(u) =V(u) ZU’L log(ui) — V(u), (2.31)
i=1 =1
where V(u) is any primitive of V(u). Using v(u) = 1y (u) (see Section 2.2.1) we then obtain the
entropy variables v = (vq,...,vy)T given by
_ log(u;)

Vi = max < u; = exp(V;"v;), i=1,...,N.
(3

In addition, the following notation will be used:

Vmax

Mz

i=1

Notice that the transformation u — v is one-to-one from (0,00)" to RY, but is not defined when
u; = 0. Now we associate the behavior of drivers with an anticipation distance L,;,. Then the reaction
of a driver at (z,t) depends on u(x + Lpin,t). Using a Taylor expansion of V(u(x + Lin,t)) around
u(x,t), we obtain

V(u(@ + Linin, 1)) = V(1) + V' (1) (LininOzu) + O(L2 ),

where all quantities on the right-hand side are evaluated at (z,t). Neglecting the O(L2, ) term and
inserting the remaining expression into (2.1), we have

Oui(z,t) + Oy (wi(z, )V V() = 0p (—LminV' (w)u;(, £) V" 0pu(z, 1)).

To further simplify the model we remove the dependencies on individual driver classes. Hence, we
propose to use the positive semidefinite diffusion matrix

K(u) = B(u)l, (2.32)
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where I denotes the N x N identity matrix and S(u) > 0 is a scalar function. Since we define the
diffusion term based on the entropy variables form, following (2.12), the diffusion matrix is given by

K (v) = K (u)nuu(u) " = B(v) diag (V"™ exp(V{"v1), ..., Vi exp(V*™ o) ).

Consequently, in terms of the driver class densities we have

~

K pv(w)]jzi)e
= K{{v(w)}; 11 p[0(@)]j11/2
log U17j+1 — log ul,j (2'33)

N
=p (Z \/Ui,jui,j+1) diag (\/U1 ;U1 415 - - » VUNUNj1+1)
=1

loguy j+1 — loguy

In agreement with the definition above, the extra viscosity term is given by
€
N2 (lv(@)]j11/2 — [o(w)]j-1/2), (2.34)

where the ith component of [v(u)];41/2 is given by [vi(u)];11/2 = 1/V;"*(log(u; j+1) — log(u; ;).

On the other hand, we will use the hindrance function V(u) = 1 — u due to Greenshields [87].
Replacing this function in (2.30),from (2.28) we obtain that

1 N
Fji1/2:= / 4 (Z ug (kg + 8 (Uk g1 — vka))) Vi ui (vij + 5 (vigy1 — vig)) ds
0 k=1
1 N
= / <1 = >k (v + 8 (Vhjg1 — vj))) Vit u; (vij + s (Vi1 — vi)) ds. (2.35)
0 k=1

Since

S
Wi s
U; ('Ui,j + 5(vijy1 — Ui,j)) = GXPOOg(uj,z') + S(IOg(uj—H,i) - 10%(%‘,@))) = Uj (fj“) )
‘777‘

we can rewrite (2.35) as

1 N Wi for1 S Wiii1 s
— J,k+ a; Ji+
Fj+1/2,z'—/ L= ujn <> v () ds.

Evaluating the integral in closed form, we get the entropy stable numerical flux

Fii12 = (Fjp1/215 - Fj+1/2,N)T (2.36)
where
N
Fiitos = o™ Ujli = Ui Wi 1 kU1 — U kUi =1\
log(ujy1i) —log(uji) &= log(ujs1rujrri) —log(ujkusi)

(2.37)

Equations (2.33), (2.34) and (2.37) complete the definition of the semi-discrete numerical scheme
(2.20).
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Remark 2.3. In order to get rid of the singularity of the entropy variables when one of the terms in
the log differences in (2.37) is zero or the difference is zero, we use the following third-order approach:

log(u) — log(v) ~ %

which means the logarithmic mean on (2.37), is replaced by

U—v 1( +)
—_ ~ —(u4w
log(u) —log(v) 2
when appropriate. An alternative stable numerical algorithm used to compute the logarithmic mean is
given in [98, App. BJ.

Remark 2.4. Although we considered other forms for the hindrance function, the integral (2.28)
is difficult to compute in general or can result in a numerically unstable fluz [78]. Indeed equation
(2.28) results in a closed form only for a limited selection of functions, such as functions of the form
V(u) = (1 —u)™ with n € N. We are aware that the development of entropy stable flows for more
general forms of flow functions in multispecies kinematic flow models needs more extensive study.

2.3.2 Settling of dispersions of droplets and colloidal particles

The settling of a dispersion of droplets or that of a suspension of colloidal solid particles dispersed
in a fluid can be modeled by system of convection-diffusion equations of the form (2.1) for I = [0, L],
where ¢ is time, x is depth, and wu(x,t) is the vector of volume fractions of particles u; of class i,
i=1,...,N [51]. The problem (2.1), (2.2) is completed with the zero-flux boundary condition (2.3).

Particles are characterized by their diameter d; and settling velocities Vi > Vo > ... > V. More-
over, we assume that the flux vector f(w) has the form

f(u) =V(uw)(Vu,...,Vyuy)?,
where again v = u; + - -+ + un. According to [1], the Stokes terminal velocities V; are given by

— d?
o= Pampdodi
18
where p and pu, respectively, denote density and viscosity, and the indices d and c respectively, refer to
the disperse or continuous phase, and in this formula g = 9.81m/s? is the acceleration of gravity. A
common choice for the so-called hindered settling function V(u) is given by the Richardson-Zaki [144]

expression:

1—w)™z ifyu<1
by [ irust,
0 if u>1.

The diffusion matrix is again defined by (2.32), where (u) = DoV(u) for some constant Dy > 0.
For the numerical examples we choose ngz = 2, and follow the same procedure as in the previous



2.4. Numerical examples 29

application. The numerical diffusion is given by (2.33) and the numerical flux function, obtained from
(2.28), is now given by (2.36) with

N
ot — s ot Ut — s s
_ J+1,i Jsi J+1L,kY%i+150 g,k
Fijrae = Vil 1 2207 1
og(ujt1,:) —log(usq) — £= log(uj1kujr1,i) — log(ukuy,)
N 2 R
Wiqq xWj+1a — Uy kuJ i
> (2.38)

k=1 log(u? | ujr1,:) —log(u? yuj;)

N

Uji 1 e Ujr 1,1 Ujd1,5 — UjkUsj 1 Usj g )

+) J 9T 92 90 ) , i=1,...,N.
log (w1 ki1, 1j+1,) — log(ug kg uji)

2.4 Numerical examples

2.4.1 Preliminaries

For the time integration in all examples, we use a second-order strong stability preserving Runge-
Kutta scheme (SSPRK2, also known as Heun’s method), i.e., for a given spatial discretisation h(U)
such as the semidiscrete form (2.20) along with definitions (2.33), (2.34) and (2.37) or (2.38) and
where U (t) represents the vector of numerical solutions at all spatial positions at time ¢, i.e., U(t) =
(wi(t),...,upn(t))T, the integration scheme for the system U’(t) = h(U) is given as follows, where
we assume that we wish to advance the solution from U™ ~ U(t,) to U™ ~ U(t,41), where
the1 =ty + At:

UY = U™ + Ath(U™),
U? =u® + Ath(UM),
Ut — %(Un + UQ)), n=0,1,2,....

We choose the time step At at each iteration t,, according to the following CFL condition:

At max p(fu( ))—|—

Az 1<j<M

s 2 D) = 239

where p(-) is the spectral radius. In all cases, we calculate the approximate total L' error at a given
time ¢ as follows. We assume that the spatial computational domain is subdivided into M equal-sized
cells of width Az, and that we calculate approximate errors by utilizing a reference solution defined
on a mesh with M, > M cells, where we assume that R := M,s/M is an integer. Then we calculate
the projection of the reference solution onto the coarser grid,

~ref Zug{] 1+k:z j:l,...,M, i:l)u.’]\f7

and then calculate the total approximate total L' error by summing the corresponding errors of each
species, that is,

1 N M
:MZZ at (1) — u (1),
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Figure 2.1: Example 2.1 (traffic model, non-degenerate diffusion, N = 4): (left) initial condition
(2.41), (right) reference numerical solution at simulated time ¢ = 0.1h obtained by the ES scheme
with a = 1.5 and M, = 12800 (figure produced by the author).
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Figure 2.2: Example 2.1 (traffic model, non-degenerate diffusion, N = 4): numerical solution at
simulated time ¢t = 0.1h obtained by the entropy stable scheme with M = 100 and (left) with zero
extra viscosity, (right) with extra viscosity (2.21) with o = 1.5 (figure produced by the author).

The corresponding (approximate) convergence rate between successive grids with discretisations M /2
and M is given by

Orr = log, (65\%2/65\%).

2.4.2 Example 2.1 (traffic model, non-degenerate diffusion, N = 4)

First, we test the entropy conserving scheme on a regular grid. We consider a circular road of
length L = 10mi and N = 4 driver classes with the velocities V™ = 60mi/h, V)" = 55mi/h,
VgreX = 50mi/h, and V®* = 45mi/h, along with a uniform anticipation length of Ly, = 0.03 mi
and the non-degenerate diffusion term defined by (2.32) and

L 1
]r:[m(m), W::NZVZ.‘H&X. (2.40)

i=1

Blu) =
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Figure 2.3: Example 2.1 (traffic model, non-degenerate diffusion, N = 4): total entropy £°* of the
numerical solution at different mesh sizes (left) without extra viscosity and (right) with extra viscosity
(2.21) with a = 1.5 (figure produced by the author).

KT LLF ES (a = 1.5)
M 65\(/); 0M 65\? 0M e?@t 9]\/[
100  4.024e-2 — 1.445e-1 — 3.140e-2 —

200 1.524e-2 1.401 8.830e-2 0.711 1.379e-2 1.188
400 5.88le-3 1.374 5.119e-2 0.786 6.857e-3 1.008
800  4.232e-3 0.475 2.868e-2 0.836 3.212e-3 1.094
1600 3.637e-3 0.219 1.574e-2 0.866 1.369e-3 1.230
3200 3.350e-3 0.055 8.718e-3 0.853 5.476e-4 1.322

Table 2.1: Example 2.1 (traffic model, non-degenerate diffusion, N = 4): approximate total L' errors
(e'9") and convergence rates (6j/) at simulated time ¢ = 0.1 (table produced by the author).

The initial traffic platoon (see Figure 2.1 (left)) is given by

uo(z,0) = p(x)(0.2,0.3,0.2,0.3)T,  p(z) = 0.5exp(—(z — 3)?). (2.41)

Numerical approximations are computed with Ccopr, = 0.25 at simulated time ¢ = 0.1h using
the method of lines of the semidiscretisation given by the numerical flux (2.37) combined with the
numerical diffusion (2.33). The performances of the entropy stable (ES) scheme without and with
extra viscosity are compared in Figure 2.2. Here and in Examples 2.2 to 2.4 we also verify that the
method is indeed entropy stable by plotting the following total entropy for t = t,, = nAt:

M
£ = nluj(tn)) A,
j=1

see Figure 2.3 for this example.We observe that £°' decreases for the base scheme without extra
viscosity (corresponding to a = 0), as expected from (2.18). It is also clear from Figures 2.2 and
2.3, that the extra viscosity helps to prevent oscillations while preserving the general entropy decay
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Figure 2.4: Example 2.2 (traffic model, continuous degenerate diffusion, N = 4): reference numerical
solution at simulated time ¢t = 0.1 h obtained by the ES scheme with a = 1.5 and M,s = 12800 (figure
produced by the author).

of the solution. It is important to note that nonphysical negative values due to oscillations preclude
the computation of meaningful total entropy values for coarser grids. Moreover, in this example
the approximate total L' errors were computed by using a numerical reference solution (ES scheme
with Mo = 12800, = 1.5), and are shown in Table 2.1. For comparison solutions obtained with
Kurganov-Tadmor (KT) scheme [116] and local Lax-Friedrichs (LLF) scheme [122], augmented by the
expression (2.33) to handle the degenerate diffusion, are also presented. The KT and LLF schemes are
known for the simplicity of their Riemann-solver-free approach, which makes them a computationally
efficient universal tool for a wide variety of applications [115]. The main disadvantage of the LLF
scheme lies in its large numerical dissipation, an issue that KT schemes try to solve by using more
accurate information of the local propagation speeds [116]. From a point of view of finding a balance
between computational cost while controlling the amount of numerical dissipation, we find these
methods constitute a good reference point to compare the ES method against. As will be presented in
this and the following examples, in general the ES scheme matches the reference methods with respect
to the absolute error obtained, and performs better regarding computational cost, while preserving
a numerical equivalent of entropy inequality (2.10). The disadvantage are the strong requirements
necessary for its application, and the experimentation-based adjustment of the viscosity parameter.

With respect to the error table, we observe that the ES scheme exhibits convergence rates that are
consistently slightly larger than one.

2.4.3 Example 2.2 (traffic model, continuous degenerate diffusion, N = 4)

In Example 2.2, under the same initial conditions as in Example 2.1, we test the model with the
diffusion matrix (2.32), where we define
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Figure 2.5: Example 2.2 (traffic model, continuous degenerate diffusion, N = 4): numerical solution
at simulated time ¢t = 0.1 h obtained by the entropy stable scheme with M = 100 and (left) with zero
extra viscosity, (right) with extra viscosity (2.21) with o = 1.5 (figure produced by the author).

KT LLF ES (a = 1.5)
M e?&t 9M CPU[S] 65\(/)['3 OM CPU[S] 65\(/)['3 ‘9M CPU[S]
100  7.846e-2 @ — 0.76 1.722e-1 — 0.52 6.108e-2 — 0.36
200 4.327e-2  0.859 3.00 1.166e-1  0.562 2.09 3.254e-2  0.908 1.41
400 1.749e-2 1.306 11.50 8.042e-2 0.537 8.19 1.5425e-2  1.078 5.96
800 7.710e-3 1.182 46.51 5.284e-2 0.606  32.82 9.020e-3 0.773  22.23
1600 4.011e-3 0.943 197.69 3.225e-2 0.712 134.94 5.433e-3 0.731 91.72
3200 2.707e-3 0.567 863.22 1.884-2 0.775 626.73  2.466e-3 1.139 413.56

Table 2.2: Example 2.2 (traffic model, continuous degenerate diffusion, N = 4): approximate L' errors
(e'9"), convergence rates (f)r), and CPU times (CPU) at simulated time ¢ = 0.1 (table produced by
the author).

0 if u < ue,
Lmin‘/maX

N

Blu)

(u—wue) ifu> ue,

where V™2 is defined as in (2.40), and we choose u. = 0.2. The new diffusion matrix now depends
on the total density v = u; + - -+ + uny and vanishes when u < wu,, but is still a continuous function
of u. Note that since f(u) = 0 for u < wug, for these u-values the method (2.14) is reduced to an
entropy conservative method for first-order systems of conservation laws that exhibits oscillations. The
resulting model is strongly degenerate. Figure 2.6 confirms that also this example exhibits a decrease
in approximate total entropy. Approximate L'-errors for u computed by a numerical reference solution
(ES scheme with M, = 12800, a=1.5) are shown in Table 2.2. That table also shows CPU times. It
is worth noting that the ES scheme is the one that executes most rapidly and produces errors that are
only slightly larger in some instances that those of the KT scheme at the same discretisation. Thus,
we can say that the ES scheme is the most efficient (in terms of error reduction versus CPU time) in

this case.
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Figure 2.6: Example 2.2 (traffic model, continuous degenerate diffusion, N = 4): total entropy £ of
the numerical solution at different mesh sizes, based on the extra viscosity (2.21) with a = 1.5 (figure

produced by the author).

2.4.4 Example 2.3 (traffic model, discontinuous degenerate diffusion, N = 4)

Under the same initial conditions of Examples 2.1 and 2, now we test the model with the diffusion
matrix (2.32) with

0 if u < ue,
Blu) = — .
LyinV™ax /N if u > u,

where Vmax is still defined as in (2.40) and we choose u. = 0.2. The resulting model is strongly
degenerate, and an additional complication comes from the fact that 5, and therefore K, are now
discontinuous functions of u. Figure 2.7 shows the reference solution obtained for this case, and
Figure 2.8 displays numerical solutions with M = 100. Entropy stability still holds, as depicted in
Figure 2.9. The approximate L'-errors for u computed by using a numerical reference solution (ES
scheme with Mo = 12800, v = 1.5) are shown in Table 2.3.

2.4.5 Example 2.4 (traffic model, continuous degenerate diffusion, non-smooth
initial datum, N = 4)

Under the assumptions of Example 2.2, we replace the smooth initial condition (2.41) by the fol-
lowing function, corresponding to a “platoon” of traffic:

10z for 0 <z <0.1,
1 for 0.1 < z < 0.9,

wo(z,0) = p(2)(0.2,0.3,0.2,0.3)T,  p(z) = o v (2.42)
—10(x —1) for 09 <z <1,

0 otherwise.
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KT LLF ES (o = 1.5)

M etot 0y  CPUJs] etot 0y CPUJs] et 0y  CPUJs]
100 4.742e-2 — 0.78 1.486e-1 — 0.53 3.796e-2 — 0.37
200 2.053e-2  1.207 2.97 9.143e-2 0.701 2.26 1.814e-2  1.065 1.41
400 9.797e-3 1.069 12.83  5.348e-2 0.774 8.92 9.037e-3  1.005 6.06
800 6.752e¢-3 0.535 5548  3.130e-2 0.773 38.36 4.301le-3 1.071  26.06
1600 4.941e-3 0.450 350.13 1.793e-2 0.804 233.55 2.102¢-3 1.033 168.91
3200 4.536e-3 0.123 145228 1.043e-2 0.781 984.89 1.333e-3 0.656 656.21

Table 2.3: Example 2.3 (traffic model, continuous degenerate diffusion, N = 4):

approximate L' errors

(et!), convergence rates (637), and CPU times (CPU) at simulated time ¢t = 0.1 (table produced by

e

the author).

KT ES (a = 1.5) CcU

M 65\(}; 9M CPU[S] 65\% 9M CPU[S] 65\(/)} QM CPU[S]
100 1.365e-1 — 1.92 32.053* — 9743  1.216e-1 — 1.78
200 7.765e-2 0.814 3.34 7.408-2 — 2.22 6.948e-2  0.807 4.49
400 3.751e-2 1.050 14.67 3.931le-2 0.914 10.09 3.417e-2 1.024 20.34
800 1.843e-2 1.025 5991 2.157e-2 0.866 42.54 1.707e-2 1.001  81.32
1600 1.030e-3 0.840 219.62 1.142e¢-2 0.918 151.49 9.736e-3 0.811  298.57
3200 8.006e-3 0.363 963.64 6.921-3 0.722 785.65 8.562e-3 0.185 1362.84

Table 2.4: Example 2.4 (traffic model, continuous degenerate diffusion, non-smooth initial datum,
N = 4): approximate L' errors (e%'), convergence rates (6)r), and CPU times (CPU) at simulated
time ¢ = 0.2 (table produced by the author).
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Figure 2.7: Example 2.3 (traffic model, discontinuously degenerate diffusion, N = 4): reference
numerical solution at simulated time t = 0.1 h obtained by the ES scheme with a = 1.5 and M, =
12800 (figure produced by the author).

i 1 2 3 4 5 6 7 8
20% glycerol  d;[um] 201.430  140.2 99.751  68.986  48.391 34.185 23.810 6.101
%]  0.0859  0.6410  4.4309 7.928 4.7065 1.5710 0.5720 0.1758
50% glycerol d;[pm] 417.819 291.590 202.854 143.384 100.118 68.629 48.259 33.886
V%) 0.329 11.380  25.010 9.921 2.305 0.821 0.502  0.183

Table 2.5: Example 2.5 and 2.6 (settling model, discontinuous degenerate diffusion, N = 8): droplet
particle diameters d; and initial concentrations ¢? (table produced by the author).

Figure 2.10 shows the initial condition and the reference solution for this case, and Figure 2.11 shows
the numerical results for the ES and KT schemes with M = 100 and M = 800. As is shown in
Figure 2.11 (top), this set of initial conditions causes strong oscillations near the transition between
hyperbolic and parabolic regimes. On the M = 100 mesh, these oscillations produce artefacts that
remain through time iterations even with high extra viscosity. In order to avoid these artefacts, a finer
mesh was required; Figure 2.11 (bottom) compares the entropy conservative scheme solution against
a solution by the KT scheme with M = 800. In Table 2.4 we show L!-errors for u computed by a
numerical reference solution (ES scheme with o = 1.5, M, = 12800). The large value of the M = 100
entry for the ES scheme in that table indicates that additional numerical viscosity was not sufficient
to prevent strong oscillations (see Figure 2.11). A numerical solution obtained with the less diffusive
central-upwind (CU) scheme by Kurganov et al. [115] is also presented for comparison.Central-upwind
schemes improve further on the projection step if one is looking for a less dissipative scheme that
could behave closer to the upwind alternatives. This usually results in improvements of the resolution
of nonsmooth parts of the solution [113]. However, for this particular case, we could not observe
significant differences in the total error with respect to the more simple KT scheme. Entropy stability
also holds for this case, see Figure 2.12.
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Figure 2.8: Example 2.3 (traffic model, discontinuous degenerate diffusion, N = 4): numerical solution
at simulated time ¢ = 0.1h obtained by the entropy stable scheme with M = 100 and (left) with zero
extra viscosity, (right) with extra viscosity (2.21) with o = 1.5 (figure produced by the author).

KT COMP-GLF  ES (a=1x1071%)
M 65\(/); 91\/[ 65\? HM e?@t 9]\/[
100 2.877e-4 —  9.554e-5 —  2.187e-4 —
200 1.345e-4 1.097 4.694e-5 1.025 1.027e-4  1.090
400 6.869e-5 0.969 2.872e-5 0.709 5.313e-5  0.951
800 3.882e-5 0.823 2.215e-5 0.375 2.202e-5  1.270
1600 2.332e-5 0.735 1.880e-5 0.237 8.378¢-6  1.394

Table 2.6: Example 2.5 (settling model, discontinuous degenerate diffusion, N = 8): approximate L'
errors (e'7') and convergence rates (6)/) at simulated time ¢ = 50 (table produced by the author).

2.4.6 Example 2.5 (settling model, discontinuous degenerate diffusion, N = 8)

In this example we consider the settling of dispersions of glycerol droplets of total initial concen-
tration 50% in a column of biodiesel of depth L = 20mm according to the experimental setup of [1].
The density of biodiesel is p. = 880kg/m? and that of glycerol is pq = 1090 kg/m?. Other parameters
are the viscosity u. = 6.5mPa and the diffusivity Dy = 10 x 10~"m?/s. We consider N = 8 droplet
size classes. The corresponding droplet diameters d; and initial concentrations u? have been recon-
structed from droplet size histograms [51], see Table 2.5. We also introduce a discontinuous diffusion

function S(u), namely

0 if u < ue,
Alu) = {DOV(u)

where . is a critical density, or gel point, accounting for the onset of compression effects when entities
of the disperse phase start forming permanent contact, for which we choose u. = 0.1 in this example.
Numerical results are obtained by the entropy stable (ES), component-wise global Lax-Friedrichs
(COMP-GLF, a component-wise WENO scheme with a Lax-Friedrichs-type flux splitting, see [44]

if u > ue,
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Figure 2.9: Example 2.3 (traffic model, discontinuous degenerate diffusion, N = 4): total entropy &t
of the numerical solution at different mesh sizes, based on the extra viscosity (2.21) with @ = 1.5
(figure produced by the author).
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Figure 2.10: Example 2.4 (traffic model, continuous degenerate diffusion, non-smooth initial datum,
N = 4): (left) initial condition (2.42), (right) reference numerical solution at simulated time ¢ = 0.1h
obtained by the ES scheme with ov = 1.5 and M, = 12800 (figure produced by the author).
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Figure 2.11: Example 2.4 (traffic model, continuous degenerate diffusion, non-smooth initial datum,
N = 4): numerical solution at simulated time ¢ = 0.2h (top) obtained by the entropy stable scheme
with M = 100 and (left) with zero extra viscosity, (right) with extra viscosity (2.21) with o = 8,
(bottom) with M = 800 and (left) with the KT scheme, (right) with the entropy stable scheme with
extra viscosity (2.21) with o = 1.5 (figure produced by the author).
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Figure 2.12: Example 2.4 (traffic model, continuous degenerate diffusion, non-smooth initial datum,
N = 4): total entropy £°* of the numerical solution of the ES scheme (left)without extra viscosity
and (right) with extra viscosity (2.21) with o = 1.5 at different mesh sizes (figure produced by the

author).
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Figure 2.13: Example 2.5 (settling model, discontinuous degenerate diffusion, N = 8): reference
solution at simulated time ¢ = 50 calculated by the COMP-GLF scheme with Ms = 6400 (figure
produced by the author).
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Figure 2.14: Example 2.5 (settling model, discontinuous degenerate diffusion, N = 8): comparison
of numerical solutions computed using COMP-GLF, KT and ES (o = 1 x 107!2) schemes, M = 800
(figure produced by the author).

for more information) and Kurganov-Tadmor (KT) schemes. Comparisons are made with results
produced by the COMP-GLF Scheme, the reference solution is computed on a fine grid Mo = 6400
(see Figure 2.13) and all methods are integrated in time by a SSPRK22 method with Ccpr, = 0.3.
Observe that the numerical errors presented in Table 2.6 seem to indicate that the methods are not
converging to the same solution. Qualitative results comparing the state of the system at end time,
computed with each of the three methods are displayed in Figure 2.14.

For the present problem with its zero-flux boundary condition the growth of the total entropy is
bounded by inequality (2.11), whose analogy for the semi-discrete entropy stable scheme is (2.27). To
study whether the latter inequality is also valid in the fully discrete case, we plot for this example
(Figures 2.15 and 2.16) and the next one (Figure 2.20) the quantity

Az &
T A Z(”(U?) - 77(“?_1)) +p(u) — p(uly). (2.43)
j=1

Stot,’
EY
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Figure 2.15: Example 2.5 (settling model, discontinuous degenerate diffusion, N = 8): gt for ES
scheme at different values of M (left) without extra viscosity, corresponding to a = 0, and (right)
with extra viscosity (2.21) with o = 1 x 1072 (figure produced by the author).
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Figure 2.16: Example 2.5 (settling model, discontinuous degenerate diffusion, N = 8): £t for (left)
COMP-GLF and (right) KT Schemes at different values of M (figure produced by the author).

Note that, since ¢ = vT f — g after replacing (2.30) and (2.31), we have

N ) N ~ ~
plu) = v(w)TFu) — g(w) = > V(w) logj,“l)mui - (wu) 3 u;log(u;) — v<u>> = V(u).
i=1 v i=1

It is interesting to observe(in Figure 2.16) that contrary to the other two schemes, the component-
wise global Lax-Friedrichs (COMP-GLF) scheme presents problems to preserve non-positivity of the
quantity (2.43) at early stages of the time evolution process.This means that the GLF scheme does
not satisfy general entropy stability, a property only the ES schemes have “built in”. On the other
hand, as in the previous examples, the additional dissipation has little effect on the general behavior
of the total entropy of the ES schemes, moreover considering that in this case (with a = 1 x 10712)
the amount of extra viscosity added is minimal.
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Figure 2.17: Example 2.6 (settling model, continuous diffusion, N = 8): (left) initial conditions and
(right) reference solution computed with COMP-GLF Scheme and M = 3200 at 7' = 200 (figure
produced by the author).

KT COMP-GLF  ES(a=1x 1071?)
M 65\? GM 61]:\(/); QM 65\% (9]\/[
50 3.5472e-4 —  3.7022e-4 —  2.7353e-4 = —
100 2.4303e-4 0.546 2.8147e-4 0.395 2.3220e-4  0.236
200 1.9425e-4 0.322 2.1254e-4 0.405 2.1183e-4  0.132
400 1.7688e-4 0.136 1.7031le-4 0.320 2.056le-4  0.043
800 1.7687e-4 0.000 1.5841e-4 0.105 2.0409e-4  0.011

Table 2.7: Example 2.6 (settling model, continuous diffusion, N = 8): approximate L' errors (e'%)

and convergence rates (6y) for Example 2.6 at simulated time ¢ = 200 (table produced by the author).

2.4.7 Example 2.6 (settling model, continuous diffusion, N = 8)

Now we consider the settling of a dispersion of 20% glycerol with a continuous diffusion function 3.
We suppose the initial concentration (scaled by a factor 1.5) is present only in the top half of the column
as is shown in the left plot of Figure 2.17. Numerical approximations where computed using COMP-
GLF, KT and ES schemes. In all cases Copy, = 0.1 is used, and for the ES scheme a value e = 1 x 10712
is chosen. Qualitative results comparing results for different times are shown in Figures 2.18 and 2.19.

For this example the appearance of thin layers of particles at the bottom of the vessel poses severe
difficulties for the numerical schemes to capture them. In fact for large times, a few oscillations at
high concentrations start to appear which is the reason why a lower CFL constant value than the ones
used on previous examples was required. However, non-smooth artefacts still could be observed in the
high-concentration region at simulated time 7" = 300 in Figure 2.19, especially for the COMP-GLF
scheme.

Numerical errors and convergence ratescomputed against a numerical reference solution obtained
by the COMP-GLF scheme, CFL = 0.01 and a mesh of M, = 3200 can be found in Table 2.7. Here
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Figure 2.18: Example 2.6 (settling model, continuous diffusion, N = 8): numerical solutions at

different times, M = 200 (figure produced by the author).

the stabilization of the total error for KT and ES schemes seems to suggest that the methods are not
converging to the same solution. From Figure 2.20, despite an initial peak, we can see that ES scheme

preserves non-positivity of the quantity (2.43), as expected.
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Figure 2.19: Example 2.6 (settling model, continuous diffusion, N = 8):

different times, M = 200 (figure produced by the author).
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Figure 2.20: Example 2.6 (settling model, continuous diffusion, N = 8):

1 x 107'2) at different values of M (figure produced by the author).
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CHAPTER 3

On H (div)-conforming methods for double-diffusion equations in
porous media

In this chapter we study a stationary Navier-Stokes-Brinkman problem coupled to a system of
advection-diffusion equations, which serves as a model for so-called double-diffusive viscous flow
in porous media in which both heat and a solute within the fluid phase are subject to transport
and diffusion. The solvability analysis of these governing equations results as a combination of
compactness arguments and fixed-point theory. In addition an H (div)-conforming discretisation
is formulated by a modification of existing methods for Brinkman flows. The well-posedness
of the discrete Galerkin formulation is also discussed, and convergence properties are derived
rigorously. Computational tests confirm the predicted rates of error decay and illustrate the
applicability of the methods for the simulation of bacterial bioconvection and thermohaline
circulation problems.

3.1 Introduction

3.1.1 Scope

Double-diffusive flows arise in the flow chemical pollutants in saturated soil, subsurface drilling and
petroleum extraction, crystal growth, chemical and food processing, and numerous other applications
[24,86,88,119,136, 139,150, 166]. This class of models originates in combining heat and mass transfer
interacting with flow within porous structures. One of its particularities is the formation of boundary
layers due to coupled thermal and compositional mechanisms [59]. This occurs (at least in the case
known as augmenting flows) since mass transfer increases the effect of buoyancy due to heat transfer.
The difference in the diffusivities of the two fluid components then contributes to redirecting the flow
away from the vertical density gradient [155]. Another characteristic phenomenon of double-diffusive
flows is cross-diffusion [129,139], where the flux of the solute is influenced by temperature gradients.
This so-called Soret effect usually co-exists with the reciprocal phenomenon, known as the Dufour
effect.

The governing equations are posed on a open and bounded spatial domain 2 C R%, d =2 or d = 3,
with boundary conditions imposed on the boundary I" = 0f2 that is assumed to be Lipschitz. The

45
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model adopts the form of the incompressible Brinkman-Navier-Stokes equations for the viscous flow
of an incompressible Newtonian fluid in a porous medium, where the velocity u and the pressure p
are the unknowns, coupled to a pair of advection-diffusion equations with cross-diffusion that describe
the diffusion of heat and solute. Specifically, we assume that a given species (e.g. salt) has a slight
solubility within this fluid, and that S denotes its concentration (i.e., weight of solute per unit weight
of solution), while T is temperature, and m = (T, S)T. The stationary behaviour of this system can
be expressed as follows:

K u + (u-V)u — div(y(T)Vu) + Vp — F(m) =0 in £2,
divu =0 in {2,

3.1
—div(DVm) + div(u®m) =0 in §2; 3.1)
m=mP, w=0 onl,

where K(x) > 0 is the permeability matrix rescaled with viscosity, F' (1) is a given function modeling
buoyancy, D is the 2 x 2 constant matrix of the thermal conductivity and solutal diffusivity coefficients
(possibly with cross-diffusion terms), and v is a temperature-dependent viscosity function. (Precise
assumptions on the model functions and problem data are stated in Section 3.2.)

It is the purpose of this chapter to propose a divergence-conforming finite element method for
the double diffusive problem, considering temperature-dependent viscosity and possible cross-diffusion
terms subject to the restriction of maintaining the coercivity of the diffusion operator. The formulation
includes the Navier-Stokes/Brinkman flow description, which makes this model suitable for the study
of flow in saturated porous media and interfaces between porous media and free flow. The numerical
scheme is based on H (div)-conforming Brezzi-Douglas-Marini (BDM) elements of order k for the
velocity, discontinuous elements of order k—1 for the pressure, and Lagrangian finite elements of order
k for temperature and the concentration of a solute. In particular this formulation produces exactly
divergence-free velocity approximations, which are of particular importance in ensuring that solutions
to the flow equations remain locally conservative as well as energy stable (see e.g. [62]), and moreover,
the error estimates of velocity could be derived in a pressure-robust manner (see [100]). Another
consequence of local conservation is that the coupled systems (in the present case, of temperature and
reactive concentrations) can be written, at the discrete level, in exact divergence form.

3.1.2 Outline of the chapter

The remainder of this chapter is organized as follows. In Section 3.2 we introduce some recurrent
definitions of functional spaces (Section 3.2.1), specify the assumptions on the model coefficients
and problem data and state the problem in variational form (Section 3.2.2), and establish auxiliary
properties of the bilinear and trilinear forms involved (Section 3.2.3). Section 3.3, which follows closely
the analysis of [137], is devoted to the well-posedness analysis of the continuous problem (3.1). The
basic idea consists in utilizing the correspondence of solutions (u,p,y) of the variational formulation
of (3.1) with solutions (u,y) of a problem in which the pressure does not appear. The main results
of Section 3.3 are Theorems 3.1 and 3.2, stating the existence and uniqueness, respectively, of a
variational solution of (3.1) under appropriate assumptions. The H (div)-conforming method for (3.1)
is then introduced and analyzed in Section 3.4, which is at the core of this chapter. Specifically, in
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Section 3.4.1 the method is formulated (based on an appropriate choice of the underlying discrete
spaces), and in Section 3.4.2 discrete stability properties of the bilinear and trilinear forms at discrete
level are provided. These properties allow us then, in Section 3.4.3, to establish existence of a discrete
solution. This follows from the main result of that section, Theorem 3.3, which is based on a fixed-
point argument. Finally, in Section 3.4.4 we conduct an a priori error analysis, and in particular
establish orders of convergence (in terms of the meshsize) of the discrete solution to the continuous
one. In Section 3.5 we present results of three different numerical experiments, namely an accuracy test
for a two-dimensional manufactured solution that confirms that the experimentally observed orders
of convergence are consistent with those predicted in Section 3.4.4 (Example 3.1, Section 3.5.1), an
illustration of the Soret and Dufour effects in a two-dimensional porous cavity setup that validates
the method against benchmark data from literature (Example 3.2, Section 3.5.2), and simulations of a
non-stationary problem on a three-dimensional domain describing bioconvection of oxytactic bacteria
that evaluates the extension of the proposed methods to nonlinear cross-diffusion and reaction terms
in the diffusion-advection equations.

3.2 The model problem

3.2.1 Preliminaries

Let £2 be an open and bounded domain in R? d = 2,3 with Lipschitz boundary I = 812. We will
use the vector-valued Hilbert spaces

H(div; 2) = {w € L*(2) : divw € L*(2)},
Hy(div; 2) == {w € H(div; 2) : w - ngo = 0 on 912},
Hy(div’; 2) :== {w € Hy(div; 2) : divew = 0 in 2},
were nyg denotes the outward normal on 042; and we endow these spaces with the norm

iy, = llwllf o + lldiv w3 o

3.2.2 Assumptions and weak form of the governing equations

We assume boundary data regularity mP = (TP, SP) € [H'/2(I")]?, as well as Lipschitz continuity
and uniform boundedness of the kinematic (temperature dependent) viscosity, i.e.,

|V(T) — v(To)| < w|Ty =T and v < v(T) < 1s, (3.2)

where 7, 1, 19 are positive constants. Moreover, we assume Lipschitz continuity of the function F(y)
defining the buoyancy term, i.e. there exist vg, Cr > 0 such that

‘F(Tﬁl)—F(mg)‘S’yF’Tﬁl—mﬂ and ‘F(T?L)‘SCF’WL‘ (3.3)

The d x d permeability matrix K is assumed symmetric and uniformly positive definite, hence its
inverse satisfies vTK ™ (x)v > a1|v|? for all v € R? and x € £2, for a constant oy > 0. We also require
D to be positive definite, i.e., 57 D5 > as|5]? for all 5 € R?, for a constant ap > 0.
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The variational formulation of problem (3.1) is obtained by testing against suitable functions and
integrating by parts, and can be formulated as follows:

Find (u,p,m) € HY(2) x L3(2) x [H'(2))? satisfying 17 = mP on I" and
a(m;u,v) + c(u;u, v) + b(v,p) = d(m,v) for all v € H}(12),

b(u,q) =0 for all g € LE(£2),

a (1M, 8) + cq(u;m, 5) = 0 for all 5 € [HY(0)]?,

(3.4)

where the involved forms are defined as
a(Fu,v) = (K lu 'v)Q + ( (5)Vu, V'v) c(w;u,v) = ((w- V)u,v)

b(v,q) = (¢.divo)o, d(5,v):= (F(5),v),,
az(m, §) = (DVm, V§)Q, e (v;m, §) = ((v - V)rﬁ,é’)g

for all u,v,w € HY(R2), ¢ € L*(12), and m, 5 € [H'(£2)]?, where v(5) is understood as the kinematic
viscosity depending only on the first component of the vector 3.

3.2.3 Stability properties
First, note that due to (3.2)-(3.3), the following continuity properties hold for all u, v, H'(2),
q € L*(2), and m, 5 € [HY(2)]*

|a(-,u,'v)| < max{vs, ||K_1Hoo}( 2) (3.5a)

|4 (171, ) (3.5b)
\b 1 < Gyllvlv.ellgllo.0, (3.5¢)
(3.5d)

In addition, and due to the Lipschitz continuity of v (stated in (3.2)) and Holder’s inequality, the
following property holds for all 171,72 € [H'(£2)]? and u € W1(£2):
|a(mn; u, v) — a(ime; u,v)| < Yllullwreg)llm — melLellvlLe- (3.6)
On the other hand, standard Sobolev embeddings indicate that for r > 1 if d = 2 or r € [1,6] if
d = 3, there exists C;7 > 0 depending only upon [£2| and r such that [|w||gr(p) < Cr|lwl|1,e for all
w € HY(). Then taking w,v,w € H'(2) and 1,5 € [H(£2)]?, and applying thls inequality along
with Holder’s inequality with % + %* = %, gives the following bounds
|C(wu v)| < CIC wly, rzHUIIl rzllUHl 2 = Collw|elullellv]e,
| (w3 i, §)] < s = Collwllellmlell s @), (3.7)
| (w3, §)| < Ceczl\w\ll QHmlll rz||§1|1 2 = Collwl1,ellill,el8,e.

Next, Poincaré’s inequality together with the properties stated in Section 3.2.2 implies that the
bilinear forms a(-;-,-) (for a fixed temperature), and az(+,-) are coercive, that is

a(5,v) = min{r, a1} ([Vol g + [0]3.0) > aallvlZ, forallve HY(2),  (3.8)

4(5.5) > oaldll o > dull S o for all 5 € [HY (). (3.80)
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Using the definition and characterisation of the kernel Z of b(-, -), namely
Z={ve Hj(R):bv,q =0Yge L§(2)} ={veH)R):divo=0in 2},
and using integration by parts we can readily observe that
c(w;v,v) =0 and ¢ (w; 5,5) =0 for all w € Z,v € H'(2),5 € [H ()] (3.9)

Remark 3.1. Note that (3.8a) together with (3.9) implies the HJ (2)-ellipticity of the bilinear form
a(m, - ) + c(w,-, ) : HY(2) x H}(2) = R for any given m € [H(2)]? and w € Z. A similar result
holds for the bilinear form @m(-,-) + cq(w, -, ) : [HE(2)]? x [H}(2)]* = R

Moreover, the bilinear form b(-, -) satisfies an inf-sup condition:

b
sup (v, q)

lo,o forallge L%(Q)
veHL(2)\{0} vl

> Bllq

(see [157] for this well-known property). Finally, for w € W1*°(£2) and § € [H(£2) N L>(£2)]? there
exists an embedding constant C's, > 0 such that

ull1,0 < Coollullwieoy and  |[8]zs0y2 < Cool|8ll[Lee (2)2- (3.10)

3.3 Well-posedness analysis of the continuous problem
We start by stating a well-known equivalence result (see [41, Chapter II, Theorem 1.1], [82, Chapter
I, section 4]), adapted to the context of our problem.

Lemma 3.1. If (u,p,m) € H(2) x LE(2) x [H'(2)]? solves (3.4), then (u,m) € Z x [H'(2)]?
satisfies m|pr = mP and
a(ny; u,v) + c(u;u,v) —d(m,v) =0 forallve Z,

- (3.11)
am(m, 8) + eq(u;m,§) =0 for all §€ [Hy(02)]°.

Conversely, if (u,m) € Z x [HY($2)]? is a solution of the reduced problem (3.11), then there exists
p € LE(92) such that (u,p,m) is a solution of (3.4).

In order to deal with the non-homogeneous Dirichlet data appearing in the thermal energy and
concentration equation, we utilise a lifting argument adapted from [137]. We write m as m = mg+miq,
where g € [Hg(£2)]? and 77 is such that

my € [HY(02)]? with 77 | = mP. (3.12)

Lemma 3.2. If 52 ¢ [HY?(I")]?, then for anye > 0 and 1 <r <6 ifd=3 or anyr > 1 ifd = 2,
there exists an evtension 51 € [H'(£2)]? of 52 with 1511z ()2 < e

Proof. Tt follows similarly as for its scalar counterpart, proven in [125, Lemma 4.1]. O
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Lemma 3.3. Let (u,m) be a solution to (3.11). Then there exist positive constants Cy, Cy, such that
1,0 and ||Mol[1,0 < Cal[i1,0.

lullie < Culliia

Proof. If one takes v = w and § = myg in (3.11), then we can assert that

a(mo + T?Ll; u, U) + C(’U,; u, ’U,) - d(mv U) = Oa

am(ﬂ_’io + ’rﬁl,rﬁo) + Cm(’u,; mo + ﬁl,mo) =0.

Using Remark 3.1, conditions (3.3), (3.5d), and Holder’s inequality, yields the estimate

L0 (3.13)

Similarly as above, from (3.8b), (3.9), (3.5b) and (3.7) we can derive the relation

aqllull} o < Cr(lliiollie + |7 l1,0)[lu

aallioll} o < Callia[lnellmollie + Collwlellmill sy il 1,0 (3.14)

Then, substituting (3.14) back into (3.13), we obtain

Cr (Co+tda, -, > -
ull,0 < — (a — ||l + = ”qu,QHm1H[L3(Q)]2>7
g Qg Qg

which in turn implies that

Cy. . Cr(Cy+aa) . _
1,0 <1 - d||m1H[L3(Q)P> < M(Hml

|u
Qqllq

1,0)-
In view of Lemma 3.2, we may assume that %Hmlu[m(m]g < 1/2. Then we have

|lull1,0 < ———||7u]|1,0- (3.15)

Inserting (3.15) into (3.14), we are then left with

2C,Cp(Cy + Gq)

a-ra

S Cay . . .
o1, < &*allmllll,n + |71 |23 (22 171 []1,02
a

O]

Theorem 3.1. Assume that the conditions of Section 3.2.2 hold. Then there is a lifting m, € [H'(£2)]?
of mP e [H'Y/2(I"))? satisfying (3.12) and such that problem (3.11) has a solution (w,m = Mg +171) €
HY(02) x [HY($2))2. Furthermore, there exist constants Cy,C > 0 only depending on the stability
constants of Section 3.2.3 such that ||ul|1,0 < Cyllmi|1,0 and ||Mo]l1,0 < Cxllni|1e-

Proof. The result follows as an adequate modification of the proof in [125, Section 4], after applying
Lemma, 3.3 and Brouwer’s fixed-point theorem. ]

The assumption of additional regularity (justified for velocity in e.g. [157, Sect. 1.3], and for
temperature and concentration in [64,112,126], for example), along with a smallness condition allows
us to establish uniqueness of solution, stated as follows.
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Theorem 3.2. Let (u,m) € [Z N WL (2)] x[H(£2) N L>(2)]? be a solution of the reduced problem
(3.11), and assume that

max{[|w| w000y, 171l {L00 (22, 7P } < M, (3.16)

for a sufficiently small constant M > 0. Then such solution is unique.

Proof. Let (u,mm), (@, m) be two solutions of problem (3.11), both satisfying assumption (3.16). Sub-
tracting the corresponding variational formulations, we have

(w, u,v) — c(i, @, v) — (d(17, v) — d(n1,v)) =0, (3.17a)

c )
am(mag) - aT?L(T%%g + C*(U;T?L,g) - Cm(ﬂ;ﬁia g) =0 (317b)

) u — i)
w;t,u— ) — o(@; U, u — )| (3.18)

Analogously, we can take § = m — m € [H}(£2)]? in (3.17b), and employ the coercivity of the form
a (¢, -, ) in (3.8), to eventually obtain

aalli — I3 o < e (w — s m, m — ).
On the other hand, from relation (3.6) and assumption (3.16) it follows that

a(m, @, w — @) — a(m, @,u — )| < 3, M|m —m|1olu — |50, (3.19)

and hence replacing (3.19) in (3.18) and taking into account the continuity of the forms c(+; -, -) (stated
in (3.7)) and the Lipschitz condition (3.3), we arrive at the bound

aallu—alf o < WMl - nil1ellu - alle + Collalhelu - ali o

+rllu — el — L0
Proceeding in a similar manner, we can also derive the estimate

aallit — 1§ o < Collu — @10l s e 17 — 7illL0.
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Now employing (3.10) in combination with Young’s inequality, we have

M .5
%,Q + 7(% + 1)l — mH%,Q,

- v, 1 -
Qg llu — uH%Q < M(; + C,Csx + 2) |lu—a

s S 1_ 5
Gl =1 g < 5CLCM (|lu—

B+ 17 = il13 o) -
Adding these inequalities and defining C' == (1 + 7, + C,Cs)/2, we get
(a0 = M(CuCoo + O))llu— @]} o + (4a — MC)|l1 — i ||F 5 <0,

and thus uniqueness holds as long as M < min{ag/(CyCso + C), éa/C}. O

3.4 Finite element discretisation

3.4.1 Formulation of the H(div)-conforming method

Let us consider a family of regular partitions, denoted 7y, of {2 into simplices K (triangles in 2D or
tetrahedra in 3D) of diameter hg. For k € Ny and a mesh 7, on {2, we consider the discrete spaces
(see e.g. [40])

Vj, = {'vh € Hy(div; 2) : vp|x € [Pu(K)¢ VK €Ty, }»
On={aqn€L§N): qu|lx € Pro1(K) VK €Ty},
My = {5, € [C(2)?:5h|Kk € [Pe(K)* VKeTp},  Mpgo=M;nN[H)2)?
which in particular satisfy div V, C Qp, (cf. [109]). Here V}, is the space of divergence-conforming BDM
elements. Associated with these finite-dimensional spaces, we state the following Galerkin formulation
for problem (3.1):
Find (wp, pp,mp) € Vi x Qp x My, such that miy|p = 77_’25
and for all (vp, qn, 5h) € Vi X Qp X My,
a" (n; wn, vi) + < (un; wn, vp) + b(vn, pr) = d(17n, vp), (3.20)
b(un, qn) =0,
ag (Mp, 8p) + cg (wp; My, 8p) = 0.
Here mg = ZrmP and Zr is the nodal interpolation operator defined in Section 3.4.4, the discrete

versions of the trilinear forms a(-;-,-) and c(+;-,-) are defined using a symmetric interior penalty and
an upwind approach, respectively (see e.g. [19,46,109]):

al (35 up, vp)

= /(2(K1Uh -V + 1/(§h)thh : thh)

- ({{u<§h>vhuhne}} [on] ~ AT} - Fud + 22063 ] [[vhﬂ),

ec&y,

" (wp; up, vy) = /Q('wh -Vuy) - vp, + Z /8 W, (up) - vp,

Ker, JOR\T
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where the fluxes are defined as W)’ (uy) = (wp, - nx — |wy, - ng|)(u§ — uyp), and uf is the trace of
u taken from within the exterior of K. As in the continuous case, we define the discrete kernel of the
bilinear form b(-,-) as

Zp ={v, € Vy:bvp,qn) =0Vq, € Qp} ={vp, €V :divy, =01in 2}.

3.4.2 Discrete stability properties

For sake of the subsequent analysis, we introduce the following, parameter and mesh dependent
broken norms

H [V]113 e

* Th
KeTy, eeé‘h

[0l 7, = ollvllg, + vellvl 7 for all v € H(Th),

= H'U”l,Th + Z h%(|'v|27K for all v € H2(771),
KeTy

where 0 = |K™!|o0.2 and vs is defined in (3.2). We also recall the broken version of the well-known
Sobolev embedding result (see e.g. [83, Lemma 6.2], [102, Prop. 4.5] or [67, Th. 5.3]): for any r > 1 if
d=2or1<r<6,if d =3 there exists a constant Cqyp, > 0 such that

lvllzr(2) < Cembllvll17, for all v € HY(T}). (3.21)
Moreover, we will use the broken space
Y(Tw) = {ue H (T;) : ulx € CH(K),K € Ty},

equipped with an appropriate norm |[u|[yy1.00(7;) = maxge7, [[ulwi.0 (k). Finally, we will also use an
augmented H'-norm defined as

15118, = 1517 o + Z ngﬂe for all 5" [H'(£2)]*.

eesh

Using these norms, and the local trace inequalities

[vll0.0r < Clhy*|0llox + bl vl k) for all v € H'(K),
Ipllo,or < ChK HPHO,K for all p € Py (K),

we can establish continuity of the trilinear and bilinear forms involved, stated in the following lemma
that can be proved following [137, Section 3.3.2] and [19, Section 4]:

Lemma 3.4. The following properties hold:

} v)| < Cllullo7 vl for all u € H*(Ty,), v € Vj,, (3.22a)
} v)| < Callull1,7| for all uw,v € Vj, (3.22D)
\b Q)| < Cyllvl m\quo 2 for all v € H'(Ty), ¢ € L§(52), (3.22¢)



3.4. Finite element discretisation

54
and for all u,v,w € H(T},) and 5 m € [H'(2)]?,
d(7, )| < Crllillololz (3.230)
| (w; i, 3] < Cillwlla7 1801270, (3.23b)
e (w57, 5)| < Callwl 7 Il e IV o 0 (3.23¢)
Moreover, for 31,5, € [H'(£2)]?, u € C1(T},) and v € Vj,, there holds
‘ah(gl;uvv

) — a" (823 u,v)| < CLipm |51 — S2llre, lullwros (7 011,75,

(3.24)
where the constant C’Lip > 0 is independent of h (cf. [137, Lemma 3.3]). A related result follows for
"(-;-,-) as in [137, Lemma 3.4]. Let w,wy,u € H?(T,) and v € Vj,. Then there exists C, > 0
independently of h such that

| (wy;u,v) — " (wa;u, v)| < Cyllwy — w1 7 ||ully,7 [lv

1,7, (3.25)
While the coercivity of the form az(+,-) in the discrete setting is readily implied by (3.8), there also
holds (cf. [109, Lemma 3.2])

a(-,v,v) > da||v||i7—h for all v € V,
provided that ag > 0 is sufficiently large and independent of the meshsize.

(3.26)
Let w € Hy(div"; £2), then, according to [137] we can write
1
Iw;u,u) = 5 > /|'w “n||[v])? >0 for all u € Vj, (3.27)
eEE}iL ¢
as well as the following relation

e (w; §p, 8,) =0 for all 3, € My, (3.28)
which arises from integration by parts and holds at the discrete level since the produced discrete
velocities are exactly divergence free. Finally, we recall from [109] the following discrete inf-sup
condition for b(-,-), where 3 is independent of h:

b(vy, ~
sup M > Bllgnllo.e  for all g, € Q. (3.29)
onevi\{o} lvnlli T,
3.4.3 Existence of discrete solutions

Due to the discrete stability properties stated in the previous section, a discrete analogue of Lemma
3.1 holds.

Lemma 3.5. If (up, pn,mip) € Vi, X Qp X My, is a solution of (3.20), then wy € Zy, and (wp, mp) is
a solution of the discrete reduced problem

a (mh;uha U) + Ch(uh; Uh,’U) - d(T?Lh,U) = 07

am(ﬁih,§) + cm(uh;mh,éﬁ =0 for all (’U,g) € Zy X Mh’g.

(3.30)
Conversely, if (up,myp) € Zp X My is a solution of (3.30), then there exists a unique pressure
pr € Qp such that (wp, pr, myp) is a solution to (3.20).
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As in the continuous case, we also perform a boundary lifting of 7, by setting niy = My 0 + Mg 1
with 1m0 € My o, and
Mip1 € My,  ina|r = 1) (3.31)
Lemma 3.6. Let (up,my) be a solution of (3.30) with my = nip o+ Mip1 as in (3.31). Assume that
CrCy

S 1
Caepl|7in1ll[Ls ()2 < > where  Cyep = At (3.32)

Then there exist constants C’u, éﬁ > 0 only depending on the stability constants from Section 3.4.2,
such that
lunlli,7 < CulMinallie and  [JmisllLe < Callminall,e- (3.33)

Proof. We choose (v, 5) = (up, M) in (3.30) and use (3.27)-(3.28) to obtain
a" (s wn, wp) = d(iin, wn), @ (7,0, Mh,0) + @i (1,1, Mh0) = —Coi (Wh; M1, 700, 0).-

Invoking the coercivity of the forms ap(-;-,-) and asz(-,-) in (3.26), (3.8b) and the boundedness of
cm(s5e,0), d(-,-) stated in (3.23¢), (3.23a), we have

1,2), (3.34a)
LT (3.34b)

aallunllr,z, < Cr(llnoll,e + Iiina

bl 0ll1,.2 < Callinalle + Collinall 232w

Substituting equation (3.34b) into (3.34a) then leads to

Cy
Qg

a

Qg

dallunllir < OF<||mh71||1,n Sl + [Lsm)]znunl,n),

Ca

Qq

S Cr S 5 o
lwnll1, 7, < Caepllminallizs o) + = (1 + >\mh,1||1,9 < CullMin 1,0,
a

where Cy, = 2%"“ (1+ S—Z) Finally, the definition of the discrete liftings and an application of triangle

a

inequality imply that

~ ~

. . 2= .
Imnlle < ==l7nllne + == ls@pzllwnllng + 17nle
(07} (%)
Co+Ga, . o Cot b
< ———mnallie + i llizs@)22Cr—=—— im0
Qg (07 Qg
Co+éa, . S
<2 —mp1le < Callmnilh o

a

O]

Theorem 3.3. Let miy, 1 be a discrete lifting satisfying (3.32). Then there exists a discrete solution
(up,mp) € Zp, x My, to (3.30) satisfying the stability bound (3.33).
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Proof. We shall make use of Brouwer’s fixed-point theorem in the following form: Let K # & be
a nonempty compact convex subset of a finite dimensional normed space, and let L: K — K be a
continuous mapping. Then L has at least one fized point in K. Let us then start by defining the
following finite-dimensional set, where Cy, is the constant from (3.33):

K1 ={wy € Zp: w17 < é’uHthHl,Q},

Note that K; is convex and compact. Next we define the mapping T: K1 — K1, wy, — T'(wp) = up,
where wy, is the first component of the solution of the following linearised version of problem (3.30):

Find (wp,my) € Zp, x My, such that for all (v, 5) € Zj, x My, :
a’ (i wp, v) + M (wp; up, v) — d(mp, v) = 0, (3.35)
@i (M0, §) + ca(Wh; M0, §) = —am (1,1, 5) — ¢z (Wp; a1, §).
Clearly, we have the equivalence

T(up) = up <= (up,my) € Zp X My, satisfies (3.30),

and owing to Lemma 3.5, we also get

T(up) = up <= (up,Mp,pr) € Vi x My, x Qy, satisfies (3.20).

In order to prove that the discrete fixed-point operator T is well-defined, we define the following
sets, where Cy, and Cl; are the constants from (3.33):

K= {('wh,goh) € Zp X My, ||wy,
K = {en € Mp: |lepllie < Calliinillie,

1.2, lenllie < Callfina e},

17 < Culliiin g

and introduce the discrete operator R: KK — K1, (wp, ) — R((wn, ) = up, where uy, is the
unique solution to the problem

Find uj, € Z;, such that for all v € Z}, (3.36)

0" (o, ) + ¢ (wni ) — dlpp, ) = 0.
and similarly define the discrete map S: K1 — Ka, wy, — S(wp,) = My, where my, € My, is the unique
solution of the problem

Find i, € M}, such that for all 5§€ My, (3.37)

7 (170,05 §) + € (W3 Min0, §) = = (Min,1, §) — cq(Was M)
Clearly, T' can be rewritten as T(wy) = R(wp, S(wy)), so to prove its well-definiteness, it suffices
to show that R and S are well-defined. We begin with operator R. Since for any wy € Z; and
@), € [H'(£2))? the bilinear form a”(@y;-,-) + ¢ (wy, -, -) is Vj-elliptic (thanks to (3.26) and (3.27)),
existence and uniqueness follow from the Lax-Milgram lemma. Moreover, selecting v = uy, in (3.36),
we can appeal to the coercivity of a”(-;-,-), the positivity of c(-;-,-) (3.27), condition (3.32), the
bound for d(-,-) stated in (3.23a), and the bounds within the definition of K to deduce that

Cr
lunlli 7 < = llenllellualz
Qg
OrCi da+ C

a ata

unll 7, <
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which implies that uy € K.

Analogously, for S we note that thanks to (3.8b) and (3.28), the bilinear form a;(-,-) + ¢ (wp, -, )
is My, p-elliptic, hence for a fixed discrete lifting 7734 1, the homogeneous counterpart to the linear
problem (3.37) has a unique solution. Proceeding as done above for (3.35), we use once more the
coercivity of az (-, ) (3.5b), (3.28), condition (3.32), the bound (3.23c) for ¢;5(+; -, ), and the definition
of K1 to find that

C
. w17,
p 0 « +C’
}22017&7“77%,1 1,0
Qg
< 2aa +C,

a

We then employ triangle inequality to obtain

aa+C

M0 <2 Imnallie + 17nilne < Callmnlle,

a
hence establishing that iy, € KCo.
In order to apply Brouwer’s theorem, it remains to show that R and S are continuous operators.

Let us assume we are given (w, ) € K and a sequence {(wy, ;) hien C K such that [|Jw; — w17, — 0
and ||¢; — |10 = 0as ! — oo.

From the definition of R (cf. (3.36)) the following relations can be derived:

ah((pl;ulvv) + Ch(wl;ulav) - d(cpl?v) = Oa
a"(p;u,v) + (w;u,v) — d(p,v) =0 forall v € Z,.

Subtracting these two systems from each other and rearranging terms yields

a (o u —up,v) + Mwu — wy,v) = —ad(@;u,v) + d (@ u,v) — H(w;u,v)
+ Ch(wl; u, U) + d(Lpr) - d((P,U)

for all v € Z;. We can take in particular v = u — u;, and exploit the coercivity of ah(-; -,+), the fact
that c"(-,u — u;, w — u;) > 0, the boundedness of ¢(-;-,-) (3.25) in combination with the bounds for
d(-,-), as well as property (3.24), to eventually get

1
lu = wlh 7 < =—(Crpwle = @ille lullws)

a
+ Cyllw — w7 [[ull,7 +vFlle — @ill1e)
< C(lle = @illne, llullwroor) + llw — w1 7|

a);

and hence ||u — w17, — 0 as [ — oo.

Next we consider the definition of S (3.37) and again we consider the relations

am(ml,gj + Cm(’wl;ml,g) =0, am(m,§) + Cm(w;m,gj =0 forall §e Mh}o.
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Subtracting the second system from the first leads to

—

am(ffu — Tﬁ, g) + Cm(’wl;m - T?Ll,g&) = —cm('w;rﬁ,?) - cm('wl;m, g)

Now we take § = m — nmy € Mp, o and immediately note that ¢,z (w;;m — ny, m — ny) = 0, thanks to
(3.28). Using the coercivity of az(+;-,-) in (3.5b) together with the boundedness of ¢;7(-; -, ), we have

7 — 7 g <

Ca S L.
& w = williz 7l 23 )2l =l

a
hence |17 — 1|10 < Cllw — wil|1,7, |72 (0)2 and thus [[7 — 71,0 — 0 as I — oo. O
Remark 3.2. The application of Theorem 3.3 relies on the particular choice of the discrete bound-
ary datum and the associated discrete liftings. Furthermore, the construction of the liftings may be
computationally expensive. As in [137], we focus mainly on nodal interpolation of the boundary data,
however, the discussion of other alternatives and its shortcomings in [137, Section 4.2] is still of great
relevance for this work.

Remark 3.3. Unlike conforming discretisations, one cannot directly establish a discrete version of
Theorem 3.2. In fact we were not able to control the augmented norm ||-||1 ¢, in a way reciprocal to
that used to prove that theorem. However, even when uniqueness of the discrete counterpart remains
an open problem, our non-erhaustive selection of numerical examples did not present any difficulties
i this regard.

3.4.4 A priori error analysis

Let us denote by 7, : [C(£2)]?> — [My]? the classical nodal interpolation operator with respect to a
unisolvent set of Lagrangian interpolation nodes associated to the conforming space M}, and by Zp
the restriction of 75, to the boundary nodes. By I u we denote the BDM projection of w, and Ly, p is
the L?—projection of p onto Qj,. Under adequate regularity assumptions, the following approximation
properties hold (see [41,109]):

lw — T w27, < C(Vah™! 4+ /vah) [ullsi1,0,

s — T 10 < CHH [l 1,0 (3.38)

Ip = L pllo.o < CH|[pllr,0-
The following preliminary trace result can be proven as in [137, Lemma 4.3].
Lemma 3.7. Assume that mP € [C(I')]* and m}) = IrmP. Then there is a lifting mip 1 € My, such
that M 1| = 7’715 and

17n1 01,2 < Ctll735) 112, (3.39)

where the constant Clg, > 0 is independent of the meshsize.

Remark 3.4. If one assumes that CdepcembChfth]}:L)Hl/Q’F < 1/2 with Ctrip, Cemb, and Cqep defined
by (3.39), (3.21), and (3.32), respectively; then, by Theorem 3.1, there exists a solution (wp,nip) to
(3.11) with My, = mp,o0 + Mp1 satisfying the stability bounds

lunllz, < CuCunllmip|l2,r  and  [|7in]l17 < CaClig R /2,0 (3.40)
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If we assume additional reqularity of the exact solution m € [H?(£2)]%, then ||77_}LEH1/27[‘ s bounded
independently of h (cf. [137, Lemma 4.7 and Remarks 4.8 and 4.9]).

Theorem 3.4. Let us consider liftings satisfying (3.31), and let us assume the data are sufficiently
small (3.32). Let also (w,p,m), (wn, pn, mp) be the solutions of (3.4) and (3.20), respectively. Assume

the condition
max{||w vy (), [1173][p00 (22, YF} < min(M, M), (3.41)

with M sufficiently small as specified in (3.16), and M is bounded by the data of the problem in a way

that will be made explicit in the proof. Furthermore, suppose that fork =1, uw € CH(2)NH?*(2)NZ,

p € HY(N), and m € [L=(N)]?> N [H?(2)]?, and that for k > 2 there holds w € H*'(2)n Z,

p € H*(R), and m € [H*1(2)]2. Then there exist constants C > 0 independent of the meshsize such
that

[ = wpllo7, + 7 = inlle < CAF(|wllkrr.e + [7illkie), (3.42)

lp — prllo.e < CH*(IIpllk.e + lwllerr.e + [7llki,e)- (3.43)

Proof. An application of integration by parts together with the assumed velocity regularity readily

implies that the exact solution (u,p,m) satisfies:
ah(m; w,vp) + " (w;w,vp,) — b(vy, p) — d(m,v,) =0 for all v, € V, (3.44)

(see for example [109, Lemma 3.1]). We then write a discrete analogue of (3.44) and subtract the
result, leading to the following Galerkin orthogonality

a’ (7 w, vp) — a” (7n; wn, on) + ¢ (w;w,0n) = M (up; un, vp) (3.45)
—b(vn, p — pp) — (11 — 17y, vp) = 0. .
In addition, it is not difficult to verify that
b(u — Up, Qh) = 07 arﬁ(m - T?Lh, (Ph) + CT?L(IUH T?L, (Ph) - Crﬁ(uha mha Soh) =0 (346)
for all (gn, ¥p) € Qn X My . Let us define the errors
Cu ‘= (u— Hhu) + (Hhu—uh) = Fy + &y,
€p = (p - th) + (['hp _ph) = Ep +£p7
e = (M —Ipm) + (Zpm —myp) = Eg + &,
so after testing (3.45) against vy, = &, and rearranging terms we end up with
ah(mha g'ungu) + Ch(uha €u7 gu) = IO + I + 127
where,
IO = d(m> gu) - d(mhv f’u)a
Il = [ah(’rﬁh) 'LL, gu) - ah(Ih ’I’ﬁ, ’LL, é’u)]
+ [a" (Tn 1755w, &u) — @ (175w, €4)] — " (Min; B, &), (3.47)
I = [Ch(uh; u, fu) - Ch(Hh uu, gu)]
+ [ch(ﬂh u;u, y) — Ch(u; u, )| — ch<uh§ Eu,&u)-
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The rest of the proof will be devoted to finding appropriate bounds for these terms. Starting with
Iy, we combine (3.3) and the triangular inequality to get
Io < yrllm —mpll1ell€ulhn < vF(16ale + 1 Ealle) gl
Next, from (3.24), the continuity of a”, and the small data assumption in (3.41) we get

I < Cipm M (€7l elléullir, + 1Ballell€ullir,) + Call Bulliz, 1€l

Moreover, from (3.25), (3.25), (3.10), (3.40), and again assumption (3.41), we obtain

1,70 | Bl 73, 1€l 75
57 + 1 Bullm €ullim) + CoCuClitel 117 12,0 1 Bully 75, 1ull1,75,-

Iy < Colléull? 7, lull1,e + Coll Bullz Il 7 | €ulliz + Collun
< CoCoo M (6w

Inserting the bounds on Iy, I1 and I into (3.47), also using the coercivity of the left-hand, thanks
to (3.26)-(3.27); and applying Young’s inequality we arrive at

dalléull s < ((1+ Crip) M||E

L0+ (éa + CN’UCN’uHm‘h HH1/2(F)) Bl 7)1 &ull1,7,

- (14 CLipm | ~ 1+ CLipmy -
(i (G s a0 ) Il + SRR Nl e (39

We handle (3.46) in a similar way and take ¢, = &7 as test function. This leads to

am (&my &m) + o (Mps Mp, Em) = —am ( — ¢ (Eus M, &)

B, &m)
- Cm(Eu; 777L, gﬁ) - Cﬁl(uh; Eﬁ”‘u 5771)

In addition, on the left-hand side we use the coercivity of a,, properties (3.9), (3.23b), (3.40), the
embedding (3.10), as well as assumption (3.41) to get

dallémllf 0 < Call Eallnelénllie + Crloo M (|€ull 7 1€m 1.0 + | Bullu 7 1mll1.02)
+ C1CuChige ||, (|12, r [ B |1, 011§ 11,2,

and after applying Young’s inequality and regrouping terms, we have

dallénll o < ((Ca+ CrCuCuatliR l11j2,0) | Eaill,e + C1rCo M| Eullr,7;) 1 11,0

1 -
+ 5C1C M (||gullf 7, + 1€a11,0)- (3.49)
Adding (3.48) and (3.49) and defining C := (1 + C’Lip'y,, + C’lC’OO)/Z we obtain

(@ = M(C + CuCo)) lI€ull? 75, + (G — MO)&ailF o
< OBl + [1Bulliz) (I€ulh7 + 16m

1.73)-

Hence, if we choose M such that M < min{a,/(C + C,Cxs), éa/C} (note that this constant depends
only on the data of the problem), then we readily obtain ||y |17, +|émll1.2 < CU|1Emlli,e + | Eulli,T,)-
Using now the approximation properties in (3.38), we straightforwardly get (3.42).
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For the pressure estimate we consider the discrete inf-sup condition (3.29) as well as (3.22c). It
follows that

! b 1 b 1 b(vp, E
I€pllo.0 < = sup b(on, &) <= su b(vn, ep) +=  su b(vn, Ep)

B oeviroy vnllz, B vnevi\for llvnllim,

1 b(vy, e C

B onevi\{oy ol

Now for any vy, € Vj, (3.45) implies the bound b(vp, ep) < I3 + 14 + I5, where

(17, vp) — d(Mip, vp)l,
h

|d
|la"(17; w, vp) — a” (Tn; w, vp)| + |a” (Mg, €, V1)),
= |c"(u;

w,vp) — " (up;w, vp)| + [ (wn; eu, vp)|-

Hence we can use property (3.3) to deduce that I3 < vp|lem |1 ollvnl1,7,- From (3.24), (3.22a), and
assumption (3.41), it then follows that

It < Cupyllellvellullwo o) lonllz, lonlls, 75,

< CripwM|emll1,ellvnlm,

vl -

Now we use (3.25), (3.10), (3.40) and the bound in (3.25) to get

I5 < Collunllr7 lewlly 7 lonllg, + Collullig llewll 7 vz,
< CoCsoMlewll2, 7 vnll1,7, + CoCuClitel|Mig, | 2y llewll2,7 1onl1,75-

The estimates on I3, I4 and I5 therefore yield

b(vn, ep)| < Clllemlle + llewllas) 1ol (3.51)

Hence (3.43) follows by replacing (3.51) in (3.50) and using the approximation properties (3.38). [

Notice that, thanks to the divergence-free property of the discrete velocities, the bound (3.42)
confirms that the family of methods proposed here is pressure-robust (see also the discussion in [100]).
This can be also observed numerically, for instance in Table 3.3 where the magnitude of the pressure
errors does not affect the magnitude of the velocity errors.

3.5 Numerical tests

The following set of examples provides numerical confirmation of the convergence rates anticipated
in Theorem 3.4. We further validate the proposed method by comparing our produced results against
benchmark solutions found in the literature, and we present one test oriented to applications inherent
to doubly-diffusive flows in porous media. The linearisation of the system of equations associated with
the assembled form of (3.20) is carried out by Newton’s method, setting a relative tolerance of 1E-8
on the residuals. In turn, the solution of the resulting linear systems present at each Newton step is
conducted using the bi-conjugate gradient stabilised Krylov solver (BiCGStab). In the implementation
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k DoF e, rate ep rate er rate es rate ||divuple,n

195 0.6798 - 1.5670 - 03498 - 0.2721 - 1.33E-15

707 0.3779 0.847 1.1370 0.563 0.1975 0.824 0.1385 0.974  4.88E-15

2691 0.1873 1.012 0.6614 0.787 0.1019 0.954 0.0696 0.992  9.77E-15
10499 0.0923 1.021 0.3485 0.925 0.0513 0.988 0.0348 0.998  2.13E-14
41475 0.0459 1.007 0.1771 0.977 0.0257 0.997 0.0174 0.999 4.62E-14

2 523 0.3258 1.657 1.7741 1.243 0.1221 1.101 0.0338 1.767  9.03E-14
1971 0.0847 1.943 0.6826 1.378 0.0326 1.905 0.0089 1.928  2.23E-13

7651 0.0179 2.237 0.2159 1.661 0.0083 1.968 0.0023 1.979  4.82E-13
30147 0.0038 2.238 0.0587 1.877 0.0021 1.991 0.0006 1.994  9.96E-13
119683 0.0008 2.108 0.0151 1.964 0.0005 1.998 0.0001 1.998  2.01E-12

Table 3.1: Example 3.1 (accuracy test): experimental errors and convergence rates for the approximate
solutions wp, pp, T, and Sy; and £°°-norm of the vector formed by the divergence of the discrete velocity
computed for each discretisation. Values are displayed for the first and second order schemes for a
flow regime with v, = 0 =1 (table produced by the author).

k DoF e, rate e, rate ep rate eg rate [divuplc,n

195 2.1490 - 14352 - 0.3498 - 0.2721 - 1.55E-15

707 1.2041 0.835 10.710 0.429 0.1975 0.824 0.1385 0.974  4.00E-15

2691 0.5958 1.015 6.3981 0.749 0.1019 0.954 0.0696 0.992  8.88E-15
10499 0.2925 1.026 3.4170 0.904 0.0513 0.988 0.0348 0.998  2.31E-14
41475 0.1453 1.010 1.7461 0.968 0.0257 0.997 0.0174 1.000  4.26E-14

2 523 1.0380 1.652 17.152 1.119 0.1221 1.101 0.0338 1.767  9.24E-14
1971 0.2688 1.949 6.7861 1.338 0.0326 1.905 0.0089 1.928  2.29E-13

7651 0.0568 2.241 2.1562 1.654 0.0083 1.968 0.0023 1.979  4.87E-13
30147 0.0121 2.239 0.5875 1.876 0.0021 1.991 0.0006 1.994  1.01E-12
119683 0.0028 2.108 0.1507 1.963 0.0005 1.998 0.0001 1.998  2.00E-12

Table 3.2: Example 3.1 (accuracy test): errors and convergence rates under a Stokes regime with
v9 = 10,0 = 0 (table produced by the author).

of the method, the normal component of the velocity is fixed in the form of an essential boundary
condition, whereas its tangential component is incorporated as a natural boundary condition and
imposed @ la Nitsche (see e.g. [92]). Moreover, the condition of zero mean value for the pressure
approximation is implemented using a real Lagrange multiplier. All tests were implemented using the
open-source finite element library FEniCS [7].

3.5.1 Example 3.1: accuracy test

In our first computational test we examine the convergence of the Galerkin method (3.20), taking
as computational domain the square 2 = (—1,1)2, and considering a sequence of uniformly refined
meshes {7;,;}; of mesh size h; = 27'4/2. We take a buoyancy term of the form F(m) = (T + N,.S)g,
where N, is the solutal to thermal buoyancy ratio; and choose an exponential form for the viscosity
v(T) = rpexp(~=T), g = (0,1)T, K™' = oI, D = 10001, ag = /o10*. Following the approach
of manufactured solutions, we prescribe boundary data and additional external forces and adequate
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k. DoF e, rate e, rate er rate eg rate [divuplc,n
195 5.3102 - 28742 - 0.3498 - 02721 - 1.78E-15
707 1.6182 1.715 148.01 0.958 0.1975 0.825 0.1385 0.974  4.44E-15
2691 0.4303 1.911 72.992 1.021 0.1019 0.954 0.0696 0.993 1.07E-14
10499 0.1324 1.701 36.721 0.991 0.0514 0.988 0.0348 0.998 2.13E-14
41475 0.0516 1.359 18.472 0.992 0.0257 0.997 0.0174 1.000 4.26E-14
2 523 1.9250 2.483 270.41 2.175 0.1221 1.101 0.0338 1.767 9.49E-14
1971 0.5142 1.905 51.930 2.38 0.0326 1.905 0.0089 1.928  2.27E-13
7651 0.1364 1.914 11.504 2.175 0.0083 1.968 0.0023 1.979  4.94E-13
30147 0.0389 1.808 3.1610 1.863 0.0021 1.991 0.0006 1.994  9.99E-13
119683 0.0104 1.900 1.0190 1.633 0.0005 1.998 0.0001 1.998  2.03E-12
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Table 3.3: Example 3.1 (accuracy test): errors and convergence rates for the approximate solutions
for a Darcy regime, with v, = 1,0 = 10000 (table produced by the author).

source terms so that the closed-form solutions to (3.1) are given by the smooth functions

p(x,y) = cos(mz) exp(y),
0.1+ 0.3 exp(zy).

u(z,y) = (sin(rz) cos(my), — cos(rz) sin(my))

T
9y

T(x,y) =0.54+0.5cos(zy), S(z,y)=

Relative errors in their natural norms, along with the corresponding convergence rates computed as

ep = |lp — pullo.2/lIpllo,2s  er = [|T — Thll1,e/IIT|1.0,
1,2/11S|l1,0,  Tate =log(e()/é.))log(h/h)] ",

where e, € denote errors generated on two consecutive meshes of sizes h and h, respectively; are listed

euw = |lu —wupll1,7 /[T,
eg = ||S — Syl

in Table 3.1 for kK = 1,2, where the model constants are chosen as stated above. We can observe
that the total error is dominated by the pressure approximation, and that the discrete velocities are
divergence free. The tabulated values also indicate an optimal O(h*) convergence, consistently with
the theoretical bounds stated in Theorem 3.4. We also conduct two additional series of accuracy tests
focusing on the cases where the viscosity and permeability coefficients scale differently, changing from
Stokes to Darcy regimes. These values are collected in Tables 3.2 and 3.3, respectively. Apart from
an increase of the pressure error, we can see that the experimental rates of convergence remain close
to the optimal behaviour.

3.5.2 Example 3.2: Soret and Dufour effects in a porous cavity

Using the following dimensionless variables: = = z*/H,y = y*/X,u = uH/v,p = p*H/pv, T =
(T* —To)/(Th — Tp) and C' = (C* — ¢p)/(Cy — Cp) (where H is the cavity height and v the kinematic
viscosity of the fluid), we can write the equations describing transport phenomena in a square porous
cavity with thermal and concentration diffusion in the form (3.1). We set K = Dal, v(T) = 1 and
F(y) = (Gry T + Gr¢ C)g, where g = (0, —1)T points in the direction of gravity, m = (T7,C)T, and
the diffusion coefficients are given by

Ri/Pr  Du

D=
Sr 1/Sc
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4 u=0
adiabatic and impermeable

Ra 100 200 400 1000 2000

u=20 u=20
T.C g l Ty. Co Nu Present Study 3.10 4.97 7.84 13.72 20.31
Ref. [59] 3.15 5.02 7.83 14.01 20.00
Ref. [86] 3.11 4.96 7.77 13.47 19.90
Sh Present Study 13.58 20.73 30.91 49.42 66.80
Ref. [59] 13.54 20.11 27.96 48.01 71.25
w0 - Ref. [86] 13.25 19.86 28.41 48.32 69.29

adiabatic and impermeable

Table 3.4: Example 3.2 (porous cavity): (left) sketched domain with boundary conditions, (right)
comparison of average Nusselt and Sherwood numbers for N = 0, Le = 10 with thermal Rayleigh
numbers on Darcy’s regime (table produced by the author).

Here, Ry is the thermal conductivity ratio, Grp, Greo are the thermal and solutal Grashof numbers
respectively, Da = k/H? is the Darcy number, Pr = v/a the Prandtl number, Sc = v/D¢ the Schmidt
number, and the ratio Le = Sc/Pr the Lewis number.

For a preliminary validation we conduct a series of computational tests using a buoyancy ratio
N = Gr¢/Gry = 0. The computational domain is the unit square {2 := (0,1)2, considering no-
slip velocity conditions on I'. Temperature and concentration are kept at Ty, Cy and Ty, Cy at the
right and left walls respectively, where Ty < T7 and Cy < C;. Horizontal walls are adiabatic and
impermeable, as depicted on the left of Table 3.4. In this subsection we will use & = 2 and a mesh
with 20000 elements. We compute Nusselt and Sherwood numbers and compare these outputs against
well-known benchmark data from [59] and [86]. The average values of Nu and Sh values on the left
vertical wall are, respectively

Lar Loc
Nu= [ =—| dy, Sh= [ —
b /0 oz |,_, Y /0 Ox

For the values R, = 1.0, Da = 1077, Le = 10, Sr = 0, Du = 0, and Pr = 10, results for different
thermal Rayleigh values are computed and summarised on the right panel of Table 3.4 along with the
results from [59,86]. For Ra < 1000, the values of Nu and Sh are within a relative error of 3%, for the
last value Ra = 2000, within 6%.

dy.

=0

Keeping the remaining parameters fixed, we now set Ra = 100, Le = 0.8 and N = 1. The effect
of Dufour parameter on the flow, thermal and concentration fields are portrayed in Figure 3.1 for
Du € {0.1,1}. The velocity field and isotherms are in qualitative agreement with those in [24, Fig. 2].
In Figure 3.2 we repeat the plots keeping Du = 0 and with Soret values of Sr € {0.1,1}. As expected,
the result is almost symmetric with an exchange of behaviour between temperature and concentration.
Moreover, in both cases an increment of Sr or Du drives an increase of velocity in the recirculation
patterns. Finally, in Figure 3.3 we fix Du = 0.5, Sr = 0.5 and test the effect of buoyancy by setting
N = —5 and alternatively, N = 5. We can see the reversion of flow direction caused by the difference
in buoyancy of the species. Note that in the last case D is not positive definite and solvability
of the coupled problem cannot be guaranteed. Nevertheless, convergence of the Newton iterations



3.5. Numerical tests 65

N ;
20 0.25 05 075 1
G,

i S A
0.0 ML L i L I
0

I
20 0.25 0.5 075 1

Ch

Figure 3.1: Example 3.2 (porous cavity): (left) velocity field, (middle) isotherms and (right) concen-
tration contours for (top) Du = 0.1, (bottom) Du =1 (figure produced by the author).

was observed for a broad range of parameters (Sr,Pr € [1073,103], N € [1,10], Da € [1077,1],
Ra € [100,2000]). The convergence of Newton iterates is lost only when the Soret number Sr takes
values greater than 5 (and provided that N > 0 and Du = 0).

3.5.3 Example 3.3: bioconvection of oxytactic bacteria

With the notation 7 = (c1,c2)” the oxytactic bacteria bioconvection phenomenon (see [119,120]),
can be modelled by (3.1), with diffusion, reaction, and remaining concentration-dependent coefficients
given by

Dy —ar(e)er

W):[o.o o ] o) = Br(cz) (_01>, F(

(0 r(c)—1 1+ ©2 =0
T\ T e e

3

)

vag
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Figure 3.2: Example 3.2 (porous cavity): (left) velocity field, (middle) isotherms and (right) concen-
tration contours for (top) Sr = 0.1, (bottom) Sr = 1 (figure produced by the author).

We consider a rectangular prism with square base [0, 1] x [0,1] and height 0.75, discretised into a
tetrahedral mesh of 48000 cells. Fixing the parameters 5 = 0.1, Dy = 0.01, Dy = 0.2, v = 5000,
a =0.25, Sc = 1072, and ;. = 2, we use a pseudo timestep, using At = 0.1 to compute intermediate
state solutions, starting from a distribution of bacteria packed in a ball of radius 0.2 and placed near the
top of the vessel. Snapshots (at advanced time) of the numerical solution are displayed in Figures 3.4
and 3.5. We observe how the bacteria propagate downwards, producing recirculating zones as indicated
by the velocity field. The first snapshot shows that the oxygen concentration has more variation
on the top layers due to the competition between consumption of the high bacterial concentration,
recirculating flow, and diffusion. Later on, oxygen concentration follows the flow direction, showing
higher values downwards in the centre of the recirculating zones. The pressure distributes from low
on the top, to high on the bottom, also decreasing its magnitude as the bacteria reaches the vessel’s
bottom.



3.5. Numerical tests

\!\1\\1|6\.3 0

8.17 12.3

67

‘ : | J
0.25 0.5 075 10 0.25 0.5 075 1
T; C,
i i ,/"
i /£ v/ /r' y /’f
li (L] (L [
; TTTTTTT T T 5
0.25 0.5 0.75 0.25 0.5 0.75
T, Gy,

Figure 3.3: Example 3.2 (porous cavity): (left) velocity field, (middle) isotherms and (right) concen-

tration contours for (top) N = —5, (bottom) N =5 (figure produced by the author).
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Figure 3.4: Example 3.3 (bioconvection): patterns generated by the bacterial chemotaxis towards
oxygen concentration. Snapshots of the obtained solutions at times (top) ¢ = 0.1, (middle) ¢ = 0.3

and (bottom) ¢ = 0.5 (figure produced by the author).



3.5. Numerical tests

Uy, Dy
-2.659¢+00 1.789e+02
10558 £ 23.096
-0.54717 -225.05
-2.1501 -427
-3.753e+00 -6.289402

=
-
Up, Py
-2.6596+00 -1.789¢+02
10558 ©23.096
-0.54717 -225.05
-2.1501 -427
-3.753e+00 -6.289€+02
=
Yo
Up, h
-2.6596+00 1.789e+02
10558 £-23.096
-0.54717 -225.05
-2.1501 -427
-3.753e+00 -6.289+02

Z
v

Figure 3.5: Example 3.3 (bioconvection): patterns generated by the bacterial chemotaxis towards

oxygen concentration. Snapshots of the obtained solutions at times (top) ¢ = 0.1, (middle) ¢ = 0.3
and (bottom) ¢ = 0.5 (figure produced by the author).
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CHAPTER 4

Convergence of H(div)-conforming schemes for a new model
of sedimentation in circular clarifiers with a rotating rake

In this chapter we introduce a macroscopic model for simulating the sedimentation-consolidation
of solid particles in an incompressible fluid under the effect of gravity and in the presence of
a slowly rotating arm assisting the removal of sediment on the bottom of clarifier-thickener
units. The governing model is an initial-boundary value problem for the Navier-Stokes equations
describing the flow of the mixture coupled with a nonlinear parabolic equation describing the
volume fraction of solids. The rotating structure is accounted for by suitable drag laws on the
momentum balance of the mixture and on the mass balance of the solid phase. An H(div)-
conforming method for the coupled problem is proposed, a rigorous proof of convergence is
provided, and the validity of the new model and the performance of the scheme are demonstrated
numerically by several computational tests.

4.1 Introduction

4.1.1 Scope

We advance a phenomenological model of solid-fluid interaction in a continuously operated clarifier-
thickener, which is an equipment widely used in the mining industry, wastewater treatment plants,
and other applications. The new approach accounts for the effect of the rotating rake structure, the
influence of the settling solid particles, and the three-dimensional incompressible flow of the mixture.
A large variety of these devices are used in industry, but most clarifier-thickeners are circular tanks
of 1,50m to 150m in diameter equipped with a feed inlet and overflow and discharge outlets for
continuous operation. In many devices, a pair of rotating rake arms that move over the gently sloped
bottom help to move the concentrated slurry toward the centre of the tank, where it is removed.
Clear liquid overflows the top of the tank and is collected through a circumferential launder (see
Figure 4.1). Although there are many main types of thickeners or clarifiers such as bridge support,
column support, and traction devices, for the purpose of the present modelling framework these are
all considered equivalent.

The mathematical modelling and numerical simulation of this kind of processes is challenging due to
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R Fin

Figure 4.1: Schematic view of the clarifier unit, indicating height H, maximal radius R, and the
location of the rotating rake; as well as the separation of the boundary into the walls, the outlet, the
feedwell inlet, and the overflow weir (figure produced by the author).

the intrinsic multiscale and highly nonlinear nature of the sedimentation-consolidation mechanisms,
complicated geometries and boundary conditions, as well as the feedback interaction between the
mixture flow and the motion of the rake (the fluid applies a load on the solid structure, implying a
deformation, generating stresses, and eventually modifying the flow). For instance, simplified models
that would be based on geometrical symmetry are in this case of very restricted applicability, since
the settling of the particles occurs in the vertical direction while the rotation of the rake acts in two
horizontal directions, and the velocity distribution under typical operating conditions is quite far from
unidirectional.

We consider process of sedimentation and transport of a suspension consisting of a phase of finely
divided solid particles dispersed in a viscous fluid. This mixture is contained in a clarifier tank with
a moving rake. For the sedimentation-consolidation of the suspension we assume that the particles
are relatively small with respect to the tank size and possess the same density. It is assumed that the
mixture is composed of incompressible solid and liquid phases, that the mixture velocity is relatively
small, and that the suspension is already flocculated before the process starts (see [56, 148]). The
motion of the mixture is governed by the incompressible Navier-Stokes equations coupled with the
transport equation for the solids as follows,

pt <881; +div(u ® u)) —div(v(c)e(u)) + Vp = folc) + frlu, 1), (4.1a)
divu =0, (4.1b)
gi —div(D(c)Ve — cu — fox(c)k) = —ge(c,®,t) in 2 x (0,7). (4.1¢)

Here the sought quantities are the mixture velocity u, the pressure p and the local solids fraction ¢ as
functions of time ¢ € [0, 7] and spatial position & € 2 C R3, where the spatial domain {2 represents
the interior of the clarifier-thickener. Moreover, pf is the fluid density, e(u) = 3(Vu + VuT) is the
strain rate tensor, and k is the upwards-pointing unit vector. The material behaviour is described by
the concentration-dependent viscosity v, the Kynch batch flux density function fy, and the diffusion
function D. These three quantities are nonlinear given functions of ¢ that are specified in Section 4.2.1.
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The term f,(c) represents the body force and is given by fy(c) = g(ps — pr)c as in [65], where
g = —gk and g is the acceleration of gravity. The terms f;(u,x,t) and g,(c, x,t) describe the action
of the rotating rake, and are specified in Section 4.2.2. The system (4.1) is supplied with initial and
boundary conditions that are made precise in Section 4.2.3.

It is the purpose of this chapter to advance a novel discretisation for the resulting initial-boundary
value problem that is of second-order in space and time. The discretisation employs divergence-
conforming BDM elements of order k£ for the approximation of the velocity, discontinuous elements
of order k — 1 for the pressure, and continuous Lagrange elements of order k for the volume fraction.
We use an interior penalty discontinuous Galerkin technique in order to enforce H'-continuity of the
velocity (similarly as done in [49]); and employ the second-order backward differentiation formula
(BDF2) for the discretisation in time. Our analysis includes the stability of solutions of the associated
Galerkin scheme and the derivation of optimal error estimates in time and space for problems with
small and sufficiently smooth solutions. These properties constitute a proof of convergence of the
fully discrete scheme as the meshwidth and the time step tend to zero. The novelty of the treatment
consists in the inclusion of terms that account for the influence of the rake motion on the momentum
balance and the removal of solids. We also adapt techniques of the immerse boundary finite element
method (see e.g. [34]) for the analysis and numerical approximation of those terms.

4.1.2 Outline of the chapter

We have organised the contents of this chapter in the following manner. Section 4.2 describes the
general governing equations, the constitutive relations, and the interaction terms. It also specifies
the boundary and initial conditions, and it outlines the weak formulation of the problem for a fixed
time. In Section 4.3 we introduce the Galerkin discretisation and define the fully discrete method,
briefly addressing stability and convergence properties. Section 4.4 is devoted to the computational
results, including parameter calibration, accuracy verification, as well as the simulation of clarifier
performance under different operation scenarios.

4.2 Preliminaries

4.2.1 Constitutive functions

The viscosity v is supposed to be given by the following nonlinear function of c:
v(c) = 1o+ vo(l — ¢/Cmax)’, (4.2)

where v is the viscosity of the pure fluid, b > 0 is a parameter, and ¢pax is a (nominal) maximum
solids volume fraction. We do not consider here the high-order terms that account for microstructural
arrangement of the granular material as e.g. in [148].

Moreover, the one-dimensional Kynch batch flux density function describing hindered settling [117],
fok; and the sediment compressibility, D(c); are non linear functions of the concentration ¢, which can
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Figure 4.2: Schematic representation of the mapping X, from the rake reference domain B to the
moving domain (2,.(¢) in a longitudinal section of the clarifier unit (figure produced by the author).

be taken as follows [47]:

D(c) = Dy + m, For(€) = Vg [c (1 - c:ax>np] , (4.3)

where V,, is the Stokes velocity, nr a material-dependent exponent, Dy > 0 is the constant of hy-
drodynamic self-diffusion, ps and pr are the solid and fluid mass densities, respectively, and oc(c) is
the so-called effective solid stress function, which characterises sediment compressibility in the case
of flocculated particles. The function o, is assumed to satisfy o/(c) = doe(c)/de > 0 for all ¢, which
ensures that D(c) > Dy > 0.

4.2.2 Rotating rake

To include the rotating rake into the computational model, we follow Das et al. [65] using a simplified
approach that only takes into account the area of influence of the rake, and characterises the details
of its geometry through parameters. The rake area of influence (hereinafter we will refer to it only as
rake) £2,(t) can be represented as the image of a mapping X, (-;¢) from a reference domain B C R? (see
figure 4.2). We denote by s the coordinates in B, then X, (s;t) represents the position of a point in
the current domain (2,(¢). That is, € 2,(¢) if and only if there exists s € B such that x = X, (s;t).
For simplicity we will consider a constant angular velocity w for the rake, then the rake velocity u,(s),
depends only on the distance to the rake centre. Further, we suppose f; depends on the difference
between the fluid velocity and the rake velocity w,; and g, depends on the difference between the
concentration in front of the rake and a concentration after removal ¢, which is linked to the rake
geometry. To express f;(u,x,t) in compact form, it is useful to define the function ¢ : R — R given
by ¢(z) = 2?sgnx = x|x|. Then we define

Uy -1 x; — u(x, ‘ny)n, ifx (1),
fr(u,m,t) — {B'OTC(( (Xr ( t)) ( t)) ) faxe Q (t)
0 otherwise,
afe(@,t) —a) if z e (1),

0 otherwise,

gr(c,x,t) = {
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where « is a removal coefficient, 8 is the drag coefficient that includes the contact surface to volume
ratio, p, the rake density and m, the vector pointing towards the tangential direction with respect
to the circular motion of the rake in the (x,z2)-plane. Following the approach of the immersed
boundary method [34,35] as well as a recently proposed model arising in the context of flow-canopy
interaction [161], we rewrite these expressions as

fr(u,z,t) = ﬁpr/ C(ue(s) = w(Xi(s, 1);t)) - ) ed (x — Xi(s31)) ds,

B (4.4)

g(c,x,t) = a/ (c(Xi(s,t);t) — ¢r)0(x — X(s5t))ds forallaw e 2 andt € (0,7).
B

Here, 0 is the Dirac delta function. Even if the presence of the rotating arm through (4.4) does not
resolve stress localisation on the structure, it already represents an extension over the model in [65].

4.2.3 Initial and boundary conditions

The set of governing equations is furnished with the following initial and boundary conditions:

u(0) =0, ¢(0)=co in {2, (4.5a)

u(x,t) = Uiy on I, t € 10,71, (4.5b)

c(x,t) = cin on Iy, t € [0, 7], (4.5¢)

u(x,t) =0 on Iyan, t € [0,7], (4.5d)

[v(c)e(u) —pIln =0 on Loy U g, t€[0,7], (4.5e)
(D(c)Ve — fok(c)k) -m =0 on I'yan U Iy, t € 10,77, (4.5f)
D(c)Ve-n=0 on Iou UL, t € 0,7, (4.5g)

which represent that at the inlet we impose velocity and volume fraction of solids, on the walls we set
no-slip velocity and zero-flux for ¢, and on the outlet and effluent overflow regions we set zero normal
total stress, and zero total flux. The disposition of domain boundaries is exemplified in Figure 4.1.

4.2.4 Weak formulation

The weak formulation of problem (4.1) is obtained by testing against suitable functions and inte-
grating by parts, and can be stated as follows:

Find (u(t),p(t), c(t)) € HY(2) x L*(02) x H*(£2) satisfying

the boundary conditions (4.5b) and (4.5¢) and for all v € H}(£2), ¢ € L*(2) and | € H'(02):
(8tu( ),’U)Q + aq (c( ); u(t ),v) + ¢ (u(t),u t), ) b('u,p(t)) = Fy(c(t),v) + Fi(u(t),v), (4.6)
b(u(t),q) =0,

(8pc(t),1) , + az(c(t); et), 1) + ca(u(t); c(t), 1) — da(c(t), 1) = —Gr(c(t),1).
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Using [34, Lemma 1], we can consider F, € H~1(£2), G, € H~!(£2), and the variational forms that
are defined as follows for all u,v,w € H(£2), ¢ € L?(12), and ¢,l € H(02):

a1(c;u,v) = (v(c)e(u),e(v)),, bw,q) = (¢,dive)g, ci(wiu,v) = (w- V)u,v)ﬂ,

Fy(c,v) = (g (ps — ps) ¢, v)
Fi(u,v) = ,Bpr/BC((ur(s) —u(Xi(s;t),1)) - ne)n,v (X, (s51)) ds,
as(c; ¢, 1) == (D(c)Ve, VZ)Q, ca(v;e,l) = (v-Ve,l),,

da(c,l) = (fbk(c)k:, Vl)!2 — (fok(O)k -n, D), wurg Gilel) = a/B(c(Xr(s; t),t) — cr)l(Xr(s;t)) ds.

Although some related results are available from the literature, for instance the existence of strong and
weak solutions for the periodic motion of a rigid body in an incompressible fluid [80], the solvability
analysis of (4.6) is still an open problem. We will proceed to the semidiscrete analysis under the
assumption that the continuous problem is well-posed and that the weak solutions are regular enough.

4.3 Numerical method

4.3.1 Definition of the discrete problem

For the space discretisation, we will consider a family of regular partitions, denoted 7y, of 2 C R¢
into simplices K (triangles in 2D or tetrahedra in 3D) of diameter hyx. For £ > 1 and a mesh 7; on
(2, let us consider the discrete spaces (see e.g. [40,49])

Vi = { oy € H(divi ) s ol € [PLE)I VK € Th }

Qn={an € L) : gyl € Pr1(K) VK €Ty},
My ={s,€C(2): lh|lx € Pe(K) VK €T},

which in particular satisfy divV;, C Qy, (cf. [109]). Here Py(K) denotes the local space spanned by
polynomials of degree up to k and V}, is the space of divergence-conforming BDM elements. Associated
with these finite-dimensional spaces, we state the following semi-discrete Galerkin formulation for
problem (4.1):

Find (up,pp,cn) € Vi X Qp X My, such that for all (vp, qn,ln) € Vi X Qp X Mp:
(Oyun, vi) o + al (cny wn, vp) + cf (wps un, vi) — b(vn, pr) = Fylcn, vi) + Fr(un, vp), (4.7)
b(“’h?Qh) = Oa

(Ocen, ) @ + az(cn; cn, In) + c2(up; cn, Un) — da(cn, ln) = —Gr(cn, ).



4.3. Numerical method 76

Here the discrete versions of the trilinear forms af(-;-,-) and c?(:;-,-) are defined using a symmetric
interior penalty and an upwind approach, respectively (see e.g. [19,109]):

+ 3 [(-teentuwny - ol

all (cp; un, vn) 12/(V(Ch)€h(uh) en(vp))
2 ee&y

—ﬁw%wam%34wm+;w@mwﬂ-hﬁ)
c?('wh;uh,vh) ::/('wh V)up, - vy + Z / vy,

(wp, -y, — |wy, - nk|)(uf — up), and uj, is the trace

N[ =

where the upwind flux is defined as w,"(up,) =
of uy, taken from within the exterior of K.

Let us introduce a partition of the interval [0, 7] into N subintervals [t,_1,,] of length At. We
will use an implicit, BDF2 formula. That is, all first-order time derivatives are approximated using
the centred operator

1 /3 1
Opup, (") ~ At( uzﬂ —2ujp + 2u” 1>,

(similarly for d;c) whereas for the first time step a first-order backward Euler method is used from ¢’
to t!, starting from the interpolates u%, cg of the initial data. The resulting set of nonlinear equations
is solved with an iterative Newton-Raphson method with exact Jacobian.

4.3.2 Spatio-temporal accuracy of the discretisation

For sake of the subsequent analysis, we assume Lipschitz continuity of the concentration-dependent
viscosity

v € Lip(Ry);  min, Ymax : Ve € Ryt vmin < v(¢) < Vmax-

Moreover, the flux fyx(c) is assumed to be Lipschitz continuous, and the diffusion coefficient D = D(c)
is supposed to be a nonlinear function satisfying

D e Lip(R+); E|D1,D2 >0: Vece R+ : D < D(C) < Ds. (48)
For simplicity, we impose the following modified boundary conditions:
u(w,t):O, C(wat):07 (D(C)Vc_fbk(c)k)'nzo onl' te [Oaﬂa

and we emphasise that the analysis can be extended to the non-homogeneous case following, for
instance, lifting arguments.

We utilise the following mesh dependent broken norms

Z HV”HO KT Z

KeTy, eEé’h

W37 = lolig + > h%dvb,x for all v € H*(Ty).
KeTh

o[l 75, = [0ll§ o + llvll2 7, for all v € H'(Th),
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We also recall the broken version of the well-known Sobolev embedding result (see e.g. [83, Lemma
6.2], [102, Prop. 4.5] or [67, Th. 5.3]): for any r > 1 if d =2 or 1 < r < 6, if d = 3 there exists a
constant Ceyp, > 0 such that

HUHLT(Q) < Cemp |17, for all v € H1(77L) (4.9)
Furthermore, we will use the broken space
01(771) = {u € Hl(’ﬁl) tuli € Cl(K’),K € E},

equipped with an appropriate norm |[u||y1.00(7;) = maxkeT;, ||[ullw1. k). Using the discrete norms,
embedding (4.9) and local trace inequalities, we can establish continuity of the trilinear and bilinear
forms involved, stated in the following lemma that can be proved following [19, Section 4]:

Lemma 4.1. The following properties hold:

‘a’f(-,u,v)| < éa”“”LﬁH”HLE for all u,v € V},, (4.10a)
b(0, )] < Collvllizlalloe for all v € H(Th), q € L3(2), (4.10b)
|ca(w; e, 1)| < Crllwl17, llhellclie  for allw € HY(T;) and I, ¢ € H'(£2). (4.10c¢)

Moreover, for c1,ca € HY(2), c € WH®(2), uw € CY(T,) N H () and v € Vj, there holds
|at(c1;u,v) — af(co; u,v)| < Cuipller — eall1.ellwllwroe g lv]1,7,
|az(er, ¢,1) = as(ca, ¢, 1)| < Cuipller — ezl allellwroe @) ll1,0, (4.11)

where the constant Cpi, > 0 is independent of h (cf. [49]). A related result follows for ¢?(-;-,-) as
in [137, Lemma 3.4]. On the other hand, let wi,wo,u € H?(T,) and v € Vj,. Then there exists
Cy, > 0 independently of h such that

(s w,0) — (w5 0, 0)] < Collwn — ws 7 el 7 o7 (4.12)
Moreover, while the coercivity of the form as(-,-,-) is readily implied by (4.8),

as(-,c,c) > dchHiQ for all c € H'(02), (4.13)
there also holds (cf. [109, Lemma 3.2])

at(-,v,v) > da”"’”%,n for all v € Vj, (4.14)

provided that ag > 0 is sufficiently large and independent of the meshsize.

Furthermore, based on the assumptions on D, we have

|las(s¢,0)| < Callell1,elllll,e  for all ¢,l € H'(£2). (4.15)

In addition, if we let w € Hy(div’; 2) := {w € H(div,2) : w-n =0 on 92, divw = 0 in N2}, then
according to [137] we can write
1
A(w;u,u) = = Z /|'w ‘ne|[u]* >0 forall u € V4, (4.16)

2 (
e€&; ¢
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as well as the relation
ca(w;ly, lp) =0 for all I, € My, (4.17)

which arises from integration by parts and holds at the discrete level since the produced discrete
velocities are exactly divergence free. Based on the assumptions on fy, it is also clear that

|d2(c1,1) — da(ca,1)| < Cyller — eallo,2lll]1,0- (4.18)

Finally, we recall from [109] the following discrete inf-sup condition for b(-,-), where 3 is independent
of h:

b -
Sup b(wn, n) > Bllgnllo.c for all g, € Q. (4.19)

onevi\{o} lvnlli T,
Remark 4.1. Using the definition and characterisation of the kernel Z of b(-,-), namely
Z:={veH)2):bv,q) =0V L§(2)} ={veH}2):divv=0in 2},
and using integration by parts, we can readily observe that
ci(w;v,v) =0 and cy(w;s,s)=0 forallwe Z,ve HY(N), and s € H(2).

It is also well known (see for instance [41]) that if (u,p,c) € H}(2) x L3 x H solves (4.6), then
u € Z is a solution of the following reduced problem:

For all t € (0,77, find (u,c) € Z x H' such that

(Opu(t), 'v)!2 + a1 (c(t);u(t),v) + 1 (ut);u(t),v) = Fy(c,v) + Fy(u,v) forall v € Hy(£2), (4.20)

(Dec(t),1) , + az(c(t); e(t), 1) + ca(u(t); e(t), 1) — da(c(t),1) = =Gr(c(t),1) for all I € HY(0).
Conversely, if (u,c) € Z x H' is a solution of (4.20), then there exists a pressure p € L% such that

(u,p,c) is a solution of (4.6). As in the continuous case, we define the discrete kernel of the bilinear
form b(-,-) as

Zp ={vy, € Vy:bvp,qn) =0Vqp € Qp} ={vp € Vi dive, =0 in 21},

and relying on the inf-sup condition (4.19), we can introduce an equivalent discrete reduce problem.

Let us denote by 7, : C(£2) — My, the classical nodal interpolation operator with respect to a
unisolvent set of Lagrangian interpolation nodes associated with the conforming space My. By Il u
we denote the BDM projection of u, and £, p is the L?-projection of p onto Qp. Under adequate
regularity assumptions, the following approximation properties hold (see [109]):

lu — Iy ullyy, < CRM a0,

) . (4.21)
le = Tncllie < C*h*|lelkrre, o= Laploe < C*h¥(|pllk.o-

The following development follows the structure adopted in [4].
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Lemma 4.2. Assume that uw € H?*(02), p € L*(£2) and c € H*(2). Then we have

For all v e V},, g € Qp and | € My:

(Bru(t),v), + al (e(t); u(t), v) + cf (u(t);u(t),v) — b(v,p(t)) — Fy(c(t),v) — F(u(t),v) =0,
b(u(t),q) =0,

(Dpc(t), Z)Q + ag (c(t); (), 1) + ca(u(t); c(t),1) — da(c(t),l) = —Gr(c(t),1).

Proof. Since we assume u € H?(2), integration by parts yields the required result. See also [19]. The
third equation is a straightforward result from the continuous form. O

Now we decompose the errors as follows:

up —u=Fy+& = IIpu—u)+ (uy, — I u),
ph—p=Epy+& = (Lup—p)+ (on — L1 p),
ch—c=FE.+ &= (ZThe—c)+ (e, — Iy 0).

Assuming that u) = IT, w(0) and ¢} = T}, ¢(0), we will use also the notation E7 = (u(t,) — I, u(ty,))
and & = (II,u(t,) — u}), and similar notation for other variables. Note that for the first time
iteration of the fully discrete form of system (4.7) we adopt a backward Euler scheme, and so we
require error estimates for this step.

In what follows we assume a simpler form for the drag term f; such that for all uy, uz,v € H'(£2)
we have the following Lipschitz continuity:

| Fr(u1,v) — Fy(u2,v)] < A1llur — uzllos]vllos. (4.22)
Since X, (s,t) is a rigid motion, (4.22) can be achieved, for instance, if we consider
fe(x,t) = B*pr/ ((ur(s) — u(X,(s,1),t) - ny)nd(w — X(s,t)) ds. (4.23)
B
Furthermore, since B C {2, we have that |-||o.5 < [|-|lo,2 and

|Fr(u1,v) — Fr(ug, v)| < yillur — ualloov

lo,02- (4.24)

By Hélder’s inequality for all ¢, ¢y, co,l € H(£2) and v € H'(£2) there also hold

Fy(c,v) <fcllo.ellv]o.n; (4.25)
Gr(er, 1) — Gr(ea, 1) < ller = eaflo.ellto.e- (4.26)

The following algebraic relation will be useful in the sequel: for any real numbers a1, a”, a

and defining Aa™ = a"*' — 2a™ 4+ o™ !, we have

2(3an+1 — 4q™ —i—a”*l,a”) — ’an+1’2 4 ’2an+1 _ an’2 4+ ’Aan‘Q _ ‘an‘Q _ ‘2an _ anfl‘Q. (4.27)
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Theorem 4.1. Let (up, c}t) in X x My, be a solution of problem (4.7), using the second-order backward
differentiation formula with initial data (u},c}) and (u),c). Then there exist constants Cy, > 0 and
C. > 0 that are independent of h and At such that

N N
sup_[[ull§ o + QSuENHQU;: —ul S o+ D IAup o + Y Atdalupl

<n<N NS n=2 n=2

< Cu(lleyll5.0 + 12 —uplli o + lulld 5 + leel),

N
2SUP 3,0 + <SUP [2¢; — ¢, |\09+Z|’ACZ 1||OQ+4ZAtaaHChH1Q
<ns n=2 n=2

< Celllenlld o + l12es = hllg o + lec)-

Proof. Tt suffices to take vy, = 4Atu"+1 and Iy = 4Atc"+1 in system (4.7), using BDF2 differentiation
formula, Sobolev inequalities, summing over n from 1 to n < N — 1, and applying Gronwall’s lemma,
with At sufficiently small. Note that by Remark 4.1, all terms containing the bilinear form b are
simply removed from the system. O

Theorem 4.2. Assume that uw € L=(0,T; H¥T1(2)), w' € L®(0,T; H'(2)), u" € L=(0,T; L*(2)),
p € L0, T; H (), ¢ € L=(0,T; HiT1(2)), ¢ € L®(0,T; H*(R)), ¢" € L>(0,T;L*(2)), with
V3 < 356462, k > 1 and also that

max { ||u|| oo 0, 7w e (2))) 1€l Lo o Wt (2)) b < M,

for a sufficiently small constant M > 0 (a precise condition for M, can be found on Theorem /.5).
Then there exist positive constants CL, CL independent of h and At, such that

1 1,
llulld.e + Ataalgullt 7 < Cy(h*F + AtY), *Héc I3, + At%Héc () < Ce(h* + AtY).

Proof. First, taking into account the regularity assumptions for u, we have for all  a v € (0,1) that
depends on « such that

1
u(0) = u(At) — Atu/(At) + 5Az&Qu”(Atfy),
then using the reduced problem as stated on Remark 4.1, u satisfies the following error equation
1€all3,0 + Ataall€lli 7, < — (I u(At) — u(At) + uj —u(0),£,,) ,
+ At(al (ch; Ty w(At), &) — af (s u(At), £))
(

(a
— At (uhi . £) - i (u(A), u(At), L)
_At(Fr(uh?gu - ( (At) Eu))
2
(

— At(Fyleh, £4) — Fe(e(a0), €)) — - (w'(Atr), £L),

ay
h
1

which results after choosing &), as test function in the first equation of Lemma 4.2 and system (4.7),
performing an Euler scheme step, subtracting both equations, and adding :l:al(ch,Hh u(At), EL).
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Now, by applying the error approximation results from (4.21), Young’s inequality, and the stability
properties, we get

1
JleL

...
3,9 + ZAtaaH&lLH%,Th < CthAt<HU(At)quk+l(Q) + Hu’(o)H%—ﬂH—l(Q)

1e(A8) ks ) + 1P(A0) 210
~2 2
Li
+ CAL(||[u" || Zoo (0 7:12(027)) + Tzﬂt”fi”iﬂ

L0 (4.28)

2
Y

+ At2|El
Qg

Next, we choose ! as test function in the third equation of Lemma 4.2 and system (4.7); we follow
the same steps as before, adding to the sum of both equations the term :l:ag(c}L;Ih ct €, with At

sufficiently small (At < m) to obtain
d 3
1 1 .
€ 0+ 5 Ataall€l 3 o < CAR ([ A0) Bgua gy + 1e(A0) s (o) + el s o
11680 By g (A0 s )+ (A0 s gy (A0 B )
6C%(1 4 C*)2M?
&

a

+ CA (1" 120 (0,0022(02))) +

At|€ull 7. -
(4.29)

In this way, from (4.28) we deduce that
16C2, M? 2
el < OO + At) + —=S2rel|R  + 422 AtllIR o
a a

We insert the previous identity into (4.29) and consider M sufficiently small such that the terms
multiplying ||£.||3 5, can be absorbed into the left-hand side of the inequality, to get

1 1 .
glécl.e + S AtaaliEcllt o < Co(h? + At). (4.30)
The first estimate follows by directly substituting (4.30) into (4.28). O

Theorem 4.3. Let (u,p,c) be the solution of (4.6) and (up, pn,cr) be the solution of (4.7) with BDF2
iteration. Suppose that w € L>®(0,T; HY™(2)), ¢ € L®(0,T; HY™(2)), o' € L®(0,T; H* (1)),
u® ¢ L2(0,T; L*()) and 1wl oo 0,100 (02)) < M for a sufficiently small constant M > 0. Then
there exist positive constants C,my > 0 independent of h and At such that for allm+1 < N,

m m
&t B0 + 11260+ — &n 5.0+ D_IA&IB .0+ Y Ataalles™ |3 7,
n=1

n=1

< C(A +h%F) + 3 " m A G o

n=1

Proof. We choose as tests functions v, = 2! in the first equation of (4.7), using BDF2 differentiation
formula and inserting the terms

1
Bu(tnr1) — 4u(ty) + w(tn—1), 60 oy Eo (BHp w(tngr) — 4k w(tn) + My u(tn—1), 0t

" 1
a7 S A7 W o
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and £af (¢} I w(tyt1), €071, we get

1
2At (3§n+1 4§u _’_5 ’ 7L+1) + ﬂ (3Eﬁ+1 . 4En En 1 TLJrl)Q
+ o (Bultnen) = dultn) + ulta 1), €67) el (e TSR EL) + ol (G Ty ultnen), €41)
+cl( n+1 UZJrl, Z+1) 1_;~|(CZL+17 Z+1)+F( n+l’ Z—l—l)‘ (431)

n+1
u

Considering Lemma 4.2 at t = t,,+1 with v = , and after inserting the term

]' n
im (Bu(tns1) — 4u(ty) + ultn-1), &),

we readily deduce the expression

%At (3u(tni1) — du(tn) + ultn-1),&5"") o + af (c(tnsr); wltnin), €71 + f (wltns1), wltnsr), €471

to1) — dul(t, t
= Fg(anrla 'Z:Jrl) + Fr('ufn+17 Z+1) - <'U//(tn+1) - 3u( +1) U( ) + U( 1) n+1> . (432)
(9]

2At o

We can then subtract (4.31) from (4.32) and multiply both sides by 4At to obtain an equality
L+ =13+ Iy + Is + Is + I7 + I3,
where we define

Il =2 (3&-714-1 4£u +£ a n+1) ’

IZ _4Ata1( n+17 Z+1’ 'Z+1)7

I3 = 4At <u,(tn+1) - Sultnia) = 4;A(tt”) + u(tn*1)7 ZH) ’
2

Iy=—-23Ey™" 4B, + By 60t

I = AAL(Fy(cp ™, €57 — Fy(c(tnin), €571),

I = 4At(F(upth, 60 — Fr(u(tng), &07),

I = —AA(a} (T T u T ) —a?(c(tnﬂ)-u(tnﬂ) w ),

Is = 44t (up ™ up ™ M) — el (utnn), wltns), 651)).

Let us estimate each term I;, i € {1,...,8}. For I, using (4.27) we can assert that
I = 1€ 8,0 + 1260 — €013 .0 + 1AL 13 2 — I€RN3 2 — 11265 — €271 118 -
Using the ellipticity stated in (4.14), we readily get
I > 44t | 2 .

By using Taylor’s formula with integral remainder we have

Bu(tni1) — 4u(ty) + u(ty_ At3/?
w (tngr) — (tn+1) 2A(t) (tn-1) — W ||u ||L2(tn—17tn+1;L2(Q)),
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then by combining Cauchy-Schwarz and Young’s inequality, we obtain the bound

Att At& 1

151 < Sa e, gz + 5 68 R

Now we insert £4AtE! (t,+1) onto the fourth term, which leads to

2At T

BEIT! — AED 4 Ep!
= —4AUE (tat), €0 e + (E{L(tnﬂ) — T u " Dy n+1) .
0

Proceeding as before and using (4.21) on the first term of I, we get

AtAC

AtEQ
anHHl,Th e Hu ® HL2 07’L2(Q)

At€ 3

L] < h%” ”Loo(o,T;Hk(Q) HgnHHLTh-

Now by (4.25), appealing to (4.21), and inserting +4AtF,(Z), "1, £0H) we are left with

15| < 272At<
€4

CH Il 0 711t 2y + 12T B ) + 2Atea €0t 127

1 1
nlentl) we get

In the same manner using (4.24), and inserting +4AtF, (1T, u

Ts| < CH W[l o i) + Nullh ) +24tesli€a B 7

2v2 At
’Y15 (

Again inserting +a ()™ u(tny1), 2 and £ak (T " ultng), €27 and using (4.21) we get

C2 Ath2* Ats6 o2
[I7] < (12T||U||ioo(o,7;Hk+1(g 1Ea 3 7 +
At CE M QAth% eg At
+1 ip 2 8 4
+ 757”571 137, T’\C”Lw(o,T;Hk(Q)) + TH@Z 117,

Now we insert into Ig the three terms

+ Cill(u(tn+1)7 Hh u(thrl)v Z+1)7 iclf(nh u(thrl)a Hh U’(tn+1)7 £Z+1)7
+ (I w(tng), wtng), €0,

which yields

Is = —4At((w(tnsr), Ty w(tngr), o) — (I wtng), T w(tn), €0
+Cl (IIn w(tns1), Hp w(tngr), n+1) _Cill(nh w(tng1), w(tni1), n+1)

+C§L(Hhu(tn+1),u(tn+l)a Z+1)_C?(u(tn+l)u(tn+1)a Z+1)+C ( n+1’ Z—H’ Z_H))

The last term is moved to the left-hand side, where we use (4.16); whereas for the remaining terms
(which we further rename as Ig), the bound (4.12) together with (4.21) imply that

. h2kC
us|<4At(ccc MU 7 + o Il opll il o 7 srvon ey + S 168 7

Cth

510
+ S0l o a8 ey + ||§”+1||1,Th),
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where C* is a positive constant coming from (4.21). Hence, by choosing ¢; = 2a,/11 for i =1,..., 11,
collecting the above estimates, and summing over 1 < n <m for all m +1 < N we get

& 3.0 + 26t = &85 0 + ZHAEUIIO o = 3ll&ulld.e + Z Ataall€n T 7,

n=1 n=1

n 11’)/ At
< oAt + h2k+mZH§ E o+ Z e [ [

n=1 n=1

where C,C*CooM < @,/4 and 1 = C’(o?a,CN‘Lip,’yl,fyg). Finally, using Theorem 4.2, considering
At sufficiently small and applying Gronwall’s lemma, we get the desired result. O

Theorem 4.4. Let (u,c) be the solution of (4.6) and (up,cp) be the solution of (4.7) using the BDF2
differential operator. If w € L>®(0,T; HYT(2)), ¢ € L0, T; Hy ™ (2)), ¢ € L=(0,T; H* (1)),
cB®) € L2(0,T; L*(12)), and el oo (0,7 w 00 (2)) < M then there exist positive constants C,m2 > 0,
independent of h and At, such that for allm—+1< N

m m
€IS o + 1268+ — €M 0 + D IIAET IR o + D AtdallEZ I o

n=1 n=1

< C(At* + h?F) +Zn2AtH§"+1HLTh.

n=1

Proof. Proceeding similarly as in the proof of Theorem 4.3, from the second equation of (4.6) we get

n+1 —4 n+1 - n+1 n n— 1 n+1
w (Bertt —agr vt et +2At (3B —4E! + E )y
2At (3c(tns1) — 4e(tn) + c(tn-1) ”H) +al (e ey L ol (Th c(tnyr), E7TY) (4.33)
Bt ) — dy(ep T €0t = — Gy enth,

and considering the third equation in Lemma 4.2, focusing on ¢ = ¢,,4+1, we immediately obtain

3c(tny1) — 4e(tn) + c(tn-1), ?+1)Q + a2( (tn+1)s ée ) +c2 (u(tn+1)>c<tn+1)7§2+1)

(

2At

3c(tny1) — 4e(ty) + c(tn—1) n+1> . (4.34)
2

- d2<cn+17 ¢7:H_1) = _Gr(cn+17 gH—l) - <cl(tn+1) -

2AL $e
Subtracting (4.33) from (4.34) and multiplying both sides of the result by 4At leads to

92 (3‘527,4—1 4&-0 +£ 7 n+1) +4Ata/2( TL+1’ n+1’ 27,-{-1)

— 4At (Cl(tn+1) . 3C( TL+1) - 40( n) + C( n—l) TL+1> o 2(3En+1 _ 4En 4 En—l n+1)
2At 7 ¢ 0 c Cc C »Sc N
4.
_ 4At(a2( n+1, I Cn+1 n+1) . a2(6n+1;cn+1’ ZLJrl)) ( 35)

— 44 (ea(up ™ et — e (wltnra), eltar), €471)
+4At(d2( n+1’ 161—&-1) . dQ(Cm, gz—i-l)) 4At(G ( n+1’ ZL_H) o Gr(cn—l-l’ n—',-l))

C
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As done above, we rewrite (4.35) using auxiliary terms now denoted I Tyew- ,fg, and derive individual
bounds for each term. For the first, second, and third terms, we use (4.27), (4.13), and Taylor
expansion together with Young’s inequality, respectively, to obtain

I =& I o + 12607 — €215 o + 14627 1E 2 — lIEXG
Iy > 44t ||E 1 g,

At
I3] < 51e, | HL?(tn Litnt1:L2(£2))

—112¢2 — €713 00

Atél

lee Iz -

Now we insert +£4AtE/(t, 1) into I; and exploit (4.21). This leads to the bound

At4C

AtEQ 3
955 [ HL2(07'L2( )t

Até‘ 3

€213 -

8
|Iy] < h2 1€/ 1200 (0,715 (02))

Employing again (4.21) in combination with (4.15) and (4.11), inserting a2 (c;™; c(t,11),£77!) and
tas (T, i e(tng1), €011); we have

C2 Ath?* At54 .
|15| < ‘BTHCHioo(O Ty T 1T 0 + CipMIIEN o
CﬁpMQAtth 5 55At it
2—65”C||L00([)7T;Hk(_(2) ||£ Hl,Q-

In order to derive a bound for fg we add and subtract the terms
tea(W(tng1), Tn cltng1), E01Y), oI wltngr), Tn c(tng1), E8F1), Eea(ITp wltng), ctng1), €67,
which yields

Is = ANt (B (U™, Ty e(tng1), 81 — eo(IT w(tn1), Tn c(tngn), €277F)
+ co(Ip w(tns1), In c(tns), E61) — o1 w(tnsr), c(tng), €7
+ (T wtnsr), c(tns1), 81 = eo(w(tngr)e(tnrr), €T + co(up ™, €2t ¢0).

Using (4.17), (4.10c) and (4.21), we get

c2 e

1 < 480 SR helBm o sy + SN
h2k002 2 +1
+ 2767HUHLOO(O,T;Hl(Q))HCHLoo(o,T;HkH oyt *an ”19
CthOQ 2 8 +1
+ 2768|’uHL00(077’;Hk+1(Q))HCHLOO(O,T;HI(Q)) + 5”5? Hl,())'

Now, using (4.18) and (4.26), we have:
7 & 2k | .2 2 12
[I7] < ngt(C*h HCHLOO(OJ’;H’C(_Q)) + H§CHO,Q) +2Ate €8T 17,2,

2
2 .
[Is] < iQAt(C*h%HCH%w(o,T;Hk(Q)) + ||fc”gn) +2At510”§?+1‘|in~
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In this manner, and after choosing ¢; = 4¢4,/25 for i = 1,...,8 and M < &,/ C’Lip, we can collect the
above estimates and sum over 1 < n < m, for all m+ 1 < N, to get

m m
€7 G.0 + 1260 = €215 0 + ZH/K?H%,Q + Z Atég||IE213 0 = 3111150

n=1 n=1

‘f‘ZAt (CF + )€l 0

< C(At* 4 h2F) +anu

n=1

And the proof is completed by considering At sufficiently small and applying Gronwall’s lemma. [

Theorem 4.5. Under the assumptions of Theorems 4.3 and 4.4 with

M = min{ Ga Ga }
C’Llp 40 C*Cy

there exist positive constants 4, and 4. independent of At and h, such that for a sufficiently small At
and all m+ 1 < N, the following inequalities hold

(12

(!52““%,9 + 126 = &S

1/2
— &3 o+ ZHAquo o+ Z Ataarr§"+1|rl,ﬁ> < Au (A2 + BF),

m 1/2
Moo+ Atdd\&?“l!in) < Ae(AL? + h*).

n=1 n=1

Proof. From Theorem 4.3 we have the estimate

ZAtHé R g < oAt + 2% + ZﬂtHé B e

which, substituting back into Theorem 4.4, yields
m m
€ IE o + 11268+ — €215 0 + ZHA&?H%,Q + ) Atdall€H R o
n=1

< C(AH* + h2F) + ’7”722Atu

For the last term on the right-hand side of this last bound we have

e 1.0 < 2(1 462115 2 + 1262 —

27 ),

and considering At sufficiently small and applying Gronwall’s lemma, we readily deduce that

m m
e HIE ¢ + 11268 = €780 + D _IAET I 0 + D Atdall€H T o < C(AL + 1), (4.36)

n=1 n=1

The first bound follow by combining (4.36) and Theorem 4.3. O
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Lemma 4.3. Under the same assumptions of Theorem 4.5, we have

m 1/2
(Z Atl|p(tni1) —ppt! H%,n) < 4p(AL* + hP).
n=1

Proof. Owing to the inf-sup condition (4.19), there exists a function wy, € Z hL such that

b(wp, p(tnt1) — pj

1) (4.37)

1
= llp(tnt1) — 2, " 1l6,0-

1
lwn 7 < EHp(thrl) =0 o, (4.38)

From (4.7) and Lemma 4.2, proceeding as in the proof of Theorem 4.3, we obtain

Atb(wp, p(tn+1) — pptt

n+1
3u,

—dup 4 up~ 1
_ ! _ h
) = At (u (tn+1) 2At ,'wh) ,

+ At (alf (e up T wp) — alf (e(tn);
+ At (e} (up T upt wp) — o (ultn ) w
+ At( g(C(tn+1)7w ) = Fy(cit wn))
+At( Fi(u(tnt1), wn) — Fr(u Z+1’wh))

At2
1w L2y tnr.2202) VA whl|1,7

=53
+ CaC R At |ul| oo 0 7141 2 1w | 1,75, + Clip MALNE |1 [wn 11,75

+ CripAtM ||€. + AtCC,C*Ca M€,
+ AtCC’uthuHLW(O,T,Hl(Q)
+ AtCCLL" | ul| oo o, (2

(tn—i—l), wh))

(thrl)vwh))

)HUHLOO(O,T;HHI(Q))H’whHLTh
el Lo (0,7, 5041 () llwnll1,7,
+ 9 AW CHlell < (0,711 (2 1wn 11,75, + 12 Atl|€ullo,0[[wn 1,7,

+ Y ARO[l oo o 7k 2y 1wn 1,75, + 11 At |Eullo, 2w 1,7

Summing over 1 < n < m for all m +1 < N and substituting back into equations (4.37) and (4.38),

we obtain

(Z Atp(tas) -
n=1
c m 1/2
< 3 (At + n*) + (Z Atllﬁ?“ll%,n) (Z Atllé”“\ll,n)
n=1

1/2
+1(2
||0,Q>

1/2

The result follows by applying Theorem 4.5. O

4.4 Numerical results

In this section we test the performance of the numerical method and produce some typical solutions

in operating conditions.

Tetrahedral meshes have been constructed using the freely available mesh
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k  DoF ewu rate ep rate e, rate

1 53 0.004507 - 0.291804 -  0.253207 -
299 0.002783 0.679 0.192100 0.589 0.153518 0.708
1265 0.001273 1.150 0.096891 1.006 0.073370 1.085
4634 0.000631 1.017 0.051713 0.911 0.038362 0.941
17780 0.000308 1.033 0.026853 0.945 0.018841 1.026

2 132 0.001817 - 0.115142 —  0.089672 —
797 0.000342 2.349 0.032084 1.799 0.018151 2.249
3427 8.031e-5 2.133 0.007198 2.197 0.003702 2.337
12702 1.948e-5 2.056 0.002023 1.844 0.000996 1.905
49157 4.358e-6 2.159 0.000525 1.941 0.000251 1.987

Table 4.1: Spatial accuracy test: experimental errors and convergence rates for the approximate
solutions wuy, pp, and ¢;. Values are displayed for schemes with first and second order in space (table
produced by the author).

manipulator GMSH [81], and the implementation of the H(div)-conforming finite element scheme is
carried out using the open source finite element library FEniCS [7]. The linear systems encountered at
each Newton-Raphson step are solved with the GMRES method preconditioned with AMG. The New-
ton iterations stop whenever either the absolute or the relative residuals (measured in the £2—norm)
drop below the fixed tolerance set to 1 x 1076, Apart from the main python modules, a dedicated
C++ expression is needed to efficiently compile the position of the rake at each time. It depends on
the structure dimensions and on the angular velocity.

4.4.1 Numerical verification of convergence

We start with a simple experimental convergence analysis to confirm the error bounds anticipated
in Section 4.3.2. Doing this in a 2D domain suffices, so we consider {2 as a circle of radius one
and construct a sequence of successively refined meshes on which we compute errors between the
approximate solutions obtained with the H(div)-conforming scheme and the closed-form solutions

L cos(m/2x) sin(m/2y) B 1 T
u = sin(?) <— sin(7/2z) cos(ﬂ/2y)> o p=@imyhen(D), o= 9 ¢® (Z’CBP) exp(—t),

that are used to construct suitable Dirichlet boundary data for velocity and an exact flux for con-
centration, and manufactured forcing and source terms F, and g., appearing on the right-hand side
of the momentum equation and of the concentration mass balance, respectively. As w is prescribed
everywhere on 0f2, for sake of uniqueness we impose p € Lg(!)) through a Lagrange multiplier ap-
proach. We use a constant viscosity v = 0.01 and diffusivity D = 1.0 with f; as given in (4.23),
for(c) =1 x 1072(1 — ¢) and k pointing in the radial outwards direction.
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At &, rate e rate 8, rate

2 56194 — 0.5069 — 04538 -
1 1.5943 1.817 0.1809 1.487 0.0868 2.391
0.5 0.4433 1.847 0.0523 1.789 0.0193 2.167
0.25 0.1153 1.943 0.0135 1.951 0.0046 2.070
0.125 0.0296 1.959 0.0033 2.000 0.0012 1.994

Table 4.2: Time accuracy test: experimental errors and convergence rates for the approximate solutions
up, pp and cp, computed for each refinement level (table produced by the author).

We show orders of convergence in the discrete norm ||-||17;, for the velocity u, in the L2-norm of the
error of p, and in the H'-norm of the error in ¢ in Table 4.1. For polynomial degrees k = 1 and k = 2
we observe that the order of convergence predicted by our theory (see Theorem 4.5 and Lemma 4.3)
is achieved.

Regarding the convergence of the time advancing scheme, now we set 7 = 4 and consider a sequence
of uniform refined time partitions 7,1 € {1,2,3,4,5} where the time step is 227/, Absolute errors are
computed as

m 1/2 m 1/2
&y = (Z Atflu(tnt1) — UZ’LI\!%,T,L) , ép= (Z At|p(tni1) — PZ“H%,Q) )
n=1 n=1

m 1/2
éc = <Z Atlle(tngr) — CZf“IIin) :
n=1

and we readily observe from Table 4.2 that the method converges to the exact solution with the
expected second-order rate.

4.4.2 Preliminary two-dimensional computation

The typical operation conditions on the clarifier unit are characterised by about 1.2 revolutions
per hour, a solid concentration behind the rake of 0.01 g/1, a feed flow rate of 10,000 gpm, a return
sludge flow rate of 3000 gpm, an effluent flow rate in the overflow weir of approximately 7000 gpm,
and a solid concentration at the inlet of 5 g/1 (see [65] and the references therein). The specification
of the remaining model parameters, at least in this specific scenario, are much less clear and we need
to characterise them in terms of the expected flow conditions. Known issues in the operation process
include a strong backflow into the feedwell, a large recirculation zone near the feedwell, the high
velocity of the flow exiting the feedwell, and the lack of flow symmetry.

In order to gain insight into the impact of the rake parameters on the simulation we regard the
operation from an azimuthal view and consider only the coupled Navier-Stokes/concentration problem
in an annular domain of external radius 30m and internal radius 3m, where one can still see the rotating
arm, but the vertical sedimentation is not represented. Here the body force term exerted on the fluid
(Fy) is considered with a radial direction towards the centre of the inner disk. Furthermore the
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Figure 4.3: Spatio-temporal variation of the average concentration after complete rake cycles at dif-
ferent radius (measured from the centre of the annular domain) and values of « (figure produced by
the author).

parameters of the simulation are taken as follows:

ps = 2500 [kg/m?], ¢o=0.05, pr=1000kg/m?, w =1.2[rad/min], ¢ =1x 1073,
g=1x1073[m/min%, Dy =1.0[m?/min], vy = 0.05[kg/(mmin)],
0 for ¢ < ¢ = 0.07
For(e) = 1.0 x 1073¢(1 — )2[m/s], oe(c) = reste
(50.0/c.)[(¢/0.07)° — 1][Pa] for ¢ > c..

We start the simulation with a homogeneous initial concentration ¢y and then, we observe how this
concentration changes over time for different values of the parameters o and 5. From results shown
in Figures 4.3 and 4.4, it can be highlighted that the solids removal coefficient « is the most relevant
for the concentration profile, while the combined contributions from drag and density do not seem to
have a large effect.
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Figure 4.4: Spatio-temporal variation of the average concentration after complete rake cycles at dif-
ferent radius (measured from the centre of the annular domain) and values of 8 (figure produced by
the author).

4.4.3 Performance of clarifier units

Having now a better understanding on the dimension and isolated effects of each mechanism in
the coupled problem, we turn to the simulation of the sedimentation of flocculated suspensions in a
more realistic geometry. We consider the domain sketched in Figure 4.1, and take R = 15[m] and
H = 7[m]. We suppose that the tank is initially filled with a homogeneous mixture of concentration
co = 0.02. Apart from the specifications in (4.2), (4.3), the remaining concentration-dependent and
constant parameters needed in the model assume the following form (where the suspension is assumed



4.4. Numerical results 92

o] 0.0z 0.04 0.06 o] 0.0z 0.04 0.06

Figure 4.5: Domain cuts showing snapshots of solids concentration and line integral contours of velocity
on a slice, focusing on time instants ¢t = 1,30, 60 and 180 [min] (figure produced by the author).

of type Kaolin flat D)

ps = 2500 [kg/m?], ¢ = 0.05, pr = 1000 [kg/m?], w = 0.12[rad/min], « = 0.01 [min"],
Bpr =50 kg/m*m™'), ¢ =1x10"3 ¢g=9.8[m/s?], Dy=0.05m?/min],
Uin = —4.2k [m/min|, 1y = 0.05 [kg/(m min)],

fox(c) = 1.0 x 107%¢(1 — ¢)*[m/s], oe(c) = {0 for ¢ < c. = 0.07

(50.0/c.)[(¢/0.07)° — 1][Pa] for ¢ > c..

We conduct a series of runs on the 3D geometry where the resulting tetrahedral mesh has 139001
elements and 27510 vertices (representing 1.1M DoFs for the lowest-order H(div)-conforming finite
element method). The time stepping scheme uses a fixed timestep of At = 0.5 [min] and we simulate
the process until 180 [min]. As mentioned above, one manifestation of performance in the clarifier
units is the development of recirculation patterns, and we plot in Figure 4.5 the concentration profiles
on a cut of the domain, as well as a slice of a section where we plot line integral contours of velocity,
for three different times. The plots indicate a large diffusion of the concentration as it spreads out
from the feedwell, and we also see a substantial modification on the flow patterns due to the combined
contribution of the rake mechanism and the gravitational settling. The velocity can be seen more
clearly from Figure 4.6, showing streamlines at ¢ = 180 [min] from different angles, emphasising that
the recirculation in the zy plane occurs mainly near the bottom of the vessel, whereas on the top the
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(bottom left figure), and from the top (bottom right figure) (figure produced by the author).
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Figure 4.7: Time evolution of the concentration and normal velocity on the overflow for different
values of the solids removal coefficient « (figure produced by the author).

velocity is dominated by gravitational forces and a radially spreading concentration-driven flow.



4.4. Numerical results

0.016 C
0.014
0.012
o 0.01
0.008

0.006 [

0.004

- = = p=100.0 Kgim"
- = = p=50.0 kg/m"
 p, =100 Kg/m'"

- 4
- = —dp =10Kgm

20

40

60

80 100
t [min]

120

94

0.06

0.05

0.04 1

W [mimin]

0.02

0.01

- 4|
- = = p,=100.0 Kgim

- =~ p=50.0 Kg/m"
3 p, =100 Kg/m

- - —dp =10Kgm’

40 60 80
t [min]

100

120 140 160 180
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Figure 4.9: Time evolution of the concentration and normal velocity on the overflow for different
values of rake height h, (figure produced by the author).

On the other hand, the variation of the flow conditions depending on different factors can be observed
from Figures 4.7, 4.8, and 4.9. There we portray the dynamics of the concentration and flow rate on
the overflow, that is, respectively

1 1
c

d — -nd
s, 60n Foﬂu nds,

607 I'on
according to modifications in the solids removal intensity, on the drag and density of the rotating
rake, and on the rake height. Based on the results of this set of simulations, we can identify the solids
removal coefficient o as the most sensitive factor on the outputs of overflow concentration and overflow
flow rate. On the other hand, the combined contributions from drag and density do not seem to have
a large effect on these markers, which is consistent with what we saw in the preliminary 2D test.
However, a further inspection reveals that the effects are not necessarily localised but they differ over
the height of the device. From Figure 4.10 we can see how the average concentration varies over time
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Figure 4.10: Spatio-temporal variation of the average concentration after complete rake cycles at
different heights (measured from the bottom) with o = 0.3, 8 = 50 (top left), a = 0.0, 8 = 50 (top
right), @ = 0.0, 5 = 0.0 (bottom) (figure produced by the author).

(and measured after a given number of cycles of the rotating rake) depending on the solids removal
coeflicient and on the drag.



CHAPTER D

Second-order schemes for axisymmetric Navier-Stokes-Brinkman
and transport equations modelling water filters

Soil-based water filtering devices can be described by models of viscous flow in porous media cou-
pled with an advection-diffusion-reaction system modelling the transport of distinct contaminant
species within water, and being susceptible to adsorption in the medium that represents soil. In
this chapter we analyze such models mathematically, and design suitable numerical methods for
their approximate solution. The governing equations are the Navier-Stokes-Brinkman equations
for the flow of the fluid through a porous medium coupled with a convection-diffusion equation
for the transport of the contaminants plus a system of ordinary differential equations account-
ing for the degradation of the adsorption properties of each contaminant. These equations
are written in meridional axisymmetric form and the corresponding weak formulation adopts a
mixed-primal structure. A second-order, (axisymmetric) divergence-conforming discretisation of
this problem is introduced and the solvability, stability, and spatio-temporal convergence of the
numerical method are analysed. Some numerical examples illustrate the main features of the
problem and the properties of the numerical scheme.

5.1 Introduction

5.1.1 Scope

We are interested in the analysis and numerical approximation of the flow of a viscous fluid through
a porous medium, where it is assumed that the fluid carries a number m of components that are
adsorbed by the porous medium. While viscous flow in porous media with adsorption arises in several
applications including polymer flooding as part of the process of enhanced oil recovery in petroleum
engineering [46], chromatography [141], or water decontamination and removal of pollutants such as
heavy metals or radioactive ions [160], the particular formulation in the present work is motivated
by a model of a soil-based water filtering device designed to remove contaminants from water by
adsorption [134].

The governing equations for this process can be formulated as follows. We assume that the porous
medium is represented by a simply connected spatial domain 2 C R? whose boundary 0f2 is split

96
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into three disjoints parts I'™, 'Vl and I representing the inlet, walls, and outlet boundaries.
For all times 0 < t < 7T, we consider the Navier-Stokes-Brinkman equations written in terms of
the volume average flow velocity w(t): £2 — R3 and the fluid pressure p(t): 2 — R; as well as the
balances for contaminant concentration possessing sink terms that depend on the rate of degradation
of the adsorption properties of each material, described in terms of the vector of concentrations of
m > 2 distinct types of contaminants 6(t) = (61(¢),...,0m(t)): 2 — R™ and of the adsorption
capacity relative to each contaminant 5(t) = (s1(t), ..., sm(t)): 2 — R™. The coupled set of governing
equations (three partial differential equations (PDEs) and one ordinary differential equation (ODE))

adopts the form

—

pe(Opu 4+ u - Vu) + K v — div(ve(u) — pl) = F(0), in 2% (0,7], (5.1a)
divu =0, in 2% (0,7], (5.1b)

$9,0 — div(DVO) + (u - V)0 = —p,d;3, in 2% (0,7], (5.1¢)

8,5 = G(5,0) in 2% (0,7], (5.1d)

where e(u) = 1(Vu + VaT) is the strain rate tensor, D = diag(D1(z), ..., Dy (x)) denotes a space-
dependent and positive definite matrix containing diffusivity coefficients, v > 0 is the constant fluid
viscosity, pf, pr, are the constant densities of the fluid phases and of the bulk filter medium, ¢(x) is
the porosity of the soil constituting the porous medium, and K(x) > 0 is the permeability tensor
(assumed symmetric and uniformly positive definite). The source and reaction terms are

g 01'; Gi(3i7 91) = k+(:13) (Smax — Si)0i7 1= 1, e,y (5.2)

1 )
i=1

—

F(0)

where G = (G, ... ,Gm)T, g is the gravity acceleration, s;"** is a constant representing the maximum
amount of contaminant ¢ that can be absorbed at a given point, and kj (x) is a spatially-dependent
modulation coefficient accounting for the forward adsorption rate related to the loss of contaminant
i due to the filtering process (boundary conditions and further assumptions will be specified in later

parts of the chapter).

Thus, the flow of the incompressible fluid through (2 is modelled by the Navier-Stokes-Brinkman
equation (5.1a) and the continuity equation (5.1b), which express the conservation of momentum and
mass respectively. Equation (5.1c) describes the evolution of g within {2, under the effects of advection
and diffusion, in addition to adsorption by the filter media. Given the typical operating conditions
within the filter, we would expect the effects of advection to dominate those from diffusion, as noted
in [134]. The sink term —p, 0§ in (5.1c) accounts for the net and local removal of each contaminant
type due to the filtration process. This adsorption process is described by a multicomponent Langmuir-
type model, as given by (5.1d) and (5.2). Under this model, it is assumed that each site has a maximum
capacity for each individual contaminant, which we take to be uniform across the two layers of filter
media. In this way, the adsorption is noncompetitive and the saturation of a site by one contaminant
does not prevent adsorption of the other contaminants at the same site. It is also assumed that the
adsorption process is irreversible for all contaminants and all filter layers, so that once adsorbed the
contaminants remain attached to the filter media with no desorption back into the fluid. As described
previously, for each contaminant we ascribe a spatially dependent adsorption rate l{:l+ (x), so (5.2)
stipulates that the rate of removal of a contaminant at a site is proportional to the concentration of
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the contaminant present in the fluid at the site, the remaining capacity of the filter media at the site
and the adsorption rate.

While the modelling of a filter calls for a three-dimensional domain, in practice most filter designs
display rotational symmetry around their central axis, with the flow also expected to exhibit such sym-
metry. This property motivates an axisymmetric formulation of the problem, allowing for the reduction
from three to two spatial dimensions, which evidently reduces the computational cost associated with
its solution. Thus, the model which is eventually analysed herein is a reformulation of (5.1) along
with suitable initial and boundary conditions as a meridional axisymmetric PDE-ODE initial-boundary
value problem. It is the purpose of this chapter to advance a second-order divergence-conforming dis-
cretisation for this problem. Specifically, we introduce an axisymmetric H (div)-conforming method
based on two-dimensional BDM spaces [40] combined with an implicit, second-order backward dif-
ferentiation formula for time discretisation. Based on discrete stability properties, we prove that the
discrete problem has at least one solution. At the core of this chapter is the derivation of an optimal a
priori error estimate for the numerical scheme, where the main difficulty is the fully discrete analysis
verifying that each of the terms is bounded optimally in the corresponding weighted spaces. Numerical
examples illustrate the model and reconfirm the theoretical order of accuracy.

5.1.2 Outline of the chapter

The remainder of this chapter is organized as follows. In Section 5.2 we introduce the model problem
and state some preliminaries for its analysis, starting with a description of the initial and boundary
conditions for (5.1) that correspond to the filter model (Section 5.2.1). Next, in Section 5.2.2, we refor-
mulate (5.1) and the corresponding initial and boundary conditions in meridional axisymmetric form,
which under suitable assumptions leads to model in two (namely, radial and vertical) space dimensions.
We provide in Section 5.2.3 some preliminaries on functional spaces associated with radially symmetric
functions. The weak (variational) formulation of the axisymmetric problem is stated in Section 5.2.4.
Further assumptions on the model coeflicients, as well as a number of inequalities related to the bi-
linear and trilinear forms involved in the weak formulation, are stated in Section 5.2.5. Section 5.3
outlines the well-posedness analysis (proof of existence and uniqueness of a weak solution) of the
axisymmetric problem derived in Section 5.2.4. Section 5.4 is devoted to the description of the spatio-
temporal discretisation of the axisymmetric model. We then proceed to specify, in Section 5.4.1, the
axisymmetric H (div)-conforming method, where we first derive a semi-discrete (continuous in time)
Galerkin formulation for the model problem, based on two-dimensional BDM spaces adapted to the
axisymmtric setting, and then pass to a fully discrete scheme by applying a second-order time dis-
cretisation through an implicit backward differentiation formula. Next, in Section 5.4.2, we establish
discrete stability properties of the bilinear and trilinear forms involved in the method. These proper-
ties allow us to prove (in Section 5.4.3) the existence of a discrete solution. Then, in Section 5.5, we
prove an optimal a priori error estimate for the numerical scheme, where we verify that each of the
terms is bounded optimally in the corresponding weighted space. Finally, in Section 5.6 we present
numerical examples generated by the method introduced. Example 5.1 (Section 5.6.1) is an accuracy
test with a manufactured known exact solution of (5.1) equipped with initial and boundary conditions.
Results confirm that the method converges to the exact solution with the expected second-order rate.
Next, in Example 5.2 (Section 5.6.2), numerical results are validated against experimental data, and
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Figure 5.1: Left: schematic representation of the domain (2, its various boundaries "', I8l and 1out,
and the material interface X. Right: reduction to the axisymmetric configuration (adapted from [15]).

in Example 5.3 (Section 5.6.3) we solve the full two-layer, two-contaminant filter model.

5.2 Model problem and preliminaries

5.2.1 Initial and boundary conditions

Let us consider a porous skeleton consisting of two different materials separated by an interface,
where the matrix is saturated with an incompressible interstitial fluid (see a diagrammatic represen-

tation on the left part of Figure 5.1). The coupled set of governing equations (5.1) is posed along with
the initial and boundary conditions

wu=u" =0 on I' x (0,71, (5.3a)

u=0, DVA-n=0 on ™ (0,77, (5.3b)

(ve(u) —p)n =0, DVO-n=0 on I x (0,77, (5.3¢)
6(0) =0, w(0)=0, 50)=0 in £2. (5.3d)

Condition (5.3a) indicates that the contaminated water enters the filter at I'™ with a constant
influx velocity, and each contaminant #;, 1 < ¢ < m present at a fixed concentration Hiin; while
condition (5.3¢) accounts for zero normal stress and zero contaminant flux at the outlet. The system
is preliminarily flushed with clean water and so there are no contaminants in the filter. Once the flow

is at rest, we consider the initial conditions (5.3d).

The two distinct materials that compose the porous domain will have different permeability, porosity,
as well as adsorption rate. Moreover, the diffusivities of the contaminants will vary from one type
of porous structure to another. However it is important to remark that these differences in material
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properties, at least in the applications we address here, are not large enough to modify the flow regime
between the two subdomains and this explains why (5.1a)—(5.1d) are defined on the whole domain {2.
Should this not be the case, one needs to solve explicitly for the coupling of Navier-Stokes/Brinkman
or Brinkman/Darcy equations including suitable transmission conditions at the interface (see for
instance [17,72] for formulations tailored to axisymmetric domains).

5.2.2 An axisymmetric formulation

Assuming that the data, the domain and the expected flow properties are all symmetric with respect
to a given axis of symmetry denoted ™™, we may rewrite the model equations in the meridional
domain (2, (see the right part of Figure 5.1). In this case the velocity only possess radial and vertical
components and we recall that the divergence operator in axisymmetric coordinates (in radial and
height variables r, z) is

1
divy v = 0,v, + =0, (rvy).
T

Then, making abuse of notation, we may rewrite system of PDEs (5.1) as

—

pe(Opu +u - Vu) + K lvu — diva(ve(u)) + Vp + v(u,/r3)e; = F(6), (5.4a)
divyu =0, (5.4b)
$0,0 — diva(DVE) + (u - V)d = —ppd,5, (5.4¢)
8,5 = G(5,0) for (r,z,t) € 2, x (0,7, (5.4d)

u=u" f=0 on I''™ x (0,77, (5.5a)

u=0, DVA-n=0 on IV (0,77, (5.5b)

u-n=0 DVl-n=0 on '™ x (0, 7], (5.5¢)

(ve(u) —pl)n =0, DVO-n =0, on I'°" x (0,77, (5.5d)
6(0) =0, u(0)=0, 50)=0 in £2,, (5.5¢)

where the condition (5.5¢) at the symmetry axis indicates slip velocity and zero normal fluxes.

5.2.3 Preliminaries on spaces of radially symmetric functions

For a« € R and 1 < p < oo, let L5(£2,) denote the space of measurable functions v on (2, such that
Hv”iﬁ((za) = /Q [v|Predrdz < oo,

and let us denote the scalar product in L2(£2,) by (-, ")a.0.. Moreover we introduce Hg(2,) as the
space of functions in L} (§2,) whose derivatives up to order ¢ are also in L5(£2,), and we denote by
Hg} j(Qa) its restriction to functions with null trace on a given portion I; Y of the boundary. By L
we denote the corresponding vectorial counterpart of the scalar functional space L when the number
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of components depends on m. Furthermore, the space Vi'(£2,) := H{(£2,) N L% (§2,) is endowed with

the following norm and seminorm:

,_ 2 2 2 1/2
Ivllvean = olz2a, + 015 00+ I1VIE2 (00)

1/2
Olven = (0B + 10172, o) "
Let us define the space
Ho(divy; 2,) = {v € L}(2,) : divav € L}(2,) and wv|gn, -n =0},

endowed with the following norm

_ : 1/2
[vlldiva, 2. = (Ivll2(,) + 1diva(v)llzz(,)

The essential boundary conditions (5.5a), (5.5b)1, (5.5¢); suggest to employ the functional spaces

Vlmwau = {v e V]"(2,) x H{(12,) : V| pinypyen =0 and v[paym -n = 0},
H1m {¢EH1 a) ¢ ngn:a}-

In what follows, to make notation more concise, we write L? instead of L?(§2,), and proceed similarly
for Vi1(12,), E% (2,), H 1(£2,), and other spaces of functions defined on {2, as well as their corresponding
norms. That is, in the remainder any space of functions and corresponding norm whose domain is not
specified is understood to refer to functions defined on {2,.

5.2.4 Weak formulation of the axisymmetric problem

For a fixed ¢t > 0, the weak (variational) formulation of problem (5.4), (5.5) is obtained after testing
against suitable functions and applying integration by parts in axisymmetric coordinates; and it can
be formulated as follows:

Find (u(t),p(t),0(t), s(t)) € V;' x L? x Hi x L? such that (5.5a) holds, and
(pfatu(t), 'u) Lo, T (u(t), v)

+er(w(t);u(t),v) +b(v,p(t)) = di(f,v) for all v € Vi, an(£2a), (5.6a)

b(u(t) q) =0 for all q e L2 (5.6b)
¢at @1 2. T a ( (t) 75)

+co(u(t J) +do(s @ =0 forall ¢ € H{ (), (5.6¢)

i)m +d3 Z) d4 (t),]) =0 forallle L3, (5.6d)
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where the bilinear, trilinear, and nonlinear forms are defined as follows for all u,v,w € V{!, ¢ € L},
§1€L? and 0,7 € H{:

ai(u,v) ::/ K_1Vu~'urd7'dz+/ us(u):s(v)rdrdz—i—/ Kurvrdrdz,
2

2a 2T
(5 _’) / DV : Vor drdz, b(v,q) = — gdiv, vrdrdz,
a 2,
c1(w;u,v) = / pi(w - V)u-vrdrdz, c(vi0,¢) = (v- V) - rdrdz,
2 2

- / () ordrds, do(s0.0) = [ 3 (f(es)ubirdrds,
a =1

/ x, ;) silirdrdz,
“Qazl

/Zg L i) s L dr dz.
dzl

5.2.5 Further assumptions and preliminaries
The permeability tensor K € [C(£2,)]?*? is assumed symmetric and uniformly positive definite,
hence its inverse satisfies

UTK_l(zc)v > aﬂ’u]Q for all v € R? and = € 2,, for a constant a; > 0.

We also require D to be positive definite, i.e.,
JT]D)JZ 042‘1;‘2 for all ¢ € R™, for a constant ag > 0.

We assume there exist constants f1, f2, 91,92 > 0 such that f; < f(x,s) < f2, g1 < g(=,0) < go2, and
that f and g are Lipschitz continuous and satisfy

|f(s1) = f(s2) < |fluiplst — s2l,  |g(61) — g(02)| < lgluipl61 — 62].

—

These assumptions imply that for all &1, 85, 8,1 € E% and 5, 1/7 €H { such that s;8% < 5™ there hold

—»—.\

ETO R (5.7)

Aa(5:0.5) < ol 5217 . (5.8)

a6 .9) — 68, < |l - 51022181 1 121 . (5.9)
ds(:5,5) = g1 512, (5.10)

ds(: 5.1) < gal| 31 3 1 72 (5.11)

A6, 1) < go5™ 1] 22 < Calll (5.12)

If in addition §€ H 1, we also get

d3(6;5,1) — d3(01; 5,1) < |gluipl|f2 — 61l 1 151 2 1] - (5.13)
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Due to the uniform boundedness of K~ and I, one can easily establish the following properties for
all u,v,€ V!, g€ L? and 0,4 € H":

|a1(u,v)| < Cullullyllv)ly;, (5.14a)
|az(0.4)| < CallO 3 1411 1 (5.14b)
|6(v,q)| < Cyllvllvzllall e, (5.14c)
|18, 0)] < Crllfl gy 0]y, (5.14d)

Moreover, thanks to the axisymmetric version of the well-known Sobolev embeddings (see [20, 133]),
we have that for p > 1,
Hw||L;1, < Cillwlly1  for all w € Vi, (5.15)

where the constant Cj > 0 depends only upon |£2,] and p. Also, for u,v,w € H} and 0,9 € ﬁll,
Hoélder’s inequality and (5.15) with % + ]% = 1 imply that (see [49])

|er(w;w, )| < Collwll g 1wl gy 10| ey
lea(w: 6, 4)| < Collwl g2 10 g 191 7
|ea(w; 0,9)| < Collwll g 10 gy 191 2

Next, Poincaré’s inequality and the positive definiteness of D readily imply the following coercivities
(see [32, Chapter IX]):

1(’0 U) ||'U||V1 for all v € ‘/m Wall('Q )7 (516)
ax($,9) 2 Gall¥llyy  for all € My, (). (5.17)

We then proceed to characterise the kernel of the bilinear form b(-,-) as

Z = { v E ‘/ll,in,wall(ﬁa) : b(’U, Q) = 0 for all VIS L% }
={ve ﬂ%in,wall(ﬁa) divav =0 a.e. in £2, },

and using integration by parts directly implies the relations (see [32, Section 1X.2])

-,

ca(w;v,v) =0 and  cy(w;, 1) =
a), &

B (5.18)
nd 1/} € Hl,in(‘Qa>'

foralwe Z, v € V1mwa11(

Note that for a given w € Z, property (5.16) together with (5.18) readily lead to the ellipticity of the

bilinear form

al('v ) ta (wv K ) Vvll,in,wall(ga) X Vvll,in,wall(“(za) - R.

Moreover, it is well known (i.e. [32, Proposition IX.1.1]) that an inf-sup condition holds for b(-,-) in

the following sense:

sup b(v,q)

> BHqHLz for all ¢ € L?.
ve‘/ll,in,wall(na \{0} H’UH‘/l
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5.3 Well-posedness analysis of the continuous problem

This part of our analysis will be restricted to the case of no-slip velocity boundary conditions on
the whole boundary. Then we introduce the spaces

H117<> = {w € Hi :w=0on &Qa}, Vfﬁo = {w eVl:w=0on 8(2&},

and Vll<> = Vll<> X H11,<>'

From [111], we recall the weighted Sobolev inequality:
Lemma 5.1. For all v € H} there holds

ol < Cllvllgzlola;.

We will also use the following lemma (for its proof in the axysimmetric case we refer the reader
to [32, Chapter IX]):
Lemma 5.2. If (u,p,0,5) € Vi, x LT x .F_’Ii<> x L2 solves (5.6), then w € Z is a solution of the

following reduced problem:
For all t € (0,77, find (u,0,s) € Z x ﬁllo x L? such that
(pfatu(t)7 ’U) 1,02, + a1 (’U,(t), ’U)

+ 1 (u(t); ut), ) =di(f,v) for all v € Vi yan(2a), (5.19a)
¢at J)l 2a —l—a2 (1) @

+eo(u(t @ +da(3(); 0(t),4) =0 for all ¢ € Hi;,(2a), (5.19b)

ORI +d3 [) d4 (0(t),1) =0 foralll'e L2 (5.19c)

Conversely, if (u g, 5) e Z x H1<> X L1 is a solution of (5.19), then there ewists a pressure p € L?
such that (u,p,0,5) is a solution of (5.6).

A similar problem of (5.6) but in Cartesian coordinates has been studied in [3]. The authors
showed the existence of the solution by using the Galerkin method and applying the Cauchy-Lipschitz
theorem. The proof of the existence of the solution of (5.6) can be showed by using the same method
noting that F is a Lipcshitz-continuous function; and using equivalent imbeddings stated for weighted
Sobolev spaces in [111] and weighted Poincaré like inequalities in [159, Section 4.3].

Theorem 5.1. Assume that for r > 4,
(u,0,s) € L*(0, 75 Z N W, (2,)) x L2(0, 75 Hi ) x L*(0, T H})

is a solution to problem (5.19). Then such solution is unique.

Proof. Throughout the proof, and for simplicity of the presentation, we assume that the model con-
stants are scaled as ¢, pp, pr = 1. Let (u1,61,s1) and (w2, 02, s2) be two solutions of (5.19). We
denote

—

U=u—uy, 6O:=0—0y and S:=35 — 3.
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—

Now, from (5.19b), by adding and subtracting 02(uQ,§1,é) and da (5o, 601 é), and using properties
(5.18) and (5.9) we obtain

(8,6, O).a, + as(6,6)
= —62(U' 01,0) — dy(52;0,0) — da(51;61,60) + da(52,61,6),

NG, + nl6l, < U261 316z + L lusp 151221611 1y 165

By Lemma 5.1 and Young’s inequality it follows that

=12
2dt”@H +012|9|ﬁ11 5.20)
C 2 L= 2 312 .
< 4(51’U’H11+51|91’ﬁ11”U||L§+52’9\g11 *\91 1||9H :

Now, selecting v = U in (5.19a), adding and subtracting c;(u2; u1; U), we obtain
(U, U)1,0, + a1(U,U) + c1(ug; U, U) = —c1 (U uy, U) + dy (6, U).

Employing properties (5.18) and (5.14d), we can readily see that

s U + V(U2 + VT3, < U3l |y + CrlE11U 2.

Applying Lemma 5.1 and Young’s inequality we conclude that

S U1, + aallUI,

o o (5.21)
3
< 7\U\V1 IIUHLz|u1|H1 +oF (!9| >+ IU1Zs)-

In the same manner, from (5.19¢), after adding and subtracting d3(§2; 51,5), we infer
(0.8, 9)1,0. + d3(02; 5, S) = —ds(6; 51, 5) — du(6, 5).
Using (5.10), (5.11), (5.12) and (5.13), we can assert that

IISIILz + 9115 2
24t (5.22)

< bl Jolus™ 52 13
2 (161 +115:1%, 1515) + 22— (1612, + 151%,),

and choosing €; = 2l/aa/C, £ = 2a/C and e3 = va,/C, we obtain from (5.20), (5.21) and (5.22)
that

U1, + 1612 + 151%,)
< Cjwfzgy + 1617 +H91H +H§1II§;11+1)(HUHQL§+IIéH%§+H5’H2E%)-
We may now integrate from 7 = 0 to 7 = ¢ to infer the bound
[T + 16112, + 1512,
t
< [ Clluly + 1B, + 1012, + 1513, + ) (015 + 1613, + 1513,) or

Applying Gronwall’s lemma, we now conclude that U = 0, 6 =0and S =0. O
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5.4 Spatio-temporal discretisation

5.4.1 An axisymmetric H (div)-conforming method

Let us denote by T, a regular partition of {2, composed by triangular elements K of diameter h.
First, we recall the definition of the two-dimensional BDM spaces (see e.g. [40]) locally on an element
K € Th, BDMy(K) = (Pr(K))?, where Pj(K) denotes the local space spanned by polynomials of
degree up to k. In turn, related to the axisymmetric setting, as in [71] we define

BDM(K) :={v € BDM(K) : v - ng|psvm = 0}
:{(vrvvz)T S BDMk . ’Ur|['sym = 0}7

where the associated degrees of freedom are given by
/g v-ngprds, pé€ Ri(OK) fork >0,
h
/K'v -Vprdrdz, pé€Pp_1(K) fork>1,
/K’U ~curl(bgp)rdrdz, pe Pro(K) fork>2,

where by denotes a bubble function on the element K and
Ry(0K) = {¢ € L*(0K) : ¢|c € Pi(e), e € En(K)}.
Then, globally, for an integer £ and a mesh 7; on {2, we utilize the discrete spaces

HE = {v), € H(diva; 2,) : vp| e € BDMPY(K) for all K € T},
Vi = {qn € L}(2.) : qn|x € Pu(K) for all K € T},
M= {yy, € O(2,) : Yy |k € Pi(K) for all K € Ty},

to define the following finite element subspaces for the approximation of the unknowns wu, p, g and 3,
respectively, where the polynomial degree is k > 1:

Vy, = ’Hﬁ N Ho(diva; $2.), Qp = yllj_l’
Mh,o = MZ N ﬁll,in(g)7 Sh = jflf_l'

Let us recall that for axisymmetric cases the property div, Vi, C Qy, is not preserved [72], and let us
also recall from [71] the following discrete inf-sup condition for b(-,-), where 3 is independent of h:

b(v , 4 2
LG VS Bllanll sz o,y for all g, € Q. (5.23)

onevirfo} lonll T,

Associated with these finite-dimensional spaces, we state the following semi-discrete Galerkin for-
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mulation for problem (5.1), (5.3):

For a fixed ¢ > 0, find (wp(t), pr(t), On(t), 54(t)) € Vi x Qp x My X Sy
such that for all (vh,qh,z/jh,l;) eV, x Qp x ./\;l)h@ X Sp:
(peOrup(t),v) Lo, T al (un(t), vp)
+ () un(t), vp) + b(vn, pa(t)) = di (G4(t), v),
b(un(t), qn) =0, (5.24)
(¢at§h(t)v1;>1,ﬂa +a2(§h(t)v1;h>

Here the discrete versions of the trilinear forms aq(-,-), ¢1(+;-,-) and ca(+;-, ) are defined using a

symmetric interior penalty, an upwind approach and a skew-symmetric form, respectively (see e.g.
[46,102,109)):

alt(u,v) = /Qa (K*lu v +vep(u) :ep(v) + I/%%) rdrdz
> / (fven(yne} - [or] ~ fven()ne) - [ur]

e€Ey €

+ Z—Zy[[uf]] : [['v.,.]])rds,

A(w;u,v) = ;/Q (w-Vp)u-v—(w-Vpy)v-u)rdrdz

+ Z W' (u) - vrds,

e€ly ¢

Lo 1 Lo
(w3 Op, Up) = B (/Q (U‘Vh)Q-zbrdrdz—/

(v- V)¢ - 0rdr dz> ,
2,

where the fluxes are defined as
1
W' (u) = §(w ‘ng — |w- nK|)(ue —u),

and u€ denotes the trace of u taken from within the exterior of K.

We then proceed with the method of lines, and for the time discretisation we partition the interval
[0, 7] into N subintervals [t,_1,t,] of length At. We will use an implicit, second-order backward
differentiation formula (BDF2). Starting from the interpolates u%, 0,? and §’,? of the initial data onV},,
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/\;l‘h@ and gh, respectively, we solve for n = 1,..., N — 1 the nonlinear system

(uZ'H - %uz * ;uz_l’vh>1,na
= (G ) — b (g ) — b g ) — b, g )
b(up ™, q) =0,

1 ggﬁ n ;5}7_17%)

Lo (5.25)

—

= SAt(=da (s 0 ) — as (07 ) — (T 00 ),

4 1 -

on+1 - on—1

(sg — gs;’f + gs,? ,lh)lﬂa
2 . . L

- gAt(—dg(e,;”l; SPL L) + da(07 1))

for all v, € Vi, qn, € On, by € M), and 5, € S,.
Then, in a way analogous to the continuous case, we define the discrete kernel
Zy, = {vh € Vi, 1 b(vp, qn) =0 for all ¢, € Qh},

however we cannot obtain a characterisation analogous to the discrete case.

5.4.2 Discrete stability properties

For the subsequent analysis, we introduce for » > 0 the broken HJ,(75) space
H!\(Ty) ={ve L2 :v|x € Hy(K),K €T},
as well as the following parameter- and mesh- dependent broken norms
1
ol = 3 len®Ez + 3 lorllz, o + 3 5 lorDlzc,
KeT, KeTy, ec&y,
17, = [olZ20,) + vIvlZg  for all v e Hi(Th),

%,Th + Z h%dv@llg(]{) for all v € H(Tp),
KeTy,

o2 = fjo

where the stronger norm ||- H%,g is used to show continuity. It can be proven that this norm is equivalent
to |||l1,7;, on Hi(Tp) (see [67?[l and [19]). Finally, adapting the argument used in [102, Proposition 4.5]
and relying on the equivalent weighted Sobolev embeddings in [111] we have the following discrete
Sobolev embedding: for r = 2,4 there exists a constant Cepp, > 0 such that

[vllzr < CembllvllLT, for all v € H}(Ty). (5.26)

Using these norms, we can establish continuity of the trilinear and bilinear forms involved, stated in
the following lemma that can be proved following [137, Section 3.3.2], [71, Section 3] and [19, Section
4].
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Lemma 5.3. The following properties hold:

|al (u, v)| < Cllullz2[v]1,7 for all w € HE(Tp), v € W,
|a (u, v)| < Callulliz|lvlh,7, for all u,v € V4,
b(v,a)| < Collvllzllall 22, for all v € H{(Tp), ¢ € L(£2),

and for all w,v,w € HN(T;) and ,0 € [H(2)]™, there holds

|d1 (6,

)
|ch(w; 0,

v)| < Crllfll gallvll7, (5.27a)
)] < Cllwllyz 191 110 - (5.27b)

Note that while the coercivity of the form as(-,-) in the discrete setting is readily implied by (5.17),
there also holds (cf. [109, Lemma 3.2])

a(v,v) > daHvHiTh for all v € V, (5.28)

provided that ag > 0 is sufficiently large and independent of the mesh size.

Let w € Hy(div’; £2), due to the skew-symmetric form of the operators ¢! and cf, and the positivity
of the non-linear upwind term of ¢! (see e.g. [138]), we can write

(w;u,u) >0 for all u € Vj, (5.29)
cf (w; n, Pn) = 0 for all 4y, € My, (5.30)

as well as the following relation (which is based on (5.26) and follows by the same method as in
[62,102)):

For any w1y, ws,u € H12(7}L) there holds for all v € V,

h h 5 (5.31)
et (wisu, )| =[] (wa; u,v)| < Cellwi —wall17[|v]l1,7 w17
5.4.3 Existence of discrete solutions
In what follows we will use the following algebraic relation: for any real numbers a"*!, a”, a"~!
and defining Aa™ = o™ — 2a™ 4+ a"~ !, we have
237 — da” 4 " a") = | 4 (20— P [ Aa? (5.2)

_ |an|2 _ |2an _ an—1|2.

Theorem 5.2. Let (uz+1,pz+1,§£+1,§g+l) eV, x Qp x ./\;lh,() x Sy, be a solution of problem (5.25).
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Then the following bounds are satisfied, where C1,Cy and Cs are constants independent of h and At:

+1
luh 17z + l12uh ™ — wplgs + ZIMuhHLz + ZAtHu" 1% 7
< Cr(10n11%: + 11200 = ORI, + lunllZs + ||2uh —upllz2),

n
\WW@HWF“W@+ZM%I+ZNW“Z -
j=1 5.33

AR )
n
155 M 1%z + 1285 = 517, + ZH/L??ZH%Q
< C3(10n117; + 11208 — OR117, + 15172 + 11285 — 83l + nAtCa).
Proof. First we take 1, = 497;“ in the third equation of (5.25) and use properties (5.7), (5.30) and
relation (5.32) to deduce the inequality
1712, 4+ 1207 — G712, + 1A 2, + 4 Aty
<2, + 28—
Hence, summing over n, we get
n n
Hn+1)2 ayn+l _ gn 2 0712 7i+1)2
171+ 12647~ G+ DOIAGIE + 402> A4,
J=1 J=1 (534)
71012 F1_ 702
< |16y, Hg% + 126, — 0, HE%
Similarly, in the fourth equation of (5.25), we take [, = 45 and apply (5.12), (5.10) together with
Young’s inequality to get
ont1 ontl _
155 T, + 112857+ = Sl + 148717
< 4AthH9"+1HL2 + [I57 H 2+ 1128 — 571

< 2AtC |9"+1| +20dAt+|| || +||2 -5 1\|

Summing over n we therefore obtain

155172 + 11255 = 511 +ZII/1

<20, E:AtW“P +2nALCH + |55 )12, +||2§,17§,9|y252. (5.35)
1
7j=1

We get the second result of (5.33) by replacing (5.34) in (5.35). Finally we take vj, = 4u} "' and
= 4p;*! in the first and second equation of (5.25), respectively and apply (5.32), (5.27a), (5.28)
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and (5.29) to deduce the estimate

™ Ze + 120 = wh|7s + | Aubll7e + 4Atdauy ™ IF 7,
1 1
< AMCE 0 ol I + lefllFa + 12uh — up I3
Now we use Young’s inequality with € = @, to arrive at
T + 120 = wplTs + 1 Aubl|7s + At2da]luy ™3 7,
02 CP n+1 n—12
i ——At|6) 1t ||uhHL2 +[12up — w1z,

and summing over n we can assert that

1
|th4uL2+|pun+1-uhuLz+-§2uAuhuLz+—2aa§3zﬂﬂhﬂ+\hg;
7j=1 Jj=1

n (5.36)
< TECo S A2 + b+ ) — w3
. hllL2 h— ZhllL2-
j=

Finally we get the first result in (5.33) from the bounds (5.34) and (5.36). O

Theorem 5.3. Assume that
CF P
< . 5.37
> (5.57)

Then problem (5.25) admits at least one solution
(up ™ pp L G 5 € Vi, x Qp x Mo x Sh.
Proof. To simplify the proof we introduce the following constants:
Cu = O (1012 + 120 — G011 + sk 2 + 1220h, — )l 2).
Co = Ca([10n 1 22 + 11205 — 611l 2)
Cs = Os (110 1 22 + 1120 — G llzz + 130l 2 + 1258 — 3l 2 +nALCE).

We shall make use of Brouwer’s fixed-point theorem in the form given by [82, Corollary 1.1, Chapter
IV]:

Theorem 5.4 (Brouwer’s fixed-point theorem). Let H be a finite-dimensional Hilbert space with scalar
product denoted by (,)y and corresponding norm ||-||g. Let ®: H — H be a continuous mapping for
which there exists p > 0 such that (P(u),u)g >0 for all w € H with ||u||g = p. Then there exists an
element uw € H such that ®(u) =0, ||u||g < w.

We proceed by induction on n > 2. We define the mapping

B Vi x Qp X My xS — Vi, x Qp x My xSy
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using the relation
(@( n+1,pz+1 0}74_1 _’;Ll—i_l) (Uha qh, zZha l_;L))l NoN
1
T 2A¢

+ b(’Uh, n+1) b( n+1th) ( (é'n—i—l),vh)l o, + 7(3_'n+1 N 49_;;1 + é'}?_l’ﬁh)ljga

0
T ag (T ) + o (B ) + da (5 B )
h) —

(Bup ™ — duf +up ! vh)lﬂa—ka}f( up ™ vp) + el (Tt vy

~£+1 43h +Sn 1 lh)l,g +d3(0n+1 an+1 l d4(§;?+1,l7L).

+ o (3
Note this map is well-defined and continuous on V3 x Qp, X Mh 0 X §h, On the other hand, if we take

( n+1 ,_ n+l 9n+1 —»n+1)’

(vh7Qha¢h7lh) » Dp, Sy,

and employ (5.29), (5.30), (5.27a) and (5.28), we obtain

(Pl G 5, (i G ),
1
> —E\Iﬁluh —up 1HL2Huh+1HL2 + OéaHUnH’ 1,7, — CFHGZHHQHUZHHQ
3
1 +1 +1 —n+1)(2
QNM% O gl g + cald™ G, + 5o 157 12,

||45h = 5 g2 157 e = Callfy ™ e

Next, using (5.33)7 inequality (5.37) and Young’s inequality with constant €; = &,/Cr, we deduce
that

(@™ oy B ), «uz+*7pz+l OS5 ) L,
Qq 3 ..
> S s + 5 15 3 + 071, = g Cullu sz

pn+1 antl
<2Ath + Cd> H@,? ”L? - ECSHS,? ”L?

Then, setting

O 3 a9

5 5 5
CR—mm{2 SAL QC} CT—2max{2AtC’ A09+Cd’Az€C}’

we may apply the inequality a + b < v/2(a? + b?)'/2, valid for all a,b € R, to obtain

((ﬁ( n—&—l’pz—‘rl 9}7;—‘,—1 —}7’;-‘1—1) ( n—&—l,pz,—‘,-l en—i—l,—}?—i—l))lna

> Ol ™35 + 16712 + 155 11%)
o — 1/2
= Cr (g g + 1015 + 115+ 1%) 2

Hence, the right-hand side is nonnegative on a sphere of radius r = C,/Cg. Consequently, by
Theorem 5.4, there exists a solution to the fixed-point problem

n+l ,_n+l pgn+l on+l
@( 0,5 ) 0.
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As in the previous chapters, one cannot directly establish a discrete version of Theorem 5.1. In
fact we were not able to control the discrete norms arising from (5.31), which would be necessary to
establish a discrete counterpart of (5.21). However, even when uniqueness of the discrete counterpart
remains an open problem, our non-exhaustive selection of numerical examples did not present any
difficulties in this regard.

5.5 Error analysis

The following development follows the structure adopted in [4]. We start by recalling some inter-
polation results from [26] and [71].

Lemma 5.4. Let L;, be the Lagrange interpolation operator Lp : C°(£2,) — Vi, where Vj, denotes
the space of Lagrange finite elements of order k. We also consider its vectorial counterpart, keeping
the same notation. Then for all I and for all p such that 1 <[ < k+1,1 <p < 400, > % or
p = 1,1 = 3 there exists a constant C* > 0 independent of h, such that for all ve Wll’p(ﬂa), the
following inequalities hold;

[v—=Lrv|rr0,) < C*hllv — Lpvlppia, < C*h v

wirgay 10 wie(u):

Lemma 5.5. Let 1T}, be the BDM interpolation operator ITy, : C°(£2,) — HE. Then for all v €
Hf“(ﬁa), the following inequalities hold:

o = hvll g2 (e, < C*h’““|vka+1 o =1 vl < C*thUHH{cH

(2a) (£2a)

Proof. The first result comes from [71, Corrollary A.7]. The proof of the second result comes much in
the same way as in the Cartesian case, by making use of the equivalent weighted inverse inequalities
and weighted approximation properties proved in [26], see [72, Section 3.1] and [19]. O

Lemma 5.6. Let 7, denote the modified Clément interpolation operator
Iy« Hy 1 (£2,) — M,

and the same notation is kept for its vectorial counterpart. Then for all | and for all p such that
1 <1 <k+1,1<p< +o0o there exists a constant C* > 0 independently of h such that for any
function v € Wll’p(Qa),

* 1
[v—="Znvllr(0,) < C*h |U‘Wll’p(9a)'

Lemma 5.7. Assume that u € H? and 0 e ﬁll Then

(Gru(t),v), o + af (ult),v) + (u(t)'u(t) v) +b(v,p) — dy (5@) v) =0,
_)t),J)LQaJrCLQ 1;)+02 ’J)erg t 1/7)—0

-,

for all (v,v) € Vi, x My . A similar result also holds for the fourth equation in (5.24).

Proof. Since we assume u € HZ((2,), integration by parts yields the required result. See also [19]. [
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Now we decompose the errors as follows:

u—up=FEy+& = (u—Iu)+ (I, u—uyp),
p—pn==Ep+&=(p—Lnp)+ (Lnp—pn),
5— 5}1 = Eé'—i-fé': (g—l—hg) + (Ihg— gh),
§—35y=FEz+& = (5—Ly3)+ (L 5— 5n).
Assuming that u) = I, u(0), 9_2 = 7,,6(0) and 59 = £, 5(0), we will use also the notation EI! =
w(ty) — IIy u(t,) and & = II, u(t,) — uj, and the corresponding notation for other variables. Since

for the first time iteration of system (5.25) we adopt a backward Euler scheme, we require error
estimates for this step.

Theorem 5.5. Let us assume that
w e L0, T; HY) N L®(0,T; Vi (12.)), ' € L®(0,T; Hy),
u” € L0, T5 L), pe L0, T;HE), 6 L0, T;H} (2)),
6" € L*(0,T; Hy), 0" L>(0,T;L}), §eL>0,T;H}),
§ e L>(0,T;H?), 5" eL>®0,T;H}),
and also that HUHLOO(O,T;H}) < M for a sufficiently small constant M > 0 (a precise condition for M,

can be found in Theorem 5.6). Then there exist positive constants C}, 091, C}, independently of h
and At, such that

1,
€il3s + 5 AtaallEullf 7, < CLH™ + ALY,
Lotz L oo o 112k, Al
ZHngE% + iﬂt%HﬁgHﬁ% < CH(P** 4 AtY),
1 1
SlIEslZ: + S Ata g7, < Co(h* + At).

Proof. Since these bounds are similar to those used in Theorems 5.6-5.8, we postpone some details
until the proof of those theorems. First, based on the regularity assumptions for u, for all & there
exists v € (0, 1) such that

1
u(0) = u(At) — Atu/(At) + §At2u”(At'y),
where u satisfies the error inequality

l€ullze + Ataalléulli 7
< — (I u(At) — u(At) — (uj — u(0), &), o, + Ath(Lh p(AL) —p(At), &)

+ At (I (A1), €1) — At(cl (b, ) — ch(u(Ar), (A1) £1)
. 2
~ At (6~ 0(An. €4) — S (u/(An). €1),

which follows by choosing & as test function in the first equation of Lemma 5.7 and system (5.24),
performing an Euler scheme step, subtracting both equations and adding +a(IT, u(At), £L).
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Now by applying the error approximation results from Lemmas 5.4 to 5.6, Young’s inequality and
the stability properties from Section 5.4.2, we get

1
Hfi”ig + ZAt%HleL i
< ORP At (Jas( A8 g + [10) g + 18020 2 + (A1) ) (5.38)
+ CAt4||u/,||ioo(07At;L%) =+ 480%At||§;*”%§

Next we follow the same steps to obtain for g

1 1 .
SEdZ, + 5 Ataalled,
< CA (|l A0) 2y + I(ADIZ 01 + 16(0) 5:1) (5.39)

3CC*At At f1£;,C
+ CA#HT””%w(o,At;L%) t ||§u Tp

10(AD) 11111 %

and analogously for §

1, 1 )
€517 + 5 AtgrlléslI 7
< Ch%AtQ(Hg(At)H%{C +[15(0) 1 %5 gt He(At)HHk—O—l) (5.40)

5\g|L- At B
+ (1 + HS(At)H??jll) ”§§|’§jll

4 —// 2

In this way, from (5.38) and (5.40) we have that

3CC* e At 144CC*CE At
T\I&Hifrh < C(h** + Ath) + a—l!ﬁ HLQ,

DAL fI3,C* -
AipHe(At)Hszs}’H%%

A2

a

< OO + Aty + (1+ 152012, 18(AD P52,

Aq g7

We substitute these inequalities into (5.39) and consider At sufficiently small such that the terms

multiplying Hfé”%g can be absorbed into the left-hand side of the inequality to get
1

1 1.,
JIEHIZ, + S AtdaliEgs, < CHO + At). (541)

Finally we deduce the first and third desired estimates by directly substituting (5.41) on (5.38) and
(5.40). O

Theorem 5.6. Let (u,p,@E’) be the solution of (5.4), (5.5) under the assumptions of Section 5.3,
and (uh,ph,gh, Sp) be the solution of (5.25). Suppose that

w e L0, T; HiM) N L™(0, T; Vi (2a)),
0 € L0, T HiTH(2)), o € L2(0,T;HY), u® e L*0,T;L3})
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and ||u||Loo(0,T;Hl1) < M for a sufficiently small constant M > 0. Then there exist positive constants
C,v1 > 0 independent of h and At such that for allm+1 < N,

m m
€12, + 2604 — 2 + DI + 3 Atdiall€r I 7,
n=1 n=1

m
4 k 1
< C(AH + 1)+ 3 AR 2,
n=1
Proof. We choose as test function vy, = €271 in the first equation of (5.25) and insert the terms
1
+ oo (Bultnr) — du(tn) + u(tnr), o,

1
:ETAt(?)Uh (tn+1)—4ﬂh (tn)—l—Hhu(tn 1) n+1), ia’f(ﬂh (tn+1)f+1)

Hence we get

- 1 -
(Bea™ — g + & &) o, o BELT S 4EL+ BTN o,

1 n n n
g (Bultnsn) —du(tn) +u(tn), €51, +al (€€

+af (I u(tnr), &) + e (up ™ up ™ ) + b(En ™ pi )

=G e,

2At

(5.42)

Considering the first equation on Lemma 5.7 at t = t,,,1 with v = 2! and after inserting the term

1
2At

we readily deduce the identity

1 n n
57 (Bu(tnsn) = dultn) + w(tar) €57, o + af (u(ta). €57

T (ultnen), wltan), €7) + BET pltasn))
— (@t €Y (5.43)

— b u — 4u w(t,_ n+l )
(10010) = 5 a0 ) e )) €57

(Bultnr1) — 4u(tn) + w(tn-1),&2), o,

We can then subtract (5.43) from (5.42) and multiply both sides by 4At to obtain an identity I; +
Ih+---+ Ig = 0, where

ho=2036 4+ e ), b= Al 6 .,

u

1
I3 == 4 At <u’(tn+1) — Q—At(?)u(tnﬂ) —du(ty) + u(tn-1)), 3+1> ,
1,02

Iy = 2(3E0T —4EN + Bt ent ) I = —4Atd (00 — 0(t41), €571 00,
Is = 4Ata} (B, €0,

I7 =44t (e} (up ™ up e — (b)), w(tn), €0711)),

Is == 4Ath( Z“,pﬁ“ p(tn+1))-
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For the first term, using (5.32) we can assert that
2 12 2 —12
Iy = (€ 2, + 12650 — 8112, + 1ACEH 12, — €212, — 125 — €27 125
Using the ellipticity stated in (5.28), we readily get
Iy > A4t 1T 7, -

By using Taylor’s formula with integral remainder we have

3u(tpe1) — 4u(ty) + u(tp_1 At3/2
 (tngr) — n+1) QA(t ) (tn—1) = Wi ||u(3)||L2(t"*1,t"+1§L%)’

then by combining Cauchy-Schwarz and Young’s inequality, we obtain the bound

A
= 245

At& 1

t4
ol & 13 7.

3)12
13| < ||L2(tn_1,tn+1;L2

Now we insert +4AtE,,(t,+1) into the fourth term, which leads to

I4 = —4At(E;(tn+1)7£Z+1)L-Qa

3En+1 — AET + Enfl
El _ u u u n+1 .
+ ( u(tn+1) 2Nt » Su >1 o

Proceeding as before and using Lemma 5.5 on the first term of I, we get

AtEQ

At& Ales

C’
’I4| h%”u ”LOO(OTHk

At4C 3)
+ e Jual ”L?(OTL2

Now by (5.27a), appealing to Lemma 5.6, and inserting +4Atd;(Z}, g+t Ent) we are left with

|I5] < 4AtCrlgE™ + B pall€u ™

< S (ORI g ey 1571, ) + SR R
And again by Lemmas 5.5 and 5.3 we immediately have
202 Ath?* At55
1| < lewt 7, < — U oty T & 3 7, -

Adding and subtracting suitable terms within I yields
I; = I — 45tcl (up T gt gty
where we define

I~7 = —4At(c}f(u(tn+1) Uh u(tn+1) n—i—l) — C?(Uh U(tn+1), Hh u(tn+1),§ﬁ+1)
+ A (I wltns), Dy u(tygr), €0 — (I ultng), wtng), €01

+ (M w(tngn), w(tn), §n ) — A (wltng)u(tag), 611).

117
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The bound (5.31) and Lemma 5.5 imply that

|I7] < 4AtC. (i€, 1 w(tns ) 175 + 1HIn w7 | B 160
+ HEZ“HLThIIU( )7 6 )

< 42 ( CC 1L el 7

h2k002

+ T%HUHLW(OTHl [ (O T:HM T H£n+1”1’7-h
+ EB Nl g o iy + €17 )
< 4At<C*C ManHHLTh h;l;CHu”Loo 0,T;H}) HU’HLOO (0,T;HF)
anHHl,’Fn CthH HLoo(OTHk+1 Hu”%oo(o,T;Hll)

Ha"“nl,n),

where C* is a positive constant coming from Lemma 5.5. Finally, using Lemmas 5.3 and 5.4 we obtain

SAtCCER?F Atsg
13

[Is| < ||p||Loo(0,7';Hk(Qa

Hence, by choosing ¢; = &,/3 for i = {1,2,3,4,5,8}, ¢ = e7 = 7a, /16, collecting the above estimates,
and summing over 1 <n <m for all m+ 1 < N; we get

m
e+ 126 = €l + DIACHE; ~ 3Ll
n—=

n+1 4 2k 240%‘At S n+1(2
+ ZAtaaM I3 7. < C(At* + h?) + Y > lie 172
n=1

where 4C.C*M < ag /4 and v = 24012; /@,. Finally, using Theorem 5.5, we get the desired result. [

Theorem 5.7. Let (u,p,0,35) be the solution of (5.4), (5.5) under the assumptions of Section 5.3 and
(wh, Ph, On, 5n) be the solution of (5.25). If

w e L0, T; HETY N L0, T Vi (2a)), 6 L0, T HETH(12.)),
0" c L0, T;HF), 6O e L*0,T;L?), 5eL>(0,T;H}),

then there exist constants C,~s, v, > 0, independent of h and At, such that for allm+1 < N
lEF % + 1265+ = 1, + ZIIAi”“ , + ZAtaallé"“ll i

< C(At + ™) + Z s M| I, + Z Y A& 7,

n=1
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Proof. Proceeding similarly as in the proof of Theorem 5.6, we choose as test function Jh = g“ in

the second equation of (5.25) and insert suitable additional terms to obtain the following identity,
which is analogous to (5.42):

1
+1 -1 +1 +1 -1 +1
(Bep™t —agp + g o, gy BEFT - ABp + BT )

2AL 2AL 1,42
+ g (38(tae1) = 40(ta) + 0(ta1). 571
4 as (§7j+1’ €7j+1) + ag(Ih 5(tn+1)7 §g+1) + CQ(UZ—H, 5}?—’—17 §g+1)
= (I ), .

n+1

Starting from the second equation in Lemma 5.7, focusing on ¢ = £, 11, using w f and proceeding

as in the derivation of (5.43), we obtain

L B .
2At( (tns1) — 40(tn) + O(tn—1), §n+1)1 o T a ( (th),g;ﬁl)
+ & (ultns1), Oltns1), E2H)
— d2(§ 1);0(tns1), f;l‘“) o4
B 30(tns1) — 40(tn) + 0(tn-1) i
- (e (tn+1) — oAt & )1%'

Next we proceed to subtract (5.45) from (5.44), and to multiply both sides by 4A¢. This leads to an
identity fl + fg + -+ j7 = 0, where

_ +1 —1 gn+l [y = hentt gt
I 2(3671 455: _|_ é'g ’fg )I,Qa’ IQ = 4Ata2 (fg a§g+ )7
30(tns1) — 40(t) + O(tn—1) n+1>
1,0

jg = 4At<9_7(tn+1) - INE Y

I =20E; —4E; + EXL )
I = 4t (ch (up 07 €ty — ol (w(tng), O(tag), E2)),

I = AAt(dy (57, 00 g“) — da(8(tns1); Otns1), g+ )

Is = 44ty (EFH €00,

For the first, second, and third terms, we use (5.32), (5.17), and Taylor expansion together with
Young’s inequality, respectively, to obtain

b= llgg M Zs + 112657 — &517 + 11465 17 — lIgg 11, — 11265 — €57 17,

12>>4Aum|m"+wbﬁ,

At&‘l

|Is] < H9 €5 17

- 246 HLQ(tn 17 n+1; LQ)

Inserting :|:4AtEé~(tn+1) into I, and using Lemma 5.6 leads to the bound

~ C At€2
1l <5 —h*0")% . oriny + 5 16 I

Até‘ 3

At C .
+ - |!9(3)||L2 orin T o I +1||
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Employing again Lemma 5.6 in combination with (5.14b) we have

. 2C2 Ath?* At54 "
’I5| < 87H0”L00(07’Hk+1) H§ +1”

In order to derive a bound for I we proceed as for the bound on I7 in the proof of Theorem 5.6;
namely adding and subtracting suitable terms in the definition of I, defining I in this case by

I6 —I6+46tc2( n+1’ E+1,§n+l)

and applying (5.30), (5.27b) and Lemma 5.6 to the result, we get

i 20
) <4At< TR oy + 5ol
h%C(ﬂ S
T%HUHQOO 0TH1 HOHLOO(OTHIC-H 7”&‘“4‘ HQA
2k 12
£ O WP+ ST,
2, 0,7 H YW ipeoo, 38l T 9 15¢ al )

Next we add and subtract suitable terms in f7 to obtain

Ir = —4AH(d2 (5741, Ty O(t i), ”*1) do (Ly 8(tn11),Zn 0(tnt1), g*l)

+ da (L §(tng), Tn O(t 1) E51) = da (L 5(tn), 0(tns1), &)
+ d2 (Lh g(tn-&-l) g(tn+l) gngl) —dy (g(tn+l) 9( n+1) £n+1)
+d2(—»n+17 'LL+1 £n+1))

After passing the last expression to the left-hand side and using (5.7), we can combine (5.8) and (5.9),
to infer that the remaining terms in I (which we now denote as f}‘ ) are bounded as follows:

Tk 8’f’L EgAt
7| < ——F— H§"+1H 2||9H20o (O0.751) ||§9||
8f2Ath2k Atag
27”9“200 o7ty o Il
8‘f|LipAth2k 2 9 2 AtElO
+ S 2 a2 + S el

In this manner, and after choosing ¢; = 3&,/7 for i € {1,2,3,4,8,9,10} and €5 = g6 = 7 = G, /4, we
can collect the above estimates and sum over 1 < n < m, for all m+ 1 < N, to get

m
g2, + 1267+ = €711 + DA%, + Z At 1%, = 3l
n=1

56| f [T, AL~
i?;

Qg

=02, il ||€"+1H1,frh-
0731 4

< C(At! + 1) + [ [ ZHS?;“II%%
n=1

8AtC (O
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Identifying the constants

56\f\%ip”§”2 8020*

H11)7 Yu = HHHQ

Ts = % (0,T;Hi})
we may conclude the proof. O

Theorem 5.8. Let (u,p,@jé’) be the solution of (5.4), (5.5) under the assumptions of Section 5.3,
and (wp, ph, On, 53) be the solution of (5.25). If

we L0, T; HEPY N L=(0,T; Vi), 6eL>(0,T;HEY,
§€ L0, T; HF), & eL>0,T;H), 5® ¢cL*0,T;L%,
then there exist constants C,~v2 > 0 that are independent of h and At such that for allm+1 < N
m
67 I + 1267 = €71, + 3_IAEH 1, + ZAtg ez,
m
< C(AL+ 1) +72;A75H§;3+1|25%

Proof. We choose as test function Iy = {gf“ in the third equation of (5.25) and add and substract
suitable terms. Analogously to (5.43) and (5.44), we obtain

(3€n+1 4§n + é-n 17€n+1)1 o

+ ﬂ(?)E?H —4E7 + E;j—l 4+ 35(tnr1) — 45(tn) + 5(tn_1), £2+1)1’Qa (5.46)

+d3 (@ZLH, gutl en ) 4 dy (5;?+1; L 8(tns1), 0T — dy (5,?+1, gntl) =o.

2At

n+1

Now we consider (5.6d) at time ¢t = ¢,,41, using also [= as test function. Adding and subtracting

a suitable term, we deduce the relation

—

zZt (38(tnr1) — 48(tn) + 8(tu-1),E87) | g + s (0(tns1); 5(tnsa), E5H)
= da(0(tns1), €011 (5.47)
_ <§/(tn+1) 2275 (35( nt1) — 48(t,) + 5(7511—1))75;‘“)

1,02,
As in the two previous proofs, we subtract (5.47) from (5.46) and multiply both sides by 4 At to obtain
f1+j2+---+j620, where
Lo=23M —ag + &) o b= da(0 L,
_ . 1 . . .
Iy = 4At (5 (tpg1) — 5 (38(tns1) — 45(t,) + 5(tn—1)), €011 :
2At 1.0,
L= 2(3E0 458 + B 0),
Iy = —4AH(d3 (0 £ 8(tn 1), €5H1) = d3(0(tn11); 5t 41),627),
IG = —4Atd4(9_;7;+1 - 5( n+1) §n+1)
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For the first, second, and third terms, we proceed to use (5.32), the ellipticity (5.10), and Taylor
expansion to get
I = [lE2+1%, >+ 1262 — €212, >+ | AEEH12 72 ||£?H25§ — [126% —
I, > 4Atg, an“u

At
— 245

||L27

L27

+ S en,
L2 tn 1 tn+1 L2

I3 <

For the fourth term we include +4AtE(t,11) and use Taylor’s formula and Lemma 5.6, which leads
to

= C . Atﬁg
1l < o oo PN N e o iy + 5 115 12

At C N Atég
+ 7” ® ||L2 0TL2 ||€n+1||

To handle I5, we add and subtract the terms

—

ds (0(tn41); 8(tns), €27)  and  ds(Zp O(tns1)M; 5(tns1), €57,

Then, owing to (5.11), (5.13), Lemma 5.4, and Young’s inequality, we end up with

_ Cg Ath?k 54At !g!L .
[Is| < ———1|5 HLoo(OTHk IIé"sII —— H&”“II e HLoo(OTHl

’9’Lip QkAt -

€5At
|| ||200(0,T;ﬁ1k+1)||§u2m(OmHl

€6At

I€s117 l&sl1Z

Finally we insert +4Atdy(Zy 0(tni1), ¢2*1) in I and use Lemma 5.6 in order to deduce the bound

Ts] = [42¢ (G = T 0ltn 1), €271) + da (T Bltns1) = Bltas), €271))|

8|9|L |9|i 2 57—1—58
ez, ST g e+ T At

It then suffices to take e; = 3¢g1/4 for all i € {1,...,10} and to sum over 1 <n < m, forallm+1< N
in the above estimates, which, in combination with Theorem 5.6 implies that

m m
€7 M 17, + 1268 = €511, + ZHM?HQE% + Z Atgr €77,

32|9’%,1 n
< C(At4 +h2k) + vlp ( + H_’Hzoo OTHl ) Atzué +1 L2’

and the result follows by choosing

32‘9‘%@ (1 +

Y2 = 39,

2
51 < o i)
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Theorem 5.9. Under the same assumptions of Theorems 5.6 - 5.8, there exist positive constants 7,
Yo and 7, independent of At and h, such that for a sufficiently small At and oll m +1 < N, the
following inequalities hold:

1/2
(IIEm“HLz +1260* = €172 + Z A&7 + At allén“\ll,fh))

n=1

< Fu (A + hY),

m 1/2
IIS,E”“H% + |26 — 53”!25% + Z(I!/lig\l + At ~11)>
n=1

IN 7 N

Ao(AL? + h*),
m 1/2
€% 72t 1265+ — £?HQE§ + Z(IM&?H + Atg |63 §)>
n=1
< A5(At? + hF).
Proof. From Theorem 5.6 and 5.8 we have the estimates

Z%AtIIE"“HLTh < C(A* + p2) 4 1L ZAtHs““||L2,

Z%Atllﬁgﬁl\lz < C(At* + h*%) + ”;”Zmusnﬂup,

n=1

which, after substituting them back into Theorem5.7, yield

m m
I + 11265+ = 5y + S_IAgGIE; + 3 Atdalcs Iy

< C(At4 + h2k) 71'71191()["’9’175720% Z Atufn-HH

n=1
For the last term on the right-hand side of this last bound we have
1 -1
€z 12, < 20148812, + 1262 — €2V 1%),

and considering At sufficiently small and applying Gronwall’s lemma, we readily infer the estimate

m
ez 2, + 12607 — €212, + SO (1AES 12, + AtdullEr™1,) 519
n=1 .
< C(At* + ).
The first and third bounds follow by combining (5.48) and Theorems 5.6 and 5.8. O

Lemma 5.8. Under the same assumptions of Theorem 5.9, we have

m 1/2
(Z At||p(tns) — ”*1HL2> < Ap(AE + F).
n=1
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Proof. Owing to the inf-sup condition (5.23), there exists wy, € Z;- such that
+1) = Hp(tn+1) n+1||L2, (549)

(tns1) = Pl 2 (5.50)

b(wp, p(tns1) — )

1
| < =|p
B

From (5.25) and Lemma 5.7, proceeding as in the proof of Theorem 5.6, we obtain

Atb(wp, p(tni1) — pit)

3,un+1 Au” + un 1
= —At (u/(tn-H) - t QA: , Wh, + At(ll( pr - u(tn+l)v ’I.Uh)
1,02,

)

P uptt wy) - C}f(u(tnﬂ);u(tnﬂ),wh))

+ At(c(u)!
(0( n+1) gh +17 wh)

+ Atdy

At? ~ k
< 27\/3HU(S)\ILz(tn_l,tn+1,L§)V Atl|lwn|l1,7, + CaC" R At 0]l o o 7 i1y [ w0rl1, 7,
+ CaAtl| &8 w7 + CF CeAt|lul| poo o 720 1€ull1, 75 [wn 17

5k
+2AtCCh™[ul oo 0,711 10l oo (0 7 i+

o
+ CrAth™C0]] oo (o 7, 41y w175, + CRA|EG] 2 llwnll1,7,.

Summing over 1 < n < m for all m + 1 < N and substituting back into equations (5.49) and (5.50),

we obtain
m 1/2
(Z At|lp(tn+1) — "“||L2>
n;l 1/2 1/2
<3 (At2 +hF <Z At|lE2H1 ) (Z At’§n+1”1,7’h> >
and the desired result readily follows from Theorem 5.9. O

5.6 Numerical tests

5.6.1 Example 5.1: accuracy tests

In our first computational test we examine the convergence of the Galerkin method (5.24), taking
as computational domain the square 2 = (0,1)2. We take the parameter values v = 0.1, k*(z) = 1,

= 0,-1)T, K '=IL,D=1031 D, =1, pr = ¢ =1, p, = 0.1, ap = 500 x 10*, where k is the
polynomial degree. Following the approach of manufactured solutions, we prescribe boundary data
and additional external forces and adequate source terms so that the closed-form solutions to (5.1),
(5.3) are given by the smooth functions



5.6. Numerical tests

k  DoF

Cu

rate

€p

rate

o

rate

€s

rate

1 75
259

963

3715
14595

0.05435
0.02894
0.01466
0.00736
0.00368

0.909
0.981
0.995
0.998

0.57400
0.12480
0.05242
0.02545
0.01202

2.201
1.252
1.042
1.083

0.26530
0.13940
0.07039
0.03537
0.01792

0.928
0.986
0.993
0.981

0.11760
0.05934
0.02978
0.01490
0.00746

0.986
0.995
0.999
0.999

2 195
715

2739
10723
42435

0.00537
0.00149
0.00038
9.074e-5
2.328e-5

1.848
1.953
2.084
1.963

0.77890
0.11910
0.01749
0.00249
0.00052

2.710
2.767
2.813
2.256

0.00071
0.00018
4.619e-5
1.154e-5
2.909e-6

1.947
2.001
2.001
1.988

0.05373
0.01480
0.00378
0.00095
0.00024

1.860
1.970
1.992
1.998

Table 5.1: Example 5.1 (Spatial accuracy test):

125

experimental errors and convergence rates for the

approximate solutions wp, pp, 05, and sp,. Values are displayed for schemes with first- and second-

order in space (table produced by the author).

u(r,z,t) = (

—cos(rm/2) exp(—t)

p(r, z,t) = (r3 — 224) sin(t),

As wu is prescribed everywhere on 0f2,, for sake of uniqueness we impose p € Lg,1<Qa) through a

Lagrange multiplier approach. Also note that the exact solutions satisfy the boundary conditions

(5.5a), (5.5b), (5.5¢) on the inlet, wall, and symmetry axis, respectively, whereas instead of (5.5d) we

set

U = Uout,

DV -

n =0,

on the outlet I'°" x (0,7]. The accuracy of the spatial semi-discretisation is tested by considering

a sequence of uniformly refined meshes {7, ;}; of mesh size h; = 27!\/2, and fixing 7 = 0.005 with

At = 0.001. Relative errors in their natural norms, along with the corresponding convergence rates

are computed as

u =

ey =

||§_ th}_ill(Qa)

Hs”ﬁll(ga)

lw — upll1,7,
w17,

e = pallzza,)

p =

el

||9Hﬁ11(9a)

, rate = log(e()/é()[log(h/h)] ",

“5_ gh‘|ﬁl(g)
ej=——— "+

Y

where e, € denote errors generated on two consecutive meshes of sizes h and h, respectively. These

quantities are listed in Table 5.1 for kK = 0 and k£ = 1, and they indicate optimal error decay in the

light of Theorem 5.9.
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At ey rate ep rate ey rate eg rate

25 05496 -~ 05663 — 17691 - 0.6738 -
1.25 0.1408 1.964 0.1177 2.266 3.2720 2.435 0.1673 2.009
0.625 0.0289 2.284 0.0258 2.188 0.6621 2.305 0.0409 2.032

0.3125 0.0066 2.119 0.0061 2.091 0.1519 2.124 0.0105 1.965
0.1562 0.0016 2.047 0.0015 1.976 0.0366 2.054 0.0027 1.934

Table 5.2: Example 5.1 (time accuracy test): experimental errors and convergence rates for the
approximate solutions wp, pp, 0n, and sp, computed for each refinement level (table produced by the
author).

Regarding the convergence of the time advancing scheme, now we set 7 = 5 and consider a sequence
of uniform refined time partitions 7,1 € {1,2,3,4,5} where the time step is 5/2'. Absolute errors are
computed as

m 1/2 m 1/2
Sy = (Z At|w(tni1) —uz“ﬁ%) ;&= (Z At|lp(tni1) —pZ“Hi%) :

n=1 n=1

m 1/2 m 1/2

ééz (Z AtH9<tn+1) - H}IHIH%%) , eg= (Z AtHg(tn—i-l) - §IZL+1H2E%> )
n=1 n=1

and we readily observe from Table 5.2 that the method converges to the exact solution with the
expected second-order rate.

5.6.2 Example 5.2: validation against experimental data

Now we define a different adimensionalisation of (5.1a)-(5.3d) that follows the recent model (tai-
lored specifically for soil-based water filters for arsenic removal) proposed in [134]. This problem
considers only one type of contaminant and only one type of adsorption. Defining as L, v;, 8y, Smax the
representative length of the column, the linear inflow rate, initial solids concentration, and maximum
adsorption, respectively; we define dimensionless variables as

~r _ z _ uw =~ 6 _ L{-—Dpam) _ S _
r L, z L, u Ui, 907 p L , S Smax7 0Yy
and we also define the constants
L L max k120
Re = &, Pe= 2 Da= 1o, o= 2b0ma 8= 0. (5.51)

v D’ L’ Op D
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Figure 5.2: Example 5.2 (validation against experimental data): contaminant concentration after one
day (left). Value of 6|av(t) (experimental observation from [134] and numerical simulation) using raw
laterite as the adsorbent (right) (figure produced by the author).

Making abuse of notation, the problem defined in 2, x (0, 7] adopts the form

BRe 1 L .. 1 2y, _
o Ou + Reu - Vu + Da ¥ ¢dlva(€(u)) +Vp+ ¢(ur/r Jer =0,
divau =0,
Pp L _ B
Pe 00 e diva (V) +u - VO = Pe Os,

8158 = 9(1 — S)‘

The setup consists of a lab-scale filter (a column of height 1 and radius R = 0.11, already in dimension-
less units) where one varies the feed flow rate, the arsenic concentration at the feed, and also the bed
height. Gravitational effects are not considered, and the boundary and initial conditions are precisely
as in (5.5a)-(5.5e). The configuration of the system implies that the non-dimensional constants from
(5.51) assume the values

Re=68.1, Pe=1.11x10°, Da=8000, «=248, B =136,

and the remaining parameter values are ¢ = 0.48, u'(r, 2) = (0, %(T‘ —R)(r+R))t, 0" =1. We
employ a structured mesh of 8000 triangular elements and define a constant time step of At = 0.15
(adimensional time ¢ = 0.15 ~ 1 day).

During the filtration process the soil-based bed reaches a point in time where it is no longer adequate
for adsorption. This phenomenon can be observed in Figure 5.2 where we plot the evolution of the
average concentration of the contaminant 6 on the outlet, that is

2
Oave (1) = o2 /Fout Ords.
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We also compared the predictions of the model with experimental data, collected for a filter that
uses raw laterite as an adsorbent medium, and to which an arsenic solution is injected in its upper
part [134]. The qualitative results displayed on figure 5.2 seem to show an acceptable adjustment
to the experimental data. This suggest that the model and the axisymmetric divergence-conforming
scheme can be used effectively as a tool to study the behaviour of the filtration process under similar
flow regimes.

5.6.3 Example 5.3: Two contaminants in two-layer filter

We model a filter with two contaminants and two layers. The domain has a R/L ratio of 0.22. While
the inlet is the top wall, the outlet is the region {(z,r)|z =0 and 0 < r < 0.25R}. For (5.4) we take
(5.2) with m = 2 and and we consider = 8.94 x 10™*Pas, v; = 6.0 x 1073 m/s, p; = 10°> Kg/m?,
gin = 8.0 x 107°Kg/m?, 6* = 2.0 x 107 Kg/m3, sP®* = 1073 Kg/Kg, sf* = 1072Kg/Kg. In
addition, the rheology of the grains is different in the top and bottom halves of the domain. More
precisely, we have

Diop = 3.8 x 107 m? /s, Dpoy = 7.6 x 1072 m? /s,  ¢op = 0.32,  dpor = 0.28,
Pbiop = 1050 Kg/m?,  pppor = 1100Kg/m*, ki =5.0x 10" m?/(Kgs),

1,top
k:;ftop =0m?/(Kgs), ki, . =25x10""m?/(Kgs), Kk, . =10"3m3/(Kgs),

1,bot 2,bot

and the permeability K(x) = k(2)I has a log-uniform distribution in each layer that satisfies

1.57 x 1077 m? < Kgop(x) < 3.04 x 107 m?,
5.18 x 10719 m? < Kpep(x) < 1075 m?.

Qualitative results for the concentration of the two contaminants at times ¢t = 10,100 and 300 are
shown on Figure 5.3. As expected, most of the first contaminant is retained in the upper layer, whereas
the second one passes the first layer to begin to be retained in the lower layer.

max

Now we change values to s1"* = 107" Kg/Kg and s7* = 107 Kg/Kg and run the simulation for a
longer time to assess how the swapping the order of layers and the geometry affect the contaminant
removal, measured by 6,y¢(t). For the first two tests we use the same cylinder, altering only the order
of the layers. As we can see from the top panels of Figure 5.4, reversing the order of the layers softens
the transition towards saturation, but the most important behaviour is reached essentially at the same
time in both cases. We also test with a truncated cone (see dimensions in the bottom left panel of
Figure 5.4). The saturation is now achieved in a much shorter time, which could be explained by a
combined effect of volume reduction (and therefore of adsorbent mass), and faster flow patterns that
decrease the retention time and thus the adsorption of the system.
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Figure 5.3: Example 5.3 (two contaminants in two-layer filter): concentration of contaminants at times
t = 10,100, 300 (figure produced by the author).
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Figure 5.4: Example 5.3 (two contaminants in two-layer filter): concentration of contaminants 6,y ; (%)
using a cylinder and changing order of layers (top); and similar computation using a truncated cone

(bottom) (figure produced by the author).



CHAPTER O

Conclusions, current and future works

6.1 Conclusions

In this thesis, we have proposed and analysed PDE-based models for the coupling of flow equations
and transport; we have proved their solvability using fixed-point theories and we have also proposed
accurate, robust and reliable methods for the discretisation of these equations, with special emphasis in
H (div)-conforming formulations for the flow equations, whereas for the transport problem (resulting
in a scalar or vectorial advection-diffusion equation) we have studied entropy stable schemes for stand-
alone problems as well as finite element primal formulations when coupled with the flow equations.
Furthermore, in each chapter, we have studied one or more modelling problems with engineering
applications.

In Chapter 2 we studied entropy stable schemes for the numerical solution of initial value problems
of nonlinear, possibly strongly degenerate systems of convection-diffusion equations proposed in [99].
As a new contribution, we demonstrated, firstly, that these schemes can naturally be extended to
initial-boundary value problems with zero-flux boundary conditions in one space dimension, including
an explicit bound on the growth of the total entropy. Secondly, it was shown that these assumptions
are satisfied by certain diffusively corrected multiclass kinematic flow models of arbitrary size that
describe traffic flow or the settling of dispersions and emulsions.

Numerical examples illustrate the behavior and accuracy of entropy stable schemes for these ap-
plications. They also confirm the theoretical bounds for entropy in both cases, zero-flux boundary
conditions and periodic boundary conditions. Furthermore, the results of Examples 2.2, 2.3 and 2.4
demonstrate that entropy stable schemes have a competitive computational efficiency compared with
other common numerical schemes, when used on diffusively corrected multiclass kinematic flow mod-
els, like the traffic model and the polydisperse sedimentation model presented here. In fact, Tables 2.2,
2.3 and 2.4, favor the ES scheme in terms of CPU time, although the CFL condition (2.39) was the
same for all schemes with the same value of Ccpr, in each case. A probable heuristic explanation of
this observation lies in the difference of the computation of the numerical flux in each case, which
involve for instance in the case of the KT scheme the calculation of slopes, evaluation of the minmod
limiter function, and other operations not present in other schemes. Results were favorable for the ES
schemes also for Examples 2.5 and 2.6, for which CPU times are not reported herein.
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Although errors and errors rates are comparable with the other tested methods (Kurganov-Tadmor
and component-wise Global Lax-Friedrichs) for coarser cell partitions, because of the differences on
finer cell partitions we cannot entirely confirm that the methods converge to the same solution. This
shortcoming is exacerbated by the lack of a well-posedness theory for (2.1) in the strongly degenerate
case. It is therefore a topic requiring more careful study in future research.

In Chapter 3 we proposed a divergence-conforming finite element method for the double diffusive
problem, considering temperature-dependent viscosity and possible cross-diffusion terms subject to
the restriction of maintaining the coercivity of the diffusion operator. The formulation includes the
Navier-Stokes/Brinkman flow description, which makes this model suitable for the study of flow in
saturated porous media and interfaces between porous media and free flow. The numerical scheme is
based on H (div)-conforming BDM elements of order k for the velocity, discontinuous elements of order
k—1 for the pressure, and Lagrangian finite elements of order k for temperature and the concentration
of a solute. The main differences between the available well-posedness results and analysis of H (div)-
conforming methods for classical Boussinesq equations and the double-diffusive equations (3.1) are,
of course, caused by the vector-valued nature of the quantities (the components of 1) that diffuse
in (3.1) while in the classical Boussinesq formulation there is only one scalar diffusive quantity (for
instance, solely temperature). Some of the arguments related to the well-posedness analysis of the
continuous problem, in particular those related to handling non-homogenous Dirichlet data by a lifting
argument [125,137], carry over almost verbatim from the scalar to the vectorial case. However, the
bilinear form associated with the term —div(DVni) must be coercive so that stability is ensured. This
requirement, in turn, imposes restrictions on the choice of the diffusion matrix ID; this matrix must
be positive definite (though not necessarily symmetric). These properties are essential for the proof
of existence of a discrete solution.

Regarding our computational tests, it is worth mentioning, that the results for different thermal
Rayleigh values computed in Example 3.2 and summarised on the right panel of Table 3.4, were quite
close to the results published by [59,86]. For Ra < 1000, the values of Nu and Sh were within a
relative error of 3%, while for the last value Ra = 2000, within 6%, which confirms that the proposed
scheme gives results comparable to other known methods for a large range of parameter values, with
the benefit that this formulation produces exactly divergence-free velocity approximations, which are
of particular importance in ensuring that solutions to the flow equations remain locally conservative
as well as energy stable (see e.g. [62]). Moreover, the error estimates of velocity can be derived in a
pressure-robust manner (see [100]) which can be seen on the results presented in our accuracy test (see
table 3.4). Another consequence of local conservation is that the coupled systems (in the present case,
of temperature and reactive concentrations) can be written, at the discrete level, in exact divergence
form. It is also interesting to note, that even if solvability of the coupled problem cannot be guaranteed
if D is not positive definite, the convergence of the Newton iterations in Example 3.2 was observed
for a broad range of parameters (Sr,Pr € [1072,10%], N € [1,10], Da € [1077,1], Ra € [100,2000]).
This suggests that it may be interesting to study whether the stability analysis can be improved, to
include a wider spectrum of values for the diffusion matrix.

In Chapter 4 we have advanced a model for the process of clarification and thickener in cylindrical
units in the presence of a spinning rake structure. The model is intrinsically 3D, it incorporates a
detailed flow-sedimentation coupling in the settling mixture and it considers a simplified, one-way
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coupling that only imposes the velocity of the rotating arm which affects both the transport of solid
particles and the revolving flow near the bottom of the tank. The novelty of the treatment consisted in
the inclusion of terms that account for the influence of the rake motion on the momentum balance and
the removal of solids. We also adapted techniques of the immersed boundary finite element method
(see e.g. [34]) for the analysis and numerical approximation of those terms. This addition constitutes
an important generalisation over existing models for sedimentation-consolidation processes reviewed
in e.g. [42]. The numerical method we used is based on H(div)-conforming finite element methods for
the flow and classical Lagrange elements for the solids concentration. A monolithic Newton scheme
with exact Jacobian was employed in all cases, and we generated several tests to confirm the accuracy
of the method and analysed several cases relevant to the process of clarification. Based on the results
of this set of simulations, we could identify the solids removal coefficient « as the most sensitive factor
on the outputs of overflow concentration and overflow flow rate. On the other hand, the combined
contributions from drag and density did not seem to have a large effect on these markers. A further
inspection revealed that the effects are not necessarily localised but they differ over the height of the
device. Although several interesting extensions regarding the rake mechanics were left to be explored
(some of which will be mentioned in the section of future works), we hope that this study helps in
gaining a fuller understanding of the operating conditions in clarifier units.

In Chapter 5 we have advanced a second-order divergence-conforming discretisation for the system
of partial differential equations modeling soil-based water filtering devices. Specifically, we introduced
an axisymmetric H (div)-conforming method based on two-dimensional BDM spaces [40] combined
with an implicit, second-order backward differentiation formula for time discretisation. Based on dis-
crete stability properties, we proved that the discrete problem has at least one solution. Furthermore,
we derived an optimal a priori error estimate for the numerical scheme, where the main difficulty is
the fully discrete analysis verifying that each of the terms is bounded optimally in the corresponding
weighted spaces. Results of our accuracy test in the first numerical example, confirm that the method
converges to the exact solution with the expected second-order rate. We also compared the predic-
tions of the model with experimental data, collected for a filter that uses raw laterite as an adsorbent
medium, and to which an arsenic solution is injected in its upper part [134]. The qualitative results
displayed on figure 5.2 seem to show an acceptable adjustment to the experimental data. This suggest
that the model and the axisymmetric divergence-conforming scheme can be used effectively as a tool
to study the behaviour of the filtration process under similar flow regimes.

6.2 Ongoing research

Our current and ongoing investigation is an extension of the models presented through this thesis,
to fluid-structure interactions with biological applications. Firstly, we intend to develop a model to
quantify the effect of platelet count, shear rate and injury size on the initiation of blood coagulation
under venous flow conditions.

Blood coagulation is a complex process that leads to thrombus formation inside blood vessels. It
is initiated by the damage of the endothelial tissue at the internal surface of blood vessel walls. As a
result, tissue factor (TF), that is normally isolated from blood plasma, is bared and forms a complex
with factor VII. This complex activates factors IX and X that initiate the coagulation cascade. The
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formation of thrombin accelerates the reaction of conversion of fibrinogen into fibrin. The latter forms
fibrin polymer which constitutes the clot together with platelets. Red blood cells are trapped inside
the clot and further reinforce it. Once initiated by activated factors IX and X, thrombin production
is self-sustained through the positive feedback loops of the coagulation cascade [39]. Further, blood
vessels are embedded in a biological tissue and, during the flow of blood, pressure is applied to the
internal surfaces producing deformation of the vessel walls.

In recent years mathematical modelling has provided an important tool for the qualitative under-
standing of the underlying mechanisms behind thrombus growth [39] and several approaches have
been proposed for the mathematical modelling of blood coagulation (see [13,39,95] and references
therein). However, quantifying the effects of these mechanisms has been far more complicated, not
only for the complexity of the coagulation factors interaction, but also for the disparities in the values
of blood coagulation kinetic constants reported in literature, and the difficulties in performing in vitro
experiments of thrombus growth, needed for the validation of computational models [79].

We devote our current work to extend the mathematical model of clot growth dynamics proposed
n [39], by taking into account fluid-structure interactions. A classical approach to this problem has
been the generation of a single mesh with a fitted interface between fluid and vessel wall. Usually,
for the structure problem a Lagrangian formulation is considered, while for the fluid one an arbitrary
Lagrangian Eulerian (ALE) approach is employed to account for the movement of the interface [128].
A different approach considers unfitted meshes, where the fluid mesh is fixed and the structure one
is free to move independently. Within these methods we could mention the immersed boundary
method [140], and fictitious domain methods. For our problem, we propose the use of the immersed
boundary method with Lagrange multiplier introduced in [37] as an adaptation of the original method
to a finite elements version.

The base model consists of advection-diffusion-reaction equations describing the spatio-temporal
distributions of blood coagulation factors and platelet subtypes during thrombus development, coupled
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with the Navier-Stokes equations to describe the dynamics of blood flow in the vessel,

oprP

ST div(uP — DV P) = (k1¢¢ + kaBo + k3T + kyT? + ksT?) P,
T
aat + div(uT — DVT) = (kipe + ko By + k3T + kyT? + ksT3) P — ke AT,
B,
68 i (U'Ba DVBa) = k7¢c(B0 - Ba) + kST(BO - Ba) - k9ABa,
DA
87 + le(uA DVA) —kﬁAT — k;gABa,
oF, . kioTF,
—4 F,— DVF,) = — —kn F
B ¢ + div(uF, VFy) Ko+ F, k11 F,
OF,
P =k F
ot 114,
¢
5 T Aiv(k(Ge + ép) (udy — DyVoy) = —kiaTop — kisdsoe,
¢c
+div(k(¢e + ¢7))(upe — DyNVoe) = k1oT'of + k13d e,
e vy div(puu! — pVu + Ip) = —['?fu,

div(u) = 0.

Here wu, is the flow velocity, p is the pressure, py the density of the blood, u is the dynamic viscosity, D
is the diffusion coefficient taken the same for all clotting factors, P is the concentration of prothrombin,
T is the concentration of thrombin, B, represents the concentration of clotting factors FIXa and FXa
involved in the initiation phase. A, Iy, F', F}, are the concentrations of antithrombin, fibrinogen, fibrin
and fibrin polymer, respectively. The density of platelets in flow is denoted by ¢; and we use ¢. for
density in the clot. Following [79], the effective diffusion coefficient for platelets k(¢. + ¢) and the
hydraulic permeability of the clot K are given by

k(g + ¢7) = tanh <7T (1_ ‘b;* ¢f)> ,

1 16 Qbmax + Qsc
— F32(1+ 563 < )
Kf a ( ) Qbmax ¢c

where the normalized concentration of fibrin polymer in the clot, Fp is given by,

. F
F, = 0.001 P :
p = A < 0.015 log(F,) + 0.13)

We consider as a domain a segment of a vein whose two-dimensional approximation is schematically
represented in the figure 6.1. Furthermore, the initial and boundary conditions are given by,

P = Pin on iy,
p=0 on Iout,
u=0 on I'yan U I'qamaged,
P=Py, A=Ay Fy=F,¢5 = ¢} on [y,

0
(bc = (bc on Fdamagedv
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Figure 6.1: Schematic view of the blood vessel 2D approximation (left), snapshot of the velocity norm
for a fluid-structure simulation (right) (figure produced by the author).

Weak formulation: The weak formulation of the problem reads as follows: for ¢t € (0,7), find
Fy(t) € L*(2) and P(t), T(t), Bo(t), A(t), Fy(t), ¢5(t), pc(t) € H(£2) such that

(0P, mp)o + ca(u; Pymp) + as(Pymp) = ((ki¢e + k2B + k3T + kaT? + ksT°) Pymp) g,
(0T, m7) 0 + co(w; Tymp) + az(T,mry) = ((k1de + k2Ba + k3T + kyT? + ksT3)P
— ke AT, m7) 0,
(0:Ba,mp)o + ca(w; Ba,mp) + az(Ba, mp) = (k7¢e(B° — By) + ksT(B° — By) — kg ABa, mp) 0,
(OLA,mA) 0 + ca(u; A;ma) + ao(A,ma) = (—ke AT — ko ABg,my),
 kwoTF,
Ky + F,
(OcFp, mp) 2 = (k11 F,mp) o,
(g, mp)o + cs(u, s bp,my) + as(@r, my) = (—ki12Tdp — ki3g e, my),
(Otde, me) 2 + c3(w, 3 e, me) + az(de, me) = (k12T dp + kizdrde, me),

(0cF g, mg) 2 + c2(u; Fy, mg) + as(Fy,mg) = ( — ki F, mg> ,

2

(6.1)

for all mp € HY(Q), mr € HY(R2), mp € HYN2), ma € HY(N), my € HY(N), m, € L*(N),
mys € H'(2) and m. € H'(§2). Here the variational forms ¢y, as, c3 and a3 are defined as follows,

az(mi,ma) = (DVm1,Vma)n ca2(u,mi,ma) = (u-Vmy,ma)g,

CL3(¢1, ¢2) = (k(¢c + ¢f)Dpv¢17 V(ZSQ)_Q, C3(u7 @3 ¢17 ¢2) = (u : V(k<(,0)¢1), ¢2)Q

Fluid-structure interaction: Now for the fluid-structure equations, we follow the approach pre-
sented in [37]. The immersed boundary method is both a mathematical formulation and a numerical
method for fluid-structure interactions, in which immerse compressible visco-elastic bodies interact
with and incompressible fluid [36]. The original immersed boundary method was developed by Pe-
skin [140] for the computer simulation of fluid-structure interactions, with special focus in biological
fluid dynamics. It links the Lagrangian and Eulerian frameworks and therefore allows to exploit the
strengths of both formulations. Although, this method relies on the finite differences method, and
a Dirac delta distribution to pass information between frameworks, in [34], a suitable modification
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using finite elements was proposed. A posterior modification by the same authors added more flexi-
bility to the scheme through the use of a Lagrange multiplier [33]. The theoretical properties of the
immersed boundary method with Lagrange multiplier, between other benefits, show unconditional
stability for semi-implicit time discretisations and inf-sup stability for the global saddle point problem
under suitable mesh conditions [37].

In this approach, the Navier-Stokes equations are considered everywhere and the presence of the
solid structure is taken into account by means of a source term which depends on the unknown position
of the structure. These equations are coupled with the condition that the structure moves at the same
velocity of the underlying fluid, that is

X (s,t) =u(X(s,1)).

Furthermore, a suitable Lagrange multiplier is introduced in the ordinary differential equation that
governs the evolution of the solid, thus giving more flexibility to the resulting numerical scheme. More
precisely, the equation now reads

")/1</L,U(X(,t),t)) - 72(:“’7 8tX(7t)) =0 for all e Aa

where 7 (-, -) and 72(-, -) are bilinear forms such that v (u, v(X)) —v2(u,Y) = 0 for all u € A implies
v(X)=Y.

Let 2 € R%,d = 2,3, be a bounded domain with Lipschitz continuous boundary. We assume {2 is
subdivided into two time-dependant subregions §2¢(t) and §2s(t), which correspond to the fluid and
the solid material, respectively. We assume, then that the solid domain {2; is a image of the reference
domain B C R?. The mapping X : B — R? associates to each point s € B its image © = X (s,t) at
time t. We denote by A and p the Lamé constants. The problem considered is the following: given
an initial velocity ug € Hé, and initial body position Xy € W1°(B), find velocity and pressure
(u(t),p(t)) € (HZ(2) x L3(£2)), body position X (t) € H'(B), and a Lagrange multiplier x(t) € A
such that for almost every ¢ €]0, 7| holds

for all v € H}(2), ¢ € L3(£2), Y € H'(B), v € A. The variational forms are given by
a1(u, v) = ;;fm,v)n + (1Y (w), V(v))g,  b(v,q) = (g.divv)e,
c1(w;u,v) = ((w - V)u, ’U)Q,
ax(X,Y) = (gvx L VY + Adiv(X) div(Y))B ,dx(pu) = (mVx : Va4 nox - uw)g
If we consider both 1; and 7y positive constants different from zero, H'(B) can be used as the space
A.

Finite element discretisation: Let V;, C H{(£2) and Q, C L3(£2) be finite element spaces
which satisfy the usual discrete ellipticity on the kernel and the discrete inf-sup condition. Moreover,
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we consider the finite-dimensional subspaces Mj C [HY(2)]" x L*(£2), Sy, ¢ HY(B) and A;, C A. Then
the finite element counterpart of the problem (6.1) reads as follows: given an initial velocity ug, € Vi,
and initial body position Xy € W1°(B), find velocity, pressure (up(t),pn(t)) € Vi x Qp), blood
coagulation factors (Pp(t),Th(t), Ban(t), An(t), Fgn(t), dpn(t), den(t), Fpn(t)) € My,), body position
Xp(t) € Sp(B), and a Lagrange multiplier x () e Ay, such that for almost every ¢ €]0, 7| holds

pf(Orup, v) o + a1(up, v) + c1(up; up, v) + b(v, pr) = _dX(Xha (Xh))s
b(un,

(0uXp, Y )+ ax(Xp,Y

dx (v, un(Xn) — 0 Xy,

(0t Py, mp)o + ca(up; Pr,mp) + az2(Py,mp

q) =
)= dX(Xh: Y),
)=
)= ( k1¢c,h + ko Bop + k3T + kaT?
+ ksT3) Phmp) o,
(0 Ty, m7) 2 + ca(up; Th,mr) + az(Th, mr) = ((k1¢en + kaBap + k3Th + kaTE + ksTP) Py
— ke ApTh, mr)0,
(0¢Ban,mB) 0 + c2(un; Ban,mp) + as(Bap, mp) = (k1den(B® — Bap) + ksTh(B° — Ba)
— koApBah, mB) 0,
(0t An,ma)o + ca(up; Ap,ma) + az(Ap,ma) = (ke ApTh — ko ApBg p,ma),
k10ThFy n
Ko+ Fyp
(Ot Fpnymp) o = (k11Fh, mp) 0,
(Ocdpnsmyp)a + cs(Un, Pp; dpnsmyp) + as(drn,my) = (—k12Thodpn — k139 snden, my),
(Ot e,n, me) @ + c3(Un, @i GehsMe) + a3(den, me) = (k12Thdpn + k130 b me),

(OcF g nymg)o + ca(up; Fyp,mg) + aa(Fyp,mg) = (— — k11 Fp,mg) 0,

for all v € V3, ¢ € Qp, (mp,mT, mp, ma, mg, mg, me, myp) € My, Y € Sy, v € Ap.

To solve numerically the fully coupled problem it is necessary to introduce an appropriate time
discretisation. The simplest choice if one wants to maintain stability in the solution would be the
use of an implicit technique, however the Navier-Stokes equations are strongly coupled through the
source term with the structure elasticity system which implies the resolution of a fully nonlinear
coupled system of equations at each time step. Currently, we employ a first order semi-implict time
discretisation to solve the nonlinear system but the exploration of other semi-implicit modifications
could be of practical interest. Let us subdivide the time interval [0, 7] into N equal parts with time
step At, for n = 1,...N, then the relevant part of the discrete in space and time system reads,

wtt —up
" ( ) Farup o) + e (ufig ) + b, pt) = —dx (! v(X7).
Q

b(uptt, q) = 0,

At?

Xt xn
1 h h _
dX (’77“’24_ (XI?) - At ) =0.

Xpt-2xp + X!
( h h T Ay ,Y> Fax (XILY) = dy (0L, Y),
B
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Figure 6.2: Snapshots of velocity and pressure at times ¢t = 0, 60, 80 s, with rigid walls (figure produced
by the author).
@,
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Figure 6.3: Snapshots of pressure with velocity stream lines (left) and platelets concentration ¢, (right)
at times t = 0.4 s for the fluid-structure problem (figure produced by the author).

We have performed some tests with a two-dimensional reduction of the blood vessel (see figure
6.1), assuming rigid walls or with the complete fluid-structure model, to determine if the expected
qualitative effects are capture by the model. Results assuming rigid blood vessel walls and BDF2 time
discretisation are shown in figure 6.2 and seem to be in qualitative agreement with other computational
studies of blood vessel occlusions (i.e. [28]). Preliminary results for the fluid structure model, using
the semi-implicit time discretisaton and a stable mini-element pair, show a reasonable deformation for
different pressure values when tested on the fluid-structure sub-problem (6.2) (an example is shown on
figure 6.1 right), and at initial stages of the complete model with blood coagulation factors reactions
(see figure 6.3 left). However, more work is still necessary to obtain a stable and performant scheme
for longer time frames, and a more realistic three dimensional model.
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6.3 Future works

The general framework addressed in this thesis is very extensive and has a large number of potential
applications at theoretical and engineering level, which means that the research in this subject is far
from being complete. Indeed, this work has motivated several ongoing and future projects, some of
which we briefly described below.

1. To extend the domain of application and develop formulas for estimating parameters associated
with entropy stable schemes: We acknowledge that the current form of the entropy stable schemes
make them difficult to apply to more general real life problems. Their main limitation is the
requirement of a diffusion matrix K (u) such that the product K}, is positive definite, and
the difficulty to obtain stable numerical fluxes from relation (2.28). It would be interesting to
investigate alternatives to relax these restrictions. A further inconvenience for the practical use
of the schemes is the necessity to fine-tune the extra viscosity parameter « so that oscillations
of the numerical solution are avoided but the numerical solutions do not become more smeared
than necessary. Clearly, it would be desirable to have a formula at hand that directly generates
a value of this parameter from the coefficient functions of (2.1) and wug, avoiding the trial-and-
error procedure underlying the final choices of o in our numerical examples. A first step in this
direction could be to use the CFL constant to derive an upper bound for the value of «, following
the lines of Lemma 2.1 in [114].

2. To extend the model for clarifiers by taking into account the mechanical properties of the rake,
rheological models and solid-flux theory: With respect to the model for clarifiers introduced
in Chapter 4, several interesting extensions were left to be explored. Regarding modelling
aspects, we mention that the present approach is likely to be more suitable for the application
to clarifiers in wastewater treatment, since for that application the rake can be moved more
easily through compacted sludge. In contrast, the sediments formed by the settling of mineral
suspension exhibit major resistance to the motion of the rake, and the torque that needs to be
applied (that is, the cost of energy) [147] and the precise conditions under which the rake could
brake are of utmost importance (a rake being stuck or broken represents a major shutdown of
the industrial process) [156]. Our model currently does not resolve the stresses generated in the
structure, which is a natural next step. While the approach (4.4) is a rough approximation of the
experimental and numerical observation that “rake blades typically suck material behind them as
they move as well as pushing material in front of them” [167, p. 102] one could also easily extend
the present development to the case of more adequate rheological models for the suspension [56],
partly including the effect of shear [84,89] and changes in flock structure [61,90,121]. In addition,
for the flow regimes we have studied here, turbulent effects have little relevance but in some
industrial settings this is crucial to resolve the separation of clear fluid and solid particles [65,107].
Model reduction and the consistent connection with solid-flux theory should also be considered
eventually [68].

3. To study fluid-structure interactions in order to address biological applications of interest: We
are interested in extending this work, to address models with biological applications such as
the clotting on blood vessels [39] or calcium signalling in embryonic epithelial cells [101]. These
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models involve the study of partial differential equations describing poroelastic fluid-structure
interactions coupled with systems of transport equations. Although we are open to other alter-
natives, for the fluid-structure aspect of the model, for now we are working with the immersed
boundary method approach [35], that was already briefly reviewed when working on Chapter 4.
On one side, calcium signalling is one of the most important mechanisms of information propa-
gation in the body, playing an important role as a second messenger in several processes such as
embryogenesis, heart function, blood clotting, muscle contraction and diseases of the muscular
and nervous systems [101]. In the specific case of embryogenesis, calcium elevation leads to
contractions in embryonic cells. Our objective is to develop a multi-dimensional version of the
mechanochemical model introduced in [101] describing the interplay of calcium signalling with
the mechanics of embryonic epithelial tissue during apical constriction. The model couples the
reaction system or Atri’s model [21] with a fluid-structure interaction system where we assume
the cell compound is surrounded by a viscous fluid and the tissue behaves as a neo-Hookean
material. On the side of the coagulation model, we have initial results with a two-dimensional
fixed walls model and the next steps include working with the fluid-structure poroelastic model
and the full three-dimensional model.

. Improve the numerical methods: There are a number of improvements we can add in terms of
the numerical methods presented throughout this work. For instance, to concentrate on the
design of partitioned solvers and efficient preconditioners needed for costly 3D computations
with long time horizons [22]. We could also incorporate mixed formulations as an alternative for
handling non-homogeneous Dirichlet boundary conditions in the transport equations, removing,
for instance, the need to introduce liftings and their consequent numerical approximation, as
discussed in the third chapter. Even more, it would allow us to directly obtain other quantities
of interest for some engineering applications such as vorticity or stress [17]. We are also interested
in study space adaptivity through residual-based a posteriori error indicators [11], and employ
more advanced flux reconstruction techniques useful in the regimes of convection-dominated
flows and degenerate diffusion of solids due to compression effects [45].
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