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Abstract

In this thesis, special emphasis is placed on the activated sludge process in reactive settling,
in secondary settling tanks (SSTs) and sequencing batch reactors (SBRs). Among the topics
covered are the development of a modern one-dimensional mathematical model and the imple-
mentation of numerical schemes to simulate reactive settling in the SBRs. The governing model
consists of a coupled system of strongly degenerate parabolic convection-diffusion-reaction con-
servation law equations, with unknowns being the concentrations of solid (bacteria; activated
sludge) and liquid (substrates) components as functions of height and time. It is also of in-
terest to develop the fitting of experimental data obtained from a pilot SST with variable
cross-sectional area to the model of reactive settling. The thesis has the following objectives:

First, to formulate a physical-mathematical model based on mass conservation equations to
model the reactive settling process of the SBRs where the upper surface is a moving boundary.

Second, to develop a reliable numerical scheme (consistent and stable) for the governing equa-
tions derived from the first objective, considering a space discretization with a fixed number of
cells across which the surface moves, and to demonstrate that the numerical scheme is monotone
and satisfies an invariant region property (in particular, it preserves positivity) when executed
in a simple splitting formulation.

Third, to fit a reactive settling model to experimental data from a pilot plant which has a
variable cross-sectional area, where the model equations are extended, including additional
terms for hydrodynamic dispersion and heuristic mixing.

Fourth, to perform an appropriate spatial transformation of the governing equations from the
first objective to a fixed domain and discretize them using a monotone explicit scheme and
a semi-implicit variant, formulations which among other advantages are easier to implement
compared to the approach of the second objective.
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Resumen

En esta tesis, se pone especial énfasis en el proceso de lodo activado en la sedimentaciéon
reactiva, en tanques de sedimentacion secundarios (SSTs, por sus siglas en inglés) y reactores
por lotes secuenciales (SBRs, por sus siglas en inglés). Entre los temas tratados se encuentran el
desarrollo de un modelo matematico unidimensional moderno y la implementacion de esquemas
numeéricos para simular la sedimentacion reactiva en los SBRs. El modelo gobernante consiste en
un sistema acoplado de ecuaciones de leyes de conservacion parabodlicas de conveccion-difusion-
reaccion fuertemente degeneradas, siendo las incognitas las concentraciones de los componentes
solidas (bacterias; lodos activados) y liquidos (substratos) en funcion de la altura y el tiempo.
También es de interés desarrollar el ajuste de datos experimentales obtenidos de un SST piloto
con area de seccion transversal variable al modelo de sedimentacion reactiva. La tesis tiene los
siguientes objetivos:

Primero, formular un modelo fisico-matemaético basado en ecuaciones de conservaciéon de masa
para modelar el proceso de sedimentaciéon reactiva de los SBRs donde la superficie superior es
una frontera movil.

Segundo, desarrollar un esquema numérico confiable (consistente y estable) para las ecuaciones
gobernantes derivadas del primer objetivo, considerando una discretizaciéon espacial con un
numero fijo de celdas a través de las cuales se mueve la superficie, y demostrar que el esquema
numérico es mondtono y satisface una propiedad de region invariante (en particular, preserva
la positividad) cuando se ejecuta en una formulacion de division simple.

Tercero, ajustar un modelo de sedimentacion reactiva a datos experimentales de una planta
piloto que tiene un area de seccion transversal variable, donde las ecuaciones del modelo se
extienden, incluyendo términos adicionales para la dispersion hidrodinamica y la mezcla heuris-
tica.

Cuarto, realizar una transformacion espacial adecuada de las ecuaciones gobernantes del primer
objetivo a un dominio fijo y discretizarlas utilizando un esquema explicito monétono y una
variante semi-implicita, formulaciones que, entre otras ventajas, son mas faciles de implementar
en comparacion con el enfoque del segundo objetivo.
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Introduction

Motivation

Water scarcity is a problem that affects more than 40 percent of the world’s population. As
a result, the situation is likely to worsen as the world’s population continues to grow. For
this reason, the United Nations General Assembly in 2015 adopted the so-called 2030 Agenda
for Sustainable Development, which set out 17 Sustainable Development Goals covering the
economic, social and environmental spheres [91]. This research aims to contribute to the en-
vironmental theme. Specifically, Sustainable Development Goal No. 6 [92| refers to “Ensure
availability and sustainable management of water and sanitation for all”, and one of its targets
is to improve water quality by halving pollution from untreated wastewater, which implies a
significant decrease of pollution in water bodies. The implementation of mathematical strate-
gies and engineering techniques in wastewater treatment can be essential to achieve this goal,
thus contributing to the overall well-being and sustainable development of communities. In
this sense, the contribution of this PhD thesis is to provide reliable computational simulators
for wastewater treatment.

In a biological wastewater treatment plant, the activated sludge process (ASP) is the most
widely used technology for biological removal of nutrients and reduction of organic material. A
key component in this process is reactive settling, which consists of a solid and liquid phase,
each composed of several components. The solid phase contains solid particulate components
(bacteria; activated sludge), which can be organic and inorganic compounds. The liquid phase
is composed of water, which contains substrates (nutrients) diluted in the water.

Reactive settling combines the sedimentation of small solid particles that are immersed in a
fluid (composed of substrates and water) and the simultaneous occurrence of biological reactions
between the components of both phases. A significant part of the biological reactions in the
activated sludge process for wastewater treatment takes place in the secondary settling tanks
(SSTs) that follow the biological reactors in a treatment plant. These reactions also occur in
sequencing batch reactors (SBRs) during the sedimentation stage. Therefore, it is of interest to
develop so-called reactive settling models that describe the biological reactions that take place
in the sludge blanket of the settler.

An SBR is a tank (with a possibly variable cross-sectional area) used for wastewater treatment
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Figure 1: Illustration of an SBR in the two stages that involve flow through the hose: (left) feed
and (right) extraction. The boundary Z moves upward at time ¢ when Z'(¢) < 0 and downward
when Z'(t) > 0, and Tt and T, are the feed and extraction time intervals, respectively.

(e.g., |30, 46, 89]). This system has a controlled outlet at the bottom and a floating device
at the surface of the mixture that allows for controlled filling or removal of the mixture (see
Figure 1). The operation of an SBR is batchwise in a sequence of filling, reaction, settling,
extraction and idle cycles (see Figure 2). The mixture consists of flocculated biomass particles
with various components that react with the substrates dissolved in the liquid. One of the
objectives of SBR. is to quantify and remove the substrates from the liquid phase.

The process of an SBR works as follows: Initially, the tank is filled with wastewater with
a volumetric flow rate Q¢(t) > 0 and feed concentrations C(t), S¢(t) of solid particles and
substrates, respectively, which causes the surface of the mixture to rise. After filling, reactions
take place; during this stage, biological reactions occur under complete mixing by means of
an impeller or by aeration to homogenize the mixture. A time interval is allowed for the
biochemical reactions to take place. This is followed by the sedimentation stage, in which the
settle and form a sludge layer. Then the clarified liquid is extracted and, at the same time,
the surface of the mixture is lowered. Finally, the system is left idle and part of the sludge is
removed via the controlled outlet at the bottom of the tank. In this way, the tank is prepared
to receive another operational cycle.

In this research, a mathematical model and numerical schemes for multicomponent reac-
tive settling of flocculated particles in SBRs are developed, as detailed in Chapter 1, 2 and 4.
The governing model consists of the following assumptions and variables. We let A(z) de-
note the cross-sectional area of the tank that may depend on depth z, where the top of the
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Figure 2: Schematic of the five stages of an SBR. The red arrows show the movement of the
boundary or the sediment level during each stage. The black arrows show the direction of the
bulk flows Qs (feed), Q. (extraction) and @, (underflow).

tank is at z = 0 and the bottom is at z = B. The characteristic function v equals one
inside the mixture and zero otherwise, i.e., y(z,t) = X{z(t)<s<B}, Where x; is the indicator
function which equals one if and only if I is true, z = z(t) is the position of the surface of
the mixture and ¢ is time. The unknowns are the vectors C = C(z,t) = (CM, ... Cke)T
of solids concentrations and S = S§(z,t) = (SM, ..., S®s)T concentration of soluble compo-
nents. These vectors make up the components of the solid and liquid phase, respectively. With
X = X(z,t) = c(CV(z,t) + - - + Ok (2, 1)), where c is a conversion factor. The reactive set-
tling process can be modeled by the following system of convection-diffusion-reaction equations,
where t > 0 and by z € R:

A(z)aa—(tj + %(A(Z)Vc(X, 0.X, z,t)C) = (5(2 — Z(t))Qf(t)Cf(t) +v(z,)A(z)Rc(C, S), "
A(z)% + %(A(Z)Vs(X, 0.X,2,t)S) =6(z — 2(1)) Q¢ (t) S¢(t) + v(2, 1) A(z) Rs(C, S).

This system is coupled to a model of the efluent pipe consisting of convective transport equa-
tions on a half-line x > 0, where x = 0 is attached to the moving boundary z = z(t) (cf.
Figure 1). The coupling conditions between the systems are mass-preserving algebraic equa-
tions with fluxes on the z- and z-axes. The scalar functions Ve and Vg in (1) are nonlinear
velocity functions that depend on X and represent the solid and liquid phase velocity, respec-
tively. The terms with the delta function 0(z — z(t)) model the operation of the floating device
on the surface during the feed of mixture. The last term of each partial differential equation
(PDE) in (1) contains the reaction rates (local increase of mass per unit time and volume)
Rc and Rg for the solid and soluble components, respectively. All ingredients are specified in
detail in Chapter 1. The model equations in (1) are supplied with suitable initial conditions
and no boundary conditions are required because the nonlinear convective and diffusive fluxes
are considered to be zero at the pipes.



Related Work

SBR technology has been used for several decades and has been a subject of intense re-
search [101]. Its use for wastewater treatment is outlined in many handbooks (e.g., [30, 46, 89]).
Furthermore, it is also employed for recovery of selenium [102], radioactively labeled pharma-
ceuticals [98], nitrogen removal processes [94], pharmaceutically active compounds [106], syn-
thetic chemical components [66], swine manure slurry [87], applications in the petrochemical
industry [27], and saline wastewater treatment [5] among others.

Most of the literature on mathematical models related to SBRs focus on ordinary differential
equations (ODEs) that model the reactions using established models of activated sludge [53,
63, 74, 88]. Other studies are dedicated to solving optimization and control problems [54, 76,
96, 97, 103], and to the developing of statistical methods [81, 82]. Less attention has been
paid to sedimentation in an SBR during which reactions occur. Models of reactive settling in
continuously operating SSTs based on PDEs are presented in [12, 13, 23| (see also references
cited in these papers). The Biirger-Diehl model for non-reactive settling in cylindrical vessels
is introduced in [20, 24], and the extension to vessels with variable cross-section area can be
found in [11]. It is important to mention that the SBR model differs from an SST model. In
an SBR, Q.(t), Q¢(t) and Q.(t) are independently given control functions that give rise to a
moving surface, whereas in an SST, only two of them are known and the third, often Q.(¢), is
defined by the other two and possibly by volume-changing reactions in the tank [24].

Models for SBRs with reactions during all stages, including the settle, have rarely been
proposed in the literature. ODEs are used for reactions outside the settle stage, which is either
not included in the analysis (e.g., [10, 32|), or is assumed to occur during a fixed time interval
without any reaction (e.g., [L00, 103]), or is modeled without the well-known nonlinear behavior
of sedimentation; e.g., [67]. Chauvon et al. [29] use the sedimentation-compression PDEs model
by Biirger et al. |26] with constitutive functions by DeClercq [36] for the settling stage. They
simulate the reaction-sedimentation process during the sedimentation stage avoiding modeling
the moving boundary. Models of reactive settling in continuously operating SSTs based on
PDEs and their respective numerical approximations are presented in [12, 13, 23|. However,
none of these models include a moving boundary, which is the main problem addressed in
Chapters 1, 2 and 4.

The location of the moving boundary is not an unknown, so the problem is different from,
for example, Stefan-type problems. The present type of problem, where the moving boundary
is known, and a Cartesian space grid is used for the numerical scheme, is common in two or
three dimensions and several types of “built-in” boundary methods have been developed. See
in [8], where the authors provide a review with references to different types of approaches,
some of which are non-conservative, while conservative methods include ‘cell cutting’, ‘flow
redistribution’ and ‘cell merging’ techniques. The main idea of conservative techniques is to
use standard numerical fluxes for the cartesian mesh of the problem at hand, and to adjust these



fluxes carefully near the boundary using detailed information on the geometry of the cutting
cell and its velocity. This is precisely what we do in Chapter 2 for the SBR problem, where
the “standard” fluxes are those of the presented numerical scheme [12] when there is no moving
boundary. An additional challenge in the model formulation of SBRs and in the derivation
of an appropriate numerical scheme involves addressing the source/sink that is placed on the
moving boundary. Although in normal operation only liquid is extracted through the pipe in
the extraction phase, the model and numerical scheme proposed here are able to handle any
concentration at the surface of the mixture.

The moving-boundary problem (1) has a connected semi-axis with mass-preserving non-linear
transport equations and coupling conditions that do not define the coupling concentrations
uniquely. This non-uniqueness problem already arises for a scalar conservation law with dis-
continuous flux (fixed boundary), which has been extensively investigated [1, 7, 42, 56, 71, 72];
in particular, in the context of continuous sedimentation [11, 26, 28, 43, 44] where a monotone
numerical scheme properly approximates the physically relevant solutions [26]. Specifically, for
the nonlinear PDEs systems presented here, the existence and uniqueness of entropy solutions
has not yet been established; the existence of solutions is obtained by proving the convergence
of numerical solutions obtained by a monotone scheme.

One-dimensional simulation models based on numerical schemes for PDEs governing non-
reactive continuous sedimentation in wastewater treatment and water reclamation facilities
(WRRFs) have been studied extensively, see, for example, [6, 26, 28, 37, 39, 43]. Non-reactive
models that address the vessel geometry as a function of varying cross-sectional area include
those of [11, 28, 44]. The relevance of studying the reactions occurring in SSTs has been raised
by numerous authors |3, 50, 53, 55, 57, 59, 63, 74, 77, 83, 88, 95].

Motivated by the results of [77, 78] and their experimental data, which are also gratefully
used in this thesis. Kirim [77] expands the so-called Biirger-Diehl model [20, 24| to include
the activated sludge model no. 1 (ASM1) biokinetic [63] and an SST with a variable cross-
sectional area. In Chapter 3, the model of [12] is described, which can be stated as a system
of convection-diffusion-reaction PDEs where the unknowns are the particulate and dissolved
components of the ASM1. The simultaneous identification of the hindered settling velocity and
compression functions from experimental data of non-reactive settling, and the elimination of
the induction period have been studied by [36, 45, 105]. More elaborate methods for measuring
the concentration of solid particles in the whole tank are presented by [38, 52, 84].

The model presented in this thesis (1) considers the movement of the boundary due to the
volumetric flows in the SBR stages. A conservative and positivity-preserving numerical scheme
developed on a fixed mesh grid was introduced in [16]. The scheme of [16] employs careful
mass distributions in cells near the moving boundary to ensure the conservation of mass. The
trajectory of Z(t) is given, and not part of the solution of the problem, so the governing PDE
model (1) is a moving boundary problem, but not a free boundary problem. Nevertheless,
extensions of the SBR model to a free boundary problem are conceivable. Finally, we mention



that the formulation and partial analysis of the semi-implicit scheme presented in Chapter 4 is
based on analyses of schemes of that type for degenerate parabolic PDE in [19, 48|.

Organization of this thesis

The present research work is organized as follows:

In Chapter 1, the governing equations for a reactive settling model in sequencing batch reactors
used in wastewater treatment plants are introduced. Modeling an SBR involves a system of
strongly degenerate one-dimensional convection-diffusion-reaction parabolic equations. This
system is coupled by mass conservation conditions to transport equations on a half-line, whose
origin is located on a moving boundary and which model the efluent conduit. Numerical
simulations illustrate the simplified denitrification process in the absence of oxygen and are
obtained using the numerical method developed in Chapter 2.

The contents of Chapter 1 correspond to the article [15]:

e R. BURGER, J. CAREAGA, S. DIEHL, AND R. PINEDA, A moving-boundary model of re-

active settling in wastewater treatment. part 1: Governing equations, Appl. Math. Model.,
106 (2022), pp. 390-401.

In Chapter 2, a numerical scheme is developed for the governing equations modeling the SBR
process, presented in Chapter 1. A monotone explicit numerical scheme is formulated to ap-
proximate the solutions, and it is proven that this scheme satisfies an invariant region property,
implying that the concentrations of solids and substrates maintain non-negative values. This
approach ensures the stability and accuracy of the numerical solutions. Simulations using the
ASMT1 are presented. Additionally, simulations of efluent concentrations for different compu-
tational cell numbers are shown.

The contents of Chapter 2 correspond to the article [16]:

e R. BURGER, J. CAREAGA, S. DIEHL, AND R. PINEDA, A moving-boundary model of
reactive settling in wastewater treatment. part 2: Numerical scheme, Appl. Math. Model.,

111 (2022), pp. 247-269.

In Chapter 3, a reactive settling model for SSTs is fitted to experimental data obtained from a
pilot plant with a variable cross-sectional area. The model proposed in reference [12] is used,
including hydrodynamic dispersion terms for flocculated particles in suspension and dissolved
substrates in the fluid, as well as a term modeling the mixing of the suspension near the feed
inlet. For the reactions, the ASM1 model with standard coefficients adjusted to the pilot plant
temperature is used. Finally, simulations for one of the steady-state scenarios are presented.

The contents of Chapter 3 correspond to the article [17]:



e R. BURGER, J. CAREAGA, S. DIEHL, AND R. PINEDA, A model of reactive settling

of activated sludge: Comparison with experimental data, Chem. Eng. Sci., 267 (2023),
p. 118244,

In Chapter 4, the model presented in Chapter 1 is reformulated using a spatial transforma-
tion into a fixed domain problem. In addition, two alternative numerical schemes to the one
described in Chapter 2 are introduced. The model is discretized using a monotone explicit
scheme together with an alternative semi-implicit variant. It is shown that the semi-implicit
scheme is well-posed and that both variants generate approximations that satisfy an invariant
region principle, which is achieved under a Courant-Friedrichs-Lewy (CFL) condition that is
less restrictive for the semi-implicit scheme than for the explicit one. Finally, numerical ex-
amples with realistic parameters are presented to illustrate that, as one of the outcomes, the
semi-implicit variant is more efficient than the explicit scheme.

The contents of Chapter 4 correspond to the following submitted manuscript [14]:

e R. BURGER, J. CAREACA, S. DIEHL, AND R. PINEDA, Numerical schemes for a mouving-
boundary convection-diffusion-reaction model of sequencing batch reactors. Preprint 2023—
11, Centro de Investigacion en Ingenieria Matemética (CT*MA), Universidad de Concep-
cion, Chile.

In Table 1, the models used in this thesis are summarized, including those related to SBR and
SST, as well as the biokinetic processes employed and their respective numerical methods. The
“SBR2” method refers to the one described in [16].

Table 1: Summary of the structure and contents of the doctoral thesis

Chapter Pr0§ess Biokinetic Numerical method
design model
1 [15] SBR Denitrification “SBR2” (fixed mesh size)
2 [16] SBR ASMI1 (without alkalinity) “SBR2” (fixed mesh size)
317] SST ASM1 (complete) MOL formulation [12]
4 [14] SBR ASM1 (modified) Explicit &  semi-implicit

methods, variable mesh size




Introduccion

Motivacion

La escasez de agua es un problema que afecta a mas del 40 por ciento de la poblaciéon mundial.
Como resultado, es probable que la situaciéon empeore a medida que la poblaciéon mundial con-
tinué aumentando. Por esta razon, la Asamblea General de la Organizacion de las Naciones
Unidas adopt6 en 2015 la llamada Agenda 2030 para el Desarrollo Sostenible, que establece
17 Objetivos de Desarrollo Sostenible que abarcan los &mbitos econémicos, social y ambien-
tal |91]. Esta investigacion tiene como objetivo contribuir al tema ambiental. Especificamente,
el Objetivo de Desarrollo Sostenibles Nro. 6 [92] se refiere a “Garantizar la disponibilidad y
gestion sostenible del agua y el saneamiento para todos”, y una de sus metas es mejorar la
calidad del agua reduciendo a la mitad la contaminaciéon de las aguas residuales no tratadas,
lo que implica una disminucién significativa de la contaminaciéon en los cuerpos hidricos. La
implementacion de estrategias matemaéticas y técnicas de ingenieria en el tratamiento de aguas
residuales puede ser esencial para alcanzar este objetivo, contribuyendo asi al bienestar general
y al desarrollo sostenible de las comunidades. En este sentido, la contribucion de esta tesis
doctoral es proporcionar simuladores computacionales confiables para el tratamiento de aguas
residuales.

En una planta de tratamientos biologicos de aguas residuales, el proceso de lodos activados
(ASP, por sus siglas en inglés) es la tecnologia mas utilizada para la eliminacion biologica de
nutrientes y la reducciéon de la materia organica. Un componente clave en este proceso es
la sedimentacion reactiva, que consta de una fase solida y liquida, cada una compuesta por
varios componentes. La fase solida contiene componentes solidos particulados (bacterias; lodos
activados), que pueden ser compuestos organicos e inorganicos. La fase liquida est4 compuesta
de agua, que contiene sustratos (nutrientes) diluidos en el agua.

La sedimentacion reactiva combina la sedimentacion de pequenas particulas solidas que estan
inmersas en un fluido (compuestos por sustratos y agua) y la ocurrencia simultanea de reacciones
biologicas entre los componentes de ambas fases. Una parte significativa de las reacciones
biolégicas en el proceso de lodos activados para el tratamiento de aguas residuales tiene lugar
en los tanques de sedimentacion secundarios (SSTs, por sus siglas en inglés) que siguen a los
reactores biologicos en una planta de tratamiento. Estas reacciones también ocurren en reactores



por lotes secuenciales (SBRs, por sus siglas en inglés) durante la etapa de sedimentaciéon. Por
lo tanto, es de interés desarrollar los llamados modelos de sedimentacion reactiva que describen
las reacciones biolégicas que tienen lugar en el manto de lodo del sedimentador.

Un SBR es un tanque (con un area de seccion transversal posiblemente variable) utilizado
para el tratamiento de aguas residuales (por ejemplo, [30, 46, 89]). Este sistema tiene una
salida controlada en el fondo y un dispositivo flotante en la superficie de la mezcla que permite
el llenado o la extraccion controlada de la mezcla (véase la Figura 3). La operacion de un
SBR. es por lotes en una secuencia de ciclos de llenado, reaccion, sedimentacion, extraccion
e inactividad (véase la Figura 4). La mezcla consiste en particulas de biomasa floculada con
varios componentes que reaccionan con los sustratos disueltos en el liquido. Uno de los objetivos
del SBR es cuantificar y eliminar los sustratos de la fase liquida.

El proceso de un SBR funciona de la siguiente manera: Inicialmente, se llena el tanque
con aguas residuales con una tasa de flujo volumétrico Q¢(t) > 0 y concentraciones de ali-
mentacion Ct(t), S¢(t) de particulas solidas y sustratos, respectivamente, lo que provoca que
la superficie de la mezcla aumente. Después del llenado, tiene lugar las reacciones; durante
esta etapa, las reacciones biologicas ocurren bajo una mezcla completa mediante un impulsor
o por aireacién para homogeneizar la mezcla. Se espera un intervalo de tiempo para que las
reacciones bioquimicas puedan ocurrir. A continuacion, sucede la etapa de sedimentacion, en la
que los sedimentos se asientan y forman una capa de lodo. Luego se extrae el liquido clarificado
y, al mismo tiempo, se baja la superficie de la mezcla. Finalmente, el sistema se deja inactivo
y se elimina parte del lodo a través de la salida controlada en la parte inferior del tanque. De
este manera, el tanque queda preparado para recibir otro ciclo operacional.

En esta investigacion, se desarrolla un modelo matemaético y esquemas numéricos para la
sedimentacion reactiva multicomponente de particulas floculadas en SBRs, como se detalla
en Capitulos 1, 2 y 4. FEl modelo gobernante consta de las siguientes suposiciones y vari-
ables. Sea A(z) el area de la seccion transversal del tanque que puede depender de la pro-
fundidad z, donde la parte superior del tanque estd en z = 0 y el fondo estda en z = B.
La funcién caracteristica v es igual a uno en el interior de la mezcla y cero en caso con-
trario, es decir, 7(z,t) = X{z4)<:<B}, donde x; es la funcion indicatriz que es igual a uno
si y solo si I es verdadero, z = Z(t) es la posicién de la superficie de la mezcla y ¢ es el
tiempo. Las incognitas son los vectores C = C(z,t) = (CW, ..., C*))T de concentraciones
de solidas y S = S(z,t) = (SW, ..., S*s)T concentraciones de componentes solubles. Es-
tos vectores constituyen los componentes de la fase solida y liquida, respectivamente. Con
X = X(z,t) = c(CHY(z,t) +---+ C%)(z,t)), donde c es un factor de conversion. El pro-
ceso de sedimentacion reactiva puede ser modelado por el siguiente sistema de ecuaciones de
conveccion-difusion-reaccion, donde ¢ > 0 y por z € R:

A(z)aa—f + %(A(Z)VC(X, 9.X,2,t)C) = 6(z — 2(1)) Qs (t)Cs(t) + v(z,t)A(z) Rec(C, S), o)
A(z)% + %(A(z)vs(x, 0.X,2,t)S) = 6(z — 2(1)) Q¢ (t) S¢(t) + v(2, 1) A(z) Rs(C, S).
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Figure 3: Ilustracion de un SBR en las dos etapas que implican el flujo a través de la tuberia:
(izquierda) alimentacion y (derecha) extraccion. El limite Z se mueve hacia arriba en el tiempo ¢
cuando Z'(t) < 0 y hacia abajo cuando Z'(t) > 0, y Tt y 7. son los intervalos de tiempo de
alimentacion y extraccion, respectivamente.
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Figure 4: Esquema de las cinco etapas de un SBR. Las flechas rojas muestran el movimiento

de la frontera o del nivel de sedimentos durante cada etapa. Las flechas negras muestran la

direccion de los flujos Q; (alimentacion), Q. (extraccion) y @, (flujo inferior).

Este sistema esta acoplado a un modelo de tuberia de efluente que consiste en ecuaciones de
transporte convectivo en una semirrecta x > 0, donde x = 0 estd conectado a la frontera
movil z = Z(t) (véase la Figura 3). Las condiciones de acoplamiento entre los sistemas son
ecuaciones algebraicas conservadoras de masa con flujos en los ejes z y x. Las funciones escalares
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Ve v Vs en (2) son funciones de velocidad no lineales que dependen de X y representan la
velocidad de la fase solida y liquida, respectivamente. Los términos con la funcion delta 6(z —
Z(t)) modelan el funcionamiento del dispositivo flotante en la superficie durante la alimentacion
de la mezcla. El ultimo término de cada ecuacion diferencial parcial (EDP) en (2) contiene las
tasas de reaccion (aumento local de masa por unidad de tiempo y volumen) Rc y Rg para
los componentes solidos y solubles, respectivamente. Todos los ingredientes se especifican en
detalle en el Capitulo 1. Las ecuaciones del modelo en (2) se proporcionan con condiciones
iniciales adecuadas y no se requieren condiciones de frontera porque los flujos convectivos y
difusivos no lineales se consideran cero en las tuberias.

Trabajo relacionado

La tecnologia SBR se utiliza desde hace varias décadas y ha sido tema de intensa investi-
gacion [101]. Su uso para el tratamiento de aguas residuales se describe en muchos manuales (por
ejemplo, [30, 46, 89]). Ademaés, también se emplea para la recuperacion de selenio [102], pro-
ductos farmacéuticos marcados radiactivamente [98], procesos de eliminacion de nitrogeno [94],
compuestos farmacéuticamente activos [106|, componentes quimicos sintéticos [66], purines de
cerdo [87], aplicaciones en la industria petroquimica [27], y tratamiento de aguas residuales
salinas [5] entre otros.

La mayor parte de la literatura sobre modelos matematicos relacionados con los SBRs se
centran en ecuaciones diferenciales ordinarias (EDOs) que modelan las reacciones utilizando
modelos establecidos de lodos activados [53, 63, 74, 88]. Otros estudios se dedican a resolver
problemas de optimizacion y control [54, 76, 96, 97, 103], y al desarrollo de métodos estadisti-
cos |81, 82]. Se ha prestado menos atencion a la sedimentacion en un SBR durante la cual se
producen reacciones. Los modelos de sedimentacion reactiva en SST de funcionamiento con-
tinuo basados en EDPs se presentan en [12, 13, 23] (ver también las referencias citadas en estos
trabajos). El modelo de Biirger-Diehl para la sedimentacion no reactiva en recipientes cilindri-
cos se introduce en |20, 24|, y la extension a recipientes con area de seccion transversal variable
puede encontrarse en [11]. Es importante mencionar que el modelo SBR difiere de un modelo
SST. En un SBR, Q.(t), Q¢(t) y Qc(t) son funciones de control dadas independientemente que
dan lugar a una superficie movil, mientras que en un SST, solo se conocen dos de ellas y la
tercera, a menudo Q.(t), viene definida por las otras dos y posiblemente por reacciones que
cambian de volumen en el tanque [24].

Los modelos para SBRs con reacciones durante todas las etapas, incluida la sedimentacion,
rara vez se han propuesto en la literatura. Se utilizan EDOs para las reacciones fuera de la
etapa de sedimentacion, que no se incluye en el anélisis (por ejemplo, [10, 32]), o se supone
que ocurre durante un intervalo de tiempo fijo sin ninguna reaccion (por ejemplo, [100, 103]),
o se modela sin el comportamiento no lineal de sedimentacion; por ejemplo, [67]. Chauvon et
al. [29] emplean el modelo de sedimentacion-compresion por EDPs de de Biirger et al. [26] con
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funciones constitutivas de DeClercq [36] para la etapa de sedimentacion. Simulan el proceso de
reaccidon-sedimentacion durante la etapa de sedimentacion evitando modelar la frontera movil.
Los modelos de sedimentacion reactiva en SSTs de funcionamiento continuo basados en EDPs
y sus respectivas aproximaciones numéricas se presentan en [12, 13, 23]. Sin embargo, ninguno
de estos modelos incluye una frontera movil, que es el principal problema abordado en los
Capitulos 1, 2 y 4.

La ubicacion de la frontera movil no es desconocida, por lo que el problema es diferente
de, por ejemplo, los problemas de tipo Stefan. EI presente tipo de problema, en el que se
conoce la frontera movil y se utiliza una malla espacial cartesiana para el esquema numeérico,
es comin en dos o tres dimensiones y se han desarrollado varios tipos de métodos de frontera
“Incorporada”. Véase en 8|, donde los autores proporcionan una revisién con referencias a
diferentes tipos de enfoques, algunos de los cuales no son conservadores, mientras que los
métodos conservadores incluyen técnicas de ‘corte de celdas’, ‘redistribucion de flujos’ y ‘fusion
de celdas’. La idea principal de las técnicas conservadoras es usar flujos numeéricos estandar para
la malla cartesiana del problema en cuestion, y ajustar estos flujos cuidadosamente cerca de la
frontera utilizando informacion detallada sobre la geometria de la celda de corte y su velocidad.
Esto es precisamente lo que hacemos en el Capitulo 2 para el problema del SBR, donde los flujos
“estandar” son los del esquema numérico presentado [12] cuando no hay frontera movil. Un reto
adicional en la formulacién del modelo de SBRs y en la derivacion de un esquema numérico
apropiado implica abordar la fuente/sumidero que se sitia en la frontera movil. Aunque en
funcionamiento normal solo se extrae liquido a través de la tuberia en la fase de extraccion, el
modelo y el esquema numérico propuesto aqui son capaces de manejar cualquier concentraciéon
en la superficie de la mezcla.

El problema de frontera movil (2) tiene un semieje conectado con ecuaciones de transporte no
lineales que preservan la masa y condiciones de acoplamiento que no definen univocamente las
concentraciones de acoplamiento. Este problema de no unicidad ya se plantea para una ley de
conservacion escalar con flujo discontinuo (frontera fija), que ha sido ampliamente investigado |1,
7,42, 56, 71, 72]; en particular, en el contexto de la sedimentacion continua [11, 26, 28, 43, 44|
donde un esquema numérico monoétono aproxima adecuadamente las soluciones fisicamente
relevantes [26]. Especificamente, para los sistemas de EDPs no lineales aqui presentados, atin no
se ha establecido la existencia y unicidad de soluciones de entropia; la existencia de soluciones
se obtiene probando la convergencia de las soluciones numéricas obtenidas por un esquema
mondtono.

Los modelos de simulacién unidimensionales basados en esquemas numeéricos para las EDPs
que gobiernan la sedimentacién continua no reactiva en instalaciones de tratamiento de aguas
residuales y recuperacion de recursos hidricos (WRRF, por sus siglas en inglés) se han estudiado
ampliamente, véase, por ejemplo, [6, 26, 28, 37, 39, 43]. Los modelos no reactivos que abordan
la geometria del recipiente en funciéon de la variacion del area de la seccion transversal incluyen
los de |11, 28, 44]. La relevancia de estudiar las reacciones que ocurren en los SST ha sido
planteada por numerosos autores |3, 50, 53, 55, 57, 59, 63, 74, 77, 83, 88, 95].
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Motivados por los resultados de [77, 78] y en sus datos experimentales, que también se utilizan
con gratitud en esta tesis. Kirim [77] amplia el llamado modelo de Biirger-Diehl [20, 24| para
incluir el modelo de lodos activados no. 1 (ASM1) biocinético [63] y un SST con area de seccion
transversal variable. En el Capitulo 3, se describe el modelo de [12], que puede enunciarse como
un sistema de EDPs de conveccidon-difusion-reaccion donde las incognitas son los componentes
particulados y disueltos del ASM1. La identificacion simultianea de las funciones de velocidad de
sedimentacion-obstaculizada y de compresion a partir de datos experimentales de sedimentacion
no reactiva, y la eliminacién del periodo de induccion han sido estudiadas por [36, 45, 105].
Métodos mas elaborados para medir la concentracién de particulas solidas en todo el tanque
son presentados por 38, 52, 84].

El modelo presentado en esta tesis (2) considera el movimiento de la frontera debido a los
flujos volumétricos en las etapas del SBR. En [16] se introdujo un esquema numérico conserva-
tivo y que preserva la positividad desarrollado sobre una malla fija. El esquema de [16] emplea
cuidadosas distribuciones de masa en las celdas cercanas a la frontera mévil para garantizar la
conservacion de la masa. La trayectoria de Z(t) estd dada y no forma parte de la soluciéon del
problema, por lo que el modelo EDP gobernante (2) es un problema de frontera mévil, pero no
un problema de frontera libre. Sin embargo, las extensiones del modelo SBR a un problema de
frontera libre son concebibles. Finalmente, mencionamos que la formulaciéon y andlisis parcial
del esquema semi-implicito presentado en el Capitulo 4 se basa en los analisis de tales esquemas
de ese tipo para EDP parabolicas degeneradas en [19, 48].

Organizacion de esta tesis

El presente trabajo de investigacion esta organizado de la siguiente manera:

En el Capitulo 1, se introducen las ecuaciones gobernantes para un modelo de sedimentacion
reactiva en reactores por lotes secuenciales utilizados en plantas de tratamiento de aguas resid-
uales. El modelado de un SBR implica un sistema de ecuaciones parabdlicas unidimensionales
fuertemente degeneradas de conveccion-difusion-reaccion. Este sistema estd acoplado medi-
ante condiciones de conservacion de masa a ecuaciones de transporte en una semirrecta, cuyo
origen se encuentra en una frontera moévil y que modelan el conducto del efluente. Las simu-
laciones numéricas ilustran el proceso simplificado de desnitrificacion en ausencia de oxigeno y
se obtienen utilizando el método numérico desarrollado en el Capitulo 2.

Los contenidos del Capitulo 1 corresponden al articulo [15]:
e R. BURGER, J. CAREAGA, S. DIEHL, AND R. PINEDA, A moving-boundary model of re-
active settling in wastewater treatment. part 1: Governing equations, Appl. Math. Model.,

106 (2022), pp. 390-401.

En el Capitulo 2, se desarrolla un esquema numérico para las ecuaciones gobernantes que
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modelan el proceso del SBR, presentadas en el Capitulo 1. Se formula un esquema numérico
explicito monétono para aproximar las soluciones, y se demuestra que este esquema satisface
una propiedad de region invariante, lo que implica que las concentraciones de solidos y sus-
tratos mantienen valores no negativos. Este enfoque garantiza la estabilidad y precision de las
soluciones numéricas. Se presentan simulaciones usando el ASM1. Ademés, se muestran simu-
laciones de las concentraciones de efluentes para diferentes ntimeros de celdas computacionales.

Los contenidos del Capitulo 2 corresponden al articulo [16]:

e R. BURGER, J. CAREAGA, S. DIEHL, AND R. PINEDA, A moving-boundary model of

reactive settling in wastewater treatment. part 2: Numerical scheme, Appl. Math. Model.,
111 (2022), pp. 247-269.

En el Capitulo 3, se ajusta un modelo de sedimentacion reactiva para SST a datos experi-
mentales obtenidos en una planta piloto con un area de seccion transversal variable. Se utiliza
el modelo propuesto en la referencia [12], incluyendo términos de dispersion hidrodinamica para
particulas floculadas en suspension y sustratos disueltos en el fluido, asi como un término que
modela la mezcla de la suspension cerca de la entrada de alimentacion. Para las reacciones, se
usa el modelo ASM1 con coeficientes estandar ajustados a la temperatura de la planta piloto.
Finalmente, se presentan las simulaciones para uno de los escenarios en estado estacionario.

Los contenidos del Capitulo 3 corresponden al articulo [17]:

e R. BURGER, J. CAREAGA, S. DIEHL, AND R. PINEDA, A model of reactive settling

of activated sludge: Comparison with experimental data, Chem. Eng. Sci., 267 (2023),
p. 118244,

En el Capitulo 4, el modelo presentado en el Capitulo 1 se reformula utilizando una transforma-
cién espacial en un problema de dominio fijo. Ademas, se introducen dos esquemas numéricos
alternativos al descrito en el Capitulo 2. El modelo se discretiza utilizando un esquema explic-
ito mondtono junto con una variante semi-implicita alternativa. Se demuestra que el esquema
semi-implicito esta bien planteado y que ambas variantes generan aproximaciones que satisfacen
un principio de regiéon invariante, lo que se consigue bajo una condicion de Courant-Friedrichs-
Lewy (CFL) que es menos restrictiva para el esquema semi-implicito que para el explicito.
Finalmente, se presentan ejemplos numéricos con pardmetros realistas para ilustrar que, como
uno de los resultados, la variante semi-implicita es més eficiente que el esquema explicito.

Los contenidos del Capitulo 4 corresponden al siguiente manuscrito sometido [14]:

e R. BURGER, J. CAREAGA, S. DIEHL, AND R. PINEDA, Numerical schemes for a moving-
boundary convection-diffusion-reaction model of sequencing batch reactors. Preprint 2023~
11, Centro de Investigacion en Ingenieria Matematica (CI*MA), Universidad de Concep-
cion, Chile.
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En la Tabla 2 se resumen los modelos utilizados en esta tesis, tanto los relacionados con SBR
como con SST, ademas de los procesos biocinéticos empleados y sus respectivos métodos numéri-
cos. El método “SBR2” hace referencia al descrito en [16].

Table 2: Resumen de la estructura y los contenidos de la tesis doctoral

Diseno Modelo

Capitulo . Método numérico
de proceso biocinético
1 [15] SBR Desnitrificacion “SBR2” (malla de tamanio fijo)
2 [16] SBR ASM1 (sin alcalinidad) “SBR2” (malla de tamafio fijo)
317] SST ASM1 (completo) Formulacion MOL [12]
4 [14] SBR ASMI1 (modificado) ~ Métodos explicito &  semi-

implicito, malla de tamano
variable




CHAPTER 1

A moving-boundary model of reactive settling in
wastewater treatment. Part 1: Governing equations

1.1 Introduction

1.1.1 Scope

The purpose of Chapter 1 is to derive the governing equations for a reactive settling model
of the SBR commonly used for wastewater treatment, where batch operations of reactions
and sedimentation are applied in sequence in time, with fill and draw (extraction) operations
between or during these stages. We present simulations when the reaction terms model a
simplified denitrification process in wastewater treatment that occurs in the absence of oxygen.
The main difficulties for the analysis of the entire PDE model arise partly from the presence of
a moving boundary where both a source is located and a half-line model attached, and partly
from strong type degeneracy; the function D is zero for X-values on an interval of positive
length. The simulations are made with a new positivity-preserving numerical scheme that
handles these difficulties and is presented in Chapter 2. The full PDE model is specified in
Section 1.2. During the react stage of an SBR, full mixing occurs and the system of PDEs (1.29)
reduces to a system of ODEs.

We present a one-dimensional model of reactive settling in a tank (with a possibly varying
cross-sectional area). At the bottom, the tank has a controlled outlet. At the surface of the
mixture, a floating device allows for controlled fill or extraction of mixture.

1.1.2 Outline of the chapter

The remainder of this chapter is organized as follows. In Section 1.2, the mathematical
model is presented, beginning with general assumptions in Section 1.2.1 and continuing with a
description of the local balance law for all components, as well as the description of the moving

16
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Figure 1.1: Components of the liquid and solid phases in the denitrification examples in Sec-
tion 1.4

boundary and the modeling of the extraction pipe in Section 1.2.2. Then in Section 1.2.3 the
relative velocity of solids and fluids is described, given by constitutive assumptions for hindered
and compressive settling, taking into account the local concentration X and its spatial derivative
0.X. In Section 1.2.4, we outline the derivation of the governing equations (1.29) from the
conservation of mass equations of the solid and the fluid. Section 1.3 presents the derivation of
the full mixing ODE model. In Section 1.4, two examples of simulations with tanks of constant
and variable cross-sectional area presented in Sections 1.4.1 to 1.4.2 respectively. In particular,
the extreme cases of filling and extraction are demonstrated in Example 1.2 of Section 1.4.2,
demonstrating the model’s ability to handle such situations.

1.2 Derivation of the model of reactive settling

1.2.1 Preliminaries

The solid phase consists of flocculated particles of ke types with concentrations CV, ... C'ke).
The components of the liquid phase are water of concentration W and kg dissolved substrates of
concentrations S ... S*s) (cf. Figure 1.1). The total concentrations of solids X and liquid L
are

X = C’(l)_}_..._‘_C’(kC)7 L;:W_|_S(1)_|_..._‘_S(k5)‘ (1_1)

All these concentrations depend on z and ¢, and our notation is the same as in |12].

For computational purposes, we define a maximal concentration X of solids and assume that
the density of all solids is the same, namely px > X. Similarly, we assume that the liquid phase
has density p;, < px, typically the density of water. The reaction terms for all components are
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collected in the vectors of the form
Rc(C, S) :acr(C, S), Rs(C, S) :0'57'(0, S), (12)

which model the increase of solid and soluble components, respectively, where oc and og are
constant stoichiometric matrices and r(C,S) > 0 is a vector of non-negative reaction rates,
which are assumed to be bounded and Lipschitz continuous functions. We set

Re(C,S):=RY(C,8)+---+ R (C,9)
(analogously for Rg(C, S)). The water concentration W is not active in any reaction.

The matrices o¢c and os and the vector r are given by expressions that represent a slightly
modified version of the activated sludge model no. 1, usually abbreviated ‘ASM1’ in wastewater
engineering. The model was the first comprehensive activated sludge model developed by a
task group of the International Water Association (IWA) (see [62]). The model describes the
principal biochemical reactions that occur within the activated sludge process, which is the most
widespread technology for the secondary treatment of municipal wastewater and, as commented
in [86], constitutes ‘the heart’ of many wastewater treatment plants. Later versions, known as
ASM2, ASM2d and ASM3, account for additional reactions such as fermentation and chemical
or biological phosphorus removal (not considered in the present research ). Commercial software
packages that include these models are used commonly by wastewater process design engineers
for the process design of various activated sludge system configurations [89]. In Section 2.3 of
Chapter 2, we describe the modified ASM1 model implemented in this research, along with
its variations discussed in Chapters 3 and 4, and for to [30, 86, 89] for further information on
activated sludge models.

In Chapters 2 and 4, we establish an invariant-region property for the numerical solution and
make some technical assumptions. To ensure that the numerical solution for the solids does
not exceed the maximal concentration X, we assume that

there exists an € > 0 such that Rg(C,8) =0 for all X > X —¢ (1.3)

This condition means that when the concentration is near the maximal one, biomass cannot
grow any more.

To obtain positivity of component k of the concentration vector C' (analogously for S), we
let
Iy = {leN: agf’l) < 0}, Ig, = {leN: Ug’l) >0},

denote the sets of indices [ that have negative and positive stoichiometric coefficients, respec-
tively, and assume that

if | € Ig,, then r(C, 8) = r(C, S)C™ with #¥) bounded (1.4)
Assumption (1.4) implies that
RE(C,8)| 4y =0 fork=1,... ke
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(analogously for S), which means that the system of ODEs

d /C\ (Rc(C,S) (1.5)

dt \S/) \Rs(C,S) '
has a non-negative solution if the initial data are non-negative [51]. (The system (1.5) is
autonomous with Lipschitz continuous right-hand side. Due to uniqueness, solution orbits
cannot cross each other; hence, any positive solution cannot cross the zero solution because

of (1.4).) This positivity property is carried over to the numerical splitting scheme presented
in Chapter 2.

We let vy and v, denote the velocities of the solid and liquid phases, respectively. It is
assumed that the relative velocity vx — vy =: vy = vra(X, 0, X, 2) is given by a constitutive
function of X and its spatial derivative J,.X, modeling hindered and compressive settling; see
Section 1.2.3. The reason for the dependence on the total concentration X (and its spatial
derivative) is that the particles are flocculated consisting of all solid components. All compo-
nents within a particle settle with the same velocity.

It is assumed that in the inlet and outlet pipes no reactions take place and all the components
have the same velocity. At the bottom, z = B, one can withdraw mixture at a given volume
rate Qu(t) > 0. The underflow region z > B is for simplicity modeled by setting A(z) := A(B),
where A(z) represents the cross-sectional area of the tank that may depend on depth z. We
are only interested in the underflow concentration C,(¢), which is an outcome of the model
(analogously for S,(1)).

At the surface of the mixture, z = Z(¢), we model a floating device connected to a pipe
through which one can feed the tank with given volume rate Q(t) and feed concentrations C(t)
and Sg(t); see Figure 1. This gives rise to a source term in the model equation with the fluxes
Q:(t)Ce(t) and Q¢(t)Se(t). Alternatively, this floating device allows one to extract mixture
at a given volume rate Q.(t) > 0 through the same pipe; hence, one cannot fill and extract
simultaneously.

If [0, 7] denotes the total time interval of modeling (and simulation in Section 1.4, Section 2.4,
and Section 4.6), we assume that 7' := T, U T¢, where

To:= {t € Ry : Qe(t) > 0,Q¢(t) = 0}, Ti = {t € Ry : Qu(t) = 0,Qx(t) > 0}.

Periods when there is neither extraction nor filling are for convenience included in 7. When t €
T,, we model the extraction flow in the efluent pipe by a moving coordinate system; a half
line x > 0, where z = 0 is attached to z = Z(¢). Along this half line, we denote the solids
concentration by C = C(xz,t). The effluent concentration C.(t) := é<0+7t)X{t€Te} is also a
model outcome (analogously for S.(t)).

It is convenient to define the volume fractions

¢ = X/px, ¢r = L/pr, oM = @+ O, (1.6)
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where the volume fraction of the mixture satisfies ¢\ = X{.>z()}. Below the surface, op+¢p = 1,
or equivalently, L = p(1 — X/px). The same holds for the feed concentrations. For known C
and S, (1.1) implies the water concentration

W =pr(1—X/px) — (SV + .. 4 5ks)). (1.7)

This concentration is not part of any reaction and can be computed afterwards.

The volume of the mixture is defined by

V(t):=V(z(t)), where V(z):= /B A(€)d¢ for 0 <z < B. (1.8)
The function V' is invertible since V'(z) = —A(z) < 0; in particular,
V(1) =V (2(0) (1) = —A((0) Z(0) (19)

1.2.2 Balance laws

The balance laws for all components in local form imply

%(A(Z)C) + %(A(Z)ch) =6(z—2(t))Q:Cs + (2, t)A(z)Rc, z€R, (1.10a)
%(A(z)S) + %(A(Z)ULS) =06(z—2(t))QsSt + v(2,1)A(z)Rs, =z €R. (1.10b)

This system along with v, = vx — vy, and (1.6) are k¢ + ks + 2 equations for the same number
of scalar unknowns, i.e., the components of C and S, plus vy and v;. It is coupled to the
following model of the effluent pipe with cross - area A.:

oC oC
Ae—t—' + Qea_az =0, x>0, (111&)
oS oS
ABE JiQe% =0, x>0, (1.11b)
—Q.(t)C(07,1) = A(Z(t)") (vx|ozz+ — 2’ (1) C(2(t), 1), (1.11c)

—Q.(t)S(0%,t) = A(Z(t)") (vi|smswyr — (1)) S (2(t)F

~+
N~—

(1.11d)

The coupling equations (1.11c) and (1.11d) preserve mass at the surface during extraction
periods. The purpose of (1.11) is to define the concentrations during periods of extraction
when Q.(t) > 0. For ¢ > 0 the outlet concentrations are given by
C.(t) :=C(B",1t), S.(t) := S(B*,1), (1.12)
C.(t) = é(o+,t)X{t€Te}, S.(t) := §(0+, t)X{teTe}- (1.13)

The transport PDEs (1.11a) and (1.11b) are easily solved once the boundary data (1.13) are
known, which in turn have to satisfy (1.11c¢) and (1.11d). The right-hand sides of the latter
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equations are however nonlinear functions of C'(z(¢)",t) (via vy and vy) and to obtain unique
boundary concentrations on either side of a spatial discontinuity, an additional entropy condi-
tion is needed. Our experience is, however, that correct concentrations can be obtained by a
conservative and monotone numerical method [26].

The volume-average bulk velocity is defined by ¢(2,t) := (¢pvx +dLvL)X{z>2(1)}- Since ¢y = 0
for z < z(t), we have ¢ = ¢ = 0 there. Summing all the equations of (1.10a) and (1.10b),
respectively, and using (1.1) and (1.6), we get the scalar PDEs

0 0 .
E(A(Z)p)((b) + %(A(Z)pXﬁbUX) =06(z— 2(t)) px 9:Qs + (2, 1) A(2) Re,
0 0 ~
E(A(z)pLgéL) + &(A(z)quﬁLvL) =06(z— 2(t)) pLor Qs + 7(2,t)A(2) Rs.
Dividing away the constant densities and adding the results, we get
0 0
E(A@WM) + &(A(Z)Q) = 5(2 - E(t))ﬁbM,fo +7(2, 1) A(2)R, (1.14)

where R = f‘?c/px + RS/pL, and ¢y s = 1 by definition. The first term of (1.14) is

0 0

a(A(Z)éf’M) = A(2) 3o X2y = —A(2)0 (z—2(t))2'(t).

The same procedure for the algebraic equations (1.11c) and (1.11d) (¢ € I..) yields
—Qe(t) = A(2(t)") (a(z()", 1) — 2'(1)). (1.15)

Integrating (1.14) (with or without the source term) from z € (2(t)*, B) to B, we get

A(B)q(B,t) — A(2)q(z,t) = / A(ﬁ)R(C(ﬁ,t), S(g,t)) d€ =: Qreac(2,1;C, S),

where A(B)q(B,t) = Q.(t). Hence, inside the mixture, i.e., in the interval (z(t), B), the
volume-average velocity ¢ is given by A(2)q(z,t) = Qu(t) — Qreac(2,t; C,S). In view of this
equation and ¢ = (dvx + @LvL)X{2>2(1)}, We integrate (1.14) from z = Z(t) — h to Z(t) + h and
let 0 < h — 0 to get

—A(Z(t))?(lf) + QU<t) o Qreac<z7 t; C? S)‘z:i(t) = Qf(t>7 (1'16)
where the first term can be written V'(t); see (1.9). For t € Ty, (1.15) implies

_Qe(t) = Qu(t) - Qreac(za t; Ca S)|z:2(t) + V/(t> (117)

The term Qeac Seems to be negligible in the application to wastewater treatment [23| and we
set Qreac := 0 from now on. Consequently, we define
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Then (1.16) and (1.17) can be written (with Qyeac = 0) as

ot ift e,

) <
)>0 ifteT; (1.19)

V() = Q) — Qu(t), where Q(r) = {
Qs (t
Solving this ODE and utilizing (1.8), we obtain

Zt) =V (\_/(O) —i—/o (Q(s) — Qu(s)) ds) : (1.20)
Alternatively, Z(t) can be obtained from (see (1.9))

Qu()_Q(>

#() = = (1.21)

1.2.3 Constitutive functions for hindered and compressive settling

The surface location z = Z(t) is now specified, so we may focus on the mixture in z > Z(t).
For the given functions ¢ and the relative velocity vy, we set v := (1 — @)vye1, where ¢ = X /px,
and obtain from v, = vx —vr and ¢ = (dvx + ¢LvL)X{->2(1)} the phase velocities

¢
1—=9¢
of the solid and fluid, respectively. We assume that the relative velocity v, = v/(1 — ¢) is

vx =q+ (1= =q+v and vy =q— Pvra=q— v (1.22)

given through the following commonly used expression [24, 26| for v:

v(X,0,X,2,t) = v(z,t)vns(X) (1 - p;{(i]i )8 X) =7(z,t) (vps(X) — 0.D(X)), (1.23)

where . /(X)
pxTe(X
D(X) := d(s)d d(X) = vps (X)) —=—=.
(X) / (s, d(X) = (0BT
Here Ap := px — pr, is the density difference of the flocculated particles and the liquid, g is the
acceleration of gravity, v,s = vps(X) is the hindered-settling velocity function, which is assumed
to satisfy

(1.24)

on(X) {> 0 for X €[0,X), (1.25)

=0 for X > X,
The second constitutive function is the effective solids stress o.(X), which satisfies
, =0 for X < X,
7o(X)
>0 for X > X,

where X, is a critical concentration above which the particles touch each other and form a
network that can bear a certain stress. Note that d(X) = 0 for X < X, which causes the
strongly degenerate type behavior.

The determination of these constitutive assumptions including the critical concentration X,
is a topic in itself; see e.g. [45, 104] and references therein.
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1.2.4 Model equations in final form

In [15], the mass-balance law for each component was utilized to derive a system of PDEs,
This system was then reformulated into s form more suitable for developing of a numerical
scheme, which is presented in Chapter 2. With ¢ defined by (1.18), we define and use (1.22)
and (1.23) to write the velocities

Ve :i=Ve(X,0.X, z,t) :=q(z,t) + (2, t) (vns(X) — 0.D(X)),
(vns(X) — 9.D(X)) X (1.26)

Y

Vg :=Vs(X,0.X,2,t) :=q(z,t) — vy(z,t
s = Vs( ) = q(z,t) —v(z,1) X

and then express the total mass fluxes of the balance laws (1.10) in light of (1.22):

(I)C = @C(C,X, 8ZX, Z, t) = A(Z)Vcc,
bg:=Ps(S,X,0.X,2,t) := A(2)VsS.

Then we define and rewrite the right-hand side of (1.11c) with (1.21), (1.22) and (1.23):
Doz, 1) = A(Z(t)) (vx (2(0)",8) — 2()C(2() ", ¢)
= (A=) + ml(X) = 0.D(X)) = Qu = Q.)C

— (A(Z) (00s(X) = 9-D(X)) — QE>C

=2 (1) (1.27)

=3+

Analogously, we define ®g . corresponding to (1.11d):
Pso(z,t) = A(Z()) (v ()", 8) — Z'(¢)) S(2(¢) T, 1)
_ (s (o M 0D0N )

PxX — X z=z(t)* (128)
o X (0ne(X) — 0.D(X))
= (A(Z) oy — X + Qe> S o

The final model can now be described as follows. Given the in- and outgoing volumetric
flows, one computes the surface level by (1.20) or (1.21). The concentrations C' and S are
given by the system (1.10), while the effluent and underflow concentrations are given by (1.12)
and (1.13), respectively. This can be written as

oC  0®c

AR 57 + 50 =0z = 20)QCr + (= DA()Re, 2 €R, (1.29a)
A(z)%—f + % —5(2— 2(1)) QS + 7(2, 1) A(z)Rs,  z€R, (1.29b)
Ce(t) = _@C,e(t)/Qe(t)v te Te7 (1'29C)
S.(t) = —®s.(t)/Qu(t), teT, (1.29d)
C.(t):=C(B",1), t >0, (1.29¢)
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S.(t) == S(B*,t), t>0, (1.29f)

The water concentration W can always be calculated from (1.7). No initial data are needed for
the outlet concentrations, but for the following:

C’ = (cW0 c®0 ol g0 (g0 g0 glks)0)T,

1.3 Application to sequencing batch reactors

An SBR cycle consists of five stages; see Figure 2. During some of these periods, mixing
may occur due to aeration or the movement of an impeller. For the sake of simplicity, we
ignore partial mixing and exemplify the cases of either no mixing or full mixing. The PDE
model (1.29) excludes mixing and we next derive the special case of full mixing.

1.3.1 Model during a full mixing react stage

Full mixing means that the relative velocity v, is negligible. We set v, = 0 and assume
that concentrations only depend on ¢ (below the surface). Then vy = vy, = ¢, hence,

@C = A(Z)q<z7 t)C - Qu(t>X{z>2(t)}C7 (I)S = Qu(t)X{z>2(t)}S- (130)

Integrating the PDEs (1.29a) and (1.29b) from z(¢)~ to B, one gets the governing ODEs. The
integral of the time-derivative term of (1.29a) can, by means of (1.21), be written as
B dc d [P I
——AEdE = — [ C()A)dE — (— C()A(Z(1))Z(1))
dC(t) - -
= v ) - om(@un - aw).
The spatial-derivative term of (1.29a) becomes, with (1.30),

Pd®e
[, G = e —o

The same can be done for the substrate equations and we obtain the following system of ODEs
for the homogeneous concentrations in z(t) < z < B:

—.dC

V(zf)E = (Qu(t) — Q(t))C + Q:(t)Cs(t) + V(t)Re, (1.31a)
V0% = (Qult) ~ Q(1)S + Qu(1)Si(1) + V(1) Rs, (131b)

where all the concentrations depend only on time, since they are averages (below the surface).
As before, W can be obtained afterwards from (1.7). In the region 0 < z < Z(¢) all concentra-
tions are zero. Because of (1.11c) and (1.27), we have C\(t) = C(t) and C.(t) = C(t)xpern)
(analogously for S). The system (1.31) thus models a completely stirred tank with reactions,
possibly a moving upper boundary because of in- and outflow streams.
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1.4 Numerical simulations

We employed the numerical method outline in Chapter 2 to illustrate the entire SBR process,
we adopt the denitrification model from [13|, which consists of two solid components: ordinary
heterotrophic organisms Xopo and undegradable organics Xy; and three soluble components:
nitrate Sno,, readily biodegradable substrate Ss and nitrogen Sy, (where we identify the de-
nomination of a component and the corresponding concentration variable). Thus, we utilize
C = (Xono, Xv)T and S = (Sxo,, Ss, Sx, )T, corresponding to ko = 2 and kg = 3, respectively.
Shortly described, the denitrification process converts nitrate (NO3) to nitrogen gas (N3) by a
series of reactions involving the particulate biomass. Since denitrification occurs without the
presence of oxygen, the mixing during the react stage of the SBR process is achieved by an
impeller. The reaction vectors Rc = ocr and Rg = ogr have the stoichiometric matrices and
reaction-rate vector

11 o u(S)
O'C:|: :|, g — —1/Y 1—fp s T:XOH()( >
0 fp v 0 b

Here Y = (1 —Y)/(2.86Y) where Y = 0.67 is a yield factor, b = 6.94x 1076571 is the decay rate
of heterotrophic organisms, and fp = 0.2 is the portion of these that decays to undegradable
organics. The growth rate function

. SNOs Ss
" Knos + Sno, Ks + Ss

1(S)

has the parameters fima.x = 5.56 x 1072571, Kyo, = 5 x 1071 kg/m? and Kg = 0.02kg/m3.
The first component of Rc models partly the growth of heterotrophic organisms (Xono) due
to consumption of substrates with a rate proportional to its concentration with proportionality
coefficient 1(S) and partly the decay the with coefficient b. The consumption of substrates
(SN0, Ss) is modeled by negative terms proportional to pu(.S).

The maximal total solids concentration is set to X = 30 kg/m?, a value our simulated solu-
tions never reach. The constitutive functions used in all simulations are

{0 if X < X,

vps (X)) = % oo(X) =

—, (1.32)
1+ (X/X)n

oo(X — X.) if X > X,

with vy = 1.76 x 103 m/s, X = 3.87kg/m?, n = 3.58, X, = 5kg/m? and 0y = 0.2m?/s2. Other
parameters are px = 1050kg/m3, py = 998kg/m3, g = 9.81m/s?, and B = 3m. The soluble
feed concentrations in both examples are

Se(t) = (6.00 x 1072,9.00 x 107*,0)T kg/m®. (1.33)

For visualization purposes, we do not plot zero numerical concentrations above the surface,
but fill this region with grey colour.
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1.4.1 Example 1.1: An SBR cycle

A cylindrical tank with cross-sectional area A = 400 m? is simulated during 6 h. The lengths

of the five stages are chosen primarily for illustration; see Table 1.1. The initial concentrations
are C°(2) = X°(2)(5/7,2/7)", where

X%2) =0kg/m®, 8°z) = 0kg/m?* if 2 <2.0m,
X%z) =10kg/m* 8°(z) = (6 x 107%,9 x 107*,0)T kg/m* if z > 2.0m.

Table 1.1: Example 1.1: Time functions for an SBR cycle. ‘Model’ refers to either PDE (1.29)
or ODE (1.31).

Stage Time period [h] Q¢(t)[m3/h]  Qu(t)[m3/h] Qe(t)[m3/h] Model

Fill 0<t<1 790 0 0 PDE
React 1<t<3 0 0 0 ODE
Settle 3<t<h 0 0 0 PDE
Draw 5<t<5b.b 0 0 1570 PDE
Idle hh <t <6 0 10 0 PDE

No biomass is fed to the tank; C¢(t) = 0. Figure 1.2 shows the simulation results. The
reactions converting NOs to Ny start immediately and are fast. (The downwards-pointing
peaks in the Syo, plot arise since we do not plot zero concentrations above the surface.) A
short time after the react stage has started at ¢t = 1h, all NO3 has been consumed. During this
short time period, Ss decreases slightly when there is still sufficient NOgs, but then increases
during the react stage because of the decay of heterotrophic organisms.
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¢ [h] 2] ¢ [

Figure 1.2: Example 1.1: Simulation results during 7" = 6 hours. The red lines show the
location of the surface and the region above the surface is filled with grey colour.

1.4.2 Example 1.2

We now choose a truncated cone (cf. Figure 1.3) of the same volume 1200 m? as the cylinder
of Example 1 and demonstrate what the numerical scheme can handle during extreme cases of
fill and draw when solids concentrations are positive at the surface. We use the same initial
data as in Example 1 but with 2(0) ~ 1.8429 m to obtain the same initial volume of mixture as
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axis of symmetry

5

~ 12.52m —

Figure 1.3: Example 1.2: Schematic of the truncated cone.

in Example 1. The fill and draw periods are specified in Table 1.2. The feed concentrations of
the substrates are given by (1.33) and those of the biomass by C;(t) = X¢(t)(5/7,2/7)T, where
the piecewise constant function X¢(t) follows from Table 1.2.

Table 1.2: Example 1.2. Schematic of the truncated cone and time functions for the simulation.
‘Model’ refers to either PDE (1.29) or ODE (1.31).

Time period [h] ~ X¢(t)[kg/m’]  Q¢(t)[m’/h]  Qu(t)[m®/h]  Qc(t)[m®/h] Model

0<t<1 b} 790 0 0 PDE
1<t <2 0 0 100 0 ODE
2<t<3 0 0 0 100 ODE
3<t<d b} 100 0 0 PDE
5<t<6 0 0 0 790 PDE

Figure 1.4 shows the simulated concentrations. During the first hour, there is a discontinuity
in the solids concentration X rising with a lower speed than the surface. Then full mixing
occurs during two hours and the surface is lowered because of the outlet flows at the bottom
and top. At £ = 3 h, the mixing stops and the solids settle again. During 3h < ¢ < 5h, the tank
is filled up again with solids and substrates. The solids feed concentration X; = 5kg/m? is the
same as during the first hour, but now the feed flow Q)¢ is much lower, and hence the mass flow
much lower. The result is a very low concentration X below the surface during 3h < ¢ < 5h.
Since also Xono is low, there are hardly any reactions and most of the fed NO3 remains in the
mixture above the sludge blanket of the solids. At the surface level around ¢ = 3 h, there is also
biomass present and a high production of Ny occurs. However, the sludge blanket drops and the
high concentration of Ny remains at this height until it is extracted through the effluent during
the last hour. The latter is shown in Figure 1.5, which also shows that solids are extracted.
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Figure 1.4: Example 1.2: Simulated results during 7" = 6 hours.
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%10

Xono.e(t)
w H

N
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4.8 5 5.2 5.4 5.6 5.8 6 4.8 5 5.2 5.4 5.6 5.8 6

Figure 1.5: Example 1.2: Simulated effluent concentrations, all in kg/m3, during ¢ € [4.8h, 6 h]
obtained by the discretization where the number of computational cells within the tank is 100.



CHAPTER 2

A moving-boundary model of reactive settling in
wastewater treatment. Part 2: Numerical scheme

2.1 Introduction

2.1.1 Scope

The purpose of this Chapter 2 is to present a numerical scheme that can handle the moving
boundary where both a source is located and a half-line model attached. The scheme utilizes
several of the favorable ingredients from the proven successful schemes for analogous types of
scalar equations. The numerical scheme is therefore consistent with the PDE system. Mass
conservation and non-negativity of solutions are two fundamental requirements on reliable sim-
ulators of real processes where the outputs are physical concentrations [51, 85, 90, 108]. It
is of key importance that the scheme is derived from the mass balance law of each material
component, which in particular means that the conservation of mass is ensured across the
moving boundary during the fill and draw stages. The derivation of the numerical update for-
mulas is carried out in several cases depending on the direction of movement of the boundary
and whether it stays within a numerical cell or passes the boundary to an adjacent cell. These
boundary update formulas are the novel elements of this scheme. The scheme is monotone when
the reaction terms are zero. We prove that if the scheme is used in the simple Lie-Trotter-Kato
splitting way (e.g. [64]), namely, one explicit time step is taken without reactions and another
step with reactions only, then the numerical solutions have an invariant-region property un-
der a convenient Courant-Friedrichs-Lewy (CFL) condition. In particular, concentrations are
nonnegative.

Many of the properties defined in Chapter 1 will be used in this chapter.

31
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2.1.2 Outline of the chapter

Section 2.2 contains the numerical scheme based on the one proposed in 12| but modified to
handle the moving boundary. The fully discrete and explicit scheme is presented in Section 2.2.4
and its splitting version with the CFL condition and invariant-region property is presented in
Section 2.2.5. The numerical scheme during the full mixing stage can be found in Section 2.2.6.
A pseudocode for the numerical division scheme is provided in Section 2.2.7. The modified
ASM1 for the biochemical reactions is presented in Section 2.3. In Section 2.4, we show a
numerical example of SBR operation with a constant cross-sectional area (cylindrical vessel)
and a commonly used activated sludge model for the biokinetic reactions; however, slightly
adjusted to deliver non-negative concentrations only.

2.2 Numerical scheme

In Chapter 1, Section 1.2.4, we derived the governing model from balance laws applied to
each material component, C and S, leading to a system of PDEs as shown in equation (1.29).
Building on this foundation, we now present the spatial, temporal discretization and numerical
fluxes for the numerical scheme in this section.

2.2.1 Spatial discretization and numerical fluxes

The tank is divided into N computational cells each having depth h = B/N. Assume that
the midpoint of cell j has the coordinate z;, hence, the cell is the interval [z;_1/2, 2j11/2)-
The top cell 1 is thus [21/2, 23/2] = [0,h], and the bottom location is z = zy110 = B. To
obtain the underflow concentrations, we add one cell below z = B. To obtain the extraction
concentrations, we add one cell [0, Az| of the z-coordinate system. To approximate the cell
volumes, we define the average cross-sectional areas

1 zj 1 Zj+1/2

j—1 Zj—1/2
The unknowns are approximated by functions that are piecewise constant in each cell 7, i.e.
CW(z,t) = CP(t), 2 € [zjm12 Z41p2),

which are collected in the vector C;(t). We define j(t) := [z(¢)/h], which is the smallest integer
larger than or equal to z(t)/h. Then the surface z = z(¢) is located in the surface cell j(t).
Welet v;.1/2(t) := Y(2j11/2, t) and define the approximate volume-average velocity g;11/2(t) :=

q(2j41/2,t) in accordance with (1.18) via

Aj12G5412(0) = Qut) X125}
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Using the notation ¢~ := min{a, 0} and a* := max{a, 0}, we define

‘]jc-ji-l/Q = J+1/2(X X ) = (D(Xj+1> - D(Xj))/ha

U])'il/2 ]+1/2(X Xjt1:t) = Q12 + Vir1/2 (UhS(XjJrl) - Jﬁr1/2)a
FX 1= F (X5, X, t) = (0x X) 172 = 01 o X1 + 01 10X,
q’ﬁ-l/? = Aji1y2 (Uﬁ1/2cj+1 + “j'ﬁ/zcj)>

(I)}SH/Q = Aj+1/2(

(Px i1z = Fiiy )™ (px@irije — Fiyy o)t

Sj+1+ Sj -
px — Xj px — X

For more details on these expressions, we refer to [12]. In particular, @ﬁrl& = <I>f+1/2 = 0 for

J < j(t). We denote by [A®]; := ®;;1/2 — P,_1/2 the flux difference associated with cell j. For

the single cell on the z-axis, the advective fluxes at = Ax are Q.(t)C.(t) and Q.(t)S.(t).

2.2.2 Time discretization and surface fluxes

We let T" denote the time length of the simulated process, t,, n =0,1,..., Ny, the discrete
time points and 7 := T/Np the time step that should satisfy a certain CFL condition; see
below. The value of a variable at time ¢, is denoted by an upper index, e.g., C’} and it is thus
assumed to be constant in time during ¢, <t < t,.1. The discrete surface index is defined by

g™ = j(t,) and we let 2" := z(t,). For the volumetric flows, we define the averages
1 tn+1
Qf = — Q¢ (t)dt
T Jtn

and assume for simplicity that any of the volumetric flows changes sign at most at the discrete
time points ¢,. This implies that Z(¢) is monotone on every interval [t,,t,,1]. To ensure that
the surface does not travel more than one cell width h during 7, the CFL condition has to
imply (cf. (1.21))

Toriltz?%p( )| <7 ?Eltz%%z {’Qu(tj)q(_z)Qf(t)" ’Qu(tll"(;)Qe(t)‘} < h. (2.2)

To show that the cell concentrations C?ﬂ, do not exceed the maximal one X , we also introduce
the concentration C’?n obtained when all the mass in the surface cell ;" is located below the
surface within the cell; cf. Figure 2.1 (a). The mass in the cell is

é?nAjnOénh = C%. Ajnh, where o"h:=zjn 1y — 2" (2.3)
We set X7 := C_’J(-l)’n +...+ C_’](kC)’". Integrating (1.19) from ¢, to t,y1, one obtains

V(") —v(z") = (Q" - Q). (2.4)
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Figure 2.1: Fluxes over cell boundaries shown by grey arrows and the flux at the surface with
red arrows. The surface level z = Z(¢) is drawn with a red dashed line. Plot (d) shows the

extraction pipe cell where the origin of the z-axis located on the red dashed surface z = z(¢)
in plots (d) and (e).

If the surface stays within one cell between t,, and ¢,,1; then (2.4) is equivalent to

Aj(@™ —a™h = (Q" — Q)T (2.5)

(cf. Figure 2.1 (b) and (e)). During extraction, the surface cannot rise and is thus located
somewhere in cells j™ and j" + 1 (cf. Figure 2.1 (d) and (e)). In light of (1.27) and (1.28), we
approximate the fluxes, which have to be non-positive, just below the surface in the following
way:

. § D(X™, ) N
S.n . J +1/2 n4q n niq n n
@e,;n+1/2 = <_—px —~ Xf‘] (Uhs<X3n+1) — TJ> - e) S;nﬂ. (2.7)
Jjr+1

2.2.3 Derivation of update formulas

We here derive the update formulas for C’}. Analogous formulas hold for S’ when replacing C
by S; however, with different definitions of velocities and fluxes. We first consider the cells that
lie below the surface z = z(t) at t,, and t¢,,1. Special treatment is needed for the cells near the
surface. All cells strictly above the surface have zero concentrations. Let x := 7/h.
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Cells away from the surface

Using the integrated form of the balance law on a rectangle [2;_1/2, 2j11/2] X [tn, tny1] strictly
below the surface; see the gray rectangle in Figure 2.1 (a), we get the update formula (mass
per h)

AjC’?H = A;C% + /{(—[A@C]? + hAjR"C’j),

and the analogous one for S7. For cell N 41, we get in the similar way the update formula for
the underflow concentration; see Section 2.2.4.

Cells near the surface during fill (¢ € Tt)

To obtain a monotone scheme with an invariant-region property, we determine how the mass
in the surface cell and the one below evolves; see the trapezoids in Figure 2.1. The mass per h
at t, is (we use (2.3))

n 1 nyl-
During 7, the feed source along the moving surface is QfC{, whereas the outflux is (1)507513 Jor
Thus, by the balance law on any trapezoid the mass (per h) at ¢, is

1
m,j.c;’"+ = mj(’;" + m\I’f(’}Z (2.9)

where the in- and outflux and source terms are

Cs. Sh

Cn . ~Angm Cn noA_ _ n
\Ilfjn = Qf £ - ¢3n+3/2 + h(a AJHRC( o y on ) + Ajn+1chn+1)

(the concentration in cell 5™ below the surface is C_'?n).

Case (a): Fill case j° = j"*1 — 1, Figure 2.1 (a): The surface moves downwards and crosses

n+l __ Cn+1
577,_;,_1 - mjn

Case (b): Fill case j& = j™*', Figure 2.1 (b): When the surface does not cross any cell
boundary during 7, the mass (2.9) is distributed among the two cells with respect to their

a cell boundary. All the mass ends up in one cell: Az, C

volumes (below the surface):

n+1 A=
At — @A oan
il a"tl A=, + A- Jr ’
A (2.10)
A .
A, CTF1 = ji1 Cintl
j .

gn+1 an+1A3n +Aj"+1 jn

Case (c): Fill case j* = j"" +1, Figure 2.1 (c): After the balance law is used on the purple
trapezoid, the final mass (per h) is distributed among three cells:
Oén+1A;n,1

C.n+1
Az O = ms)
g —1 in_1 1 A ~ ~ ) 9
J O{n+ Aj”—l -+ A]n + Ajn+1 J
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A=, C"H = AE" Cin+l
g in - 1A B B in )
J an+ A]’nil + A]’n + Ajn+1 J
ATn+1CZL+1 = Ajn—i_l _C’n+l
J

41 ()énJrlAEL1 + Ajn + A37l+1 i

Cells near the surface during extraction (¢ € T.)

During extraction, the surface necessarily moves downwards. The initial mass is (2.8) and
the balance law on a red trapezoid (Figures 2.1 (d) and (e)) gives m;’"ﬂ = mgn + /ﬁ\IleCj:,
where

c:, S
Cn._ $Cn Cn nA- Jgmo=gn _ n
‘I'e,in T (I)e,jnﬂ/z o (I)in+3/2 + h(o‘ AJ’"RC( am o > + AJ‘”HRCJ”H)'

Extraction case j* = j"** — 1, Figure 2.1 (d): All the mass ends up in one cell:

n+1 __ Cn+1
Cjn+1 =m;

Extraction case j° = ", Figure 2.1 (e): The surface stays in one cell and we distribute

the mass m%"“ into two cells with (2.10).

The cell in the extraction pipe

The conservation law for the cell on the x-axis gives the mass equality (Figure 2.1 (d))

AAzCPH = A A2CT 4+ 7(— QrCr — @),

e,j+1/2

where the cross-sectional area A, of the effluent pipe is of less importance, since we are only
interested in C7 and therefore may choose any Az; we set A, Az := A;h.

2.2.4 Explicit fully discrete scheme

Given data at t, and the values z"*! and j”*!, the update formulas for the particulate

concentrations are given here and we distinguish between fill and extraction. We define \; :=
k/A; = 1/(A;h) and

Af‘n
™= {t, : Q7 > 0,Qf =0}, 7" = ! :
{ f } an+1A5n + A3n+1
Af‘n
T = {t,  Qr =0,QF >0}, "= l .
f { f } Oz"+1A3n,1 + A‘}n + A3n+1

The update formulas for the top cells below the surface are different depending on whether fill
or extraction occurs.
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Update formulas for top cells during fill

If t, € TP then C"™ = 0. The numerical flux is given by (2.6) and the marching formulas
depending on each layer are computed as follows for the top cells j € {;™ — 1,57, j" + 1}:

Af'n
n+l1 _  fn n 3"+l ~n _ nem C,n

cr S A
n " J" 7"+1 pn
+ T <Oé RC ( o 5 o ) + Ain CJn_’_l))
_ fn cr A;"Jrl c” A= \IICJI

J

(analogously for S), where the coefficients wjff” are defined in the cases described in Figure 2.1
by

.oan _— sn+l _ . f»n -— f»n -— fvn -— - -
Case (a): j" =7 Lo wil ) =0, wr =0, win g = Agn [Ajna,
“no_ Tndl . ftn ftn . n+1, n+1 tm . _  ntl
Case (b): j» ="t Wiy =0, wo =t wsl =t
- - f,n . 1 1 f7n . 1 fvn . 1
Case (¢): j" =" +1: wi ) = a"tentt ws! = ot Wil = ot

Update formulas for top cells during extraction

If ¢, € T™™ then we compute the numerical fluxes with (2.7) and for the top layers j €
{j", 7™+ 1}. The formula is

J Az ejn+1/2 Jn+3/2

Cz‘ln Snn Af‘n
+T(QHRC( o an ) i jljrle’TL*l))

en n Aﬁ"-‘rl n Cn
- w‘77 (C‘;n + ]—C_"n+1 + )\jnql :

A‘; n J e

A
nt+l _  en n 7" +1 ~n B Cn C,n

(analogously for §), where the coefficients w;™ are defined in the cases described in Figure 2.1
by

. on _ sntl en . _n+l, _n+l en . __ . n+l
Case (d): j" = we, =atTt W = ,
.oon _ sntl en en _
Case (e): j" =j"" —1: w3 =0, wa g = Ajn [/ Ajn gy

The effluent concentration is given by

Cit' =Cl = M(QiC+ 900, )

e,jn+1/2
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Other concentrations

For the cells j = j"+2, ..., N, the update formula is (analogously for S), at every time point
t’ﬂ?

Ci = C% — \[A®RC]! + TRE (2.11)
Ct' = C + A (B, ) — QuCT). (2.12)

where the numerical flux is computed by (2.1). For the cells above the surface, C7*! = 0 for
j < 3" — 1. Finally, one computes

n 1)n kc),n n n 1),n ks),n
Xr=CWr ot W= (1 - X2 px) — (S8 S,

J

2.2.5 A splitting scheme and invariant-region property

It is desirable that the solution vectors U := (C, S) and U, := (C,, S.) of (1.29) stay in the
set
Q:={UcRkeths . C>0,8>0,CV ... 4 k) < X},

To ensure that 2 is an invariant set for the numerical solutions, we split the scheme in Sec-
tion 2.2.4 by taking one time step without the reaction terms and then one time step with
only the reaction terms. For a cell strictly below the surface and the solid concentrations, the
update formula (2.11) can be written

Citt = {C? — \[A®C°]"} + TRc(C}, SY)

and similarly for S7. The splitting principle is to compute the expression in the curled brackets
first and then use the result for the second step as follows:

=n+1 _ n Cin s+l an Sin

C; =Cj—\[A®™]], S, =87 - \[A®7], (2.13)

Cit =Gy +7Re(C]T, 8T, SpT =87 1 7Rs(C7TL 5. (214)

J J J J

n+1

For the cells involving the surface, the first-step-update formulas, j € {j™ — 1,5, j* + 1} are

= wj’" (Co (s f A7) Coy + X (QECE = @5 )) ity €T, (2.15)

87 = i (S + (Ajui A3 ) Sy + 5o QST = @51, ) it € TP, (2.16)
Cht = e (c" At A5 Co iy + X (@ = @) ity € T, (2.17)
S = e ( At [A3) Sy 4+ Ao (B350, ) — B5 3/2)) if ¢, € T™™. (2.18)

The second step consists in the formulas
ntl  gntl
crtt = ¢ Wy (a”RC (Can , S;’; ) + AX“RC(C'}LED Shr jl)) it t, € T,
n

(2.19)
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Cn+1 gl A
n ~n+1 fn n j jn Fn+1 “n+1 xn+l : num
S = G T(a RS< > ok ) + R (Ch, S;n+l>) if £, € T,
]n
(2.20)
. Chl SN 4 ntl
n n+1 en n n n41 n+1 n+1 . num
Cj+1 — Cj +wj T(Oé RC( T 0]4” > —+ Ajljn Rc(03n+1,53n+1)> if t, € Te ,
(2.21)
~ 1 C7_/L+1 SZL:_I A_'n mn n
St = SjJrl + Wit <oz"R5( an ;n ) + Iilfl Rs (C’:ﬁla Sj':_-il)) if t, € T
]’ﬂ
(2.22)
The time step 7 has to be bounded by the CFL condition
T maX{ﬁlaﬁmMC(l+M2)7Ms(1+M2>7M/€} <1, (CFL)

where 3; and B, depend on h, h?, the volumetric flows, and the constitutive functions by

D(X
o 5 ) 220

_ M Qlr | g XD(X)
52 o h(pX - X) ((pX - X) Amin * 2th5(0) * h )’

and where the constants are given by (here, £ represents vy, vj,, or d) (cf. (1.4))

M= sup Y |o870(C.S), €€{C,S}, M :=supRc(C,S),

ueQ, UeQ
1<k<ke 1€l
el = max [6(X)]. 1Qllr = max {|Qu(t) — Qe(®)], Qu(t) + Q(t)},
A A A
M, := max ]H/?, -1/ , My = max IS Apin '= min_Aj.
7=1,..., N A] A] 7j=1,..., N—-1 A]+1 7j=1,..., N

Theorem 2.1. Consider the numerical splitting method (2.13)-(2.21). IfU} = (C7},S}) € Q
for all j # ", Uz = (C5., S5.) € Q, UL := (C, S7) € Q and (CFL) holds, then

—n+1
ut us Ut e Q.

Theorem 2.1 is proved by the following lemmas and by the fact that (CFL) implies (2.2),
which we have used in the derivation of the scheme. Summing for fixed j all components of the
update formula (2.11) for C7*', one gets

XM= X+ N[AC]Y + TRE (2.23)

where € and Raj denote the sum of all components, respectively. Analogous considerations
lead to formulas for X" and X[+,
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For the proofs write the update formulas as

(Rntl _ (k) (em n_ on
C; =N (CFy,...,Clys, ST)

J

for one component k € {1,...,kc} (see Section 2.2.4). That formula includes the underflow
concentrations (2.12) for j = N + 1.

Lemma 2.1. Assume that U} = (C7,8%) € Q for all j # j*, U = (C5.,55.) € Q,
U, = (C-,82) € Q and (CFL) holds. If Rc =0, then

0 < X5 Xor X+ < X for all j, (2.24)
0<Cr L et < X forall g (2.25)

If Rs =0, then
Si* >0 for all j and STH! > 0. (2.26)

Proof. Proof of (2.24): We write the general update formula (2.23) as

n+l __ n n
X7 =My (X]

j—1»"

LX)

and let this include the surface concentration an. For cells away from the moving surface, we
refer to |12, Theorem 3.1| from which we also collect

X, n n Cn + Qﬁ D(X)
Ui = (@Fage + vz (0ns(X) = J70)) T < T ums(0) +
j+1/2

To show the monotonicity for the cells near the surface, we introduce some notation. As before,
we use tilde to denote the sum of all components of a vector. Formula (2.6) implies

. D(X7.,,) Q"
Cn A= X,n,— n X,n - n Jrtl
D niry = AjrarjaUoiny pXjny,  where vz, = Uns(Xo 1) — h B A"n_tl/27
J
and we set
+._ - . - =
X X{v;;’ilhzo}’ X = X{vg'(”’:l/zgo}? Xe = X{vigzﬂﬂgo}?
- ||d D(X .
v = X”—hH%—UhS(O)—l—#, vy = v+ X||ogll,

and calculate for j = j"

X,n,+ n X,n,+ n
aij/Q _ Ld(XT) aij/Q ot (o) — d(X7y)

07, d(X})
a?rj = Ajiry2 ((X_X;LH +X7X7) h] - Uﬁ?}z) < Ajrijpr + Qs
J



2.2. Numerical scheme 41

opc" d(Xm,)
+1/2 X,n,— n n +1
a)J(n+1 - Aj+1/2 (Uj+1/2 + (X X]Jrl + X+Xj) (Uhs<Xj+l> fz )) < 07
j
T C.n T C.n
8\Iff7j 0 a\Iff,j 0
0X} 4 0X;
T Cn Cn T Cn Cn
aquyj _ aq)]+3/2 > _A. —Qn 8\I[f7j _ aq)]+3/2 >0
OX7., OXn, T ItMRATRw o Gxm T ToXT |
j+1 j+1 j+2 j+2
For ease of notation, we introduce
A;
Cn . ,m j+1 ~n Cn
Tﬁj =C7 + jl] Ci,+N% . (2.27)

In the case t,, € TP™™, all the coefficients w " for TC” in (2.15) are non-negative, so it suffices
to show that the derivatives of this functlon are non-negative under (CFL):

oxg oug” . oxe" \ AL .
oxr,  YaxI, T XD, TOXi,
ore" v are™ A OWC:n
ZE >14+0>0, SRk R Wk
8XJ” + J 6X'” + 8X;-L+1 Aj + J aX;z+1
Aj my < At My [|Qllr Aj
Z j{j - )\j (Aj+3/2V1 + Qu) 2 ‘Aj 1—71 n + Aminh Z zzlj (1 - Tﬁl) 2 0.

In the case t,, € T"™, we first estimate

oPC" d(X" )
e,j+1/2 _ n +1 X,n,— n
8);71 A]+1/2 <Xe <Uhs<X]+l) li ) Xj+1 + Ue7j+1/2> 2 _Aj+1/2V2 - Qe'
Jj+1
Combining this estimate with those of the derivatives of \ilgj’n, we obtain those for \ilecn In-

troducing

Ajn
A,

Crn o— n n Cn
YO = O+ RO+ (2.28)

ey’

we see that the only derivative that differs from those above is

+C.n T Cn C.n Cn
aTGJ _ Aj-‘rl + Alaqje,j _ AJ—H + )\ (aq)e J+/2 <I> +3/2>
8X;7+1 4; ’ aX;LH A; aX;‘lﬂ 8Xf+1

A T D( X
> j;rl _ _h (AJ+1/2V2 + Q —+ Q” —+ A]+3/2 (th(O) + — I )
J J
Aj T Q|7 D(X
S il T
=4 < h(Ml 2+Amin+Ml h ) >0

We write

Ce(k),n—H — H (Cm Cn
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for the update formula for one component (they are all equal) of the effluent concentration.
Summing all the components, we obtain

XgLJrl — H (Xn Xnn+1>

for any fixed k € {1,...,kc}. This formula is trivial for ¢, € ™™, and for ¢, € T™™, we get

OHE" Q1 OME" 0
S R 0 A IR 41 E ) A o/ S W e L3 ()
X" Qe zt-r e n =0 oX" ., CoxT, T

To prove the boundedness, the monotonicity in each variable of ‘H% . and the assumption

vps(X) = 0 are used to obtain, for ¢, € TP™™ and j = j» = j**H,

7j

0 < o™y tNQFXE =My ;(0,...,0) < X =HE (0, X7, ..., XTys)

A

J

AN A A oA N A A A
<H5,;(0,0"X, X, X, X) ="yt (a”X + X N (QEXTE ng))
n A n n (2.5) , o n Aj n n %
<o HX(OZ + Xrl A (QF _Qu)> =« +1X77j+1 (Zl—ﬂ +a +1> =ao"X,
J J
For t, € TP and j = j" — 1 = j™"! we first see that (2.4) implies; cf. Figure 2.1 (c),
a"HA;n,l + Ajn — " Ajn = (QF — Q))K, (2.29)

which we use at the end of the estimate

0 < ™" N QeXP = Hy501(0,...,0) < X2

jn—1
- H}j"—l (0’ 0, XJP"’ Xn”—i—l’ Xn"+2) < ,H?(,j"—l (07 0, a X, X, X)

. A ¢
o Hgntl <a”X T jl—le + Ajn (Q?X? - QZX))

J

A in Af‘n

A n Ai'n_ A~
n+1X9n+1 <a 4t Syrn4l + Q"1 1 41— an) — "X,
J J

In the case j = 5" = 7" 4+ 1 (cf. Figure 2.1 (c)) we can still use (2.29) to obtain

0 < 0" N QeXP = Hi54(0,...,0) < X;n“

= My (0,0, X0, X0, X0 o) < HY 5. (0,0,0"X, X, X)

. A Y
_ gn+l (a”X + ]—“X+)\3n( P X — QZX))

. Asn Asn_ A
< X9n+l am 4 Syr4l +an+1 jn—1 41— o) = X.
A similar estimation can be made for the case j = " +1 = 5”1 +2. For the case j = j" +1 =

g™t see Figure 2.1 (a), we note that (2.4) implies

O/H_lA;n_,_l — (OénAjn + A}“—i—l) = (QF — Q)~,
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which we use to estimate

0< A Qi X7 = H 5044(0,...,0) < Xn”trll
_ ij(o X X0 ) S HY g (0,07X, X, X, X)
Af‘n Af‘n ~
= (a”X + X Ajn (Q?Xf" — QﬁX))
A_‘n+1 Ajn
< A g (gn g A i (] A )Y g
Jr+1 Ajn Ajn Ajn

The remaining fill cases are similar; we omit details. For t, € T, similar estimations
apply; the only difference is that Q¢ X} is replaced by (ID +1/2, which equals zero when the
concentrations are zero, to prove the lower bound. For the upper bound, one uses (2.4) with
Q" = —Q" instead of Q7. For the effluent, we get

0="Hg (0,0) < X! =Hg (X2, X0,,) SHE (X, X) =X - M(Qr+ Q)X < X.

Proof of (2.25): This follows directly from (2.24), since each component of the update formula
for C7 is equal to that of X7 (there is no reaction term).

Proof of (2.26): We start as in the proof of (2.24), use the notation and estimations from
there, and prove m0n0t0n1c1ty of each component of the right-hand side 7-[ n " of the update
formula for component Sj , which we write as ig]n We also skip the superscript (k) for
components of other vectors. We let p:=1/(px — X) and

Vg = ,5<(,0X + X)% + <vhs(0) + @)X)

The numerical fluxes are different and we get

oHSm (px @10 — FNT )T :
j+1/2 j+1/2 j+1/2 A n X,n,—
S = = Ajt1 ox — X! < Aji2p(PxQia e — Vi1 X)
J

= Ag+1/2P(PXq]+1/2 + Uj+7;/-"2_X)
N n D(X)\ ¢
< Ajiay2p (PXQj+1/2 + (Qj+1/2 + vns(0) + n >X> < Ajyjavs,

Sn n X7n -
8(1)]“/2 (IOqu‘+1/2 - Fj+1/2)
o j+1/2

ST i+1/ px — Xj

<0.

Because of the similarities between \IffC]" and U +', we only write the difference here:

S,n Sn
0\11 - = 8(I)J+3/2 > —A'+3/2V3
- J .

955, 955 j+1

Jj+1
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To prove the monotonicity in the case ¢, € 1™, we conclude that the estimations are in
fact similar to those in the proof of (2.24) with the following difference (where Y7 " is defined
analogously to (2.27) and Tf Jn denotes an arbitrary component of that vector):

8TS’~n ) '
> A <1 - TM1V3) > A (1—178) >0

08" - A h A;

Jj+1 J J

To prove the monotonicity in the case t,, € T)"™, we first estimate

0> A1 X7 D(X7,)) - .
OPejrr/2 172X 41 (U n it ) n) . n
2 I (X)) - —— T ) Q) > —AjepX v (0) — QR
aS,, ( px — X7y J+1 h an

Following the procedure of the proof of (2.24) (with Tesjn defined analogously to (2.28)), we
now get

+ A

S,n S,n Sn Sn
aTe,j A 8‘I’e,j A ey <a®6j+1/2 B (’)Q) +3/2>
J

35}-11 - A; ]aS;LJrl - A; aSgT'LH aSgT‘LH
A; Ay n A n
> j;l — A {Aj+1/2PXUhs(0) + Qe + Aj+3/2P(PXQj+3/2 - Ffi3/2)+}
J
A A "
Z j;_l — /\j{Aj+1/2pXUhs(0) + Qe
J
~ n % :11 D X
+ /)(pru + Aj+3/2X( ¢ + vns(0) + L)) }
Ajiar h
A . .
> A —{A- apXna(0) + Q!
Aj jh Jj+1/
R . . D(X
+ P((PX + X)Qy + AjiaX (Uhs(o) + %)) }
> Aj (1 My p(Xus(0) + VB)) > Aji (1 B Tﬁz) > 0.
A, h A, h

For the updates of the effluent concentrations, we get the same result for S_ as for C{.
The proof of positivity can be done as in the proof of (2.24). H

Lemma 2.2. If C’nJrl SnJrl > 0 for all j and (CFL) holds, then the second step of the splitting

scheme (2.14), (2. 19) and (2.21) (and the analogous formulas for S;LH) satisfy C’?“ S;LH >0
for all j.

Proof. Component k of (2.14) can be written and estimated by means of (1.2) and (1.4) as

C](k),n+1 n+1+ Z O_kl) n+1 ST-H_I) .

’
lerd, lelg

Ugc l)’r(l) (CV,;H-I Sn+1)é (k),n+1
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J J J J

lelg,,

where the latter inequality follows from (CFL). Consider now the formula (2.19) for the fill
"+1 := Ajn/Ajnyy (the others are trivial). Then com-
ponent k of (2.19) is estimated by using the rewriting above applied to both reaction terms:

case (a) with the non-zero coefficient w';

A én—H S,n—i—l
(R)n+1 _ A(k)n+l n A oy (G S (k) [+l gntl
Cjn"rl - jn-i-l + T (Oé A3n+1 RC ( an 3 an ) + RC (Cjn+1’ Sjn+1))
> Af‘n
k),n+1 k),n+1
> Cion* (1 —7 ( _'JH -+ 1) M, ) > CSOm N (1= 7(My+ 1) M) > 0,
jn
where the latter inequality follows from (CFL). For fill case (b), we get in the case wfn L=t
Rt S Aty (1 e (L Ajn 1 M
jmtt = g g Asn ¢
~ Af'n + Af"n, ~
(k),n+1 J jn41 (k),n+1
> Ch 1-— Me | > C: 1—7(My+1)M¢) > 0.
el Jr+1 ( (an+1A5n “I’A5n+1) C) - G4l ( 7—( 2 + ) C) el
The other cases are similar, for example, in case (c¢) with wh i +1 = 0""! one gets
Af‘n + Af‘n 1 ~(k 1
Cimrt > ¢ (1 ~T < i ) M ) > W (1 — 7 Me) > 0.
+1 +1 OénJrlAjn,l + Ajn + A5n+1 C)="in ( c) 2
The cases of extraction are the same and so are the analogous ones for S7, ;. O

Lemma 2.3. Consider the second step of the splitting scheme with formula (2.14) and the
formula obtained by summing all vector components. IfX}”l = CWntl oy Clhe)ntl < X
and (CFL) holds, then the second step of the splitting scheme corresponding to (2.14) satisfies

X = X 4 rRe(CFT, 8T < X

The analogous statement is true for the other update formulas near the surface.

Proof. If X' > X — ¢, then R¢(C ,SZH) = 0 by assumption (1.3). Otherwise X" <

X — ¢ and (CFL) gives that X7+ is estimated by

n+1

Xf+1<f(—5+7']\~4§)2.

The rest of the update formulas are treated in the same way and the resulting formula contains
an additional factor wﬁ’" € [0, 1] multiplying 7, so the result also holds for that formula. O
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2.2.6 Numerics for full mixing

During the react stage, mixing occurs due to aeration or the movement of an impeller. Then
there is no relative velocity between the solids and the liquid, but reactions take place, and the
time-dependent concentrations for the mixture below the surface are given by the ODEs (1.31).

Suppose the (PDE or numerical) solution C(z,T}) is known at t = Ty = t,,, when a period
of complete mixing starts. The initial concentrations for the ODEs (1.31) are defined as the

averages (for k = 1,..., kc; analogously for .S)
(k) L (k)
C (TO) =T / A(g)c (5 TO hmo = averno'
V(To) Jz(my)

The ODE system (1.31) can then be time integrated. If an ODE mixing period ends at t = ¢;
and the PDE model is to be simulated thereafter, then the total mass below the surface is
distributed among the cells by

0 forj=1,...,5" =1,
k)i 7 (k)7 s\ v(k):7 = g7
C’J(- P C¥y = (2574172 — 2 )Ce(wgr for j =",

Recall that the ODEs (1.31) are averages of the PDE model (1.29a) and (1.29b) when the
convective and diffusive terms are zero [15]. Therefore, if time integration is made with the
explicit Euler method and (CFL) holds, then also the numerical approximations of the ODE
solutions to (1.31) belong to Q. In this way, the ODE iteration for the vectors Cye; and Sayer
are computed by

Chve = Chver + V 3 (@% = Q")Clher + QFCY + V(To) Ro(Clir Siver)) (2.30a)
Siver = Stver V( ] (@1 — Q") S%er + QF ST + V(To) Rs(Cllier Siver)) - (2.30b)
0

2.2.7 Pseudocode for the splitting scheme

We present here a pseudocode for the updates of the concentrations C7 and S’ with the
numerical splitting scheme. To distinguish between different time events, we use the three
Boolean variables mixing, mixingstart and mixingend, which at a certain time point ¢,, are
either equal to zero or one. For example, the variable mixing is equal to one during the entire
mixing period, whereas mixingstart is equal to one only at the single time point when mixing
starts.
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Given:
Dimensions: H, B, A(z)
Volumetric flows: Q¢(t), Qu(t), Qe(t)
Feed concentrations: C¢(t), S¢(t)
Set-point concentration of dissolved oxygen: S’
Simulation time: T’
No. of computational cells: N

Precomputations:
h + B/N
Choose integer Nt such that 7 < T//Np
satisfies (CFL)
tn < nr,n=1,...,Np
A+ 71/h
Solve z(t) by (1.21) for 0 < ¢t < T
Compute discrete values in time and space
of all given and precomputed functions
(see Section 2.2)

Inputs at time ¢,:
Vectors of concentrations: C7,S7, j=1,...,N

Events: mixing, mixingstart, mixingend

for j=1,...,;" -2 do
C't 0,8/ «0
end for
if mixing then
crtl «—0,8™ ! o0
j’VL_l b jWL_l
if mixingstart then
C;Lver — "7}% Zf\il AzCzn
N
SZver — '\-/’% Zi:l Als?
Cj 0,87 <0
end if
Compute C5t, STEL from (2.30)
for j =34",...,N do
Citt  Cnl , ST« Sk
(3),n+1
S;7T 8y
end for
if mixingend then
C?‘jl — Cgver(zn+l - Zn)
ST = Shver(ZM - 27)
end if

if Q"' > 0 then

Cn+1 <_CZL+1 Sn+1 — SZL+].

e j"L b e j"L

else

Ccitl 0,8 o0
end if
Cit « O, Su™ « Sl

else if ((not mixing) and Q¢ = 0) then

Compute Cv'?j_ll, C’?fl, C’?:ril from (2.15)

Compute g?:r_ll, g?:rl, 5';3,:{1 from (2.16)

Compute C?,f_ll, C;j’l,C?,ﬂl from (2.19)

n+1 n+1 n+1
Compute_Sj,,L_17 53“ ’Si‘”-t-l from (2.20)
for j=4"+2,...,N do

Compute C";H—l, S';H—l from (2.13)

Compute C?“, S;-”'l from (2.14)
end for
Citl 0,8t 0
Cit' « Cl + Anva (q’]cvfl/z - QuCY)
Sit ST+ Avp (‘I’ffﬁl/g - QuSY)
else if ((not mixing) and Qy > 0) then
crtl 0,8 «—o0

j"L71 ]71471
Compute Cv’;jl, C’;ﬁtl from (2.17)
Compute S’?ﬁ,—l, S’?ﬁjl from (2.18)
Compute C;,Tl, C;‘L’:il from (2.21)
+1 +1
Compute_Sg‘,,L , S?’”-H from (2.22)
for j=73"+2,...,N do
n+1 xn+l

Compute C; ", ;" from (2.13)
Compute C;H'l, S;H'l from (2.14)

end for

n+1 n non Cn
Ce+1 — Cr—\(QrCt + ‘I;e,jn.u/z)
ST+ St —X\ (QQSQ + <I:'e,;""+1/2)

CIt e O 4 A (85T, , — QICE)
Sutt St + )\N+1(‘I>i’fl/2 - QuSY)
end if

Outputs at time ¢,,41:

Vectors of concentration: C?'H, S’?'H, ji=1,...

Effluent vectors: C7tl, §nt!
Underflow vectors: Cnt!, s+t
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Table 2.1: List of variables and units for the ASM1 model (used in Chapters 2, 3 and 4).

Material Notation Unit
Particulate inert organic matter Xi (kg COD)m™
Slowly biodegradable substrate Xs (kg COD)m ™3
Active heterotrophic biomass XB1 (kg COD)m™
Active autotrophic biomass XA (kg COD)m ™
Particulate products arising from biomass decay Xp (kg COD)m™®
Particulate biodegradable organic nitrogen XND (kg N)m~3
Soluble inert organic matter Sy (kg COD)m ™
Readily biodegradable substrate Sy (kg COD)m ™3
Oxygen So —(kg COD)m™3
Nitrate and nitrite nitrogen Sxo (kg N)m™3
NH; + NHj3 nitrogen Snu (kg N)m™3
Soluble biodegradable organic nitrogen SND (kg N)m™

2.3 The modified ASM1 model

The PDE model is derived in mass concentrations collected in the vectors C and S, whereas
the ASM1 model and the reaction terms are given in more easily measurable units; see Table 2.1,
which variables we collect in the vectors C' and S. The following holds:

C = Acé7 where AC = diag(’%Oa Ko, Ko, Ko, Ro, 1)7 é’ = (XIa XS? XB,Ha XB,Aa XP7 XND)T7

S :=AgS, where Ag := diag(k1,k2,1,1,1,1), S := (51,55, 50, Sxo, S, Snp) T
(2.31)
where k;, © = 0,1,2, are conversion factors. Therefore, the total suspended solids concentra-
tion X is given by the formula (2.33). The same holds for the feed concentrations Cy and Sj.
The reaction vectors in the ASM1 model satisfy

RC<07 S) : O-CT<Cvs) :ACUCT(C’v S') :AC’RC(C’v g)u
Rs(C, S) = 0'57°(C, S) = Aso's’l"(é, 5’) = AsRc(é, S’)

(2.32)

Since the governing PDEs (1.29a), (1.29b) are linear in C and S, respectively, it is easy to see
that after substitution of the vectors defined by (2.31) and (2.32), the conversion factors in the
diagonal matrices can be canceled and one obtains the system:

A(z)i)—f + %(Vcé’) = (2 — 2(1)) Q:Cs + (2, t) A(2) Re(C, S), 2 €R,
A(z)aa—f + %(VSS’) = (2 — 2(1))QsSt + (2, ) A(2)Rs(C, S), 2 €R.
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This system is thus the same as the original one (2.31)-(2.32) and we skip the tildes, but one
must use (2.33) for the computation of X.

The alkalinity variable in the original ASM1 model [63] is removed since it does not influ-
ence any other variable. We introduce an extra Monod factor with a small half-saturation
parameter Ky for the concentration Sy in processes nos. 1 and 2 (components 1 and 2 of the
vector 7, respectively) in order to satisfy condition (1.4) and guarantee non-negative solutions
of the ODE system (1.5). The stoichiometric matrices of the reaction-rate vectors are

0 0O 0 0 0 O 0
000 1—f I—fp 0 -1 0
- 1 10 —1 0 0 O 0
0 0 1 0 -1 0 O 0|’
00 0 fo o 0 0 0
[0 0 0 ixg— fpixp ixB— frixp 0 0 —1]
[ 0 0 0 00 0 0 0]
1 1
—?H —?H 0 00 0 10
_1—YH 0 _4.57—YA 00 0 00
gs = YH YA s
_i-tw * 00 0 00
2.86Y; Ys
—1XB —1IXB —IxXB — YLA 00 1 0O
0 0 0 00 -1 0 1]

and the eight processes are contained in the vector

pep(Sni, Kn) 1(Ss, Ks)(So, Kon) X
porrpe(Snis Km ) (s, Ks) (Ko 1, So) p(Snos Kno ) e Xp. i
papt(Snu, Kxu)i(So, Koa) Xs.a
buXBH
baXB A
kaSnp XB H
knpir(Xs, Xpu) (1(So, Kou) + mp(Ko,m, So)u(Sxo, Kno))
knpts(Xp 1, Xnp) (1(So, Kou) + mp(Ko,m, So)pu(Sxo, Kno))

Here we define the Monod expression u(A, B) :== A/(A+ B) and

r(C,8) =

0 if Xg=0and Xpy =0,
pr(Xs, Xpu) = ﬂ otherwise
KXXB,H + XS 7
0 if Xg=0and Xpy =0,
ps(XB i, Xnp) = XpXND i
otherwise.

KxXgu+ Xs
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These functions are introduced to obtain well-defined expressions if any concentration is zero.
All the constants are given in Table 2.2.

Table 2.2: Example 2.1: Stoichiometric and kinetic parameters.

Symbol Name Value Unit

Ya Yield for autotrophic biomass 024 (gCOD)(gN)!

Y Yield for heterotrophic biomass 0.57  (gCOD)(gCOD) !

fr Fraction of biomass leading to particulate prod- 0.1 dimensionless
ucts

iXB Mass of nitrogen per mass of COD in biomass ~ 0.07  (gN)(gCOD)!

ixp Mass of nitrogen per mass of COD in products 0.06  (gN)(gCOD)~!
from biomass

UH Maximum specific growth rate for heterotrophic 4.0 d-1
biomass

Kg Half-saturation coefficient for heterotrophic 20.0  (gCOD)m~3
biomass

Kon Oxygen half-saturation coefficient for het- 025 —(gCOD)m™3
erotrophic biomass

Kno Nitrate half-saturation coefficient for denitrify- 0.5 (gNO3-N)m~3
ing heterotrophic biomass

by Decay coefficient for heterotrophic biomass 0.5 d-1

Mg Correction factor for py under anoxic conditions 0.8 dimensionless

h Correction factor for hydrolysis under anoxic 0.35  dimensionless
conditions

kn Maximum specific hydrolysis rate 1.5 (gCOD) (gCODd) !

Kx Half-saturation coefficient for hydrolysis of 0.02  (gCOD)(gCOD)™!
slowly biodegradable substrate

LA Maximum specific growth rate for autotrophic 0.879 d~!
biomass

Knn Ammonia half-saturation coefficient for aerobic 0.007 (gNH3-N)m™3
and anaerobic growth of heterotrophs

Knu Ammonia half-saturation coefficient for au- 1.0 (g NH3-N)m—3
totrophic biomass

ba Decay coefficient for autotrophic biomass 0.132 d!

Ko Oxygen half-saturation coefficient for au- 0.5 —(gCOD)m~3
totrophic biomass

ka Ammonification rate 0.08 m3(gCODd)™!
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Table 2.3: Example 2.1: Time functions for the simulated SBR cycle. ‘Model’ refers to either
PDE (1.29) or ODE (1.31).

Stage Time period [b] X;(t) [ke/m?] Qr(t) [m®/h]  Qu(t) [m*/h] Qu(t) [m?/h] Model

Fill 0<t<1 5 790 0 0 PDE
React 1<t<3 0 0 0 0 ODE
Settle 3<t<5h 0 0 0 0 PDE
Draw 5<t<5bH.b 0 0 0 1570 PDE
Idle <t <6 0 0 10 0 PDE

2.4 Numerical simulations

The numerical method in Section 2.2.4 with condition (CFL) is first used for the simulation of
an SBR process. In Chapter 1, we demonstrated the process by letting the reaction terms model
a denitrification process, which occurs when there is no oxygen present. Here, the reactions are
a modified ASM1 model without alkalinity; see Table 2.1 for the six particulate and six soluble
state variables, and Section 2.3 for the reaction terms. Those reaction terms are expressed in
the measurable units of chemical oxygen demand (COD) (except for those involving N) given
in Table 2.1, which require certain conversion factors to obtain the mass concentrations in
which the present model is derived. In Section 2.3, we show that, due to the structure of the
governing PDEs (1.29), the model and numerical scheme can be used straightforwardly also
with the COD units if only the formula

1 g

—_— 2.33
1.45 g COD (2:33)

X = H0<XI+XS +XB,H+XB,A+XP> + Xnp, Wwhere kg =
is used instead of equation (1.1). The value of ky is taken from |2, Table 6: WAS, CODp/VSS].
Furthermore, we assume that the mixing during the react stage is accompanied by aeration
so that a controller maintains the set-point value of dissolved oxygen S5 = 8g/m?. The
constitutive functions used for sedimentation and compression are (see e.g. [104])

Vo

R

0 it X < X,
0e(X) =

oo(X — Xo) if X > X,

with vy = 1.76 x 103 m/s, X = 3.87kg/m?, n = 3.58, X, = 5kg/m? and 0y = 0.2m?/s?. Other
parameters are px = 1050kg/m?, pr = 998kg/m?, g = 9.81m/s?, and B = 3m.
We simulate one sequence of an SBR with the stages specified in Table 2.3. (This is the same

scenario as in the first example of |15] with a denitrification reaction model and without oxygen
supply.) Condition (CFL) implies the step length 7 = 0.4708s. The initial concentrations have
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been chosen as

CO( ) 0 if 2 <2.0m,
Z) =
(0.8889,0.0295, 1.4503,0.0904, 0.7371,0.0025)™ if 2 > 2.0m,
0 if z < 2.0m,
§(2) = |
(0.04,0.0026, 0.0,0.0333, 0.0004, 0.0009)* if 2 > 2.0m

(with units as in Table 2.1) while the feed concentrations are [63]

0.04, 0.16, 0.096, 1-107, 0, 0.01828)T
Cr(t) = Xe(t) a )

(0.04 +0.16 +-0.096 +1-10 )/io + 0.01828
Se(t) = (0.04, 0.064, 0.0, 0.001, 0.0125, 0.0101)",

where the total solids feed concentration X () varies with time according to Table 2.3.

Figures 2.2 and 2.3 show the simulation results for the concentrations within the vessel
of the particulate and soluble components, respectively. In regions where the concentrations
satisfy X < X, the governing system of PDEs (1.29) is hyperbolic [12] and discontinuities may
appear in the solution as can be seen in the figures. The numerical scheme seems to resolve
these accurately. At time t = 1h, the tank has been filled, the react stage starts and there is
full mixing by aeration. Consequently, the available components in the tank are distributed
homogeneously. During the react stage, the growth of biomass is slow but the fast consumption
of Sg and increase of Sy are visible in Figures 2.3(b) and (e), respectively. The nitrification
process uses oxygen to produce nitrate and nitrite, which can be seen in plot (d). After the
react stage, t > 3h, the oxygen is quickly consumed (plot (c)), but only where there is biomass
and Sg and Syy are positive.

The convergence of the numerical scheme is demonstrated in Figure 2.4, where some of the
effluent concentrations are plotted. As was illustrated with the example of denitrification in [15]
and the present one for the modified ASM1 model, simulations seem to satisfy the invariant-
region property although we only have a proof of this for the splitting scheme of Section 2.2.5.

For the ASM1 example here and a given number of cells N, we calculate the L' relative

difference between the simulation result of the two variants of the numerical scheme according

to the following formula, where C'y is the result without splitting and Ci\?m with splitting:

k k split, (k k k split, (k
D) i ZC? Iy = ™) Bl | ZSI ISR = SR (1)l 0.5y
IO 1) 10, ISP ) o)

k=1
The result at time t =T = 6h is shown in Table 2.4 together with the CPU times for the two
methods. The relative difference Dy (T') drops to approximately one quarter as N is doubled
(for large N), which only shows that the two schemes give very similar numerical solutions.
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Figure 2.2: Example 2.1: Concentrations (units as in Table 2.1) of the six solid components

during a numerical simulation with N = 100 until 7" = 6 h. For visualization purposes, we do

not plot zero concentrations above the surface, but fill this region with grey colour.
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Figure 2.3: Example 2.1: Concentrations (units as in Table 2.1) of the six dissolved components
during a numerical simulation with N = 100 until 7" = 6 h. The downwards-pointing peaks at
large discontinuities arise because we do not plot zero concentration.
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Figure 2.4: Example 2.1: Simulated effluent concentrations (units as in Table 2.1) during
t € [4.8h,6h] obtained by the discretizations where the number of computational cells within
the tank is 50, 100, 200 and 400.

Table 2.4: Example 2.1: Relative differences Dy (T") at the final simulation time 7" = 6 h and
CPU times for the respective simulation run on a standard PC.

CPU time [s]
N Dn(T) Splitting Without splitting

50 6.9791e-02 8.56 6.88
100 4.3824e-02 10.25 8.86
200 1.0518e-02 43.41 36.22
400 1.4123e-03 292.03 236.62

800 3.7985e-04  2616.10 1996.05




CHAPTER 3

A model of reactive settling of activated sludge:
comparison with experimental data

3.1 Introduction

3.1.1 Scope

In this chapter, it is important to emphasize that we use a different approach than in Chap-
ters 1 and 2. In those chapters, a model and a numerical scheme were developed for SBRs.
In this chapter, however, our focus is on a type of continuous operation: SSTs, in contrast to
SBRs that are sequential.

The purpose of Chapter 3 is to introduce a minor extension of the model of reactive set-
tling formulated by nonlinear PDEs by [12] to include hydrodynamic dispersion, to present a
numerical scheme for simulations, and first and foremost to calibrate and validate the model
to real data from a pilot WRREF [77] where activated sludge reacts with dissolved substrates
in an SST whose cross-sectional area varies with depth. For the biochemical reactions, the
ASMT is used [61]. This model is slightly adjusted to ensure that only non-negative concen-
trations are produced. In fact, the original ASM1 allows for consumption of ammonia when
the concentration is zero, which causes unphysical negative concentrations. To avoid this, the
reaction term for that variable is multiplied by a Monod factor which is close to one for most
concentrations and tends to zero fast as the concentration tends to zero. This correction is
also recommended by [60]. Standard parameter values for the ASM1 are otherwise used. For
the settling-compression phenomenon, we use a three-parameter constitutive hindered-settling
function and a two-parameter compression function. Hydrodynamic dispersion of particles and
dissolved substrates are each included with one term and a longitudinal dispersivity parameter.
The mixing that occurs near the feed inlet is modeled by a heuristic diffusion term that depends
on the volumetric flows through the tank.

In a WRRF, wastewater is mainly treated through the ASP within a circuit of biological

o6
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reactors coupled with SSTs. The ASP is broadly described in well-known handbooks and
monographs [30, 46, 86, 89]. To address some of the general experiences made with the ASP in
real applications, we mention that SSTs contain a substantial amount of the activated sludge
and reactions may take place even when oxygen is consumed. In fact, up to about one third of
the total denitrification has been observed to take place within the SSTs [80, 99]. An excessive
production of nitrogen in an SST, however, leads to bubbles that destroy the sedimentation
properties of the flocculated sludge. On the other hand, some denitrification in the SSTs
may be preferable, since one can then reduce the nitrate recirculation within the reactors
and save pumping energy costs. The need to predict, quantify, and eventually control these
and other effects clearly calls for the development of models of so-called reactive settling that
include the spatial variability of reaction rates caused by the variation of local concentration
of biomass due to hindered settling and compression. Such a model should depend on time (to
handle the transient dynamics of biokinetic reactions within the ASP or the simpler process of
denitrification) as well as include some spatial resolution, for instance in one space dimension
aligned with gravity. From a mathematical point of view such a model is naturally posed by
nonlinear PDEs. Reliable simulation models that deliver correct approximate solutions of the
PDEs should then be developed, to be included in plant-wide simulation models [50].

Most previous one-dimensional sedimentation models assume a constant cross-sectional area.
As pointed out by [77, 78], this is often not the case in plants, and such a model simplification
may lead to a non-negligible error in the prediction of the process. This is also demonstrated
in this chapter.

As is commonly seen, column batch-settling test data exhibit an initial so-called induction
period when the (average) settling velocity increases slowly from zero due to initial turbulence
and possibly other phenomena. The induction periods of the data were transformed away
with the method by [45]. Then the five settling-compression parameters were obtained by a
least-squares fit to the transformed batch data. The obtained batch-settling model is then
augmented to include the mixing and the dispersion terms, whose parameters are fitted to
one experimental steady-state scenario. Finally, the resulting model is compared to two other
steady-state experiments not used in the calibration.

3.1.2 Outline of the chapter

Section 3.2 details the information and materials that were used to fit the reactive set-
tling model with experimental data from a pilot plant with variable cross-sectional area (Sec-
tion 3.2.1). The modified ASM1 for the biochemical reactions is used with temperature-adjusted
standard coefficients presented in Section 3.2.2. The activated sludge batch sedimentation tests
are given in Section 3.2.3. Section 3.2.4 shows three scenarios with different SBL heights as
well as the feed concentrations of the scenarios. In Section 3.3 we present the model proposed
in [12| with some modifications, hydrodynamic dispersion of the particles hidden in the sus-
pension and in the substrates dissolved in the fluid is introduced, as well as, a term modeling
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Figure 3.1: Schematic of half of the vertical cross-section of the vessel and the z-axis used for
the model [77|. The dash-dotted line represents the axis of rotation for the conical part at the
bottom.

the mixing of the suspension near the feed inlet. Section 3.3.2 is devoted to the description of
the numerical scheme, starting with the spatial discretization, which requires the definition of
numerical fluxes associated with the edges of the computational cells leading to the formulation
of a spatially discrete and time-continuous line method. In Section 3.3.3 we prepare the batch
test data by removing the induction period. In Section 3.4, we show the numerical simulations
with the calibration of the sedimentation-compression model, as well as the calibration of the
dispersion and mixing parameters fitted to a steady-state experimental scenario, compared with
the experimental data.

3.2 Materials

3.2.1 Geometry of tank

A schematic of the tank is shown in Figure 3.1. We place a z-axis with its origin at the
feed level, where the mixture of activated sludge and solubles are fed at the volumetric feed
flow Q¢ from the biological reactor. At the bottom, 2 = B = 1.1 m, there is an opening
through which mixture may leave the unit a controllable volumetric underflow rate @), and at
the top, z = H = 1.25 m, the effluent leaves the unit at rate Q. = Qr — Q. > 0. Above the
feed inlet, the tank is rectangular with dimensions 1.0 x 1.2 m? = Ay. The lowest part, in
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b=0.57m < z < B, is a truncated cone with bottom radius » = 0.15m. The middle part is
has a shape that continuously changes from a (horizontal) rectangle at z = 0 to a circle with
radius 0.46 m at z = b. The cross-sectional area in that part is approximated by a convex
combination of the rectangle and the circle via

A if —H < z<0,
A+E<Z(\/§T+B_b)2—A> if0<z<b

A(Z): 0 b 3 0 = ’ (31)
g(\/§r+3_z)2 if b < z < B.

3.2.2 Activated sludge

We use the variables of ASM1, as detailed in Table 2.1, and introduce an addition compo-
nent Sark, in S, representing alkalinity measured in [(mol CaCO3), m™3]. We assemble these
variables into the following vectors:

C = (XI’XS’XBvH’XB7AaXP,XND)T,
S = (1, Ss. S0, Sxo, Sxi. Snp, Sarx) -

These concentrations vary with both depth z from the feed level and the time t > 0.

The reaction rate vectors of (3.8) and (3.9) are R¢(C,S) = ocr(C,S) and Rg(C,S) =
osr(C, S), respectively. The stoichiometric matrix o¢ and vector r(C, S), which contain the
processes of biokinetic reactions for carbon and nitrogen removal, are the same as those given
in Section 2.3 of Chapter 2. The stoichiometric matrix og now has an additional row at the
end for the alkalinity process, and is denoted as

0 0 0 00 0 00]
1 1
—— - 0 00010
Y Y
1— Yy 457 — Yy
— 0 —= 2200000
YH YA
1—Yy 1
o5 = 0 — — 00 0 00},
s 2.86Yy A
_iXB _iXB —iXB—— 00100
Ya
0 0 0 00-101
j 1-Y, j ' 1 1
_xB H _!XB _XB _ _* 45 00
| 14 40.04Yy 14 14 7Y, 14 |

with the constants given in Table 3.1.
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Table 3.1: Stoichiometric and kinetic parameters at 26°C (see [11])

Symbol Name Value Unit

Ya Yield for autotrophic biomass 024 (gCOD)(gN)~!

Yu Yield for heterotrophic biomass 0.67 (gCOD)(gCOD)~!

fr Fraction of biomass leading to particulate prod- 0.08 dimensionless
ucts

iXB Mass of nitrogen per mass of COD in biomass ~ 0.086 (gN)(gCOD)™!

ixp Mass of nitrogen per mass of COD in products 0.06  (gN)(gCOD)™!
from biomass

L Maximum specific growth rate for heterotrophic 9.11 d-!
biomass

Kg Half-saturation coefficient for heterotrophic 20.0  (gCOD)m™3
biomass

Kon Oxygen half-saturation coefficient for het- 0.20 —(gCOD)m™3
erotrophic biomass

Kno Nitrate half-saturation coefficient for denitrify- 0.5 (gNO3-N)m—3
ing heterotrophic biomass

by Decay coefficient for heterotrophic biomass 1.2 d—!

Mg Correction factor for py under anoxic conditions 0.8 dimensionless

M Correction factor for hydrolysis under anoxic 0.4 dimensionless
conditions

kn Maximum specific hydrolysis rate 5.8 (g COD) (gCODd)~!

Kx Half-saturation coefficient for hydrolysis of 0.058 (gCOD)(gCOD)™!
slowly biodegradable substrate

LA Maximum specific growth rate for autotrophic 1.44  d~!
biomass

Knu Ammonia half-saturation coefficient for aerobic 0.05  (gNH3-N)m™3
and anaerobic growth of heterotrophs

Knu Ammonia half-saturation coefficient for au- 1.0 (g NH3-N)m—3
totrophic biomass

ba Decay coefficient for autotrophic biomass 0.29 d-—!

Ko Oxygen half-saturation coefficient for au- 0.4 —(gCOD)m ™3
totrophic biomass

ka Ammonification rate 0.121  m3(gCODd)~!

3.2.3 Batch tests

The available data by [78] contain a series of 22 batch sedimentation tests in cylinders with
initial concentrations between 1.1 g/l and 3.2 g/l of activated sludge. The sludge blanket levels
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(SBLs), here measured from the bottom, were detected during 30 minutes; see Figure 3.2.
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Figure 3.2: Sludge blanket position (zsg) and sludge blanket level (SBL) data obtained from
batch settling tests with various initial concentrations X, [77]-

3.2.4 Steady-state scenarios

In the measurement campaign of 78|, three operational scenarios were applied to create SBLs
at various heights: low (L), medium (M) and high (H). Scenario I with the lowest SBL, was
obtained with the volumetric flows Q; = 1.0 m®*/h and @, = 0.5 m*®/h. For Scenarios M and
H, the lower values Q; = 0.65 m*/h and @, = 0.15 m®/h were used (lower return flow to the
reactor), which create higher SBLs. In Scenario H, the internal recycling in the bioreactor
is also reduced to obtain a higher nitrate load to the sedimentation tank than in the other
scenarios. The constant in time feed concentrations of the scenarios are shown in Table 3.2.
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Table 3.2: Feed concentrations of the solids and substrates of the Scenarios L, M and H [77].
The units are given in Table 2.1.

Scenario . Scenario M Scenario H

X1 1053.50 914.08 1309.94
Xgs 46.12 40.02 57.35
XBH 1716.60 1489.41 2134.44
XBA 107.71 93.45 133.92
Xp 872.55 757.08 1084.95
XND 0.04 3.30 4.73
St 14.8 17.0 18.0
Ss 0.01 0.01 0.01
So 4.5 9.2 4.48
SNO 10.95 7.0 12.65
SNH 0.022 0.01 0.021
SND 0.0 0.01 0.01
SALK 8.3 22 14.9

3.3 Methods

3.3.1 Model

The reactive settling model is based on [12] with some modifications. In the derivation of the
model, we include hydrodynamic dispersion partly of solubles in the fluid outside the particles,
and partly dispersion of the particles in the suspension. After the governing equations are
derived, one may add an ad-hoc term modeling the mixing near the feed inlet [20].

The solid phase consists of flocculated particles of ko types with mass concentrations of
cW, . ..,Cc%) which all have the same velocity vy and density py. The total suspended
solids (TSS) concentration is denoted by

X :=CW ...+ 0% (mass concentrations). (3.2)

The model is derived in mass concentration units and (3.2) is used during the derivation;
however, since the ASM1 is expressed in units that are easier to measure, such as chemical
oxygen demand (COD), conversion factors are needed to obtain the true mass concentration.
As is commented on later, the entire model can in fact be used with the units in Table 2.1 if
the TSS mass concentration is computed by [34]

X =ko(Xi+Xs+Xpu+ Xpa+Xp), where ro=0.75g/(gCOD). (3.3)
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The liquid phase consists of kg dissolved substrates of concentrations S, ... S®*s) with
velocities v(M), ... v*s) and equal density p;. We collect the unknown concentrations in the
vectors C and S, and let Rc and Rg denote vectors of the corresponding reaction terms. Let
d(z) denote the delta function and v(z) a characteristic function that is one inside the tank and
zero outside. The balance law for each component yields

ock) 9

A2)=5 =+ 5 (A)oxCW) = 6()CV (1)Q:(1) +1()A)RE(C.8)  (3.4)
fork=1,...,kc and
8S(k) ﬁ (k) o(k)) _ (k) (k)
Ae) =5+ 5 (A M5W) = 5(2) S (0Q:(1) +1(2)A(2)RS'(C.8)  (35)

fork=1,... ks.

It remains to specify the velocities vy, vy, and v®) by constitutive assumptions as described
in Section 1.2.3 and in [12], the volume average velocity ¢ = ¢(z,t) of the mixture is given via
and assumes that volume-changing reactions are negligible.

—Qe(t) = Qu(t) — Q(t) for z <0,

A(z)q(z,t) = {Qu(t) for z > 0,

in (1.18), Qu(t), Q¢(t) and Q.(t) are given independent control funtions giving rise to a moving
surface, whereas in an SST, only two of these are know and the third, often Q.(t), is defined
by the other two and possibly by volume-changing reactions in the tank [24]| and the particle
excess velocity is given by

0= (3000 = A0 TE + vy ) =2(2) (wl3) - B 0.

where vps(X), D(X) and d(X) are given in Chapter 1.

The velocity vgisp is due to longitudinal dispersion of particles which is defined via the dis-
persion flux

oC'*)
’UdiSpC(k) = _X{X<XC}dX|Q| E k= 17 SRR ka (36)

where x{x<x.) is a characteristic function, which is one if X < X, and zero otherwise, since
the particles form a network for higher concentrations. Furthermore, dx is the longitudinal
dispersivity [m| of particles in the suspension. Summing the equalities in (3.6), utilizing (3.2)
and dividing by X, one gets the formal definition

dlog X
0z

Each soluble component may also undergo dispersion with respect to the liquid average velocity:

oS (k)
0z '

Udisp == Udisp(Xu aZXJ Z, t) = _X{X<Xc}dX|q<Zv t)’
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where dy, is the longitudinal dispersivity [m| of substrates within the liquid. On top of all these
ingredients, we add still another heuristic term (mathematically, a diffusion term) containing

the coeflicient
E(z,Q.) for —asQ. < z <0,

Amix(2, Qus Qc) = E(2,Qy) for 0 < z < @@y, (3.7)

0 otherwise,

where we define

£(:.Q) = ar(Qu + Qe 2 /(esQ) )

1—|z|/(2Q)
The function d; accounts for the mixing effect due to the feed inlet, where a; and as are

parameters. The larger Q; = Q. + Q. is, the larger is the effect, and the width above and below
the inlet is influenced by Q. and @Q,, respectively.

Substituting (1.22), (1.24), (3.6) and (3.7) into the balance laws (3.4) and (3.5), one obtains
the system of nonlinear PDEs

A + 5 (AGVeC) = - (A1) (xerasadrldl + dus) 57 )
OO +1()AC)ReA(C, ), (39
A5 + 5 (AEVsS) = 5 (4G (dulVs) + ) 5 ) + 9SO

+7(2)A(2)Rs(C, S), (3.9)

where the velocity functions are

Ve =Ve(X,0.X,2,t) = q(z,t) + 7(2) (UhS(X) 0z

Xv(2)
px — X

8D(X)> |

VS:VS(X7aZX7z7t) = Q(Z,t)_ az

<vhS(X)—ﬁ(D(X)+X{0<X<Xc}dx\q(z,t)]logX)).

The reaction terms Rc(C, S) and R (C, S) are based on the model ASM1, as presented in
Section 2.3, and include the implementation of the the alkalinity described in Section 3.2.2. That
reaction model is expressed in units of Table 2.1 rather than the mass concentration units in
which the present model is derived. Conversion factors between units are needed. As we have
shown in Chapter 2, the structure of the governing PDEs (3.8), (3.9), where all the nonlinear
coefficients depend on X and 0,X, and the equations are otherwise linear in C' and S, the
model and numerical scheme can be used straightforwardly also with the COD units if only
formula (3.3) is used.

The constitutive functions of hindered settling and sediment compressibility, denoted as
vps(X) and 0.(X), respectively, are the same as those given in equation (1.32) of Chapter 1.
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3.3.2 Numerical method

Combining ingredients from Chapter 2 and in [12], we suggest the following numerical method
for the approximate solution of (3.8), (3.9).

The height of the SST is divided into N internal computational cells, or layers, of depth
Az = (B + H)/N. The midpoint of layer j (numbered from above) has the coordinate z = z;;
hence, the layer is the interval [2;_1/2, 2j41/2] and we denote its average concentration vector
by C,(t), which thus approximates C(z;,t), and similarly for S of the system (3.8), (3.9) (we
thus skip the tildes over numerical variables). Recall that X is always given by (3.3). The
feed inlet at z = 0 is located in the ‘feed layer’ js := [H/Az], which is equal to the smallest
integer larger than or equal to H/Az. Above the interval (—H, B), we add one layer to obtain
the correct effluent concentrations via C,(t) := Cy(t), and one layer below for the underflow
concentration C,(t) = Cn41(t) (analogously for S). For technical reasons, we set C_; =0
and C'y.o = 0, and analogously for other variables. The cross-sectional area is approximated

b
Y 1 Zj+1 1 Zj+1/2

Zj—1/2
We let 112 = Y(2j11/2) (similarly for other variables) and define the approximate volume
average velocity

. —Qo(t)/Aji1ye for j < jg,
qj+1/2 = . .
(t)/Aj1/2 for 7 > j;.

With §;

4.t
of-lines (MOL) formulation of the numerical method is

denoting the Kronecker delta, which is 1 if j = j; and zero otherwise, the method-

dc;,  ®fp— B CQs
— 5. it R...
d LA, A, Tuttes (3.10)
ds; cI)j+1/2 cI)j 1/2 S Qs '
_ 5, R
i ANz R, TS

Defining x(X) == xqo<x<x.}(X), a* = max{0,a} and ¢~ = min{0,a}, we may specify the
numerical fluxes as follows. Utilizing the quantities

ch—'i-l/Q = (D(Xj+1) - D(Xj))/AZ,
J;l+1/2 = (X(XjJrl)‘Qj—i-l/Z‘ IOg(XjH) - X(Xj)‘Qj—1/2’ 10g(Xj))/AZ,
U;i—l/Q = Gir12 T Y12 (Uhs(XjJrl) - Jﬁr1/2)
jL+1/2 = Yj1/2(Uns(Xj41) — Jﬁrl/Q dx J; +1/2)
Fg+1/2 = ji;p j+1 +Uf:1r/2va

L- L+ v
Fg+1/2 = j+1/2X +1 +Uj+1/2XJ7
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((px = Xj)gj1/e = Ffy o)™ 5 ((px = Xj) 512 — Fyjn)t
px — Xjn 7 px — Xj

Gy+1/2 S,

we compute the numerical fluxes

Ci.,—C,
G,y = Aji1y (UJH/ZC]H +v]+1/20 — Y12 (X X)) @js1 /2] + dimixjary2) == Az J)’

S-S,
¢f+1/2 = Ajr1 (GJL-H/Q — Vj+1/2 (dL’UjLH/?’ + dmi"’j“ﬂ) : Az j>‘

Although any ODE solver can be used for the MOL system (3.10), it is not meaningful to use
any higher order time-stepping algorithm since the spatial discretization is at most first-order
accurate. If T"is the simulation time, we let ¢t,,, n = 0,1, ..., Ny, denote the discrete time points
and At := T/Nr the time step. For explicit schemes, the right-hand sides of Equations (3.10)
are evaluated at time ¢,. The value of a variable at ¢, is denoted by C’, etc. and we set

1 tn+1

Qf = AL, Qe(t) dt
and similarly for the time-dependent reaction terms. The time derivatives in (3.10) are approx-
imated by
i, O -C
e " At
This yields the explicit scheme

mn n At n n n n
Ccirtl =C; A A —— (=@, + BT, +0,,;,CRQF + 7, A;02 R, ),
n n At S.n nyn n
Sj+1 =S5/ +——— A Az ( (I)]+1/2 + ‘I’ T T 07, SFQF + 734,42 RS»J')'
j

3.3.3 Preparation of batch-test data by removing the induction pe-
riod

Approximate solutions of the system (3.8), (3.9) are obtained by the numerical method
described in Section 3.3.2, which is an adjusted version the method by [12]. For the simulations
we use 100 layers for the spatial discretization of the tank. The batch tests revealed that
for X > 3.2kg/m?, the sludge exhibited compressibility, wherefore the critical concentration
was set to X. = 3.2 kg/m?.  Other parameters are py = 1050kg/m?3, Ap = 52kg/m? and
g=9.81m/s*

As in most batch settling tests presented in the literature, those in Figure 3.2 show an initial
induction period when several phenomena occur, such as turbulence because of mixing before
t = 0 to obtain a homogeneous initial concentration X, reflocculation of broken flocs and
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possibly rising air bubbles. Such phenomena are not captured with the assumptions made
above. A PDE model, with the constitutive functions vys(X) and o.(X) (see (1.32)), for the
TSS concentration X during batch sedimentation in a column with constant cross-sectional
area is (z is the depth from the top of the column)

ox 0 0 0X

— + — (ps( X)X ) = — [ d(X)— | . 3.11

or T g (e(X0X) w(()&) (3.11)
To fit this to the batch data, we first transform away these phenomena with the technique by
[45] before we calibrate the parameters of the constitutive functions.

Let z = z,(t) be the path of a solid particle at the SBL that starts at depth z,(0). In a
suspension with ideal particles, e.g. glass beads, and Xj,;; < X, it is well known that the
sludge blanket initially decreases at a constant velocity vps(Xinit). During the induction period,
the velocity of each particle increases from zero to its maximum velocity vns(Xinit). Thus, the
velocity can be written as

z;(t) = G(t)vps(Xinit) (3.12)
with a function G that satisfies G(0) = 0 and increases to one at the end of the induction

period. For the sludges investigated by [45], the function
G(t) =1 —exp(—(t/t)") (3.13)

was appropriate. Here t and p are parameters that depend on Xj.;;. Thus, we have to fit such
a function G for each batch test. The particle path is obtained by integrating (3.12):

2p(t) = 2,(0) + vhs(Xmit)/O (1 —exp(—(s/t)")) ds. (3.14)

Under the change of the time coordinate
t
T ::/ G(s)ds, t>0, (3.15)
0

then the data plotted against 7 (instead of ¢) will be nearly straight lines — the induction period
has been transformed away. We refer to [45] for justification.

Figure 3.3 (a) shows a batch test with an initially concave SBL curve during the induction
period. To determine when that period ends, we take central finite differences of the data
to obtain the velocity; see Figure 3.3 (b). The maximum velocity in that example occurs at
approximately ¢t = 0.05 h, i.e., we should have G(0.05 h) ~ 1. To data from the induction time
interval one performs a nonlinear least-squares fit of the function z,(¢) to find the parameters
t and p. The parameters in that example are (see the curve in Figure 3.3 (c))

Vhs (Xinit) = 8.9261 x 10~*m/s,
f=64.63s~ 1.795 x 102 h,
p=1.641.

With these parameters, the rescaling of the time variable by (3.15) produces the new path of
the sedimentation curve in Figure 3.3 (d).
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Figure 3.3: (a) A batch test with Xj,;; = 1.5kg/m?. The curve z = z,(¢) is the location of
a particle at the SBL. (b) Estimated velocity vy (t) := z;,(t) of the curve shown in a. (c) The
initial induction period of the curve in plot a and the fitted model (3.14). (d) The resulting
batch sedimentation curve z = 2492%2(7) after rescaling time with (3.15).

3.3.4 Calibration of the settling-compression model

We denote the transformed trajectories of the batch sedimentation curves by
z=2"(n), i=1,...,N;, j=1,...,Ney,

where N; is the number of data points in experiment j, and N, is the number of batch
experiments. Now, we proceed to find the optimal parameters (vy, X, n and o) for the
constitutive functions (1.32). This is done by minimizing the sum of squared errors

Nexp Nj

E(’UO, Xﬂ% Uo) = Z Z (Z;iata(ﬂ‘) - 2j<7-i§ Vo, Xﬂ?, Uo))Qa (3-16)

j=1 i=1

where Z;(7i;v9, X,1,00) is the estimated value by numerical simulation of the model (3.11)
with the method by [11] with 100 spatial layers. The optimal parameters after minimizing the
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Figure 3.4: Graphs of the constitutive functions.

objective function (3.16) with the robust Nelder-Mead simplex algorithm [93] are
vy = 5.85m/h, X = 1.59kg/m?, n=2.19, oo = 261901.56 m*/h?.

Graphs of the constitutive functions with these parameter values are shown in Figure 3.4.
Finally, we show the outcome of the optimization by comparing some of the batch tests with
the corresponding simulations in Figure 3.5.

3.3.5 Calibration of the dispersion and mixing parameters

In an attempt to improve the model calibrated from the batch experiments, we now use the
experimental steady-state solution of Scenario M with its four data points of each concentration
(except two for alkalinity) (see Figure 3.6) to calibrate the remaining parameters of the model

D= (dX7 dL7 aq, a?)

with the error function

e X ) = X (o)l (S 4 S8 (2) — (S 4 S6) (245 p)]
Edisp(p) Z( max;{ X data ()} max;{ (S8 + Sdata) (z)}

j=1

| Sdata(z,) — So(Zg>P)\+!5data( %) = Svo(z:p)| | IS8 (25) — Snu(z;p)|
maxz{Sdata(zz)} max; { S (2;) } max; { S%ata(z;)}

data

Z |S98t (2;) — Sarx(2;:p)|

max;{ /‘iit%( oy

(3.17)
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Figure 3.5: Selected sludge blanket level (SBL) trajectories in transformed time. Measured
data (circles) compared with the optimized parameters in model (3.11) (dotted curves).

where X (z;;p) is the steady-state approximation of X of the PDE system (3.8), (3.9) obtained
by the numerical scheme (3.10) with 100 spatial layers (see Section 3.3.2) at z = z;, analogously
for the other concentrations. The variables labeled by “data” are the experimental data points
from Scenario M.

We use the Nelder-Mead algorithm also for the minimization of Egis,, whose value at p is
obtained by simulating to a steady state. Such simulations are made with the numerical scheme
in Section 3.3.2 and need initial conditions preferably close to the expected steady state. Since
the nature of the Nelder-Mead algorithm is to compare only function values at the corners of
a simplex and most of the time no large step is taken, we choose the initial conditions in the
following way:

i. Given the starting point p° of the optimization iteration (e.g. p° = 0), simulate from any
initial data Ci(2) to obtain approximate steady states C(z;p°) (analogously for S),
which give the value Egis,(p°).

ii. For optimization iteration k > 1, i.e., given p*, simulate with the initial data Ciui(2) =
C(z;p*") (analogously for S) to obtain Eg,(p").

The optimal vector of parameters for Scenario M is

p* = (0.00222m*,0.03523 h/m?, 0.03659 m, 0.03126 m).

The corresponding approximate steady-state profiles are shown in Figure 3.6. To investigate
the impact with and without the mixing term d,;., we also carried out the optimization with
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Figure 3.6: Scenario M: Concentrations in units given in Table 2.1: (a) total suspended solids,
(b) soluble chemical oxygen demand, (c) oxygen, (d) nitrate and nitrite nitrogen, (e¢) NH; +NH3
nitrogen, (f) alkalinity. Each plot shows experimental data (circles), simulation results at steady
state (1" = 24 h in Figures 3.7 and 3.8) with a varying cross-sectional area (3.1) (solid line)
and constant cross-sectional area (dashed line), both obtained with dx = d; =0, a; = as =0,
with optimized parameters (dx,dr, a1, @) (dotted line), and (dx,d;) (dash-dotted line).

the reduced vector of parameters u = (dx,d) (instead of p) and found the optimum point
u* = (0.4080m ', 0.01876 h/m?).

The corresponding steady states are also shown in Figure 3.6.

3.4 Results

Figure 3.6 shows the experimental data of Scenario M together with simulated steady states
of four different models. The solid blue curves show the simulated steady states with the model
calibrated from the batch experiments only; that is, with only the constitutive functions for
hindered settling and compression, and neither mixing nor dispersion (p = 0). As a comparison,
the dashed black curves show the results when instead a cylindrical tank is used. That tank
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Figure 3.7: Scenario M: Numerical simulation of solids during 24 h: (a) particulate inert
organic matter, (b) slowly biodegradable substrate, (c¢) active heterotrophic biomass, (d) ac-
tive autotrophic biomass, (e) particle products arising from biomass decay and (f) particulate
biodegradable organic nitrogen.

has the same height and volume as the one in Figure 3.1, which means that the cross-sectional
area is A = 0.9362m?; otherwise the conditions are the same. A substantial improvement when
allowing for a variable cross-sectional area in the model instead of a constant one is already
seen in Figure 3.6. The two remaining curves in each subplot show the steady states when
partly only dx and d, are fitted (and a; = a3 = 0), and partly when all four parameters p has
been used in the fitting.

The three remaining variants of the model (with a variable cross-sectional area) fitted to the
data shown in Figure 3.6 capture the data reasonably, but not perfectly. This may have several
reasons. We use the ASM1 model with standard parameters [60], since the available data are
not sufficient to recalibrate that model. We have also insisted in estimating the parameters of
the sedimentation-compression constitutive functions to the batch experiments separately, and
then use one SST scenario to estimate the rest of the parameters. We believe that this approach
is conceptually more consistent than letting the sedimentation-compression parameters be free
in the second step to get a better fit with the risk of getting unrealistic parameters for the
sedimentation-compression phenomenon.

For purpose of demonstration, we show in Figures 3.7 and 3.8 a full dynamic simulation of
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Figure 3.8: Scenario M: Numerical simulation of solubles during 24 h: (a) soluble inert organic
matter, (b) readily biodegradable substrate, (c¢) oxygen, (d) nitrate and nitrite nitrogen, (e)
NH; + NHj3 nitrogen, (f) soluble biodegradable organic nitrogen.

all concentrations (except alkalinity) with the feed input concentrations shown in Table 3.2 and
with the constant initial concentrations

Cinie = (650, 150,800, 150, 700, 1OO)T,
Sinie = (30,12,0.4,6,7.5,5,2.83)T,

with units as in Table 2.1. The simulation is performed until 7" = 24 h, where the system
is in approximate steady state. As a validation, we keep the parameter values obtained for
Scenario M and with these simulate Scenarios I. and H; see Figures 3.9 and 3.10. In addition,
Figure 3.11 shows the simulated total nitrogen in the tank calculated with the formula by [34].

The results indicate that simulation accuracy is significantly increased if the variability of
the cross-sectional area is taken into account, even if the resulting model is still a spatially
one-dimensional one. The additional inclusion of the parameters for dispersion only (dy,dy)
improved the estimation of the concentration S in all three scenarios, but no improvement
occurred for the prediction of other concentrations, except for X of Scenario L to some extent.
The additional inclusion of the mixing parameters (aq, ) caused only a small improvement
in Scenario M (only in Sp), whereas it neither improved the model prediction of Scenarios L
nor H. The more parameters in a model, the better fit to the data used for calibration is possible
(Figure 3.6); however, the validation against other data may not improve (Figures 3.9 and 3.10).
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Figure 3.9: Scenario L: Concentrations in units given in Table 2.1. Each plot shows five points
of experimental data (circles) and simulation results at steady state (produced by four variants
of the fitted model) based only on Scenario M.

A possible reason for this may be the heuristic modeling of the mixing phenomenon. A more
probable reason is the small number of data points available along with an over-parametrized
model. Indeed, the values of (dx,d), the two first components of p*, differ substantially from

those of u*.

Furthermore, the phenomena of dispersion and mixing are mathematically both

of diffusion type that smoothes large derivatives; hence, these parameters can to some extent
compensate for each other and make it difficult to identify unique parameters.
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Figure 3.10: Scenario H: Concentrations in units given in Table 2.1. Each plot shows five points
of experimental data (circles) and simulation results at steady state (produced by four variants
of the fitted model) based only on Scenario M.

10" 10" x10"
""""" dy,dp, a1, 0, 100 weeeendy, dp, Qg 150 weeendy i, g
/N\ 50 | |-y, dp /N\ —e=ndy,dy /211\ —e==dy,dy,
~— Variable area -~ Variable area ~— ——— Variable area
) 40 | |= = *Constant area 1 jom) 80 = = .Constant area ! o) = = Constant area
L 1 ) 1 )
&0 Y 1| &0 100
o o 60 1 o
= 30 L I b
- | e 1 -
or— or— 1 o=
=20 VL2 e '
= CE 3
o 10 1 ], o
= - | B =
0 0 0
1 05 0 05 1 1 05 0 05 1 -1 05 0 05
(a) z [m] (b) z [m] () z [m]

Figure 3.11: Simulated steady states of total nitrogen for (a) Scenario L, (b) Scenario M and
(c) Scenario H with the four variants of the fitted model.



CHAPTER 4

Numerical schemes for a moving-boundary
convection-diffusion-reaction model of
sequencing batch reactors

4.1 Introduction

4.1.1 Scope

An SBR is a tank designed for the sedimentation of a suspension composed of solid par-
ticles of biomass that react with substrates (nutrients) dissolved in a liquid. This process is
a fundamental stage of purification in wastewater treatment plants. Due to the presence of
living biomass (activated sludge; bacteria), biochemical reactions always occur. In our previous
SBR model by Biirger et al. [15, 16|, a nonlinear, strongly degenerating convection-diffusion-
reaction model of an SBR was introduced, taking into account the moving boundary due to
the bulk flows of SBR stages. Additionally, a numerical scheme defined on a fixed spatial grid
preserves positivity was developed, which will be referred to as SBR2 in this chapter. Within
that approach, one needs to carefully track the upper boundary as it moves through the com-
putational grid for the numerical solution, as shown in Figure 4.1. The purpose of the present
chapter is to introduce an alternative explicit scheme that, after a suitable transformation of
the time-dependent spatial domain, is defined on a fixed computational grid. Moreover, a semi-
implicit variant is introduced that allows for more efficient simulations due to a more favourable
Courant-Friedrichs-Lewy (CFL) condition.

The moving boundary, denoted by z := zZ(t), where ¢t > 0 is time, is a known function given
by the bulk flows acting on the SBR. The curve ¢ — Z(t) defines a spatial change of variables,
where in the new variable &, the top and bottom boundaries are located at £ = 0 and £ = 1,
respectively. The sought vector unknowns, in the variable &, are the solid phase and liquid

76
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Figure 4.1: Comparison of computational meshes for SBR simulation with fixed mesh size (left;
see Chapter 2 and [16]) and variable mesh size (right; see this chapter and [14]).

substrate components

C=C(51):=(CU(E,....CHIE )T, §:=8(¢1) = (SV(E),.... 50 ().
The model equations for 0 < £ < 1 are given by

s (%(UC(X,M)C) = %(’7(5)5(’5)2&)@(&)()>

+B)Z()C +6(§)B(1)ar (1) Ce(t) + 7(§) Re(C, S),

0 0 )20
T+ eUs(xcns) = o (LOHE D)

+ B2 (1)S + 0(5)B(1)gr (1) Se(t) +~1(§) Rs(C, S),

where Ue and Ug are velocity functions related to the velocities of the solid and liquid phases,
respectively, X := (O +...+ %)) /cis the total solids concentration, ¢ is a conversion factor,
( is a given time dependent function, px is the (constant) mass density of solids, and D(X) is
an integrated diffusion coefficient describing compressibility of the sediment. It is assumed that
D(X) = 0for X < X, where X, > 01is a critical concentration beyond which the solid particles
are assumed to touch each other, so the system (4.1) is of first order wherever X < X, and
therefore is strongly degenerate. The second term in the right-hand side of both equations is

(4.1)

due to the change of variables in the spatial partial derivative, while the third term contains the
feed concentrations C; and St for the solid and liquid phases, respectively, the feed velocity ¢,
and the Dirac symbol 6. The last terms model the chemical reactions between the components
of the solid and liquid phases, where Rc and Rg are vectors of reaction terms, and ~ is the
characteristic function that equals one inside the tank and zero outside. The system (4.1) is
coupled to transport equations modeling the concentrations in the extraction pipe connected
at £ = 0. (The variables and functions arising in (4.1) are precisely defined in later parts of
this chapter.)

Many of the properties defined in Chapter 1 and 2 will be used in this chapter.
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4.1.2 Outline of the chapter

The remainder of this chapter is organized as follows. In Section 4.2, we review the SBR
model, starting with assumptions on the tank and the one-dimensional model, and explaining
the relation between the moving boundary and bulk flows (Section 4.2.1). The one-dimensional
model of the reactive settling process in the tank is obtained from the balance laws of mass
of all the particulate and soluble components. The details of the formulation of the model are
outlined in Section 4.2.2, starting from the solid and liquid components and reactions within
the biokinetic reaction model (as an example, we here employ the model ASM1) followed by
a summary of the sedimentation-compression model that has also been employed in previous
works. The balance laws for the SBR are coupled with transport equations for the pipe. During
the react stage with full mixing, the PDEs are replaced by a system of ODEs. While these
model ingredients are reviewed from our previous treatment |15, 16|, one of the three decisive
novelties of the present approach, namely the transformation of the moving boundary model
to a fixed computational domain, is formulated in Section 4.2.3. The second novelty is the
reformulation of the governing model in terms of the vector of percentages p (of the solid
components, with respect to X) done in Section 4.2.4.

An explicit numerical scheme for the solution of the transformed governing model is intro-
duced in Section 4.3. This scheme is based on a standard discretization in space and time of
the computational domain (Section 4.3.1). The explicit numerical scheme, presented in Sec-
tion 4.3.2, is based on the percentage and fixed-domain formulations of Sections 4.2.3 and 4.2.4
and combines upwind discretizations for transport terms, the Engquist-Osher numerical flux
[47] for nonlinear flux terms, and a central difference formula for nonlinear degenerating dif-
fusion terms arising in the governing models, combined with appropriate discretizations of the
reaction terms. The scheme is complemented by a suitable discretization of the ODEs describ-
ing the mixing stage (Section 4.3.3). It is assumed that the spatial mesh width A¢ and the time
step 7 are related by a CFL condition outlined in Section 4.3.4, and we prove in Section 4.3.5
that this scheme is monotone, with the consequence that an invariant-region principle holds,
i.e., solids concentrations are nonnegative and less or equal a maximal one, percentages are non-
negative and sum up to one, and substrate concentrations are nonnegative. The CFL condition
for the explicit scheme essentially bounds 7/A&2.

A more favorable CFL condition that only bounds 7/A¢ is associated with a semi-implicit
scheme for the governing PDE model, which is the third novelty introduced in Section 4.4.
At each time step, it consists of a nonlinear semi-implicit scheme for the PDE for X, which
is described in Section 4.4.1, where we also demonstrate that the nonlinear equations are well
posed, i.e., possess a unique solution that depends continuously on data. The solution of the
nonlinear equations is achieved by Newton-Raphson method (Section 4.4.2). Once the scalar
function X has been updated, one proceeds to update the vectors p and S. This is done
by an implicit version of the corresponding p- and S-schemes of Section 4.3. This version
is, however, linearly implicit and only requires the solution of one linear system per time
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step, see Section 4.4.3. In Section 4.4.4, it is proved that the semi-implicit scheme has the
same monotonicity and invariant-region properties as its explicit counterpart (cf. Section 4.3.5)
but does so under the more favorable CFL condition. Numerical examples that illustrate the
performance of the numerical schemes of Sections 4.3 and 4.4 are presented in Section 4.6.

4.2 A model of a sequencing batch reactor (SBR)

We here review the assumptions of the general SBR model in [15] and refer to [16] for a full
description of the numerical scheme SBR2. That model will then be slightly reformulated, which
allows for a semi-implicit numerical scheme to be developed. The sedimentation and compaction
properties of the flocculated sludge are namely assumed to depend on the total concentration X
and not on the concentrations of the individual components since these are flocculated to larger
particles. Each flocculated particle consists of several individual components, which can be
described as percentages of the total concentration X. For simplicity of writing, we confine
here to a constant cross-sectional area A, which is the most common case in the applications.

4.2.1 Assumptions on the tank and the 1D model

The reactor tank is assumed to be a cylindrical vessel with constant horizontal cross-sectional
area A; see Figure 2. We place a fixed z-axis indicating the depth from the top (z = 0) to
the bottom at z = B. At the surface of the mixture, located at z = Z(t), a floating device
connected to a pipe allows one to feed the tank at given volumetric feed flow Q¢(t) [m?3/s] and
feed concentrations C¢(t) and S¢(t). The floating device can alternatively extract mixture at
a given volume rate (.(¢) during the draw stage. One cannot fill and draw simultaneously.
The extraction pipe is modeled by a half-line and the flow through it by a linear advection
PDE. The concentrations in the pipe are denoted by C.(t) and S¢(t). At the bottom, z = B,
one can withdraw mixture at a given volume rate Q,(t) > 0, and the corresponding output
concentrations there are denoted by C\(t) and S, (t). We define the bulk velocities

qu(t) = Qu(t)/Aa Qe = Qe(t>/A7 dr ‘= Qf(t)/A
The volume of the mixture at time ¢, given in (1.8), which is defined as
V(t) = A(B - z(t)). (4.2)

The surface location z(t), specified in (2.2), is determined by the given volumetric flows, since
by differentiation of (4.2),

o(t

Lo B - ift e 1.,
Z'(t) = — Y T ,  where Q(t) = {Qf()

if t € Tt.

I\/\—/
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Clearly, Z is given at any time, so the model under consideration is a mowving boundary problem,
but not a free boundary problem. That said, we emphasize that because of the volumetric flows,
no boundary conditions need to be imposed since the conservation law implies natural output
concentrations when reactions and sedimentation are assumed to occur inside the tank only.

4.2.2 A model of reactive settling with moving boundary

Biochemical reaction model and solid and liquid components

Two constitutive functions describe the sedimentation-compression process of the flocculated
particles that consist of several components. These functions are stated in terms of the solids in
suspension X. This quantity equals the sum of either all or of most of the particulate concen-
trations; the precise definition of X depends on the specific reaction model. Any biochemical
reaction model can be used such as one of the standard ASMx activated sludge models. Within
the ASMx models, concentrations are usually expressed in terms of more easily measurable
units such as chemical oxygen demand (COD) (see Table 2.1 in Chapter 2), wherefore conver-
sion factors have to be used to obtain the mass concentrations. We here use the ASM1 model
(see Section 2.3), in which the particulate concentrations are (in ASM1 units)

X17 XS7 XB,H7 XB,Aa XP7 XND7
and the corresponding definition of the total suspended solids concentration is
X =c¢(Xi+ Xs+ Xpu+ Xpa+ Xp), where c=0.75g/(gCOD).

The concentration Xyp is not in the definition of X, since Xyp represents the nitrogen that is
already part of Xg. To ensure (for mathematical reasons) that the total solids concentration X
equals the sum of all particulate components, we replace the variable Xg by Xg_ xp = Xg —
XNp, representing the slowly biodegradable substrate less part. organic nitrogen measured in
(kg COD), m~?)

C = (XI,XS—ND,XB,H,XBA,XP,XND)T (i.e., k¢ = 6),
S = (SI7 SS; SO7 SNO?SNHu SND)T (i.e.7 ks = 6)

Moreover, we define
X = C(C(l) +-- 4+ C’(kC)), pFX = cCW), pX =cC. (4.3)

Similar conversion factors as ¢ appear for the soluble concentrations; however, we will divide
these factors away directly, since the left-hand sides of the governing equations to be presented
are linear in C' and S apart from the coefficients, which are nonlinear functions of X.
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Reaction terms

The nonlinear reaction terms are given by

AcRc(C,S), where Rc(C,S):=ocr(C,S),

AsRs(C,S), where Rg(C,S):=osr(C,S),
which model the increase in (COD) concentration per time unit; see Table 2.1. Here, A¢c =
diag(c, ¢, ¢, ¢, ¢, 1) and Ag are diagonal matrices with conversion factors, o¢ and og are constant

stoichiometric matrices, and r(C,S) > 0 is a vector of nonlinear functions modeling the
reaction processes; see Table 2.1.

We assume that if a solid component is not present, p*) = 0, then no more such can vanish,
ie. Rgf)(C, S)|pt1—o = 0, where R(C]f) denotes the k-th component of R¢.

Balance laws

The balance law of each material component gives the system of PDEs

oC + 3(VC(X, 9.X,2,t)C) = 0(z — 2(t)) g:(t)Ct + (2, t) R (C, S),
88% 85 (4.4)
o 5 (Vs(X.0:X.2.0)8) = 3(= — 2(0)) 4e(1) St +7(2.1) Rs(C. S).

modeling reactive settling for z € R, where we have divided away the COD factors ¢ etc. in
each equation, 6(-) [m™!] is the delta symbol, and the total velocities are

Ve = Ve (X,0.X, 2, t) = q(z,t) + 'y(z,t)(vhS(X) — 8ZD(X)),
(Uhs(X) B azD(X))X

VSZVS(XaazXazut) = Q<Z7t)_7(z7t) pX_X

The pipe of extraction is modeled as a half line z > 0 (upwards) with = = 0 coupled at z = Z(¢).
Any concentration is assumed to follow the advection equations

OC pipe OC pipe DS pipe DS pipe
o + ¢o(2) o 0, o + e (?) o 0 (4.5)

The extraction concentrations in the pipe are given by complicated formulas due to the moving
boundary; see [15]. With the variable change suggested below, these will be obtained more
easily.

Equations during the react stage

During periods of mixing, the system of PDEs (4.4) reduces to the system of ODEs

V(H)C'(t) = (Qu(t) — Q1)) C + Q:(t)Ci(t) + V(1) Rc(C, S),



4.2. A model of a sequencing batch reactor (SBR) 82

g 2220 | N o
/B—_Z(t)\‘ o Qv@& PR NS
OI

2= (B- ()€ +2(t)

time time

z 3

Figure 4.2: Evolution of a concentration profile varying with respect to time at the five SBR
stages in the space variable z (left) and new variable £ (right). The moving boundary z = z(t)
(red line) is mapped to the constant line £ = 0. The mappings z = z(,t) and & = £(z,t) are
shown in the middle.

V(t)S'(t) = (Qu(t) — Q1) S + Q:(1) S (t) + V(1) Rs(C, S),

for the homogeneous concentrations in z(¢f) < z < B, where all concentrations depend only
on time since they are averages in the tank. In the region z < Z(t) all concentrations are
zero, whereas the outlet concentrations are C,(t) = C(t) and C.(t) = C(t) (if Q.(t) > 0)
(analogously for S).

4.2.3 Model equations on a fixed domain

To solve the model equations (4.4)-(4.5) without complicated formulas for the outlet concen-
trations, we transform the time-varying interval [Z(t), B] to the fixed domain [0, 1] for all ¢ > 0
by introducing the space variable, for all z € R,

=6t =220 e i= (B at)E+ ) (4.6
=£&(z,1) = — X z2=(B—=z Z(t). .
’ B —z(t)

where it is assumed that B — Z(t) > B, > 0 for all t > 0 for some constant B.. We define the
unknowns of the model in the new variable ¢ by X(£(z,t),t) = X(z,t) (analogously for the
rest of the unknowns and space dependent functions). The partial derivatives are

a& —/ 1 - 6 85 ]_

5 = 2\ )B—z(t) agt), S =3 30 B(t)
Clearly, the sign of o depends uniquely on the slope z’ and therefore on ¢, while 5(¢) > 0 for
all t > 0. Then the time and space partial derivatives are transformed as

0X _oXo¢ oXx _ . 0X O0X 0X _oXog . 0X 0 ..o
o —oca "o % T 5~ e o — P gE = 5 (BHX).
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It will be convenient to rewrite the term

a6 = 2 aten%) - 2605 2 D o %) - %

(anticipating the transformation of C /0t in (4.4) etc.). The characteristic function becomes

7(2,1) = Xz <=<BH(2) = Xqo<e<1y () = 7(E).
The delta symbol in (4.4) is formally transformed via the Heaviside function H as
H (= =(1)) = H(E(B — =) = H(©), N
0(z = 2(t) = H'(z = 2(t)) = H'(§) = H'(§)B(t) = 0(£)B(1).

The bulk velocity becomes q(2,1) = qu(t)X(esz0)(2) = qu(t)H(€). Equations (4.4) can be
written in the new variable £ as the system

B+ RO E00) = AU+ HOROMOCT 5 ORC )
aS + 25X, 0:X,6.08) = SO + 3OS +1(ORs(C.8),
where we directly have removed the tilde above C, S, X, v, H, and ¢, and
Vo (X, 06X.€.8) = (6.1 + 1€ (1l X) ~ B)D(X).
Vs(X,0X,6.1) = (6.6~ 1(©)p(0 L AUEPE),
whete 4(6.1) = a(€,) + B(1)qu(1)F1(€) (temporary definition)
FIX) = (X)X, (4.8)

and
D(X) ::/ a(s)ds, where af(s) = sd(s),

d(s) is the compression function, which is provided in Equation (1.24) of Chapter (1). Clearly,
the governing equations (4.7) can be expressed in the form (4.1) if we define

f(X)
px — X

UC(X7 57 t) = 67(57 t) + 7(€)ﬁ<t>vhs (X)v US(X7 57 t) = 6(57 t) - 7(5)6(75)

Equations (4.7) hold for £ € R when ¢ € T; if it is assumed that all concentrations are zero
above the surface ¢ < 0. In particular, for the underflow zone z > B < £ > 1, the equations
are

oC aC y S
T+ (e T 800(0) 57 = BOZOC. T+ (ale.t) + BB ()

05 _
oE
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To ensure that fluxes have correct units across the surface during extraction (¢t € T), we also
need to transform the extraction pipe. The pipe is originally modeled by the upwards-pointing
z-axis with bulk flow upwards ¢.(¢) and coupled to the z-axis by —x = z — Z(¢). Consequently,
the transformation for the extraction pipe is

—x
§(x,1) = B 2(t) (4.9)
and Clipe(z,t) = C(£(x,t),t). Then we get
a(jpipe - _@ =/ @ _ a(gé) e AT @ acpipe _ _@
Lo ezt + 5 = (U5 - €)2 s+ 5 2oe = -E250)
Equations (4.5) are transformed to (we immediately remove the tildes)
ocC 0
T 8_f(ﬂ(t>(§§/<t) +4.(t))C) = =Z'(t)B(t)C,
o8 0

o~ e POET D +al0)S) = =ZBOS. € <0.

(In comparison to (4.7), there is a minus sign on the right-hand side here.) With the bulk
velocity redefined as

0 if £ <0 and ¢.(t) =0,
(&, 1) = ¢ =BM)(EZ' () + ¢o(t)) = —BH)(E(qu(t) + qe(t)) + o)) if £ < 0 and go(t) > 0,
a(€,t) + B(t)qu(t) = B)(EZ(E) + qu(t) — Z'(1)) if £ >0,
we thus get the governing equations
%_f n a%(]}c( X,0:X,€,1)C) = sgn(&) 7' (1)B(t)C + 5(€)B(t)at(t)Cr + v(§)Re(C, S),

05 o (4.10)
Y a_g(VS(X’ 0e X, €, 1)S) = sgu(&)Z'(1)B(1)S + 6(§)B(t)ar(t) St + v(§)Rs(C. S),

for ¢ € R and t € T,. These equations hold for all t > 0 if we for ¢ € T} define all concen-
trations in £ < 0 to be zero; then the system is reduced to (4.7). The salient point of these
transformations is that the outlet concentrations are now simply defined by

C.(t)=C(07,t), S.(t)=8(0",t) ifteT,,
C.(t)y=C(1"t), S.(t)=8(1",t) ifteT;and Qut) > 0.

For other times the outlet concentrations are defined to be zero.

(4.11)

During periods of mixing and ¢ € T}, the following ODEs for time-dependent concentra-
tions C'(t) and S(t) are obtained by averaging Equations (4.7), i.e., integrating over the interval
[07,1) when the convective and diffusive terms are zero:

C'(t) = B(1)Z'(t)C + B(t)g: (1) Cr(t) + Re(C, S),
S'(t) = B(1)Z'(1)S + B(t)a:(1)Se(t) + Rs(C., S).
The same ODEs are indeed obtained for t € T, (then C¢(t) = S¢(t) = 0).

(4.12)
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4.2.4 Model equations with percentages

The restrictive part of the explicit CFL condition of an explicit scheme is due to the second-
order derivative term containing the function D(X).This function is provided in Equation
(1.24), which depends only on the scalar variable X. The governing model will be rewritten so
that the convective and diffusive terms are clearly seen. Furthermore, to establish boundedness
on the total particulate concentration, 0 < X < X, we will rewrite the model in terms of
percentages p; see (4.3). We define the flux and reaction term of the total solids concentration
X by

e X) = JE.0X +1(©B0F(X),  RC.8) =3 RY(C.S).

k=1
Then we can write

4(&;)px = F(&1, X) +1(©B()*0D(X)

VeX = F(¢,X) = 1(§)8(1)*0D(X), Vs = X

By first multiplying the first equation of (4.10) by ¢ and adding the vector components corre-
sponding to (4.3), one obtains the scalar equation

0X | OF(&t.X) _ 9(1(9B(1)°%D(X))

ot T e o€ (4.13)
+ B(t) sgn(§) ' (1) X + B(t)0()ar () Xt + v(§) R(pX /¢, S)

for X. The concentrations C = pX/c and S are given by the system (4.10), which we now can
rewrite with the unknowns X, p and S

d(pX)  O(F(t,X)p) _ 9(pr(§)B(1)*9:D(X))

o+ 5 = o€ + B(t) sgn(§)2'(1)pX
) + B()0(&)ae (t)pe Xi + (€)cRe(pX/c, S), (4.14)
%_f n a(lgzs ) _ B(t)sgn(§)Z'(t)S + B(1)6(€)ae(t) St + v(§) Rs(pX/c, ). (4.15)

Not all equations in (4.14) need to be solved; one may solve only the first kc — 1 ones and
set pke) = 1 — (pM) 4 ... 4 plke=D) " The output concentrations for p and X are defined as
in (4.11).

The mixing ODEs (4.12) are converted analogously:

X'(t) = B()Z' ()X + B(t)g: (1) X¢(t) + R(pX/c, S),
(pX)'(t) = B(t) 2 (t)pX + B(t)qe(t)ps(t) Xi(t) + cRe(pX/c, S), (4.16)
S'(t) = p(t)Z'(t)S + B(t)q:(t)Se(t) + Rs(pX/c, S).
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Figure 4.3: Schematic of the division of the computational domain into cells.
4.3 Explicit numerical scheme

4.3.1 Discretization in space and time

To discretize the PDE system (4.13)-(4.15), we define A == 1/(N + 1/2) for an integer N,
& = JAE, and let cell j be the interval I; = [£;_1/2,&41/2); see Figure 4.3. Thus, the feed
inlet is located in the middle of [;, which makes the numerical fluxes at the cell boundaries
easy to define. The bottom of the tank is located at £ = {ny1/2 = (N 4+ 1/2)A¢ = 1. Given a
total simulation time 7" and the total number of discrete time points Np, we define the time
step 7 := T'/Nr, which is supposed to satisfy a suitable CFL condition, and the discrete time
points t", n = 0,1,..., Ny. The total particulate concentration is denoted by X7' ~ X(&,t),
and analogous notation is used for other concentrations. The underflow concentration is cap-
tured by an additional cell j = N + 1 below the tank. The extraction concentrations can be
obtained in an analogous way in an additional cell /_;. For both the explicit and implicit

schemes the outlet concentrations are defined by p, = p”, and p, = p%,,, and similarly for X
and S.

4.3.2 Explicit scheme

For ease of notation, we introduce ™ = max{0,a}, a= = min{0,a}, the upwind and the
divergence operators by

Upw(a; b, ¢) = max{a, 0}b + min{a,0}c=a*b+ac, for a,b,c € R,
[A‘I)]? = ;L+1/2 - ?—1/2-
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We define the Kronecker delta and the characteristic function for the mixture in the tank by

Ll =0, &) ifJ#0,
e /f e {o itj 20, " { ity =0.

The term sgn(&)F(t)Z' (1) X (&, t) in (4.13) is approximated by the average

1 §1/2
AE

0 if ¢ > 0,
BME)XG = 58" (ay — a) Xy if g =0,

for j = 0, where we recall that X (£,t) = 0 for £ < 0 if ¢.(¢t) = 0, and analogously for S instead
of X. For the numerical update formulas, we define

sgn(§)B"(2)" X (¢,) d§ = {

§-1/2

1—7p"Z)"=1—78"(¢' +q7) ifj<O0andqgl>0,

1 if j<0and ¢" =0o0r j =0 and ¢* > 0,
KD = nJ fe J fe (4.17)
— Z8™(q — af) if j =0 and ¢ =0,
1+ 78z it j >0,

Finally, we define

0 if j =—2,—1and ¢ =0,
T1jo = A&y, t") = § =B (Eu1p2(@t + ¢2) +q) if j=—2,—1 and ¢7 >0,
R ifj=0,...,N+1.

An explicit approximation of the system (4.13)—(4.15) is now obtained by following ideas from
[12, 23]. We assume that the function f defined by (4.8) has a unique maximum at X* € (0, X).
The Engquist-Osher numerical flux [47]

n

Elvija = Viv1/2 (f(O) +/0 ’ max{(),f’(s)} ds +/0 - min{(),f’(s)} ds) (4.18)

is used, which for a unimodal flux function f is

F(X) if X7, X7 < X0,
" o o f(X™) it X7, < X* < X7,
j+1/2 (Xj ’Xj+1) = Vi+1/2 . n n : ],f . n]

—f(X7) + FOXF) + f(XFy) i XF < X7 < X7,

f(X7) if X < X7 X7

The diffusive term and the other fluxes are discretized by

/2 = Va2 e (D(X}) = D(X})), j=-2,....N+1, (4.19)

2 = UpW(q iy y0; X7 X)), (4.20)
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2 = Bipis + 8
0 if j=-2,—-1and ¢ =0,
_ B (Gl + ) + ) X if j = —2,—1 and ' > 0, (421)
Upw(aj,, o + B"qs X7 X)) + B}y i j=0,...,N =1,
(@ y )0 + B ) X} if j =N,N+1,
F10 = Fiyae — Jihaye (4.22)

We have ayii/2 = 0, and when ¢. > 0, we assume that A is sufficiently small, so that all
fluxes at the top § = £_1/2 and bottom {12 are directed out of the tank, which means that
no boundary values are needed. The numerical fluxes are then defined, for j = —2,..., N + 1,
by

P 172 = UpW(®G, 10 D7, D), (4.23)
S" S”
Iy ::Upw( Gri1e — P00 T A )
S,j+1/2 Pxdj41/2 j+1/2 px — X py — X7

With an Euler time step, A :== 7/A¢, and p == 7/AE&?, we can formulate the explicit scheme as
follows. For the boundary layers j = —1 and 7 = N + 1, we set

X"t=o0, p't'=0, S'=0 ifq =0, (4.24)
Xyt =0, pyi=0 SyL=0 ifgl=0. (4.25)

Otherwise, we have for j = —1,... N + 1,

XWrl = R XT = AMAF]] + ANAT]] + A6j08" ¢ Xi* + 7y R(p; X' /¢, S7), (4.26)
p"“X”Jrl = KiPiX] — MAP]T + Noj 0 g PP XT + TvcRe (P} X] /¢, SF), (4.27)
S?H = 1587 — MA®s]} + Xjof ¢ St + 77 Rs (P} X' /c, ST). (4.28)
Scheme (4.26) is solved first, then the others. If X7*! =0, then the value of p/*' is irrelevant,
and can be set to p"Jrl = pj. For the cells outside the tank, the scheme for X is reduced to
the following. If ¢ = 0, then (4.24) handles j = —1; otherwise, we define ¢, == ¢! + ¢/ and
utilize
X = (1= 78"qu) X2+ A" (€1 /2 + 00) X0 — (E-3/200u + a2) X "), (4.29)

On the other hand, if ¢! = 0, then (4.25) is in effect for j = N + 1; otherwise,
ij\lfill = (1 + Tﬁnqgut)XRfﬂ - )‘((O‘%+3/2 + 5nqg)XJT\LI+1 - BnquKf> (4'30)

Similar update formulas hold for p and S. The resulting approximate concentrations are
transformed back to the original z- and z-coordinates via (4.6) and (4.9), respectively.
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4.3.3 Numerics during mixing

Suppose a (PDE or numerical) solution X (&, 7p) (or p® (¢, Ty) or S®(€,Ty)) is known at
t =Ty = t,, when a period of complete mixing starts. The initial concentrations for the
ODEs (4.16) are defined as the averages (analogously for p®) and S®))

Xy

X(Ty) - /XfTod§~A§( +X"°+---+X;e°).

The ODE system (4.16) can then approximately be integrated in time with an Euler step. If
an ODE mixing period ends at t = t" with the values X (¢"), and the PDE model is to be

simulated thereafter, then the value of each component £ is allocated to all cells in the tank;
XP=X(t"),j=0,...,N.

4.3.4 CFL condition

We denote the solution variables by U = (X, p", S™)T and define the constants

1 OR
1= max 1), Ma=1 s |2,
1<k<kg
My o= e {0 (8) + 0o(8) ar(t)}, Myp == v (maax{an(®), (6)} + 2au(0)
1
¢ = B_B. Ch = (Mg +1111]),
Cy = (?||al, Mg = sup > e, s), ¢e{C, S}
1<k<kg lelg

The time step 7 and the spatial mesh width A should satisfy the CFL condition

2 Cy 1 . 05X
T(CMql + max{ Mg, Mc, Mg} + _fmax{cl + = AE m(ﬁpx +C1X + A2§ )}) <1
(CFL)

4.3.5 Monotonicity and invariant region property

In what follows, we demonstrate that the solution variables U = (X, pT, ST)T produced by
the explicit numerical scheme stays in the set

Qi={UeRFeths .0 <X <X, p>0, p 4o 4 pfo) =1, §>0}

provided that this property holds for the initial values. Our proofs rely on the following lemma,
which follows directly from the definition (4.18).
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Lemma 4.1. Assume that 0 < X; < X for all j. Then the Engquist-Osher flur ;10 =
Ejv172(X;, Xj41) applied on the unimodal function 0 < f € C' satisfies

0&; 0E&; A&];
IS G co< e <, |2

e

vz e B2 g
- 8Xj+1 - - an - ’ - '

X Xj

< 171,

Lemma 4.2. IfU} € Q for all j, then the following estimates hold for j = —1,..., N + 1:

ki >1—=(TMg, (4.31)
‘q~]ﬂ+1/2| < C(maX{Q?v qg} + 2(]3) < CMq27
~n,~+ SO lfk:]_l,

= ~95-1)2
O[AB]" | < (M, if k=7
AL S M TR (4.3
0Xy :qjjrl/2§0, ithk=74+1,
=0 otherwise,
0 < My ifk=j,
—R(pI!X"/c,S” 4.34
SR J>{_O ha (4.3
max { @77 . —@™7 .} < (M, ! Cllel X7 4.35
j+1/20 - Ti-1/2S = 2+ 171 + A& J (4.35)
Proof. By the definition of the transformation of variables,
—qe(t) < Z'(t) < qu(t) + qe(t),  —Clqu(t) + (1) < (€, 1) < Cge(t), 0 < B(E) <C.

These inclusions directly imply (4.31) since
ki > 1 —7¢max{q, +q¢,q'} > 1 —7CMg.

To prove (4.32) we observe that when ¢ = 0, then Q"1 = q"3, = 0, and when ¢;' > 0 and
j - _17 _27

Qo = —B" (Eaayeldl +ab) + a0) = —Cqp' (4.36)

For j =0,..., N, (we recall that if ¢f > 0, then ¢ = 0 and vice versa)

B ) < (g +aqn) ifgl=0,
i =a” +B”fj=6”—z'”1— ; +q, 4.37
dj+1/2 +1/2 q ( (Z')"( fj+1/2) q ) {2 _C(qh 4 qt) gt >0, ( )
and for j = N + 1,
~N Z, nA + ql”ll n n n n
QN+3/2 = ( )B _gzn S C(QOutAg + Qu) S C((l + Ag)Qu + qe ) (438)

From (4.36) to (4.38) we now deduce (4.32). Next, computing the difference of the flux

n ~1,+ n ~T,— n
Bjiij2 = Q510 Xi + Q1o X
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and differentiating this expression with respect to X' we obtain

a[AB]n a ~n,+ n ~n — n ~n ,+ n ~n — n
8X,?] - aXn( ]+1/2X +1/2Xj 1745 1/2X 45— 1/2X )
jﬁﬂgo if k=j—1,
— d?+—;/2 qj 1/2 C(( + Ag)Qu + max{qe ) qf }) S CMQQ lf k = j7
N;L+_1/2_0 ifk=74+1,
0 otherwise.

This proves (4.33). For the reaction term, the cases k # j are trivial. Assuming that k = j and
differentiating we obtain

ko

=7 |(p})"VeR| < - Zpﬁ-)’

=1

(P} X7 /c,SY)

' 0X; act M Zp] e

which implies (4.34). Finally, (4.35) follows from

Ny = (Bliajo + B E 1y — T}iap)” < G0 X7 A CILIXT + vy 2" DX

A¢
< (<< M+ (1711 + el Q)X
n\2
—@?’:1/2 =—( D et BE s — ~7jn—1/2) ;Jg/zXnJFCHf X5+ Y172 (ig D(X})

2
< (Ot + 17 + S350 x;

Lemma 4.3. If U} € Q for all j and (CFL) is in effect, then 0 < X;‘H < X forallj.
Proof. We write the update formula (4.26) for j = —1,...,N + 1 as

XJ = M (X, X X )
and we shall show that H' is a monotone function in each of its variables. We recall that

MATN} = p(B")* (/2 (DX = DXFT) = m12 (DG = DXT))),

a = D', and we differentiate to obtain, by means of (CFL) and Lemmas 4.1 and 4.2,

oxXytt /\8[AB] _olag N Aa[Aj];
oxXr, T oXr, oXr oXr

=My + A ;(;/2 + (8”1 20(X0) 2 0,
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n+1 n n n
a;()?; =K"= Aa[aé(?j - Aﬂ"a[aAX?j + Aa[aAX?j + ain(p?Xf/c, S7)
> 1= 7CMy =AMz — S| = u¢2ljall — 7 Mg > 0,
8Xn+1 _ /\a[AB] AG" IAL]} g~ Agnagjﬂ/? o
8Xj”+1 oX7, 8Xjn+1 Tjt1/2 axXT, ©

The proved monotonicity of H’ and the assumptions (1.3) imply that, for j # 0,

0=H%(0,0,0) < X = Hy (X!, X, X)) < Hy(X, X, X)

if j=—1and ¢ =0,

= X (qg+1/2 - q]' 1/2)X

X(l — TB" o, — AB™(— (&= 12900 + ) + (f—3/2qgut + qg)))

= X (1= 78"q0 — A" (55l — 55d0)) = X if j = —1 and ¢ >0,
=X

X(1+rp(2)"

A~

—ABM(—(Z)M(L = &arpe) + (B)"(L = &51p2)) = X if j > 1.

\

For j = 0 we have, since a(§/2,t) = —Z'(t)(1 — A&/2)3(t), and assuming X{* < X,

0 < AB"XPqf = H%(0,0,0) < X+ = HE (X", X XT) < HEY (X, X, X)
(k5 X = Moy + B7q + B (=50 + ¢)) X
= X(l - Tﬁnqgut - )\(_qgut< - %)Bn + 671%711 + 571(_%(]2“ + qg)))
= X(1-78"q") < X
= K0 X = A(af ), + Bq0)) X + A8 X[qf
= (1= 38" X = A(— (g2 — qt)(1 = 55)B" + B"q1)) X + AB"XPq!
=X = A= (¢" = g/)B" + B"q")) X + \B"X['qf
(=X - MAM(X - XP)gp < X

Lemma 4.4. IfU} € Q for all j and (CFL) holds, then

p" >0 forallk=1,... ke and all j.

Proof. If X7 =0, we define

pI" = p™ e [0,1] forall k=1,..., ke

If X’."”rl > 0, we have for each k € {1,... kc}

(k),n+1 yn+1 (k),n yn n4+ . (k)n () n,+ (k) n,—
p; Xj = rjpy "X _A((I)j+1/2 Py O by — O ppi ) — O

+>\5j0/8nqglpf "Xp +T%’CRjk) (pjX}'/c,S7)

it ¢ > 0,

)
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o k)nyn / C2l|a|| (k),n yn
> (1 ¢TM, l)pj X 2\ C(Mtﬂ + ”f “) + A& p; Xj

+7c Z agf’l)f(l) X7 e, S”) X”/c
lelg g,

> (1 (M)~ 2T

C(Mgz + |1 f'1I) + CQHaH + 7 M, Wn xn >
A C|Pp; i =

Ag
This implies (4.39). O
Lemma 4.5. IfU} € Q for all j and (CFL) holds, then

p§1)7n+1 + ... +p§,kC)’n+1 =1 forall j (441)

Proof. If X}”l = 0, then by (4.40),

1n1

(kC)yn+1 p§1) + + p(kC) — 1’

so let us assume that XJ’?H > 0. We sum up all equations in (4.27) and utilize that

n ko,n
pﬁl) + - +p§c ) =1

along with
k‘c k'C
E)n _ (k) (k) (k)n (k) (k)n (k)
> (AP =y (Upw (@, 1 o0y " 05 ) — Upw(®@y 0" o0 " pih )
k=1 k=1
n+ ( ),n n,+ (k) n,— (k),n
—Z g+1/2 g +(I)J+1/2 j+1 _cI>] 1/2 j—1 _(I)j—l/ij )
n,— n,+ n,—
o q)j+1/2 + (I)j+1/2 q)] 1/2 (I)] 1/2 — [A(I)}

Then the sum of the equations in (4.27) is
ke
n k),n+1 nyn n n nyn n
XjJrlZp(. )t = /inj —)\[A(I)] —F)\(S]oﬁ Xf +T'YjR(ijj /C, S]) (442)

J
k=1

The right-hand side is identical to that of (4.26). Hence, subtracting (4.42) from (4.26) we get

X;l+1<1 . (p§1),n+1 ... +p§kc),n+1)> —0,
which proves the desired result (4.41). O

Lemma 4.6. If U} € Q for all j and (CFL) holds, then

S > 0 forall k=1,... ks and all j.
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Proof. From the update formula for a component S;k)’" of S% we get

(k) n+1 (k) S Sy
gyehntl _nglk)n A 7 Tk — P + Tt A —_ o -
b Ko, (PX _ X]” (PXCJJH/Q ]+1/2) + ox — Xjn+1 (PXQJH/Q ]+1/2)
j—1 gl n + J ~n n —
o dat : _ " e R , — P"
o —X” (qu]—l/Q 3—1/2) % — X;.L (PXQJ—1/2 3—1/2) )
+ M08 gr SI " + T REY" (X e, ST)
(*) AS@’
> (1 - TCMql) Sj i m((PXQ?H/Q - (I)?+1/2)+ - (pXCj?—l/Q - (I)?—uz)_)
+7 Z O’S D pi X7 /e, S”) j(k "
lelg,
27¢ CHCEH (k)n
2(1—7CMq1——A((pX+X) q2+||f||X—|— + 1Mo )ST > 0.
Aé(px — X) !

[]

4.4 A semi-implicit scheme

4.4.1 Semi-implicit scheme for the update of X

To obtain a semi-implicit scheme, we write out several terms in (4.26)—(4.28) and evaluate
those containing the coefficient g = 7/A&? at time ¢,,1. Then (4.26) becomes

X = k) X7 — NAF])
+ (8" (3512 DIXGED) = DIXGT) = 7502(P(XGT) = DIXL))) - (4.43)
+ AdjoB"ar Xi* + v R(P} X /c, ST)

For j = —1 and j = N + 1, many terms are zero and this formula is in fact explicit; see (4.29)
and (4.30). For j =0,..., N, one has to solve a system of (N+1) x (N +1) nonlinear equations.
For the further analysis, it is is useful to rewrite (4.26) as a two-step implicit-explicit scheme:

1. Given X7 for j = —1,..., N + 1, calculate X}”l from

Xy = RIXT — NAF); + A5,08" 0 XP + 7, RLX e, 87), G =1, N+1.
(4.44)

2. Let

X" =X X = XA (4.45)
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and compute X" = (X7, ..., Xy™HT by solving the nonlinear system of equations
S -
D(Xg™)
nt1 -1 2 -1
1 2 D(Xl ) S-n+1
X" (BT . =X, T:= (4.46)
. -1 2 -1
D XTL+1
(x3) _ -
where X" = (XpHt L X,

In what follows, we assume that the CFL condition for the semi-implicit scheme

2 C1 X
T(CMql + max{ Mg, Mc, Mg} + — max{(]l, M}) <1 (CFL-SI)
Ag px — X
is in effect. Notice that (CFL-SI) arises from (CFL) from the fact that « = 0 and hence Cy = 0,
and therefore stipulates a bound on 7/A¢, but not on 7/A&2.

To ensure that the system (4.46) has a unique solution at all, we follow a strategy similar to
that of [19]: we first assume that (4.46) has a solution and show that the scheme is monotone
and satisfies an invariant region property. We then invoke a topological degree argument to
show that (4.46) indeed has a solution, and show that it depends Lipschitz continuously on the
solution at the previous time step. As a consequence, the whole scheme (4.44)-(4.46) is well
defined.

Lemma 4.7. Assume that 7 and A satisfy (CFL-SI). Then the scheme (4.44)—(4.46) is

monotone, i.e. there exist functions K7, j = —1,..., N +1, such that

X;LH = K?(Xfl,Xg,Xf‘, e ,X]Z,X]’@H,t"), j=—-1,...,N+1,
that are monotone in each X-arqument.

Proof. By repeating the monotonicity part of the proof of Lemma 4.3 we see that under the
condition (CFL-SI), the scheme (4.44) is monotone, i.e., i.e., OX;LJFI/@X}Q >0 for all =1 <
J ok < N +1, s0 by (4.45) the statement immediately holds for j = —1 and j = N + 1. In what
follows, we define for a vector X = (Xo,..., Xy)T the Jacobian matrix of the left-hand side
of (4.46), namely

T (X) = Iy + (B")uT diag(a(Xo), ..., a(Xy)). (4.47)

We wish to show that

aXn+1

8;(;? >0 foralll1<k,j<n.
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To this end we introduce for £k = 0,..., N the vectors

n

ox"tt foxptt oxpt™N\' oX"  [(oXy  oXp\'
oxr o\ axp U oaxp ) axp T \oXpUUoXy

Assume that for given X", the vector X" is a solution to (4.43). Then

n

ox"  0X

n+1
JX) oxr — oxp’

k=0,..., N.

We already know that X /OX" > 0. On the other hand, for any X, the matrix (J(X))"
is a strictly diagonally dominant L-matrix and therefore an M-matrix; in particular, (J(X))?T
has a non-negative inverse, and therefore also (J(X))™! is non-negative, hence

nt1 o
a;;g = (j(X”“))lg;(g >0, k=0,...,N
O
Lemma 4.8. If U7 € Q for all j and (CFL-SI) is in effect, then
0< X/ <X forallj=-1,...,N+1. (4.48)

Proof. Repeating the second part of the proof of Lemma 4.3 under the assumption a = 0 we
see that under the condition (CFL-SI),

0< XM <X forallj=-1,...,N+1. (4.49)

This directly proves (4.48) for j = —1 and j = N + 1. Furthermore, we define

Wﬂ+1/2 _ <D<Xgn+1) D(X ))/(Xgnﬂ X]n) if Xgn+1 # X i=0.. N-1
0 otherwise,

and write the nonlinear scheme (4.46) as M (X"") X"t = X" where the entries (mij)o<ij<n
of the tridiagonal matrix M = M(X™"!) are given by

mjj1 = —(B")pwitl,, j=1,...,N,

m]] =1 + (671)2”( ;'lj_ll/Q n:_ll/Q), ] — 1, ey N — ]_,
myje1 = —(B")uw =0, N -1,

moo = 1+ (5”)211@17217 myn =1+ (8") Mw%_'_ll/g

Since w”:ll/Q >0 for all j, M is a strictly diagonally dominant L-matrix and therefore an M-
matrix, that is M ™' exists and M~ > 0, i.e., if we write M ' = (m;1.)o<jr<n, then mj; > 0.

Since

X5 =y Xgt 4 mpa XiH 4 v X (4.50)
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this property implies that X;”rl > 0. On the other hand, since

N N
mjj—Z|mjk|21 and ijkzl forall j=0,...,N,
k=0 k=0

ki
we have M1 =1 with 1:= (1,...,1)T, hence M ~'1 = 1, that is m;o +m,, + - +m;n = L.
In view of the upper bound in (4.49) we then deduce from (4.50) that X" < X for j =
0,...,N. [

In what follows, we define X = (X_1, Xo, X1,..., Xn, Xn41)T € RVF3, The following lemma
and its proof closely follow [19, Lemma 3.3, part (a)].

Lemma 4.9. Assume that the condition (CFL-SI) is in effect and that X™ € [0, X]N*3. Then
the scheme (4.43), or equivalently, (4.44)—(4.46), admits a solution X"t € [0, X]V+3.

Proof. The existence of X™! follows by adopting an argument used in[49] to prove the existence
of a solution of implicit schemes for hyperbolic equations based on topological degree theory
[40]. To this end, let us write the scheme in the form

A gt ) = X0 . (4.51)

Here i’nﬂ(-,t”) :RNVH3 5 RNH3 is a continuous function defined by (4.44), and E(-, ") :
RN*3 — RT3 is another continuous function defined in an obvious way by (4.45), (4.46).
By Lemma 4.8, if X" satisfies (4.51), then X" € [0, X]¥*3. On the other hand we know
(and have used that) if @ = 0 and hence D = 0, then the explicit scheme for the hyperbolic
case

xm = 2" ), (4.52)

which corresponds to the scheme (4.44), satisfies the same bound, i.e., .JE'HH(X", t") € [0, X]N*3,
Consequently, if Bp € R¥*3 is a ball with center 0 and sufficiently large radius R, then
(4.51) has no solution on the boundary of Bg, and one can define the topological degree
of the mapping Id — £ associated with the set Br and the point ?E'HH(X",t”), that is,
deg(Id — &, Bg, i’nH(Xn, t"?) Furthermore, if o € [0, 1], then the same argument allows us to
define deg(Id — o&, Bg, x"" (X", t™)). The property of invariance of degree under continuous
transformations then asserts that the latter quantity does not depend on «, hence

n+1
(

deg(Id — £, B, X" (X", #")) = deg(1d, Bp, " (X", ")) = 1,

where the equality for a = 0 holds since we can solve the scheme (4.52) in a unique way. This
proves that (4.51) has a solution in Bg, where we already have proved that the solution belongs
to [O,f( V3, m
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Lemma 4.10. Assume that the condition (CFL-SI) is in effect and that X", Y™ € [0, X|N*3,
and that X" and Y™t are both computed by scheme (4.43), or equivalently, (4.44)-(4.46).
Then there exists a constant C' > 0 such that

& =Y < 1+ CAy X = Y. (4.53)

This means that the solution of (4.44)—(4.46) depends Lipschitz continuously on X", and in
particular, setting X" = Y", we obtain uniqueness.

Proof. We define 97 :=Y" — X7 for j = —1,..., N + 1 and the quantities

gt | HBPDOGH) = D) /07 =0 i 9t 0,
’ 0 otherwise,

Furthermore, we let £;41/2(X™) and £;11/2(Y™") be the Engquist-Osher numerical fluxes (4.18)
applied to X™ and Y", and similarly for B;‘H /2 and F7 Clearly,

j+1/2°
T a(Y") = Flyp(X7)
= ;'L+1/2(Yn) - B;'L+1/2(Xn) + 5n( 37'1+1/2(Yn) - 537‘1+1/2(Xn))
Yir Vit
= UpW((j;LH/Q; v7, 19?“) + 8" Vjt1/2 (/ (f)(s)ds+ / (f)(s) ds)
X5 X
= 77§l+1/219}1 - V;‘L+1/219?+1>

where we define

1
M1z = (Qfa2) " + %’+1/2/ (f)H (X +o(Y) = X}))do >0,
0

1
Viyp = — ((@?H/z)_ + %‘+1/2/ () (XD + oY), — X)) da) >0,
0
hence

_)‘([Af(Yﬂ? - [A}—(X)]?) = _A(Wﬁl/z + V;Lfl/z)ﬂ? + Anﬁl/z??" + )‘V;L+1/219;'L+1-

j—1
With this in mind, we obtain from (4.43) and the corresponding scheme for Y
ﬂqjl = (’411 - )\(7721/2 + Vﬁ:s/z))ﬁil + )‘Vﬁl/21987
(1 + Q(T)LJFI)%Hrl = (’fg — Ay + ’/21/2))193 + AUt + AT 07 + e
+ 79 (R(PYy /e, S5) — R(pyXG /e, S5)).
(1420577077 = (5] = Ay o + V1)) 05 + Aol + A o5
+ ORI + 050 (4:54)
+T’yj(R(p?Yj”/c, S%) — R(p} X} /c, S?)), j=1,...,N —1,
(1 + 97\7“)197\/“ = ("ﬁ?/ - /\<7717</+1/2 + VK/—l/Q))l??V + )\VJ7\Lf+1/219?V+1 + /\n]n\/—l/Zﬁ?V—l
+ORTORT + 7w (R(PRYR /e, SY) — R(p X3 /e, SY)),

19?;;11 - (HX/H - >\(7717zf+3/2 + V]T\Lf+l/2))197]if+1 + )‘nfquﬂ/?l%'
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Finally, we define

1
ﬁ::ééu%@yagy+auf—xpysﬁdm j=0,...,N.
such that
™, (R(@}Y]" /¢, 8%) — R(p} X[ /¢, 8%)) = y;p507, j=0,...,N.

AR
Consequently, we may write (4.54) as
79?# = (’121 - )‘(7721/2 + Vﬁs/Q))ﬁTil + )‘Vﬁl/ﬂ?gv
(14 65 at = (ki — Ay + V™ 9) + T006) 05 + A0t + A0 0" + grtlyntt,
(142610 = (= A2y + Vago) + T085) 05+ Mo
+ AN 00 + H?J‘ffﬁ?ﬂ + H?fllﬂ?fll, j=1,....,N—1,
(1 + 9%“)19%“ = (“nN - A(UKH-I/Z + VRI—I/2> + TWNP%)WJLV + Mn_120N
+ AR 20 + OO
197;;11 = (’fRfH - )‘(771%+3/2 + V]?f+1/2>)197]i/+1 + )‘7717if+1/2197ji/-
Since by (CFL-SI), all coefficients in these equations are nonnegative, we get
‘ﬁTfl‘ < (’4711 - )‘(7721/2 + V23/2)) [0 ] + )‘Vﬁ1/2|193|,
(1 + 93“) ‘ﬂgﬂ‘ < (“g - )‘(77?/2 + V21/2) + T’Yopg) 1951 + )‘V?/2|?9111|
+ >\777—l1/2|19711| + 9711+1|197f+1|7
(14 205 95 (65~ Aoy + Vi) + o)) 951+ Ml
F A |07 |+ OO O] =1, N =1,
(1 + 97]@“) ‘19;?—1‘ < (HRI - >‘(77177(f+1/2 + VKI—1/2> + TVNP%) x| + )\7717@—1/2‘19%—1‘
+ AVRIH/QWR/H‘ + 03, ‘19?#1 ‘a
‘197\;5:1‘ < (lixf—i-l - )‘(771@+3/2 + VK{+1/2)) ‘197\&1‘ + )‘777V+1/2|197]if|'
Summing over these inequalities, canceling terms, rewriting the result again in terms of {Yj”}
and {X]”}, and taking into account that V23/2 > 0 and 77]’2,+3/2 we obtain the inequality

N+1 N+1
n+1 n+1 n n n n
DT =X < Y (5 )Y - X
j=—1 j=—1
- )‘Vﬁ3/2|y—n1 — X4 - /\7717{,+3/2\YN”+1 - XJT\lf+1|
N+1
< 2 (1+Cnyy = X7,
j=—1
that is, (4.53), where we take into account that 7 < 1+ C'7 with a suitable constant C' > 0
(see (4.17)) and that the quantities p7 are uniformly bounded. O

System (4.46) can be written as (X ") = 0, where ¢ is a nonlinear vector function defined
by the left-hand side of (4.46) and J, € RVFTUXNV+1) ig its associated Jacobian matrix.
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4.4.2 Numerical solution of the nonlinear system

The Newton-Raphson method applied to (4.46) reads

T (Y — )y = — o), E=01,..., (4.55)
with the Jacobian matrix J,(u) given by (4.47) (recall that a = D’). The iteration starts with
the initial vector ul”) := X" and evolves formally according to (4.55) until the termination

criterion
a1 — wlt]

[l
is reached, where ¢ > 0 is the tolerance and ||-||; is the ¢;-norm. After convergence, we set

X"t = w1 Since the matrix J,(u) is strictly diagonally dominant by columns for all u,
it is invertible and the iteration (4.55) is well defined.

<€

4.4.3 Update of the percentage vector p’ and the soluble concentra-
tions S7

An inspection of the proof of Lemma 4.4 reveals that although the update formula for the
percentages (4.27) is an explicit upwind scheme, it is still associated with a CFL condition that
imposes a bound on 7/A&? due to the presence of differences of D-values divided by A€ in the
convective flux, cf. (4.19), (4.22) and (4.23). Consequently, to remove this shortcoming so that
the whole semi-implicit scheme (and not just the update formula for X) is associated with a
CFL bound on 7/A¢ only, we need to resort to an implicit difference scheme.

We write out all terms in (4.27) and evaluate those containing p at the time ¢, 1:

n+lyn+l _  n._nyn n.n+1,+_ nit1 n,n+1l,—_ nit1 n,n+1,+_ n+t1 nn+1l,— nitl
pj X = Rpi X _)‘(q)j+1/2 AR SV STl SV SRS S )
+ Adj08" g pi Xi' + eTy;Re (P X' /e, ST),
(4.56)
where
(I)n,nJrl o n o n+1
j+1/2 T Y412 j+1/2

For the cells outside the tank, this reduces to (4.24) if ¢ = 0 and j = —1; otherwise,

prXT = (1= 78" )P X7+ AB™ ((§o1/2 @ + @IPOXT — (63200 + €2)P" 1 XT1),
p%ﬂX}@iﬁ = (1 + Tﬁ”qgut)p”NHX}\L,H - A((a?VJrB/Z + ﬁ"qﬁ)pﬁ,ﬂXﬁfﬂ - 5nqu71<7X17\L7)7
where we recall that ¢, = q + ¢7. Let us focus the cells 7 = 0,..., N and put all the
unknowns in a matrix (cells in rows and solid components in columns):

(pg)”* (A8 qrpP X} + cZRc(pp Xy /c, S§))*

(p7)* ctRe(pi X7 /c, ST)T

P" = s W .= . )

()" cTRe(py Xy /c, Sy)T
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M(®, X) = diag(X)

_(I);r/z - (I):l/2 <I>1_/2 0 T 0 |
_q)i/z (I);/z o (I)1_/2
A0 —a}, 0
: ) (5}71/2 B q)&73/2 (I)]_Vfl/2
_ 0 T 0 _(I)J+\f—1/2 (I);+1/2 - (I);V—l/2_

where for a vector X we define diag(X) = diag(Xy,..., Xy). With & = (ko, ..., ky)T, we get
the linear system

M (@™ X P = diag (k") diag(X ") P + W = @". (4.57)

In the case X]’-Hl = 0 the percentage vector p?“ is irrelevant and one can define p?“ = pj.

Then Equation (4.57) should be modified in the following way. Row j is removed in p"*!, p"
and W™, and both row j and column j should be removed in the matrices M (®"" 1 X"*1),
diag(x") and diag(X™). Then, one verifies that M (®™"*! X"*1) is strictly diagonally domi-
nant by columns, and therefore invertible without any restrictions. Thus, the implicit scheme
(4.57) is well defined. Furthermore, M (®""*! X"*1T is an M-matrix and hence has a non-

negative inverse.

4.4.4 Monotonicity and invariant region property

Lemma 4.11. IfU} € Q for all j and (CFL-SI) holds, then

p" >0 forallk=1,... ke and all j.

Proof. Since (M (®™"*! X"*1))=1 > 0, we estimate each entry of @" =: (©%,). By Lemma 4.2,
n nyn )1 n n,nyn T nyn n
@o,k =k Xop(()k) + A8 Py Xy + CiRgC)(PoXo /¢, 8p)

n k s T k,l — n n n k) n n
> (1—TCMq1)X0p(()) +O—|—c§ O'(C )r(l)(pOXO/c,SO)p(()) Xy /e
lelg

> (1 — 7¢My — TMc/2) p" X2 > 0,
whereas for all the other j # 0,
ne= KXW er RE (I XD e, 87) > (1 — 7¢Myy — TMc) p " XT > 0.
Lemma 4.12. IfU} € Q) for all j and (CFL-SI) holds, then

p§1)7n+1 + .. +p§.k0)’n+1 =1 forall ] (458)
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Proof. Tt X;”rl = 0, then by definition,

(1)1
J

o T = D g plfed

so let us assume that X7+' > 0. We sum up all equations in (4.56) and use the notation

pjnﬂ — pg-l)’"ﬂ NI pgkC)’nH

to obtain

n+lpn+l _  nyvn
Xj Pj —/<;ij

i )\((b’rll,n+1,+7)(k),n+1 + (I)n,nJrl,fP(k),nJrl . (I)@,n+1,+7)(k),n+1 . (I)rlz,nJrl,fp(k),nJrl)

12 Ty j+1/2 i1 j—1/2 Tj-1 j=1/2 "J
+ Adj0f" g X¢' + 7y R(p; X7 /e, S7).

We subtract component j of Equation (4.44), let y;.“rl = 73]“1 — 1 and obtain

+1 +1 __ ’FL,TL+1,+ +1 TL,TLJrl,* +1 n7n+17+ +1 ’ﬂ,TL+1,7 —+1
Xy = _)‘<q)j+1/2 Yit O Y — R i — P Yy )-
Thus, with y;‘j_rll = (yo, ..,y ™)T, we get M”’"’Lly?ill = 0, which implies y;‘j_rll =0, i.e. we
obtain (4.58). O

For Equation (4.15) we have

~n __ Tn n+1\+ ~n __ Tn n+1\—
Sn-‘rl — kP8 — )\ (qu Fr ‘7 )j+1/2 Sn-ﬁ-l + (qu Fr+ j )j+1/2 Sn+1
J ] px — X;-H'l J px — X;Lj]_l Jj+1
_ (pxq" — 7" + jnﬂ)}tl/? Sl — loxq" = 7" + jnH)j—fl/? Sntl
px — X . px — X ’

+ Adj08"q St + 7y Rs(p; X' /c, ST).

For j = —1, N + 1, this scheme is explicit and analogous to those above. For j =0,..., N, we
write the formula in matrix form as follows. Define

1
n,n+1l ~n n+1 no.__
0]'—1—1/2 = (pxq" = F" + T" ) j11/2, Yy; = my
(S5)" (AB"qi'SY + ZRs(py Xy /c, Sg))*
STt TRs(pi X7 /c, S7)"
Sn — ( 1) ’ Wn — S<p1 .1/ 1)
(Sy)* TRs(PN X}/, SN)*

Since cjﬁl/z < 0 and Cjznv+1/2 > 0, we have

nn+1l,+ ~n+1,+ _ nn+l,— ~n+1l,— _
971/2 =pxq_y5 =0, 9N+1/2 = PxAyy12 = 0
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Then we form the tridiagonal matrix

MS(07 y) =1Inp

_91_/2?/0 (9;_/2 - 91_/2)91 :
' . (9;\;71/2 - 9;[73/2)?/1\7—1 95771/2%\7
L 0 T 0 _9;\7—1/2ny1 (QJJ\FI+1/2 - 9]?/—1/2)3/1\7_
Then we get the linear system
Mg(0"" ! y" ™8™ = diag(k™)S™ + W". (4.59)

The matrix MS(H”’"H,y”“) is diagonally dominant by columns; hence its transpose is an
M-matrix and invertible with a non-negative inverse, so that (4.59) defines S"*!.

Lemma 4.13. IfU} € Q for all j and (CFL-SI) holds, then
SW >0 forall k=1,...,ks and all j.

Proof. This is similar to the proof of Lemma 4.11. The element (j, k), 7 # 0, of the matrix on
the right-hand side of (4.59) is estimated by

n a(k),n k) nyn n k),n
ST 4 TRY (pi X e, 81) > (1 — 1My — TMg) S& > 0.

4.5 A modified ASM1 model

The ASM1 model is described in, for example, [63]. For the reason of reformulating the PDE
model to include percentages of the particulate concentrations, we have redefined the second
component from Xg to Xg_np = Xs — Xyp. Then the variables are

C = (XI,XstD,XB’H,XB7A,XP,XND>T, S = (517537507SN07SNH7SND)T7

with units given in Table 2.1. The stoichiometric matrix og for the solid components and the
vector 7(C, S), which contain the processes of biokinetic reactions for carbon and nitrogen
removal, are the same as those given in Section 2.3 of Chapter 2. The stoichiometric matrix
oc for the substrates is denoted as

0 00 0 0 0 O 0
000 1—fp(l+ixp)—ixg 1— fe(l+ixp)—ixg 0 —1 1
S 1 10 —1 0 0 0 0
0 0 1 0 —1 0 0 0
000 fo fo 00 0
0 00 ixg — fpixp ixg — fpixp 0 0 —1]
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with the constants given in Table 4.1.
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Table 4.1: Stoichiometric and kinetic parameters.

Symbol Name Value Unit

Ya Yield for autotrophic biomass 024 (gCOD)(gN) !

Yn Yield for heterotrophic biomass 0.67 (gCOD)(gCOD) !

fr Fraction of biomass leading to particulate prod- 0.08 dimensionless
ucts

iXB Mass of nitrogen per mass of COD in biomass  0.086 (gN)(gCOD)!

ixp Mass of nitrogen per mass of COD in products 0.06  (gN)(gCOD)™!
from biomass

L Maximum specific growth rate for heterotrophic 6.0 d-!
biomass

Kg Half-saturation coefficient for heterotrophic 20.0  (gCOD)m™3
biomass

Kon Oxygen half-saturation coefficient for het- 0.2 —(gCOD)m ™3
erotrophic biomass

Kno Nitrate half-saturation coefficient for denitrify- 0.5 (gNO3-N)m™
ing heterotrophic biomass

by Decay coefficient for heterotrophic biomass 062 d!

Mg Correction factor for uy under anoxic conditions 0.8 dimensionless

M Correction factor for hydrolysis under anoxic 0.4 dimensionless
conditions

kn Maximum specific hydrolysis rate 3.0 (gCOD) (gCOD)~1d!

Kx Half-saturation coefficient for hydrolysis of 0.03 (gCOD)(gCOD)™!
slowly biodegradable substrate

LA Maximum specific growth rate for autotrophic 0.8 d—!
biomass

Knu Ammonia half-saturation coefficient for aerobic 0.05 (g NH3-N)m™3
and anaerobic growth of heterotrophs

Knn Ammonia half-saturation coefficient for au- 1.0 (g NH3-N) m—3
totrophic biomass

ba Decay coeflicient for autotrophic biomass 0.15 d-!

Ko Oxygen half-saturation coefficient for au- 0.4 —(gCOD)m =3
totrophic biomass

ka Ammonification rate 0.08 m3(gCOD) td!
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4.6 Numerical simulations

For all the examples, we consider a cylindrical SBR of depth B = 3m and cross-sectional area
A = 400m?, and the reactive settling process of an activated sludge described by the ASM1
model [63]; see Table 2.1. The constitutive functions used in the examples are

Vo

UhS(X) = 1—V7
+ (X/X)

0 it X < X,
oe(X) =

oo(X — Xo) if X > X,

with vy = 1.76 x 1073 m/s, X = 3.87Tkg/m3 n = 3.58, X, = 5kg/m? and oy = 0.2m?/s?.
Other parameters are px = 1050kg/m?, py = 998kg/m3, g = 9.81m/s? and B. = 2m. To
satisfy (1.25), one could multiply vns(X) by a function that is one for most concentrations but
tends to zero smoothly as X — X~, where the maximum concentration X is set to a large
number; e.g. X = 30 kg/m? for activated sludge that we simulate here. When oy > 0, the
second-order derivative compression term will balance the convective flux and the particulate
concentration X never reaches X in simulations. To run the scheme with oy = 0, an alternative
is to set a concentration X* from which we redefine and extend the settling velocity function
by its tangent as
Vo
U (X) = § 1+ (X/X) A
Vs (XY) + ol (X (X — XY if X' < X <X,

if0< X <X,

where X is given by the intersection of the tangent with the X-axis (zero velocity), i.e.,

~ Uhs(Xt>
X =X"— .
Ups (X°)

We here utilize X* = 25kg/m?, such that X = 31.992 kg/m?.

The initial concentrations have been chosen as

CO( ) 0 if 2 <2.0m,
Z) =
(0.8889,0.0295, 1.4503, 0.0904, 0.7371,0.0025)T if 2 > 2.0m,
0 if z < 2.0m,
S%(z) = .
(0.04,0.0026, 0.0,0.0333, 0.0004, 0.0009)* if 2 > 2.0m

(with units as in Table 2.1) while the feed concentrations are [63]
Xi(t)

(0.04+ 0.16 + 0.096 + L - 10-%)c

S:(t) = (0.04, 0.064, 0.0, 0.001, 0.0125, 0.0101)7,

C:(t) = (0.04, 0.16 — 0.01828, 0.096, 1-107°, 0, 0.01828)F,

where the total solids feed concentration X¢(t) is given by Table 4.2. When plotting the partic-
ulate concentrations, we prefer to plot Xg = C® + Xyp = C® + C© and Xxp = C© rather
than C® = Xg_np. All results are shown after transforming back to the original coordinates.



4.6. Numerical simulations

106

Figure 4.4: Example 4.1: Simulated concentration (semi-implicit scheme, N = 100) of total
suspended solids.

4.6.1 Example 4.1

It is the purpose of this example to illustrate the SBR model as a whole. (The performance
of the three numerical schemes SBR2 in [16], and the explicit and semi-implicit ones here in
terms of errors and efficiency is studied in Examples 4.2 and 4.3.) We simulated the five stages
of an SBR as outlined in Table 4.2. The duration of the whole cycle of stages during a couple of
hours is realistic. The results are illustrated in Figures 4.4 to 4.7, which depict the concentration
profiles of total suspended solids, particulate, and soluble components within the reactor vessel,

respectively.
Table 4.2: Example 4.1: Time functions for the simulation.
Stage Time period [b] X;(t)[kg/m?] Qi(H)m®/h] Qu(H)m*/h] Qc(t)m?/h] Model
Fill 0<t<1 5 790 0 0 PDE
React 1<t<3 0 0 0 0 ODE
Settle 3<t<5h 0 0 0 0 PDE
Draw 5<t<H5 0 0 0 1570 PDE
Idle 5.0 <t <6 0 0 10 0 PDE
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Figure 4.5: Example 4.1: Simulated concentrations of solid components (semi-implicit scheme,
N =100).
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z [m]

(a) Soluble inert organic matter
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(c) Nitrate and nitrite nitrogen (d) NH4 + NHj nitrogen

Figure 4.6: Example 4.1: Simulated densities (semi-implicit scheme, N = 100) of soluble
components (part 1).
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Figure 4.7: Example 4.1: Simulated densities (semi-implicit scheme, N = 100) of soluble
components (part 2).

4.6.2 Example 4.2

The prime motivation of this example is to study the numerical errors of the two new schemes
defined for the PDE model and the scheme SBR2 of [16]. To this end we consider the scenario
defined by Table 4.3, which refers to a shorter period of total simulated time (7" = 1h) and
does not include a react stage (for which the original SBR model, as studied in Example 4.1,
stipulates a model by a system of ODEs). We calculated a reference solution, using the same
feed conditions as in Example 1 with N = N, = 4800. This solution was obtained by the
explicit scheme of Section 4.3.2. The relative approximate numerical error

ke HC](\’;)_ (k) ks HSJ(\/;?)_ (k)

re Nie ("t)”Ll(O,B) Nyo ('at)HLl(O,B)
e (t) = Z - + Z ! .

k k
— CP Olnes 2 1SY COlbes

compares the approximate solution to the reference solution at a given time point ¢ for a specific
number of cells V.
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Table 4.3: Example 4.2: Time functions for the simulation of the reference solution.

Time period [b]  X;(t)kg/m®]  Qr(t)m?/h] Qu(H)m?/h] Qe()m?/h] Model

0 <t<03 5 2660 0 0 PDE
0.3 <t<0.85 0 0 0 0 PDE
0.85 <t <0.95 0 0 0 6000 PDE
095<t<1 0 0 100 0 PDE

In Figures 4.8 and 4.9, we demonstrate the convergence of the numerical solutions, all pro-
duced with the semi-implicit scheme and a tolerance ¢ = 1078, to the reference solution. That
value was chosen by previous experience. The effect of the tolerance parameter ¢ itself is studied
in Table 4.4 for simulations done with N = 50, 100, and 200, in terms of the average number
of iterations during the simulation, the relative error, and CPU time. It turns out that the
relative error depends only marginally on the choice of €. As one should expect, the average
number of iterations (of the Newton-Raphson scheme, per time step), as well as the CPU time
for the whole simulation, consistently increase with decreasing . Overall, it appears that the
relative error and CPU time, and therefore efficiency, does not depend critically on € (at least
for the model functions and parameters chosen here).

For the same configuration, we compare in Table 4.5 and Figure 4.10 the relative errors and
CPU times obtained by the three schemes SBR2 of [16], and the explicit and semi-implicit
schemes of Sections 4.3 and 4.4, respectively. For both explicit and semi-implicit schemes,
simulations were performed for N = 25 ...,1600 using the Engquist-Osher flux (4.18). The
semi-implicit scheme was calculated with the tolerance € = 1078. It turns out that with the ex-
ception of very coarse discretizations, the semi-implicit scheme is significantly more efficient in
error reduction per CPU time than its explicit counterpart due to its more favorable CFL con-
dition, and is more efficient also than SBR2 for sufficiently fine discretizations. It is noteworthy
that all schemes converge to the same solution.
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Figure 4.8: Example 4.2: Simulated concentrations (semi-implicit scheme) at 7" = 1h of soluble
components.
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Figure 4.9: Example 4.2: Simulated concentrations (semi-implicit scheme) at 7" = 1 h of soluble

components.
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Table 4.4: Example 4.2: Effect of the tolerance ¢ on the average number of iterations in the
Newton-Raphson method, the errors ei! and CPU times during a simulation of 7= 1h. The
errors are computed with the reference solution obtained by the explicit scheme with N = 4800
and the Godunov numerical flux.

€ Avg. iterations eiS'(t) CPU |s]
1E-1 1.00 0.0497756500328602  0.1250
1E-2 1.03 0.0497756500328602  0.1406
1E-3 1.60 0.0497679356628912  0.1797
1E-4 2.00 0.0497674399512266 0.1953
1E-5 2.01 0.0497674389897926  0.1875
N — 50 1E-6 2.04 0.0497674143163951  0.1797
1E-7 2.12 0.0497674123749513  0.1953
1E-8 2.77 0.0497674121051164 0.2109
1E-9 2.92 0.0497674120899535 0.2344
1E-10 2.96 0.0497674120878119 0.2188
1E-11 3.07 0.0497674120875128 0.2422
1E-12 3.69 0.0497674120874927  0.2560
1E-1 1.00 0.0244467141865713  0.3984
1E-2 1.01 0.0244467141865713  0.4062
1E-3 1.21 0.0244432794902836  0.4453
1E-4 2.00 0.0244427209345141  0.6719
1E-5 2.01 0.0244427236620445  0.5938
N — 100 1E-6 2.02 0.0244427043886650 0.6172
1E-7 2.06 0.0244427032349412  0.6250
1E-8 2.17 0.0244427031258883  0.7188
1E-9 2.87 0.0244427030983648 0.7656
1E-10 2.97 0.0244427030958998  0.7812
1E-11 3.01 0.0244427030956931 0.7734
1E-12 3.11 0.0244427030956539  0.8672
1E-1 1.00 0.0115032639159754  1.4609
1E-2 1.00 0.0115032639159754 1.4766
1E-3 1.07 0.0115029463554388 1.6406
1E-4 1.86 0.0115009448742330 2.0234
1E-5 2.01 0.0115008746422637 2.2578
1E-6 2.02 0.0115008746587289  2.2188
V=200 1E-7 2.03 0.0115008741995477  2.1250
1E-8 2.08 0.0115008740687287  2.2656
1E-9 2.24 0.0115008740547202 2.3281
1E-10 2.91 0.0115008740528361 2.7812
1E-11 3.00 0.0115008740526303 2.7812

1E-12 3.03 0.0115008740526086  2.9609
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Table 4.5: Example 4.2: Errors e and CPU times at simulated time 7' = 1h. The errors have
been computed with the reference solution obtained by explicit scheme with N = 4800 and the
Godunov numerical flux. The abbreviation SBR2 refers to the scheme in [16] (without variable
transformation).

SBR2 Explicit Semi-implicit
N exl(t) CPU[s] eil(t) CPUJs eRl(t) CPU [s]

25 1.6483 0.0391 1.2053 0.0391 1.2099  0.0469

o0 0.9230 0.0703 0.7688 0.1035 0.7732  0.0938

100 0.4704 0.2090 0.4368 0.3340 0.4414  0.2070

T=04h 200 0.2551 0.7969 0.2384 1.7969 0.2416  0.5508
400 0.1352 5.2441 0.1261 11.9395 0.1286  2.0234

800 0.0743  40.9023 0.0645 89.9941 0.0665  7.4453

1600 0.0409 316.4102 0.0379  717.4668 0.0397 27.5156

25 1.5691 0.0900 1.2901 0.0920 1.2959  0.0880

50  0.8327 0.1320 0.7835 0.1590 0.7880  0.1360

100 0.4204 0.3240 0.4392 0.4590 0.4451 0.3190

T=07h 200 0.2125 1.4766 0.2304 3.1797  0.2345 1.0234
400 0.1103 9.5469 0.1218 20.7266 0.1250  3.6797

800 0.0595  79.1719 0.0620 175.6562 0.0644 14.2188

1600 0.0327 646.8438 0.0371 1421.2190 0.0392 55.6470

25 1.1617 0.0469 1.0747 0.0508 1.0573  0.0566

50  0.6580 0.0957 0.6966 0.1191 0.70v8  0.1289

100 0.3760 0.3555 0.4519 0.6797 0.4627  0.3984

T=1h 200 0.1877 1.9004 0.2821 4.0605 0.2919 1.3066
400 0.1075  12.4375 0.1658 27.058 0.1737  4.8535

800 0.0644 104.6543 0.0896  237.3340 0.0966 18.8379

1600 0.0418 822.3809 0.0439 2362.8570 0.0495 75.5801

4.6.3 Example 4.3

We investigate the impact of a moving mesh with three different spatial grids, compared to a
fixed grid; see Figure 4.11. The simulation conditions are given in Table 4.6. The semi-implicit
scheme is used with the Engquist-Osher flux and ¢ = 107%. The data in Table 4.6, which
contemplate no solids feed or discharge but a moving boundary, have been chosen in such a
way that the solution converges quickly in time to a stationary one with a layer of sediment at
the bottom produced by the settling of the initially homogeneous suspension that is not affected
by the moving boundary. Figures 4.11 (a), (c¢) and (e) show that the numerical solution of the
SBR2 scheme reproduces this property at any of the chosen discretizations N = 100, N = 200
or N = 400 while the solution produced by the semi-implicit scheme is not stationary due to
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Figure 4.10: Example 4.2: error versus CPU time for various values of N (Table 4.5) at simula

times (a) 7" = 0.4h, (b) T = 0.75h and (c) T = 1h; (d) simulated total suspended solids
concentration (N = 4800) during 1h (reference solution).

the effect of the moving mesh. The deviation from a stationary solution seems, however, to
decrease with increasing V.

Table 4.6: Example 4.3: Time functions for the simulation.

Time period [h]  X¢(t)[kg/m?] Q¢(t)[m3/h] Qu(t)[m3/h] Qe(t)[m®/h] Model

0<t<25 0 0 0 0 PDE
25 <t <35 0 0 0 84 PDE
35 <t <45 0 0 0 0 PDE
45 <t < 60 0 40 0 0 PDE
60 <t <70 0 0 0 0 PDE
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(e) SBR with N = 400 (f) Semi-implicit with NV = 400

Figure 4.11: Example 4.3: simulations of the scenario of Table 4.6 with the indicated schemes
and values of N. The fixed-mesh scheme SBR2 reproduces a steady-state profile while numerical
solutions by scheme semi-implicit are affected by the moving mesh.



Conclusions and future works

Conclusions

Here we present a summary with the main contributions and conclusions of the thesis.

e In Chapter 1, we described a general model of multi-component reactive settling of
flocculated particles given by a quasi-one-dimensional PDE system with moving bound-
ary (1.26). Fill and draw of mixture at the moving surface can be made at any time and
a specific application is the SBR process. The unknowns are concentrations of biomass
particles and soluble substrates, and the reaction terms of the PDE model can be given
by any model of biochemical reactions in wastewater treatment.

The moving boundary can be precomputed with the ODE (1.21) containing the volumetric
flows in and out of the tank. We employ the positivity-preserving numerical scheme
outlined in Chapter 2 to simulate the SBR process when denitrification occurs in a tank
with either constant or a varying cross-sectional area and when extreme cases of fill and
draw occur.

e In Chapter 2, we discuss the numerical scheme for the multi-component reactive settling
model, which was derived in Chapter 1 (Section 1.2). This model features a quasi-one-
dimensional PDE system with moving boundary. The numerical scheme in Section 2.2.4
is designed to ensure conservation of mass across the surface during fill and draw. Away
from the moving boundary, the scheme is the same as in [12]|, where it is demonstrated
that its order of convergence is not more than one. The extra treatment near the surface
will of course not improve that. An indication of the convergence of the numerical scheme
as the mesh size is reduced is shown in Figure 2.4.

The main result of this chapter is an invariant-region property (Theorem 2.1) for the
numerical solution if the scheme is computed in a Lie-Trotter-Kato splitting way, where
the first step computes intermediate variables without including reaction terms and the
next step incorporates the evaluation of the reaction terms in the intermediate variables.
Then, all the concentrations are non-negative, and the solids concentrations never exceed
the maximal packing one. In particular, the scheme is monotone when the reaction terms
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are zero. Simulations with or without splitting have shown to produce very similar out-
puts, and this is demonstrated by the diminishing relative error between such simulations
in Table 2.4.

A proof of convergence of the method (as the cell size tends to zero) to a suitably defined
entropy solution is still pending, along with the corresponding well-posedness analysis
that addresses existence, uniqueness. That said, we point out that available convergence
analyses for related strongly degenerate, scalar PDEs with discontinuous flux (cf., e.g.,
[26, 71, 72]) rely on the monotonicity of the underlying scheme as well as a uniform
bound on the numerical solution, among other properties. Theorem 2.1 and its proof
may be therefore viewed as a partial result to prove convergence of the numerical scheme
presented herein.

Given a moving boundary and a fixed spatial discretization for the numerical scheme,
local mass balances have been used to obtain correct update formulas for numerical cells
near the surface.

This results in a scheme with several cases depending on the surface movement. A certain
limitation of the explicit numerical scheme, used with or without splitting, is the restric-
tive CFL condition (where the time step is essentially proportional to the square of the
cell size), implying that very small-time steps are needed if accurate approximations on
a fine spatial mesh are sought. An alternative approach would be to transform the PDE
system and have a fixed number of cells below the moving surface, as shown in Chapter 4.
The advantage of the present fixed-cell-size numerical scheme is, however, that the model
can more easily be generalized to include further sources or sinks at fixed locations, a
desirable feature in applications to wastewater treatment.

Chapter 3, a reactive-settling PDE model with standard ASM1 parameters and several
constitutive assumptions on the movement of particles and dissolved substrates have been
calibrated to experimental data: 22 conventional batch sedimentation experiments and
one steady-state scenario of an SST in a pilot plant. The predictability of the model was
evaluated to two further experimental SST scenarios. The properties of hindered settling
and compression at high concentrations for the flocculated particles were successfully
fitted to 22 conventional batch sedimentation experiments; see Figure 3.2. This was
possible after the effects of the initial induction period of each test had been transformed
away. One experimental steady-state scenario (about four data points along the depth
of the tank for each concentration) was thereafter used for the additional calibration of
terms in the equations modeling hydrodynamic dispersion of partly the particles, and
partly the dissolved substrates. Adding more terms and parameters of course always
leads to a better fit to the data used in the calibration. Therefore, two experimental
scenarios were used for validation.

The most substantial improvement between the model variants is to allow for a variable
cross-sectional area instead of a constant one. There is a substantial difference in the
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predicted nitrogen content in an SST during steady state; see Figure 3.11, which is one
of the main purposes of the reactive-settling modeling. The inclusion of hydrodynamic
dispersion modeled with two parameters leads only to such a small improvement in the
predictability of the model that it is hardly worth the extra effort. The additional inclusion
of a term modeling the mixing of the suspension near the feed inlet neither lead to any
improved predictability. The overall conclusion is thus that a careful treatment of batch-
settling data to calibrate the sedimentation-compression model was sufficient to ensure
good predictability of the reactive settling process in a pilot SST.

Chapter 4, the numerical results show that the two versions of the numerical scheme
presented herein, the explicit one of Section 4.3.2 and the semi-implicit one of Section 4.4,
generate physically relevant solutions (as is expressed by the invariant region principle)
and are working alternatives to the scheme SBR2 in Chapter 2 of the PDE model advanced
in Chapter 1. Moreover, as Example 4.2 clearly illustrates, there is a substantial gain
in CPU times and efficiency of the semi-implicit version if compared with the explicit
version. This gain is, of course, due to the more favorable CFL condition (CFL-SI)
(for the semi-implicit scheme) that allows a larger time step than in (CFL) (for the
explicit scheme). The degree of this advantage depends, of course, on the constitutive
functions and parameters used, so it is important to emphasize that it appears for choices
of these constitutive ingredients that are largely considered typical for activated sludge
[13, 17, 79, 104].

The SBR2 scheme of Chapter 2 is based on a fixed grid with respect to z, and the moving
interface zZ(t) needs to be tracked explicitly. This movement gives rise to a number of
cases of boundary cells of time-dependent size that need to be handled separately. That
treatment is fairly involved and the approach presented in this chapter is in general easier
to implement, and for the semi-implicit variant turns out to be more efficient. That
said, we should mention that the fixed-grid approach from [16] has certain advantages in
situations where the method must keep a consolidated bed invariant under movements
of Z(t) above it, as illustrated by Example 4.3. Moreover, this approach can be more easily
extended to additional inlets or outlets in the reactor. It is therefore interesting to note
that the observed convergence of the three schemes discussed tend to the same solution,
as evidenced by Table 4.5 and Figure 4.10 (a), which supports that the treatment in [16]
is correct.

With respect to limitations, we which mention that the approach of [16] involves a vessel
with variable cross-sectional area; this model ingredient has been left out in this chapter
for simplicity and is not expected to make the formulation and analysis significantly more
difficult. We also note that while it has been proven that the schemes are monotone
and obey an invariant-region principle and numerical evidence of convergence has been
presented, a rigorous convergence proof is still missing but can possibly be obtained
by combining analyses of weakly coupled degenerate parabolic systems [65], numerical
methods for zero-flux boundary value problems [19, 73|, and studies of triangular systems
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of conservation laws and degenerate convection-diffusion equations [21, 22, 31|. (In the
latter reference, convergence proofs decisively depend on usage of the Engquist-Osher flux
with its separable upwind and downwind contributions; this has partly motivated usage
of that particular numerical flux in the present chapter).

Another extension, improvement and application of the model and numerical methods are
conceivable. For instance, both scheme versions are only first-order accurate in space and
time; this order can possibly be improved by applying more sophisticated variable extrap-
olation or maximum-principle-preserving weighted essentially non-oscillatory (WENO)
techniques (cf., e.g., [70] and references cited in that work) combined with changing
between the implicit and explicit steps in a more involved manner as is done in implicit-
explicit (IMEX) schemes, cf., e.g., [9].

We emphasize that within the present approach soluble components are supposed to be
transported passively with the fluid and are subject to the reaction terms. In some of the
figures this property causes fairly sharp concentration profiles when one expects that the
evolution of solute concentrations should be subject to additional effects such as disper-
sion /diffusion. In fact, diffusion driven by the gradient of the respective concentration
was the unique mechanism of spatial propagation of solutes considered in one of the first
efforts to model reactive settling by PDEs [13]. Tt would not be a problem to include
diffusion in the present approach as an additional mechanism of solute transport, with
the effect to be an overall blurring of profiles.

Future Work

e In the literature, all contributions in SBR optimization have been developed based on
ODEs that model the biochemical reactions occurring during the filling and reaction
stages. In future work, the model and numerical methods described in Chapters 1, 2 and 4
will allow investigations and contributions to the optimization of the reactive settling of
the SBR process, which consists of five stages: filling, reaction, sedimentation, extraction,
quiescence and removal, see Figure 2. Each of these stages can have sub-periods of mixing,
with or without aeration, which influence the efficiency of the biochemical reactions;
see [68, 107]. Contributions will be made to a general bi-objective optimization problem
for the design and periodic operation of an SBR plant for a constant set of inputs (e.g.,
climatic conditions) that can be formulated as: Minimizing both construction cost and
operating costs subject to the plant delivering effluent concentrations below the limits
allowed by emission regulations. The construction cost is clearly related to the size of
the plant, while the operating costs consist mainly of energy costs required for aeration
of the reactor [4]. Another aspect of interest is the implementation of several SBRs
coupled in series or parallel, with synchronized stages allowing, for example, to obtain a
continuous effluent flow of a certain quality. This approach would allow a more accurate
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comparison between SBRs and continuously operating SSTs, as one or the other can
be preferred depending on the size of the plant and other practical considerations, as
mentioned in [16].

Another application with potential modeling advantages is the use of SBR with a porous
bottom. In this process, the fluid is filtered through a filter medium, such as a filter
cloth or membrane. This media has the property of retaining the suspended solids in
the wastewater, while allowing the fluid to pass through. Although applying pressure
can accelerate the filtration process, the increasing hydraulic resistance of the sediment
accumulated at the bottom of the reactor can counteract the applied pressure, which
can reduce the efficiency of the process. This phenomenon gives rise to a free boundary
problem [18, 25|, which adds complexity to the SBR model, as the trajectory of the piston
pressing the fluid through the filter media depends on how the hydraulic resistance of the
bottom changes over time. Understanding how this hydraulic resistance affects the piston
trajectory is critical to improving the efficiency of the filtering process.

As mentioned in several studies [33, 35, 58, 69], bubble formation is a critical problem in
wastewater treatment plants with activated sludge, as it decreases the overall performance
of the plant and causes operational problems. During the reaction stage of the SBR,
complete biological nitrogen removal is aimed for. However, a substantial part of this
is still present, such as nitrite, which is not completely removed, releasing nitrogen gas
during the sedimentation phase. This release of nitrogen gas causes the formation of small
bubbles in the activated sludge, resulting in the flotation of the sludge blanket in the tank.
The attachment of the nitrogen gas bubbles to the particulate material occurs during the
sedimentation stage of the SBR, in a zone of reverse flow, which implies that the nitrogen
gas bubbles move upwards while the solid particles settle, resulting in the attachment
of the bubbles to the particles. In future work, the model described in Chapter 4 will
be extended to include the aforementioned aggregation process. In addition, it will be
necessary to introduce an additional PDE for a third variable, e.g. the number of solid
particles attached to a single bubble at each spatial position and time. The inclusion
of this new PDE will allow modeling of the dynamics of gas bubbles and solid particles
attached in the reactor, which will help to better understand the mechanisms governing
sludge blanket formation and flotation in SBRs.



Conclusiones y Trabajos Futuros

Conclusiones

A continuaciéon presentamos un resumen con las principales aportaciones y conclusiones de la
tesis.

e En el Capitulo 1, describimos un modelo general de sedimentacion reactiva multicom-
ponente de particulas floculadas dado por un sistema EDP cuasi unidimensional con
frontera movil (1.26). El llenado y la extraccion de la mezcla en la superficie movil
pueden realizarse en cualquier momento y una aplicacion especifica es el proceso SBR.
Las incognitas son las concentraciones de particulas de biomasa y sustratos solubles, y los
términos de reaccién del modelo de EDP se pueden dar por cualquier modelo de reacciones
bioquimicas en el tratamiento de aguas residuales.

La frontera movil puede calcularse previamente con la EDO (1.21) que contiene los flu-
jos volumétricos de entrada y salida del tanque. Empleamos el esquema numérico que
preserva la positividad descrita en el Capitulo 2 para simular el proceso del SBR cuando
la desnitrificacion se produce en un tanque con area de seccion transversal constante o
variable y cuando ocurren casos extremos de llenado y extraccion.

e En el Capitulo 2 , discutimos el esquema numeérico para el modelo de sedimentacion reac-
tiva multicomponente, que se derivo en el Capitulo 1 (Seccion 1.2). Este modelo presenta
un sistema de EDP cuasi unidimensional con frontera moévil. El esquema numérico en
la Seccion 2.2.4 estd disenado para garantizar la conservacion de la masa a través de la
superficie durante el llenado y la extracciéon. Lejos de la frontera movil, el esquema es
el mismo que en [12], donde se demuestra que su orden de convergencia no es superior a
uno. El tratamiento adicional cerca de la superficie, por supuesto, no mejoraré esto. Una
indicacion de la convergencia del esquema numérico a medida que se reduce el tamano de
la malla se muestra en la Figura 2.4.

El resultado principal de este capitulo es una propiedad de region invariante (Teorema 2.1)
para la solucién numérica si el esquema se calcula de manera de divisiéon de Lie-Trotter-
Kato, donde el primer paso calcula las variables intermedias sin incluir los términos de
reaccion y el siguiente paso incorpora la evaluaciéon de los términos de reaccion en las
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variables intermedias. Fntonces, todas las concentraciones son no negativas, y las con-
centraciones de so6lidos nunca superan la maxima de empaquetamiento. En particular, el
esquema es monoétono cuando los términos de reacciéon son cero. Las simulaciones con
o sin division han demostrado producir resultados muy similares, y esto se demuestra
mediante el error relativo decreciente entre tales simulaciones en la Tabla 2.4.

Una prueba de la convergencia del método (a medida que el tamafio de la celda tiende
a cero) a una solucion de entropfa adecuadamente definida atin estd pendiente, junto
con el analisis de buen planteamiento correspondiente que aborda la existencia, unicidad.
Dicho esto, senalamos que los andlisis de convergencia disponibles para EDP escalares
fuertemente degeneradas y relacionadas con flujo discontinuo (véase, por ejemplo, |26, 71,
72]) se basan en la monotonia del esquema subyacente, asi como en la existencia y unicidad
de la soluciéon numérica, entre otras propiedades. El Teorema 2.1 y su prueba pueden
considerarse, por lo tanto, como un resultado parcial para demostrar la convergencia del
esquema numérico aqui presentado.

Dada una frontera moévil y una discretizacion espacial fija para el esquema numérico, se
han utilizado balances de masa locales para obtener formulas de actualizaciéon correctas
para las celdas numéricas cercanas a la superficie. Esto resulta en un esquema con varios
casos dependiendo del movimiento de la superficie.

Una cierta limitacion del esquema numérico explicito, utilizado con o sin division, es
la restrictiva condicion CFL (donde el paso de tiempo es esencialmente proporcional al
cuadrado del tamario de la celda), lo que implica que se necesitan pasos de tiempo muy
pequenos si se buscan aproximaciones precisas en una malla espacial fina. Un enfoque
alternativo seria transformar el sistema EDP y tener un ntimero fijo de celdas por debajo
de la superficie movil, como se muestra en el Capitulo 4. La ventaja del presente esquema
numérico de tamano de celda fija es, sin embargo, que el modelo puede generalizarse méas
facilmente para incluir méas fuentes o sumideros en ubicaciones fijas, una caracteristica
deseable en aplicaciones al tratamiento de aguas residuales.

El Capitulo 3, se ha calibrado un modelo EDP de sedimentacion reactiva con paramet-
ros ASMI1 estandar y varias hipodtesis constitutivas sobre el movimiento de particulas
y sustratos disueltos con datos experimentales: 22 experimentos convencionales de sedi-
mentacion por lotes y un escenario en estado estacionario de un SST en una planta piloto.
La predictibilidad del modelo se evalu6é con otros dos escenarios experimentales de SST.
Las propiedades de sedimentacion obstaculizada y compresion a altas concentraciones
para las particulas floculadas se ajustaron con éxito a 22 experimentos de sedimentacion
por lotes convencionales; véase la Figura 3.2. Esto fue posible una vez transformados los
efectos del periodo de induccion inicial de cada ensayo. A continuacién, se utilizdé un es-
cenario experimental de estado estacionario (unos cuatro puntos de datos a lo largo de la
profundidad del tanque para cada concentracion) para la calibracion adicional de térmi-
nos en las ecuaciones que modelan la dispersion hidrodinamica de parte de las particulas
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y parte de los sustratos disueltos. Por supuesto, anadir més términos y parametros siem-
pre conduce a un mejor ajuste de los datos utilizados en la calibracién. Por lo tanto, se
utilizaron dos escenarios experimentales para la validacion.

La mejora més sustancial entre las variantes del modelo es permitir un area de sec-
cion transversal variable en lugar de una constante. Hay una diferencia sustancial en
el contenido de nitrogeno predicho en un SST durante el estado estacionario; véase la
Figura 3.11, que es uno de los principales objetivos del modelado de sedimentacion re-
activa. La inclusion de la dispersion hidrodinadmica modelada con dos parametros sélo
conduce a una mejora tan pequena en la predictibilidad del modelo que apenas merece la
pena el esfuerzo adicional. La inclusién adicional de un término que modele la mezcla de
la suspension cerca de la entrada de alimentacién tampoco conduce a ninguna mejora de la
predictibilidad. La conclusion general es, por tanto, que un tratamiento cuidadoso de los
datos de sedimentacion por lotes para calibrar el modelo de sedimentacién-compresiéon fue
suficiente para asegurar una buena predictibilidad del proceso de sedimentaciéon reactiva
en un SST piloto.

El Capitulo 4, los resultados numéricos muestran que las dos versiones del esquema
numérico aqui presentado, el explicito de la Seccion 4.3.2 y el semi-implicito en la Sec-
cion 4.4, generan soluciones fisicamente relevantes (como lo expresa el principio de la
region invariante) y son alternativas funcionales al esquema SBR2 en el Capitulo 2 del
modelo EDP avanzado en el Capitulo 1. Por otra parte, como el Ejemplo 4.2 ilustra
claramente, hay una ganancia sustancial en tiempos de CPU y la eficiencia de la ver-
sion semi-implicita si se compara con la version explicita. Esta ganancia se debe, por
supuesto, a la condicion CFL més favorable (CFL-SI) (para el esquema semi-implicito)
que permite un paso de tiempo mayor que en (CFL) (para el esquema explicito). El grado
de esta ventaja depende, por supuesto, de las funciones constitutivas y los parametros
utilizados, por lo que es importante enfatizar que aparece para elecciones de estos in-
gredientes constitutivos que en gran medida se consideran tipicas para lodos activados
[13, 17, 79, 104].

El esquema SBR2 del Capitulo 2 se basa en una malla fija con respecto a z, y la superficie
movil Z(t) necesita ser rastreada explicitamente. Este movimiento da lugar a una serie
de casos de celdas de limite de tamano dependiente del tiempo que deben tratarse por
separado. Ese tratamiento es bastante complicado y el enfoque presentado en este capi-
tulo es, en general, mas facil de implementar, y para la variante semi-implicita resulta
ser mas eficiente. Dicho esto, mencionamos que el enfoque de malla fija de [16] tiene
ciertas ventajas en situaciones en las que el método debe mantener invariante un lecho
consolidado bajo movimientos de Z(¢) por encima de él, como se ilustra en el Ejemplo 4.3.
Ademés, este enfoque puede extenderse méas facilmente a entradas o salidas adicionales
en el reactor. Por lo tanto, es interesante senalar que la convergencia observada de los
tres esquemas discutidos tienden a la misma solucion, como lo demuestran la Tabla 4.5 y
la Figura 4.10 (a), lo que apoya que el tratamiento en [16] es correcto.
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Con respecto a las limitaciones, mencionamos que el planteamiento de [16] implica un
recipiente con area de seccion transversal variable; este componente del modelo se ha
omitido aqui por simplicidad y no se espera que dificulte significativamente la formulacion
y el analisis. También hay que senalar que, si bien se ha demostrado que los esquemas
son mono6tonos y obedecen a un principio de region invariante y se ha presentado eviden-
cia numérica de convergencia, todavia falta una prueba rigurosa de convergencia, pero
posiblemente se puede obtener mediante la combinaciéon de analisis de sistemas paraboli-
cos degenerados débilmente acoplados [65], métodos numéricos para problemas de valor
limite de flujo cero [19, 73|, y estudios de sistemas triangulares de leyes de conservacion
y ecuaciones de conveccion-difusion degeneradas [21, 22, 31]|. (En esta tltima referencia,
las pruebas de convergencia dependen decisivamente de la utilizacion del flujo Engquist-
Osher con sus contribuciones separables a favor y en contra del flujo; esto ha motivado
en parte el uso de ese flujo numérico particular en el presente capitulo).

Son concebibles otras ampliaciones, mejoras y aplicaciones del modelo y de los méto-
dos numéricos. Por ejemplo, ambas versiones del esquema solo tienen una precision de
primer orden en el espacio y tiempo; este orden puede mejorarse aplicando técnicas mas
sofisticadas de extrapolaciéon de variables o técnicas ponderadas esencialmente no oscila-
torias (WENO, por sus siglas en inglés) que preservan el principio maximo (véase, por
ejemplo, |70] y las referencias citadas en ese trabajo) combinadas con el cambio entre los
pasos implicitos y explicitos de una manera mas compleja, como se hace en los esquemas
implicito-explicito (IMEX), véase, por ejemplo, [9].

Destacamos que en el presente enfoque se supone que los componentes solubles se trans-
portan pasivamente con el fluido y estan sujetos a los términos de reacciéon. En algunas
de las figuras esta propiedad causa perfiles de concentracion bastante agudos cuando uno
espera que la evolucion de las concentraciones de soluto deberia estar sujeta a efectos
adicionales como la dispersion /difusion. De hecho, la difusion impulsada por el gradiente
de la concentraciéon respectiva fue el tinico mecanismo de propagacion espacial de solu-
tos considerado en uno de los primeros esfuerzos por modelizar la sedimentacién reactiva
mediante EDPs |13]. No serfa un problema incluir la difusién en el enfoque actual como
un mecanismo adicional de transporte de solutos, con el efecto de difuminar globalmente
los perfiles.

Trabajo Futuro

e En la literatura, todos los aportes en la optimizacion del SBR, se han desarrollado mode-
los basados en EDOs que modelan las reacciones bioquimicas ocurridas durante las etapas
de llenado y reacciéon. En trabajos futuros, el modelo y los métodos numeéricos descritos
en los Capitulos 1, 2 y 4 permitira realizar investigaciones y contribuciones en la opti-
mizaciéon de la sedimentacion reactiva del proceso de SBR, el cual consta de cinco etapas:
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llenado, reaccion, sedimentacion, extraccion, reposo y remocion, ver Figura 4. Cada una
de estas etapas pueden tener sub-periodos de mezcla, con o sin aireaciéon, que influyen en
la eficacia de las reacciones bioquimicas; ver [68, 107|. Se realizaran contribuciones a un
problema general de optimizacion bi-objetivo para el diseno y operaciéon periodica de una
planta SBR para un conjunto constante de datos de entradas (por ejemplo, condiciones
climéaticas) que se pueda formular como: Minimizar tanto el costo de construccion como
los costos de funcionamiento sujetos a que la planta entregue concentraciones de efluentes
por debajo de los limites permitidos por las normativas de emision. El costo de construc-
cion esta claramente relacionado con el tamano de la planta, mientras que los costos de
operacion consisten principalmente en costos de energia requeridos para la aireacion del
reactor [4]. Otro aspecto de interés es la implementacion de varios SBR acoplados en serie
o paralelo, con etapas sincronizadas que permitan, por ejemplo, obtener un flujo continuo
de efluente de cierta calidad. Este enfoque permitiria una comparacién mas precisa entre
los SBR y los SST de funcionamiento continuo, ya que se puede preferir uno u otro en
funcion del tamano de la planta y de otras consideraciones practicas, como se menciona
en [46].

Otra aplicacion con posibles ventajas de modelado es el uso del SBR con fondo poroso.
En este proceso, el liquido se filtra a través de un medio filtrante, como puede ser una
tela filtrante o una membrana. Este medio tiene la propiedad de retener los sélidos sus-
pendidos en el agua residual, mientras permite el paso del fluido. Aunque aplicar presion
puede acelerar el proceso de filtracion, la creciente resistencia hidraulica del sedimento
acumulado en el fondo del reactor puede contrarrestar la presion aplicada, lo que puede
reducir la eficiencia del proceso. Este fenémeno da origen a un problema de frontera
libre [18, 25|, el cual anade complejidad al modelo SBR, ya que la trayectoria del piston
que presiona el fluido a través del medio filtrante depende de como cambia la resistencia
hidraulica del fondo a lo largo del tiempo. Comprender como esta resistencia hidraulica
afecta la trayectoria del piston es fundamental para mejorar la eficacia del proceso de
filtrado.

Como se menciona en diversos estudios [33, 35, 58, 69|, la formacion de burbujas es un
problema critico en las plantas de tratamiento de aguas residuales con lodos activados,
yva que disminuyen el rendimiento general de la planta y causan problemas operativos.
Durante la etapa de reacciéon del SBR, se busca la eliminacion biologica completa del ni-
trogeno. Sin embargo, una parte sustancial de esto, sigue presente, como lo es el nitrito,
que no se elimina por completo, liberando gas nitrégeno durante la fase de sedimentacion.
Esta liberacion de gas nitrégeno provoca la formacién de pequenas burbujas en el lodo
activado, dando como resultado la flotacién del manto de lodo en el tanque. La adhe-
sion de las burbujas de gas nitrogeno al material particulado ocurre durante la etapa de
sedimentacion del SBR, en una zona de flujo en sentido contrario, lo que implica que las
burbujas de gas nitrégeno se mueven hacia arriba mientras las particulas s6lidas sedimen-
tan [75], produciéndose la union de las burbujas a las particulas. En trabajos futuros, se
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ampliard el modelo descrito en el Capitulo 4 para incluir el proceso de agregacion men-
cionado. Ademas, serd necesario introducir una EDP adicional para una tercera variable,
por ejemplo, el nimero de particulas solidas adheridas a una sola burbuja en cada posi-
cion espacial y tiempo. La inclusion de esta nueva EDP permitird modelar la dindmica
de las burbujas de gas y las particulas solidas adheridas en el reactor, lo que ayudara a
comprender mejor los mecanismos que rigen la formaciéon y flotaciéon del manto de lodo

en los SBRs.
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