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RESUMEN

En esta tesis estudiamos aspectos mateméaticos y numéricos de métodos de elementos finitos
adaptativos con aplicaciones a la geociencia.

Primero desarrollamos un estimador a posteriori del tipo jerarquico para un esquema
de elementos finitos LPS (Local Projection Stabilized) aplicado a las ecuaciones de Navier—
Stokes incompresibles. La técnica utiliza la solucién de problemas locales puestos en espacios
de dimensién finita del tipo funciones burbujas para aproximar el error.

A continuacién proponemos y analizamos un estimador a posteriori del tipo residual
para el método de elementos finitos Mixtos Hibridizados Multiescala (MHM por sus nombre
en inglés) para las ecuaciones de Stokes y Brinkman. El estimador de error se basa en la
estructura multiescala del método MHM y considera la aproximacién del segundo nivel
del método. Como resultado, el estimador del error estd compuesto por un estimador
para primer nivel global sobre el esqueleto de la particién y un estimador que considera
las contribuciones del segundo nivel. Ademsds, esta nueva estrategia adaptativa sobre el
esqueleto de la malla evita cambiar la topologia de la malla global. Especialmente disenado
para funcionar en problemas multiescala, el estimador puede ser calculado en forma paralela
debido a que los estimadores locales son independientes uno del otro.

Por 1ltimo, consideramos un problema de Stokes no lineal que modela el comportamiento
de un glaciar. La no linealidad del problema es debido a la relacién entre la viscocidad del
fluido y su velocidad, y que en este contexto viene dada por la ley de Glen. Proponemos
un método numérico MHM para resolver el problema que estd inspirado en el caso lineal
previamente estudiado.

Para todas las situaciones descritas, se reportan multiples resultados numéricos que

ilustran y confirman los resultados tedricos obtenidos.
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ABSTRACT

In this thesis we study mathematical and numerical aspects of adaptive finite element meth-
ods with applications to geosciences.

First we develop an a posteriori error estimator of hierarchical type for the Local Pro-
jection Stabilized (LPS) finite element method, applied to the incompressible Navier—Stokes
equations. To approach the error, the technique uses the solution of local problems posed
on appropriate finite dimensional spaces of bubble-like functions.

Next we propose and analyze a residual a posteriori error estimator for the Multiscale
Hybrid-Mixed (MHM) method for the Stokes and Brinkman equations. The error estimator
relies on the multi-level structure of the MHM method and considers the two levels of
approximation of the method. As a result, the error estimator accounts for a first-level
global estimator defined on the skeleton of the partition and second-level contributions from
element-wise approximations. The analysis establishes local efficiency and reliability of the
complete multiscale estimator. Also, it yields a new face-adaptive strategy on the mesh’s
skeleton which avoids changing the topology of the global mesh. Specially designed to work
on multiscale problems, the present estimator can leverage parallel computers since local
error estimators are independent of each other.

Finally, we consider a non-linear Stokes problem that models the behavior of a glacier.
The nonlinearity of the problem is due to the relationship between the viscosity of the fluid
and its velocity, which in this context is given by Glen’s law. We propose a MHM scheme
to solve the non-linear problem inspired on the MHM scheme for the linear Stokes problem
previously studied.

For the situations described above, we report several numerical results which assess the

performance of the method and confirm theoretical results.
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Introduccion

Las ecuaciones diferenciales parciales tienen un rol importante en muchas disciplinas, desde
la aerondutica (flujo de aire alrededor de las alas), ingenieria civil (estabilidad de puentes),
geociencia (deformacién de placas y procesos de subduccion, flujo en hielo y casquetes glacia-
res), ingenierfa biomédica (flujo de sangre en vasos sanguineos, flujo de aire en cuerdas vo-
cales), s6lo por nombrar algunos. Los métodos analiticos permiten calcular soluciones sélo
de problemas que no son muy complicados. Para obtener soluciones a problemas realistas es
necesario disponer de métodos numéricos que permitan hallar soluciones aproximadas de los
modelos. El desarrollo numérico y matematico es también motivado por la creciente necesi-
dad de que los procedimientos para resolver los problemas sean mas simples, mas precisos y
mas eficientes. En particular, el Método de Elementos Finitos es ttil cuando la geometria
de los problemas es compleja, pero las soluciones que entrega se ven deterioradas por la
presencia de singularidades provenientes de, por ejemplo, esquinas reentrantes, capas limite,
ondas de choque o fenémenos de turbulencia. Otra familia de problemas que es dificil de
simular es donde los datos del problema contienen muchas escalas espaciales, los denomina-
dos problemas multiescala. Una alternativa obvia para obtener buenas soluciones es refinar
la malla completa lo suficiente pero con esto, en problemas realistas, pueden obtenerse prob-
lemas imposibles de resolver incluso en supercomputadores debido a la tremenda cantidad
de memoria CPU y tiempo de procesamiento requeridos, que puede facilmente exceder las
capacidades de computo actuales.

El andlists de error a posterior: permite detectar las regiones donde la solucién es menos
regular lo que permite generar mallas con un buen balance entre las regiones refinadas y
no refinadas tales que la precisién global es 6ptima. En general, para una ecuacién difer-
encial definida en un dominio 2 con incégnitas (u,p), las estimaciones de error a posteriori
consisten en construir para cada elemento K de la malla un término calculable nx llamado
estimador de error local dependiente sdlo de del tamafio de la malla H, la solucién discreta
calculada por el método de elementos finitos (wg,prr) v los datos y pardmetros fisicos del

problema, con el objetivo de poder predecir el comportamiento del error en el elemento K,
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para asi construir una malla nueva la cual esté mas de acuerdo con el problema fisico y por
ende permita obtener una mejor solucién aproximada asociada a esta nueva malla. A partir

de i se define un estimador de error global

MU

El objetivo es probar que este estimador es eficiente y confiable, esto es, se busca probar

que existen constantes C1,Cy > 0, independientes de H, tales que

[(w—wg,p—pr)| < Cin ()

Cong < ||[(u—um,p—pu)kl,

con lo que se prueba que el estimador de error es equivalente al error del método de elementos
finitos. Ademads, la ultima desigualdad nos permite detectar en qué elementos se estdn
comentiendo los errores mas grandes, lo cual es fundamental para proponer una estrategia

adaptativa. El procedimiento adaptativo estdndar es el siguiente: Dado 6 € (0, 1):

1. Resolver el esquema de elementos finitos y calcular los nx correspondientes a cada
elemento K de la malla Ty.
2. Marcar los elementos K tales que nx > 6 max ng.
KeTy
3. Calcular una nueva malla Ty que refina los K marcados y repetir el proceso hasta

alcanzar una tolerancia preestablecida.

En ciertos problemas, como los estudiados en esta tesis, se obtienen estimaciones para

la eficiencia (t) de la forma

[(w—up,p—pu)| <Cin+ E(un,pu),

donde el término extra F(uy,py) tiene mayor orden que 7, por lo que a partir de cierto

H serd despreciable al compararlo con n por lo que puede omitirse en la practica. Una

bibliografia parcial sobre anélisis de error a posteriori puede hallarse en [6, 22, 62, 95].
Una medida de calidad del estimador n estd dada por el indice de efectividad global

definido por
n

E; = .
" (w—un,p—pa)|l




LIST OF FIGURES 3

El caso optimal es cuando el indice de efectividad es cercano a 1, es decir, cuando

lim 1 —1,

H=0 [[(w — ww,p — pa)||

pero en la practica, un indice global acotado es aceptable.

El primer problema que consideramos en esta tesis es el de Navier—Stokes. Estas ecua-
ciones, nombradas en honor a Claude-Louis Navier (1785-1836) y George Gabriel Stokes
(1819-1903), describen el movimiento de fluidos viscosos y surgen de la aplicacién de la se-
gunda ley de Newton aplicada a movimientos de fluidos junto con suponer que la tensién del
fluido es la suma de términos difusivos viscosos (proporcionales al gradiente de velocidad) y
un término dependiente de la presion. Este problema es uno de los mas desafiantes en difer-
entes areas de las matematicas y, particularmente, la comunidad de andlisis numérico ha
trabajado por décadas ideando métodos numéricos mas eficientes y precisos para aproximar
su solucién. Pros y contras de estos métodos se encuentran en [49, 90, 91].

Debido a la complejidad de las ecuaciones de Navier—Stokes, es usual y necesario estudiar
modelos simplificados dependiendo del fenémeno que interesa modelar. En particular, en
el Capitulo 1 estudiamos la versién estacionaria de las ecuaciones de Navier—Stokes con
viscocidad constante, més precisamente, el problema: Hallar una velocidad u : Q — R? y

una presién p :  — R tales que:

—vAu+ (Vu)u+Vp = f en (,
V-u=0 en €, (0.1)

(mas condiciones de borde),

donde la viscocidad del fluido, el término fuente f € L2(Q)? y las condiciones de borde
son dados. De ahora en adelante  representa un subconjunto (dominio) de R?, con d =
2,3. Nuestro primer objetivo es desarrollar un andlisis a posteriori al esquema LPS (Local
Projection Stabilized) introducido en [15] para las ecuaciones de Navier-Stokes (0.1) tanto
para 2D como para 3D. Los esquemas estabilizados para ecuaciones de fluidos tiene una
larga historia desde que fueron introducidos por primera vez en el trabajo de Hughes y
Brooks [33, 47, 60]. La idea principal detras de estos métodos es anadir “estabilidad” a la
solucién numérica del problema. Por otra parte, los métodos estabilizados también ayudan
a disminuir inestabilidades no fisicas provenientes de la presencia de capas limites, por
ejemplo, cuando la adveccion es dominante con respecto a la viscocidad.
Desafortunadamente, el método LPS no es fuertemente consistente para espacios finitos

de bajo orden, lo que no permite usar técnicas estindar como las descritas en [93] para
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desarrollar un estimador de error a posteriori basado en el calculo de normas de términos
residuales, debido a la dificultad de obtener términos volumétricos y superficiales al de-
mostrar la confiabilidad del estimador. Por esta razon, en el Capitulo 1 consideramos otro
tipo de estimacién del error, llamado estimacion jerdrquica, el cual en la practica es mas
cara de calcular que la residual, pero con la ventaja de que normalmente produce una mejor
aproximacion del error real, y presenta un mejor indice de efectividad. Esta estrategia
de andlisis a posteriori fue introducida por primera vez por Bank y otros colaboradores
en [23, 24]. La idea es enriquecer los espacios de elementos finitos con funciones de tipo
“burbuja” para mejorar la calidad del estimador de error. Esta estimacion jerarquica fue
extendida en [13] para las ecuacién de adveccién-difusién-reaccién, en [9] al problema de
Stokes generalizado y en [14] para ecuaciones de Navier—Stokes estacionarias en 2D usando
un esquema SUPG. Nuestro enfoque jerarquico permite superar la falta de consistencia del
método LPS, con el precio de anadir un término de alto orden al estimador de confiabilidad.

Los contenidos del Capitulo 1 dieron origen a la siguiente publicacién:

[16] Rodolfo Araya and Ramiro Rebolledo. An a posteriori error estimator for
a LPS method for Navier-Stokes equations. Appl. Numer. Math., 127:179-195,
2018.

En el Capitulo 2 consideramos las ecuaciones de Stokes y Brinkman, que consisten en:

Hallar una velocidad u : © — R? y una presién p : Q — R tales que

—vAu+~vu+Vp = f en(
V-u=0 enf, (0.2)

(més condiciones de borde).

Aqui v € RT es el término difusivo, v € L>®(2)9*? es un tensor que puede contener carac-
teristicas multiescala del medio, y f € L2(Q)¢ es un término fuente.

En muchos problemas cientificos y de ingenieria es fundamental considerar las distintas
escalas presentes, como por ejemplo, en ingenieria de materiales [87, 88, 98|, ingenieria
biomética [97], fisica aplicada [3], geofisica espacial [99], geociencia [66, 69], meteorologia
[34], neurociencia [72], procesamiento de sefiales [2] y quimica aplicada [20], sélo por nombrar
algunos. Especificamente, las ecuaciones de Stokes y Brinkman son ampliamente aceptadas
como modelo matematico de fluidos en ambientes heterogéneos, por ejemplo, reservorios y
filtracién en medios porosos [52, 67]. La figura 0.1 ilustra la naturaleza multiescala de la
conductividad en un modelo de subsuelo tipico. Aqui se ilustra que la informacién en la

escala a nivel poro es fundamental para comprender la conductividad en el modelo. Sin
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embargo, para obtener un modelo que describa la filtraciéon de un fluido en un medio poroso

es igualmente importante entender las caracteristicas en escalas méas grandes.

N c,i?xs

N O

Pore scale e

Core scale

Geological scale

Figure 0.1: Descripcién esquemédtica de varias escalas en un medio poroso (Figura tomada
desde [44]).

Cuando se trabaja con procesos multiescala, es frecuente el caso cuando los datos de
entrada de las propiedades de los materiales no esta disponible en todos los puntos de
la malla. Por ejemplo, cuando se necesita estudiar el flujo de fluidos en el subsuelo, las
propiedades del subsuelo en la escala de los poros no esté disponible en todos los puntos del
reservorio. En este caso, una alternativa es usar un elemento de volumen representativo que
contenga la informacién escencial sobre la heterogeneidad. La figura 0.2, correspondiente
al Ejemplo 2.5.5, representa un prototipo de reservorio realista. Este dato es parte de
el proyecto SPE10 [38]. Este modelo tiene una geometria sencilla, sin estructuras en la
superficie ni fracturas. La escala mas fina es descrita por una malla cartesiana regular.
El modelo tiene dimensiones 1200x2200x170 (ft). El tamafio de las escalas mds pequenas
corresponden a celdas de dimension is 20x10x2 (ft). Para resolver el problema mediante
métodos numéricos clasicos, se requiere disponder de mallas lo suficientemente finas como
para capturar las escalas pequenas.

En problemas multiescala, la presién y velocidad exactas puede presentar variaciones
altas tanto debido a altas heterogeneidades o singularidades de los coneficientes fisicos, o
cuando el medio presenta cavidades o fracturas, las cuales pueden provocar granden al-
teraciones en el campo de flujo. Técnicas estandar de elementos finitos deben utilizar mal-
las muy finas para poder capturar el comportamiento multiescala de la velocidad y presion,

significa trabajar con grandes sistemas lineales. Este hecho hace simulaciones realistas tridi-
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Figure 0.2: Permeabilidad de un problema 3D sobre una malla regular. El grafico de la
izquierda representa la permeabilidad 3D con un corte 2D a través del dominio, donde se
realiza la simulacién. El grafico de la derecha muestra el corte 2D de la permeabilidad
graficado en escala logaritmica.

mensionales puedan ser prohibitivas incluso en computadores paralelos modernos.

Los métodos de elementos finitos multiescala se han convertido en una alternativa atrac-
tiva para simular fenémenos complejos en mallas gruesas. Detras de estos métodos esta la
idea fundamental de usar funciones base que capturan el comportamiento multiescala de las
estructuras. Tales bases son solucién de problemas locales que son similares a la original, y
de este modo incorpora los coeficientes reales y elementos de la geometria en su disenio. Esta
estrategia fue primero propuesta y analizada en [19] para el problema de Poisson unidimen-
sional y luego extendida a mayores dimensiones en [58]. A partir de ahi se han propuesto
otras variantes para problemas de flujos de fluidos como el Método Multiescala Heterogéneo
(HMM, por su nombre en inglés) [96], Método Multiescala Variacional (VMS, por su nombre
en inglés) [59], el Método de Elementos Finitos Generalizado Multiescala [43], y el Método
de Descomposicién Ortogonal Localizada (LOD, por sus nombre en inglés) [73], por men-
cionar algunos. Para algunos de estos métodos se ha desarrollado un anélisis a posteriori,
ver, por ejemplo, [1, 21, 36, 57, 61, 78, 80, 89] y sus referencias.

El Método Hibrido-Mixto Multiescala (MHM, por su nombre en inglés) pertenece a la
familia de métodos multiescala. Inicialmente propuesto para el modelo de Darcy en [55], el
método MHM produce soluciones superconvergentes y provee estimaciones de error a pos-
teriori basado en lo que ocurre en el esqueleto de la malla (c.f. [11]). El método MHM
parte aplicando una hibridizacién [81] a la formulacién débil original. La estrategia consiste

en caracterizar la solucién exacta de la formulacién hibrida como solucién de un problema
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equivalente que consiste en problemas locales y un problema global definido sobre el es-
queleto de una malla gruesa. Luego, la discretizacién desacopla los problemas locales y el
global utilizando los problemas locales, que son independientes unos de otros, para construir
las funciones base con la informacién multiescala. Ademds, el método MHM ha sido uti-
lizado para aproximar la solucién del problema reaccién-adveccién-difusién singularmente
perturbado [56], elasticidad lineal [54] y ecuaciones de Maxwell [68]. Es importante men-
cionar que la estrategia de hibridizacién es utilizada también en el problema discreto para
desarrollar el método de descomposicién de dominios [5, 31, 32].

Proponemos un nuevo estimador a posteriori del tipo residual para el método MHM
aplicado al problema de Stokes/Brinkman, considerando el esquema introducido en [12]. El
estimador de error considera ambos niveles del método: 7; relativo al salto sobre las caras
del esqueleto de la velocidad discreta, similar al que aparece en trabajos previos [11, 54],
v 12 proveniente del error cometido al aproximar la solucién de los problemas locales. Las
demostraciones de eficiencia y confiabilidad de n; son muy similares a las desarrolladas
en [11, 54] para las ecuaciones de transporte y elasticidad, respectivamente. En esta tesis
extendemos el andlisis para los problemas Stokes/Brinkman. La demostracién de la eficiencia
de 10 depende de la eleccién del método en el segundo nivel. Aqui elegimos el método de
elementos finitos estabilizado USFEM [25], el cual permite igual orden de interpolacién para
la velocidad y presién, por lo cual podemos seguir las demostraciones clasicas en el contexto
de a posteriori para métodos estabilizados, por ejemplo el trabajo [94]. Esto nos permite
demostrar que el estimador que proponemos es localmente eficiente y confiable. Ademas,
usamos la informacion del segundo nivel del estimador para dirigir el refinamiento sobre
el esqueleto de la malla y para seleccionar las mallas del segundo nivel en cada paso del
algoritmo adaptativo. Lo anterior es fundamental para asegurar la superconvergencia. El
estimador a posteriori propuesto es, hasta donde sabemos, el primero para el método MHM
que considera la influencia del error de aproximacion proveniente de las soluciones de los
problemas locales.

Los convenidos del Capitulo 2 dieron origen a la siguiente publicacién (enviada):

[17] R. Araya, R. Rebolledo, and F. Valentin. A posteriori analysis of the Mul-
tiscale Hybrid-Mixed method for Brinkman problem. IMA J. Numer. Anal.,
(submitted).

Finalmente, en el Capitulo 3 estudiamos un modelo que describe el flujo de glaciares. El
término glaciar se refiere a todos los cuerpos de hielo creados por la acumulacién de nieve,
por ejemplo, glaciares de montana, casquetes glaciares, hielo continental y plataformas de
hielo.
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Figure 0.3: Glaciar Balmaceda?, parque nacional Bernardo O’Higgins, Magallanes, Chile,

septiembre 2018.

El hielo en los glaciares es un fluido en movimiento por lo que su movimiento es descrito
mediante un campo de velocidades u (m/s). Luego, podemos modelarlo utilizando las

ecuaciones de the Navier—Stokes

pice(ut + (Vu)u) = =Vp+ V- (vVu) + f, (balance de tensiones)
Viu =0, (incompresibilidad)

(mas condiciones de borde),

donde v > 0 es la viscocidad del fluido (Pa s), p es la presién del fluido (Pa), y la funcién f
es un dato dato que en este contexto usualmente es f = pi.. g l;, donde p;. es la densidad del
hielo (kg/m?), g es la constante gravitacional (m/s?) y k es un vector unitario que apunta
al centro de la tierra.

Note que u; + (Vu)u, el término en el lado izquierdo de la ecuacién de balance de
tensiones, es una aceleracién y el término del lado derecho es la tension total, por lo que
esta ecuacion corresponde a la segunda ley de Newton. Dado que el hielo es un fluido
“lento”, se tiene que u; + (Vu) u ~ 0, lo que implica que las fuerzas (tensiones) de incercia

son despreciables, obteniéndose las ecuaciones de Stokes clasicas

—V-(vVu)+Vp = f,
V-u =20,

(més condiciones de borde) .

4 Agradecimientos a Daniel Rebolledo Cormack por la fantéstica foto.



LIST OF FIGURES 9

Sin embargo, el hielo también presenta un adelgazamiento por cizalladura donde tensiones
grandes implican viscocidades pequenas. Luego, la viscocidad v no es constante. La ecuacién
mas utilizada para representar la viscocidad en el contexto de glaciologia es la denominada
ley de Glen [70, 77]

v(|Vul) = 5 [Vul”2, (0.3)

donde 5 € (1,2] y la funcién a(x) € L*°(Q) son dadas, con 0 < ag < a(x) para algin
«g. Note que la ley de Glen es una funcién lineal cuando 5 = 2, el cual es precisamente el
problema de de Stokes lineal estudiado en el Capitulo 2.

Desde el punto de vista fisico, el problema de Stokes considerando el tensor de defor-
macién e(v) = %(V'v + VvT) en vez de Vu es también importante. Luego, el problema
modelo que consideramos en el Capitulo 3 es el siguiente: Hallar una velocidad u : Q — RY

y una presion p : Q@ — R tales que

V-(—V(|D(u)|)D(u) —|—pI) =f en(,
V-u=0 enf, (0.4)

(més condiciones de borde) ,

donde I denota la matriz identidad de dimensién d y el operador D representa el gradiente

o el tensor de deformacion

Los datos del problema son la viscocidad v : Rt — R dada por la ley de Glen (0.3) y la
fuerza de cuerpo f = picegf{.

El problema (0.4) es el tipico modelo de un glaciar, habiendo muchos resultados tedricos
y andlisis numéricos disponibles en la literatura (vea, por ejemplo, [37, 65, 76]) motivados
por la creciente necesidad de procedimientos mas simples, mas precisos y mas eficientes.
Los problemas geolégicos, como los modelos de glaciares, usualmente presentan dominios
con fracturas y zonas de permeabilidad, en las cuales se puede presentar un comportamiento
multiescala tanto de los datos como de la solucién, por lo que el método MHM es una técnica
prometedora en este contexto. Para una discusién més profunda sobre el modelamiento de
glaciares y distintas variantes puede revisar [41, 74].

Hasta donde sabemos, éste es el primer trabajo donde se presenta un algoritmo basado

en el método MHM aplicado a problemas no lineales. La implementacion numérica de los
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métodos presentados en esta tesis fueron completamente desarrollados en Fortran 90/95,
y para resolver los sistemas lineales utilizamos los solvers MKL PARDISO [84] y MUMPS
[7, 8]. Las mallas adaptadas 2D y 3D fueron generadas con Triangle [85] y Tetgen [86],

respectivamente. Los graficos de las soluciones fueron generados con Paraview [18].



Introduction

Partial differential equations have an important role in many fields, from airplane industry
(air flows around a wing), civil engineering (stability of bridges), geoscience (plate deforma-
tion and subduction processes, flow of ice in glaciers and ice sheets, petroleum reservoir),
biomedical engineering (blood flow in vessels, air flow in vocal cords), just to name a few.
Analytical methods are able to compute solutions only for simple problems. In order to
obtain solutions to realistic problems, it is mandatory to provide of numerical methods that
allow obtaining approximate solutions of the models. Developing theoretical and numerical
analyses are also motivated by the increasing need for simpler, more accurate, and more
efficient procedures to solve problems. In particular, the Finite Elements Method is useful
when the geometry of the problem is complex, but the numerical solution is deteriorated by
the presence of singularities arising from, for example, re-entrant corners, interior or bound-
ary layers, sharp shock-like fronts or turbulence phenomena. Another family of problems
that is difficult to simulate is when the solution or data of the problem contains many spa-
tial scales, called multiscale problems. An obvious alternative to obtain good solutions is to
refine the mesh, however, in realistic problems, it may be impossible to solve such problems
even in supercomputers due to the tremendous amount of computer memory and CPU time
required, that can easily exceed the limit of today’s computing resource.

The a posteriori error analysis allows detecting the regions where the solution is less
regular, and then to generate meshes with good balance between the refined and unrefined
regions such that the global precision is optimal. In general, for a differential equation
defined in a domain Q with unknown (u,p), the a posteriori error analysis consists of com-
puting, for each element K of the mesh Ty, a calculable term ng called local error estimator
it depends only on the mesh size H, the discrete solution calculated by the finite element
method (wp,pp) and the data and physical parameters of the problem. The aim is to
predict the behavior of the error in each element K, and to calculate a better approximate

solution by adapting the mesh.

11
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From ng we define the global error estimator as follow

~fra)

The goal is to prove that this estimator is reliable and efficient, that is, there exist

constants C1,Ce > 0, independent of H, such that

(v —wm,p—pm)|| < Cin (1)

Cong < ||(u—um,p—pu)|kl.

Note that this proves that the error estimator is equivalent to the error of the finite element
method. Furthermore, last inequality allows us to detect the elements where the error is
important, which is fundamental to propose an adaptive strategy. The standard adaptive

procedure is the following: Given 6 € (0,1):

1. Solve the finite element scheme and calculate, for each element K of the mesh 7g, the

term ng.
2. Mark the elements K such that ng > 6 max ng.
KeTy

3. Calculate a new mesh Ty that refines the marked K and repeat the procedure until

reaching a pre-established tolerance.

In some problems, like the ones considered in this thesis, the efficiency estimation (1)

has the form

[(w —wuy,p—pu)l <Cin+ E(un,py)

where the extra term E(wg, pgr) is of higher order than 7. As such from some H the term
E(up,pp) is negligible compared with 7, so it can be omitted in practice. Bibliography on
the posterior error analysis can be found, for instance, in: [6, 22, 62, 95].

A measure of the quality of the estimator 7 is given by the global effectivity index, defined

as follows
n

E; = ,
" (w—ug,p—pu)|

which is searched such that it is as close to as possible to one, e.g.

lim n —1

H=0 [|(w — wi,p — pa)||
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Nevertheless, in the practice, a bounded index, constant and not equal to one, is acceptable.

The first problem that we consider in this thesis is the Navier—Stokes problem. These
equations, named after Claude-Louis Navier (1785-1836) and George Gabriel Stokes (1819-
1903), describe the motion of viscous fluid substances and arise from applying Newton’s
second law to fluid motion together with the assumption that the stress in the fluid is
the sum of a diffusing viscous term (proportional to the gradient of velocity) and a pressure
term-hence describing viscous flows. This problem is one of the most challenging problems in
different areas of mathematics and, particularly, the numerical analysis community has been
working for decades in developing accurate and efficient numerical methods to approximate
its solution. See pros and cons in ([49, 90, 91].

The importance of studying these equations are its several applications, for example,
models of weather, ocean currents, water flow in a pipe and how air flows around a wing,
and this way, help with the design of aircraft and cars, the study of blood flow, the design
of power stations, the analysis of pollution, and many other things.

Due to the complexity of the Navier—Stokes equations, it is usual and necessary to study
simplified models depending on the phenomenon modeled. In particular, in Chapter 1 we
study the stationary version of Navier—Stokes equations with constant viscosity, namely, the

problem: Find a velocity u : @ — R? and a pressure p : © — R such as

—vAu+ (Vu)u+Vp = f in Q,
Vou = 0 in Q, (0.5)

(plus boundary conditions),

where the fluid viscosity v > 0, the force field f € L?(2)¢ and the boundary conditions are
given. Hereafter, () represents a subset (domain) of RY, with d = 2,3. Our first goal is to
develop an a posteriori analysis for a Local Projection Stabilized (LPS) scheme introduced
in [15] for the Navier—Stokes equations (0.5) both in 2D as in 3D. Stabilized schemes for
fluid equations have a long history since the first works of Hughes and Brooks [33, 47, 60].
The main idea behind these methods is to add “stability” to the numerical solution of the
problems preserving consistency allowing the use of equal order of polynomials both for
velocity and pressure, which is a very appreciated property at the moment of the numerical
implementation. On the other hand, stabilized methods also help to diminish non-physical
instabilities coming from inner or boundary layers present, for example, when the advection
is dominant with respect to viscosity.

Unfortunately, the LPS method is not strongly consistent for low-order finite spaces,

not allowing us to use the standard techniques, as those described in [93], to develop an
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a posteriori error estimate based in the computations of the norm of the residual terms,
due to the difficulty to obtain volumetric and edge residuals in the reliability proof. For
this reason in Chapter 1 we consider another type of error estimator, called hierarchical
estimator, which in practice is more expensive to compute than the residual, but with
the advantage that usually yields an approximation of the true approximation error, with
a better effectivity index. This kind of a posteriori error estimator was first introduced
by Bank and collaborators in [23, 24]. The idea is to enrich the standard finite element
subspace with some “bubble” like functions to improve the quality of the error estimator.
This hierarchical approach was extended in [13] to the advection-diffusion-reaction equation,
in [9] to the generalized Stokes equations and later to the 2D steady incompressible Navier—
Stokes equations, using a SUPG scheme, in [14]. With our hierarchical approach, we were
able to overcome the lack of consistency of the LPS method, at the price of adding a higher
order term to the reliability estimate.

The contents of Chapter 1 gave rise to the following paper:

[16] Rodolfo Araya and Ramiro Rebolledo. An a posteriori error estimator for
a LPS method for Navier-Stokes equations. Appl. Numer. Math., 127:1797195,
2018.

In Chapter 2 we consider the Stokes and Brinkman equations, that consists of: Finding

a velocity u :  — R% and a pressure p : @ — R such that

—vAu+~vu+Vp = f inQQ,
V-u=0 inQ, (0.6)

(plus boundary conditions).

Here v € R* is the diffusion coefficient, v € L*>(Q)%*¢ is a tensor which may contains
multiscale features of the media, and f € L?(Q2)? is a body force and the function.

A broad range of scientific and engineering problems involve multiple scales like, for
example, material science [87, 88, 98], computational hemodynamics [97], applied physics
[3], spatial geophysics [99], geoscience [66, 69], meteorology [34], neuroscience [72], signal
processing [2], and applied chemistry [20], just to name a few. Specifically, the Stokes
and Brinkman equations are widely accepted in the mathematical modeling of flows in
heterogeneous fields, e.g., vuggy carbonate reservoirs and low porosity filtration devices [52,
67]. The figure 0.4 illustrates the multiscale nature of the conductivity in typical subsurface
problems. Here, we illustrate that pore scale information is needed for understanding the

conductivity of the core sample, however, it is also essential to understand the large-scale
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features of the media in order to build a comprehensive model of porous media. More

complicated situations in geomodeling can occur. When dealing with multiscale processes,

N c,i?xs

N O

Pore scale e

Core scale

Geological scale

Figure 0.4: Schematic description of various scales in porous media (figure from [44]).

it is often the case that input information about processes or material properties is not
available everywhere. For example, if one would like to study the fluid flows in a subsurface,
then the subsurface properties at the pore scale are not available everywhere in the reservoir.
In this case, one can use representative volume element which contains essential information
about the heterogeneities. Figure 0.5, corresponding to the Example 2.5.5, represents a
quite realistic prototype of a reservoir. This data is part of the Comparative Solution
Project SPE10 [38].

The model has a simple geometry, with no top structure or faults. At the fine geological
model scale, the model is described on a regular cartesian grid. The model dimensions are
1200x2200x170 (ft). The fine-scale cell size is 20x10x2 (ft). To solve this problem through
classical numerical methods, we require to refine the mesh enough to capture the small
scales.

In multiscale problems, exact pressure and velocity may show highly changing behaviors
either due to highly heterogeneous or singularly perturbed physical coeflicients, or when the
media presents cavities and fractures as those structures can dramatically change the flow
field. Standard finite element methods must rely on very fine meshes to capture such mul-
tiscale features of the velocity and pressure solutions, which yields to costly linear systems.
This fact makes realistic three-dimensional simulations prohibitive even on modern parallel
computers.

Multiscale finite element methods became an attractive alternative to simulate complex
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Figure 0.5: Permeability for a 3D model given on a regular grid. The left plot shows the
3D permeability with a 2D cut through the domain, where we do the simulation. Here,
red color denotes the void spaces (vugs). The right plot shows a 2D cut with permeability
plotted on a logarithmic scale.

phenomena on coarse meshes. Behind the multiscale methods is the fundamental idea
that base functions can upscale unresolved multiscale structures. Such a basis satisfies
local problems that resemble the original one, and then, they incorporate real coefficients
and element’s geometry in their design. This strategy was first proposed and analyzed
in [19] for a one-dimensional Poisson problem and further extended to higher dimensions
in [58]. Since, several variants of it have been proposed for fluid flow problems as the
Heterogeneous Multiscale method (HMM) [96], the Variational Multiscale method (VMS)
[59], the Generalized Multiscale finite element method [43], and the Localized Orthogonal
Decomposition method (LOD) [73], to mention a few. For some of those methods a posteriori
error analysis is provided, see for instance [1, 21, 36, 57, 61, 78, 80, 89] and the references
therein.

The Multiscale Hybrid-Mixed (MHM) method is a member of the family of multiscale
methods. Initially proposed for the Darcy model in [55], the MHM method yields super-
convergent solutions and provides a face-based a posteriori error estimates which drive the
adaptivity process (c.f. [11]). The MHM method is a byproduct of the primal hybridization
of the original weak formulation analyzed in [81]. The strategy consists of characterizing,
first, the exact solution of the hybrid formulation as the solution of an equivalent local-global
problem. Then, discretization uncouples local and global problems making the (indepen-
dent) local problems responsible for the computation of the multiscale base functions. The

global problem, defined on the skeleton of the coarse partition, responds for the computa-
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tions of degrees of freedom. Also, the MHM method can be used to approximate the solution
of singularly perturbed reactive-advective-diffusive problems [56], linear elasticity [54] and
Maxwell equations [68]. It is important to mention that the hybridization strategy has also
been used at the discrete level to develop domain decomposition methods (c.f. [5, 31, 32]).

We propose a new residual a posteriori error estimator for the MHM method applied to
the Stokes/Brinkman problem. It accounts for the multi-level numerical approximation of
the method presented in [12]. Indeed, the error indicator has two-levels of contributions: m;
related to the jump of the discrete velocity on the skeleton of the first-level mesh, similar
to those that appear in previous works (see [11, 54], for instance), and 72 coming from the
approximation error of the solutions at the local problems. The proofs of efficiency and reli-
ability of n; follow closely the strategy presented in [11, 54] for the transport and elasticity
equations, respectively. Here, we extend it to cope with mixed Stokes/Brinkman problems.
The proof of the efficiency of 75 depends on the choice of the second-level solver. Here, we
chose the stabilized finite element method USFEM [25], which allow equal-order interpola-
tions for the pressure and velocity, and then, we revisit the proof of efficiency proposed in
the classic work [94] in the context of the MHM methodology. As a result, we prove that the
new multiscale a posteriori error estimator is locally efficient and reliable. Also, we use the
two-level information of the error estimator to drive skeleton mesh refinement and to select
appropriate independent second-level meshes. The latter is fundamental to secure MHM’s
super-convergence. The proposed a posteriori error estimator is, up to our knowledge, the
first for the MHM method to leverage the approximation error coming from the second-level
solutions.

The contents of Chapter 2 gave rise to the following (submitted) paper:

[17] R. Araya, R. Rebolledo, and F. Valentin. A posteriori analysis of the Mul-
tiscale Hybrid-Mixed method for Brinkman problem. IMA J. Numer. Anal.,
(submitted).

Finally, in Chapter 3 we apply the MHM to a model describing the flow of ice in glaciers
and ice sheets.
The term glacier refers to all bodies of ice created by the accumulation of snowfall, e.g.,

mountain glaciers, ice caps, continental ice sheets, and ice shelves.
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Figure 0.6: Balmaceda glacier®, Bernardo O’Higgins national park, Magallanes, Chile,
September 2018.

Ice in glaciers is a moving fluid, so we describe its motion by a velocity field w (m/s).

We adopt the Navier—Stokes equations as the model:

pice(ur + (Vu)u) = =Vp+ V- (vVu) + f, (stress balance)
V-u =0, (incompressibility)

(plus boundary conditions) ,

where v > 0 is the viscocity of the fluid (Pa s), p is the pressure of the fluid (Pa), and the
function f is a given data that in this context usually is f = pice g E, where p;.. is the density
of the ice (kg/m?3), ¢ is the gravity constant (m/s?) and k the unit vector pointing to the
center of the earth.

Note that u; + (Vu) u, the left-hand term in the stress balance equation, is an accelera-
tion and the right-hand term is the total stress, and so this equation represents the Newton’s
second law. Since ice is a “slow” fluid, which means that u; + (Vu)u ~ 0, then it implies

that the forces (stresses) of inertia are negligible, obtaining the classical Stokes equations

—-V-(vVu)+Vp = f,
V-u =0,

(plus boundary conditions) .

However, ice is also a shear-thinning fluid with a specific kind of nonlinearly-viscous (“non-

Newtonian”) behavior in which larger strain rates imply smaller viscosity. The viscosity v

5Thanks to Daniel Rebolledo Cormack for the beautiful photo.
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is therefore not constant. The most widely used flow relation for glacier ice is given by the
Glen’s law [70, 77]
v(|Vul) = 5 [Vul* 2 (0.7)

where 5 € (1,2] and the function a(x) € L*(Q2) are given, with 0 < oy < a(x) for some
«g. Note that Glen’s law becomes linear when 8 = 2, which is precisely the linear Stokes
problem studied in Chapter 2.

From a physical point of view, the Stokes model considering the strain tensor (v) :=
%(V'v + V'UT) instead of Vu is also important. Then, the model problem that we consider
in this chapter is the following: Find a velocity u : Q@ — R? and a pressure p: Q — R
such that

V-(—v(D(u)))D(u) +pI) = f inQ
V-u=0 inQ (0.8)

(plus boundary conditions)

where I denotes the identity matrix of size d and the operator D represents the gradient

or the strain tensor

The known data are g € H~/2(Q), the viscosity v : R — R given by the Glen’s law (0.7)
and the body force f = pic. gR.

Problem (0.8) is the typical glacier model, and several theoretical and numerical anal-
yses are available in the literature (see, e.g., [37, 65, 76]) motivated by increasing need for
simpler, more accurate, and more efficient procedures to solve it. Geological problems, such
as glacier models, usually present fractures and permeability zones, which can have a mul-
tiscale behavior of the data or solution or boundary layers, and then the MHM method is
a promising technique in this context. We refer to [41, 74] for a more in-depth physical dis-
cussion of this model and its variants, as well as specific applications including geophysical
contexts.

The numerical method in Chapter 3 is motivated by the linear method used in Chapter
2, and then we also chose the stabilized finite element method USFEM [25] to solve the local
problems.

As far as we know, this is the first work where the MHM method is applied to a non-

linear problem. The numerical implementations of the methods presented in this thesis were
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completely developed in Fortran 90/95, and the solvers used to solve the linear systems were
MKL PARDISO [84] and MUMPS [7, 8]. The 2D and 3D adaptive meshes were generated

by Triangle [85] and Tetgen [86], respectively. Paraview [18] was employed for visualization.



Notation

The laplacian and gradient operators of a scalar function v and divergence of a vectorial

function w := (w;);=1,... 4 are defined, respectively, by

d ) d .
Av = v Vo = <6U > and V.w:= g Ow; ,
— O] 0ri ),y 4 P o0x;

ey

with d = 2,3. The gradient (laplacian) of a vector w is a tensor (vector) which rows
correspond to the gradient (laplacian) of the components of w, and the divergence applied
to a tensor is the divergence operator acting along its rows.

Let D be a bounded set of R?. The set L?(D) denotes the space of square-integrable

functions over D. We also consider the following spaces

LY(D) :={ve L*D): / v =0},

D
HY(D) := {v e L*D): Vv e L*(D)%},
HY(D) :={ve H(D):v=0on dD}

and
H(div;D) := {v € L*(D)¥>¢: V.v € L*(D)}.

We denote by (-, -)p and || - ||o,p the usual inner product and norm, respectively, of
square-integrable functions for scalar, vector or tensor valued functions, as appropriate.

Also, for all v € HY(D) (or in H'(D)?%) we denote its norm and seminorm as

1= \flolp+ oy where Jolip = Vol

respectively. We denote by | - | the euclidean norm of a scalar, vector or tensor, as appro-

lv

priate.
Let O be an open and bounded set of R, We denote by H~'(©) and H~/2(d0) the

21



LIST OF FIGURES 22

dual spaces of the Sobolev spaces H{(O) y H'/?(90O), equiped with the norms || - || 1,0 and
[ " /2,00, where O denotes the boundary of O. The duality pairing between the spaces
H~Y2(00) and HY?(90) is denoted by (-, -)g0.

In this thesis,  is an open bounded polytopal set of R? (the domain of each model
problem considered) with boundary 992 and diameter dg.

Let {Tg}m>o be a family of shape-regular meshes of 2, composed by simplex K of
diameter Hx and H := max{Hg : K € Ty}, that is, exists op such that

H
Vh, VK € Ty, -2 <oy,
PK

where pg is the diameter of the ball inscribed in K. In the document, we use terminology
usually employed for three-dimensional domains, with the restriction to two-dimensional
problems being straightforward. As such, each element K has a boundary 0K consisting of
faces F', with diameter Hr. The collection of all faces F', in a triangulation 7z, is denoted
by E€p, which is decomposed into the set of internal faces & and the set of faces on the
Dirichlet boundary £p. Also, we fix a unit normal vector ng on each F' € £, taking care
points out on 9. For each K € Ty, we denote by n’ the outward normal on 0K, and let
n¥ .= nf|p for each F C OK.

For F € &y, we define the jump of v (a scalar or vectorial function) across F' by

[v]F(x) := 51_i>%l+ v(x 4 onp) — 51_i)%1+ v(x —onp), forallz e F.

When there is no ambiguity, we omit the subindex in the jump notation.

Given K € Ty and F € £ we define the following patch:

WK = U KI, (,NUK = U K/,

E(K)NE(K")#D N(EK)NN(K')#0
Wp = U K/ 5 @F = U K/ 5
FeE(K) N(F)NN(K')#£D

where £(K) is the set of all faces of K, N(K) is the set of nodes of K and N (F) the set of
nodes of F.

In chapters 2 and 3 we need, besides the mesh T for the domain Q (called first-level
mesh), meshes on each element of it (called second-level meshes). To this end, for each
K € Ty we denote by {EK}}DO
length of 7;LK . We notice that the family {EK } h>0

we denote by 5,5( the set of faces on T,%, and by &I the set of internal faces. To each

a regular family of meshes of K, where h is the characteristic

may differ in each K € Ty. Also,
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(e E,f{ we associate a normal vector nf, taking care to ensure this is facing outward on oK.
Furthermore, we denote by 7;(F) a triangulation of F' € £, where H is the maximum size
of all F' belonging to 7 (F).

In the document, we adopt the following notation

a X b<=a<(Chb,

a ~ b<—=a=b and b=a,

where the positive constant C is independent of H and h.
Finally, if O is a subset of R? or R, P;(©) stands for the space of polynomials on O
of total degree at most [ > 0, and

P;(P(O)) := {v € L*(0) : v|p € Py(D),VD € P(D)}

is the broken polynomial set, where P(O) is a partition of O.



Chapter 1

An a posteriori error estimator for
a LPS method for Navier-Stokes

equations.

1.1 Introduction

In this chapter we develop an a posteriori error estimator, of the hierarchical type, for the
Local Projection Stabilized (LPS) finite element method introduced in [15], applied to the
incompressible Navier—Stokes equations. The technique use the solution of locals problems
posed on appropriate finite dimensional spaces of bubble-like functions, to approach the
error. Several numerical tests confirm the theoretical properties of the estimator and its
performance.

The outline of this chapter is as follows: in Section 1.2 we introduce our model problem
and some useful preliminary results. In Section 1.3 we present the LPS method and its
main approximation results. In Section 1.4 we define our a posteriori error estimator, of
hierarchical type, and prove the equivalence of this error estimator with the approximation
error, using an intermediate auxiliary problem. Finally, in Section 1.5, we present some
numerical tests which allows us to assess the convergence property of the LPS method and

the quality of our a posteriori error estimator.

1.2 Model problem and preliminary results

Let Q ¢ R? (d = 2 or d = 3) be a bounded polygonal open domain. The steady incom-

pressible Navier—Stokes problem consists in finding a velocity vector field u and a pressure

24
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scalar field p such as

—vAu+ (Vu)u+Vp = f inQ,
Viu = 0 inQ, (1.1)
u = 0 ondQ,

where the fluid viscosity v > 0 and the force field f € L?(2)? are given.
We define the spaces

V= H(Q)? and Q= L),

equipped with the norms |- |1 o and || ||o,q, respectively, recalling that, thanks to Poincaré’s
inequality, the seminorm |- |; o is indeed a norm on V.
The standard weak formulation for the problem (1.1) is the following: Find (u,p) € V x Q
such that
a(w,v) — b(u, @) + b(v, p) + (2, 9) = (£, v)a (1.2)

for all (v,q) € V x @, where the bilinear forms a(-,-) and b(-,-), and the trilinear form

c(-; -,-) are given by
a(u,v) :=v(Vu,Vv)q Yu,v €V, (1.3)
b(v,q) == —(q,V-v)q Vge Q,VveV, (1.4)
c(u;v,w) := (Vo)u,w)q Yu,v,w € V. (1.5)

In addition, we introduce the symmetric bilinear form d : Q x @ — R given by

1

14

The bilinear forms a(-,-) and d(-,-) induce the norms

|v]lq := a(v,v)? Yo eV,

lglla := d(g,q)** Vg€ Q.

Also, we denote by || - ||4,0 the norm induced by a(:,-) on the set O C Q. We equip the
space V x @ with the product norm given by

1/2
I.a)ll = {Il2 + a3} ¥(w.0) € V xQ.
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The next result states some important inequalities related to the forms a, b and c.

Lemma 1.1 Leta(-,-) and b(-,-) be the bilinear forms given by (1.3) and (1.4), respectively,

and let ¢(- ; -,-) be the trilinear form given by (1.5). Then
la(v, w)| < [[vlla|w]la  Vv,w eV,
b(v, @) < Vd|vllallgla  V(v,q) €V xQ,
b(v,q
sup 424 > o g, Vg eQ,
vev [1v]la
v#£0
C(’LU;’LL,’U) < 5 |’LU 1,Q 'U,|1’Q|’U|1’Q vuav,w € V?

where ap and B are positive constants depending only on 2. Moreover, for all u,v,w €

HY(Q)¢ such that V-w =0 and w - n = 0, it holds

Proof. The first two statements are straightforward and the others are classical results (see,
for instance, [49]). [ |

The well-posedness of the variational problem (1.2) is ensured by the following result
Theorem 1.1 Assume that v and f € L*(Q)? satisfy the following condition.:

V2

5 lvho YveV (1.6)

’(f,'U)Q’ <

for some fized number v € [0,1[. Then, there exists a unique solution (u,p) € V x Q of
(1.2) and it holds

v

lul10 <~ 3

Proof. See Theorem 2.4, Chapter IV in [49]. [

The finite element subspaces to be used in this work are defined as follows
Vg ={vel’(Q)?: v|lg e P (K), VK € Ty} NV,

and
Qu :={q¢eL*Q): qlx €Py(K), VK € Ty} N Q,

Let Zj, : V. — Vg be the Clément interpolation operator introduced in [39]. It can be

easily shown (see [39, 45] for details) that the Clément interpolation operator satisfies the
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following estimates

lv = Zyollox < Cv™ 2 Hi [[0]]a g » (L.7)
v — Tyollor < Cv Y 2HY? |0]la g, (1.8)
1Zhvllax < Cllvllagy (1.9)

for all v € H1(Q)%.
Finally, for each K € Ty, we denote by Ilx¢q the average of a function ¢ € L?(K), i.e.,

1
11 = — dzx.
K \Kr/Kq !

Lemma 1.2

H
o —Tgvlox < —|vhxg  VveHY(K), (1.10)
T
IMvlox < olox Vo € L2(K). (1.11)
Proof. See Proposition 1.134 and Lemma 1.131 in [45]. [ |

Hereafter, we will use intensively the fluctuation operator xj defined by x4 :=1— Ik,

where I is the identity operator. Observe that, from Lemma 1.2, it holds

Hy
o T lose < oo Vo € I2(K)" (112)

1.3 The local projection stabilized method

The Local Projection Stabilized (LPS) method for the Navier-Stokes equations, introduced
and analyzed in [15], has the following form: Find (ug,py) € Vi X Qpu such that

(v (Vuy, Vor)o + (Vug)um, vg)o — (0, V-vr)a + (i, Ve un)o

(LPS){ + Yker, o Cunle - Wi [(Vum)un). (e - i (Vorun]) i

+ Y KkeTy VTK(Xh(wV' ug), xn(®V-vu))k + D pee, TF([pu]; laa])r = (f,vH)0;
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where the stabilization parameters are given by

1 q 1
QK = ——( 5 5 al T —
' max {1, Perc} " maX{l P264K}’
with
H
P€K = M# and |UH‘K = W7
18v |K]§
and
Hp
g, 1 fualr =0,
TR =
1 1 (1 + (1 (P )>> th .
B —exp(Lrer))), otherwise.
2lug|lr  |ugl|r (1 —exp(Per)) Pep
Here
H
Pep := M with |ug|p := %
HF

We recall, from Lemma 2 in [26], that 75 satisfies
H

T <C =£
v

for all F' € &x.

Remark 1.1 Note that the method LPS has the disadvantage of being non consistent, which
complicate the a priori and a posteriori analysis. On the other hand, LPS is easier to im-
plement than the traditional residual projection methods (RELP). Finally, note that in the

presence of Neumann boundary conditions, we only need to change the jump term accord-

ngly.

The well-posedness and error estimates for the LPS method were studied in [15], for
completeness we present some of the main results concerning existence and uniqueness of

the discrete solution, as well as error bounds.
Theorem 1.2 There is a positive constant C, independent of h and v, such that if

H1/2
V2

| fll-1.0 <C,

then LPS problem admits at least one solution.

Proof. See Theorem 3.4 in [15]. [ |



1.4. A HIERARCHICAL ERROR ESTIMATOR 29

Theorem 1.3 There exists a positive constant C, independent of h and v, such that if

| 1 ,

then the solution of the LPS problem is unique.

Proof. See Theorem 3.5 in [15]. [ |
The next theorem establishes an optimal convergence result of the LPS method in the

natural norm.

Theorem 1.4 Assume that (u,p) belongs to the space H?(Q2)% x HY (). Then there exists
a positive constant Hy, such that for oll H with 0 < H < Hy, the following estimate holds

1/2
{Ju—unllo+p-pulde}” < CH,
where C' > 0 does not depend on h but can depend on v.
Proof. See Theorem 4.4 in [15]. [ |

1.4 A Hierarchical Error Estimator

In this section we propose and analyze a hierarchical estimator for the LPS method adapting

the ideas of [14] to our problem.

1.4.1 The Auxiliary Problem

In what follows, the functions e and E stand for the velocity and pressure approximation

errors, i.e.,

e:=u—ug,

E:=p—pn.

In the sequel we will need the following linear auxiliary problem: Find (¢,v) € V X Q such
that

a(¢,v) +d(v,q) = ale,v) —b(e,q) + b(v, E) + l(u;ug,v) V(v,q) € V xQ, (1.13)

where

l(’U;7 UH,'U) = C(U;’U,,’U) - C(’U’H; UH,U)-
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Clearly, the well-posedness of the above system arises from the ellipticity of a(-,-) and d(-, -)
on V and @, respectively.

Next, we establish an equivalence between the norms of (e, E) € V x @ and the norms
of the solution (¢, 1) € V x @ of (1.13), thus opening the door to design an error estimate
based on the functions (¢, ) only.

Theorem 1.5 Assume that (1.6) holds and |e|1q is sufficiently small in the sense that

there exists € > 0 such that )

5
1+ 5+ D lelia <1
2 v

Then, there exists positive constants C1 and Ca, independent of h, such that

Cr{llollz + 1911z} < llellz + 1 E117 < Ca {llol% + lv11}-

Proof. See Theorem 4.1 in [14]. [ |

From the definition of e and F, the auxiliary problem (1.13) is equivalent to
a(¢,v) +d(¢,q) = (f,v)a — a(um,v) + b(um,q) — b(v, pr) — c(um;um,v)  (1.14)
for all (v,q) € V x Q. The above equation can be rewritten in a more compact form as
a(¢,v) +d(¥,q) = Ru(v.q) Y(v,q) €V xQ,
where Ry € (V x Q) stands for the residual functional given by

Ru(v,q) = (f,v)q — alumg,v) +blug,q) —b(v,pg) — c(umg;ug,v) Y(v,q) € VX Q.

Remark 1.2 Note that the auxiliary problem (1.13), or equivalently (1.14), can be decoupled

in two different problems. First, taking v = 0 in (1.14) we obtain

d(,q) = blun,q) VqeQ,

now, using that V-uyg € Q, we get that

Y =—-vV-uy. (1.15)
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Second, taking ¢ =0 in (1.14), we arrive at
a(p,v) =RL(v) VYveV, (1.16)
where R}g € V' is given by the expression
RYL () == (f,v)a — aluy,v) — b(v,py) — c(uy; ug,v) Vv e V.

An equivalent and useful expression for R}{ is obtained using integration by parts, which

leads to

Ru(w)= Y (Rx,v)k+ Y (Rp,v)F,

KeTy Fely

where Ri and Ry are the local residuals defined by
RK = (f—i—VA’u,H— (V’LLH)’U,H—VpH)‘K and RF = [[—Vé)nuH +pHn]]F.

The following technical result will be useful in the sequel.

Lemma 1.3 For all vy € Vg it holds

1/2
H4
Ri(wm) <C | > “E{(| R

KeTy

2
lo.ic + 1 fllo.sc) s lloo e + IIV'HHHO,K} [V la-

Proof. From the definition of R}, using LPS scheme with gy = 0 and recalling that wgy|x

and py|x are a linear and constant polynomial in each K € Ty, respectively, it holds

Ri(ve) = (f.vn)o — a(ug,ve) — b(vy,pr) — c(um;um,vy)
= {QTK(XH(%’ Mk[(Vug)unl), xa(x - Uk [(Vor)un]))k + VTK(XH(iBV'UH),XH(%V'UH))K}
KeTy
=y {O‘TK [ — (xu(z - Ug[Rk]), xu(z Ug[(Vom)un]) gk + (xu(x - gf]), xul(z - HK[(VvH)uH]))K]
KeTy
+ (e @V un), xu @V i) )i b (1.17)

Thus, using Holder’s inequality, (1.12), (1.17), Cauchy—Schwarz’s inequality, and recalling
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that ax, vk < 1, we obtain

2
Riywi) < C 32 L (1 Riclose + 18 o) sl V0l s + 1V st V- 0o
KeThy
H2
<C Y “EL(1Bxllox + 1 F o) lulloe.ic + V-l } Voo
KeTy
4 , 1/2
<0 | > SE{(IRiclos + 1 Flos) oo + IV-unlorc | | lvsla:
KeTy

Remark 1.3 The equivalence result in Theorem 1.5 can be rewritten using the characteri-

zation of 1, given in (1.15), as follows
Ci{llolz +vIIV-urlia} < llellz + 11217 < Co {ll¢lz + v IV-unlfa}- (1.18)

Therefore, we only need to estimate ||@||a using an a posteriori error estimator. This idea

18 pursued in the next section.

1.4.2 Hierarchical Error Estimator

Following closely the ideas of [9, 14], let W be a finite element subspace such that Vg C
Wpg C V. Let us suppose that Wy can be decomposed in the following way

We=Vg+ > Vi+ > Vi
KeTy Fe€y

where the finite dimensional subspaces Vl}< and VIZ’; satisfy
Vb c HY(K)? and V% c Hi(wp)?.

Associated to each subspace Vg, with S = K or F, there is a projection operator Pg :

V — V% defined as the solution of the local problem

a(Psv,vs) = a(v,vs) Yvg € V. (1.19)
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Thus we define our a posteriori error estimator n by

1/2

Y a(Px¢, Pxd)+ D a(Pre, Pre) o (1.20)

KGTH FE(SH

=
I

Using the definition of ¢ we obtain that Pg¢, with S = K or F, is the solution of the local
problem
a(Ps¢,vs) = Ry (vs) Vug € Vg (1.21)

Remark 1.4 Notice that the solution ¢ of (1.16), used throughout previous estimates, does

not need to be computed but only its projection Ps¢ onto finite dimensional subspaces Vf’q.

Remark 1.5 The linear local problem (1.21) incorporates the Navier—Stokes non-linearity
through its right hand side. This way of accounting for non-linearities in the a posteriori es-
timator represents a compromise between low computational cost and accuracy in the context
of high speed flow.

We also require that the local subspaces V?( and V%, hereafter called bubble subspaces,
be piecewise affine-equivalent to a finite-dimensional space on a reference configuration, so

that the following estimate holds:
Ibsli x < CH [bsf? i Vbs € VG, S =K or F,

for all K € Tx.
Second, the bubble spaces must fulfil the following inf-sup conditions: there exists 5* > 0,
independent of H and v, such that

bx, R
sup b Bro)ie B* v V?Hy|Rkllox VK € T, (1.22)
beeve  |Pxllax
bx#0
b
sup e Rp)r B v 2H?|Rpllor VF € Ep. (1.23)
brpeVy, ”bFHa,wF
br#£0

In [9, Appendix B] was proved that the following pair of bubble subspaces satisty conditions
(1.22) and (1.23)

Vi = ({bx Rx}) VK € Ty,

V% = ({br Rr}) VF € &y,

where bx and bp are the standard polynomial bubble functions defined with respect to
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the barycentric coordinates. We recall that V% is well defined because in our case Rp is
constant on each F € &x.

The next result is recalled as it is needed for the proof of the reliability of our estimator.

Lemma 1.4 Suppose that (1.22) and (1.23) hold. Then,

Ri(v) <cv1/2{ > Hila(Pko, Prd)'/?|vlox

KeTy
+ 3 Hy? |a(Prg, Prg) 2+ S a(Prod, Prop)? }
Fely K'Cwr
for all v in V.
Proof. See Lemma 12 in [9]. [ |

Now we are ready to prove the reliability of the error estimator.

Lemma 1.5 Let ¢ be the solution of (1.16). If (1.22) and (1.23) hold, then

1/2
4

H 2
I¢lla < CSn+ | 32 K (IRucllose + 1 Fllo.x) st oo s + 11V- wstllo.r |
KeTy

Proof. Using, Lemma 1.4 with v = ¢—7} ¢, the mesh regularity, Cauchy—Schwarz inequality,
(1.7) and (1.8), it holds

Rip(¢p —Inp) < CV'/? >~ Hi' a(Pie, Pud)*|l¢p — Tndlloxc

KeTy
+Cov'? Y HEW[ (Pre, Pr)'” + > a(Pr¢, Prr)'?| [l — Znllo.r
Fefy K'Cwr
1/2
<C QY alPke, Pxd)+ Y a(Pré, Pro)
KETH FGSH
1/2
x 8> vHE o -Tudld ik + > vHR ¢ — Tuoll3 p
KETH FESH
1/2
<Cn Z IlI2 o < Cn||@|la- (1.24)

KeTy Fe€y

Now, from (1.16), Lemma 1.3, estimates (1.24) and (1.9), Cauchy—Schwarz inequality and
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mesh regularity, it holds

o1z = ald. @) = Riy(¢) = Ry (¢ — Tnep) + Ry (Tnep)
< Cllgla+ v 3" HE{(1Rllo.xc + 1 llo.1) [ lloo s + 1Vl 1 1T

KeTy
1/2
2 H}l( 2
<Cin?+ 3 KN URklok + 1o wrllocs + 1V uwalox] ¢ Il
KeTy v
and the result follows. |

From the previous results, we can state the following auxiliary equivalence theorem.

Theorem 1.6 Let ¢ be the solution of (1.16), and assume that (1.22) and (1.23) hold.
Then, there exist C1,Co > 0, independents of H and v, such that

1/2

Hi 2
Cin<lglla < Co {n+ | 3 KL (1Rklo + 1fllo.x) [ lloc s + V- wirlox } :

KeTy

where 1 is given by (1.20).

Proof. The upper bound has been stated in Lemma 1.5. To proof the lower bound we first

write the subspace W in the following way

We=Vg+ > Vi+ Y Vi=vVg+ > V.
KeTy Fely 1€TaUER

From the definition of P;¢ in (1.21), and by Cauchy—Schwarz’s inequality we have

2 2 2

Y. aPg,Po)| =| DY aleb)| =|a|ld, > P¢

1€TgUEY €T UEY 1E€TgUEY

<alg.d)a| D>, Pp, > Po|=ad¢) Y. Y alPig,Pi¢)

iE€ETgUEY i€TgUE 1€TgUE jEI;

<a@0) 3 S {5ulRo.Po) 4 jalh0.Pi0) | < Kumal6.8) Y alPPid)
1€TgUE JEI; 1€TgUEY
(1.25)

here I; denotes the set of spaces V? which are neighbors of Vﬁ-’, ie.,

I :={j:Fv; € V;-’ and v; € V? such that a(v;,v;) # 0}
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and K.y is the maximum number of neighbors, i.e.,
Kax := max{card(l}) : l € Ty U&p},

which is uniformly bounded due to the mesh regularity. Then, the result follows from (1.25),

the definition of the norm || - ||, and noticing that

"= > a(Pk¢,Pxd)+ Y a(Pre,Pre)= Y  a(Pi¢,Pio).
KeTy Fe€y 1€TgUEY
[ |
Finally, we establish the main result of this work. From (1.18), (1.20) and Theorem 1.6

the approximation error can be estimated as follows.

Theorem 1.7 Let (u,p) and (up,pm) be the solution of (1.2) and LPS, respectively, and
suppose that (1.22) and (1.23) hold. Then

1/2

_ N Hi 2
v < Nw—ump-p)l < Co [ 74 | 30 5L (1 Rucllo + 1L F o) s loesc + 19wl }
KeTy

where
=) ik
KeTy

with

N 1
Nk = ||PK¢H§,K+§ Z ||PF¢|Z,F+V”V"U’HH(2),K>

Fe&E(K)NEr

and the positive constants C1 and Cy are independent of H.

Remark 1.6 Note that the term

1/2

Hie
Ti= [ 3 (I Rlox + 11
KeTy

2
osllwnlloos + V- urlox} |

appearing in Theorem 1.7, is, asymptotically, a high order term compared to 7. In fact, we
can see this, for instance, in Figures 1.1— 1.4 where we observe that 7 is O(h) and T is
O(H?). For this reason we may omit T in our numerical tests. The behavior of this h.o.t.
term is quite similar to <ZK€TH Hi || f - PH.ng,K) 1/2, with Py f a projection of f, which

appears in the a posteriori error estimates of the residual type (see Remark 1.8 in [95]).
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1.5 Numerical validation

In order to validate our a posteriori error estimator we present some numerical tests. In
examples 1.5.1 and 1.5.2 we analyze two problems with analytical solution in two and three
dimensions, respectively, comparing in each case the exact approximation error with its
estimated error 7.

Also, as a mesure of the quality of our error estimator, we define the so called effectivity

index, by

Ui

FE; = ,
" l(w —um,p —po)|

we expect that F; remain bounded as H goes to 0 through a sequence of uniform refined
meshes.

Finally, in examples 1.5.3 and 1.5.4, we address numerical comparisons with some well-
documented benchmarks from the literature, namely, 2D driven cavity flow and 3D flow

around a cylinder.

The adaptive procedure handles the nonlinearity by a Newton algorithm and uses a
structured coarse mesh to start the process. At each step, we solve the LPS problem and
compute its corresponding local error estimator 7 for each element K € Ty, and refine

those elements accordingly to
NK > 0 max{ﬁK/ - K' e TH},

where 6 €]0,1[ is a prescribed parameter. Then we evaluate the stopping criterion and
decide to finish or go to the next step. In addition, when it comes to adapt meshes, the
solution computed in the previous mesh, after an interpolation process on the current mesh
[82], is set as the initial guess solution for the Newton iteration method in the current mesh.

In the case v <« 1, the numerical algorithm demands a continuation strategy to reach
the target viscosity. This strategy consists in beginning with a relatively big viscosity value

and decreasing it gradually to attain the desired value.

Remark 1.7 Note that problem (1.1) have homogeneous Dirichlet boundary condition, but
i our numerical examples we consider both mon homogeneous Dirichlet and Neumann
boundary conditions, which are not covered by our theory. The changes necessary to deal
with these boundary conditions are: in the case of non homogeneous Dirichlet conditions

it appears an extra term in the estimator that measures the error in the approrimation of
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the exact Dirichlet condition, in general, this is a high order term that can be neglected
in the numerical computations. In the case of Neumann boundary conditions it is neces-
sary to change the rhs of the equation and add, to the definition of 7 in (1.20), the terms
a(Pp¢, Pr¢) for the edges F' on the Neumann boundary.

1.5.1 Two-dimensional analytic solution

In this example we consider Q =]0,1[> and the boundary conditions such as the exact

solution is given by u(z,y) := (ui(x,y), ua(x,y)), with

ui(z,y) =256 y*(y — 1)*x(z — 1)(2z — 1),

ug(z,y) == —ui(y, x),

and
p(z,y) == 150(x — 0.5)(y — 0.5).

For the viscosity we consider the cases: v = 1,102,
The error, a posteriori estimator and effectivity index are shown in Tables 1.1 and 1.2
for v = 1 and v = 1072, respectively. Likewise, the corresponding convergence history for

v =1and v = 1072 is presented in Figures 1.1 and 1.2.

Table 1.1: Exact error, a posteriori error estimator and effectivity index for the 2D example

with analytical solution with v = 1.

H |(w—um,p—pn)l n E;
0.031250 0.557676 0.523659 | 0.939002
0.015625 0.276208 0.263430 | 0.953736
0.007813 0.137523 0.132090 | 0.960493
0.003906 0.068629 0.066137 | 0.963677
0.001953 0.034284 0.033091 | 0.965216
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Figure 1.1: Convergence history for the 2D example with analytical solution, case v = 1
(left) and the behavior of 7" when H goes to 0 (right).

Table 1.2: Exact error, a posteriori error estimator and effectivity index for the 2D example

with analytical solution with v = 1072,

1000

100

10

1

0.1

log error

0.01

0.001

0.0001

le-05
0.001

H (v —wm,p—pu)l Ul E;

0.031250 3.656915 2.163265 | 0.591555

0.015625 1.684914 1.075223 | 0.638147

0.007813 0.811511 0.533646 | 0.657596

0.003906 0.400764 0.266174 | 0.664166

0.001953 0.199667 0.132940 | 0.665810
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Figure 1.2: Convergence history for the 2D example with analytical solution, case v = 1072
(left) and the behavior of 7" when H goes to 0 (right).

In both cases, v = 1 or v = 1072, we observe a good agreement between the numerical
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results and the results predicted by the theory.

1.5.2 Three-dimensional analytic solution

We consider €2 :=]0, 1[> and choose the data f so that the exact solution is given by
u(x,y, z) := (e sin(z), —e” sin(z), €* cos(z) — e* cos(y))

and

-1 1
p(z,y) = 7621 + 1(62 -1).

As in the 2D example, we analyze the cases v = 1, 1072,
In Figures 1.3 and 1.4, we summarize the convergence history of the LPS method with
v =1 and v = 1072, respectively. Also, in Tables 1.3 and 1.4 we show the exact error, a

posteriori error estimator and effectivity index for the cases v = 1 and v = 1072.

Table 1.3: Exact error, a posteriori error estimator and effectivity index for the 3D example

with analytical solution with v = 1.

H [(w—wum,p—pg) d E;
0.444081 0.544975 0.438047 | 0.803793
0.247472 0.283073 0.232354 | 0.820826
0.143330 0.150263 0.131043 | 0.872088
0.081658 0.080683 0.072337 | 0.896558
0.045780 0.043711 0.039629 | 0.906613
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Figure 1.3: Convergence history for the 3D example with analytical solution, case v = 1
(left) and the behavior of 7" when H goes to 0 (right).

Table 1.4: Exact error, a posteriori error estimator and effectivity index for the 3D example

with analytical solution with v = 1072.

H [(w —wpy,p—pu)l 7] E;
0.2474718 2.8269643 0.4619786 | 0.1634186
0.1433296 1.2279783 0.2728947 | 0.2222309
0.0816576 0.5090968 0.1525166 | 0.2995827
0.0457801 0.2144706 0.0848238 | 0.3955032
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S =R BY: T

T

log error

0.01 E

0.001 ]
0.

log error

01 0.1
log H

Figure 1.4: Convergence history for the 3D example with analytical solution, case v

10 |

0.1

0.01
0.01

(left) and the behavior of 7" when H goes to 0 (right).

Ll
0.1
log H

Remark 1.8 Note that from Tables 1.1-1.2 and Tables 1.5-1.4 we observe that the errors

grow when we change v from 1 to 1072, which means that we have some inrobustness with
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respect to v. In our computations for the Stokes problem we observe the same phenomena,
this lead us to think that the problem is the lack of robustness of the method related to the

pressure in the sense of [71].

1.5.3 Two-dimensional lid-driven cavity problem

In this case we considered the well-known 2D cavity problem, where the domain 2 is
10,1[x]0,1], f = O and the boundary conditions are defined as in Figure 1.5 (we refer
the reader to [48, 75, 92] for a complete bibliography on this problem). In our particular
case, v = 1/Re, with Reynolds number Re = 5, 000.

u=(1,0)
R : +1.0
u=0 Cu=0
v +0.0
u=0
0.0 1.0

Figure 1.5: Domain and boundary conditions for the driven cavity problem.

The Figure 1.6 depicts the final mesh obtained with our adaptive scheme together the
streamlines given by the solution obtained using that mesh. We observe that mesh refine-
ment concentrates mainly around the primary vortex but also we recover secondary vortices

in the expected locations.
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Figure 1.6: Lid-driven cavity problem for Re = 5,000. Adaptive mesh and streamlines. The
mesh has 345,947 elements.

In Table 1.5, we compare our results with the ones obtained from other approaches in

the literature. Note that we get similar values compared with others solvers.

Scheme T Y
Ghia et al. (1982) 0.5117 | 0.5352
Medic & Mohammadi (1999) | 0.53 0.53
LPS Py x Py 0.5156 | 0.5343

Table 1.5: Position of the center of the primary vortex. The LPS results were obtained with
the adaptive mesh of Figure 1.6.

1.5.4 Flow around of a circular cylinder

This problem, depicted in Figure 1.7, represents a channel with a cylindrical obstacle. The
domain 2 is the region 0, 2.5[x]0, A[x]0, A[, with A = 0.41m, without a cylinder of diameter
D = 0.1m. The inflow velocity field is

u, = A_4(16Uyz(A —y)(A—2),0, O)t,

with U = 0.45 m/s, the fluid viscosity is given by v = 1072 and the right-hand side of the
momentum equation vanishes, i.e. f = 0. For further details see [63, 83].

The benchmark coefficients to compute are the following three: the pressure difference
Ap between the points (0.55,0.2,0.205) and (0.45,0.2,0.205), and the drag and lift coeffi-
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cients defined as follows:

2 Fyie
pulD A’

2F, drag
pulD A

and C]ift =

Cdrag =

where p = 1 and u = 0.2, are the density of the fluid and the mean inflow, respectively, and

ou ou
Fyrag == /S (pl/anfny —pnx) dS and Fyp = /S (pyan'fnw —pny> ds

be the drag and lift forces, respectively. Here S is the surface of the cylinder, n = (n,, ny, n.)
the inward pointing unit vector with respect to €1, t a tangential vector on S and u; = w -t

is the projection of the velocity into the direction ¢.

u = (0,0,0)

y
0.1m
041 m e 045 m
.

Tuflow planc
(0.0,0) = (0.0,A)

u = (0,0,0)

0,0.A)

Figure 1.7: Configuration of the cylinder benchmark problem.

The Table 1.6 shows the results from the LPS method obtained from the adaptive
meshes. The reference intervals for the three coeflicients (see [63]) are: Cgrag € [6.05,6.25],
Chige € [0.008,0.01] and Ap € [0.165,0.175].

elements | Carag | Chitt Ap
628,725 6.1911 | 0.0173540 | 0.17092

908,760 6.1236 | 0.0078108 | 0.16566
1,080,148 | 6.1023 | 0.0082491 | 0.17000

Table 1.6: The benchmark coefficients Cyrag, Chity and Ap.

In Figure 1.8 we show the final adapted mesh, obtained with our adaptive scheme, and
a zoom of a cut made at z = 0.205. Note, as expected, that most of the refinement is done

near the cylinder. To complement the information, in Figure 1.9 we show the streamtracers
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of the velocity field and in Figure 1.10 the magnitude of the velocity and the pressure at
the cross-section z = 0.205 in the final adapted mesh. Observe that the overall results are

1.5.

tance, [15, 27]).

ns

dance with the expected behavior of the flow (see, for

1 accor

i
i

=

Initial mesh (left), final adapted mesh with 1,080,148 elements (center) and a

f
FRXN
«mﬁ{‘v};

Figure 1.8

)

cut through the plane z = 0.205 (right

Sreamtracers (left) and velocity vector field (right).

Figure 1.9
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Figure 1.10: Isovalues of the magnitude of the velocity field (left) and of the pressure (right).

Remark 1.9 A more accurate approximation of the drag and lift coefficients is presented in
[30], where the authors used a Qo approximation joint with an a posteriori error estimator
based in the computation of quantities of interest. Note that our estimator is designed with
an “energy norm” in mind, then it is not optimal in the sense of the computation of those
parameters. On the other hand, a goal oriented estimator is, normally, more erpensive to

compute due to the cost implied in solving the dual problem.

1.6 Conclusions

In this chapter we adapted the ideas of [9] and [14] to develop an a posteriori error analysis
of hierarchical-type for the LPS method, introduced in [15], which approximates the solution
of the fully nonlinear incompressible Navier—Stokes equations. Our a posteriori estimator is
based on the solution of local problems posed in specific one-dimensional spaces of bubble-
like functions, so is easy to implement with low computational cost. In order to study the
performance of our a posteriori estimator we presented numerical examples with analytical
solutions checking that the effectivity index stays bounded as h goes to zero, and we tested
well known benchmark problems which live outside of the theoretical framework showing
that our a posteriori estimator generates a sequence of adapted meshes improving the quality
of the numerical solutions even in turbulent regime, as was shown with the lid-driven cavity

problem.



Chapter 2

On a Multiscale a Posteriori Error
Estimator for the Stokes and

Brinkman Equations

2.1 Introduction

In this chapter we propose and analyze a residual a posteriori error estimator for the Mul-
tiscale Hybrid-Mixed (MHM) method for the Stokes and Brinkman equations. The error
estimator relies on the multi-level structure of the MHM method and considers two levels
of approximation of the method. As a result, the error estimator accounts for a first-level
global estimator defined on the skeleton of the partition and second-level contributions from
element-wise approximations. The analysis establishes local efficiency and reliability of the
complete multiscale estimator. Also, it yields a new face-adaptive strategy on the mesh’s
skeleton which avoids changing the topology of the global mesh. Specially designed to work
on multiscale problems, the present estimator can leverage parallel computers since local
error estimators are independent of each other. Academic and realistic multiscale numerical
tests assess the performance of the estimator and validate the adaptive algorithms.

This chapter is organized as follows: Section 2.2 introduces the model problem, and
Section 2.3 revisits the one and two-level MHM methods proposed in [12], and gives some
preliminary results. Section 2.4 presents the multiscale a posteriori error estimator and its
analysis. Also, it outlines two adaptive algorithms based on the multi-level structure of the

estimator. Three examples assess the theoretical results in Section 2.5.

47
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2.2 Model problem and Preliminaries

Let Q C R?, d € {2, 3}, be an open and bounded polytopal domain with boundary 9. The
generalized Stokes problem, also called Brinkman problem, consists of finding a velocity

u: Q — R? and a pressure p : Q — R fields such that
—vAu+~yu+Vp = f in ),
V-ou=0 inQ, (2.1)
u =g on 0f.
Here v € Rt is the diffusion coefficient, v € L>°(Q)9*¢ is a tensor which may contains
multiscale features of the media, f € L*(Q)? is a body force and the function g € HY/2(9Q)?
satisfies the compatibility condition [y, g -nrdS = 0.

Also, we assume - is a symmetric and definite positive tensor which is uniformly elliptic,

i.e., there exist constants Ymin, Ymax > 0 such that
) 2 T 2 d
Ymin €7 < &y () € < ymax [€]°, VEERY, V& € Q. (2.2)

2.2.1 Notations

The standard variational mixed formulation of problem (2.1) reads: Find uw € H'(Q)¢, with
u=g on 09, and p € LE(Q) such that

a(u,v) +b(v,p) = (f, v)q for all v € HY(Q)?,

(2.3)
b(u,q) =0 for all ¢ € LE(),
where the bilinear forms a(-,-) and b(-,) are defined by
a(w,v) = (vVw,Vv)g+ (y w,v)g and b(v,q) := —(V-v,q)q, (2.4)

for all w, v € HY(Q)? and ¢ € LZ(2). Problem (2.3) is well-posed (see for instance [49]).

On top of a mesh Tz, we define the following spaces

V= HY(Tg)? = {ve L*(Q)? : v|gx € H'(K)? forall K € Ty }, (2.5)
A= {anK o € HTV2(0K)? for all K € Ty : o € H(div; Q)} , (2.6)
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and

We define an inner product on V by

1
(u,v)v = —5(u,v)q + Z (Vu,Vu)g for all u,v € V.

d KeTy

We equip the spaces H(div; ), V and V x @ with the norms,

lolde = Y (ol s +ddIV-olix), (2.8)
KeTy
Il == > (dq ). (2.9)
KeTy
and
10, @) R = 01 + gl (2.10)

respectively, and the space A with the quotient norm

= inf ol|giv.0- 2.11
lula =t el (211)

on¥=p on OK, KTy

For p € A and v € V we define

(I‘l’?v)aTH = Z <V’a 'U>8K

KeTy

and the following norms in H~'/2(dD)% and H'/2(9D)%, respectively,

and ||v|[129p:= inf fwlip. (212
cHY (D)4
w=v on 0D

o
llloyjop =  sup  Hevlon
veH1/2(dD)d H’UHl/2 8D

We recall from [11, Lemma 8.3] that the norm (2.11) is equivalent to a dual norm,
namely,

V2 (1, v)

5 lllla < sup o HQTH < ||lplla for all p € A. (2.13)
veEV

Above and hereafter we lighten notation and understand the supremum to be taken over
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sets excluding the zero function, even though this is not specifically indicated.
Next, following [11], we replace (2.3) by the following hybrid formulation: Find (u,p, A, p) €
V x Q x A xR such that

(a(u, v) +b(v,p) + (AN, v)or, = (f,v)7, forallveV,

b(u,q)+ (p,q)a =0 forall g € Q,
(u,q) + (p, @) (2.14)

(p,w)ar, = (1, 9)aq forall pe A,
(&,p)a=0 forall € €R,

and we found that (u,p) solution of (2.14) coincides with the solution of (2.3) as shown in
[12, Theorem 6]. Above and hereafter, we surcharge the notation a(-,-) and b(-,-) to extend

them to the space V as follows

a(w,v) = Z ag(w,v) with ax(w,v) := (vVw,Vv)g + (yw,v)k,
KeTy

and

b(’l},q) = Z bK(,an) with bK(UaQ) = _(V'U7Q)K7
KeTy

for all w, v € V and q € Q.

2.2.2 Preliminar results

Let Vg be the closed subspace of the Hilbert space V defined by
Vo:={veV:avw)=0 forallwe V}.
Observe that for the Stokes problem (v = 0)
Vo={veV : vl ePy(K)! forall KTy},
and Vo = {0} otherwise. As such, we can decompose V as follows

V = Vo@ Vp, (2.15)
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where Vg is the orthogonal complement with respect to the inner-product (-, -)v. Note that

for the Stokes equations (v = 0), it is given by
Vi ={ve Vvl e [H(K)N LK) for all K €Ty},

and Vg = V otherwise. We shall denote by Vg (K), V(K) and Q(K) the spaces of vector
functions in Vé‘, V and @ restricted to K, respectively. Also, the corresponding restricted
norms are denoted by || -||v (k) and || - [|o(x), and the local product norm by |-, -[|v(x)xQ(k)-

The next results shall be intensively used in the rest of this work. Although being a
direct consequence of standard saddle-point theory, they may not be easy to find in the

literature, and then, we decided to detail them here.

Theorem 2.1 There exists a constant o > 0, independent of K, such that

(v v, Q)K
sup ———— > a|lqllgx)
vevy(K)+ ||UHV(K)

for all g € Q(K).

Proof. We first consider the Stokes case, that is,
Vo(K)* = [H'(K) N L(K)]".

Let ¢ € Q(K). Thanks to the decomposition L?(K) = L3(K) @ Po(K), it holds ¢ = § + qo
with ¢ € L3(K) and go = |K|™! [ gdz. Let w € H}(K)? be such that

Viw =g inkK, (2.16)

satisfying

. Hg .
w1,k < Ca—||q
PK

0,K> (2.17)

where pg is the radius of the ball inscribed in K and C} is a positive constant which depends
only on d. The existence of such a function w is ensured in [42, Theorem 5.2]. Since we

supposed that {7z} >0 is shape-regular, there exists oy > 0 such that
H
s S g0,

PK

for all K € Ty and all Hg, thus from (2.17) we have

|w|1,x < Caoo||qllo,x- (2.18)
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Setting

1
w:—zb—k(i;)x—m/l((w%—?m)dx,
from (2.16) we have that
V-w=¢q inK, (2.19)

and from (2.18)

[l x < ||,k +|d " qoz|1 .k
< Caoo|ldllo,x +d?]|qollo,x

< max{Cy00,d"*}||qllo,x- (2.20)
In addition, since w € [H(K) N L3(K)]4, from [28, Theorem 3.2], we have
H
lwllo,e < TK|U”1,K- (2.21)

Then, from (2.19), (2.20) and (2.21), we get

sup (vv7q)K
—2
(do lwlig g + lw]F )12

ve[HN(K)NLE(K))? H'UHV(K)

>

-1

1 1/2
- ((WQJFI) maX{CdUO’dl/2}> lalloxe. (2.22)

For the Brinkman case, that is Vo(K)* = H'(K)?, we use (2.22) to obtain

(V'U;Q)K (VU7Q)K
sup @/ =2 sSup Mol
vertaod VIV ™ et aoncgaot I0lvi
1 1/2 !
> ((52+1) max(Camod ™)) lalo
ending the proof. -

Theorem 2.2 There exists a constant 8 > 0, independent of Hy, such that

sup CLK(w, ’U) + bK(’U,?”) B bK(w7Q)

(0.0)€Vo ()L xQ(K) (v, Dllvx)xqr)

> B l(w,)lvx)xqk)

for all (w,r) € Vo(K)*+ x Q(K).

Proof. The result follows from the ellipticity of the bilinear form ag(-,-) and Theorem 2.1.
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|
Remark 2.1 Using Theorem 2.2 and Riesz Representation Theorem, the following global

inf-sup condition holds

2\ 1/2
sup a(w7v) +b('v,r) — b(’lU,(]) _ Z sup (IK(’U),’U) +bK(’U,7’) — bK(“’vQ)
(v.9)€V xQ I, @)lvxe KeTy \ @aevo(K)txQK) 1w, D llv ) <)
> Bl(w,r)|lvxe (2.23)

for all (w,r) € VOL X @, where > 0 is independent of H.

Associated to the second-level meshes for each K € Ty, we define the standard poly-
nomial bubble functions which shall be used in the proofs. Specifically, let b5 and b? be
the bubble functions with support in 7 € 7;LK and w¢ € 85 , respectively, and defined with
respect to the barycentric coordinates (see for instance [6, Section 2.3.1] for details). For
the sake of completeness, we line up two theorems that summarize the main properties of

these functions, observing that their vector versions counterpart are straightforward.

Theorem 2.3 Let K € Ty and let b5 be the element bubble function corresponding to
TE 7;LK Then

onllg .+ < (b5 vp,v)r =2 [lvnllf.,

and

0. 267 onllo,r + for b wnlr < [lonlo,r

[on]

for all vy, € Pp(T,E), n > 0.
Proof. See [6, Theorem 2.2]. [ |

Theorem 2.4 Let K € Ty and let bé( be the corresponding face bubble function on face
¢ e 5,? and T € 7;LK such that T is in the support of b?. Then

[onllg ¢ = (0 vh,vn)e = Jonll ¢

and

h Y2 (6E ollor + B2 1bE vnlir < llon

O?C

for all vy, € Pp(T,E), n > 0.

Proof. See [6, Theorem 2.4]. [ |
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Also, let X : HY(K) — V{¥ be the Clément interpolation operator defined on each
K € Ty, where VX is given by

ViE = {v, € COK) : vy € Py(7) for all 7 € T;X}.

It verifies the following local stability and approximation properties (cf. [39, 45]):

1€h()llor = [vlloe, V7 €T, (2.24)
HU — Cgh(v)H()ﬂ— < hT’v‘l,dJT V1 e TK, (2.25)
lo = Gh@)lloc = b ol V¢ € EX, (2.26)

for all v € H'(K), where @, and @ are the set of elements 7 € T;X sharing at least one
vertex with 7 and (, respectively. Furthermore, we denote by ‘KhK (v) the vector function

whose components are the Clément interpolation of each component of v € H'(K)“.

2.3 The MHM method

This section summarizes the main ideas of the MHM method proposed in [12]. The basic
idea behind the MHM approach is to leverage the nature of hybrid problem (2.14), and
characterize the exact solution regarding the well-posed independent local problems and a
face-based global problem which ties everything together. The one- and two-level MHM
method results from the discretization of the global (one-level) and local (two-level) prob-

lems, respectively.

2.3.1 Characterizing the exact solution

Let us consider the following local bilinear form By : (Vi (K) x Q(K)) x (Vg (K) x Q(K))
defined by
BK((’U), T'), (U7 Q)) = a’K(wv U) + bK(U7 T) - bK(’lU, q) (227)

for all (w,7), (v,q) € Vi (K) x Q(K).

We define the following linear mappings:

e T:A— Vi xQ such that Tu|x := (T% p, TP p) solves

Bi((T* p, TP p), (v,q)) = —(p,v)ox  for all (v,q) € Vg (K) x Q(K);  (2.28)
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A~

o T:I2(Q)? = Vi x Q such that Tr|x := (T%r, TP r) solves

B ((T%r, TP r), (v,q)) = (r,v) for all (v,q) € Vi (K) x Q(K); (2.29)

e T:R— Vi x @ such that T ¢|x = (T% £, TP €) solves

Br((T*€,T7¢€), (v,9) = —(§,a)x for all (v,q) € Vi (K) x Q(K). (2.30)

Owing to decomposition (2.15), and noting that a(w,v) = 0 when w € V or v € Vg, we
rewrite (2.14) as the following global-local problem: Find (ug, A, p) € Vo x A x R such that

()‘av0)8TH = (f>v0)TH7
(1, u0) o073 + (1 T N orsy + (1, T p)orsy = (1, oo — (1 T £)oTs (2.31)
(57 " A)Q + (57 Tp p)Q = _(55 Tp f)ﬂv

for all (vo, p,€) € Vg x A x R.
Hereafter, we assume that the global problem (2.31) is well-posed. Hence, from the
linearity of problems (2.28)-(2.30), we find that the exact w and p can be characterized as

follows
u=ug + TAN+T%f and p = TPA+TPf (2.32)

where we used (see [12]) that p = 0. Next, we prove that operators T, T and T are stable

with respect to the given data.

Theorem 2.5 The operators T, T' and T', given by (2.28), (2.29) and (2.30), respectively,

are well-defined. Moreover, we have that

IT pllvxq = llplla for all p € A,
IT7|vxg = |Irlloo for allr € L*(Q)Y,

HT§”VxQ =< & forall€ € R.
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Proof. From (2.13) and the global inf-sup (2.23) we get

1T pllvxg = (T p, T? p)llvxq
a(T* p,v) + b(v, T? p) — b(T™ s, q)
sup
(v,0)EVE xQ (v, 9)[lvxq

<

|

sup — (1, v) o7y

; < Ll
] < 2 llefia,
6 (qu)EVOLxQ ||(U7Q)HV><Q

where 8 > 0 is independent of H. The proofs of the other two inequalities are analogous.
[ |
Note that the solution of the coupled global-local problem (2.28)-(2.31) coincides with
the solution of the hybrid problem (2.14).

2.3.2 The one-level MHM method
The one-level MHM method stems from the coupled problems (2.28)—(2.31). We search the
approximate Lagrange multipliers in the following space

A ={Ag € A Xp|p € B(F), for all F C T(F), forall F € Ey}. (2.33)

Observe that (2.33) permits discontinuous interpolations on faces which can differ on each
F € £. See Figure 2.1 for an illustration. We shall denote by Aj" the space when 75 (F')

is compose of m elements. When m = 1, we denote Azl by A;.

0K

Figure 2.1: Two examples of Ay restricted to an element K € Tg.

Replacing A by Ay uncouples local and global problems as shown in [12]. The multiscale
basis functions are computed from (2.28) with the right-hand side replaced by the polynomial

base functions on faces, and the degrees of freedom are obtained from the following one-level
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MHM method: Find (ug,)\H,pH) € Vo x Ag x R such that

()‘Ha UO)@TH = (f7 UO)THv
(HHa Ugl)aTH +(HH7 T AH)(?TH + (”Ha ™ PH)@TH = <I“LH7 Q>BQ - (qu Tu f)@THa (234)
(é-H)TpAH)Q + (fHan/)H)Q — _(SHan f)Qv

for all vg € Vo, pyy € Ay and £ € R. Here T, T and T are given by (2.28)-(2.30),
respectively. Observe that, in the one-level method (2.34), we assume that close formulas
are available for the corresponding solutions of local problems (2.28)-(2.30). Thereby, the

discrete one-level approximation (wg, pm, pr) of the exact solutions read
uy = u(lf+T“)\H+T”f+T"pH and py =T Ag + 17 f + 17 ppy. (2.35)

We remark that the one-level MHM method is non-conform in H'(Q)?. Nevertheless, it

provides a discrete stress tensor oy given by
og = —vVug +pgl in H(div;Q),

since o nf lore € Ap for all K € Ty. Also, the discrete stress tensor o is automatically

in equilibrium, in each element K € Ty, i.e.,

/ O'HTLKdS—/ AHds—/fdw,
oK OK K

where we used the first equation in (2.34).
In order to make the MHM method effective, one must provide approximate solutions

for the local problems (2.28), (2.29) and (2.30). This is the subject of the next section.

2.3.3 The two-level MHM method

We begin selecting local finite dimensional spaces V;,(K) C Vi (K) and Qp(K) C Q(K),
given by

Viu(K) = {vh € VE(K) N CUEK) - vy |, € Bi(r)? for all 7 € 7;5(} (2.36)
and

Qn(K) == {qn € QK)NCYUK) : q|r € Pp(7r) forall 7 € T, } . (2.37)
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The corresponding global finite dimensional space are given by

V= @KETth(K) and Qy := @KGTHQFL(K)‘ (238)
The two-level MHM method reads: Find (ué{’h, Az h,pH) € Vo X A X R such that

(At hy v0)oT = (F5 ©0) Ty,
(a0 "oy + (s T Mg)omsy + (s T prn)orsy = (b @)on—(porr, T Foms,
Em, TP A n)a + Em, T pm)a = —(Em, TP o,
(2.39)
for all (vo, g, &) € Vo x Ag x R.

Operators T',, T}, and T}, are defined such that they approximate T', T and T when h
goes to zero. In this work, one adopts the unusual stabilized finite element method (USFEM)
proposed in [25] to define T'j,, T'j, and T,. The USFEM allows using nodal equal-order pair
of spaces for the velocity and the pressure variables, i.e., we can set kK = n in (2.36) and
(2.37). It is worth to mention that, in its more general version, the MHM method may
adopt different order of interpolation spaces in each K € Ty (and even different numerical
methods). Here, for the sake of clarity, we adopt the USFEM method with the same degree
of interpolation in all elements of the partition.

We recall (see [25] for details) that the USFEM consists of finding (u,p) € Vi (K) x
Qn(K) such that

Br((u,p), (v,q)) = Fg(v,q) for all (v,q) € Vi(K) x Qn(K),

where

B ((w,p), (v,q)) :=ax (u,v) + br (v, p) — b (u, q)
- Z Kr(—VvAu 4+ yu + Vp, —vAv + yv — Vq), (2.40)

TEThK

and

FK(”?Q) = (fvv)K_ Z /{T(fa_VA'U_‘_’Y,U_VQ%"

TEThK
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The stabilization parameter is given by

h? 4
Ky 1= T "y with A, = 7y.h2’ (2‘41)
Ymin hZ2 max{1, \;} + — Mk Ymin N7
k

where iy is defined in (2.2), my, := min {%, C’k} and

Cr h2 || Av|§ . < [[Vo[§, for all v € V,(K). (2.42)

Note that the only unknown constant in the design of the stabilization parameter is Cj.
This constant, depending only on d and the polynomial degree for the velocity, is tabulated
in [53] for some 2D cases. A general way to calculate C} numerically is proposed in [46].

Owing to the above definitions, we define the corresponding discrete operators as follows:

o Ty : Ay — Vy x Qp such that Ty, >\H,h ’K = (T}?AH,]‘L7T}€JAH,}'L) solves

B (TN 1 TP AR (Vhsan)) = —(Nn, vn)or for all (vp, qn) € Vi(K) x Qp(K);
(2.43)

o T : L2(Q)* — V), x Qy, such that T, f |k = (T,“L‘f,fff) solves

Br((TFu TP F), (vn,an)) = Fc(vn,qn)  for all (vp, ) € Vi(K) x Qu(K);
(2.44)

e T, : R— V), x Qp such that T, py |k := (T}*pu, T} pr) solves

B (T pu, TP pr), (V. qn)) = —(pr.an) k. for all (vh,q) € Vi(K) x Qp(K).
(2.45)

Operators T}, T, and T', are well-defined since the discrete problems (2.43), (2.44) and
(2.45) are well-posed from [25]. As a result, the discrete two-level solution (wg n,DH kL, PH)

is given through the expressions
ug = ué{’h + T Nprp + Tfl‘f and prp =T Agn + Tlff, (2.46)
where we used that pg =0 (c.f. [12]).

Remark 2.2 By taking (vn,qn) = (0,1k) in equations (2.43), (2.44) and (2.45), the fol-
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lowing local conservation property holds for the discrete velocity field w

/ V-ugpde =0 foral K € Ty, (2.47)
K

and the approximate flux Ag p, is in equilibrium with external forces, i.e.,

/ Amp ds :/ fdx  for all K € Ty, (2.48)
oK K

2.4 A posteriori error analysis

This section introduces the multiscale a posteriori error estimator, which is proved to be
locally efficient and reliable.
2.4.1 The multiscale a posteriori error estimator

This section presents the residual-based error estimator for the MHM method. Given F €

&, we define a face-residual estimator as follows:

1
—5[u Feé&,
Ry = sleral 0 (2.49)
g—ug, Feép.
Thus, we define
1/2
mE=4 > Mg (2.50)
FGTFI (F)
where
} HRF”O F
LF - 1/2
Hy
for all F € T;(F). Owing to previous definitions, the first level a posteriori error estimator
reads
1/2
mi={ Y My o where nigi= Y e (2.51)
KeTy FCOK

To propose a second-level estimator, we first need some notations related to local resid-

uals in each sub-element 7 € 7;1K and on each sub-face ¢ € E}f( . They are the following:

Rf_{ = (VA’U,th —YUug,h — VpH,h + f)‘T for all 7 € 77LK (2.52)
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and 5
UH,h
[-v T +pH,hnZ]] on ¢ € EX
Ré{ = ¢ 6uHh K K (253)
—AHp—V 81’1,2: +pH,h'n,Z on ¢ €& \50 .

Using previous definitions, the second-level a posteriori error estimator reads as follows

1/2

2 = Z 77%,]( (2.54)

KeThy

where

1/2
mac= S0 RIRER, + 19wl ]+ 3 hl REIR]
TGThK CGE{L(
Summing up (2.51) and (2.54), we build an a posteriori error estimator, which includes

the first and second level residuals, given by

7=+ 72 (2.55)

Remark 2.3 The contribution of n1 depends only on the jump of the wvelocity across the
faces of the first-level mesh. It has the same form of the a posteriori estimator introduced in
[11] for the Darcy equation. We recall that the error associated to the local problems were

not considered in [11], which explains the absence of contribution ny in [11].

Remark 2.4 Note that g behaves asymptotically as a high order term compare to n when
h < HM with o > 0. With such a choice, second-level error estimator ny may be disre-
garded in the numerical tests, i.e., n = n1. As shown in the next section, such a simplified
version is also an efficient and reliable a posteriori error estimator for the two-level MHM
method.

2.4.2 Efficiency and reliability

This section proves that the estimator (2.55) is close to the real error. To this end, we need
some intermediary estimates which are addressed first.
The first result mesures the quality of the second-level approximation with respect to

the second-level a posteriori error estimator 72 i in each K € Tp.

Lemma 2.1 The following estimate holds

H(T™ = TiOX g+ (T = T (TP = T A + (TP = T ) v xae) = me.k
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Proof. Recalling from (2.46) that

pin =T A gn + TP f

we define R
w:=T"Agp +T"Ff,
ﬁ = Tp)\H,h, + Tp.f,
g =T g, +THf,
and i
Cu =u — ’l~l,H7h,

e := P —pup

Let v € V(K), ¢ € Q(K) and v, := €5 (v) be the Clément interpolant of v on K € Ty.
From the definition of the bilinear form Bg(-,-) given in (2.27), (2.28), (2.29), (2.46) and
integration by parts, it holds

Br((e*,€"), (v,q)) = ax (@ — wyp,v) + bk (v,p — pup) — b (B — Uy p, q)
= —(Amnv)ox + (f,v)k — [ax(Wpp, v) + br (v, pER) — bx (Wi p, )]
= > [(RE v)- + (Vougn )] + > (RE,v), (2.56)

TeT,K cegk

thus, replacing v by v — v}, in (2.56) and using Cauchy—Schwartz inequality, we get

Bi((%, ), (v —vi,0) < 3 [IRE

v —vpllor + IV-umpllorlallor]

0,7
TEThK
+ Z IR lo.cllv = vnlloc (2.57)
ceekr

On the other hand, testing (2.56) with (v, q) = (vp,0) € Vi, X Qp,, we arrive at

B ((e™,€P), (vp,0)) = ag (@ — g p,v4) + bi (Vn, D — prp)
== Z Kr(—vAupp +yumn + Vpun — f, —vAvy +yvp)r
TEThK

= Z KZT(R.,I.(, —vAvy + Yvp) ;. (2.58)

TEThK
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From the definition of x, (see (2.41)), it is easy to verify that

h2
< T 2.59
=T (2.59)
thus, using (2.42) and (2.59), we get
hr h?2
- < oo Vonlos + e g fonllon

A

+ df\lvhllo,r}. (2.60)
Q

Then, combining (2.57), (2.58), (2.60), the properties of Clément interpolation operator
(2.24)-(2.26) and the mesh regularity, we arrive at

BK((eﬁv eﬁ)v (’U, Q)) = BK((G’&’ eﬁ)’ (’U — Uh, Q)) + BK((eﬁv eﬁ)v (vh’ O))

=l + IV wm o lallos]
TET,F
+ > IRE
CESK TG'TK
j Z [hTH 7:|
TEThK
1/2
+ 3 hPIRE Joclvlia + S he | RE oIV on]o.r +
cegls TeTK
1/2
<[ S BR2ARER, + 19wl + Y el RER]
TeT,K cegk

1/2
3ot o, + lal ) + Y lola]

<[ X 1ol +

TeT,K gegK
<[ 3 (P2IREI, + 19 waalds] + 3 rlBER ] 0. 0llvixou).
TeT,K ceek

Thus, the result follows from the inf-sup condition given in Theorem 2.2.
|
Now, we adapt the ideas of the proof in [11, Lemma 5.1] to include second-level approx-

imations.

Lemma 2.2 Let ug € Vj, be the discrete solution given by (2.46). Then, there exists
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X € V satisfying

(X))o = (1, 9)oa — (1, wE k)T,  for all p € A,

such that
Ixllv = m.

Proof. Let (X, €) € V x A be the solution of the following problem

1 _ . 1
2 (V)T + (VX V), + (§v)ory = S5 (umn, v)7y — > D (Aupp,v),
& Q KeTh reTK

(“7 X)(')TH = </~‘l’7 g>8Q
(2.61)

for all (v, ) € V x A. From [51] we have that £ belongs to L?(£x)?. Then, there exists o €
H(div; Q) such that on = £ on £y, and we define £ := o nf on EX. Using v|x € H(K)4,

we can rewrite (2.61) as follows

%(i?v)TH—F(v)—(vvv)TH—i_ Z Z <é7v>87 = dl?l(uH,ha’v)TH_ Z Z (AuH,hav)T

KeTu reTK KeTu reTX

(Na X)aTH = </J/7 g>89

for all (v, n) € V x A. Now, define x := x —upyp and § := £+ Vugpn. Then, (x, &) €
H32(T)® x L*(Ex)¢ and satisfies

1
— (V) + (Vx, Vo), + (&, v)or, =0 forallveV,
7067+ (V. T0)7, + (€ v, 06

(X))o = — (s ump)ory + (U, 9)aq  for all p e A.

Testing (2.62) with (v, u) = (x, &) and using Cauchy—Schwartz inequality, we get

1
i = 3 { i

KeTy Q

(2),K + HVX”(Z),K} = _(£7X)87—H = (EauH,h)aTH - (679)8&7

= > l€lorllumpllor + Y l€lorlg —wmnllor
Feé& FeoQ
1/2 1/2
1 1
< ¢ > HrllElr Y e+ Y 7-llg—wmalds
HF HF
Fe&y Feé&y FeoQ
1/2

S HeVnlde b m < Il
Fe&y
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and the result follows.

In what follows, we will use the following local norm

10w == D> (HE I« + IV0IF ) -
Kewp

where F' € €. The next theorem proves a bound for 7 x with respect to the local error.

Theorem 2.6 Let K € Ty. For 7 € T, then it holds

he [RE o < |Bellu — wmpllor + 1w —wgplie+ |lp— pH,hHO,T:|

and

IV-umgnllor = |u—wpgn|ir

Furthermore, for ¢ € 5{ we have that

1/2
nPIRE Jog =37 {lu— wialir + hellu = wallor + Ip = pasllos |
TEW¢

and, for ¢ € EENEL we get

1/2
he'*|| RE

=Y {lu—uH,hll,r+hr||U—UH,h||0,r+ HP—PH,hHo,T} + A= Amnll-1/2,0K-
TEW¢

Therefore, it holds

U%,K = flu— UH,hH%/(K) +p— pH,hHgg(K) + A - >\H,h||2_1/2,aKa (2.63)
for all K € Ty.

Proof. Let K € Ty, 7 € TK and ¢ € E. We define b := bX RE and b := bE P[(RE),
where Pé( (PL(O)4 — Py, (wg)d is a extension of functions defined on a face ¢ to the patch we,
as in [10, Section 4.1]. Since bZ |, € H}(7)?, using integration by parts, (2.14) and Theorem

2.3 we obtain

(RE.bE), = (vAupgy —yumn — Vpun + f,b5),
WV (u—upmp), VOE ), + (v(u — upp), b5)r — (V-0 p — pus)-
or | IRE Jlos

IA

hotw —ugplir + lw—wgpllor + by p — pas
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and then

he | RE [l = hellu — wgpllor + [w — wmp,

1+ lp —panllor

Using Theorem 2.3 again, we arrive at

IV-umnlls, = (V-ugp, bEVougp)r = (V- (wp — u), bEV-ump)o

= (Y7-(U}Lh-—‘u),bﬁ(‘7“U}Lh)T

= Jugn — w1V -umgpllor

and hence

IV-ugpllor 2 lu—ump

1,7-

Now we proceed to bound the term hé/2||R£{”0,g. For ¢ € &L, from (2.14) and using
Theorem 2.4, we get

(REBE) = Y { — (REbE), + (vV(u —umyp), VOE) + (v(u—upp), bE)

TEW¢

—(V-b,p— pH,h)T}

< 3 {IRE o8 o + vl — wrgaly o B 1r + (= g ) o6 o
TEW¢
+[68 17 llp —pH,hHo,T}

<3 [PYEURE o + 5 P — wi e + B2 o
TEW¢

+h 2 |lp — pH,hHo,T} IR o

and then, from the regularity of the second level meshes, it holds

1/2
hIRE Joc = Y {hT”Rﬁ(HOyT +|u—unpls + hellu—wapllor + 1P — pon
TGOJ{

QT}-

For ¢ € EF\EK, from (2.14) and the definition of the norm || - ll1/2,0x in (2.12), and
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Theorem 2.4, we get

(REBE) =Y { — (REBE), + (vV (w —upp), VBE) + (v(uw —wpn), bY)

TEW¢

— (V- b£<7p - pH,h)T} + (A= A, bé(>6K

< 3 {IRE Do 68 lour + e = i .o [BE |1 + e = wir o 65 o
TGOJC
K K
18 1 llp = prallos  + 1A= Arall 12 00168 |y 2.0
j [ Z {h‘lr/z”Rf’ 0,7 + h;1/2|u - uH,h’l,T + h.lr/2Hu — uH,hHO,T

TEWe

_ —1/2
+ 02 = prallos |+ hc Y

IX =Xl -1 2,00 || RE o
Now, from the regularity of the second-level meshes we get

1/2
hg/ IR lloc = > {thlRfHo,T +lu—ugplir+ hellu—wpplor
TEWC

+lp = prallos | + 1A= Asall 12,0

and estimate (2.63) follows.
]

A first equivalence between the real error and the multiscale a posteriori estimator is

presented in the next theorem.

Theorem 2.7 Let (u,p) € VXQ and (wip, pun) € Vi X Qp be the solutions of continuous
and discrete problems given by (2.32) and (2.35), respectively. Then we have that

v —ugnllv +[lp —pupllQ + I = Amnlla = (m +m2)+ hot. (2.64)

Moreover, for F' € Eg, we have that

mr 2w —vugh||ves- (2.65)
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Proof. We begin by proving the reliability of the estimator. From (2.32) and (2.46), it holds

[ (w, p) — (wp by PR V@
= |[(uo + TUA + T"£, TP A+ TP f) — (ug™ + Ti A + T £, ToAmn + T F) v
< fluo — ud"lv + (T = T A + (T = T Fllv + 1T = M) v
+ (TP = T Amp + (TP = T)) Fllg + ITP(A = M) llo- (2.66)

Furthermore, given gy € Ay and using (2.31) and (2.39), we obtain

(s TN = T X )ory + (i T F = T Forsy
= (g, TN = X))oty + (s (T = T g + (T = T o
lealla{IT* N = X p)llv + (T = T A + (T = T) fllv }-

H,h
_(NHaUO — U )87—1-[

IN

Consequently, we get

H,h
sup (IJ‘Ha (270] U )

oT; cu
L <NTH N = Amp)llv + (T =T Agn + (T =T fllv.
npg€Ap H“HHA

(2.67)

. H,h . . . .
Now, since ug —u;, = € V), there exists a matrix function o* such that each of its rows

belong to the lowest order Raviart—Thomas space, satisfying
Vior =ug—ul™ nQ and |lo*|giva < Clluo —ug o0 (2.68)
Defining p* := o*n € Ay, and using (2.68), it holds

H,h H,h H.,h
sup _(IJ’H’ Up — U )87'[{ (H*a Up — U )3TH (U* n,up — u, )87'1.[
N g lla B (17PN - lo*|aiv.0

(v'o'*7u0 - ’U,gl’h’)aTH H’h H,h
- lo* a0 > Cllug —ug [loo > Cllug —uy [|v.
iv,

(2.69)

Using (2.69) in (2.67), and replacing the result in (2.66), and from Lemmas 2.1, using
(2.86) and Lemmas 2.4 and 2.5 in the appendix, estimate (2.64) follows.

As for the efficiency of the a posteriori error estimator, we first recall the following scaling
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property (cf. [4, Theorem 3.10]): Given v € H'(K), we have that

1 1/2
loloon = (Il + HxlVoli) (2.0
: 2 d
Since Rp € L*(F)¢,

IRFIE F < 2(Rp, [u—ump]))r < 2| Rellorllu - wirnlllor

and using (2.70) and the mesh regularity, it holds

RFllo,r < 2[[[u —ugn]llor
_ 1/2
< N (HgMw—wmnll} i + Hic |V (u — wi) 13 )
Kewp
=< H1/2 H—2 o 2 \V/ _ 2 1/2
S fp Z (Hy|lu ug pllo e +[IV(uw UH,h)Ho,K)
Kewp

IA

1/2
H lu — wp v ops

and the estimate (2.65) follows.

We are ready to present the main result of this section.

Theorem 2.8 Let (u,p, )\) €V xXxQxA and (UH,h7pH,h,)\H,h) € Vi x Qp x Ay be
the solutions of continuous and discrete problems, characterized through (2.32) and (2.35),

respectively. Then, we have that
lu—wiallv + Ip — prallo + 1A = Alla = O+ 1) + hoot (2.71)
Moreover, given K € Ty and F € £, we have

mr = lu—vmnlver (2.72)

and

Mk = llu—wmnllvi) + I — papllom) + I = Aanll-1/2,0K- (2.73)

Proof. The result is straightforward from Theorem 2.6 and Theorem 2.7. |



2.5. NUMERICAL RESULTS 70

2.5 Numerical results

Using the definitions of the error estimators 7; and 72 given in (2.51) and (2.54), respectively,
we validate two adaptive refinement algorithms: a classical procedure based on refining the
elements of the first level mesh, and a new one based on refining faces which keeps the

topology of the first-level mesh untouched.

2.5.1 First strategy: Adaptivity by elements

For all K € Ty, we define

NK =M,k + Z N1,F-
FeEgnNoK

The adaptive mesh generation strategy is given in the Algorithm 1.

Algorithm 1 : Adaptivity by elements

Require: 6 € (0,1) and a coarse first-level mesh 7.
1: Solve the discrete problem on the current mesh.
2: For each element K € Tz, compute the local error indicator 7.
3: Mark the elements K € Ty such that ng > 6 [Erg%] Nk, and create a new first-level mesh
Ty refining the marked elements.

4: If the stop criterion is not satisfied, repeat the algorithm.

Note that Algorithm 1 does not induce local mesh refinement in the second-level sub-
meshes. This fact is supported by the numerical experiments that show that second-level

meshes may consist only of one element when the first-level mesh diameter goes to zero.

2.5.2 Second strategy: Adaptivity by faces

For all F € £y, we define

NF:=N,F+ Z M2,K -
Kewp
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Algorithm 2 : Adaptivity by faces

Require: 6 € (0,1) and a coarse first-level mesh 7.
1: Solve the discrete problem on the current mesh.
2: For each F' € £, compute the local error indicator ng.

3: Mark the faces F' € £y such that np > Olgnagx nr, and refine F e T;(F) such that
€CH

m = _max 1, ; for each marked F, and if n; p < Z M2,k also refine the second-
’ FETE[(F) ’ Kewp

level meshes ﬁlK for K € wp.

4: If the stop criterion is not satisfied, repeat the algorithm.

Owing to Algorithm 2, the first-level mesh does not change as the adaptive process runs
unlike in the classical mesh adaptation described in Algorithm 1. As a result, only the local
problems associated with the elements “touched” by the estimator need to be revisited.
This fact leads to a few extra entries go into the global system. Algorithm 2 is particularly
attractive for use with real three-dimensional problems since it dramatically decreases the
computational cost involved in the adaptive procedure, and avoids three-dimensional global

re-meshing.

2.5.3 An example with analytical solution

In this example, we consider a Stokes problem with viscosity » = 1 and ¥ = 1072 on
the unit square domain 2. We chose f and g such that the exact solution u = (uj,us2)
is given by wui(x,y) = 256%%(y — 1)?z(z — 1)(2x — 1) and wus(z,y) = —ui(y, ), and
p(x,y) := 150(x — 0.5)(y — 0.5).

A typical quantity to measure the quality of an error estimator, is the so-called effectivity
index, F;, defined by F; = ||(U*UH,h7p7iPH,h)”V><Q. In tables 2.1, 2.2, 2.3 and 2.4 we tabulate

this index for some different values of H and using one element as second-level meshes.

We observe that n; and 7y have, in general, equivalent rates of convergence (see Tables
2.1 and 2.3). However, if one chooses h = H? then 7 achieves a higher order of convergence
when compare to 1; (see Tables 2.2 and 2.4). This is in accordance with the theory and was

announced in Remark 2.4.
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< PS(TH>2,

(v = wm np — PR IVQ m n2

l H error rate error rate value rate E;
1/2 | 5.001E—01 - 1.091E-01 - 9.548E+00 - 0.218
1/4 | 6.94TE—02 2.848 1.437TE—-02 2.925 | 1.276E4-00 2.904 | 0.207

2| 1/8 | 8.663E—03 3.003 1.780E—03 3.013 | 1.557E—01 3.034 | 0.205
1/16 | 1.079E—03 3.006 2.254E—-04 2.981 | 1.925E—-02 3.016 | 0.209
1/32 | 1.345E—04 3.003 2.858E—05 2.980 | 2.397TE—03 3.006 | 0.212
1/2 | 8.001E—01 - 4.747TE—01 - 5.708E+00 - 0.593
1/4 | 3.516E—01 1.186 2.000E—01 1.247 | 1.818E4+00 1.651 | 0.569

1] 1/8 | 8.642E—02 2.024 5.168E—02 1.953 | 4.640E—01 1.970 | 0.598
1/16 | 2.144E-02 2.011 1.335E—02 1.953 | 1.135E—-01 2.031 | 0.623
1/32 | 5.365E—03 1.998 3.418E—03 1.965 | 2.78TE—02 2.027 | 0.637
1/2 | 9.719E4-00 - 6.203E+00 - 6.187E+00 - 0.638
1/4 | 4.762E4-00 1.029 3.503E+00 0.825 | 2.151E4+00 1.524 | 0.736

0| 1/8 | 2.339E+00 1.026 2.001E4+00 0.808 | 1.040E4+00 1.048 | 0.855
1/16 | 1.148E+00 1.027 1.064E400 0.911 | 5.189E—-01 1.003 | 0.927
1/32 | 5.686E—01 1.014 5.456E—01 0.964 | 2.594E—-01 1.001 | 0.960
Table 2.1: History of convergence for the Stokes problem with v = 1, upgy,

Ph € ]P)3(TH) and Apyp € All.
(v —wn,np—pn)llvxe m n2

l H error rate error rate value rate E;
1/2 | 2.993E—01 - 6.850E—02 - | 1.562E+00 - |0.229
1/4 | 3.250E—02 3.203 9.136E—03 2.906 | 4.013E—02 5.282 | 0.281

2| 1/8 | 3.701E—03 3.135 1.171E—03 2.964 | 1.407E—03 4.834 | 0.316
1/16 | 4.480E—04 3.046 1.515E—04 2.951 | 5.545E—05 4.665 | 0.338
1/2 | 7.746E—01 - 3.523E—01 - 1.803E+00 - 0.455
1/4 | 3.564E—01 1.120 1.487E—01 1.244 | 1.589E—01 3.504 | 0.417

1| 1/8 | 8.783E—02 2.021 3.854E—02 1.948 | 1.321E—02 3.589 | 0.439
1/16 | 2.178E—02 2.012 9.941E—03 1.955 | 1.054E—03 3.647 | 0.456
1/2 | 9.720E+00 - 4.387E+00 - | 1.370E+00 — |0.451
1/4 | 4.764E+00 1.029 2.477TE+00 0.825 | 2.034E—01 2.752 | 0.520

0| 1/8 | 2.340E+00 1.025 1.415E+00 0.808 | 3.354E—02 2.600 | 0.605
1/16 | 1.148E+00 1.027 7.524E—01 0.911 | 5.439E—03 2.625 | 0.655

Table 2.2:  History convergence for the Stokes problem with v = 1, ug, € P3(Ty)?,

Ph € ]P3(TH) and App € All. Here h = H?2.
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(v = wm np — PR IVQ m n2
l H error rate error rate value rate E;
1/2 | 4.365E—01 - 7.712E—-02 - 2.306E—01 - 0.705
1/4 | 6.190E—02 2.818 1.016E—02 2.925 | 2.776E—02 3.055 | 0.613
2| 1/8 | 7.709E—03 3.005 1.259E—-03 3.013 | 3.255E—-03 3.092 | 0.586
1/16 | 9.593E—04 3.006 1.594E—-04 2.981 | 3.981E—04 3.032 | 0.581
1/32 | 1.197E—04 3.003 2.021E—05 2.980 | 4.943E—05 3.009 | 0.582
1/2 | 5.342E4-01 - 2.717E401 - 8.219E+00 — 0.662
1/4 | 1.350E4-01 1.985 6.936E+00 1.970 | 2.106E4+00 1.964 | 0.670
1] 1/8 | 3.388E+00 1.994 1.746E400 1.990 | 5.313E—01 1.987 | 0.672
1/16 | 8.483E—-01 1.998 4.378E—01 1.996 | 1.333E—01 1.995 | 0.673
1/32 | 2.122E—01 1.999 1.096E—01 1.998 | 3.338E—02 1.998 | 0.674
1/2 | 4.889E+-02 - 2.842E4-02 - 6.531E+00 — 0.595
1/4 | 2.793E4-02 0.808 1.828E+02 0.637 | 3.267E+00 0.999 | 0.666
0| 1/8 | 1.505E+02 0.892 1.097E402 0.736 | 1.634E+00 1.000 | 0.740
1/16 | 7.748E+01 0.958 5.918E+01 0.891 | 8.170E—01 1.000 | 0.774
1/32 | 3.913E+01 0.985 3.048E+01 0.957 | 4.085E—01 1.000 | 0.789
Table 2.3: History of convergence for the Stokes problem with v = 1072, uyp € P3(Ty)?,
Ph € ]P)3(TH) and Apyp € All.
(v —wmn,p—pon)llvse m 72
l H error rate error rate value rate E;
1/2 | 2.254E—01 - 6.850E—02 - |[3.861E—02 - |0.475
1/4 | 2.663E—02 3.082 9.136E—03 2.906 | 1.090E—03 5.146 | 0.384
2| 1/8 | 3.147E—03 3.081 1.17T1E—03 2.964 | 3.866E—05 4.818 | 0.384
1/16 | 3.878E—04 3.020 1.515E—04 2.951 | 1.520E—06 4.668 | 0.395
1/2 | 5.147TE+401 - 2.932E+401 — 3.404E+00 — 0.636
1/4 | 1.308E+-01 1.976 7.526E4+00 1.962 | 2.941E—-01 3.533 | 0.598
1| 1/8 | 3.288E+00 1.992 1.895E400 1.990 | 2.404E—-02 3.613 | 0.584
1/16 | 8.237E—01 1.997 4.750E—01 1.996 | 1.945E—03 3.627 | 0.579
1/2 | 4.890E+02 - 2.843E402 - | 2561E+00 - | 0.587
1/4 | 2.795E+02 0.807 1.826E+02 0.638 | 4.074E—01 2.652 | 0.655
0| 1/8 | 1.506E+02 0.892 1.096E-+02 0.736 | 6.476E—02 2.653 | 0.728
1/16 | 7.752E+01 0.958 5.913E+01 0.890 | 1.039E—02 2.640 | 0.763
Table 2.4: History of convergence for the Stokes problem with v = 1072, u Hh € P3 (T )?,

pn € P3(Ty) and Ag, € A}. Here h = H2.

2.5.4 The 2D lid-driven cavity problem

We consider the well-known 2D cavity problem for the Stokes (v = 0) and Brinkman

(v = 10*I) problems with v = 1. In Figures 2.2 and 2.3, we show the meshes obtained

by the two versions of the adaptive algorithms looking for w; € P?(K)?, p, € P?(K) and
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Amn € Ap. Higher polynomial degrees does not change conclusions and then they are not

presented.

Figure 2.2: Lid-driven cavity problem for the Stokes equation with u;, € P?(K)2 p, €
P2(K), Arn € Ag and v = 1. Second and third rows correspond, respectively, to the final
step of the adaptive procedure by elements (6,216 dof) and adaptive procedure by faces (912
dof), and the first row shows the start step in both adaptive procedures. Second and third

columns represent the magnitude of the velocity and pressure, respectively.
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Figure 2.3: Lid-driven cavity problem for the Brinkman equation with wu; € P?(K)?, pj €
P2(K), A Hh € Ag,v=1and v = 10*I. Second and third rows correspond, respectively, to
the final step of the adaptive procedure by elements (32,337 dof) and adaptive procedure by
faces (786 dof), and the first row shows the start step in both adaptive procedures. Second

and third columns represent the magnitude of the velocity and pressure, respectively.

As expected, in the cavity problem for Stokes and Brinkman, the adaptive algorithms
refine the upper part of the domain, where the solution has boundary layers and/or singu-
larities. Note that Algorithm 2 requires less degrees of freedom than Algorithm 1 to get

good numerical results.

2.5.5 A highly heterogeneous case

This numerical test illustrates the capacity of the MHM method to simulate fluid flow in a
highly heterogeneous porous media. The domain is € :=]0, 1200[x]0, 2200[ with boundary
conditions given in Figure 2.4. We adopt a heterogeneous isotropic coefficient « obtained

from the 85th layer of the SPE10 project [38] (second dataset). The domain represents a
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quite realistic prototype of a reservoir. Here, we adopt the following version of the Brinkman

model

—vAu+~yu+Vp=0 1in ), V-u=0 1in €,

with v = 0.3 and v = (0.3/k) I, where I stands for the identity tensor. The permeability s
is depicted in Figure 2.4. The reference solution is calculated using the USFEM scheme of
[25] using a uniform mesh of 1,081,344 triangles. The P;(7)? x P;(7) element is adopt to
approximate the velocity and pressure variables. As such, the total number of degrees of
freedom is 1,625,283. As for the MHM solution, we select u; € P3(K)2,p, € P3(K) and
Amn € Ag

on=0

-3
o
(=N-)

e

u=(0,1)

Figure 2.4: Boundary conditions (left) and the permeability x (right) in logarithmic scale.

Figure 2.5: Initial mesh (left) with 1,652 dof, an intermediate adapted mesh (center) with
3,352 dof and the final adapted mesh (right) with 7,800 dof.
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Figure 2.6: Isolines of the pressure corresponding (from left to right) to the solution using the
initial mesh (1,652 dofs), the adaptive one (7,800 dofs), and the reference solution (1,625,283
dofs), respectively.

1.0e402

80
70

50

I 40
" 30
20
10

5.7e-04

Figure 2.7: Magnitude of velocity corresponding (from left to right) to the solution using the
initial mesh (1,652 dofs), the adaptive one (7,800 dofs), and the reference solution (1,625,283

dofs), respectively.

We observe that the solution of the MHM method using the adaptive strategy given by
the Algorithm 2 is very close to the reference solution, and captures the heterogeneity of

the reservoir clearly with the advantage of using considerably less degrees of freedom.
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2.6 Appendix: Some technical lemmas

This section presents some technical results needed in the proof of Theorems 2.6 and 2.7.

Lemma 2.3 Let A € A and Ay, € A be the solutions of problems (2.31) and (2.39),
respectively. Then

/ TP\ — Ap) dz = 0,

K

in the Stokes case (v =0), and

< Hg |K|Y? ok

‘/ TP(A — )\H,h) dx
K

otherwise.

Proof. Let w := 2 (ac - ﬁ fKacdx). Noticing that w € [HY(K) N L3(K)]%, V-w = 1, and
Vw = 11, and testing (2.28) and (2.43) with (w,0), we get

/ Tp)\H,h dx = (TpAH,h, V- w)K = (VVTUAHJL, V'w)K -+ (’)/ T”)\Hﬁ,w)K + <)\H,h7 ’w>aK
K

- % /K V-T"Agp dze + (YT A p, w) K + (Agp, w)ok
=(YT"Agp, w)k + (Amp, W)oK

= g /KV.T,’;/\H,h dz + (YT Agp, W)k + (A p, Wk
= (WVTE A p, Vw)g + (YT A p, w)k + (Amp, w)ok

= (TP A p, V-w)g + (7 (T = T ) A h, w) i

+ Z ke (VAT A, + Y TR Amp + VT X hy Y W)~
TGThK

= / TyAgp de+ (v (T = Tp) Agn, w)k
K

+ Z ke (VAT A g p + Y TR Amn + VI A p, Y w)r (2.74)
TGThK
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Proceeding in a similar way but now with the equations (2.29) and (2.44), we arrive that

/KT“Pf de =(TPf,V-w)x = WVT"f,Vw)g + (YT"f, w)k — (f, w)x
=0 [ VIS da s (T ) - (Fow)k = (T w)k - (Fw)
K
2 [ VA do s (T w)k - (Fow)
K

+ > ke (—VATRf TR+ VTN = f, yw)s

TEThK
= [ T g e+ oy (T = T )
K
+ Y R (VAT f Y TRF + VIV — f, yw), (2.75)
TEThK

and then, from (2.74), (2.75) and the third equations in (2.31) and (2.39), it holds

/TP(A—AH,h) da::/ TPA dw—/ TPAp daz:—/ TP f d:c—/ TP Ay g, dx
K K K K K

——/ Tpf dx — [/ TIfAth dw—F(’Y(TU_T}ILL))\H,hvw)K
K K

+ 3 R (VAT A+ Y T A + VTP Aup, v w)- |
TE'ThK

. /Kf,gjf da — (v (T = T f,w)

— Y m(—VATRF TR+ VIDF — £ yw),

TeTK
_ [/KTng,h dz + (v (T — T#) A g, w) i
3 R (VAT A+ Y T + VTP Aup, v w)- |
TeT K
= — (Y (T = T w)k — (v (T = T fw)k

+ Z kr(—vAugp +vupp+ Vpay — f, Yw),
TGThK

== (Y (T =T Agnw)k — (v (T* =T f,w)k + Y ke (RE v w),.
TE'ThK

(2.76)
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Observe that for the Stokes problem (v = 0), equation (2.76) vanishes and the result follows.
For the Brinkman case, applying Cauchy—Schwartz’s inequality, Lemma 2.1, using (2.59) and
recalling from [28, Theorem 3.2] that, since w € [H(K) N L2(K)]¢ and the convexity of K,

we have that

H 1
lo,x < %]w LK = ﬂHK |K|M?

[

the result follows.
|
The second auxiliary result establishes bounds for the local pressure associated to the

error A — Ap p, in terms of its velocity counterpart.

Lemma 2.4 Let A € A and Mg, € A be the solutions of problems (2.31) and (2.39),

respectively. Then, we have that
177 (X = Amn)llouy = 1T (A = Aap)llvix)
for the Stokes problem, and
1T7 (A= Amn)lloy 2 IT* A = Amp)llvie) + Hi 2,

for the Brinkman problem.

Proof. Let p := X — A and consider the Stokes case. From Lemma 2.3, the function
TP p € LE(K) and then there exists @ € Hg(K)? such that

V-w=Tp in K, (2.77)

satisfying
@[k = (TP pllox- (2.78)

Next, defined w := w — Wl"&: € Vg (K). From the first equation of (2.31) and (2.39),

and the local problems (2.28) and (2.29), it holds

0=—(p,w)ox = — (@, W)oK

= GK(Tu K, ’lU) + bK(’lU, T IJ“) = aK(Tu K, {U) + bK(ajv " /J') (279)
Hence, from (2.77), (2.78), (2.79), and Cauchy—Schwartz’s inequality, we get

”TPNHZ)(K) = (TP u,V-w)x = —bx (w0, TP p) = ax (T p, w) = TP pllo) 1T wllv ()
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and the result follows.
Now, we proceed to the Brinkman case following the proof for the Stokes one. First, we

notice that TP p is not necessarily an element of L2(K). Then, we decompose
0
1
TPu=G+q where §e L3(K) and qum/Tpudx, (2.80)
K

and pick w € H}(K)? such that

Vi=q in K, (2.81)
and
[wl1,x = o,k (2.82)
Also, from (2.80) it holds
ldllou) < 1T pllou):- (2.83)

From local problems (2.28) and (2.29), we arrive at
0=—(p,w)ox = ax(T* p,w) + b (w,T? ) (2.84)

and then, from (2.81), (2.82), (2.84), Cauchy-Schwartz’s inequality, (2.83) and Lemma 2.3,

we get

IT? gy = (TP 1, @)k + (TP o o) = (TP p, V-w) i + (TP 1, q0)
—br (W, TP p) + (TP p,qo) k. = ax (T p,w) + (T? @, qo0) x

=T pllva ldllgu + 177 pllou) laollgir)
2 NT* v TP pllou + 177 pllo) laoll g
= (I mllvie) + laollo. ) IT” wllgue = (1T llvie) + Hic i )IT pllgure

and the result follows. [ |
Now, we detail an intermediate error estimate for the local velocity associated to A—Xp 5,

with respect to n; and 7.

Lemma 2.5 Let A € A and Mg, € Apg be the solutions of problems (2.31) and (2.39),

respectively. The following estimates hold

+ if~ =0,
1T =)y < 4™ I

m +mn2 + H{(m + 7]2)7]2}1/2 otherwise.
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Proof. Let p = X — App. From (2.2), using (TP u,V - T" p) 15, = 0 and (2.28), we obtain
that

ST oy = 3 BT, TP ), (T, 0) > C TV uly, (2:85)
KeTy

where C' depends only on v, ymax and dg. Using (p,vo)ar, = 0, for all vy € V, and from
(2.2), (2.13), (2.28) and the orthogonality between functions in V and Vi, it holds

K, V)aT; (1, vg)oT;
7\|HHA < sup (77;1 — sup %
vev  [|v]lv vpEVQ, vt eV [vo + vy llv
< sup (/’l’a Ué_)GTH = sup _B((Tu H’?Tp ) (U(J)_ao)
vbeve  llvgllv b evi lvg llv

PN

IT* pllv + [T7 plle-

Thus, from Lemma 2.4 we get

1T pellv if vy =0,
[1el[a = (2.86)

|T" pllv + Hnz  otherwise.

Now, using again (@, uo)a7,, = (u,ugl’h)aTH = 0, from (2.32), (2.46) and Lemmas 2.1 and
2.2, we obtain

—(1, T oryy, = — (11, T N = Amp))atsy = — (o + TUX+TUf — (TN + T F))or,

M, u)aTH (Ha TuAH,h + Tu.f)aTH

—(
—~(
= —(1, @)oa + (,ug ™ + T X + TR f + (T = T A + (T = T3) oy
—(1, g)on +
—(

B9 (1w p)ory + (1, (T = T A n + (T = T) oy,

1 X)omy + (1, (T = T A + (T = T3) For,

(Ixllv + 1T = T Agp + (T = T3) Fllv) el a

(m + (T = T A + (T = Ti) FlIv) sl a

(m + n2)llplla- (2.87)

onN

A IA H

IA

Hence, for the Stokes equations (v = 0) we use (2.85), (2.86) and (2.87) to get the desired
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result. For the Brinkman equation, we use again (2.85), (2.86) and (2.87), to obtain that

1T w3y =< (771 + 772)(HT”;LHV + H?1np)
2

1
= (ot m)” I ulv + (ot ) H 0o,

thus
1T pllv = (i + n2) + H{(m + m2)m}?,

and the result follows. [ |

2.7 Conclusion

Intrinsically attached to the design of the MHM method, the a posteriori error estimator
proposed in this work accounts for the multi-level approximations of the method. We
restricted the numerical analysis to the first and second level MHM methods for the Stokes
and Brinkman equations, for which we proved that the estimator is locally efficient and
reliable in the natural norms. The results are, up to our knowledge, the first to address the
impact of two-levels of approximation in a multiscale finite element method for the Stokes
operator. As a result, the multiscale a posteriori error estimator yielded novel adaptivity
strategies which drive first-level meshes as well as (independent) elementwise second level
meshes. Fluid flow problems in highly heterogeneous validated the underlying multi-level
adaptative algorithms. We showed that the MHM method on such first- and second-level
adapted meshes preserves the accuracy of the velocity and pressure fields on coarse global

meshes. The missing scales are upscaled through base functions computed in parallel.



Chapter 3

A Multiscale Hybrid-Mixed
Method for a nonlinear-Stokes

problem in glaciology

In this chapter, we derive a new Multiscale Hybrid-Mixed (MHM) finite element method
for the non-linear Stokes problem that models a glacier. It is widely accepted that glaciers
behave like an incompressible non-Newtonian fluid, modeled by the Stokes equations with
nonlinear rheology (see, e.g., [29, 41, 50]). A glacier is a significant, perennial accumulation
of crystalline ice, snow, rock, sediment, and often liquid water that originates on land
and moves down slope under the influence of its weight and gravity. Due to its size and
complexity, it is imperative to have efficient numerical methods that allow us to handle the
problem. The finite element method allows us to work with complex geometries and the
physical boundary conditions of the model. An additional virtue of the MHM method is the
capability of running in parallel on computational clusters providing the computing power
for large-scale simulations.

The non-linearity of the problem is solved using Picard’s iteration and, for the linear
problem resulting from this process, we use the linear MHM technique used in Chapter 2.

This chapter is organized as follows: In Section 3.1 we present some preliminary results
also, in Section 3.1.1 we present the Picard method to handle the non-linearity of the
problem. In Sections 3.2 and 3.3 we detail the one and two-level MHM method, respectively.
Finally, in Section 3.5 we present numerical experiments to verify that the proposed method

approximates the solution of a glacier model properly.

84
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3.1 Model problem and preliminaries

We consider the following problem: Find a velocity u : Q@ — R? and a pressure p : § — R

such that
V- (= v(D(uw))D(u) +pI) = f inQ,

Veu =0 in, (3.1)
u =g ondfl,
where the operator D represents the gradient
D(v) = Vv
or the strain tensor
D(v) = ¢(v)

The known data are the given Dirichlet boundary condition g € L?(99)¢, the body force
I = Pice gR, where p;.. is the density of the ice, g is the gravitational constant and kis a
unit vector orthogonal to the surface of the earth. In addition, the viscosity v : Rt — R
is given by the Glen’s law

v(|D(u)]) = 5 ID(w)” (3.2)

where 8 € (1,2] and the function a(x) € L*°(f2) are given, with 0 < ap < () for some ay.
In (3.1) we are considering only Dirichlet boundary conditions in the boundary for lighten
up the notation, but later we will detail the appropriate boundary conditions.

The standard variational mixed formulation of problem (3.1) reads: Find uw € H'(Q),

with uw = g on 0, and p € L3(QY) such that

a(u,v) + b(v,p) = (f, v)q for all v e HH(Q)?,

(3.3)
b(u,q) =0 for all ¢ € LE(9),
where the a(-,-) and b(-,-) are defined by
a(w,v) := (p(|D(w)]) D(w),D(v))o and  b(v,q) = —(V-v,q)q, (3-4)

for all w, v € H'(Q)? and ¢ € L3(£). The well-posedness of the problem (3.3) is well known
(see for instance [40]).

As in the previous chapter, we replace (3.3) by its hybrid formulation counterpart, i.e.,
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find (u,p, A, p) € V x Q x A x R such that

(a(u, v) +b(v,p) + (N, v)ar, = (f,v)r, forallveV,
b(u,q) + (p,q)o =0 forallge @,

(o w)or, = (B.g)on forallpeA,
(&,p)a=0 forall&ecR,

(3.5)

where the spaces V, @ and A are those defined in (2.5), (2.7) and (2.6), respectively.
Above and hereafter, we surcharge the notation a(-,-) and b(-,-) to extend them to the

space V as follows

a(w,v) = Z ag(w,v) with ag(w,v) := (u(|D(w)|) D(w),D(v))x, (3.6)
KeTy
and
b(v7Q) = Z bK(”)Q) with bK(”?Q) = _(V"U,Q)K7 (37)
KeTy

for all w, v € V and ¢ € Q. Note that here the operators a(-, -) and ax(-,-) have a
difference with respect to the ones defined on Chapter 2 because the viscosity is dependent

on the velocity.

3.1.1 Picard iteration for the solution of the nonlinear system

To solve the nonlinear system (3.1), i.e. in the case 8 # 2, we apply the Picard iteration.

Starting with a given velocity u’, we determine (u’/*!, p/*1) solving the systems

V- (= u(ID(w)) D(w)™ + VP ) = f inQ,
V-t =0 inQ, (3.8)

Wt =g ondQ

for j = 0,1.... This procedure continues until a stopping criterion is satisfied. The stopping
criteria for the numerical scheme will be specified in the Algorithm 3.

Note that for each j the system (3.8) becomes linear, and then, we use the method
presented in Chapter 2.

For lighten up the presentation, from now on we denote w* := w/, which corresponds to
a known value in each Picard iteration, and overwrite the unknowns in (3.8) as u := u/*!

and p := p/*l. This allows us to write the problem (3.5) as follows: find (u,p, A, p) €
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V x @ x A x R such that

a*(u,v) +b(v,p) + (N, v)a7, = (f,v)7, forallveV,
b(u,q) + (p,q)a =0 forallgeQ,

(,w)or, = (1, g)an forall pe A,
(&,p)a=0 forall €& €R,

(3.9)

where

a*(u,v) == Y ai(u,v) with aj(u,v) = (u(|D(u")|)D(u),D(v))x.  (3.10)
KeTy

Note that in (3.9) the viscosity depends only on the solution in the previous step, and
thus (3.9) is a linear problem. Now, inspired in the previous chapter, we propose a numerical
method to approximate the non-linear problem.

Let V be the closed subspace of the Hilbert space V defined by
Vo:={veV:a(v,w)=0 forallwe V}.
Note that for D(-) = V() we get
Vo={veV vl ePy(K)! forall KeTy},
and for D(-) = ¢(-) we get
Vo={veV:ew)=0 forall K€ Ty},

which corresponds to the space of piecewise rigid body modes. It is easy to prove that Vj

may be characterized as follow: when d = 2
v(x) = “ +b 2
a9 —X1
for € = (21, 22) € K with ay,a9,b € Py(K), and when d = 3

vik)=a+bxzx

for £ € K with a,b € Po(K)3.
We point out that the only difference between both options for D is the space Vy,
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affecting only the computational implementation, but not the analysis. This way,
V =ViaVy, (3.11)

where V- stands for the orthogonal complement with respect to the inner-product (-, )y

We define the following local operators:

e T:A—VxQwithTp:=(T%u, TP p) such that T% p |k and TP p |k is the unique

solution of the local problem

ap (T p,w) + b (w, TP pu) = —(p, w)px for all w € VOL(K),
b (T p,q) =0 for all ¢ € Q(K);

(3.12)

o T: I[2(0) = Vi x Q with Tr := (T%r,TPr) such that 7% |x and TP 7| is the

unique solution of the local problem

@i (T r,w) + bg(w, TP r) = (r,w)g for all w € Vi (K),

A (3.13)
b (T r,q)k =0 forall ¢ € Q(K);

e T:R— Vi x Q with T¢ := (T%¢,TPE) such that T% ¢ | and TP € | is the unique

solution of the local problem

as (T €, w) + by (w, TP &) =0 for all w € Vi (K),

) (3.14)
bic(T€.q) = (€. @)k for all g € Q(K).

Owing to decomposition (3.11), and noting that a*(w,v) = 0 when w € Vg or v € V,
we may rewrite (3.9) as the following global-local problem: Find (ug, A, p) € Vo x A x R
such that

()‘,UO)(?TH = (fav[))THa
(1, w0) 73 + (1, T Norsy + (1, T p)orsy = (1, 9o — (1 T F)oTs, (3.15)
(&, TP Mo + (&, T7 pla = —(& 17 fa,

for all (vg, p,€) € Vo x A xR,

Note that Problem (3.15) is the same as (2.31), and the non-linearity is manifested only
on the local problems (3.12), (3.13) and (3.14).

The coupled global-local problem (3.12), (3.13), (3.14) and (3.15) is equivalent, in the



3.2. THE ONE-LEVEL MHM METHOD 89

sense that its solutions coincide, with the hybrid formulation (3.9). Owing to the linearity

of problem (3.15), the solution decomposes as follow
u=uy+ T AN+T"fF+T% and p = T°A+TPf+TPp. (3.16)

Remark 3.1 Following [12] we can prove that p = 0. Hence, the solution of (3.15), given
by (3.16), reduces to

wi=ug+T*X+T%f and p:=T°AX+1"f. (3.17)

3.2 The one-level MHM method

The one-level MHM method stems from the coupled problems (3.15), (3.12), (3.13) and
(3.14). We search the approximate Lagrange multipliers in the space

A ={Ag € A: Ap|p € P(F), for all F C T5(F), for all F € &y}, (3.18)

the same space (2.33) used for the linear Stokes problem. Replacing A by Apy allows for
finding solutions to (3.12) in terms of basis functions and (3.13) and gives rise to a one-level
MHM method in the form of (3.15). In this section we assume that the corresponding local
problems are computed exactly, i.e, a closed formula for the multiscale basis functions is
available.

Specifically, the solution of (3.15) is approximate by (ull, Ag, prr) € Vo x Ay x R which
is the solution to the one-level MHM method

(Am,v0)ory = (f, v0) 73
(H'Hv UoH)aTH‘i‘(HH, ™ AH)@TH_‘_(”’Hv ™ PH)&TH = <“Hag>89_(“H7 Tu f)@THv (319)
Em, TP Am)a + (€, TP pr)a = —(Em, TP fa,

for all vg € Vo, p € Ay and &g € R. Here T, T and T are given in (3.12), (3.13) and
(3.14), respectively.
Thus, due to linearity of discrete problem (3.19), its solution (wg,pm,pm) is given

through the expressions
wp = udl + T A+ T4 f+T%py  and  py = TP Ay + TP f + TP py, (3.20)

and then, the MHM method is non-conform in H'(Q)?. Note that the one-level MHM
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method assumes that exact solution of local problems are known, which generally will not
be possible. For this reason, we must consider an approximation of the solution of the local

problems, which are explained in the next section.

3.3 The two-level MHM method

Until here, to lighten up notation and to present the method in a similar way as in Chapter
2, we have only considered the problem with Dirichlet boundary conditions. Since we are
interested in to apply the method to a problem with mixed boundary conditions, following we
detail both cases: when the boundary conditions are only Dirichlet, and when the boundary
conditions are mixed.

To the two-level MHM method, we select the following local finite spaces
Vi(K) = {vh € VE(E)NCOUK) : vy |y € Pyp(r) for all 7 € 7;5{} (3.21)
and
Qu(K) == {an € QUK)NCYK) : q|r € Po(r) for all 7 € T}, (3.22)
and the global finite dimensional space

Vi = @ker, Va(K) and  Qp = @xer, Qn(K). (3.23)

As in Chapter 2, for T}, T}, and T, we adopt the unusual stabilized finite element
method USFEM proposed in [25], but now in its nonlinear version, and adopting the same
degree of interpolation in all elements of the partition, that is, & = n in (3.21) and (3.22).

We recall from [25] that the unusual finite element method reads: Find (u,p) € Vi (K) x
Qn(K) such that

By (u,p;v,q) = F(v,q) for all (v,q) € Vi (K) x Qn(K),

where

B;((’U,,p; va) ::a*K(uvv) + bK(v7p) - bK(U, Q)
- > (=V-(u(D(w"))D(u) = p1)k;, = V- (u(|D(w*))D(v) + ¢T))-
TGThK

(3.24)
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and

Fie(v,q) = (fiv)x — > (£ =V (u(D@"))D(®) + ¢I)k)-. (3.25)

TeTE
The stabilization parameter is given by

mi h72.
Rr @

= LD (3.26)

where my, := min {%, Ck} and C} is a constant satisfying (2.42). This way, the stabiliza-
tion parameter s, can be easily calculated. Owing to the definition above, we define the

corresponding discrete operators as follows:

o T}, : Ay — Vy x Qp such that Th A p |k = (T Amp, Tp Ap,p) solves

By (TR Xt by Ty At b Ohy n) = — (A, Va)ox  for all (vp, qrn) € Vi (K) x Qp(K),
(3.27)

o Ty : LX) = V}, x Qu(K) such that T, f |x == (T2 f,T7 f) solves
Bic(TH £, 17 f50n.an) = Fie(vn,qn)  for all (v, qn) € Vi(K) x Qp(K),  (3.28)
e T) : R— V), x Qp such that T, pyr |k := (T*pu, TL prr) solves
Bic(Ti pw, T} pri vn, an) = —(pm, an)x - for all (vp, ) € Vi(K) x Qp(K).

3.3.1 The two-level MHM method for a problem with only Dirichlet

boundary conditions

The two-level MHM method reads: Find (ué{’h, A h,pH) € Vo X Ag X R such that

(A#,hsv0)om = (f, v0) T3,
Hh - -
(g ug oty + (0 T Aan)ome + (0w T pr)oty = (> @)oo — (e, T £oTs

Em, TP Ao + Em, T o) = — (€, TP o,

(3.29)
for all (vo, g, ) € Vo x Ag X R, where the operators T, T,:‘ and Tff are those defined in
(3.27), (3.28) and (3.3), respectively. Note that the skeleton problem for the linear problem
(Problem (2.39)) and the skeleton problem for the non-linear problem (Problem (3.29)) are
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the same.
As a result, the discrete two-level solution (wp p,pm n, pH) is given through the expres-

sions
Ugp = ué{’h—i-T#AH’h—‘rT#f—f—T#pH and PHL = T;L)AHﬁ—i-T,ff—i-T;pr. (3.30)

Remark 3.2 As in the continuous case (Remark 3.1), following [12], we have that pg = 0.
Hence, the solution of (3.29), given by (3.30), can be characterized as

Ugh = ué{’h + T# >\H,h + T}:" f and PHA = T}I; )\H,h + T}I; I (3.31)

3.3.2 The two-level MHM method for a problema with mixed boundary

conditions

Now we consider the problem (3.1) with Dirichlet and Neumann boundary conditions, i.e.,

we consider the problem:

V- (-~ u(D(w))D(u) + Vp) = f inQ,
V-u=0 inQ,

(3.32)
u =gp ondQp,

—pu(|D(w))Vu +pI = gy on 9y,

with OQx # 0, and g, € L?(2p)? and gy € L*(Qn)?% Since the Neumann boundary
conditions will be essentials, they are imposed explicitly on the solution, and then, the

approximate Lagrange multipliers will belong to space

A ={Ag € A Ap|p € P(F), for all F C TH(F), for all F € &y, and Ayloay = gy} -
(3.33)
It is easy to see that when we consider Neumann boundary conditions the pressure
belongs to L*(Q) instead of L(12), and then the unknown p, corresponding to the Lagrange
multiplier for the pressure, and its corresponding test function in (3.29) do not appear. Then,
proceeding as before, the two-level MHM method for the problem with mixed boundary

conditions reads: Find (ué{’h, Aun) € Vo x Ay such that

(AH,ha'UO)aTH = (f7 UO)TH7
H7h u _ Au (3.34)
(g g oty +(p, T Amn)omy = 0 K- 9p— (e T oty
D
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for all (vo, puy7) € Vo x Ap, and where the operators T3 and T# are those defined in (3.27)
and (3.28), respectively. As a result, the discrete two-level solution (wg p,pm,n) is given

through the expressions

UHp = ’LL(I){’h + T#)\H,h + T#f and PHL = T}ZL)AH’}L + T}ij (3.35)

3.4 Numerical algorithm for the MHM method for a problem

with mixed boundary conditions

In this section by provide the underlying algorithm for the MHM method for the problem
with mixed boundary condition, described in Section 3.3.2. The case of the problem with
Dirichlet boundary condition only is analogous.

Let {1y, ¥y, ..., ¥, } and {@y, Po, ..., ¢, } be a basis for Ay and V), respectively,

where my := dim(Ag) and mg := dim(Vy). Then, there exist real numbers Aj, A, ..., A,
and ud,ud, ..., ul" such that
my mo
H,h ]
Ap =Y N, and ug" =" ule;.
j=1 j=1

For j = 1,2,...m,, let (n}fh,n;’h) € Vi(K) x Qn(K) be the solution of the USFEM
formulations (3.27), and (3.28), respectively , i.e., (¥, nfh) is the the solution of

B35 pivas an) = — (Y5, vn)or for all (vh, qn) € Vi(K) x Qp(K).

Note that, thanks to the linearity of B}, (c.f. (3.24)),
mx mx
T#AH,h:Z)‘jn;fh and T}IL))‘Hﬁ:Z/\jn?,h'
j=1 j=1
We can rewrite (3.34) as the linear system,
X

—

Uuo

F
G

; (3.36)

A cT
C 0

-T
with X' = (A,... Amy) € R™ and 4 = (u},...ul®) € R™. Note that the matrix in
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(3.36) has a size (my + mg) x (my + myp), and its components are given by

A= (a;) € R™* ™ with  ag; = (W, mj)ory, 1 <4,5 <my,
C

(cij) € R™MOX™A with ¢ = (¥;,0;)o7, 1<i<mg and 1<j<my.

The entries of the global right-hand side are

F = (f;) e R™ with  f; == , Y9 — (i, T or,, 1<i<my,
D

G = (g;) e R™ with  g; .= (f, ¢;)7, 1<i<mg.

We recall that for the problem (3.34) with mixed boundary condition, described in
Section 3.3.2, since the Neumann boundary condition is essential, i.e., the value of Agj on

00y is known, we must impose them in the system (3.36), for example, in a strongly way.
Let {&f,¢f, ... ¢X 1} and {qf(,qg(,...,ql}]iK} basis of the local spaces Vj(K) and

Mh, K

Qn(K), respectively, where my, i := dim(V(K)) and lj g = dim(Qx(K)). For each j =

1,...my we define the following vector:
Sjrk = (s;) € R™K with s := —(1p;, € )ox, 1<j<my.

Also, let Fj, g € R™nK +hk be the local right-hand side vector given by the stabilized
linear form Fj:(-) defined in (3.25) and By, j¢ € RUrx+n)x(ma i+l i) the local stiffness
matrix given by the stabilized bilinear form Bj(-; -) defined in (3.24). They are both
computed using the subspace Vj(K) x Qp(K). We denote by I" € R"nEk*"hK and IP €
RinkXhk the identity matrices, 0% € RnEXmhk and 0P € R™nK XK the rectangular
matrices composed of zeros, and

u
Py = [(I)u e ROh & +n k)X K

e Rmrx+lhk)Xmn e gnd PP .— lop
K - 14




3.4. NUMERICAL ALGORITHM FOR THE MHM METHOD FOR A PROBLEM WITH
MIXED BOUNDARY CONDITIONS 95

Algorithm 3 MHM algorithm for the problem with mixed boundary conditions
Require: A positive real number tol (the tolerance) and an initial solution (wj; ., P p)-

1: for For each K € Ty do
2: For each 1); defined on K solve

By xXjxk = PS;jKk

3: Solve

By kYxk =Fn Kk

4: For each v, defined on 0K, and ¢; defined on K, compute

FC=(FF), = / $i g - / %;- B, kFrr,
KN p oK K

5: For each ¢,, defined on K, compute

GN=(gf), g =—(f. 0K

6: Assemble FX and G¥ into F and G.
7. end for

8: Solve the global problem

A CTl X F
C 0 U G
mo my mhph, K mhph K
_ 7 ) J K J K
uH,h—Z“o‘ﬁi‘FZ)‘z Z Z Xix& o+ Z Z Yik &
=1 =1 KeTy j=1 KeTy j=1
ma Mmp, K+ Kk My, K+l K
_ J K j K
pra=) N0 Y D Xlgqto+ Y X Yikg
=1 KeTy j=mp,k+1 KeTy j=mp,k+1
opn=-—vVugp+pasl

9: Consider the following stopping criteria:

[(wrhs pER) = (W s P p) [V xQ

< tol. 3.37
(W hy 2ER) [ VXQ (3.37)

If (3.37) holds, then return wp )y and pgp and stop the algorithm. Else, define u}Lh =

upp and p’fq’h = pm,n, and repeat the algorithm from the Line 1.




3.5. NUMERICAL EXPERIMENTS 96

3.5 Numerical experiments

In this section we simulate standardized 2D tests for glacier models from [79] and [64]. We
assume that the glacier is only bounded by two faces: the interface between the atmosphere
and the ice sheet (top), and the interface between the bedrock and the ice sheet (bottom).
Then, for the top boundary, we assume Neumann boundary condition and for the bottom
Dirichlet boundary condition, both equal to zero. For the other two boundaries, we assume
periodic conditions, a typical consideration in this context, meaning that whatever exists in
the right side of the ice sheet enters in its left side (see, e.g., [64]). One way to apply the
periodic boundary conditions, which we use here, is to solve the problem over an elongated
domain on left and right, with the same boundary conditions than the original problem,
except for the lateral boundaries, where it is imposed zero Dirichlet boundary conditions for
the velocity (see, e.g., [64]). Then, we solve the problem in a domain three times larger than
the original, reporting the results only on the original domain. In the following examples
we report the results for the case D(-) = (). The physical parameters considered are in
Table 3.1.

Table 3.1: Physical parameters for the glaciar model.

Symbol Constant Value Units
A Ice-flow parameter 100 MPa~"a~!
Pice Ice density 9.03721418E-19 Kg Km™3
g Gravitational constant 9.81 m s~ 2
n Exponent in Glen’s flow law 3
Seconds per year 31556926 sal

With the values given in Table 3.1, we may calculate the Glen’s law parameters (3.2)
a=AY"and g = 4/3, and the source term f = piceglA{.

3.5.1 First example

For this example, we consider a gently sloping ice flow with an incline § = 0.1° with a
no-slip boundary condition at the base and periodic boundary conditions at the terminus.
The horizontal length of the domain is 10km. In the Figure 3.1 we show the numerical
solution applying the MHM method with wy, € P3(K)?, p;, € P3(K) and Ay € A} and,
in order to compare our numerical results, in the Figure 3.2 we present the solution using

the well-known P?/P! stable method (see, e.g., [45]). The mesh for the P?/P! method is
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the same first-level mesh for the MHM method with 3077 elements. For the MHM method
we show the figures only the for case uj, € P3(K)?, p, € P3(K) and Ap, € Af, because in

other cases the plots are very similar.

Remark 3.3 The numerical tests with D(-) = V(-) behaves properly when the following
condition holds

l4+1 whenl is even and,

k> (3.38)

[4+2 whenl is odd;
where k, n and | are the degrees of the polynomials that define the finite element spaces
Vi, Qn and Ay, respectively, remembering that we chose k =n (cf. (2.5), (2.7) and (2.6)).
We recall that (3.38) is a sufficient condition to ensure the existence and uniqueness of the
solution of the second-level MHM method for the linear Stokes problem (see [12]), and then
our numerical results for the non-linear case are in accordance with the previous works. But
for the case D(-) = e(-), the numerical results suggest that, besides (3.38), it is required
that | # 0. The mathematical analysis for our non-linear scheme will be addressed in future

work.
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-0.0303

Pressure (MPa)

2

8

8.95
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-0.107 0.0924
Figure 3.1:  Solution of Example 3.5.2 with the MHM method with u; € P3(K)?, p), €

P3(K) and A Hh € A1, using a first-level mesh with 3077 elements, considering the physical

parameters given in Table 3.1 and an incline of o = 0.1°.
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Figure 3.2: Solution of Example 3.5.2 using a P?/P! scheme considering a mesh with 9232

elements, considering the physical parameters given in Table 3.1 and an incline of a = 0.1°.

3.5.2 Second example

Similar to the previous example, we consider a gently sloping ice flow with incline # = 0.5°
with periodic boundary conditions at the terminus, but now over a sinusoidal rippled bedrock
with no-slip boundary conditions at the base. The horizontal length of the domain is also
10km.

The Figure 3.3 show the numerical solution for the MHM method with u;, € P3(K)?,
pn € P2(K) and Ay, € Al and, in order to compare the numerical results of our method, in
Figure 3.4 we present the solution of using the well-known P2/P?! stable method (see, e.g.,
[45]). The mesh for the P?/P! method is the same first-level mesh for the MHM method
with 4434 elements. For the MHM method we show the figures only for case uj, € P3(K)?,

Ph € IF’3(K ) and Agp € A%, because in other cases the plots are very close.



3.5. NUMERICAL EXPERIMENTS 100

Pressure (MPa)

O 0.004 ‘00‘08‘ 0.012

-

0.0132

Horizontal velocity (Km/a)

0 0.002 ‘ ‘ ‘ 0.004
-2.46e-05 0.00511

Vertical velocity (Km/a)

-0001 0 0.001 0.002

A
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Figure 3.3:  Solution of Example 3.5.2 using the MHM method with ug; € P3(K)2,
PHh € P3(K) and A € A1, considering the physical parameters given in Table 3.1 with

an incline of & = 0.5°, and a mesh with 4434 elements.
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Pressure (Mpa)
0 0.004 | (‘JO‘OB‘ 0.012

-0.000106 0.0132

|

Horizontal velocity (Km/a)

0 0.001 0.002 m ‘o“cTos 0.004
-3.1e-11 0.00466

Vertical velocity (Km/a)

-0.001 0 ] ‘q.om 0.002
-0.00167 0.00226

= -

Figure 3.4: Solution of Example 3.5.2 using the P?/P! finite element spaces, considering

the physical parameters given in Table 3.1 with an incline of a = 0.5°, and a mesh with
4434 elements.

We see in both examples that the numerical results using the MHM scheme are very
close with the well known P2/P! scheme, with the additional advantage that the MHM
method can capture the multiscale behavior of the problems using coarse meshes and other
characteristic naturals in the geological context, like the presence of cracks. Furthermore,
due to the size of the geological domains, the virtue of running in parallel of the MHM

method is specifically relevant.
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3.6 Conclusion

In this chapter, we proposed a new numerical strategy to apply the MHM for the non-
linear Stokes problem with mixed boundary conditions, which models the behavior of a
glacier. The numerical method was tested in a glacier model with realistic parameters,
verifying that the solutions are physically correct. Our results suggest that the MHM
method is a promising technique in the context of glaciology, because, in addition to the
properties inherited by the finite element method, it has other virtues, such as being able to
be implemented naturally in parallel, which is very relevant due to the size of the domains
in this context, especially in 3D. The remaining rigorous mathematical analysis and more

numerical tests are a future work.



Conclusiones y trabajo futuro

Conclusiones

1. En el Capitulo 1 adaptamos las ideas de [9] y [14] para desarrollar un andlisis de
error a posteriori -de tipo jerdrquico- para el método LPS introducido en [15], que
aproxima la solucién de las ecuaciones de Navier—Stokes no lineales incompresibles.
Nuestro estimador de error a posteriori estd basado en la solucién de problemas locales
puestos en espacios de funciones burbujas especificos de una dimensién, faciles de
calcular y de bajo costo computacional. Para estudiar el desempeno de este estimador
a posteriori presentamos ejemplos numéricos con soluciones analiticas verificando que
el indice de efectividad permanece acotado cuando h tiende a cero, y probamos también
el problema de referencia bien conocido de la cavidad, el cual esta fuera del marco
tedrico, mostrando que nuestro estimador a posteriori genera secuencias de mallas
adaptadas que van mejorando la calidad de las soluciones numéricas incluso en régimen

turbulento.

2. En el Capitulo 2 proponemos y analizamos una nueva estrategia de error a posteriori
especialmente disenada para el método MHM. El estimador de error a posteriori prop-
uesto considera las aproximaciones multiescala del método. Desarrollamos el andlisis
numérico para el primer y segundo nivel del método MHM para las ecuaciones de
Stokes y Brinkman probando que el estimador es localmente eficiente y confiable en
las normas naturales. El resultado, hasta donde sabemos, es el primero que que con-
sidera el impacto de la aproximacion del segundo nivel en un método de elementos
finitos con un operador de Stokes. Como resultado, el estimador de error multiescala
produce una novedosa estrategia de adaptividad que considera la malla de primer nivel
asi como también las mallas del segundo nivel. Validamos los resultados con proble-
mas de fluidos con flujos altamente heterogéneos. Mostramos que el método MHM
en su adaptividad de primer y segundo niveles preserva la precision de la velocidad y

presiéon en mallas globales gruesas. Las multiples escalas son capturadas a través de
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3.

funciones calculadas de manera paralela.

En el Capitulo 3 proponemos una nueva estrategia numérica para aplicar el método
MHM a problemas no lineales, y la aplicamos a un problema de Stokes no lineal
con condiciones de borde mixtas, el cual modela el comportamiento de glaciares.
Hasta donde sabemos, ésta es la primera metodologia propuesta en la literatura que
permite aplicar el método MHM a problemas no lineales. El método fue testeado
con parametros realistas en un modelo de un glaciar verificando que las soluciones

obtenidas son las fisicamente esperadas.

Trabajo futuro

Lo novedoso del método MHM deja abierta la posibilidad de miltiples ramas para investigar

a partir del trabajo de esta tesis.

1

Extender los métodos presentados al régimen no estacionario.

Completar el andlisis numérico del método MHM aplicado al problema de Stokes no

lineal presentado en el Capitulo 3, y enviarlo para su publicacion.

Basados en el esquema numérico para problemas no lineales propuesto en el Capitulo
3, proponer un esquema MHM para las ecuaciones de Navier—Stokes, y desarrollar su

analisis de error a priori y a posteriori.

Continuar con el andlisis de modelos de glaciares mas completos, por ejemplo, mod-
elos que consideren la deformacién debido a la temperatura, efectos del clima, derre-

timiento, grietas y canales.

Extender el cédigo desarrollado para el método MHM al caso 3D, donde se aproveche

el paralelismo natural del método.

Proponer y analizar un esquema de elementos finitos estabilizados para estudiar mod-
elos de materiales eldsticos y viscoelasticos. En particular, nos interesa su aplicacion
en la modelacién de procesos de subduccién de placas tecténicas [35, 100]. Sobre este
tema, aunque no estd documentado en esta tesis, ya tenemos resultados numeéricos

prometedores.

Utilizando el algoritmo desarrollado en 6 para aproximar la solucién del segundo nivel,
proponer un esquema del tipo MHM para las ecuaciones de viscoelasticidad. Debido

a la naturaleza del problema geolégico que modela (grandes dominios y presencia de
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grietas) intuimos que el método MHM es una herramienta prometedora para este

contexto.



Concluding remarks and future

work

Concluding remarks

1. In Chapter 1 we adapted the ideas of [9] and [14] to develop an a posteriori error
analysis of hierarchical-type for the LPS method, introduced in [15], which approx-
imates the solution of the fully non-linear incompressible Navier—Stokes equations.
Our a posteriori estimator is based on the solution of local problems posed in specific
one-dimensional spaces of bubble-like functions so it is easy to implement with a low
computational cost. In order to study the performance of our a posteriori estimator
we presented numerical examples with analytical solutions checking that the effec-
tivity index stays bounded as h goes to zero, and we tested well-known benchmark
problems which live outside of the theoretical framework showing that our a poste-
riori estimator generates a sequence of adapted meshes improving the quality of the
numerical solutions even in the turbulent regime, as was shown with the lid-driven

cavity problem.

2. In Chapter 2 we proposed and analyzed a new a posteriori error strategy specially de-
signed for the MHM method. The a posteriori error estimator proposed accounts for
the multi-level approximations of the method. We accounts for the numerical analysis
to the first and second level MHM methods for the Stokes and Brinkman equations,
for which we proved that the estimator is locally efficient and reliable in the natu-
ral norms. The results are, up to our knowledge, the first to address the impact of
two-levels of approximation in a multiscale finite element method for the Stokes oper-
ator. As a result, the multiscale a posteriori error estimator yielded novel adaptivity
strategies that drive first-level meshes as well as (independent) elementwise second

level meshes. Fluid flow problems in highly heterogeneous validated the underlying
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multi-level adaptative algorithms. We showed that the MHM method on such first-
and second-level adapted meshes preserves the accuracy of the velocity and pressure
fields on coarse global meshes. The missing scales are upscaled through base functions

computed in parallel.

3. In Chapter 3 we proposed a new numerical strategy applied to the non-linear Stokes

problem with mixed boundary conditions, which models the behavior of a glacier. Up
to our knowledge, this is the first methodology proposed in the literature that allows
applying the MHM method to non-linear problems. The method was tested in a
glacier model with realistic parameters, verifying that the solutions are the physically

expected ones.

Future work

The novelty of the MHM methods gives way to multiple research branches.

. To extend the methods to the non-stationary regime.

. To propose a numerical analysis of the MHM method applied to the non-linear Stokes

problem of the Chapter 3.

. Based on the numerical scheme for non-linear problems showed in Chapter 3, to pro-

pose an MHM scheme for the Navier-Stokes equations, and derive a priori and a

posteriori error analysis.

. Extend the analysis to more complete glaciers models, for example, to models that

consider the ice deformation due to the temperature, effect of the climate, meltwater,

cracks, and channels.

. To extend the code developed for the MHM method to the 3D case, to leverage the

inherent parallelism of the method.

. To propose and analyze a stabilized finite element scheme for elastic and viscoelastic

material models. In particular, we are interested in its application in the modeling of
tectonic plate subduction processes [35, 100]. Here, although it is not documented in

this thesis, we already have promising numerical results.

. To propose an MHM scheme for the viscoelasticity equations adopting as second level

solver the numerical scheme developed in 6.
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