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Resumen

Esta tesis tiene como objetivo la formulacion, anélisis e implementaciéon de nuevos
métodos de elementos finitos mixtos para un conjunto de ecuaciones diferenciales
parciales que surgen en el contexto de la mecanica de fluidos. Méas precisamente,
ampliamos el estudio de una formulacién mixta basada en espacios de Banach
introducida recientemente para el problema de Navier-Stokes que permite la con-
servacion de momentum, y primero, desarrollar un analisis de error a posterior:
para el esquema de Galerkin correspondiente. Extendendiendo las técnicas estan-
dar cominmente utilizadas en espacios Hilbert al caso de espacios Banach, como
estimaciones locales y descomposiciones de Helmholtz adecuadas, demostramos
confiabilidad del estimador, mientras que, desigualdades inversas, la técnica de lo-
calizacion basada en funciones burbuja, entre otras herramientas, se emplean para
demostrar la eficiencia.

Después, presentamos un método de elementos finitos mixto para un modelo de
conveccion natural en estado estacionario que describe el comportamiento de flui-
dos incompresibles no isotérmicos sujetos a una fuente de calor. Nuestro enfoque se
basa en la introduccién de un tensor de pseudoesfuerzo modificado que depende de
la presion y los términos difusivo y convectivo de las ecuaciones de Navier-Stokes
para el fluido y un vector incégnita que involucra la temperatura, su gradiente y la
velocidad. La introduccion de estas nuevas incognitas conduce a una formulacion
mixta donde el tensor de pseudoesfuerzo y el vector incoégnita mencionados ante-
riormente, junto con la velocidad y la temperatura, son las principales incégnitas
del sistema. Tanto para el problema continuo como para el discreto, utilizamos
los teoremas de Banach—Necas—Babuska y de punto fijo de Banach para demostrar
unicidad de solucién.

Usando las técnicas desarrolladas para el analisis de error a posterior: para
la formulacién que conserva momentum del problema de Navier—Stokes, comple-
mentamos el estudio del ya mencionado esquema de elementos finitos mixto para
el modelo de conveccion natural y obtenemos un estimador de error a posteriori
basada en residuos confiable y eficiente para el esquema de Galerkin correspon-
diente.

Finalmente, presentamos una formulaciéon mixta para las ecuaciones no esta-
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cionarias de Brinkman—Forchheimer. Nuestro enfoque se basa en la introducciéon
del gradiente de velocidad y del ya mencionado tensor de pseudoesfuerzo como in-
cognitas adicionales. Como consecuencia, obtenemos una formulacion mixta donde
la velocidad junto con su gradiente y el tensor de pseudoesfuerzo, son las princi-
pales incognitas del sistema. Establecemos la existencia y unicidad de solucion de
la formulacion débil en espacios Banach, empleando resultados clésicos en opera-
dores mondtonos no lineales. A continuacion, presentamos el buen planteamiento y
el anélisis de error para el esquema semidiscreto continuo en tiempo y una aproxi-
macion de elementos finitos completamente discreta.

Para todos los problemas descritos anteriormente, se proporcionan varios ex-
perimentos numéricos que ilustran el buen desempeno de los métodos propuestos,
y que confirman los resultados teéricos.

Palabras Claves: ecuaciones estacionarias de Boussinesq, métodos de elemen-
tos finitos mixtos, conservaciéon de momentum, conservaciéon de energia térmica,
Navier—Stokes, espacios Banach, elementos Raviart—-Thomas, estimador de error
a posteriori, confiabilidad, eficiencia, ecuaciones no estacionarias de Brinkman-—
Forchheimer.



Abstract

This thesis aims at the formulation, analysis and implementation of new mixed fi-
nite element methods for a set of partial differential equations arising in the context
of fluid mechanics. More precisely, we extend the study of a Banach spaces—based
mixed formulation recently introduced for the Navier—-Stokes problem allowing
conservation of momentum, and first develop an a posteriori error analysis for
the corresponding Galerkin scheme. By extending standard techniques commonly
used on Hilbert spaces to the case of Banach spaces, such us local estimates, and
suitable Helmholtz decompositions, we prove reliability of the estimator, whereas
inverse inequalities, the localization technique based on bubble functions, among
other tools, are employed to prove efficiency.

Next, we present a mixed finite element method for a class of steady-state
natural convection models describing the behavior of non-isothermal incompress-
ible fluids subject to a heat source. Our approach is based on the introduction
of a modified pseudostress tensor depending on the pressure, and the diffusive
and convective terms of the Navier-Stokes equations for the fluid and a vector un-
known involving the temperature, its gradient and the velocity. The introduction
of these further unknowns lead to a mixed formulation where the aforementioned
pseudostress tensor and vector unknown, together with the velocity and the tem-
perature, are the main unknowns of the system. For both, the continuous and
discrete problems, we make use of the Banach—Necas—Babugka and Banach’s fixed
point theorems to prove unique solvability.

Using the techniques developed for the a posteriori error analysis of the mo-
mentum conservative formulation for the Navier—Stokes problem, we complement
the study of the aforementioned mixed finite element scheme for the natural con-
vection model and derive a reliable and efficient residual-based a posteriori error
estimator for the corresponding Galerkin scheme.

Finally, we study a mixed formulation for the unsteady Brinkman—-Forchheimer
equations. Our approach is based on the introduction of the velocity gradient and
the aforementioned pseudostress tensor, as further unknowns. As a consequence,
we obtain a mixed formulation where the velocity together with its gradient and the
pseudostress tensor, are the main unknowns of the system. We establish existence
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and uniqueness of a solution to the weak formulation in a Banach space setting,
employing classical results on nonlinear monotone operators. We then present the
well-posedness and error analysis for a semidiscrete continuous-in-time scheme and
a fully discrete finite element approximation.

For all the problems described above, several numerical experiments are pro-
vided illustrating the good performance of the proposed methods and confirming
the theoretical results.

Key Words: stationary Boussinesq equations, mixed finite element method, con-
servation of momentum, conservation of thermal energy, Navier-Stokes, Banach
spaces, Raviart—-Thomas elements, a posteriori error estimator, reliability, effi-
ciency, unsteady Brinkman—Forchheimer equations.
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Chapter 1

Introduction

There exists an abundant recent literature dealing with numerical techniques
to approximate the solution of the Navier-Stokes problem. Concerning mixed for-
mulations for the Navier-Stokes equations, we first mention the works of Farhloul
et al. (see [67] and [66]), where the authors extend the analysis of dual-mixed
formulations for the Stokes equations to the Navier-Stokes problem. They propose
quasi-optimal convergent numerical methods for the fluid flow problem considering
the strain tensor (in [67]) and the velocity gradient tensor (in [66]) as the main
unknowns of the corresponding systems. In [28| (see also [26] and [27]), Cai et al.
extended the analysis of pseudostress-based mixed methods for the Stokes problem
to the Navier-Stokes equations. They introduce and analyze a conforming H(div)
method for a pseudostress-based mixed formulation which turns to be of accuracy
O(h*+1=4/6) (d = 2,3) in the L norm. More recently, a new optimally convergent
augmented-mixed finite element method for the Navier-Stokes equation was devel-
oped in [34] (see also [26], [27], 28], [89] for related works). This method, which
extends recent results on pseudostress-based formulations for the Stokes problem
(see e.g. [25], [68], [74], [77], [88], and the references therein), consists in a new for-
mulation of the Navier-Stokes problem with Dirichlet boundary conditions, where
the main unknowns are the velocity and the so called nonlinear pseudostress ten-
sor depending nonlinearly on the velocity through the respective convective term.
The pressure is eliminated by using the incompressibility condition, and can be
recovered as a simple postprocess of the nonlinear pseudostress tensor, as well as
the vorticity and the gradient of the fluid. Due to the presence of the convective
term in the system, the velocity is kept in H!, which leads to the incorporation
of Galerkin type terms arising from the constitutive and equilibrium equations,
and from the Dirichlet boundary condition, into the variational formulation. The
introduction of these terms allows to circumvent the necessity of proving inf-sup
conditions, and as a result, to relax the hypotheses on the corresponding discrete
subspaces (see for instance [21], [70] and [71] for the foundations of this procedure).
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Later on, in [30] it has been introduced and analyzed the first momentum
conservative conforming method for the stationary Navier—Stokes problem with
constant viscosity. There, the approach consists in rewriting the corresponding
system of equations in terms of the pseudostress tensor previously utilized in [34],
say o, in such a way after eliminating the fluid pressure from the system, a first-
order set of equations can be derived. One of the advantages of employing this
procedure is that the equilibrium equation can be written in the form —diveo = f,
as for the Stokes equations, allowing the derivation of the corresponding momen-
tum conservative scheme. Differently from [34], instead of considering the velocity
in H', and consequently enriching the formulation with Galerkin least-squares
type terms, non-standard Banach spaces are introduced for both unknowns, the
pseudostress o and the velocity u, in such a way well-posedness of the continu-
ous problem can be proved by means of the Banach—Nec¢as—Babuska theorem and
a fixed—point strategy. The associated Galerkin scheme makes use of Raviart—
Thomas elements of degree k > 0 to approximate o and discontinuous piecewise
polynomials of degree k for u and to prove unique solvability of the discrete scheme
it is adopted the same fixed—point strategy utilized for the continuous problem.

In this Thesis, we extend the study of Banach spaces—based mixed formula-
tions for fluid flow problems by introducing a reliable and efficient residual-based
a posteriori error estimator for the numerical scheme introduced in [30] and later
on, by proposing new numerical schemes for natural convection models and for
the unsteady Brinkman—Forchheimer problem modelling a fluid flowing through a
porus medium at high Raynolds number. Regarding the first model, in engineer-
ing and industry, natural convection is a largely studied phenomenon due to its
presence in different applications. For instance, electrical and electronic industries
use it for the thermal regulation of components and devices of industrial equip-
ments and the agricultural sector utilizes this phenomenon for drying applications
and storage. This phenomenon can be also found in aeronautics, nuclear energy,
solar collectors and environmental engineering, to name a few. In simple words,
natural convection is a phenomenon where the fluid motion is generated by density
differences due to temperature gradients. Mathematically, it is modelled by the
Navier—Stokes equations coupled to a convection-diffusion equation through the
Boussinesq approximation (variations in density are neglected everywhere except
in the buoyancy term), reason why it is often called as the Boussinesq model.

On the other hand, the flow of fluids through porous media at high Reynolds
numbers is a challenging multiphysics problem that has a wide range of applica-
tions, including processes arising in chemical, petroleum extraction and ground-
water engineering, as well as in many other industrial applications. The mathe-
matical model for the flow through the porous media was first developed by Darcy
[58] and the proposed model governs the linear relationship of the fluid velocity
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with the pressure gradient, we remark that much of the research in porous medium
has been focused on the use of Darcy’s law. The main disadvantage of this theory
is that it works only for those problems which are modeled by accounting low
porosity and smaller velocities. Many of practical implications involve the non—
uniform porous distribution and higher flow transport. In such circumstances, the
Darcy’s theory fails to describe the exact nature of physical phenomenon. For
this purpose, the involvement of non—Darcian effects is accounted to describe the
exact behavior of physical problem. Forchheimer [69] considered such factors by
using the additional term through square velocity in Darcian velocity expression.
Another extension to Darcy’s law is the Brinkman model [22|, which describes
Stokes flow through array of obstacles and can be applied for flows through highly
porous media.

The Brinkman-Forchheimer model is accurate when the flow velocity is too
large for Darcy’s law to be valid and additionally the porosity is not too small.
This model has been justified theoretically with different approaches (see, e.g. [81]
and [112]), and has been extensively studied (see, e.g. [80], [91], [93], [102] and
other papers cited therein). In [102], the authors prove continuous dependence
of solutions of the Brinkman-Forchheimer equations on the Brinkman and Forch-
heimer coefficients in the L?norm, this work is extended to the H'-norm in [44].
In [95] the authors propose and study a perturbed compressible system that ap-
proximate the Brinkman—Forchheimer equations. The existence and uniqueness of
a weak solution is established and also how the solution of the perturbed problem
converges to the solution of the Brinkman—Forchheimer problem.

This Thesis is organized as follows. In Chapter 2 we develop an a posteriori
error analysis of the momentum conservative mixed finite element method for the
steady—state Navier—Stokes problem introduced in [30]. More precisely, by extend-
ing standard techniques commonly used on Hilbert spaces to the case of Banach
spaces, such us local estimates, suitable Helmholtz decompositions and the local
approximation properties of the Clément and Raviart—Thomas operators, we de-
rive the aforementioned a posterior: error estimator. In turn, inverse inequalities,
the localization technique based on bubble functions, and known results from pre-
vious works, are employed to prove the local efficiency of the proposed a posteriori
error estimator. The contents of this chapter gave rise to the following manuscript:

[29] J. CaMANO, S. CAUCAO, R. OYARZUA, AND S. VILLA-FUENTES,
A posteriori error analysis of a momentum conservative mized-FEM
for the stationary Navier—Stokes problem. Preprint 2020-24, Centro
de Investigacion en Ingenieria Matemética (CI°MA), Universidad de
Concepcion, Concepcion, Chile, (2020).

Next, in Chapter 3 we develope the a priori error analysis of fully-mixed formu-
lation for the Boussinesq system where the Navier-Stokes equation is discretized
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using the approach introduced in [30] whereas for the heat equation we employ
the formulation given in [33]. For both, the continuous and discrete problems, the
Banach—Necas—Babuska and Banach’s fixed point theorems are employed to prove
unique solvability. We also provide the convergence analysis and prove that the
error decay with optimal rate of convergence. Further variables of interest, such as
the fluid pressure, the fluid vorticity, the fluid velocity gradient, and the heat-flux
can be easily approximated as a simple postprocess of the finite element solutions
with the same rate of convergence. The contents of this chapter gave rise to the
following paper:

[40] S. CAaucao, R. OYARZUA, AND S. VILLA-FUENTES, A new mized-
FEM for steady-state natural convection models allowing conservation
of momentum and thermal energy. Calcolo 57 (2020), no. 4, 36.

In Chapter 4 we complement the study of the mixed finite element scheme
for the Boussinesq model detailed in Chapter 3. Using the techniques and results
obtained in Chapter 2 we derive a reliable and efficient residual-based a posteriori
error estimator for the corresponding mixed finite element scheme. The contents
of this chapter appear in the following manuscript:

[41] S. CaucAoO, R. OYARZUA, AND S. VILLA-FUENTES, A posteriori er-
ror analysis of a momentum and thermal energy conservative mired—
FEM for the Boussinesq equations. Preprint 2020-29, Centro de Investi-
gacion en Ingenierfa Matematica (CI*MA), Universidad de Concepcion,
Concepcion, Chile, (2020).

Finally, in Chapter 5, we propose and analyze a three—field Banach spaces—
based mixed formulation for the unsteady Brinkman-Forchheimer equations. Our
approach is based on the introduction of the velocity gradient and the pseudostress
tensors, as further unknowns. The introduction of these additional variables leads
to a mixed formulation where the velocity together with its gradient and the pseu-
dostress tensor, are the main unknowns of the system. Employing a classical
theory for monotone operators and previous works (see, e.g. [106], [37], [30]) we
prove existence and uniqueness of solution of the continuous weak formulation.
Then, we propose a semidiscrete continuos—in—time scheme defined by discontin-
uos piecewise polynomials of degree k for the velocity and the velocity gradient,
and Raviart—Thomas elements of order k for the pseudostree tensor. The resulting
scheme is discretized in time employing a backward Euler method. This chapter
gave rise to the following work:

[42] S. CaucaAo, R. OYARzUA, S. VILLA-FUENTES AND I. YOTOV,
A three—field Banach mized formulation for the unsteady Brinkman—
Forchheimer equations. In preparation.
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For each Chapter of this Thesis, the theoretical results such as, orders of con-
vergence, reliability and efficiency of the corresponding residual-based a posteriori
error estimators, are illustrated through several numerical examples.

We continue this section by introducing some notations that will be used
throughout the rest of the present Thesis.

1.1 Preliminary notations

Let us denote by Q C RY, d € {2,3}, a given bounded domain with polyhedral
boundary I'. Standard notations will be adopted for Lebesgue spaces LP(2), with
p € [1,00] and Sobolev spaces W"™P(§) with r > 0, endowed with the norms
| e and || - [|[wre), respectively. Note that W%?(Q) = LP(Q2) and if p = 2,
we write H"(€2) in place of W ™2?(Q), with the corresponding Lebesgue and Sobolev
norms denoted by || - [joo and || - ||,q, respectively. We also write | - |.q for
the H'-seminorm. In addition, H'/?(T") is the spaces of traces of functions of
H'(Q) and H™Y2(I") denotes its dual. With (-,-) we denote the corresponding
product of duality between H'/?(T") and H='/2(T"). By S and S we will denote the
corresponding vectorial and tensorial counterparts of the generic scalar functional
space S. In addition, we will denote by |[(u,v)|| := ||(u,v)||luxv = ||ul|lv + ||v]v
the norm on the product space U x V.

As usual I stands for the identity tensor in R%¢ and |- | denotes the Euclidean
norm in R Also, for any vector fields v = (v;)i=1 4 and w = (w;);=1 4 we set the
gradient, divergence, and tensor product operators, as

v, . v,
Vv = ( Y ) , divv = Zﬁ, and vOW = (v;W;)ij=1d-
ij=1,d

3xj Z‘j

J=1

In addition, for any tensor fields 7 = (7;;); j=1.4 and ¢ = ({i;)ij=1.4, we let div T be
the divergence operator div acting along the rows of 7, and define the transpose,
the trace, the tensor inner product, and the deviatoric tensor, respectively, as

d
T = (Tji)ij=14, tr(T):= ZT“"
d 1:11
T:¢=) 7¢; and 7 TGl

1,7=1

For simplicity, in what follows we denote

(v, w)q iz/ﬂvﬂh (v, w)a ¢=/QV'W,
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(v, w)r ZZ/FV'W and  (7,¢)o ZZ/QTiC-

We also recall the Hilbert space
H(div;Q) := {z € L*(Q) : divz € L*(Q)},

with norm |[|z[|%;, . := [zl[§q + ||div 2|5 o, and introduce the tensor version of
H(div; ) given by

H(div;Q) := {r € L*(Q): divT € L}(Q)},

2d

whose norm will be denoted by || - [|aiv;o. Finally, given p > 7%, in what follows

we will also employ the non-standard Banach space H(div,, 2) defined by
H(div,; Q) == {r € L*(Q) : divrT € L*(Q)},

endowed with the norm

. 1/2
|7 llaiv, 0 = (ITl50 + 1div Tl[Er @) -

In turn, for any scalar function v, we define the sign function sgn, given by
(v) = 1 if v>0,
ST 1 i w<o,

and observe that there holds vsgn(v) = |v|.

Finally, throughout the rest of this Thesis, we employ 0 to denote a generic
null vector (or tensor), and use C' and ¢, with or without subscripts, bars, tildes
or hats, to denote generic constants independent of the discretization parameters,
which may take different values at different places.

We end this section by introducing the most relevant aspects of the method
introduced in [30].

1.2 Analysis of a conservative mixed—FEM for the
stationary Navier—Stokes problem
In this section we recall from [30] the steady-state Navier—Stokes problem,

its mixed variational formulation, the associated Galerkin scheme, and the main
results concerning the corresponding solvability analysis.
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1.2.1 The steady-state Navier—Stokes problem

Let Q C RY, d € {2,3} be a bounded domain with Lipschitz boundary I' and let
v > 0, u and p be the viscosity, the velocity and pressure, respectively, of a viscous
fluid occupying the region €2, whose movement is described by the incompressible
steady-state Navier—Stokes equations with Dirichlet boundary condition:

—vAu+ (u-V)u+Vp = f inQ,
divu = 0 in €,

(1.2.1)
u = up onl,

(p,l)Q = 0

Above, f represents an external force acting on €2 and up is the prescribed velocity
on I, satisfying the compatibility condition:

(llD -1, ]—)F = 0. (122)

Now, in order to derive our mixed approach (see |30, Section 2.2| for details),
we begin by introducing the pseudostress tensor

oc:=vVu —pl —u®u in .

Notice that from the incompressibility condition tr (Vu) = divu = 0 in Q,
there hold

divlu®u)=(u-V)u in Q and tr(c)=—-dp—tr(u®u) in €.
According to the above, we can rewrite equations (1.2.1), equivalently, as follows
cl=vvu— (u®u)?! in Q —dive=f in Q,
(1.2.3)
u=up on I (tr(o),1l)g = —(tr(u®u),l)q,

where the unknowns of the system are the tensor o and the velocity u. The
pressure p can be easily computed as a postprocess of the solution by using

pz—é(tr(d)—i—tr(u@u)) in Q.

1.2.2 The mixed variational formulation and its well posed-
ness

In this section we recall from [30, Section 2.3| the weak formulation of (1.2.3).
To that end, we define the spaces X := H(divy/3;Q), M := L*(Q) and

Xp = {T € H(divy3;9):  (tr(1),1)o = O},
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and observe that the following decomposition holds:
X = XO @ Po(Q>I,

where Py(2) is the space of constant polynomials on 2. Then, the variational
formulation of (1.2.3) reads: Find (o, u) € Xo x M, such that

a(o,7) + b(r,u) + c(uyu,7) = F(1r) V1 e X,
(1.2.4)
b(o,v) = G(v) VveM,

where the forms a : X XX >R, b: XxM - Randc: M xM x X — R are
defined as

a(o,T) = %(Ud,Td)Q, b(r,v) := (divT,v)q, (1.2.5)

and )
c(w;v,T) = —(wav, 7, (1.2.6)
v

and the functionals F' € X{; and G € M’ as
F(r) := (tn,up)r and G(v) := —(f,v)q. (1.2.7)

Notice that, from now on, the norms for the spaces X, M and the product space
X x M, will be denoted, respectively, by || - |Ix, || - [lm and ||, )| = || - llx + || - [|m-

This problem is analyzed throughout [30, Section 3|, and the well-posedness
comes as a result of a fixed-point strategy. In particular, we recall from [30] the
following results:

We start by recalling the classical Poincare and Sobolev estimates

Jwllio < Cplwlia Yw e Hy(2) (1.2.8)
and
[ w|lir@) < Csapllwlhg Yw e HY(Q), forr>1ifn=2orrel,6]ifn=3,
(1.2.9)
with Cp > 0 and Cs > 0 depending only on |2]. (1.2.8) can be deduced from [104,

Theorem 1.3.3] whereas (1.2.9) can be found in [104, Theorem 1.3.3|.
Now we recall that the forms a, b and ¢ are bounded:

1
la(e, 7)l = ~llolxlirlx Vo, eX,

Ib(r,v)| < [|T|lx]|vIm VT eX VveM,
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and
1
lc(w;v,T)| < ;HWHMHVHMHTHX VreX,Vw,ve M.

In addition, from [30, Lemma 3.5], we have that the functionals F' and G are
bounded:

[F(T)] = [{rn, up)| < Crllup|lijar|7x

and
|GV) = (£, v)al < [[fllps@llviim,

where CF is a positive constant depending on Cs (cf. (1.2.9)).
We now let V be the kernel of b, that is

Vi={reXy:b(r,v)=0,VveM}={r€X;: (divr,v)g=0,Vv e M}.
It is clear that V can be characterized as follows
V={reXy: divr=0inQ}.

The following lemma establishes the ellipticity of a on V.

Lemma 1.2.1. There holds,
a(t,7) > o)k VT ev, (1.2.10)

with a == Cy/v.

Now we provide the corresponding inf-sup condition of the bilinear form b.
Lemma 1.2.2. There holds,

b(7,v)
sup
047X |7

> Bllvlm ¥v e M, (1.2.11)

with
B:=(d+dC3C2)~/2.

From the properties of the bilinear forms a and b, described in (1.2.10) and
(1.2.11) and [63, Proposition 2.36] it is not difficult to see that the following inf-sup
condition holds:

sup a(¢,7)+b(r,z) +b({,v) +c(u;z,7)

(1,v)EXoxM (7, V)]l
(7,v)#0

>3l (212)
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for all (¢,z) € Xy x M, with

_ éﬁmin{l, vi}

1 (1.2.13)

v

where C is a positive constant independent of the physical parameters.
Next, we recall from [30, Theorem 3.7| the well-posedness of (1.2.4).

Theorem 1.2.3. Let f € LY3(Q) and up € HY?(T') such that
4
e (Crlluplliyar + [fllLasg) < 1,

where Cg is the bounding constant of F and ~y is defined in (1.2.13). Then, there
exists a unique (o,u) € Xg x M solution to (1.2.4). In addition, there exists
C > 0, such that

lallv +llollx < C (llupllyzr + [Ellvs) -

In particular, it can be proved (see [30, Theorem 3.7|) that the velocity satisfies
the following estimate

2
lull < = (Crlupllyzr + [fllose) (1.2.14)

The latter will be employed next in Section 2.3.1.
We now provide the converse of the derivation of (1.2.4). More precisely, the
following theorem establishes that if (o, u) is the unique solution of (1.2.4), then

~ 1
(a’ =0 — m(tr (u®u), 1)l u) satisfies (1.2.3). We remark that there are

not extra regularity assumptions on the data; only f € L*/3(Q) and up € HY/2(I')
are required here.

Theorem 1.2.4. Let (o,u) € Xy x M be the unique solution of (1.2.4). Then,
o =vVu— (u®u)! in Q, which implies that u € HY(Q), —dive = f in Q and
u = up onl.

Proof. First, it is clear that the identity — dive = f in Q follows from the second
equation of (1.2.4). On the other hand, the derivation of the rest of the identities
follows from the first equation of (1.2.4), considering suitable test functions and
integrating by parts backwardly. We omit further details. [
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1.2.3 The mixed finite element method

Let {7.}, be a family of regular triangulations of Q by triangles T in R?
or tetrahedra in R® of diameter hp, such that Q = U{T : T € T} and define
h := max{hy : T € Tp}. Now, given an integer [ > 0 and a subset S of R?
we denote by F,(S) the space of polynomials of total degree at most [ defined
on S. Hence, for each integer £k > 0 and for each T € T,, we define the local
Raviart-Thomas space of order k as (see, for instance, [21]):

RT(T) == [Pu(T)]" & P(T)x,
where x := (z1,...,24)" is a generic vector of R? and P,(T) is the space of poly-

nomials of total degree equal to k defined on 7'. In this way, defining the finite
element subspaces:

X, = {rh €X: c'mlr€ RTW(T), YeeRY, VTe Th} C X,
M,, = {Vh eM: wre[P(T), VTe 77L} C M,
and observing that
X, = Xno @ Po(QT with X0 = X5, N X,

the Galerkin scheme associated with problem (1.2.4) reads: Find (op,up) € Xj 0 X
M}, such that

a(a'h,Th) —+ b(Th,uh) =+ c(uh;uh,'rh) = F(Th) VTh - Xh,(), ( ) )
1.2.15
b(O’h,Vh) = G(Vh) VV}L € Mh,

where the forms a, b and c, as well as the functionals F' and G are defined in
(1.2.5), (1.2.6) and (1.2.7).

The following results, taken from [30, Theorem 4.5 and Theorem 4.8]|, respec-
tively, provides the well-posedness of (1.2.15) and the corresponding theoretical
rate of convergence.

Theorem 1.2.5. Let f € L¥3(Q) and up € HY?(T) such that
4
772 (CF||11D||1/2,F + HfHL4/3(Q)) < 1,

where Cr is the bounding constant of F', independent of the physical parameters,
and 7 is the discrete version of v (cf. (1.2.13)) given by

’/y\:é\ﬁmln{]ﬂ VB}

. : (1.2.16)
vB+1
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where C is a positive constants independent of the physical parameters and B is the
constant related with the discrete inf-sup condition of the bilinear form b. Then,
there ezists a unique (op,up) € Xp o X My, solution to (1.2.15). In addition, there
exists C' > 0, independent of h, such that

Junllm + llonllx < C (llupllier + Ifllpse) -

In particular, as for the continuous case, it can be proved (see [30, Theorem
3.7]) that the discrete velocity satisfies the following estimate

2
[unllm < 5 (Crllupllijar + [IfllLarsq)) - (1.2.17)

The latter will be employed next in Section 2.3.1.

Theorem 1.2.6. Assume that
4 1

e (Crllupllijer + [fllLasg)) < 3
with vy and7 given by (1.2.13) and (1.2.16), respectively, and C'r being the bounding
constant of F'. In addition, let (o,u) € Xg x M and (op,up) € Xpo x My, be the
unique solutions of problems (1.2.4) and (1.2.15), respectively. and assume further
that o € HY(Q), dive € WHH3(Q) and u € WHHA(Q), for 0 <1 < k. Then,
there exists C' > 0, independent of h, such that

||(0’ — Op, U — uh)H < Chl+1{|0‘|Hz+1(Q) + |diVO"Wz+1,4/3(Q) + |u|wl+1,4(9)}.

Observation

One of the advantages of the present method is the posibility of approximating
further variables of interes, such as the pressure p, the vorticity w := %(Vu— vu),
the stress & := v(Vu+ (Vu)') — pl and the velocity gradient G = Vu, all of them
written in terms of the solution of the discrete problem (1.2.15). In fact, observing
that at the continuous level there hold

1
p = ——(tr (o) +tr(u®u)), 6 =0'+ueu+o +ueu,
n

_ 1 d L
G—V(a + (u®u)?) and w—2y(0' '),

provided the discrete solution (o7, uy) € X;, x My, of problem (1.2.15), we have
the following approximations for the aforementioned variables:

1 ~
pn=——(tr(on) +tr(up®@u)),  on = oy + (wy @ w)" + o, + wy @y,

1 1
G, = ;(ag + (wy®@u,)? and wy = g(ah —ol).
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On the other hand, thanks to the local properties of the Raviart-Thomas ele-
ment, the associated discrete scheme exactly conserves momentum when the datum
is in a suitable polynomial space. In addition, owing to the Banach spaces-based
approach it can be proved optimal convergence of the method considering the
norms where the variables naturally live. Finally, to emphasize another advan-
tage of the numerical method proposed in [30], in Table 1.2.3 we compare the
local degrees of freedom (Dof) considering & = 0 and d = 2, with the corre-
sponding local Dof of the classical velocity-pressure formulation discretized by the
Bernardi-Raugel element and the MINI-element (see Chapter III in [82]). We ob-
serve there that, although our formulation possesses considerably more unknowns
(6 unknowns in 2D) than the velocity-pressure formulation (3 unknowns in 2D),
the computational cost is not increased.

‘ RT, — F, ‘ Bernardi-Raugel ‘ MINI-element
local Dof ‘ 8 ‘ 10 ‘ 11

Table 1.2.1: Local degrees of freedom for the lowest-order method (k = 0).






Chapter 2

A posteriori error analysis of a
momentum conservative
Banach—spaces based mixed—FEM
for the Navier—Stokes problem

2.1 Introduction

In this Chapter we continue the Banach spaces-based study of dual-mixed for-
mulations for nonlinear fluid-flow problems started in [30] (see [18, 31, 43, 40, 49|
for recent extensions) by analyzing a reliable and efficient a posteriori error esti-
mator for the momentum conservative mixed finite element method proposed in
[30] for the incompressible steady-state Navier-Stokes problem. There, the ve-
locity and a pseudostress tensor, defined in terms of the gradient of the velocity,
the pressure and the convective term, are introduced as main unknowns of the
system which allows, on the one hand, to preserve exactly conservation of momen-
tum when the datum is in a suitable polynomial space, and on the other hand,
to compute other variables of interest, such us the gradient of the velocity and
the vorticity, through a simple postprocessing of the pseudostress tensor, with-
out applying any numerical differentiation, thus avoiding further sources of error.
Then, the well-known Banach—Necas—Babuska theory and the Banach fixed-point
theorem are applied to prove the unique solvability of the resulting continuous
formulation. Utilizing the same theoretical tools it can be proved that the asso-
ciated Galerkin scheme defined by Raviart-Thomas elements for the pseudostress
and discontinuous piecewise polynomials for the velocity, is well posed.

Now, one of the main tools widely utilized in the numerical analysis community
to guarantee a good convergence of most finite element methods, specially under

29
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the eventual presence of singularities, is the so called a posteriori error estimator.
This consists of a global quantity © expressed in terms of calculable local indicators
Or, defined on each element T of a given triangulation 7, which allows to estimate
the finite element error in terms of a calculable quantity. This information can be
afterwards used to localize sources of error and construct an algorithm to efficiently
adapt the mesh. The estimator © is said to be efficient (resp. reliable) if there
exists C7 > 0 (resp. Cy > 0), independent of the meshsizes, such that

C10 + hot. < |error]| < C30 + h.o.t.,

where h.o.t. is a generic expression denoting one or several terms of higher order.

Going back to our problem of interest, and regarding this powerful tool to
improve the performance of numerical methods for partial differential equations,
we mention the pioneer works [98], [108] and [109] (se also [4, Section 9.3]) where
the authors introduced the first contributions devoted to derive an a posteriori er-
ror analysis for the incompressible Navier-Stokes problem in its classical velocity-
pressure formulation. We refer also to [11] where the authors extend the afore-
mentioned contributions to the case of Dirac measures and [92] for an a posteriori
error analysis of a Discontinuous Galerkin scheme providing exactly-divergence
free approximations of the velocity.

On the other hand, the study of a posterior: error estimators for saddle-point
problems has been widely developed in the existing literature by many authors
(see, e.g. [2], [3], [10], [20], [35], [36], [76], [87], [94], [97], [105], and the refer-
ences therein). The techniques employed in the above list of contributions have
been successfully applied to a quasi-optimal dual-mixed scheme (in [66]) and to
augmented-mixed formulations (in [79] and [32], respectively) of the Navier-Stokes
problem with constant and variable viscosity.

Our purpose now is to additionally contribute in the direction of the aforemen-
tioned works by providing the a posteriori error analysis of the mixed variational
approach introduced in [30]. To that end, and since our formulation is defined on
non-standard Banach spaces, we extend several results usually utilized to analyze
a posteriori error estimators in Hilbert spaces, to the context of Banach spaces.
According to this, the rest of this Chapter is organized as follows. In Section 2.2
we provide some preliminary results to be employed next to derive and analyze our
a posteriori error estimator. The kernel of the present chapter is given by Section
2.3, where we develop the a posteriori error analysis. In Section 2.3.1 we employ
the global continuous inf-sup condition, a Helmholtz decomposition, and the local
approximation properties of the Clément and Raviart-Thomas operators, to de-
rive a reliable residual-based a posterior: error estimator. Then, in Section 2.3.2
inverse inequalities, and the localization technique based on element-bubble and
edge-bubble functions to prove the efficiency of the estimator. Finally, numerical
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results confirming the reliability and efficiency of the a posteriori error estima-
tor and showing the good performance of the associated adaptive algorithm, are
presented in Section 2.4.

2.2 Preliminary results for the a posteriori error
analysis

We start by introducing some useful notations to describe local information on
elements and edges or faces depending if d = 2 or d = 3, respectively. Let &, be
the set of edges or faces of T, whose corresponding diameters are denoted h., and
define

En(Q) ::{eeé’h: eQQ} and &,(T) ::{eEc‘fh: egf}.
For each T' € Ty, we let &, v be the set of edges or faces of 7', and we denote
Enr(Q) ={eCaT: e€&(Q)} and &) ={eCaT: ec&()}.
We also define unit normal vector n, on each edge or face by
n, = (ng,..,nq)" Ve€&,.
Hence, when d = 2, we can define the tangential vector s, by
S. = (—ng,m)" Ve€é&,.

However, when no confusion arises, we will simply write n and s instead of n, and
Se, respectively.

The usual jump operator [-] across internal edges or face are defined for piece-
wise continuous matrix, vector, or scalar-valued functions ¢ by

[<] = €|l — €lp)|, with e = o7, noT,

where T’y and T_ are the elements of 7, having e as a common edge or face.
Finally, for sufficiently smooth scalar ¢, vector v := (v1,..,v4)%, and tensor fields
T = (ﬁj)lgi,jgd; for d = 2 we let

vy OV curl (vy)*
rot (v) := 8_xj - 8_:c; , curl(v) = (curl (0))
2

rot (1)
rot (73)

X _3_1/})1

curl (¢) = <81:2 ’ 8231

curl(r) = (y (7)) and () = s
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and for d = 3 we let

curl (m) T XN
curl(v) =V xv, curl(t)= | curl(m) and v.(T) =T xn]|,
curl (73) T3 X N

where 7; is the i—th row of 7 and the derivatives involved are taken in the distri-
butional sense.

Let us now recall the main properties of the Raviart—Thomas interpolator (see
e.g. [63]) and the Clément operator (see e.g. [46]) onto the space of continuous
piecewise linear functions. Given p > 1, let us define the space

Z, = {r € H(div,;Q): 7|r € W(T), VT €T},
and let
Iy Z, — X, = {7’ e H(div;Q): 7|r e RT\(T), VT € 72},

be the Raviart-Thomas interpolation operator, which is well defined in Z, (see
e.g. [63, Section 1.2.7]) and is characterized by the identities

(I5(7) -0, 8)e = (7-1,8), VEE Pre), Vedge or face e of Ty, (2.2.1)
and
(T (7), )y = (¥)r Yy € [Fa(D), YT T, (ifk>1).
Notice that, since II¥(7) - n, € Py(e), from (2.2.1) we have that

I(r) -0, = PX(r -n,). (22.2)

where, for 1 <r < oo, P¥: L"(e) — Py(e) is the operator satisfying

/(Pf(v) —v)z, =0 Vz, € Ple), (2.2.3)

e

Notice that for r = 2, P* coincides with the usual orthogonal projection. In
addition, it is well known (see e.g. [63, Lemma 1.41]) that the following identity
holds

div (I} (7)) = Pi(divT) VT € Z),

where, given 1 <7 < oo, PF: L"(Q) = My := {v € L*(Q): wvlr € P(T) VT €
’E} is the operator satisfying

[F0- =0 Vet
Q

The following lemma establishes the local approximation properties of IIF.
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Lemma 2.2.1. Let p > 1. Then, there exists ¢c; > 0, independent of h, such that
for each 7 € WHLP(T) with 0 <1 < k, and for each 0 < m <[+ 1, there holds

142
|7 = (D) lwrrr) < a1 lTlwern ),
T
where pr s the diameter of the largest sphere contained in T'. Moreover, there
exists c; > 0, independent of h, such that for each T € WYP(T), with div T €
WHLEP(TY and 0 <1 < k, and for each 0 < m <1+ 1, there holds

I+1
|div 7 — div (II}(7)) | wma (1) < CQLTTn|diV T|wisio(r).-
Proof. See [30, Lemma 4.2] for details. O

Now, before introducing the following lemma, let us now recall some classical
notation and results. Let T be a fixed reference element, which usually corresponds
to the triangle with vertices (1, 0), (0, 1), and (0, 0) in R?, or the tetrahedron
with vertices (1, 0, 0), (0, 1, 0), (0, 0, 1), and (0, 0, 0) in R3. Any T € T}, can be
obtained by mappingf using an affine map. By this we mean that for any 7" € T,
there is a map Fr : T — T such that Fr(T) =T and Fr(r) = BrZ + by where
Br € R? x R? is an invertible matrix and by is a vector in R¢. R

Given T' € T, and e € &, 1, we let € be the face or edge of T' satisfying

e = Fr(e). Then, the following change of variable formula holds

le]

le]

(f, De = @(f o Fr,1)e = @(J?, e (2.2.4)
It is easy to prove that
Pk(v) = PE(v) (2.2.5)

¢
£

Finally, let IPZ} : L3(T) — Py(T) be the usual orthogonal projector and ng the
unit normal vector on e. Notice that

where, for 1 <r < oo, P¥ : L"(€) — Px(e) is defined as in (2.2.3).

PE(7) - nele € Pe(@). (2.2.6)

Now we are in position of presenting the following lemma which extends the ap-
proximation property of the Raviart—Thomas operator on edges or faces, originally
given for Hilbert spaces.

Lemma 2.2.2. Letp > 1, T € 7T}, and e € &E,p. Then, there exists C > 0,
independent of h, such that

|7 0 —TIE(7) 0l < ORIV rlwinery V7 € WH(T). (2.2.7)
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Proof. We begin by proceeding similarly as in |72, Lemma 3.18|. In fact, given
T € Tyand e € Er, we let € € &, 5, be such that e = Fr(€). Then, given
T € WUH(T), from (2.2.2), the identities (2.2.4) and (2.2.5), and the property
(2.2.6), we obtain

le|t/P _
I7 - ne = I (7) - nelluoge) < —lal/pHT'H—Pé“(T'H)HLP(a
el o (2.2.8)
< |,6\|—1/p||7' ‘g — ]P,f(T) . ngHLp(g).

Then, making use of the Rellich-Kondrachov Theorem (see [63, Theorem B.46])
with s = 1/p’ being p’ the real number satisfying 1/p + 1/p’ = 1, Q =€, and the
trace theorem in W'P(T) (see, for instance, [83, Theorem 1.5.1.3]), we obtain

17z — PE(7)  nellee < CIIT = PE(F)llwimo@ < CIT = PEE) lwin)-
(2.2.9)
Next, since P% € LWLP(T), WEr(T)) and PE(Q) = q for all g € P, (T), we
can apply the LP-version of the Deny—Lions and Bramble-Hilbert lemmas (see, for
instance, |63, Lemma B.67| and |63, Lemma B.68]|, respectively) to ]P”%, obtaining

|7 — P?F(?)me(f) < CH—\’WLP(T)‘ (2.2.10)

Now, employing the scaling estimate in [63, Lemma 1.101], geometric results (see,
for instance, [63, Lemma 1.100]) and the fact that |T'| & hd and h. = hr, the
latter obtained thanks to the fact that we are considering a regular triangulation,
we deduce that

Flwisd < ClIBrll | det(Br)| "7 lrlwisey < Che™ | lwis),

which, together with (2.2.8), (2.2.9), (2.2.10) and the fact that |e| = h¢~! completes
the proof. O

Let us consider now the space H), = {v, € C(Q) : vh}T € P(T) VT €
T } . Then, we denote by I, : H'(Q2) — H} the well known Clément interpola-
tion operator. The local approximation properties of this operator are established
in the following lemma (see [46]):

Lemma 2.2.3. There exist constants ci, co > 0, independent of h, such that for
all v € HY(QY) there holds

v = Ihvllor < crhr [vliam YT € Ty,

and
v = Iwlloe < c2hl?[[v]l1,a6) Ve € &,

where A(T) and A(e) are the set of elements intersecting T and e, respectively.
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In what follows we will employ a tensor version of IT¥, denoted by HZ D Ly — X
which is defined row-wise by IIf and the vector version of I, denote by I :
H'(Q) — H}, defined component-wise by Ij,.

We end this section by establishing a suitable Helmholtz decomposition for
H(div, ;).

Lemma 2.2.4. Let p > 1 when d = 2 and p > 6/5 when d = 3. Then, for each
T € H(div,,Q) there exist

a) € € WHP(Q) and w € H(Q) such that T = € + curlw when d = 2,
b) & € WHP(Q) and w € H'(Q) such that 7 = € + curlw when d = 3.

In addition, in both cases,

1€ llwrp@) + [Wlie < CrallTlaiv, o (2.2.11)
where Cyer is a positive constant independent of all the foregoing variables.

Proof. In what follows we prove the result for the two-dimensional case. The
three-dimensional case can be treated similarly by extending [73, Theorem 3.1| to
the LP case.

Let B a bounded convex polygonal domain containing Q. Then, given 7 €
H(div, ; Q) we let z € WP (B) be the unique weak solution of the boundary value
problem:

Az =divr in (), Az=0 in B\, z=0 on 0B,

which, owing to the fact that B is convex, belongs to W2?(B) and satisfies (see
for instance [83, Theorem 2.4.2.5]):

||Z||w27p(9) < ||Z||w2vP(B) < ||diV7'HLP(Q)-

Then, we set & = (Vz)|q € WHP(Q) which clearly satisfies divé = Az = divT in
2 and
1€]lwrr@) < |divT||Lr o). (2.2.12)

Now, let € := 7 — £ and observe that dive = 0 in (2. In addition, thanks to the
continuous embedding W?(Q) into L*(Q) (see, for instance, [63, Theorem B.46])
and (2.2.12) we obtain that € € L?(Q) and

lelloe < E(ITllog + [[€llwirw) < elTllaiv, o
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In this way, since (2 is connected and € € IL?(QQ) satisfies dive = 0 in , from [82,
Chapter I, Theorem 3.1] we conclude that there exists w = (wy,wq)" € HY(Q),
such that

e=17—&=curlw in (2.2.13)

which can be chosen so that (wq,1)q = (ws,1)q = 0. In turn, the equivalence
between ||w|1 o and |w|; o, together with (2.2.12) (2.2.13) and the continuous
embedding from W'?(Q) into L*(2), imply

[Wllio < clwlio = dleurlwlloq < c(lITlloo + [€llwir) < cllTllaiv, o

Then, the foregoing inequality and (2.2.12) confirm the stability estimate (2.2.11),
thus finishing the proof. m

2.3 A posteriori error analysis

In this section we derive a residual-based a posteriori error estimator for the
mixed method (1.2.15). To that end, in what follows we assume that the hypothesis
of Theorems 1.2.3 and 1.2.5 hold and let (o,u) € Xg x M and (o7, up) € Xp, 0 X
M), be the unique solutions of the continuous and discrete problems (1.2.4) and
(1.2.15), respectively. Then, our global a posteriori error estimator is defined by:

1/2 3/4
= { > G)ZT} { > Hf+dwah|\if;3 } (2.3.1)

TeTh TeTh

where, for each T € 7Ty, the local error indicator is defined as follows:

2
@2T = h?dﬁ

Z hi/Q lup — uhHi‘l(e)

1
Vuh — ;(O'h —+ (llh X U.h)>d
0,1 eGSth(F)

2

+ h3

1
curl (—(a’h + (u, ® uh))d)
v 0,7

+ Y H'y (%(ah + (uy, ®uh))d)ﬂ

2

e, () 0,e
2
+ Z he ( (on + (0, @ uy))? —VuD)
e€En,r 0,e

(2.3.2)
The main goal of the present section is to establish, under suitable assumptions,
the reliability and efficiency of ©. We begin with the reliability of the estimator.
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2.3.1 Reliability of the a posteriori error estimator
The main result of this section is stated in the following theorem.
Theorem 2.3.1. Assume that the data f and up satisfy

8
VA (Crllunllyzr + [fllLas@) < 1. (2.3.3)

Then, there exist Cre; > 0, independent of h, such that
(o —op,u—uy)|| < Chey ©. (2.3.4)
We begin the derivation of (2.3.4) with the next preliminary lemma.

Lemma 2.3.2. Assume that the data f and up satisfy (2.3.3). Let (o,u) € XgxM
and (o, up) € Xp,0x My, solution to (1.2.4) and (1.2.15), respectively. Then, there
exists a constant Cgop > 0, independent of h, such that

R(T,Vv
lo—onu—w)l < Cpop  sup ATV
(T,v)EXoxM ||(T,V)H
(7,v)#0

(2.3.5)

where R : Xg x M — R s the residual functional

R(T,v) =a(o — oy, 7) +b(T,u—u) + b(o — o4, v) + c(w;u, 7) — c(up;up, 7)
(2.3.6)
for all (T,v) € Xy x M.

Proof. First, using the inf-sup condition (1.2.12) for the error ({,z) = (6 — o), u—
uy), adding and substracting suitable terms, using the notation introduced in
(2.3.6), and the fact that

1
le(u —upiup, 7)< lunflve o = wnllwll 7l

it follows that

R(T,v clu—uyuy, T
Mo —omu-w)| < sp ATV g, U Ui, T)
2 rvyexpenm 1TV Fex 71l
(T,v)#0 T#0
R(T,V)
<  sup = [Jup /v [[u — v
(r,v)eXoxM ||( )H v
(T,v)#0

In this way, (2.3.5) follows straightforwardly from (1.2.17) and assumption (2.3.3).
[
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In turn, according to (1.2.4), (1.2.15) and the definition of the forms a, b and
c, we find that, for any (7,v) € Xy x M, there holds

R(T,v) = Ri(1) + Ra(v)

where

1

Ri(7T) = (tn,up)r — ;(ag,Td)Q — (up,divr)q — > (uh ® up, Td) (2.3.7)

Q

and
Ro(v) = —(f,v)q — (v,divey)q.

Hence, the supremum in (2.3.5) can be bounded in terms of R; and R, as follows

(o — o, u—wn) | < Coion { IRl + I Rellnw }-

In this way, we have transformed (2.3.5) into an estimate involving global inf-sup
conditions on Xy and M, separately.

Throughout the rest of this section, we provide suitable upper bounds for R4
and R,. We begin by establishing the corresponding estimate for Ro, whose proof
follows from a straightforward application of the Holder inequality.

Lemma 2.3.3. There holds

3/4
. 4/3
HRQHM/ < { Z Hf—FleO'hHL/‘l/S(T)} .

TeT,

Our next goal is to bound the remaining term ||R1|x;. With this aim in mind,
in what follows we introduce some technical results.

Lemma 2.3.4. There exists C; > 0, independent of h, such that for each & €
W4/3(Q) there holds

1/2
[Ri(€ ~TL;(€))| < G (Z @%,T> 1€ w076 (2.3.8)

TeT,

where

2

+ Z he? |lup _uh||i4(e)'
0,1 eEg]LT(F)

_ 1
Ol = hZ 21, — ;(ah + (u, ® up))?
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Proof. We recall from the definition of Ry (cf. (2.3.7)) that

Ra(€ ~ TIH(E)) = (€~ TT(€)n, wp)r — (o, (6~ THE)),
L (w div(E -~ TIEE)), — - (we® wn, (6 TIE)),,.

Applying a local integration by parts to the third term above, (2.2.1) and the fact
that up € L*(T), we obtain

RiUE-TT(E) = > ((€-TI5(E)n, up —wy),

ec&p (D)

+ 3 (Vuh _ %(o’h + (up @ up))4, (€ - H’Z(«S)))

TET, T

In turn, using Holder and Cauchy-Schwarz inequalities, estimate (2.2.7) with p =
4/3, and the approximation property (see [99, eq. (3.28)] for details)

I — (D) llor < Chy " Irlwrasgy V7€ WHA(T),

with C' > 0 a constant independent of the meshsize, we obtain

‘Rl(é - Hi(é))‘ < Z lup — uh||L4(e) Chi/Zl |€|W174/3(Te)

e€ly(T)

2

TeTh

1—-d/4
C hy ™ €l wrass 7y

1
Vu, — —(Uh + (U.h &® uh))d
v 0,1

with 7, being the element that contains e.
Finally, from the subadditivity inequality we obtain

[R1(€ — TT;(€))]

1/2 3/4
~ 4/3
S C ( Z hi/Q ”uD _uhHi‘l(e)) ( Z ‘€’W//14/3(T >
)

eEgh(F eeé‘h( )

) 3/4
) (z € ) |
07T Teﬂl

which clearly implies (2.3.8) and completes the proof. O

1
Vuy, — ;(Uh + (u, ® uh))d

+ ( > hy

TeTh
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Lemma 2.3.5. Assume that up € HY(T") and let

1
curl (—(ah + (up ® uh))d)
v 0,T

R [Nt

2

2 — B2
@2,T .= hT

2

e€&p, () Ose
2
+ Z he ( ah+(uh®uh)) —VHD>
e€ty, 0,e

Then,
a) if d =2, there exists Co > 0, independent of h, such that

1/2
IR (curl (w — L,w)) | < Cs <Z @§7T> w10 Vw e HY(Q).
TeT

(2.3.9)
b) if d = 3, there exists Cy > 0, independent of h, such that

1/2
|R1 (curl (w — I,w)) | < C (Z K ) INAIERS: Vw € H(Q).

TeT,

Proof. In what follows we prove the result for d = 2 since the three dimensional
follows analogously.

Given w € H!(Q), we first notice from the definition of R in (2.3.7) that there
holds

Ri(curl(w — I,w))
= (curl (w — I,w)n, up)r — % (of + (up ® ) curl (w — Lw)) .
Recalling that up € H'(T'), now we apply the following integration by parts on
the boundary I' given by (see, for instance, [62, Lemma 3.5, eq. (3.34)])
(curl(w — I,w)n,up)r = (Vups,w — I,w)r = (v.(Vup),w — I,w)r,
and a local integration by parts, to obtain

Ri(curl (w—Tw)) = — 3 (m (%(ah + (u ®uh))d) W Ihw)

TeT,

5 ([ (e monr) w1,
DA )

e

T
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Hence, applying Cauchy-Schwarz inequality and the approximation properties of
the Clément interpolant (cf. Lemma 2.2.3), we obtain

9 1/2 1/2
> (Z HWH%,A(T)>

9 1/2 1/2
) ( Z ||W||%,A(e)) +

Oe e€ER(D)

5 \ 1/2 1/2
> ( Z ||WH%,A(6)> }
Oe e€&p(T)

Therefore, from the previous estimate and the fact that the number of triangles
of the macro-elements A(T") and A(e) are uniformly bounded, we get (2.3.9) and
conclude the proof. O

!Rl(curl (w — Ihw))|

iz
+( > he Hv <%(0'h—l—(uh®uh))d)ﬂ

Eegh(ﬂ)
1 d
Y ;(Uh+(uh®uh>> —Vup

curl (%(ah + (up ® uh))d)

(5

ec&n(T)

The following lemma combines Lemmas 2.3.4 and 2.3.5 and establishes the
desired estimate for R.

Lemma 2.3.6. There exists C' > 0, independent of h, such that

1/2
[Ralls, < C{ > @%} ;

TeTh
with O defined as in (2.3.2).

Proof. For simplicity, we prove the result for the two-dimensional case. The three
dimensional case proceed analogously.

Let 7 € X,. It follows from Lemma 2.2.4 that there exist & € W'4/3(Q) and
w € H'(Q), such that 7 = £ + curlw and

||€||W114/3(Q) + ||W||1Q < Cyel|T]x- (2.3.10)

Now, noticing that owing to the Galerkin orthogonality there holds Ri(7,) = 0
for all 7, € X, , it follows that

R1<T> = Rl(T — ’Th) V’Th € Xh,O'
In particular, for 7, defined as

Th = His + curl (IhW) + C&wﬂ
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with
1

~20]
and observing that from the definition of R; and the compatibility condition
(1.2.2), there holds R;(cI) = 0 for any constant ¢ € R, we obtain

Cew = tr (H]fl(,f) + curl (Ihw)) , 1)9,

Ri(7T) = Ra(€ — TL;E) + Ry (curl (w — Lw)).
Hence, the proof follows from Lemmas 2.3.4 and 2.3.5, and estimate (2.3.10). [J

We end this section by observing that the reliability estimate (2.3.4) is a direct
consequence of Lemmas 2.3.3 and 2.3.6.

2.3.2 Local efficiency of the a posteriori error estimator

We begin by establishing the main result of this section.

Theorem 2.3.7. There exists C.o; > 0, independent of h, such that
Cer O < ||(60 — op,u — )| + h.o.t, (2.3.11)
where h.o.t. stands for one or several terms of higher order.

We remark in advance that the proof of (2.3.11) makes frequent use of the
identities provided by Theorem 1.2.4. We begin with the estimates for the zero
order terms appearing in the definition of ©7 (cf. (2.3.2)).

Lemma 2.3.8. There holds
||f + diVO’hHLAL/:s(T) < ||0' — ah||div4/3 T VT e 72

Proof. 1t suffices to recall, as established in Theorem 1.2.4, that f = —dive in
Q. m

In order to derive the upper bounds for the remaining terms defining the global
a posteriori error estimator © (cf.(2.3.1)), we use results from [35], inverse inequali-
ties, and the localization technique based on element-bubble and edge-bubble func-
tions. To this end, we now introduce further notations and preliminary results.
Given T' € Tj, and e € &, 1, we let ¢p and ¢, be the usual element-bubble and
edge-bubble (for d = 2) or face-bubble (for d = 3) functions, respectively (see [110]
for details). In particular ¢ satisfies ¢pr € P3(T) (for d = 2) or ¢ € Py(T) (for
d=23),suppopr CT,¢r =00n 9T, and 0 < ¢ < 1in T. Similarly, ¢.|r € Po(T)
(for d = 2) or ¢|r € P3(T) (for d = 3), supp e C we := H{T' € Tp, 1 e € Epp ),
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¢e = 0 on 0T\e and 0 < ¢r < 1 in w,. We also recall from [110] that, given
k € NU {0}, there exists an extension operator L : C(e) — C(w.) that satisfies
L(p) € Py(T) and L(p)lc = p Vp € Pr(e). A corresponding vector version of L,
that is the componentwise application of L, is denoted by L. Additional properties
of ¢r, ¢. and L are collected in the following lemma.

Lemma 2.3.9. Given k € NU {0}, there exist positive constants ci, ca, ¢3 and
c4, depending only on k and the shape regularity of the triangulations (minimum
angle condition), such that, for each triangle T and e € &, there hold

lorali s < N2z < aller*all2s  Va € Pu(T), (2.3.12)

loeL(p)5e < llplle < calloeplis.  Vp € Pule)

and
cs Y plloe < N6Y*Lp)llor < cahl?|Ipllo.  Vp € Pile).

Proof. See Lemma 4.1 in [110]. O
In addition, given & € NU {0}, T € T, and e € &,, in what follows we will

make use of the following inverse inequalities (see |63, Lemma 1.138]): There exist
c1, ¢ > 0, independent of the meshsize, such that

[vllwrassy < by T wllor Yo € PU(T), (2.3.13)

||U||L4(e) S (6)) hél_d)MHU”Q,e \V/U - Pk(e) (2314)

Finally, we recall the standard discrete trace inequality, which establishes the
existence of a positive constant ¢, depending only on the shape regularity of the
triangulations, such that for each T' € 7, and e € &, 1, there holds

lWlige < c(he vller + Relvliz) Vv e HY(T). (2.3.15)

The proof of (2.3.15) we refer to Theorem 3.10 in [1].
Now we proceed by deriving the estimates for the remaining terms defining ©.

Lemma 2.3.10. There exists Cy > 0, independent of h, such that

pL-d/4

1
T Vuh— ;(a'h—i—(uh@uh))d

0T (2.3.16)
< Cl{(l +hy Y lu = wp ey + hy o - UhHo,T} VT €T
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1
Proof. Given T € Ty, we define xr := Vu, — — (o, + (u, ® up))? in 7. Then,
v
1
—(o+ (u®u))din Q
v
(cf. Theorem 1.2.4), integrating by parts and using that ¢r = 0 on 9T, we deduce

applying (2.3.12) to ||xr|jor, recalling the identity Vu =

1
Ixrllgr < ||¢1T/2XT||(2),T = (Vuh — ;(Uh + (up ® uy))d, ¢TXT)
T

= (div(drxr), u = w)y + — (¢rxr, (9 = of) + (W@ W) — (W, @ w)?) 1.

Next, using the Holder and Cauchy-Schwarz inequalities, the inverse inequality
(2.3.13) with [ = 1, p = 4/3, m = 0 and ¢ = 2, and the estimate (2.3.12), we
obtain

Ixrll§r < clorxrlwiasm o — anllus

1
= llorxrlor (@ — o)t + (@@ u —w @ w)|,

< Cha" " xrllorla — wpllLier

1
+;||XT||0,T (|| — U'hHQT tlugu-uw® uhHO,T)’

which implies

Irlor < o a = wallsery + (o= onllyp + 0@ w— e wl], )
(2.3.17)
In turn, applying similar algebraic manipulation used in [30, Corollary 4.10], using
Holder inequality, estimates (1.2.14), (1.2.17), and the fact that the data are small
enough, we deduce that

[u@u—w@wl,, < (lulum + [unllwm) e -l < Clla—wllu,

(2.3.18)
with C' > 0 independent of h. Finally, replacing (2.3.18) into (2.3.17) we obtain
(2.3.16) and conclude the proof. O

Lemma 2.3.11. Assume that up is piecewise polynomial. Then, there exists Cy >
0, independent of h, such that

A lup —up||paee) < C’Q{(1+h1T7d/4)Hu—uh||L4(T)+h1T7d/4H0'—ahHO’T} (2.3.19)

for alle € &, ().
Proof. Given e € &,(I"), from (2.3.14), it follows that

lup = upflLie) < ChE 4 lup — wyllo.e. (2.3.20)



2.3. A posteriori error analysis 45

Hence, from (2.3.20) and (2.3.15), we deduce that
lup —up|lpae < C {hgfl*d)/‘lHu — o + GV u - w,lir} - (2.3.21)

Now, using the Cauchy-Schwarz inequality and the fact that |T'| = h%, we deduce

that

1/2

A< T = wpllary < by Ju— s,

(2.3.22)

1

In turn, using the identity Vu = ~(o? + (u®@ u)?) in Q (cf. Theorem 1.2.4) and
v

some algebraic computations, we deduce that

o —wpflor = (1, Ju — usf?)

|u - uh|1,T
1 d ay , 1 d
== (0 = o) + (e w) = (@ uw)') + = (o0 + (w & w))! = Vu,
0,7
1 1 d
< (|[e = onllor + [[u@u—u, ® uhHO,T) + [|Vuy, — 5 (on + (up ® uy))
0,7
which together with (2.3.17) and (2.3.18), yields
. 2
u—wyir < C (14 Ju = wylper) + ~llo = aullor- (2.3.23)

Therefore, (2.3.19) follows from estimates (2.3.21), (2.3.22) and (2.3.23), and the
fact that h, < hr. O

Now we establish the estimates for the remaining terms defining ©.

Lemma 2.3.12. There exist C3 > 0 and Cy > 0, independent of h, such that

curt (1 (o + (w0 w))! )

for allT € Ty, and

(oo

for all e € E,(Q).
Additionally, if up is piecewise polynomial, there exists Cs > 0, independent of
h, such that

Ve (%(ah + (up ® uy))? — Vup>

hT S 6’3{||u—uh||L4(T)—|—||a—ah|]07T} (2324)

0,1

B2 < 04{”u_uhHL4(we)+ ||<7—<7hH0,we}

(2.3.25)

0,e

B2 < Cs{l!u—Uh\|L4(Te)+ ”‘T—UhHOvTe}

(2.3.26)
for all e € &,(T"), where T, is the element to which the boundary edge or boundary
face e belongs.

0,e
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Proof. For the two-dimensional case, we proceed as in [53, Lemma 3.15], that
1
is, we apply |77, Lemmas 4.9, 4.10, and 4.15] to ¢ := —(o + (u® u))! = Vu
v
1
and ¢, = — (o + (0, ® uy))9, and the estimate |[(u ® w)? — (u, @ up)dYor <
v
|lu®u—u, ®uljor, to obtain

2

1
curl (—(O'h +u, ® uh)d>
v

| [ Geev s mwomr)]

and

(2.3.29)
Thus, using the estimate (2.3.18) it follows that (2.3.27), (2.3.28), and (2.3.29),
imply (2.3.24), (2.3.25), and (2.3.26), respectively. On the other hand, for the
three-dimensional case the corresponding estimates follow from using the results
from Lemmas 4.9, 4.10, and 4.13 in [75], respectively. ]

< Chi{llo = oulld s + lueu—w @y |,
(2.3.27)

0,1

2
< cn{llo - ol +llneu-wowli, |

0,e
(2.3.28)

2

< cnllo—ould s, +ueu-weuiy, |
0,e

1
Y <;(0'h +u, ® U.h)d — VUD)

We remark that, for simplicity, we have assume that up is piecewise polynomial
for the derivation of (2.3.19) in Lemma 2.3.11 and (2.3.26) in Lemma 2.3.12.
However, by assuming that up is sufficiently smooth, and proceeding similarly as
in [39, Section 6.2| one can also obtain similar estimates. In such a case, higher
order terms given by the errors arising from suitable polynomial approximations
would appear in (2.3.19) and (2.3.26), which explains the eventual h.o.t in (2.3.11).

We end this section by remarking that the efficiency of © (cf. (2.3.11)) in
Theorem 2.3.7 is now a straightforward consequence of Lemmas 2.3.8, 2.3.10, 2.3.11
and 2.3.12. In turn, we emphasize that the resulting positive constant, denoted by
Cesy is independent of h.

2.4 Numerical results

This section serves to illustrate the performance and accuracy of our mixed
finite element scheme (1.2.15) along with the reliability and efficiency properties
of the a posteriori error estimator © (cf. (2.3.1)) derived in Section 2.3. In what
follows, we refer to the corresponding sets of finite element subspaces generated by
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k=0 and k =1, as simply RTy — Py and RT; — Py, respectively. Our implemen-
tation is based on a FreeFem++ code [85]. Regarding the implementation of the
Newton iterative method associated to (1.2.15) (see [30, Section 5| for details), the
iterations are terminated once the relative error of the entire coefficient vectors

between two consecutive iterates, say coeff™ and coeff™ "', is sufficiently small,
ie.,
|| coeff™ ™ — coeff™||,»
e < tol,
||coeff™ ™|z
where || - ||z is the standard ¢*norm in RY, with N denoting the total number

of degrees of freedom defining the finite element subspaces X, and M, stated
in Section 1.2.3, and tol is a fixed tolerance chosen as tol=1E-06. As usual, the
individual errors are denoted by:

e(0) = [lo—onllx, e(u):=u—ulm, elp):=lp—prllog.
e(Vu) := ||[Vu— Gylloe, ew):=|w—wnloa,
where the pressure p, the velocity gradient Vu, and the vorticity w := % (Vu —

(Vu)t) are approximated, respectively, through the post-processing formulas (cf.
[30, Section 4.4]):

1 1
Dh = —3 (tr (o) + tr (v, @ uyp) — @(tr (up, ® uy), 1)9) ,

1 1

Gh:;(02+(uh®uh)d), wh:Z(Uh_UZ)'

Then, the global error and the effectivity index associated to the global estimator
© are denoted, respectively, by

e(o,u)

S)

e(o,u) := e(og)+e(u) and eff(O) :=

Moreover, using the fact that ¢ N=/¢ < h < C N~Y? the experimental rate of
convergence of any of the above quantities will be computed as

_logle(0)/¢(0))
) = = V)

for each ¢ € {0', u,p, Vu,w, (o, u)} ,

where V and N’ denote the total degrees of freedom associated to two consecutive
triangulations with errors e and €.

The examples to be considered in this section are described next. In all of
them, for the sake of simplicity, we choose the parameter v = 1. Furthermore, the
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condition (tr(o),1)q = 0 is imposed via a penalization strategy using a scalar
Lagrange multiplier (see [30, eq. (5.1)] for details).

Example 1 is used to corroborate the reliability and efficiency of the a posteriori
error estimator ©, whereas Examples 2 and 3 are utilized to illustrate the behavior
of the associated adaptive algorithm in 2D and 3D domains, respectively, which
applies the following procedure from [111]:

(1) Start with a coarse mesh Tj.

(2) Solve the Newton iterative method associated to (1.2.15) for the current
mesh Tj,.

(3) Compute the local indicator Oy for each T € Ty, where

Or == Or + |[f + divos||lpisry,  (cf (2.3.2))

(4) Check the stopping criterion and decide whether to finish or go to next step.

(5) Generate an adapted mesh through a variable metric/Delaunay automatic
meshing algorithm (see [86, Section 9.1.9]).

(6) Define resulting mesh as current mesh 7, and go to step (2).

Example 1: Accuracy assessment with a smooth solution in
a square domain.

In our first example, we concentrate on the accuracy of the mixed method. We
consider the square domain  := (0,1)?. The data f and up are chosen so that a
manufactured solution of (1.2.1) is given by the smooth functions

o 22 (xzy — 1) sin(xs)
u(x) := ( 2x1(z1 — 1)(221 — 1) cos(z2) > ’
p(x) := cos(mzy) exp(may) Vx:= (x1,22) € L.

The results reported in Tables 2.4.1 and 2.4.2 are in accordance with the the-
oretical bounds established in Theorem 1.2.6. In addition, we also compute the
global a posteriori error indicator © (cf. (2.3.1)), and measure its reliability and
efficiency with the effectivity index. Notice that the estimator remain always
bounded.
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Example 2: Adaptivity in a 2D L-shape domain.

Our second example is aimed at testing the features of adaptive mesh refine-
ment after the a posteriori error estimator © (cf. (2.3.1)). We consider a L-shape
contraction domain € := (—1,1)%\ (0,1)?. The data f and up are chosen so that
the exact solution is given by

) = ( — cos(may) sin(mzs) ) |

sin(mwzy) cos(mas)

(x) —
X) =
b (21 — 0.02)2 + (25 — 0.02)2

where py € R is a constant chosen in such a way (p,1)q = 0. Notice that the
pressure exhibit high gradients near the vertex (0, 0).

Tables 2.4.3-2.4.6 along with Figure 2.4.3, summarizes the convergence history
of the method applied to a sequence of quasi-uniformly and adaptively refined tri-
angulation of the domain. Suboptimal rates are observed in the first case, whereas
adaptive refinement according to the a posterior: error indicator © yields optimal
convergence and stable effectivity indexes. Notice how the adaptive algorithms
improves the efficiency of the method by delivering quality solutions at a lower
computational cost, to the point that it is possible to get a better one (in terms
of e(o, u)) with approximately only the 0.6% of the degrees of freedom of the last
quasi-uniform mesh for the mixed scheme in both cases £k = 0 and £ = 1. In ad-
dition, we recall from [30, Remark 4.6] that our Galerkin scheme (1.2.15) satisfies
the property divoy, = P¥(f) in Q, where P¥ is the L?(Q2)-orthogonal projection
onto Mj,. In this way, using the fact that f does not live in M, we illustrate the
conservation of momentum in an approximate sense by computing the ¢*°-norm
for divey, + PF(f), with £ = 0,1. As expected, these values are close to zero.

On the other hand, approximate solutions builded using the RT; — P, scheme
with 880, 554 degrees of freedom (54,955 triangles), via the indicator ©, are shown
in Figure 2.4.2. In particular, we observe in the computed magnitude of the velocity
a vortex near the corner region of the L-shape domain whereas the pressure exhibits
high gradients in the same region. In turn, examples of some adapted meshes for
k =0 and k£ = 1 are collected in Figure 2.4.1. We can observe a clear clustering
of elements near the corner region of the contraction as we expected.

—po Vx:=(z1,22) € Q,
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Example 3: Adaptivity in a 3D L-shape domain.

To conclude, we replicate the Example 2 in a three-dimensional setting. How-
ever, this time we consider the 3D L-shape domain Q := (—0.5,0.5) x (0,0.5) x
(—0.5,0.5) \ (0,0.5)%, and the manufactured exact solutions adopt the form

sin(mxy) cos(mxg) cos(mxs)
u(x) := | —2 cos(mxy)sin(nxy) cos(mxs) |,
cos(mxy) cos(mzy) sin(mxs)
10 Z3

p(x) == ( )2 —po VX = (11,29, 73) € Q,

where py € R is a constant chosen in such a way (p, 1)q = 0. Similarly, Tables 2.4.7
and 2.4.8 along with the Figure 2.4.6 confirm a disturbed convergence under quasi-
uniform refinement and optimal convergence rates when using adaptive refinement
guided by the a posteriori error estimator ©. In turn, some approximated solu-
tions after four mesh refinement steps showing an analogous behavior to its 2-D
counterpart are collected in Figure 2.4.4, whereas snapshots of three meshes via ©
are shown in Figure 2.4.5.
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N\ h H e(o) \ r(o) \ e(u) \ r(u)
196 | 0.373 || 6.58E+00 — 1.39E-01 -
792 | 0.196 || 3.03E+00 | 1.110 | 4.30E-02 | 1.681
3084 | 0.098 || 1.51E+00 | 1.022 | 1.66E-02 | 1.399

12208 | 0.048 || 7.79E-01 | 0.965 | 7.79E-03 | 1.100
48626 | 0.028 || 3.84E-01 | 1.023 | 3.93E-03 | 0.993
196242 | 0.014 || 1.90E-01 | 1.011 | 1.91E-04 | 1.035

elp) [ rp) [ e(Vo) [r(Vu) | e(w) [ r(w)
L66E+00 [ — [L6IE+00] - [953E-01] -
6.63E-01 | 1.317 | 8.32E-01 | 0.949 | 3.75E-01 | 1.335
2.97E-01 | 1.181 | 4.28E-01 | 0.980 | 1.67E-01 | 1.193
1.54E-01 | 0.955 | 2.35E-01 | 0.870 | 7.95E-02 | 1.075
7.16E-02 | 1.106 | 1.14E-01 | 1.042 | 3.97E-02 | 1.007
3.50E-02 | 1.027 | 5.66E-02 | 1.009 | 1.97E-02 | 1.005

e(o,u) \ r(o,u) H © \ eff(©) H iter
6.72E+00 - 1.26E+01 | 0.534 4
3.07E4+00 | 1.120 6.27E+00 | 0.490
1.53E+00 | 1.027 || 3.23E+00 | 0.474
7.86E-01 0.967 1.71E+00 | 0.461
3.88E-01 1.022 8.53E-01 | 0.455
1.92E-01 1.011 4.30E-01 | 0.446 3

W W W w

Table 2.4.1: EXAMPLE 1, RTy — Py scheme with quasi-uniform refinement.
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N |

h

| clo)

| (o) |

e(u)

608
2496
9792

38912
155296
627360

0.3727
0.1964
0.0978
0.0481
0.0279
0.0142

8.11E-01
1.70E-01
4.34E-02
1.12E-02
2.76E-03
6.74E-04

2.211
1.997
1.958
2.029
2.021

1.50E-02
3.54E-03
8.36E-04
2.09E-04
5.69E-05
1.38E-05

e(p)

| r(p)

\ e(Vu) \r(Vu)\

e(w)

1.44E-01
3.22E-02
8.48E-03
2.21E-03
5.32E-04
1.30E-04

2.123
1.953
1.946
2.060
2.017

2.45E-01
5.48E-02
1.45E-02
3.82E-03
9.26E-04
2.26E-04

2.117
1.945
1.933
2.049
2.019

1.23E-01
2.46E-02
6.14E-03
1.60E-03
3.85E-04
9.33E-05

2.285
2.028
1.948
2.058
2.031

e(o,u) \ r(o,u) H

©

eff(0) || iter

8.26E-01
1.74E-01
4.43E-02
1.15E-02
2.82E-03
6.88E-04

- 2.58E+00
2.208 5.67E-01
2.000 1.48E-01
1.959 3.94E-02
2.026 9.95E-03
2.021 2.55E-03

0.321
0.306
0.299
0.291
0.283
0.269

3

W W W w w

Table 2.4.2: EXAMPLE 1, RT; — P; scheme with quasi-uniform refinement.
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N\ h H e(o) \ r(o) \ e(u) \ r(u)
552 | 0.400 || 6.48E+02 — 5.72E-+00 -
2264 | 0.190 || 7.91E+02 — 3.51E+00 | 0.693
8778 | 0.103 || 6.63E+02 | 0.260 | 2.34E+00 | 0.600

34726 | 0.051 || 4.51E4+02 | 0.559 | 1.04E+00 | 1.170
138722 | 0.027 || 2.63E+02 | 0.778 | 3.94E-01 | 1.407
555584 | 0.014 || 1.36E+02 | 0.948 | 1.15E-01 | 1.773

elp) [ rlp) [ e(Vu) [r(Vu)| ew) [ r(w)
378E+01 | - [489E+01| - [235E+01] -
3.87E+01 | — | 4.31E401 | 0.180 | 1.67TE+01 | 0.483
2.74E+01 | 0.508 | 3.84E401 | 0.169 | 1.83E+01 | -
1.87E+01 | 0.556 | 2.64E+01 | 0.543 | 1.19E+01 | 0.632
1.03E+01 | 0.863 | 1.59E+01 | 0.734 | 7.06E+00 | 0.748
5.15E+00 | 0.998 | 8.29E+00 | 0.939 | 3.37E+00 | 1.066

e(o,u) \ r(o,u) H ) \ eff(©) H |divey, + P (f)]| s~ \ iter
6.53E+02 - 837TE+02 | 0.780 4.55E-13 5
7.94E+02 - 9.45E+02 | 0.840 9.09E-13 4
6.60E+02 | 0.261 8.08E+02 | 0.823 7.28E-12 4
4.52E+02 | 0.561 5.51E4+02 | 0.820 1.09E-11 4
2.63E+02 | 0.780 3.27E+02 | 0.806 5.09E-11 3
1.37E+02 | 0.949 1.70E+02 | 0.802 1.16E-10 3

Table 2.4.3: EXAMPLE 2, RTy — Py scheme with quasi-uniform refinement.
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N\ h H e(o) \ r(o) \ e(u) \ r(u)
1728 | 0.400 || 4.92E-+02 — 2.57E+00 -
7168 | 0.190 || 5.59E+02 - 1.63E+00 | 0.637
27936 | 0.103 || 4.07E+02 | 0.464 | 5.84E-01 | 1.512
110816 | 0.051 || 1.96E+02 | 1.064 | 1.69E-01 | 1.803
443296 | 0.027 || 6.89E+01 | 1.506 | 4.00E-02 | 2.078
1776640 | 0.014 || 1.94E+01 | 1.827 | 5.92E-03 | 2.751
e(p) | rlp) | e(Vu) [r(Vu)| e(w) | r(w)
2.38E+01 - 3.43E+01 - 1.62E+01 -
1.95E+01 | 0.283 | 3.15E+01 | 0.121 | 1.55E+01 | 0.063
1.12E+01 | 0.813 | 1.78E+01 | 0.842 | 8.95E+00 | 0.805
5.38E+00 | 1.064 | 8.51E+00 | 1.068 | 3.95E+00 | 1.190
1.74E+00 | 1.627 | 3.07TE+00 | 1.470 | 1.38E+00 | 1.519
4.90E-01 | 1.827 | 8.48E-01 | 1.853 | 3.62E-01 | 1.924
e(o,u) \ r(o,u) H ) \ eff(©) H |divey, + Py (f)]| s~ \ iter
4.95E+02 - 8.42E+02 | 0.588 9.38E-13 4
5.60E+02 — 7.56E+02 | 0.741 3.64E-12 4
4.08E+02 | 0.466 5.46E-+02 | 0.748 1.18E-11 3
1.96E+02 | 1.065 2.64E4+02 | 0.742 8.73E-11 3
6.90E+01 | 1.506 9.41E+4+01 | 0.733 1.46E-10 3
1.94E+01 | 1.827 2.64E+01 | 0.734 2.91E-10 3

Table 2.4.4: EXAMPLE 2, RT; — P; scheme with quasi-uniform refinement.



2.4. Numerical results

N H e(o) ‘ r(o) ‘ e(u) ‘ r(u)

552 || 6.48E+02 — 5.72E+00 -
920 || 7.29E+02 - 2.21E+00 | 3.722
1370 || 4.22E+02 | 2.741 | 7.42E-01 | 5.486
2110 || 1.84E+02 | 3.843 | 2.63E-01 | 4.808
3666 || 9.33E+01 | 2.462 | 2.54E-01 | 0.123
7256 || 6.25E+01 | 1.175 | 2.53E-01 | 0.016
12786 || 4.67E+01 | 1.027 | 1.84E-01 | 1.114
22746 || 3.54E+01 | 0.961 | 1.36E-01 | 1.041
44082 || 2.51E+01 | 1.035 | 9.48E-02 | 1.102
81474 || 1.88E+01 | 0.955 | 6.68E-02 | 1.138
161434 || 1.32E+01 | 1.024 | 4.67E-02 | 1.051
306256 || 9.72E+00 | 0.959 | 3.19E-02 | 1.191

ep) [ rlp) | e(Vu) [r(Vu) | elw) [rlw)
3.78E+-01 - 4.89E+01 - 2.35E+01 -
3.10E401 | 0.773 | 3.57E+01 | 1.230 | 1.44E+01 | 1.913
1.55E+01 | 3.475 | 2.21E+01 | 2.412 | 8.95E+00 | 2.394
6.77E400 | 3.846 | 1.01E+01 | 3.629 | 3.75E+00 | 4.031
3.43E+00 | 2.458 | 5.38E+00 | 2.277 | 1.86E+00 | 2.532
2.32E400 | 1.146 | 3.69E+00 | 1.109 | 1.29E+00 | 1.066
1.71E+00 | 1.076 | 2.73E+00 | 1.058 | 9.39E-01 | 1.136
1.29E+400 | 0.988 | 2.06E+00 | 0.978 | 7.07E-01 | 0.986
9.12E-01 | 1.040 | 1.47E+00 | 1.024 | 5.05E-01 | 1.014
6.77E-01 | 0.969 | 1.09E+00 | 0.973 | 3.70E-01 | 1.019
4.79E-01 | 1.013 | 7.71E-01 | 1.011 | 2.62E-01 | 1.008
3.51E-01 | 0.977 | 5.63E-01 | 0.983 | 1.89E-01 | 1.022

e(o,u) ‘ r(o,u) H S) ‘ eff(9) H |divey, + PY(f) | ‘ iter
6.53E+-02 - 8.37TE+02 | 0.780 4.55E-13 5
7.31E+02 - 8.53E+402 | 0.858 3.64E-12 4
4.23E4+02 | 2.748 || 5.03E402 | 0.841 1.82E-11 4
1.85E+02 | 3.844 | 2.24E+02 | 0.825 8.73E-11 3
9.36E+01 | 2.458 || 1.16E+02 | 0.809 3.49E-10 3
6.27E+01 | 1.172 || 7.80E+01 | 0.804 1.05E-09 3
4.69E+01 | 1.027 || 5.83E+01 | 0.804 1.26E-09 3
3.56E+01 | 0.961 || 4.43E+01 | 0.803 1.91E-09 3
2.52E+01 | 1.035 || 3.15E+01 | 0.801 2.66E-09 3
1.88E+01 | 0.956 | 2.35E+01 | 0.800 4.57E-09 3
1.33E+01 | 1.024 || 1.66E+01 | 0.796 5.15E-09 3
9.75E+00 | 0.960 || 1.23E+01 | 0.795 9.30E-09 3

Table 2.4.5: EXAMPLE 2, RTy — Py scheme with adaptive refinement via ©.
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N[ elo) [ro)] e | r(u
1728 || 4.92E+02 - 2.57E-+00 -
2742 || 4.61E+02 | 0.283 | 9.12E-01 | 4.491
4052 || 1.71E+02 | 5.076 | 1.36E-01 | 9.732
2974 || 3.16E+01 | 8.706 | 3.24E-02 | 7.413
10506 || 1.01E4-01 | 4.051 | 3.21E-02 | 0.026
23492 || 4.89E+00 | 1.794 | 2.63E-02 | 0.493
57828 || 2.01E400 | 1.974 | 4.43E-03 | 3.960

140672 || 8.40E-01 | 1.962 | 4.06E-03 | 0.194
372550 || 3.20E-01 | 1.985 | 5.55E-04 | 4.088
880554 || 1.34E-01 | 2.017 | 4.91E-04 | 0.284

e(p) [ rlp) | e(Vw) [r(Vu)| e(w) | r(w)
2.38E+01 - 3.43E+01 = 1.62E+4-01 -
1.19E+01 | 3.020 | 2.22E+01 | 1.889 | 1.16E+01 | 1.457
4.36E+00 | 5.122 | 6.91E+00 | 5.972 | 3.01E+00 | 6.901
7.54E-01 | 9.042 | 1.25E+00 | 8.795 | 4.79E-01 | 9.466
2.79E-01 | 3.522 | 4.71E-01 | 3.465 | 1.84E-01 | 3.386
1.30E-01 | 1.903 | 2.17E-01 | 1.927 | 8.64E-02 | 1.879
5.51E-02 | 1.902 | 9.24E-02 | 1.898 | 3.54E-02 | 1.982
2.22E-02 | 2.043 | 3.77E-02 | 2.018 | 1.51E-02 | 1.921
8.69E-03 | 1.928 | 1.45E-02 | 1.955 | 5.53E-03 | 2.057
3.48E-03 | 2.128 | 5.87E-03 | 2.107 | 2.30E-03 | 2.039

e(o,u) \ r(o,u) H ) \ eff(0) H |divey, + P} (f)]] e \ iter
4.95E+02 - 8.42E+02 | 0.588 9.38E-13 4
4.62E+02 | 0.297 || 5.89E+02 | 0.784 7.28E-12 4
1.71E+02 | 5.082 2.17E+02 | 0.789 2.55E-11 3
3.16E+01 | &8.705 4.05E+01 | 0.781 1.75E-10 3
1.01E+01 | 4.043 1.37E+01 | 0.738 9.60E-10 3
4.92E+00 | 1.789 6.58E+00 | 0.747 2.15E-09 3
2.01E+00 | 1.981 2.69E+00 | 0.748 6.81E-09 3
8.44E-01 1.956 1.15E+00 | 0.735 9.34E-09 3
3.20E-01 1.991 4.28E-01 | 0.748 1.14E-08 3
1.35E-01 2.013 1.85E-01 | 0.727 2.21E-08 3

Table 2.4.6: EXAMPLE 2, RT; — P; scheme with adaptive refinement via ©.
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2.4. Numerical results

Example 2, three snapshots of adapted meshes according to the

indicator © for £k = 0 and k£ = 1 (top and bottom plots, respectively).
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—a-Ch 2| |-8-ch?
—o—quasi-uniform refinement (k=0) ~9~quasi-uniform refinement (k=1)

- B-adaptive refinement (k=0) - P>-adaptive refinement (k=1)

108 104 10° 10° 108 104 10° 108
N N

Figure 2.4.3: Example 2, Log-log plot of e(o,u) vs. N for quasi-uniform/adaptive
refinements for £k = 0 and k = 1 (left and right plots, respectively).

N[ h || elo) [ro)] e [ r(u

1464 | 0.354 || 1.02E+02 - 1.03E+-00 -
11040 | 0.177 || 9.23E+01 | 0.147 | 6.52E-01 | 0.684
57624 | 0.101 || 8.27E+01 | 0.199 | 4.30E-01 | 0.757
285984 | 0.059 || 6.30E+01 | 0.509 | 2.32E-01 | 1.154
1518804 | 0.034 || 4.14E+01 | 0.756 | 1.11E-01 | 1.317

e(p) \ r(p) \ e(Vu) \ r(Vu) \ e(w) \ r(w)
9.34E+00 - 7.85E400 — 4.52E+00 —
7.93E+00 | 0.243 | 6.64E+00 | 0.249 | 3.49E+00 | 0.387
6.37TE+00 | 0.396 | 5.77E+00 | 0.255 | 2.85E+00 | 0.365
4.24E+00 | 0.762 | 4.39E+00 | 0.511 | 2.03E-+00 | 0.636
2.49E400 | 0.956 | 3.02E4+00 | 0.671 | 1.35E+00 | 0.738

e(o,u) \ r(o,u) H e \ eff(©) H iter
1.03E+02 - 1.16E+02 | 0.885 4
9.29E+01 | 0.151 1.01E+02 | 0.922 4
8.31E+01 | 0.203 8.87TE+01 | 0.936 4
6.32E+01 | 0.511 6.71E4+01 | 0.943 3
4.15E+01 | 0.757 || 4.40E+01 | 0.943 5

Table 2.4.7: EXAMPLE 3, RTy — Py scheme with quasi-uniform refinement.



2.4. Numerical results

N

e(o)

1464

1.02E+02

1.03E+00

o784
40293
155496
1050117

9.54E+01
8.30E-+01
5.22E+01
2.09E+01

0.143
0.214
1.031
1.435

7.29E-01
4.22E-01
1.69E-01
4.41E-02

0.762
0.844
2.034
2.108

e(p)

| r(p) |

e(Vu)

‘ r(Vu) ‘

e(w)

| r(w)

9.34E-+00
8.26E-+00
5.92E+00
3.15E+00
1.15E+00

0.266
0.516
1.399
1.582

7.85E-+00
6.85E-+00
5.67E+00
3.68E+00
1.58E+-00

0.298
0.292
0.960
1.330

4.52E-+00
3.55E-+00
2.62E+00
1.59E-+00
5.80E-01

0.532
0.468
1.111
1.581

e(o,u) |r(o,u) | ©

[ ff(©)

H iter

Table 2.4.8: EXAMPLE 3, RTy — Py scheme with adaptive refinement via ©.

1.03E+02
9.61E-+01
8.34E+-01
5.24E+01
2.10E+01

0.149
0.218
1.035
1.436

1.16E+02
1.04E+02
8.87TE+01
5.56E-+01
2.27TE+401

0.885
0.921
0.940
0.941
0.925

4

W W >

99

Figure 2.4.4: Example 3, initial mesh, computed magnitude of the

pressure field.

velocity, and
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Figure 2.4.5: Example 3, three snapshots of adapted meshes according to the

indicator © for £ = 0.

102 L

e(o,u)

—&-Ch

- p-adaptive refinement (k=0)

—9—quasi-uniform refinement (k=0)

10°3 104

10° 108

Figure 2.4.6: Example 3, Log-log plot of e(o, u) vs. N for quasi-uniform/adaptive

refinements for £ = 0.



Chapter 3

A new mixed-FEM for steady-state
natural convection models allowing
conservation of momentum and
thermal energy

3.1 Introduction

The motion of a liquid or gas, generated by some parts of the fluid being
heavier than other parts, or in other words, produced by density differences as,
for example, when a liquid in a vessel is heated from below, is a process known as
natural convection. Different from what happens in forced convection, where the
fluid flow is driven by a external source (like a suction device or a fan), the driving
force is gravity and creates a circulating flow (convection). For several phenomena
in nature and industry, such as in oceanic circulation, central heating and dense
gas dispersion, that is, when density differences can be ignored except where they
appear in terms multiplied by the acceleration due to gravity, the fluid behavior
can be described by the well-known Boussinesq model. The latter consists in a
system of equations where the incompressible Navier—Stokes equation:

—vAu+ (Va)Ju+Vp—0g=0 in Q diva=0 in €
(3.1.1)
u=0 on I (p,1)g=0,

is coupled with the convection-diffusion equation:
—kAf0+u-VO=0 in Q 6=0p on I'p, «kVO-n=0 on Iy, (3.1.2)

61
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where  is a bounded domain in RY, d € {2,3}, with polyhedral boundary T.
Above, the unknowns are the velocity u, the pressure p and the temperature 6 of
the fluid occupying the region €2, and the given data are the fluid viscosity v > 0,
the thermal conductivity x > 0, the external force per unit mass g € L*(Q), and
the boundary temperature 6p € H'/2(T'p).

Recently, in the literature it can be observed an increasing interest in developing
new numerical methods to approximate the solution of (3.1.1)-(3.1.2), motivated
by the diverse applications of this coupled model (as those already mentioned
above), and also by the increasing need of simpler, more accurate, and more ef-
ficient procedures to solve it. For instance, primal and mixed-type numerical
formulations have been already considered in several works over the last decades
(see, e.g. [19, 45, 57, 55, 50, 52, 64, 99, 100, 101, 103, 107, 113], respectively,
and the references therein). The above list includes approaches with constant and
temperature-dependent parameters as well as the steady-state and evolutive cases.
In particular, in the context of dual-mixed formulations for (3.1.1)-(3.1.2), aug-
mented mixed formulations have been introduced in [6] and [52] for the Boussinesq
problem with temperature-dependent and constant viscosity, respectively. In both
cases, the analysis is based on the introduction of a pseudostress tensor relating
the diffusive and convective terms with the pressure and it is proved optimal con-
vergence. In turn, in [55] and [49] the authors explore new numerical schemes for
(3.1.1)-(3.1.2) considering constant (in [55]) and temperature-dependent viscosity
(in [49]). There the authors introduce an alternative pseudostress tensor which
allows them to derive a variational formulation with a skew-symmetric convec-
tive term. In this way, without augmenting the formulation as in [6] and [52],
well-posedness and optimal convergence are proved at the cost of not being able
to utilize low order elements (Raviart-Thomas spaces of order k& > d — 1). Fi-
nally, the gradient of the velocity and the temperature are introduced in [64] to
obtain a quasi-optimal mixed finite element method to approximate the solution
of (3.1.1)-(3.1.2).

When the equations to be solved are conservation laws, specifically, conser-
vation of mass, conservation of linear momentum, and conservation of energy as
it is in this case, it is always desirable to employ numerical schemes respecting
these laws. In this direction, in [8, 100] two mass-conservative schemes have been
proposed to approximate the solution of the Boussinesq problem. In [100] the
conservation of mass is numerically attained by utilizing the exactly divergence-
free discontinuous Galerkin (DG) method proposed in [48] (see also [47]) for the
discretization of fluid-flow problems. Later on, in [8] the authors consider a low
order stabilized numerical scheme to discretize the fluid-flow equation and obtain
the desired mass-conservative scheme. We emphasize that both works consider the
temperature-dependent parameter case. We emphasize also that [100] has been
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replicated in [99] and [24] for the Boussinesq model with constant parameters and
for double-diffusion equations in porous media, respectively.

Now, for flow problems in general, if the intention is to conserve momentum,
probably one of the classical approaches to do that is the discretization by means of
mixed finite element methods. In fact, since the equilibrium equation is discretized
at the same time with the constitutive equation, by construction, they naturally
conserve momentum. This is the case, for instance, of the pseudostress-based
mixed method for the Navier-Stokes equation introduced in [30]. There, consider-
ing a non-standard mixed formulation posed in Banach spaces, a new dual-mixed
method is proposed for the Navier-Stokes problem where the pseudostress and the
velocity are approximated using Raviart-Thomas elements of order k£ and discon-
tinuous piecewise polynomials of degree k, respectively.

Going back to the Boussinesq equations, we observe that the mixed-type ap-
proaches [6] and [52] do not conserve momentum nor thermal energy because of
the augmentation of the mixed formulation. The same lack of conservation of
momentum and thermal energy can be observed in [55], [49] and [64] precisely
because of the introduction of the aforementioned alternative pseudostress tensor
(for [55], [49]) and the gradient of the velocity and the temperature (in [64]) as
further unknowns.

Our main goal in this chapter is to extend the works [6, 52, 55, 49, 64] by in-
troducing a new fully-mixed finite element method for the coupled system (3.1.1)-
(3.1.2), allowing conservation of momentum and thermal energy. The latter is
achieved by employing the pseudostress-based mixed formulation introduced in
[30] for (3.1.1) and a similar approach for (3.1.2) based on the introduction of an
additional vector unknown relating the gradient of the temperature with the con-
vective term. In this way, the aforementioned pseudostress and vector unknowns,
together with the velocity and the temperature, become the resulting unknowns
of the coupled problem. As for the numerical scheme, the continuous problem is
discretized by using a conforming scheme defined by Raviart-Thomas elements of
order k for the pseudostress and vector unknowns and discontinuous piece-wise
polynomials of degree k for the velocity and temperature. Since the resulting for-
mulation is a nonlinear problem posed in nonstandard Banach spaces (due to the
convective terms), for both, the continuous and discrete problems, we make use
of the Banach—Necas—Babuska and Banach'’s fixed point theorems to prove unique
solvability. In addition, we show that the error decays with optimal rate of conver-
gence. Further variables of interest, such as the fluid pressure, the fluid vorticity
and the fluid velocity gradient, can be easily approximated as a simple postprocess
of the finite element solution with the same rate of convergence.

The rest of this Chapter is organized as follows. In Section 3.2, the fully-mixed
formulation is proposed. Then, in Section 3.3 the well-posedness of the continuous



64 3.2. The continuous weak formulation

problem is proved by means of the Banach—Necas-Babuska and Banach’s fixed
point theorems. A similar argument is employed in Section 3.4, to prove the well-
posedness of the Galerkin scheme. The corresponding a priori error estimates
are derived in Section 3.5 and finally in Section 3.6 we present some numerical
examples to validate the theoretical results and illustrate the good performance of
our mixed finite element method.

3.2 The continuous weak formulation

In this section we derive the weak formulation for (3.1.1)-(3.1.2) which will
allow us to propose later on the conforming scheme preserving linear momentum
and thermal energy. To that end, and similarly to [30] and [52] (see also [34]) we
introduce the tensor and vector variables

oc:=vVu—(u®u)—pl in Q,

and
p:=kVO —0u in Q,

and utilize the incompressibility condition div u = tr(Vu) = 0 to rewrite the
systems (3.1.1) and (3.1.2), respectively as the following equivalent first-order set
of equations (see [30] and [52| for details):

1 1
—o't-(u®uw!=Vu in Q, dive+60g=0 in Q,
v v

1
p:—atr(a+u®u) in Q u=0 on I (tr(c+u®u),l)y=0,

(3.2.1)

and
Kip+rIu=VH in Q divp=0 in Q,
(3.2.2)
f=0p on I'p, p-n=0 on Iy.

Note that the third equation in (3.2.1) allows us to eliminate the pressure p from
the system (which anyway can be approximated later on through a post-processing
procedure), whereas the last equation takes care of the requirement that (p,1)q =
0.

Now, to derive the variational formulation, we begin by proceeding analogously
to [30] for the first and second equations of (3.2.1), that is, we multiply the first
equation of (3.2.1) by 7 € H(divy/s;$), integrate by parts, employ the identity
o4 : 7 =0%: 79 and the Dirichlet boundary condition u = 0 on I, and test the

second equation of (3.2.1) by v € L4(2), to obtain

1 1
> (a4, 7q + (u,divr)g + > (u@u)! 7)o =0 V7 eH(divys;Q), (3.2.3)
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and
(v,diva)g + (fg,v)g =0 Vv eLYQ). (3.2.4)

The choice of the spaces H(divy/s; Q) and L*(Q) for the variables 7 and v,
respectively, and also for the unknowns o and u, relies on the fact that, since the
first term on the left-hand side of (3.2.3) is well defined if o, 7 € L?(Q), the third
term on the left-hand side of (3.2.3) forces the velocity u, and consequently the
test function v, to live in L*(Q2). Moreover, the latter and the terms (u,divT)q
and (v,dive)g in (3.2.3) and (3.2.4), respectively, force both, dive and div T,
to live in L*3(Q). In this way, both equations (3.2.3) and (3.2.4) are well-defined
if o, 7 € H(divy/s; Q) and u,v € L*(Q).

Next, for (3.2.2) we proceed similarly to (3.2.3)—(3.2.4). In fact, we define the
Banach space

H::{nGH(diV4/3;Q): n-n=0 on FN}>

and then, multiplying the first equation of (3.2.2) by n € H and integrating by
parts, we get

K p,ma + (0,divn)q +r H(0u,n)g = (n-n,0p)r, VnecH (3.2.5)

Observe that, similarly to [33, eq. (4.3)], it can be seen that for all n € H,
n-n|p, € H"Y2(Tp), thus the term (1 -n,0p)r, is well defined.
In turn, the second equation of (3.2.2) is imposed weakly as

(¥, divplo=0 Vo e LYQ). (3.2.6)

Notice that since u € L*(Q2) and since the term (p,n)q is well defined if p,n €
L2(Q), the third term on the left-hand side of (3.2.5) forces 6, and consequently
the test function 1, to live in L*(Q). This fact suggested the introduction of the
space H for the unknown p and test n.

According to the above, at first we are interested in finding o € H(divy/s;$),
u € LYQ), p € H and 0 € LYQ), satisfying (3.2.3)(3.2.6) and (tr (o + u ®
11), 1)9 =0.

Now, let us define the space

Ho(diV4/3; Q) = {T € ]H[(diV4/37 Q) . (tr T, 1)Q = 0} s
and recall that there holds (see e.g. |30, Section 3|)
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where P((€2) is the space of constant polynomials on 2. More precisely, each
7 € H(divy/s; 2) can be decomposed uniquely as:

1
T =T+ C]L with 71 € Hg(diV4/3; Q) and c¢:= m(tr T, 1)Q e R.
Then, if we define the tensor
+ ! (tr(u®@u),1)q | I (3.2.8)
oy =0 —(tr 2.
O d|Q| Y Q Y

it follows that o satisfies (tr (6 +u®u),1)q = 0 if and only if oy € Hy(divy/s; ©2).
Moreover, from (3.2.7) it can be readily seen that equations (3.2.3) and (3.2.4) can
be rewritten in terms of oy as follows

1 1
> (03, 70 + (u,divr)q + » (u@u)! 7)o =0 V7€ Hy(divys;Q), (3.2.9)
and

(v,divay)g + (0g,v)a =0 Vv eLYQ). (3.2.10)

Consequently, for the sake of the subsequent analysis we reformulate the system
(3.2.3)—(3.2.6) considering o defined in (3.2.8) as the tensor unknown and the
equations (3.2.9) and (3.2.10) instead of (3.2.3) and (3.2.4), respectively. More
precisely, denoting by

X = H(divys;Q), Xo:=XNHy(divysQ), M:=L%Q) and Q:=L*%Q)

and introducing the forms ap : X X X - R,bp : X XM - R,cg : M x M x X —
Rdp:QxM—-Rar- HxH—->R,b:: HxQ > R,andc; : M x Q xH — R:

1
ag(o, T) := ;(O'd,’Td)Q, be(T,v) := (v,divT)q,
1 d
y W, = ® > > d 97 = (¢ ) >

celwin ) = (wo ) r)a, de(6.v) = (08 Vo -

ar(p,m) =k~ (p, M, br(n,0) := (0, divn)q,

cr(w;0,m) ==k~ (0w, n)o,
and the functional Fr € H':

Fr(n) :== (n-n,0p)r,, (3.2.12)

we arrive at the fully-mixed variational formulation:
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Find (o, u, p,0) € Xg x M x H x Q, such that:

ag(o,7) + be(T,u) + g(w;u, 7) = 0 V1 e X,
be(o,v) +de(8,v) = 0 Vv eM,
ar(p,m) + br(n,0) + cx(w;b,m) = Fr(n) VneH,

br(p, ) = 0 V¢ eqQ,

(3.2.13)

where, for the sake of simplicity, the subscript 0 from the new unknown o has
been dropped.

Remark 3.2.1. We observe here that, according to the third equation of (3.2.1)
and the identity (3.2.8), the pressure can be recovered in terms of the pseudostress
o € Xy and the velocity u € M, as follows

D= ——( ()+tr(u®u) — —(tr(u®u),l)q ) (3.2.14)

Moreover, one can compute further variables of interest, such as the shear-stress
- _ 1 _
tensor o := v (Vu+ (Vu)") — pl, the vorticity w := i(Vu — (Vu)"), the velocity

gradient Vu and the heat-flur p := —k V0, with the following post-processing
formulas

1
o= o'+ ueuto tuou— (d‘m(tr(u(@u) 1)9) I,

1
2u(

Vu= ;(ad—i—(u@u)d),

€
Il

g — 0')

(3.2.15)

p= —(p+bu).

3.3 Analysis of the coupled problem

In this section we combine the classical Banach—Necas—Babuska and Banach
fixed-point theorems to prove the well-posedness of (3.2.13) under a suitable small-
ness assumption on the data. We begin by establishing the stability properties of
the forms involved.
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3.3.1 Stability properties
We start by recalling the well-known Hélder inequality

) 1 1
/ [fol < [ flle@llgllLae, V[ eLP(Q), Vge L)), with PR
Q
(3.3.1)
In turn, we recall that H'(Q) is continuously embedded into LP(Q) for p > 1 if
d=2or pe[l,6]if d =3. More precisely, we have the following inequality

[l < Cs lwlhie Ywe HY(Q), (3.3.2)

with Cs > 0 depending only on |Q2] and p (see [104, Theorem 1.3.4]). Then, owing
to the Holder inequality (3.3.1) and simple computations, we deduce that the forms
ag, bg, cg, dp, ar, by and ¢r (cf. (3.2.11)) are bounded:

jas(o, )| < = llolielirlie,  [oelrv)] < llrllelvlae (3.33)
es(wiv, )| < Iwlhalvnalirlie, [d0.9)] < ligloallflalvi (33.9)
jaz(p,m)| < %HPHHHnHm [br(m, )] < Inllullvllo, (3.3.5)
ex(wit,m)| < 2 [ laell¢llalimlle (336)

On the other hand, analogously to [30, Lemma 3.5|, we observe that the functional
Fr (cf. (3.2.12)) is bounded

|Fx(n)| < Crllfplhyorpllnlle Vo e H, (3.3.7)

with CF a positive constant depending on Cs (cf. (3.3.2)).
Now, we let V and V be the kernel of b and bg, respectively, that is

V::{TGXO: be(T,v) =0 VVEM}:{TEXO: divr=0 in Q},

(3.3.8)
and
V. {neH: be(n, ) = 0 \weQ}:{neH: divn=0 in Q}
(333.9)

and recall from [30, Lemma 3.1] that there exists Cyq > 0, such that

CallTl3g < 7020 + A1V 7|0 VT € Xo. (3.3.10)
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From (3.3.10) we easily realize that ar satisfies
Cq 9
ag(T,7) > —||I7llx VT EV, (3.3.11)
v
whereas for ar we proceed similarly to [33, Lemma 2.2] to obtain
1 2
ax(n.m) > |l Vn eV, (33.12)

Now, we recall from [30, Lemma 3.3| that b satisfies the inf-sup condition:

b
sup be(T,v) > Br||vllm Vv eM. (3.3.13)
ozrexo |ITlx

Similarly, we can obtain an analogous result for br. This is established in the next
lemma.

Lemma 3.3.1.
bT("? w)
sup

0#ncH (a2l

2 frllvlle VY eQ (3.3.14)

Proof. Given v € L*(Q), we consider the variational problem
—Az=sgn(¥)|¥[> in Q z=0 on I'p, Vz-n=0 on Iy,

and proceed analogously to the proof of [33, Lemma 2.1| to obtain the desired
result. We omit further details. O

Using the aforementioned stability properties, particularly (3.3.3), (3.3.11) and
(3.3.13), and applying [63, Proposition 2.36] it is not difficult to see that the bilinear
form Ar : (X x M) x (X x M) — R defined by

Ae((o, ), (1,v)) == ag(o,T) + be(7,0) + b0, V), (3.3.15)
satisfies:
sip  2EEDTY) 5 e ) (e m eXox M, (33.16)
0#(7,v)eXoxM ”(T,V)“

where ~¢ is the positive constant defined by

L,
e = c%, (3.3.17)

with C' > 0 independent of v.
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Finally, and analogously to (3.3.16) we can obtain from [63, Proposition 2.36|
that estimates (3.3.5), (3.3.12) and (3.3.14) imply that the bilinear form Ar :
(H x Q) x (H x Q) — R, defined by

A:((p,0), (n,v)) == ar(p,m) + br(n,0) + br(p, ), V(p,0),(n,¢) € HxQ,

(3.3.18)
satisfies the inf-sup condition:
A g? 7 )
awp  AUEDLON 5y o) Vi) eExQ (3319)
ormuerxq (Y]
where 7 is the positive constant defined by
2
p = r (3.3.20)

K207 + 4K Pr+2

3.3.2 The fixed-point operator

Here, we proceed similarly to [12] and [51] and describe the fixed-point strategy
to be employed next to prove the well-posedness of (3.2.13). We start by intro-
ducing the associated fixed-point operator. To that end we define the auxiliary
operators R: W xQCMxQ—=-XgxMand S: WCM — H x Q given by

R(w,¢) := (R1(w,9),Ra(w,0)) = (o,u) V(w,0) € W xQ, (3.3.21)

with (o, u) € X, x M satisfying

ap(o, ) + be(T,u) + cg(w;u, 7) = 0 VT e X,
(3.3.22)
be(o,v) = —dp(p,v) Vv eEM.
and
S(w) := (S1(w),Sa(w)) = (p,0) VweW, (3.3.23)
where (p,0) € H x Q is such that
ar(p,m) +brx(n,0) + ex(w; 0,m) = Fr(n) VneH,
(3.3.24)

br(p, ) = 0 Vi e Q.

Above, W is a bounded set (to be specified next) ensuring the well-definedness of
R and S.
By virtue of the above, by defining the operator J : W C M — M as

J(w) :=Ra(w,Ss(w)) VweW, (3.3.25)
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it is clear that (o, u, p,0) is a solution to (3.2.13) if and only if u satisfies J(u) =
u, and consequently, the well-posedness of (3.2.13) is equivalent to the unique
solvability of the fixed-point problem: Find u € W such that

J(u) =u. (3.3.26)

In this way, in what follows we focus on proving the unique solvability of (3.3.26).
Before doing that, we have to provide a suitable choice of W ensuring the well-
definedness of 7.

3.3.3 Well-definedness of 7

Since operator J is defined in terms of R and S, first we must study the
well-definedness of both operators, which evidently is equivalently to studying the
well-posedness of (3.3.22) and (3.3.24). We begin by analyzing the well-posedness
of (3.3.22).

Lemma 3.3.2. Let (w,¢) € M x Q and assume that

1%
[wilm < % (3.3.27)

with g the positive constant in (3.3.17). Then, there exists a unique (o,u) €
Xo x M solution to (3.3.22). In addition, there holds

2
l(e, u)]| < %||g||0,9||¢||Q- (3.3.28)

Proof. We proceed similarly as in the proof of [30, Theorem 3.7|. In fact, given
(w,¢) € M x Q, we begin by defining the bilinear form:

ARW((Uv u)v (7-7 V)) = AF((U’ u)? (T> V)) + CF(W; u, 7)7 (3329>

where Ar and ¢g are the forms defined in (3.3.15) and (3.2.11), respectively, that
1S
Arw((o,u),(T,v)) :=ar(o, T) + be(T,u) + bp(o, V) + (W3 u, 7).

Then, problem (3.3.22) can be rewritten equivalently as: Find (o, u) € Xq x M,
such that

Ae w((o,u), (T,v)) = —dp(p,v) Y (7,v) € Xy x M. (3.3.30)

Therefore, to prove the well-definedness of R, in the sequel we equivalently prove
that problem (3.3.30) is well-posed by means of the Banach—Ne¢as-Babuska the-
orem (see, for instance [63, Theorem 2.6]).
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First, given (¢, 2z),(T,V) € Xy x M with (7,V) # 0, from (3.3.4) we observe
that

Arw((€.2), (1, V)  [A:((C2), (7 9)| _ Jer(wiz, 7))

sup

TV [ | I [CAO] [
Az F D] 1
> S EST — Iwlall € 2)

V)
which together with (3.3.16) and the fact that (7,V) is arbitrary, implies

o AlODLD > (L i) 162l

0#(7,v)eXoxM H(T7V>H

Hence, using the fact that w € M satisfies (3.3.27), we easily obtain

sp  2enlle?) (VD) 5 %8 ey e gy e X x M. (3331)
0#4(T,v)eXoxM ||(T7 V)H 2
On the other hand, for a given ((,z) € Xo X M, we observe that

Arw((T,v), (¢, 2))

sup  Arw((T,v),(¢,2)) > sup

(m,v)eXoxM 0#(7,v)eXoxM ||(T7 V)“
_ sup AF((Tv")? (C,Z)) + CF(W;V>C)
0% (r.v) EXox M (T, V) ’

which together with (3.3.4) implies

Ae((7,v), (¢,2)) 1

: =2 Iwlimll(€, 2)ll.
(3.3.32)

Therefore, using the fact that Ag(-,-) is symmetric, from (3.3.16) and (3.3.32) we

obtain

sip Aew((T.V),(C2) > sup
(rw)tox oriromnt V)]

e (7.9 (62) = (3 = Iwlha ) 1621,

(m,v)eXoxM
which combined with (3.3.27), yields

sup e (1,¥),(¢2) 2 (€2 >0 V(¢2) € Ko x M, (C.2) #0.

(r,v)eXoxM

(3.3.33)
In this way, from (3.3.31) and (3.3.33) we obtain that Agw(-,-) satisfies the hy-
potheses of the Banach-Nec¢as-Babuska theorem [63, Theorem 2.6|, which allows
us to conclude the existence of a unique (o, u) € Xy x M solution to (3.3.22), or
equivalently, the existence of a unique (o, u) € XgxM such that R(w, ¢) = (o, u).
Finally, from (3.3.30), using (3.3.31) with (¢,z) = (o,u), the bound of d (cf.
(3.3.4)), we readily obtain (3.3.28), which concludes the proof. O
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Next, we provide the well-definedness of S, or equivalently, the well-posedness
of (3.3.24).

Lemma 3.3.3. Let w € M and assume that

G

. (3.3.34)

[wiim <

Then, there exists a unique (p,0) € H x Q solution to (3.3.24). Moreover, there

holds 00
(o, 0)| < TF 10b]]1/2,rp (3.3.35)

with Cr and 7 the positive constants in (3.3.7) and (3.3.20), respectively.

Proof. The proof follows analogously to the proof of Lemma 3.3.2 (see also [30,
Theorem 3.7]). In fact, by defining the bilinear form:

Arw((p,0), (n,)) = A:((p,0), (n,9)) + cx(w; 0, m), (3.3.36)

where Ar and c¢p are the forms defined in (3.3.18) and (3.2.11) respectively, we
observe that problem (3.3.24) can be rewritten equivalently as: Find (p,0) €
H x Q, such that

Arw((p,0), () = F(n) V(n,¢) e HxQ. (3.3.37)

In turn, using (3.3.6), (3.3.19) and (3.3.34), it can be easily deduced that Az
satisfies

sup AT,w((§>90>7 (n,%)) > iy (s, 9)|| V(s,9) € HxQ, (3.3.38)

0#(n,1¥)€EHXQ (n, )] 2

and

sup  Arw((1,%),(s,90)) >0 V(s,9) € HXQ, (s,9) # 0,
(n,¥)eEHXQ

which together with the Banach—Necas-Babuska theorem imply the well-posedness
of (3.3.24). Finally, from (3.3.37), applying (3.3.38) with (s, ) = (p, ) and the
bound (3.3.7), we readily obtain (3.3.35). O

From Lemmas 3.3.2 and 3.3.3 we automatically deduce that if the set W defin-
ing R and S (cf. (3.3.21) and (3.3.23)) is such that

wes(o )6 ) - (03)

2
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with
A:=min {v s, k1), (3.3.39)

then R and S, thus J (cf. (3.3.25)), are well-defined. Moreover, from (3.3.28) and
(3.3.35) we readily obtain that there hold, respectively

2
IR2(W, ¢)||lm < %HgHO,Q”CbHQ V(w,¢) € W xQ,

and 0C
[Sa(w)lq < TF 0bllij2r, YWeEW, (3.3.40)
T
which combined imply
2 4CFr
[T (w)lm = [[Ra(w, So(w))[lm < —IIgllo,llS2(W)lq < Iglloalloplli/2ry-
VF VT

As a consequence of the above, if we define the bounded set W as follows

4CF

YE VT

W= {W €M [lwllm < ||g||0,9||9D||1/2,FD}7 (3.3.41)

and assume that the data v, x and fp € HY/?(I'p) satisfies,

8Cr
A Ve Y1

with A, 7¢ and 7r defined in (3.3.39), (3.3.17) and (3.3.20), respectively, then
we clearly deduce that the fixed-point operator J is well-defined and satisfies
J (W) C W. The above is summarized in the following result.

Igllo.clltolli/zr, <1, (3.3.42)

Theorem 3.3.1. Let define the bounded set W as in (3.3.41) and assume that the
data satisfies (3.3.42). Then, J is well-defined and satisfies J(W) C W.

3.3.4 Solvability analysis of the fixed-point equation

Here we provide the main result of this section, namely, existence and unique-
ness of solution of problem (3.2.13). We begin by establishing two lemmas that will
allow us to derive conditions under which operator 7 is a contraction mapping.

Lemma 3.3.4. Assume that (3.3.42) holds. Then,

IR(w1, ¢1) — R(wa, ¢)]| < Vi

2
F

2
lglloallé:llallwy =wsllm + —liglloaliér = éslle;

(3.3.43)
for all (w1, 1), (Wa, p2) € W X Q, with v& the positive constant defined in (3.3.17).
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Proof. Given (wy, ¢1), (Wa, ¢2) € W x Q, we let (o1,u1), (02,u2) € Xg x M, such
that R(wy, ¢1) = (o1, 11) and R(wy, ¢2) = (02, u2). Then, from the definition of
R and Ag,, (cf. (3.3.21) and (3.3.29)), and after simple computations, we obtain

AF,m((Ul — 09,01 — ), (T,V)) = —cg(W1 — Wo; Uz, T) — dp(1 — P2, V).

Hence, we employ (3.3.31) with ({,z) = (o1 — 02, u; — u2), the upper bounds of
cr and dp (cf. (3.3.4)), and the fact that |jug|m < $F||g||OQ||¢2||Q (cf. (3.3.28)), t
deduce

—CF(Wl — Wy Uy, 7') - dF(¢1 - ¢2,V)

01— 03, u; — W)| < sup

3l W< o TVl
1

< L ugllalwa — walle + lglloalén — éall

2
< o7 Isloalléallelwy = wallv + liglloolior = é2fa;

which implies (3.3.43). O
Lemma 3.3.5. Assume that (3.3.42) holds. Then,
4CF

T

[S(w1) —S(w2)llq < — lI0bll1/2,rp W1 — Wal[m, (3.3.44)

for all wi,wy € W, with Cr and ~r the positive constants in (3.3.7) and (3.3.20).

Proof. Given wi,ws € W, we let (p1,61), (p2,02) € H x Q be such that S(w;) =
(p1,061) and S(wy) = (pa, 02). Then, from the definitions of S and Az (cf. (3.3.23)
and (3.3.36)), and after simple computations, we deduce that

AT,W1(<p1 — p2, 01 — 92), (n,w)) = —CT(Wl — Wg; 92;”)-

Thus, employing (3.3.38) with (¢, ¢) = (p1 — p2,01 — 02), the upper bound of ¢r
(cf. (3.3.6)), and the fact that ||fs]q < 2%” 10p||1/2,rp (cf. (3.3.35)), we get

Yt —cr(Wi — Wo; 02, 1)
5 lp1 = p2, 61 = 02)[ < sup
2 0#£(n,¥)EHXQ [(n, V)|l

< —l10:zllallwi — wallm

QCF

< —=||0 w w
S 10pl1/2.0p [|W1 — Wallm,

which implies (3.3.44). O
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We are ready now to prove the main result of this section, that is, the existence
and uniqueness of solution of problem (3.2.13).

Theorem 3.3.2. Let define A := min {V Y, li’}/T} and assume that

16 Cr
AV Y1

Iglloellfplli/2r, < 1. (3.3.45)

Then, the operator J (cf. (3.3.25)) has a unique fized-point w in W. Equivalently,
the coupled problem (3.2.13) has a unique solution (o,u, p,0) € Xg x M x H x Q
with u € W. Moreover, there hold

4CF 2CF
(o, w)|| < —liglloellbblli/2r, and [[(p,0)| < —— 10bll1/2r,-  (3.3.46)
TE VT i

Proof. We begin by recalling from the previous analysis that assumption (3.3.45)
ensures the well-definedness of 7. Now, let wi, wo,u;,uy € W, be such that
u = J(wy) and uy = J(ws). According to the definition of J (cf. (3.3.25)),
from estimates (3.3.40), (3.3.43) and (3.3.44), we deduce that

[T (w1) = T (wWa)llm = [[Ra(wi, S2(w1)) — Ra(wa, Sa(Wa))[lm

4 2
< — ligllo.allS2(wa)llq [[Ww1 — Wallm + —lIgllo.q [[S2(W1) — Sa(wa)llq
VVF 71:'
16C
< )\,YF,)Z ||g||0,Q ||9D||1/2,FD le — W?”M;

which together with (3.3.45) and the Banach fixed point theorem implies that
J has a unique fixed-point in W, which equivalently implies that there exists a
unique (o, u, p,d) € Xy x M x H x Q solution to (3.2.13) with u € W. Finally,
since (o, u) satisfies (3.3.22) with ¢ = 0 and w = u € W, and (p, ) satisfies
(3.3.24), with w = u € W, the estimates in (3.3.46) follow from (3.3.28) and
(3.3.35). O

3.4 Galerkin scheme

In this section we introduce and analyze the Galerkin scheme of problem
(3.2.13). We mention in advance that the well-posedness analysis follows straight-
forwardly by adapting the results derived for the continuous problem to the discrete
case, reason why most of the details are omitted.
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3.4.1 The discrete coupled system and its well-posedness

Let us begin by considering {7, }4>0 a family of regular triangulation of Q made
by triangles 7' when d = 2 (or tetrahedra when d = 3) of diameter hr and define
the meshsize h := max {hT T e E} Given an integer [ > 0 and a subset S of
R? we denote by P;(S) the space of polynomials of total degree at most [ defined
on S. Hence, for each integer £k > 0 and for each T € Tj,, we define the local
Raviart-Thomas space of order k as (see, for instance [21]):

RT,(T) := [Pr(T)]* & P(T)x,

where x := (z1,...,24)" is a generic vector of R? and P,(7T) is the space of poly-
nomials of total degree equal to k defined on T'. In this way, we define the finite
element subspaces:

%)= {n eX: cnlp eRTYT) YeeR! YTeT},

M, = {vy e M: vz € [P(D)? VT €T},
H, = {’I’]hGHZ ’I’]h|T€RTk(T) VTEE},

Qh = {¢h€QI ¢h‘T€Pk<T) VTGIHL}
Notice that, since L*(2) C L3(Q), then X;, C H(div; ) C H(divy/3; Q). In turn,
given T € Ty, since 7ny € H™V2(9T), for all 7 € H(divys;T) (see [33, Section
4.1]), then proceeding exactly as in |72, Lemma 3.4| it can be proved that

H(divys; Q) = {T €eY: Y (rnrviy, =0 Vve H})(Q)},
TeTh

with Y := {7 € L*(Q) : 7|r € H(divys;T), VT € Tn}. Therefore, any discrete
subspace satisfying a zero normal jump property, in particular X}, is a good choice
to approximate the unknown o € Hy(divy/s; 2).

Then defining the subspace X, := X}, N Xy, the Galerkin scheme associated
to problem (3.2.13) reads:

Find (O'h7 Uy, Ph, Hh) € Xh,O x M;, x Hy, x Qh such that:

ag(op, ) + be(Th,up) + ce(up;up, ) = 0 V1, € Xno

bp(a'h,Vh) +dF(9h;Vh) =0 Vv, € My,
(3.4.1)
ar(pn, Mn) + br(n, On) + cr(Wp; Op,mn) = Fr(nn) VY, € Hy,

br(pn,y) = 0 Vi, € Qn,

where the forms ag, by, ¢, dg, ar, br, ¢y and the functional Fr are defined in (3.2.11)
and (3.2.12), respectively.
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3.4.2 Analysis of the discrete problem

First we provide the stability properties of the associated forms on the discrete
spaces defined above. We begin by observing that the boundedness of all the
forms are inherited from the continuous case. In addition, since div X, C M, and
divH;, C Qp, there hold that the discrete versions of V and V (cf. (3.3.8), (3.3.9))
become, respectively

V), = {’Th €Xpo: be(mh,vi) =0 Vv, € Mh}

_ {ThEXh’OZ divr, =0 in Q}

and
Vy, = {"7h ceHy,: br(gn,vn) =0 Vo, € Qh}

_ {nheHh: divn, =0 in Q}
thus, V, €V and V;, C V. As consequence, from (3.3.11) and (3.3.12), we obtain

C
ag(Th, Th) > 7(1 ITall% Vi € Vi, (3.4.2)

and .
ar(m,mn) = Il V1 € Vi (3.4.3)

We continue by recalling from [30, Lemma 4.3| that the bilinear form bg satisfy
the following discrete inf-sup condition:

b .
sup be (T, vi) Be | vall ¥vi € My, (3.4.4)

0#7,€Xp,0 HThHX

with B\F > 0 independent of h.
The following result establishes the discrete version of Lemma 3.3.1

Lemma 3.4.1. Assume thatzhe're exists a convex domain B such that Q C B and
I'n € OB. Then there exists By > 0 independent of h, such that

sup balmh, ) > b |YUnllq Yn € Qn. (3.4.5)

ozmer,  |[Mnlla
Proof. We proceed similarly to the proof of [33, Lemma 3.3]. In fact, given 1, €
Qp, and similarly to [13, Lemma 3.9] we let z € W'¥/3(B) be the unique weak
solution of the boundary value problem:

sgu () [Un)? in

Az =y = ,Vz-n:00n83,/z:0.

Q

iB——\lm / sen(@n)lgal® i B\ T
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Since B is a convex domain, it is well known that z € W*%/3(B) (see [90, Theorem
1.1]) and

2llwass(m) < clltnlliass) < Clllvalllus) = Cllvallisq)-

Then we let 1§ = Vz|q € WI43(Q), and observe that divs) = sgn(y)|vn]? in Q,
n-n=0on 'y (since 'y C IB) and

Hﬁ||w1,4/3(sz) < C|Wh|!i4(9)- (3.4.6)

Moreover, from the latter, and the fact that W#/3(Q2) is continuously embedded
into L2(£2), we obtain
[7lo.0 < C||@/)h||i4(9)- (3.4.7)

Now, we let 1, € Hj, be the Raviart-Thomas interpolation of n (see [72, Section
3.4] and [30, Section 4.2.1|). From [49, Lemma 5.4] we have that there exists
C > 0, independent of h, such that

“ﬁ - ﬁhHO,Q < Chlid/ll“ﬁ“wlA/B(Q),
which together with (3.4.6) and (3.4.7), implies

7nllog < 17=Tnlloo+lloo < CA |1 Qllwras@) +ClltallEaq) < Clenltse)
(3.4.8)
In turn, it is well known that the following identity holds

div 'ﬁh = Ph(dlv ’ﬁ) = Ph(SgIl(’gZ)h)|77/)h|3), (349)

with Py, : L4(2) — Qy being the usual orthogonal projection with respect to the
L%(Q)-inner product. Hence, using the fact that Py, is a continuous operator, from
(3.4.8) and (3.4.9), we easily obtain

17l < Cllnllaq., (3.4.10)

with C' > 0 independent of h. In this way, from (3.4.9) and (3.4.10), we find that

3
br(n, ¥n) o br(7n, Pn) /Qwhsgn(%)’whl

sup = = = =
ozm ety ||7n]lm 1728 | Clinla g
~ Nnllfay A
= O = O o),
HwhHL‘l(Q)

which concludes the proof. O]
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Analogously to the continuous case, owing to (3.3.3), (3.3.5), (3.4.2), (3.4.3),
(3.4.4), (3.4.5) and [63, Proposition 2.36], it can be deduced that the bilinear forms
A and Ar defined in (3.3.15) and (3.3.18), satisfy:

AF((Cha Zh)? (Thv Vh))

sup > [(Chrzn)|| YV (Chszn) € Xpo X My,
0#(Th,vi)EXp 0 x My, ”(Th’ Vh)”
(3.4.11)
and
A C ) ) ) A~
sup Ao ) 5 5 ol Y (o n) € L x Qu,
0#(1h,%n)EHR XQp H(Tlm %)H
(3.4.12)
with N
in{1l
5 1 omindL v}
V,BF +1
and R
2
~ K Br

B I£2B%+4I€BT+2.
Employing (3.4.11) and (3.4.12) it can be proved the following result.

Lemma 3.4.2. Asiume that there exists a convexr domain B such that Q) C B
and I'y C 0B. Let A := min {V’/}/\F, fi%} and giwven wy, € My, let Ag, and Az,
be the bilinear forms defined in (3.3.29) and (3.3.36), respectively. Then, for all
wy, € My, such that |wy|m < 3, there hold

A (G 20)s (T Vi) S T e 201 v (¢ ) € Xp0 X My,

Ssu
0 0 XM, [Ty v 2
(3.4.13)
and
sup AT,wh<<gh7 @h)? (nhﬂﬂh)) 2 fﬁ ”(gm Qph)H V (Ch, Sph) e Hh « Qh-
0 (1 ) €, X Q | (7m0 || 2
(3.4.14)

Proof. The proofs of (3.4.13) and (3.4.14) follow using the same steps employed
to obtain (3.3.31) in Lemma 3.3.2. We omit further details. O

Now, let us define the bounded set

4C
W= {wi €My i [wallw < == llglloolnllars |-
TF T
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and the discrete operators Ry, : W), x Q, — Xj, 0 x My, and Sy, : Wy, — Hj, X Qp,
defined respectively by

Ry (Wi, 1) := (Rip(Wh, 1), Rop(Wh, 01)) = (Oh,un) VYV (Wh, 0n) € Wy X Qp,

where (o7, up,) is the unique solution of problem: Find (o7, up,) € Xp, 0 x My, such
that

ag(on, ™) + be(Th, up) + ce(Wpyup, 7)) = 0 V1, € Xhpo,
be(on, vi) = —de(pn, Vi) Vv, € My,

and

Sn(wn) := (S1a(Wn), Son(Wn)) = (Pn,0n) VWi € Wy,
where (pp,0),) is the unique solution of problem: Find (p,,6,) € Hy, x Qp such
that
ar(Pn, M) + br(Mw, On) + cx(Wi; On,mn) = Fr(nw) Van € Hy,
br(pn,¥n) = 0 Vi € Qn.

Utilizing Lemma 3.4.2 and proceeding exactly as for the continuous case, it can
be easily deduced that both operators are well-defined if there holds

8C
—||glloallfll/z2r, < 1. (3.4.15)

~

)\% iy

Then, analogously to the continuous case we define the operator 7, : W, C M;, —
M,, as
jh(Wh) = Rgﬁ(Wh, 827h(Wh)) VW}L S Wh, (3416)

which is clearly well-defined and satisfies J,(W}3) € W, provided (3.4.15), and
realize that (3.4.1) is equivalent to the fixed-point problem: Find u, € W}, such
that

Jh(uh) = Uyp. (3417)

The following theorem provides the main result of this section, namely, exis-
tence and uniqueness of solution of the fixed-point problem (3.4.17), or equiva-
lently, the well-posedness of problem (3.4.1).

Theorem 3.4.1. AssumeAthat there exists a convexr domain B such that 0 C B
and I'y C 0B. Let define A := min {V%, /4;%} and assume that

16C
— |Iglloallfollijar, < 1. (3.4.18)

~

A /'?F i
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Then, the operator Jy (cf. (3.4.16)) has a unique fized-point uy in Wy,. Equiva-
lently, the coupled problem (3.4.1) has a unique solution (o, U, pr,0n) € Xpo X
M, x Hy, x Qp, with u, € Wy,. Moreover, there hold

4CF 2C’F
[(on, wn)ll < =— lIglloellfplli/2r, and |[[(pn,0)l] < —— I0pll1/2,rp-
000000 Yt

(3.4.19)

Proof. First we observe that, as for the continuous case (see the proof of Theorem
3.3.2), assumption (3.4.18) ensures the well-definedness of operators S, and Ry,
and consequently the well-definedness of 7,. Now, adapting the arguments utilized
in Section 3.3.4 (see Lemmas 3.3.4 and 3.3.5) one can obtain the following estimates

2
[Ra(wr, @1) = Ra(ws, da)ll < 7= llgllo.allalialwi =wallm+=liglollér = 2l
F

~2
VY

and iC
F
1Sh(w1) — Sh(wa)|lq < 72 10 ll1/2,0p W1 — Wa|la,
T

for all wy, wy € Wy, and ¢4, ¢2 € Qp, which together with the definition of 7}, (cf.
(3.4.16)), yield

16C
1T0(w1) = Tu(we)llm < =" lIgllog [6]l1/2.0 [l W1 = Wallna,

A~ A~

YEVT

for all wy, wy € Wy, In this way, using estimate (3.4.18) we obtain that 7} is a
contraction mapping on Wy, thus problem (3.4.17), or equivalently (3.4.1) is well-
posed. Finally, analogously to the proof of Theorem 3.3.2 we can obtain (3.4.19),
which concludes the proof. O

3.5 A priori error analysis

In this section we aim to provide the convergence of the Galerkin scheme (3.4.1)
and derive the corresponding rate of convergence. We begin by deriving the cor-
responding Cea’s estimate.

3.5.1 Cea’s estimate

From now on we assume that the hypotheses of Theorems 3.3.2 and 3.4.1 hold
and let (o, u, p,0) € Xox M xHxQ and (o, up, pr,0n) € Xpox My xHy, xQ
be the unique solutions of (3.2.13) and (3.4.1), respectively.
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In order to simplify the subsequent analysis, we write e, = o0 —0o7, €, = u—uy,
€, = p — pi, and ey = 0 — 0. As usual, for a given (73,,V,) € Xp0 x M, and
(M, Y1) € Hy, x Qp, we shall then decompose these errors into

€5 :€a+Xaa €u :€u+Xua €p :€p+Xpa €0 :£9+X6> (351)
with

& =0—Th, Xo=Th—0n, &Eu=U—Vy, Xu=Vy— U,

E=P—Mh, Xp=Mhn—Pn S =0—1Un, Xxo=11Un—0h

Consequently, subtracting (3.2.13) and (3.4.1), and utilizing the definition of Ag
and Ar (cf. (3.3.15) and (3.3.18), respectively), we obtain the following identities:

Ae((eg,€4), (Th, Vi) + ce(u;u, 11,) — ce(up; up, 7,) = —de(eq, vp) (3.5.2)
for all (73, vy) € Xp 0 X My, and
Ar((ep, €9), (Mn,¥n)) + cr(w; 0, mp) — cx(up; Op,mp) =0 (3.5.3)
for all (nn,v¥n) € Hy, X Q.

We start providing the following auxiliary results.

Lemma 3.5.1. Assume that

8Cr 1
VY 0 <3 3.5.4
VYRR V1 Igllo,ell DH1/2,1“D <5 ( )

Then there exist C,Cy > 0, independent of h, such that

4
(X, X[l < C1[[(€o, &)l + Co ||€o|lq+§||gl|o,a|l><e||@ (3.5.5)

Proof. First, from (3.5.1), (3.5.2), the definition of the bilinear form Ag, (cf.
(3.3.29)), and simple computations it can be obtained the identity

AF,uh<<Xo'7 Xu)a (Tha Vh)) = _aF<€U7 Th) - bF(Tha £u) - bF(ﬁO’) Vh)

— cr(up; &, ) — cr(Eu; U, ) — cr(Xus 0, T1) — de(eg, V).

Then, utilizing the discrete inf-sup condition (3.4.13) with ({n,2zrn) = (Xo) Xu) €
Xpo0 X My, and the continuity properties of ag, by, cg and dp (cf. (3.3.3) and
(3.3.4)), we obtain

e 1 1 1
o o Xu S 1 - o 1 - - u
Pl < (145) B+ (145 Tl + 5 ullse) Tl

1
+ [l lIxallve + llglloe lleoll-
(3.5.6)
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In this way, using the fact that u € W and u;, € Wy, from (3.5.6) we deduce that

4Cr
VYE YT

Ve _
3 10 x)ll < Gl (6 &) + lgllollfolls /2 Ixallm + ligllog lleoll.
8Cp
0
rnin{yF %ﬁF%}HgHQQH D||1/2,FD}7

which together with (3.5.4) implies (3.5.5) with C; = 2C} /3¢ and Cy = 4 ||g|o.0/AF,
and concludes the proof. O

- 1
01:1+—max{1,
v

Lemma 3.5.2. Assume that there exists a convex domain B such that Q C B and
I'n € OB. Then there exist Cs,Cy > 0, independent of h, such that

4CF

KAt Yt

(e xo)ll < C[(€p, E0) |l + Ca[|€ullm + 16n 11 /2,00 [[Xullm- (3.5.7)
Proof. We proceed similarly to the proof of Lemma 3.5.1. In fact, from (3.5.3),
the definition of the bilinear form Az, (cf. (3.3.36)), the decomposition (3.5.1),
and simple algebraic manipulations, it can be obtained the identity

ATa“h((XP’X@)’ (nh,@/fh)) = _aT(Em 77h) - bT("?h,gﬁ) - bT(EP’ @Z)h)
— cr(up; €, M) — cx(€us 0,m0) — cx(Xu; 0, 10)-

Then, applying the discrete inf-sup condition (3.4.14) with (sx, ¥n) = (X, X0) €
H;, x Qp, and the continuity properties of ar, by and c¢r (cf. (3.3.5) and (3.3.6)),
we obtain

Jr

S 1o xoll < (14 2) [1€plla + (1 + Llwnlln) 1ol

1 1
- 9 u - 0 u )
+ —l0llell€allve + — 1]l xulln

which together with the fact that u, € W), and that 6 satisfies ||0]q < ||(p,0)] <
282 10|11y, (see (3.3.46)), allow us to deduce that

T

7 =~ ~ 20F
5 1o x0) | < Cs 1€, €)1l + Ci [|€ullma + "y 190200 [Xull,

with

~ 1 4C ~ 20C
Gy 1+ max {1, 4Cr ||g||o,ﬂ||eD||1/2,pD} and Gy = 257 10011 o
k TF T KT

Thus, we obtain (3.5.7) with Cy = 2C3/3r and Cy = 2Cy /Fr. O
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Now we are in position of establishing the aforementioned Cea’s estimate.

Theorem 3.5.1. Assume_that there exists a convexr domain B such that Q C B
and I'y C OB. Let define A := min {V Ve, /{%} and assume further that

16 Cr
~— |Igllo,2 1fp]1/2,rp <
A Ve T

(3.5.8)

| —

Then, there exists C > 0, independent of h, but depending on the domain, v, k,
llgllo.o and the datum Op, such that

leallx + [leullm + [lepllu + [leollq
(3.5.9)
<C {dist (o, 0), Xpo x My) + dist ((p, 0), Hy, x Qh)}.

Proof. We begin by observing that estimate (3.5.8) implies (3.5.4), thus estimate
(3.5.5) holds. Now, since ||xullm < [[(Xeos Xu)||, combining (3.5.5) and (3.5.7), it
is not difficult to see that there exist positive constants ¢, co, independent of h,
such that

16 Cr
(x> xo)ll < e1ll(€p, €0l + 2l (o, &u) | + —==—lIgll0.cllfp |1 2.5 lIXallq
RYT YT
16 Cp
< all(€p &)l + c2ll(€o. &)l + =——lIgllo.llfblli/2rs [[Xellq
YT
with
4Cr C. 4CrC
c1=Cs+—=—="|Ifpllyor, and c;=Ci+——[fpli/2r,
Rt T Rt Yt
which combined with (3.5.8) implies
(o x0) || < 21 [[(€p, E0)ll + 22 ([(€o, &u) |- (3.5.10)

In turn, from (3.5.5), (3.5.10) and estimate || xq|lq < ||(X,, X0)|| We easily deduce
that

1o xu)ll < s [[(&p, E0)l + ca [1(€o, &u) (3.5.11)

with ¢3, ¢4 > 0, independent of h, but depending on the domain, v, &, ||g|o.q, and
the datum 6p. In this way, estimate (3.5.9) follows from (3.5.1), (3.5.10), (3.5.11),
the triangle inequality and the fact that (73,,Vy) € X0 x My, and (ﬁh,zzh) €
H; x Qy, are arbitrary. ]

At this point we remark that the condition (3.5.8) imposed in the above proof,
does not actually have a physical meaning, but only constitutes a condition guar-
anteeing the corresponding Cea’s estimate.
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3.5.2 Rate of convergence

In order to establish the rate of convergence of the Galerkin scheme (3.4.1), we
first recall the approximation properties of the discrete spaces involved:

(APY) For each 0 <[ < k and for each 7 € H'™(Q) N Hy(divy/s; Q) with divr €
WIHL4/3(Q)), there holds

dist (T7Xh,0) ;= iInf ||T — Th||div4/3;Q S Ohl+1 {HTHH-LQ + ||diVT||Wl+1,4/3(Q)}.

ThEXh’o
(3.5.12)
(AP}) For each 0 <[ < k and for each v € W!T14(Q), there holds

dist (V, Mh) = 1?15[ ”V - Vh||L4(Q) < Chl+1 ||V||Wz+1,4(Q). (3513)
Vh h

(AP?) For each 0 < [ < k and for each n € H*(Q) with divy € WHLA/3(Q),
there holds

dist (n, Hy) := n}}glfih 11 — Mnllaiv, 0 < C A {HTIHHLQ + HdiVnHWlHA/?’(Q)}'

(3.5.14)
(APY) For each 0 < 1 < k and for each ¢ € W14(Q), there holds

dist (¢, Q) == wiggh 14 — ¥nllLae) < ChH Q] lwisrag- (3.5.15)

For (3.5.12) and (3.5.14) we refer to [30, eq. (4.7)] and [33, eq. (3.8)], which are
consequences of [63, Lemma B.67, Lemma 1.101] and |72, Section 3.4.4|, whereas
for (3.5.13) and (3.5.15) we refer to |63, Proposition 1.134, Section 1.6.3].

Now we are in position of establishing the rates of convergence associated to
the Galerkin scheme (3.4.1).

Theorem 3.5.2. Assume that the hypotheses of Theorem 3.5.1 hold and let (o, u,
p,0) € Xo x M xH xQ and (o, up, pr,0n) € Xpox My, x Hy, x Qp, be the unique
solutions of the continuous and discrete problems (3.2.13) and (3.4.1), respectively.
Assume further that o € H*YQ), dive € WHIAB3(Q), u € WHIA(Q), p €
H*H(Q), divp € WHAB(Q) and € WHA(Q), for 0 <1 < k. Then there erists
Crate > 0, independent of h, but depending on the domain, v,k,||glloq, and the
datum Op, such that

e |x + llealls + llep[a + lleslla
< Chrate hl+1{Ho-HHLQ + HdiVUHWl+1,4/3(Q) + Hu||wl+1,4(Q)

+ [Ipllive + [ldiv pllweas @) + ||9||Wl+1»4(ﬂ)}-

Proof. The result is a straightforward application of Theorem 3.5.1 and the ap-
proximation properties (APZ), (AP}), (AP?), and (APY). O
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3.5.3 Computing further variables of interest

In this section we introduce suitable approximations for further variables of
interest, such as the pressure p, the stress tensor o, the vorticity w, the velocity
gradient Vu and the heat-flux vector p, all of them written in terms of the solution
of the discrete problem (3.4.1). To that end we let (o, up, pp,6n) € Xpo X
M;, x Hy, x Qp be the discrete solution of problem (3.4.1). Then, inspired by the
formulas in (3.2.14) and (3.2.15), we propose the following approximations for the
aforementioned variables:

Ph = —é (tr (o) +tr(up @ uy) — ’—;u(tr (up, ®uy), 1)Q> ,

~ 1

o, = 0'2 + (uh®uh)d+a,ﬂ+uh®uh — (m(tr(uh@)uh),l)gz) I

(o + (w, @)Y, pn=—(pn+0hup).
(3.5.16)

The following corollary establishes the convergence result for this post-processing
procedure.

R

wp =7 (on—0}), Gp=

Corollary 3.5.3. Assume that the hypotheses of Theorem 3.5.1 hold and let
(o,u,p,0) € Xg x M x H x Q and (o, up, pn,0r) € Xpo X My x Hy, x Qy, be the
unique solutions of the continuous and discrete problems (3.2.13) and (3.4.1), re-
spectively. Let py, o, wy, Gy and py, given by (3.5.16). Assume further that o €
H*(Q), dive € WHIA3(Q), u € WHA(Q), p € HFL(Q), divp € WIHL3(Q)
and § € WHLA(Q), for 0 <1 < k. Then there exists é\mte > 0, independent of h,
but depending on the domain, v, K, ||glloq, and the datum Op, such that

lp = palloe + |6 = anllog + lw = willoq + [[Vu = Galloo + |0 = prlloo
< é\rate hl+1{H0'||l+1,Q + ||diV0'||Wz+1,4/3(Q) + Hu|\wz+1,4(9)
+ 1ol + [[div pllwesas @) + ||9||Wl+1»4(9)}-

Proof. Recalling the formulas given in (3.2.15) and (3.5.16), and employing suit-
able algebraic manipulations it is not difficult to show that there exist C, Cy > 0,
independents of h, such that the following estimates hold:

Ip=palloa+1&=Gulloo+lw—willoo+Vu=Galloe < Ci{llo—allx+lu—unl |

and
15~ Bulloe < Cofllp — pullic+ 1w = wnllva + 10 = Gilla }-
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Then, the result follows straightforwardly from Theorem 3.5.2. We omit further
details. ]

3.6 Numerical results

In this section we present three numerical examples to illustrate the perfor-
mance of the mixed finite element scheme (3.4.1) on a set of quasi-uniform tri-
angulations of the corresponding domains. Our implementation is based on a
FreeFem++ code, in conjunction with the direct linear solver UMFPACK. Regard-
ing the resolution of the non-linear problem, we utilize the algorithm utilized to de-
fine the fixed-point operator J;,. More precisely, starting with (u?,09) € M, x Q,
we propose the following iterative process: for each i = 1,2, ... solve

CLT(p;unh) =+ bT(nh,QZ) + CT(“](jil); Z;"?h) = FT(nh) vV, € Hy,

br(ph, ) = 0 VY € Qn,
and
ar(} 1) + be(Th, W3) + e (w Vs wjm) = 0 Vi € Xno,
be(oh,vi) = —de(0%,vy) Vv, € My,

The iterations are terminated once the relative error of the entire coefficient vectors
between two consecutive iterates, say coeff™ and coeff™ ", is sufficiently small, that
is,

|coeff™ ™! — coeff™||
|coeff™ || < fol

where || - || stands for the usual Euclidean norm in RY, with N denoting the total
number of degrees of freedom defining the finite element subspaces X, M, Hy,
and Qp, and tol is a specified tolerance.

Now, we introduce some additional notations. The individual errors are de-
noted by e(x), and let (%), be the experimental rate of convergence given by

) o o8/ )
T /i)

for x € {o,u,p,0,p,0,w,Vu, p}, and h and b’ denote two consecutive mesh sizes
with their respective errors e and €’
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Example 1. In the first example we illustrate the accuracy of the mixed
method considering a manufactured exact solution defined on €2 = (0,1) x (0,1)
considering the partition of the boundary I'y = [0,1] x {1} and I'p = 9Q\I'x.
We consider the thermal conductivity k£ = 1, the viscosity of the fluid v = 1, the
external force g = (0, —1)!, and the terms on the right-hand side are adjusted so
that the exact solution is given by the functions:

ll(.%’,y) =

4
plz,y) = 3 +y° =3,

0(z,y) := %sin(ﬂx) cosz(g(y +1)).

We show in Tables 3.6.1 and 3.6.2 the convergence history for a sequence of
quasi-uniform mesh refinements when the finite element spaces described in Section
3.4.1 are used with £ = 0 and k£ = 1, respectively. It can be observed there that
the rates of convergence are the ones expected from Theorem 3.5.2 and Corollary
3.5.3, that is O(h) and O(h?), respectively.

Example 2. In the second example we assess the capability of a 3D implemen-
tation of the Galerkin scheme (3.4.1), considering a manufactured exact solution
defined on Q = (0,1)® with I'p = [0,1] x [0, 1] x {0} and I'x = 9Q\I'p. We consider
the thermal conductivity x = 1, the viscosity of the fluid ¥ = 1, the external force
g = (0,0, —1)%, and the terms on the right-hand side are adjusted so that the exact
solution is given by the functions:

sin(mz) cos(my) cos(mz)
u(x,y,z) = | —2cos(mz)sin(ry) cos(nz) |,
cos(mz) cos(my) sin(7z)

pla,y,z) == (z—1/2)%sin(y + 2),
0(z,y,2) = sin®(rx)sin’®(7y)(z — 1)

In Table 3.6.3, we summarize the convergence history for Example 2 considering
a sequence of quasi-uniform triangulations. We observe there that the rates of
convergence O(h) predicted by Theorem 3.5.2 and Corollary 3.5.3 are attained all
for the unknowns and for all the post—processed variables. Moreover, in Figures
3.6.1, 3.6.2 and 3.6.3 we compare the exact heat flux vector field, heat velocity
vector field and temperature with their approximate counterparts, respectively.
There we can observe that the approximate solution captures satisfactorily the
behavior of the exact solution.



90 3.6. Numerical results

Example 3. In the third example we study the behavior of a fluid in a square
cavity © = (0, 1)? with differentially heated walls. Here the boundary 92 has been
partitioned considering I'y = [0,1] x {1} and I'p = 9Q\I'y. This phenomenon
has been widely studied with different types of boundary conditions (see, e.g.
[16, 56, 59]). In particular, we are interested in the problem with dimensionless
numbers: Find (u, p, 0) such that

—RaAu + (u-V)ju+ Vp —PrRagf =0 in
diva = 0 in

u=>0 on I,

—kAf +u-Vo =0 in €,

0 = 6p on I'p,

kVO-n = on Iy,

where Pr and Ra are the Prandtl and Rayleigh numbers. Here we fix the Prandtl
and Rayleigh numbers as Pr = 0.5 and Ra = 2000, the thermal conductiv-
ity k = 1, and similarly to [56] we choose the boundary condition fp(x,y) =
0.5(1 — cos(2mzx))(1 — y) on I'p. Here, since the analytical solution is unknown,
we construct the convergence history by considering a solution calculated with
1,161,246 N as the exact solution, and employing tolerance tol = le — 6 and a
RT, — Py — RTy — Py approximation on a sequence of uniform triangulations.

In Figure 3.6.4 we show the approximated pressure and temperature (top left
and bottom left, respectively), along with the approximated velocity and heat-flux
vector fields (top right and bottom right, respectively). There, it is possible to see
the expected physical behaviour from [56], that is, convection currents form inside
the cavity in a symmetric configuration and, due to the relatively low Rayleigh
number, the heat transfer throughout the fluid is mainly due to conduction. On
the other hand, since the solution is smooth, it makes sense to expect convergence
of O(h) when the mixed method is applied with & = 0; a fact that can be verified
from the results in Table 3.6.4. Finally, in order to illustrate the conservativity
property of the mixed method, in Table 3.6.5 we display the [*°-norm of dive,+g6,
and div p,, for the mixed RTy — Py — RTy — Py approximation of the Boussinesq
equations. Since divoy, and gf), belong to My, it should be expected to obtain
values close to zero for ||divey, + g0y l;~ and similarly for ||div py||;. The latter
is confirmed in Table 3.6.5.
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Errors and rates of convergence for the RTy — Py — RTy — Py approximation

h \ N \ e(o) \7"(0')\ e(u) \r(u)
0.373 | 294 | 4.79e-01 - 2.00e-02 —
0.196 | 1188 | 2.29e-01 | 1.149 | 5.51e-03 | 2.016
0.097 | 4626 | 1.13e-01 | 0.999 | 1.53e-03 | 1.819
0.048 | 18312 | 5.75e-02 | 0.960 | 5.87e-04 | 1.350
0.025 | 72939 | 2.88e-02 | 1.033 | 2.63e-04 | 1.200
0.013 | 294363 | 1.42e-02 | 1.084 | 1.26e-04 | 1.135
e(p) ‘ r(p) ‘ e(0) ‘ r(6) ‘Iter
6.57e-01 - 6.68e-02 - 4
2.86e-01 | 1.302 | 3.23e-02 | 1.135 | 3
1.43e-01 | 0.983 | 1.66e-02 | 0.946 | 3
6.96e-02 | 1.015 | 7.87e-03 | 1.053 | 3
3.49e-02 | 1.034 | 3.97e-03 | 1.025 | 3
1.73e-02 | 1.075 | 1.96e-03 | 1.085 | 3
Postprocessed variables
ep) [rp) | e@) [r(@) ]| elw) |r(w
1.72e-01 - 4.82e-01 - 7.41e-02 -
7.87e-02 | 1.221 | 2.45e-01 | 1.058 | 3.20e-02 | 1.310
3.75e-02 | 1.052 | 1.21e-01 | 1.001 | 1.51e-02 | 1.066
1.88e-02 | 0.972 | 6.22e-02 | 0.939 | 7.40e-03 | 1.007
9.34e-03 | 1.049 | 3.12e-02 | 1.033 | 3.68e-03 | 1.044
4.56e-03 | 1.099 | 1.53e-02 | 1.090 | 1.84e-03 | 1.062
(Vo) (Vo) [ @) | (P
2.33e-01 - 1.78e-01 -
1.18e-01 | 1.062 | 8.33e-02 | 1.185
5.84e-02 | 0.999 | 4.13e-02 | 0.995
3.00e-02 | 0.941 | 2.05e-02 | 0.989
1.50e-02 | 1.031 | 1.04e-02 | 1.020
7.42e-03 | 1.085 | 5.13e-03 | 1.079

Table 3.6.1: EXAMPLE 1: Meshsizes, degrees of freedom, errors, rates of conver-
gence, and number of iterations for the mixed RTy—Py—RTy— Py approximations
of the Boussinesq equations.
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Errors and rates of convergence for the RT; — P — RT; — P approximation

h |

N_|

e(o)

| r(o) |

e(w)

| r(u)

0.373
0.196
0.097
0.048
0.025
0.013

912
3744
14688
28368
232944
941040

3.22e-02
7.43e-03
1.92e-03
4.81e-04
1.22e-04
3.02¢-05

- 1.04e-03
2.291 | 2.62e-04
1.917 | 6.17e-05
1.956 | 1.53e-05
2.048 | 3.97e-06
2.147 | 9.79e-07

2.154
2.050
1.968
2.023
2.145

e(p)

| 7(p) |

e(0)

| r(0) | Tter

7.09e-02
1.78e-02
4.37e-03
1.15e-03
2.86e-04
6.94e-05

- 7.4

2.161 | 1.5
1.987 | 3.7
1.893 | 1.0
2.076 | 2.6
2.172 | 6.41e-06 | 2.

4e-03

8e-03 | 2.417
oe-04 | 2.042
8e-04 | 1.761

4e-05 | 2.

3

108
167

W W W ww

Postprocessed variables

e(p)

| r(p) |

e(o)

| r(@) |

e(w)

| r(w)

8.86¢e-03
1.95e-03
4.67e-04
1.17e-04
2.98e-05
7.25e-06

2.364
2.027
1.955
2.045
2.169

2.62e-02
6.18e-03
1.51e-03
3.82¢-04
9.81e-05
2.39¢-05

2.259
1.999
1.939
2.036
2.165

3.12e-03
6.63e-04
1.54e-04
3.86e-05
9.90e-06
2.43e-06

2417
2.066
1.959
2.036
2.153

e(Vu)

\ r(Vu) \

e(p)

| (p)

1.23e-02
2.92e-03
7.12e-04
1.81e-04
4.64e-05
1.13e-05

2.251
2.000
1.937
2.035
2.163

1.75e-02
3.76e-03
9.45e-04
2.29e-04
5.96e-05
1.46e-05

2.399
1.958
2.000
2.018
2.159

Table 3.6.2: EXAMPLE 1: Meshsizes, degrees of freedom, errors, rates of conver-
gence, and number of iterations for the mixed RT; — P$¢ — RT; — P{¢ approxima-
tions of the Boussinesq equations.
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Errors and rates of convergence for the RTy — Py — RT( — Py approximation.
h | N | elo) |r(e)]| e |r(a

0.141 | 74400 | 2.62e+01 — 1.24e-01 -

0.118 | 127872 | 2.18e+01 | 0,995 | 1.04e-01 | 0.990

0.101 | 202272 | 1.87e+01 | 0.997 | 8.90e-02 | 0.993

0.088 | 301056 | 1.64e+01 | 0.998 | 7.79e-02 | 0.995
0.079 | 427680 | 1.46e+01 | 0.998 | 6.93e-02 | 0.996

e(p) \ r(p) \ e(0) \ r(6) \Iter
7.03e-01 - 3.82e-02 - 4
5.87e-01 | 0.988 | 3.19e-02 | 0.986 | 4
5.04e-01 | 0.992 | 2.74e-02 | 0.990 | 4
4.41e-01 | 0.993 | 2.40e-02 | 0.993 | 4
3.92e-01 | 0.995 | 2.13e-02 | 0.994 4

Postprocessed variables

e(p) [ rp) | e(@) [r(@) ] ew) |[rw)
1.33¢-01 | — | 7.46e-01] — [6.32e-01] -
1.10e-01 | 1.047 | 6.23¢-01 | 0.994 | 5.27e-01 | 0.997
9.34e-02 | 1.063 | 5.34e-01 | 0.998 | 4.52¢-01 | 0.997
8.10e-01 | 1.069 | 4.67¢-01 | 1.000 | 3.96¢-01 | 0.998
7.14¢-02 | 1.070 | 4.15¢-01 | 1.001 | 3.52¢-01 | 0.998

e(Vu) ‘ r(Vu) ‘ e(p) ‘ r(p)
4.75e-01 — 1.70e-01 —

3.97e-01 | 0.992 | 1.42¢-01 | 0.981
3.40e-01 | 0.994 | 1.22e-01 | 0.986
2.98e-01 | 0.995 | 1.07e-01 | 0.990
2.65e-01 | 0.996 | 9.51e-02 | 0.992

Table 3.6.3: EXAMPLE 2: Meshsizes, degrees of freedom, errors, rates of conver-
gence, and number of iterations for the mixed RTy—Py—RTy— Py approximations
of the three-dimensional Boussinesq equations.
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Figure 3.6.1: EXAMPLE 2: Approximate (left) and exact (right) heat flux vector
fields, with A = 0.079.

5.9e-03 1 20e+00 6.6e-03 1 2.0e+00

Figure 3.6.2: EXAMPLE 2: Approximate (left) and exact (right) velocity vector
fields, with A = 0.079.
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Figure 3.6.3: EXAMPLE 2: Transversal cuts of the approximate (left) and exact
(right) temperatures, with A = 0.079.
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Errors and rates of convergence for the RTy — Py — RTy — Py approximation

h

| N |

e(o)

| r(o) |

e(uw) |

r(u)

0.373
0.196
0.097
0.048
0.025
0.013

294363

294
1188
4626

18312
72939

5.38e+01 -

2.25e+01
1.30e+01
6.21e+00
3.19e-+00
1.64e+00

1.165
0.959
1.042
0.996
1.020

7.65e-04
2.58e-04
8.39¢e-05
3.08e-05
1.40e-05
6.73e-06

1.696
1.594
1.417
1.179
1.122

e(p) |

r(p) |

e(0)

| r(0) | Tter

4.56e-01
2.55e-01
1.32e-01
6.67e-02
3.37e-02
1.72e-02

- 1.05e-01
0.909
0.935
0.963
1.023
1.027

0.47e-02
2.86e-02
1.34e-02
6.89e-03
3.51e-03

1.016
0.919
1.074
0.993
1.033

- 3

W W W ww

Postprocessed variables

e(p)

| r(p)

|_e(o)

| r(@) |

e(w)

| r(w)

1.35e+01
5.96e-+00
2.94e-+00
1.35e+00
6.93¢e-01
3.55¢e-01

1.281
0.999
1.101
0.998
1.024

3.40e-+01
1.81e+01
9.54e-+00
4.54e+00
2.34e-+00
1.20e+00

0.980
0.911
1.051
0.990
1.020

9.65e+03
4.71e+03
2.31e+03
1.17e+403
5.91e+02
3.03e+02

1.120
1.011
0.965
1.016
1.027

e(Vu)

\ r(Vu) \

e(p)

| (P)

1.56e+01
8.69e-+00
4.59e+00
2.22e+00
1.14e+00
5.87e-01

0.914
0.905
1.030
0.992
1.020

4.56e-01
2.55e-01
1.32e-01
6.67e-02
3.37e-02
1.72e-02

0.909
0.935
0.963
1.023
1.027

Table 3.6.4: EXAMPLE 3: Meshsizes, degrees of freedom, errors, rates of conver-
gence, and number of iterations for the mixed RTy—P,—RT;—Py approximations
of the Boussinesq equations.
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h \|divey, + gbhli= | ||div pplfi=
0.373 7.105e-14 3.593e-15
0.196 2.274e-13 7.105e-15
0.097 9.095e-13 1.421e-14
0.048 2.274e-12 5.684e-14
0.025 7.276e-12 1.137e-13
0.013 1.455e-11 3.411e-13

Table 3.6.5: Example 3: Meshsizes and [*°*-norms of divey, + g, and div p;, for
the mixed RTy — Pg — RTy — Py approximation of the Boussinesq equations.

-1.9e+2 6,6e+01

1.0e-04 1.0e+00

a2

N\ s
WL ES

==
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Figure 3.6.4: EXAMPLE 3: Pressure, velocity vector field (from the left to the
right, at the top), temperature and heat flux vector field (from the left to the
right, at the bottom).



Chapter 4

A posteriori error analysis of a
momentum and thermal energy
conservative mixed—FEM for the
Boussinesq equations

4.1 Introduction

The derivation of new finite element methods for the Boussinesq model de-
scribing natural convection, in which the steady-state equations of momentum
(Navier-Stokes) and thermal energy are coupled by means of the so called Boussi-
nesq approximation, has become a very active research area lately (see, e.g. [8, 6,
49, 50, 52, 55, 64, 100, 99, 101]). The above list includes Discontinuous Galerkin
and stabilized methods, mixed and augmented-mixed approaches and generaliza-
tions of the Boussinesq model with temperature-dependent parameters.

Now, in Chapter 2 we have developed a new Banach spaces-based mixed finite
element method for the Boussinesq problem which allows, on the one hand, to con-
serve momentum and thermal energy if the external forces belong to the velocity
and temperature discrete spaces, respectively, and on the other hand, to compute
further variables of interest, such as the fluid vorticity, the fluid velocity gradient,
and the heat-flux, through a simple postprocess of the finite element solutions, in
which no numerical differentiation is applied, and hence no further sources of error
arise. More precisely, we introduce a modified pseudostress tensor depending on
the pressure, and the diffusive and convective terms of the Navier—Stokes equations
for the fluid, and a vector unknown involving the temperature, its gradient and
the velocity, and derive a mixed variational formulation where the aforementioned
pseudostress tensor and vector unknown, together with the velocity and the tem-

97
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perature, are the main unknowns of the system. In turn, the associated numerical
scheme is defined by Raviart-Thomas elements of order k for the pseudostress
tensor and the vector unknown, and discontinuous piece-wise polynomial elements
of degree k for the velocity and temperature. With this choice of discrete spaces
the proposed Galerkin scheme becomes well posed and optimal convergent.

The aim of the present chapter is to complement the study started in Chapter
2 by introducing a reliable and efficient residual-based a posteriori error estimator
for the associated mixed scheme. In this direction, we mention that the first contri-
bution dealing with adaptive algorithms for mixed formulations of the Boussinesq
problem is [65] where the authors introduced appropriate refinement rules to re-
cover the quasi-optimality of the method proposed in [64] under the presence of
singular behaviors near non-convex corner points. More recently, in the contribu-
tions [53, 54| the authors proposed reliable and efficient a posteriori error estima-
tors for augmented mixed-based formulations of the Boussinesq equations. In [53]
the error indicator is non-local due to the presence of the H'/2-norm of a resid-
ual term involving the temperature on the boundary, whereas in [54| the estimator
turns to be fully-local and fully—computable. However, in both cases the efficiency
estimate cannot be localized due to the presence of the convective term in some
of the terms defining the error indicator. These works were extended in |7] to the
case of natural convection models with temperature-dependent viscosity. Finally,
for adaptive algorithms based on primal schemes we mention [5, 9, 84, 114].

Motivated by the discussion above, in this chapter we provide the a posteriori
error analysis of the mixed variational formulation introduced in Chapter 2. One
of the principal advantages of our Banach space-based approach is that our a pos-
tertori error estimator, besides being fully—local and fully—computable, is locally
efficient, which improves the results obtained in [53, 54]. In turn, using the asso-
ciated a posteriori error indicator we propose an adaptive algorithm which is of
low computational cost, and allows to improve the accuracy, the stability and the
robustness of our fully-mixed method when being applied to problems in which
the overall approximation quality can be deteriorated by the presence of boundary
layers, singularities, or complex geometries.

The rest of this Chapter is organized as follows. In Section 4.2 we recall from
Chapter 2 the model problem and its continuous and discrete mixed variational
formulations. Next in Section 4.3 we provide some preliminary results to be em-
ployed next to derive and analyze our a posteriori error estimator. The kernel
of the present chapter is given by Section 4.4, where we develop the a posterior:
error analysis. In Section 4.4.1 we employ the global continuous inf-sup condi-
tion, a suitable Helmholtz decomposition, and the local approximation properties
of the Clément and Raviart-Thomas operators, to derive a reliable residual-based
a posteriori error estimator. Then, in Section 4.4.2 inverse inequalities, and the
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localization technique based on element-bubble and edge-bubble functions are uti-
lized to prove the efficiency of the estimator. Finally, numerical results confirming
the reliability and efficiency of the a posteriori error estimator, and showing the
good performance of the associated adaptive algorithm, are presented in Section
4.5.

4.2 The model problem and its momentum and
thermal energy conservative formulation

In this section we recall from Chapter 2 the steady-state natural convection
model, its variational formulation, the associated Galerkin scheme, and the main
results concerning the corresponding solvability analysis.

4.2.1 The steady-state natural convection model

The stationary Boussinesq problem is a system of equations where the incom-
pressible Navier—Stokes equation:
—vAu+ (Va)u+Vp—0g=0 in Q diva=0 in €
(4.2.1)
u=0 on I (p,1)g=0,
is coupled with the convection-diffusion equation:
—kAO4+u-VO=0 in Q 6O=60p on I'p, kKVO-n=0 on I'y. (4.2.2)

Here Q is a bounded domain in RY, d € {2,3}, with polyhedral boundary T.
The unknowns are the velocity u, the pressure p and the temperature 6 of the
fluid occupying the region €2, and the given data are the fluid viscosity v > 0, the
thermal conductivity x > 0, the external force per unit mass g € L*(f2), and the
boundary temperature fp € H/2(I'p).

Now, in order to derive our approach (see [40, Section 2| for details), we begin
by introducing the tensor and vector variables

oc:=vVu—(u®u)—pl and p:=xkVH —0Ou in Q,

and utilize the incompressibility condition div u = tr(Vu) = 0 in Q to rewrite
the systems (4.2.1) and (4.2.2), respectively as the following equivalent first-order
set of equations (see [30] and [53| for details):

1 1
—o'+-(ueu!=Vu in Q dive+fg=0 in Q
v v
1
p:—atr(a—l—u®u) in Q u=0 on I (tr(c+u®u),l)y=0,
(4.2.3)
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and
Klp+k0u=V0 in Q divp=0 in Q,
(4.2.4)
0=60p on I'p, p-n=0 on Iy
Notice that the third equation in (4.2.3) has allowed us to eliminate the pressure
p from the system and provides a formula for its approximation through a post-
processing procedure, whereas the last equation takes care of the requirement that

4.2.2 The continuous weak formulation and its well posed-
ness

In this section, we recall from [40, Section 2| the weak formulation of the
problem given by (4.2.3)—(4.2.4). To that end, we define the spaces

X = H(divy;Q), M:=LYQ),

H::{UEH(diV4/3;Q): n-n=0 on FN}a Q:=LY(9),

and

Xo = {7 € H(divys; Q) (tr(7),1)0 =0},
and observe that the following decomposition holds:
X - XO @ Po(Q)L

where Py(2) is the space of constant polynomials on €.

The derivation of the weak formulation proposed in [40] for the problem given
by (4.2.3)—(4.2.4) relies on the previous orthogonal decomposition. In fact, it
can be proved that the uniqueness condition given by the last equation in (4.2.3)
allows us to only look for the Xo—component of the tensor o (cf. [30, Lemma 3.1]).
Therefore, the variational formulation of (4.2.3)-(4.2.4) reads: Find (o, u, p,0) €
Xo x M x H x Q, such that:

ag(o, 7)) + be(T,u) + cr(w;u, 7) = 0 V1 e X,
bF(O',V) + dF(Q,V) =0 Vv e M,

(4.2.5)
ar(p,n) +br(n,0) + cr(w;0,m) = Fx(n) VneH,

bT(ﬂuqu)) = 0 V¢GQ,

where, the bounded forms a : X X X > Rbg : XXM > R,eg : M XM x X —
Rdei :QxM—->Rar - HxH—->R, b : HxQ—>R,ander : MxQxH—R

are defined as:
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1
ap(o,7) = —(a%, 7V, be(T,v) = (v,divT)q,
v
(win,7) = —(wowh o, de(6.v) = (05, v)
ce(w;u, 1) = —((w . T)a, V) = V),
F y Q F g V)a (4.2.6)
ar(p,m) =k (p,ma, br(n,¥) = (¥,divy)g,
cr(w;0,m) == w1 (0w, m)o,
and the functional Iy € H':
Fr(n) == (n-n,0p)r,. (4.2.7)

This problem is analyzed throughout [40, Section 3|, and the well-posedness
comes as a result of a fixed-point strategy. In particular, we recall from [40] the

following inf-sup conditions: Given u € M such that ||u|pm < > with A =

min{v v, K yr}, there holds

b b ; 2,
wp  |EED T D TGV Ferma ] L%y o
(rHpm [E3]
(T.v)#0

for all (¢,z) € X, x M, and

ap  LoEm bl o) Ll V) Felwiem] S ny o (ga)
(n,4)€HXQ [(n, )l =2 ™

(n,)#0

for all (¢, ) € H x Q, with

K O

B Cmin{l,VﬁF}
K2 B+ 4k Py +2

=(C—— d e
TE Ve + 1 an VT

(4.2.10)

where C, fr and S are positive constants independent of the physical parameters.
In particular, S and fr are the constants related with the inf-sup conditions of
the bilinear forms by and by, respectively (cf. [30, Lemma 3.4] and [40, Lemma
3.1]).

In turn, the following result taken from [40| establishes the well-posedness of
(4.2.5).
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Theorem 4.2.1. Let define A := min {y Vr, /-ﬂ'yT} and assume that

16 Cr
A Ve YT

Iglloollfolli/2r, <1,

where Cr is the bounding constant of Fr, and v¢ and yr are the constants defined
in (4.2.10). Then, the coupled problem (4.2.5) has a unique solution (o, u, p,0) €
Xo x M x H x Q. Moreover, there hold

le Wl < =L lgloalfolhjory and (.0 < = 00l jory.  (4.2.11)
YF VT YT

Proof. See [40, Theorem 3.2| for details. O

We now provide the converse of the derivation of (4.2.5).

Theorem 4.2.2. Let (o,u, p,0) € Xg x M x H x Q be the unique solution of the
1 1

variational formulation (4.2.5). Then, —o® + = (u@u)? = Vu in Q, u € H(Q),
v v

dive+0g=0inQ,u=0o0nT, s p+r10u=V0inQ,0cH(Q),divp=0
in 2,0 =0p onI'p and p-n =0 on I'y.

Proof. First, it is clear that the identities dive +60g = 0 in 2 and div p = 0
in Q follow from the second and fourth equations of (4.2.5), respectively. The
derivation of the rest of the identities follows from the first and third equations
of (4.2.5), considering suitable test functions and integrating by parts backwardly.
We omit further details. O

4.2.3 The discrete coupled system and its well-posedness

Let us begin by considering {7;}1>0 a family of regular triangulations of Q
made by triangles T' (when d = 2) or tetrahedra (when d = 3) of diameter hy and
define the meshsize h := max {hT T e 77L}. Given an integer [ > 0 and a subset
S of RY, we denote by P;(S) the space of polynomials of total degree at most [
defined on S. Hence, for each integer k£ > 0 and for each T € T, we define the
local Raviart-Thomas space of order k as (see, for instance [21]):

RT(T) = [Py(T))* & Py(T)x,

where x := (z1,...,24)" is a generic vector of R? and P,(T) is the space of poly-
nomials of total degree equal to k& defined on T'. In this way, we define the finite
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element subspaces:
X, = {Th €X: cimlr € RTH(T) VeeR! VT 7;},

M, = {Vh cM: Vh‘T S [Pk(T>]d VT < ﬁl} ’ (4 2 12)

H), = {ﬂhEHi |7 € RTy(T) VTEE},

Qh = {¢h€Q: ¢h|T€Pk(T) VTEWL}

Then defining the subspace X, := X}, N X, the Galerkin scheme associated to
problem (4.2.5) reads: Find (o, us, pp, 0n) € Xp 0 x My, x Hy, x Q) such that:

ag(op, ) + be(Th, up) + ce(up;up, ) = 0 V1, € Xpo

bp(O’h,Vh) +dF(9h,Vh) =0 Vv, € M,
(4.2.13)
ar(pn,mn) + br(Mn, 0) + cx(up; On,mn) = Fr(nn) Y, € Hy,

br(pn,Yn) = 0 Vb, € Qn,

where the forms ag, bg, g, dg, ar, by, cr and the functional Fr are defined in (4.2.6)
and (4.2.7), respectively.

The following results, taken from [40, Theorem 4.1 and Theorem 5.2|, provides
the well-posedness of (4.2.13) and the corresponding theorical rate of convergence.

Theorem 4.2.3. AssumeAthat there exists a convexr domain B such that Q C B
and I'y C 0B. Let define A := min {1/7}, /{%} and assume that

16C
~—— lglloallfnllizr, < 1.

o~

A % T

where Cr is the bounding constant of Fr, and Vg and 77 are the discrete version of
e and yr respectively (cf. (4.2.10)), given by

min{1, v} and A e K B3
—_—— T =

aF =C 9 ~ )
v+ 1 K2 Pt + 4k Pr+2

(4.2.14)

where C' is a positive constant independent of the physical parameters, and EF and
Bt are the constants related with the discrete inf-sup conditions of the bilinear forms
be and br, respectively. Then, the coupled problem (4.2.13) has a unique solution
(on, un, pr,0h) € Xpo x My, x Hy, X Q. Moreover, there hold

4CF 26’F
[(on,un)|| < == llglloellfbllijzry  and [[(pn, 0h)] < —— [|0bll1/2,rp-
TE VT Yt

(4.2.15)
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Theorem 4.2.4. Assume_that there exists a convex domain B such that Q C B
and I'y C 0B. Let define \ := min {V’yp, /i%} and assume further that

16 CF 1
~— |Igllo 1fpl1/2,r, < 5
A Y1

where Cg is the bounding constant of Fr, and ~¢,vr and g,y given in (4.2.10)
and (4.2.14), respectively. Let (o,u, p,0) € Xg x M xH x Q and (o, up, pn,0) €
Xpo x My, x Hy, x Qp, be the unique solutions of the continuous and discrete
problems (4.2.5) and (4.2.13), respectively. Assume further that o € H'T(Q),
dive € WIH3(Q), u € WHH(Q), p € HFYQ), divp € WH3(Q) and
0 € WIHLA(Q), for 0 <1 < k. Then there exists Crqe > 0, independent of h, but
depending on the domain, v, K, ||g|lo.q, and the datum Op, such that

l(e; 1) = (an, wn)[| + [[(p; 8) — (n, Oh)l

< Chrate hl+1{H0'||l+1,Q + HdiVO‘HWl+1,4/3(Q)

+ [[ullwitraq) + [lollirne + |div pllwicasq) + ||9||Wl+1v4(ﬂ)}-

4.3 Preliminaries for the a posteriori error analysis

We start by introducing a few useful notations for describing local information
on elements and edges or faces depending on wether d = 2 or d = 3, respectively.
Let &, be the set of edges or faces of T, whose corresponding diameters are denoted
by he, and define

E(Q) i ={e€& : eCQ} and &() :={ece€& : eCl}.
For each T' € T, we let &, 1 be the set of edges or faces of T, and denote
Er(Q) ={eCoT: ec&(Q)} and &) ={eCoT: ec&)}.
We also define the unit normal vector n, on each edge or face by
n, = (ng,...,ng)" Ve€&,.
Hence, when d = 2 we can define the tangential vector s, by
S. = (—ng,m)" Ve€é&,.

However, when no confusion arises, we will simply write n and s instead of n. and
Se, respectively.
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The usual jump operator [-] across internal edges or faces are defined for piece-
wise continuous matrix, vector, or scalar-valued functions ¢, by

[<] = €l — €lp)l, with e =oT, noT-,

where T, and T_ are the elements of 7, having e as a common edge or face.
Finally, for sufficiently smooth scalar ¢, vector v := (v1,...,v4)", and tensor fields
T = (ﬁj)lgi,jgd; we let

0 0P\ % — % for d =2
Cuﬂ (77/)) = <—¢7 __w> , fOl" d — 27 CU_rl (V) — axl 8352 ) = 4,
dre o V Xv for d = 3
( (curl (’T1)> for d —
cur <T2) ’ ’ V-S ’ for d = 2,
curl (1) = curl (1) v (V) = {
curl (1) | , ford =3, vxn , ford=3,
\ m(7-3)
TS , for d =2,
and ~ (7) = T X n
B Txn| , ford=3,
T3 X1

where 7; is the i-th row of 7 and the derivatives involved are taken in the distri-
butional sense.

Let us now recall the main properties of the Raviart-Thomas interpolator (see
e.g. [63]) and the Clément operator (see e.g. [46]) onto the space of continuous
piecewise linear functions. Given p > 1, let us define the space

Z,:={r €eH(div,;Q): 71lp e W(T), VT €T},
and let
HZ 12, > Xy = {T c H(div;Q): 7lr e RT(T), VT € 771},

be the Raviart-Thomas interpolation operator, which is well defined in Z, (see
e.g. [63, Section 1.2.7]) and is characterized by the identities

(5 (1) -0, 8)e = (1-1,6). VEEPy(e), ¥edge or face e of T, (4.3.1)

and
(IL(7), ) = (1, ¥)r VY e [Pr (D)), VT €Ty (ifk>1).
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Notice that, since IIf(7) - n, € Py(e), from (4.3.1) we have that
I (7) -n, = PF(r-n.),

where, for 1 <r < oo, P¥: L"(e) — Pi(e) is the operator satisfying

/(Pf(v) —0)z, =0 Vz, € Pile),

e

Notice that for r = 2, P* coincides with the usual orthogonal projection. In
addition, it is well known (see, e.g., [63, Lemma 1.41]) that the following identity
holds

div (II}(7)) = PE(divr) V7 € Z),

where, given 1 <7 < oo, P L(Q) = M), :={v € L2(Q) :  v|pr € Px(T) VT €
77L} is the operator satisfying

/(P,’f(v) — U)Zh =0 Vz, €M,
Q

The following lemma establishes the local approximation properties of IIf.

Lemma 4.3.1. Let p > 1. Then, there exists ¢; > 0, independent of h, such that
for each T € WLP(T) with 0 <1 < k, and for each 0 < m <1+ 1, there holds

1+2
|7 = I () lwnor) < et |Tlwerioe,
Pr
where pp is the diameter of the largest sphere contained in T. Moreover, there
exists co > 0, independent of h, such that for each 7 € WYP(T), with div 7 €
WHLP(TY and 0 < 1 < k, and for each 0 < m <[+ 1, there holds

1+1
|div 7 — div (II(7)) [wme(r) < CQpT—?]diV T witie(r).-
Proof. See |30, Lemma 4.1] for details. O

The following lemma extends the estimate of the normal component of the
interpolation error, originally given for Hilbert spaces (see, for instance [72, Lemma
3.18]), to the L? case.

Lemma 4.3.2. Letp > 1, T € T, and e € E,p. Then, there exists C > 0,
independent of h, such that

|7 0 —T5(7) - < ChEVP T Iwinery V7€ WH(T). (4.3.2)



4.3. Preliminaries for the a posteriori error analysis 107

Proof. See [29, Lemma 4.2| for details. O

Now, we consider the space H}, = {v, € C(Q?) : vh‘T ePy(T) VT €T}
and denote by I, : H'(2) — H} the Clément interpolation operator. The local

approximation properties of this operator are established in the following lemma
(see [46]):

Lemma 4.3.3. There exist constants ¢y, ca > 0, independent of h, such that for
all v € HY(Q) there holds

v — Invllor < crhr [vliam YT € Th,

and
lv = Invlloe < cah?olliae Ve €&,

where A(T) and A(e) are the unions of all elements intersecting T and e, respec-
tively.

In what follows, we denote by Hz : Z, — X}, the tensor version of I}, which
is defined row-wise by II¥ and by I, : H'(Q) — H} the corresponding vectorial
version of I, which is defined componentwise by Ij,.

We end this section by establishing a suitable Helmholtz decomposition for

H = {nEH(dim/g;Q): n-n=0 on FN}.

Lemma 4.3.4. Assume that there exists a convex domain B such that Q C B and
I'nCOB, let1l <p<2whend=2 and 6/5 < p < 2 when d =3. Then, for each
n € H there exist

a) & € WHP(Q) and w € Hp () such that n = € + curlw when d = 2,

b) € e WHP(Q) and w € Hy (Q) such that n = € + carlw when d = 3,
where Hp. (Q) := {w eHY(Q): w=0 on FN}. In addition, we have that

[€llwrr@) +lwlie < Chelnllav, e and  [[€llwrr@) +Wihe < Cua 10w, o

(4.3.3)
ford =2 and d = 3, respectively, where C'ge 1S a positive constant independent of
all the foregoing variables.

Proof. In what follows we prove the result for the two-dimensional case. The
three-dimensional case can be treated similarly by extending [73, Theorem 3.1| to
the LP case.
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We proceed as in the proof of [13, Lemma 3.9]. In fact, given n € H, we let
z € W'?(B) be the unique weak solution of the boundary value problem:

divn in 2
, Vz-n=0 on 0B, /z:O.
Q

Az = -1 _
_/divn in B\ Q
1B\ Q| Jo

Since, B is a convex domain, it is well known that z € W??(B) (see [90, Theorem
1.1]) and

[2[lw2r() < clldivnllLe),

where ¢ > 0 is independent of 2. We let € = (Vz)|q € WP(Q), and observe that
divé = Az =divn in , £ -n = 0 on B (which certainly yields € -n = 0 on I'y)
and

1€llwrr@) < clldivnl|i ). (4.3.4)

On the other hand, let € := n — &. Clearly, € is a divergence-free vector in €2,
and owing to the continuous embedding W?(Q) into L?(Q) (see, for instance, [63,
Theorem B.46|) and (4.3.4) we have that € € L?(Q2) and

leloe < @ (Inlog + I1&lwire) < €lnlla, o

In this way, as a consequense of [82, Chapter I, Theorem 3.1], given € € L?(f2)
satisfying dive = 0 in Q, and Q connected, there exists w € H!(Q), such that
e = curlw in €2, that is,

n—§&=curlw in Q. (4.3.5)

In turn, noting that 0 = (n — &) -n = (curlw) - n = Vw - s on I'y, we deduce that
w is constant on I'y, and therefore w can be chosen so that w € Hf (€2), which
proves the Helmholtz decomposition for d = 2. In turn, the equivalence between
|lwll1.q and |w]|; o, which is result of the generalized Poincaré inequality (see, for
instance, [63, Theorem B.63|), together with (4.3.4), (4.3.5) and the continuous
embedding from W?(Q) into L2(2), yield

lwllie < clwlho = cllewlwloq < c(nlloo + [€llwie@) < ¢lnlla, o
(4.3.6)
Then, it is clear that (4.3.4) and (4.3.6) imply (4.3.3) and conclude the proof. [J

4.4 A posteriori error analysis

In this section we derive a reliable and efficient residual-based a posteriori error
estimator for the Galerkin scheme (4.2.13).
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In what follows we assume that the hypothesis of Theorems 4.2.1 and 4.2.3 hold,
and let (o, u, p,0) € Xo x M xHxQ and (o, up, pn, ) € Xp0x M, xHy, x Q) be
the unique solutions of the continuous and discrete problems (4.2.5) and (4.2.13),
respectively. Then, our global a posterior: error estimator is defined by:

1/2 3/4
— { > @%} - { > <||0hg+le0'h”i/43/3 + ||diVPhHif;3(T)>} :

TeT, T€Th
(4.4.1)
where, for each T" € 7Ty, the local error indicator is defined as follows:

2

0% = hQT_d/2

1
Vuh — ;(O'h + (uh X uh))d

0,7
2

2
+ h7

1
curl <—(a’h + (u, ® uh))d>
v 0,7

+ > he HZ <%(0h+(uh®uh))d>ﬂ

3. (Sl un w))?) 2

2

0,e

0,e

1
curl (—(ph + Qhuh))
K 0,7

b (Gon+ )|

0,e

2 2

+ h3
0,T

+ Z hi/z HHD - ehHi‘l(e) + Z

eegh,T(FD) ee‘sh,T(Q)

1
+ Z he ||V« (E(ph + Opuy,) — VQD)

e€&,,r(I'p)

1
V(gh — —<ph + Hhuh)

2

0,e
2

(4.4.2)

The main goal of the present section is to establish, under suitable assumptions,

the existence of positive constants C,..; and C.s, independent of the meshsizes and
the continuous and discrete solutions, such that

Ceff@ 4+ h.o.t. < ||(0',ll) — (O'h,llh)H + ||(p, 9) - (ph,Qh)H < Crel e + h.O.t.,
(4.4.3)
where h.o.t. is a generic expression denoting one or several terms of higher order.
The upper and lower bounds in (4.4.3), which are known as the reliability and
efficiency of ©, are derived below in Sections 4.4.1 and 4.4.2, respectively.
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4.4.1 Reliability of the a posteriori error estimator
The main result of this section is stated in the following theorem.

Theorem 4.4.1. Assume_that there exists a convexr domain B such that Q C B
and I'y C OB. Let define A := min {1/7}, /i%} and assume further that

16 Cr 1
= llglloq [Ipl[1/2r, < > (4.4.4)
AYE

where Cg is the bounding constant of Fr, and g, vr and g, Yr are given in (4.2.10)
and (4.2.14), respectively. Then, there exist Cye > 0, independent of h, such that

I(e,u) = (on, wn) | + [|(p,0) = (pn, On)|| < Crar ©. (4.4.5)
We begin the derivation of (4.4.5) with the next preliminary lemma.

Lemma 4.4.1. Assume that there exists a convexr domain B such that 2 C B
and 'y C OB. Assume further that the datum Op satisfies (4.4.4). Finally let
(O’,U,p,@) € XoxM x H x Q and (ah,uh,ph,ﬁh) € th x M, x H;, x Qh be the
unique solutions of problems (4.2.5) and (4.2.13), respectively. Then, there exists
a constant C' > 0, independent of h, such that

l(o,u) = (on, wn)l| + [[(0,6) = (on, On)

R R (4.4.6)
cof ap RV Relmn))
(1,v)eXoxM (7, V)]l (n)eHXQ [(m, V)l
(T,V)#O (Uﬂl})?éo

where Re : Xg X M — R and Rt : H x Q — R are the residual functionals given
by

Re(T,v) = —ag(op, 7) — be(T,up,) — be(op, v) — ce(up;up, ) — de (0, v)
for all (1,v) € Xg x M, and
Rr(n,v) = Fr(n) — ar(pn.m) — br(n, 0) — br(pn, ¥) — cx(up; 6h, m)

for all (n,¢) € H x Q.

Proof. First, using the inf-sup condition (4.2.8) for the error (¢,z) = (o0 —op, u—
uy,), adding and substracting cg(up; up, 7)+dg (05, v), and using the first and second
equations of (4.2.5) and the continuity of the forms ¢ and dr given by (see [40,
Section 3|)

1
ler(wiv, T)| < SlIwllViimlille  |de (6, V)] < llglloallfllallvin,
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we deduce that

VF
3||(0—0hau— uy,) ||

< swp |RF(T V)| 1 su |dg (0 — Op, V)| + sup lcr(u — up;up, )|
B e o A 7 [V A
(7,v)#0 T#0
Re(T,Vv 1
< swp M+ngo,aue—ehuw—HuhuMnu—uhHM.
o S TEVI y
(T,v)#0

Then, observing that the estimate (4.4.4) implies

8Cp 1
———gllo.allfbll1/2r, < 3, (4.4.7)
Ve T T /2Tp =3

and since ||up|lm < |[(oh, up)]|, from (4.4.7) and the first estimate in (4.2.15), we
obtain

R
o —opu-w) < sp R
! (rvexoxm (T V)]
(T,v)#0

+llgloellt = Onllq- (44.8)

Similarly, from the inf-sup condition (4.2.9), with (¢, ¢) = (p — pn,0 — 6,), the
third and fourth equations of (4.2.5), adding and substracting cr(uy; 6y, m), and
using the continuity of ¢ given by (see [40, Section 3])

1
|ler(wi,m)| < EHWHM”W‘QHUHH’
we deduce that

R y & u_uaea
%H(p—ph,@—@h)ﬂ < | 1(n, ¢ )| 1 su |ex( 0 On,m)|

(n,y)EHXQ ||(T’7 )H 17;}01 ||77||H
(m,¥)#0 n
4.4.9
[Re(n.0)] (4.49)
S sup + = [16n]lq [[u — un|[m-
(n,y)EHXQ ||(n7 )H K
(n:¥)#0

Next, since [[u —up|m < ||(60 — op,u — )| and [|0x]lq < ||(Pn, 0n)||, combining
(4.4.8) and (4.4.9), and using the second inequality in (4.2.15), it is not difficult
to see that there exist positive constants ¢, co, independent of h, such that

Re(T,Vv Rr(n,
lo—pnb—0) < o sop @Vl gy Rl
(T,v)eXoxM (7, V)]l (ny)EHXQ ||(77, V)|l
(T,v)#0 (m.)#0
16 Cr
+ 5 ||g||09||9D||1/2rD 16 = Bnllq

KT Yy
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which combined with (4.4.4) implies

~ Ry (T, . Ri(n,
l(p—pn,0—6n)| <  sup [Re(r, v)] + ¢ sup M, (4.4.10)
(T,v)EXoxM (7, V)] (n)EHXQ l(n, )]l
(T,v)#0 (n.¥)#0

with ¢;,¢; > 0, independent of h. In turn, from (4.4.8), (4.4.10) and estimate
10 = Orlla < l(p— pn,0 — 01)| we easily deduce that

(o0 —op,u—u,)|| < ¢ sup [Re(r, v)] +¢y  sup M (4.4.11)
(7,v)EXoxM (7, V)]l (n)EHXQ l(n, )|
(T,v)#0 (n.¥)#0

with €3, ¢, > 0, independent of h. In this way, estimate (4.4.6) follows from (4.4.10)
and (4.4.11). O

Now, according to the definition of the forms ag, bg, c¢, dg, ar, by and cr (c.f.
(4.2.6)), we find that, for any (7,v) € Xy x M and (n,¢) € H x Q, there holds

Re(7,v) = Rea(r) + Rea(v) and Ra(n, ) = Rea(n) + Real®)

where
Rea(T) = —%(02, g — (up, divr)g — % (up®@uy)t 7)), (4.4.12)
Re2(v) = —(0hg, V)a — (v,divey)o, (4.4.13)

. 1
Rri(n) = (n-n,0p)r, — E(ph’ M)a — (On, divn)g — " (Onup,m)g  (4.4.14)

and

—_

Rra2(¥) = — (¢, div pn)a. (4.4.15)

Hence, the supremum in (4.4.6) can be bounded in terms of Ry 1, Re2, Rr1 and
Rr2 as follows

It ) = (@n w)ll + P 0) = (o1, 00
< C{IReallzy + IRl + [Reallrw + [Realler |-

In this way, we have transformed (4.4.6) into an estimate involving global inf-
sup conditions on Xy, M, H and Q, separately.

Throughout the rest of this section, we provide suitable upper bounds for R i,
Rr2, Rr1 and Rro. We begin by establishing the corresponding estimates for
Reo and Rra (cf. (4.4.13) and (4.4.15) ), which follow from a straightforward
application of the Hélder inequality.
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Lemma 4.4.2. There holds

3/4
. 4/3
[Re2llmr < { > !\9hg+d1V0hHL{1/3(T)}

TeTn (4.4.16)

3/4
. 4/3
and ||Rrzllq < { > TeT, ”lePhHL{l/'a(T)} :

Note that from (4.4.16) and the inequality a? +b° < 2'7P(a+b)?, for all a,b > 0
and 0 < p < 1, we have that there exists C; > 0 such that

3/4

. 4/3 . 4/3

IResllwe + [Realle < 01{ > (I0ng + divers /s )+ HdwnhuLﬁ/g(T))} .
TeT),

In turn, after a slight modification of the proof of [29, Lemma 5.6| is it not
dificult to see that the following estimate for Rg; (cf. (4.4.12)) holds.

Lemma 4.4.3. There exists Cy > 0, independent of h, such that

1/2
[Reallx, < 02{ Z @%,T} )

TeTh

where )

_ 1
Ol = hZ W27, — ;(ah + (up @ up))?

0,T
2

+ h3

curt (1 (o + (w0 w)?)

+ > he

0,1

(e o)

. (Mo o)

2

0,e

0,e

Our next goal is to bound the remaining term ||Rr1|m. To do that we need
to introduce the following two technical results.

Lemma 4.4.4. There exists Cs > 0, independent of h, such that for each & €
WH4/3(Q) there holds

1/2
|RT,1(€ - ]'_‘[I;:L(g))‘ < C3 { Z @ng} ||€le,4/3(g), (4417)

TeT,
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where
2
2 . 12-d/2

1
Vo, — E(ph + 6puy) + Z h? |16 — eh”i4(e) . (4.4.18)

0T ec&,r(I'p)
Proof. We recall from the definition of Ry, (cf. (4.4.14)) that

Rea(€ ~ TH(E)) = { (6~ TH(E)m, bo)r, — - (pn €~ TTH(E),,

— (64, div (€ —TI(£))), — % (Ohun, € —115(8)) .

Then, similarly to [29, Lemma 5.3|, applying a local integration by parts to the
third term above, using (4.3.1) and the fact that fp € L?(I'p), we obtain

Res(€ - 1) = 3 (V00— 21+ . (€ - T(6))

TEeTh,

+ > ((€-TE©)n, 00 — 61), .

ee&y (FD)

T

In turn, using the Holder and Cauchy-Schwarz inequalities, the interpolation
property (4.3.2) with p = 4/3, and the fact that there exists a positive constant
C > 0 independent of the mesh, such that

I7 = () or < Chy P rlwivagy Ve WHAT),
whose proof follows from Lemma 4.3.1 and [30, Remark 4.2|, we deduce that

Rea(€-T05(€)] < D C hy ¥ |€lwrassery

1
V@h — E(ph -+ Ghuh)

Te’]’h D,T
+ Z 10D — OnllLa e C hl/ [Elwars (1)
ec&n(I'p)

with T, being the element containg e. Next, by using the Cauchy-Schwarz and
subadditivity inequalities and the fact that we are considering regular meshes, we
<@ <Z e

obtain
R (€ — 1T;(€)))|

9 3/4

) <Z|£|;‘/Vi4/3 )
TET, 0,1 TET;,

1/2 3/4
"‘( Z hy? ||9D—9h‘|i4(e)> ( Z |5\é<;314/3 > ;
)

e€&L(Tp e€&(I'p)

1
V@h — E(ph + Qhuh)
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which clearly implies (4.4.17) and completes the proof. ]

Lemma 4.4.5. Assume that Op € H (I'p) and let

2
2 .12
@3,T — hT

1
curl (;(Ph + 9huh))

0,T

2

1
+ > he H’y (E(ph+9huh)>]] (4.4.19)
eEgh7T(Q) O.e
1 2
+ Z e ||+ (;(Ph+9huh)—V9D)
eEShj(PD) 0,e

a) Let w € Hy (Q) and d = 2. Then, there exists Cy > 0, independent of h,
such that

1/2
!Rm (curl (w — Iw)) ‘ < Oy { Z @ng} lwl1.a (4.4.20)

TeT,

b) Let w € Hp (Q) and d = 3. Then, there exists Cy > 0, independent of h,
such that

1/2
}Rm (curl(w — I,w)) ‘ < 64 { Z @§7T} |lwl1.q-

TeTh

Proof. In what follows we prove the result for the two-dimensional case since for
the three dimensional case follows analogously.

We proceed as in |29, Lemma 5.5]. In fact, given w € H'(2), we first notice
from the definition of Ry, in (4.4.14) that there holds

Rrq(curl (w — Ihw))

1
= (curl (w — [hw) - n,0p)r, — - (pn + Opuy, curl (w — Lyw)),, -

Recalling that 6p € H(I'p), now we apply the following integration by parts on
the boundary I'p given by (see, for instance, [62, Lemma 3.5, eq. (3.34)])

(curl (w — Iyw) - n,0p)r, = (VOp - s,w — Lyw)r, = (7.(VOp),w — hw)r,,
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which together with a local integration by parts, the fact that w|r, = Ihyw|ry, =0
and noting that ,(V6p) € L?(I'p), allow us to deduce that

Raa(curl (w — Lw)) = = Y (M (%(Ph + 9huh)> , W= fhw)T

TeT,

- 5 (G +-o0)
+ ) (’y* (%(ph + Opuy) — VHD) ,w— ]hw)e.

Hence, applying Cauchy-Schwarz inequality and the approximation properties of
the Clément interpolant (cf. Lemma 4.3.3), we obtain

9 1/2 1/2
) ( Z Hw”iA(T)>
0,7 TET;,

‘Rm(curl (w — Thw)) |

<C (Zh%

TeT,

1
curl (E(ph + ehuh)>

- ) 9\ 1/2 1/2
+( > ||| (Rton+ o) | ) ( > le\iA@>
eCEL(Q) - Oe eCEL(Q)
) 9 1/2 1/2
+< Z he ||+ (E(pth@huh)—V@D) ) ( Z Hw“%,A(e)>
e€én(I'p) O e€€n (')

Therefore, as a direct consequence of the previous estimate and the fact that the
number of triangles of the macro-elements A(7T") and A(e) are uniformly bounded,
we get (4.4.20) concluding the proof. O

The following lemma establishes the estimate for Rr ;.

Lemma 4.4.6. There exists Cs > 0, independent of h, such that

1/2
Reallz, < 05{ Z(@%,T+®§,T>} ,

TeT,
with Oo 7 and O3 1 defined as in (4.4.18) and (4.4.19) respectively.

Proof. For simplicity, we prove the result for the two-dimensional case. The three
dimensional case follows analogously.
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Let 7 € H. It follows from Lemma 4.3.4 that there exist & € W%/3(Q) and
w € Hi (Q), such that n = & + curlw and

1€ llwras) + [[wllie < Crea lnlla: (4.4.21)

Notice from the Galerkin scheme (4.2.13) that Rri(nn) = 0 for all n, € H,.
Hence,

Rri(n) = Rea(n—mn) Vnn € Hy.
In particular, for n;, defined as
ny = 7€ + curl (Lw),

whence

Rri(n) = R (€ — 1;€) + Rea(curl (w — Tyw)).
Hence, the proof follows from Lemmas 4.4.4 and 4.4.5, and estimate (4.4.21). O
We end this section by observing that the reliability estimate (4.4.5) is a direct
consequence of Lemmas 4.4.1, 4.4.2, 4.4.3 and 4.4.6.

4.4.2 Efficiency of the a posteriori error estimator

The main result of this section is stated as follows.

Theorem 4.4.2. There exists Cerp > 0, independent of h, such that
Cops© < ll(ou) = (@ wn) | + (p.0) — (pn B)]| + hot,  (4.4.22)
where h.o.t. stands for one or several terms of higher order.

We remark in advance that the proof of (4.4.22) makes frequent use of the
identities provided by Theorem 4.2.2. We begin with the estimates for the zero
order terms appearing in the definition of ©7 (cf. (4.4.2)).

Lemma 4.4.7. For all T € T, there holds

10ng + divon||yasiry < o — onlldiv, 7 + [18lloo 16 — OnllLacr)

and
||div thsz/:s(T) < p— thdiV4/3;T'

Proof. It suffices to recall, as established in Theorem 4.2.2, that dive +60g =0
and div p =0 in €. [
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In order to derive the upper bounds for the remaining terms defining the global
a posteriori error estimator © (cf.(2.3.1)), we use results from [35], inverse inequali-
ties, and the localization technique based on element-bubble and edge-bubble func-
tions. To this end, we now introduce further notations and preliminary results.
Given T' € Tj, and e € &, 1, we let ¢ and ¢, be the usual element-bubble and
edge-bubble (for d = 2) or face-bubble (for d = 3) functions, respectively (see [110]
for details). In particular ¢r satisfies ¢ € P3(T) (for d = 2) or ¢r € Py(T') (for
d=23),suppopr CT,¢r =00n 9T, and 0 < ¢ < 1in T'. Similarly, ¢.|r € Po(T)
(for d = 2) or ¢c|r € P3(T) (for d = 3), suppp. C we := H{T" € Ty, : € € Enr},
¢e = 0 on dT\e and 0 < ¢r < 1 in w,. We also recall from [110] that, given
k € NU{0}, there exists an extension operator L : C(e) — C(w.) that satisfies
L(p) € P.(T) and L(p)|l. = pVp € Pr(e). A corresponding vector version of L,
that is the componentwise application of L, is denoted by L. Additional properties
of ¢, ¢. and L are collected in the following lemma.

Lemma 4.4.8. Given k € NU {0}, there exist positive constants ci, ¢z, c3 and
¢y, depending only on k and the shape regularity of the triangulations (minimum
angle condition), such that, for each triangle T and e € &, there hold

loralir < N2z < allor a2 Va € Pu(T), (4.4.23)

e L(P)5e < IPl5e < c2ll @t ?plls.  Vp € Prle)
and
cs hYplloe < N6 Lp)lor < cahl?|Ipllo.  Vp € Pr(e).

Proof. See Lemma 1.3 in [110]. O

In addition, given £ € NU {0}, T" € T, and e € &, in what follows we will
make use of the following inverse inequalities (see |63, Lemma 1.138]): There exist
c1, co > 0, independent of the meshsize, such that

[vllwrassey < chy T ollor Yo € Py(T), (4.4.24)

[0l < e R4 ulloe Vv € Pre). (4.4.25)

Finally, we recall a discrete trace inequality, which establishes the existence of
a positive constant ¢, depending only on the shape regularity of the triangulations,
such that for each T' € T, and e € &, , there holds

Wlige < c(he lvllor +helvlir) Yo e H(T). (4.4.26)

For the proof of inequality (4.4.26) we refer to Theorem 3.10 in [1].
The corresponding bounds for the remaining terms defining ©, 1 are stated in
the following lemmas.
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Lemma 4.4.9. There exists Cy > 0, independent of h, such that

pl-d/4

1
T Vuh— ;(O'h—i-(uh@uh))d

0,7

< Cy {(1 +hi ) a = willpaey + by o - ahHO,T} VT € Ty

Proof. See Lemma 5.10 in [29]. O
Lemma 4.4.10. There exist Cy > 0, C3 > 0 and Cy > 0, independent of h, such
that
1 d
he|leurl (—(on + (wo ) )| < Co{lln— il + llo = onllor |
0,7

for all T €Ty,

(o)

for all e € £,(Q), and

h1/2

< Cy{ Il = Willueen + 1o = onlloes, |
0,e

B/ < C4{||11—11h||L4(Te)7L ||‘7_‘7h||0:Te}

0,e

1
7. (;(Uh + (up, ® uh))d)
for all e € E,(T"), where T, is the element to which the boundary edge or boundary
face e belongs.
Proof. 1t follow from Lemma 5.12 in [29] with up = 0 on I O
Now, we aim to provide upper bounds for the terms defining 4 7.

Lemma 4.4.11. There exists Cs > 0, independent of h, such that

- 1
h;w 4/4 V@h - ;(ph + Hhuh)

0,T

1—d/4|

< C5 {(1 +hy Y0 = Onlliacry + by o — Pulfop +hy T lu— uh||L4(T)}a

(4.4.27)
for all T €Ty,

Proof. We proceed as in |29, Lemma 5.10]. In fact, given T € Tj, we define
1

Xt := VO, — —(pr+6pu,) in T. Then, applying (4.4.23) to || xrllo.r, recalling the
K
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1

identity V8 = —(p + 6u) in Q (cf. Theorem 4.2.2), integrating by parts and using
K

that ¢ = 0 on 9T, we deduce

1/2
Ixrl2r < llor*xrl2r

= (div(érxr), 0 — Op)p + % (prxr, (P — pr) + (fu—0Opup)) .

Next, using the Holder and Cauchy—Schwarz inequalities, the estimates (4.4.24)
and (4.4.23), we obtain

Ix 115
1
< lorxrlwias@)l0 = Onllusery + —llorxrllor o = pu + 0u = Opapllo
—1+d/4 1
< Chy al Ixzllorll0 — 9h||L4(T) + EHXT”O,T (HP - tho,T + HQU - 9h11hH07T),

which implies

_ 1
”XTHO,T S ChT1+d/4 H@ - Hh]\L4(T) + E (Hp — ph”O,T + HQu - HhuhHO’T). (4428)

In turn, adding and subtracting fuy, (it also works with 6,u), using the Cauchy—
Schwarz inequality and the fact that ||0|| ) and |[up||Ls) are bounded by data
and constants, all of them independent of h (cf. (4.2.11) and (4.2.15)), we deduce

that
[0 = Byun|, o = |00 = w) + (0 = On)us]],

< 0l e = wnllwaer + llunllws) 16 = Onlluaer (4.4.29)

< O (I = willuecr) + 16 = b))

with C' > 0 independent of h. Finally, replacing back (4.4.29) into (4.4.28) we
derive (4.4.27) and conclude the proof. O

Lemma 4.4.12. Suppose that 0y is piecewise polinomial. Then, there exists Cy >
0, independent of h, such that

he!t 10D — Ol

< Co{ (1 Ay )10 = Bulluaqry + by llp = pallozr + " = wnleaer) |
(4.4.30)
foralle € &, 1r(I'p).
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Proof. We proceed as in [29, Lemma 5.11]. In fact, given e € &,(I'p) an edge
or face of an element depending on whether d = 2 or d = 3, respectively. From
(4.4.25), it follows that

100 — Onlliae) < ChE=D4 0 — 04][o.c- (4.4.31)
Hence, from (4.4.31) and (4.4.26), we deduce that
100 — Onlliaey < C {RTD40 = Oullor + RED0 — 04|11} - (4.4.32)

Next, we focus on estimating the right-hand side of (4.4.32). To that end, we use
first the Cauchy-Schwarz inequality and the fact that for regular triangulations
IT| = h, to deduce that there exists ¢ > 0, independent of h, such that

10 = Onllor < ch* 10 = O4lar- (4.4.33)

1
In turn, using the identity VO = —(p + 6u) in  (cf. Theorem 4.2.2) and some
K

algebraic computations, we deduce that

1 1 1
10— Onl1r = H—(P —pn) + —(0u—0pup) + —(pp, + Opuy) — VO,
K K K or
1 1
< - (HP — pullor + ||911 — ehuhHoT> + Hwh — — (pn + Opuy)
k ’ K 0T

which together with (4.4.28) and (4.4.29), yields,

10—y, < c{(1+h;1+d/4)||e—eh||L4(T>+||p—ph||o,T+ ||u—uh||L4(T)}. (4.4.34)

Therefore, (4.4.30) follows from estimates (4.4.32), (4.4.33) and (4.4.34), and the
fact that h. < hyp. O

Lemma 4.4.13. There exist C; > 0 and Cg > 0, independent of h, such that

hr

1
curl (E(ph + Qhuh))

0,7 (4.4.35)
< - {llu = willuacry + Il = pullor + 116 = Blluscr) |

for all T € Ty, and

H% (é(ph " 9huh)) H 0 (4.4.36)

< Cy{llu = willuaony + 1o = Pullows + 116 = Bulluaer }

B2
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for all e € £,(Q2).
Additionally, if Op is piecewise polynomial, there exists Cg > 0, independent of
h, such that

B2

1
Y (E(ph + Opuy) — V9D>
0 (4.4.37)

< Co{llu = willuacry + I = pllo, + 116 — nllace, }

for all e € &,(T"), where T, is the element to which the boundary edge or boundary
face e belongs.

Proof. For the two-dimensional case, the derivation of the first two inequalities,
follows as in [54, Lemma 3.11], that is, it suffices to use Lemmas 6.1 and 6.2 in
[35]. Indeed, from there we have that for each piecewise polynomial n, in 7}, and
for each € L2(Q) with curl (n) = 0 in €, there exists C' > 0, independent of h,
satisfying

hrllcarl (mp)llor < Cllm —mnllor  and 22| [y (ma)lloe < C' 1l — mallow. -

1 1
E(p%—@u) = V6 and iy, := -
(4.4.29) we can obtain (4.4.35) and (4.4.36). In turn, these same arguments com-
bined with [62, Lemma 3.26] allows us to deduce the inequality (4.4.37). Further
details are omitted.

On the other hand, the proof for the three-dimensional case follows from a

slight modification of the proofs of Lemmas 4.9, 4.10, and 4.13 in [75]. ]

Thus, taking n := (pn+0puy), and using the estimate

We remark that, for simplicity, the derivation of (4.4.30) in Lemma 4.4.12 and
(4.4.37) in Lemma 4.4.13 has required p to be piecewise polynomial. However, if
Op is sufficiently smooth, and proceeding similarly as in [39, Section 6.2|, higher
order terms given by the errors arising from suitable polynomial approximations
would appear in (4.4.30) and (4.4.37), which explains the eventual h.o.t in (4.4.22).

We end this section by remarking that the efficiency of © (cf. (4.4.22)) in
Theorem 4.4.2 is now a straightforward consequence of Lemmas 4.4.7 and 4.4.9—
4.4.13. In turn, we emphasize that the resulting positive constant denoted by C.ys
is independent of h.

4.5 Numerical results

This section serves to illustrate the performance and accuracy of the proposed
mixed finite element scheme (4.2.13) along with the reliability and efficiency prop-
erties of the a posteriori error estimator © (cf. (4.4.1)) derived in Section 4.4. In
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what follows, we refer to the corresponding sets of finite elements subspaces gener-
ated by k = 0 and k = 1, as simply RTyo—Py—RTy— Py and RT; —P; —RT; —Pq,
respectively. Our implementation is based on a FreeFem++ code [85]. Regarding
the implementation of the Newton iterative method associated to (4.2.13) (see
[40, Section 6] for details), the iterations are terminated once the relative error
of the entire coefficient vectors between two consecutive iterates, say coeff”™ and
coeff™ ! is sufficiently small, i.e.,

|| coeff™ ™ — coeff™||,»
e < tol,
||coeff™ ||z
where || - ||z is the standard /*>-norm in RY, with N denoting the total number

of degrees of freedom defining the finite element subspaces X, M;,, H; and Q
stated in Section 4.2.3, and tol is a fixed tolerance chosen as tol = 1E — 06. As
usual, the individual errors are denoted by:

(o) = llo—oulx, e(u):=[lu-wlm, ep):=Ip=plos

e(p) = [lp = pullu, e(0) := [0 = brllq,

where the pressure p is approximate through the post-processing formula (cf. [40,
eq. (5.16)]):

P = —é (tr (o) + tr (up @ up) — ’ﬁl|(tr (up, ® uy), 1)Q> :
We stress here that we are able to recover other variables of physical interest such
as the stress tensor, the vorticity, the velocity gradient and the heat-flux vector
by a post-processing procedure (see [40, Section 5.3] for details). However, for the
sake of simplicity, in the numerical essays below we will focus only on the formula
suggested for the pressure field. Then, the global error and the effectivity index
associated to the global estimator © are denoted, respectively, by

—,

e(o) +e(u)+e(p)+e@) and eff(O) = %.

Moreover, using the fact that ¢ N~/¢ < h < C N~%? the experimental rate of
convergence of any of the above quantities will be computed as

_ log(e(0)/¢(9))
Log(N/N')

—\

e(t)

r(o) =

for each ¢ € {a, u,p,0,p, 1?} ;

where NV and N’ denote the total degrees of freedom associated to two consecutive
triangulations with errors e(¢) and €'(¢).
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The examples to be considered in this section are described next. In all of
them, for the sake of simplicity, we consider the thermal conductivity x = 1
and the viscosity of the fluid » = 1. In addition, the condition of zero-average
pressure (translated in terms of the trace of a7,) is imposed through a real Lagrange
multiplier.

Example 1 is used to corroborate the reliability and efficiency of the a posteriori
error estimator ©, whereas Examples 2 and 3 are utilized to illustrate the behavior
of the associated adaptive algorithm in 2D and 3D domains, respectively, which
applies the following procedure from [111]:

(1) Start with a coarse mesh Tj,.

(2) Solve the Newton iterative method associated to (4.2.13) for the current
mesh Tj,.

(3) Compute the local indicator Oy for each T € Ty, where
Or = Or + ||0hg + divoy||pysiry + [|div prllpasay,  (cf. (4.4.2))

(4) Check the stopping criterion and decide whether to finish or go to next step.

(5) Generate an adapted mesh through a variable metric/Delaunay automatic
meshing algorithm (see [86, Section 9.1.9]).

(6) Define resulting mesh as current mesh 7, and go to step (2).

At this point we mention that, should non-zero source terms appear in the right-
hand side of the second equations of (4.2.3) and (4.2.4), say f, and f., respectively,
some terms in the a posteriori error estimator must be modified. More precisely,
the quantities

Héhg + diVO’h||L4/3(T) and ||d1V ph||L4/3(T)

must be replaced by
||9hg + diVO’h - fm||L4/3(T) and ||diV Ph — fe||L4/3(T)7

whose estimation from below and above follows in a straightforward manner.
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Example 1: Accuracy assessment with a smooth solution

In our first example, we concentrate on the accuracy of the mixed method
(4.2.13). The domain is the square Q2 = (0,1) x (0, 1), the boundary I' = T'p UT,
with 'y = [0,1]x{1} and I'p = I"'\I'y. We consider the external force g = (0, —1)",
and the terms on the right-hand side are adjusted so that a manufactured solution
of (4.2.3)-(4.2.4) is given by the smooth functions

o 2?(x — 1) sin(y) o Ty
u(z,y) == <2x(:p C1)(2r—1) gos(y)) , plx,y) := cos(mx)e

and O(z,y) = %sin(wm) cos? (g(y + 1))

Tables 4.5.1 and 4.5.2 show the convergence history for a sequence of quasi-uniform
mesh refinements, including the average number of Newton iterations. The results
illustrate that the optimal rates of convergence O(h) and O(h?) provided by The-
orem 4.2.4 are attained for £ = 0,1. In addition, we also compute the global a
posteriori error indicator © (cf. (4.4.1)), and measure its reliability and efficiency
with the effectivity index. Notice that the estimator remain always bounded.

Example 2: Adaptivity in a 2D L-shape domain

Our second example is aimed at testing the features of adaptive mesh refine-
ment after the a posteriori error estimator © (cf. (4.4.1)). We consider a L-shape
contraction domain Q := (—1,1)2\ (0,1)?, the boundary I' = TI'p U Iy, with
'y =[—1,0] x {1} and I'p = T'\ I'y. The external force is chosen as g = (0, —1)*,
and the terms on the right-hand side are adjusted so that the exact solution is
given by the functions

[ —cos(mx) sin(my) - 1— 1
ll(-ray) = ( Sin(ﬂ'l‘) COS(Wy) ) ) p(xay) = (.CC _ 002)2 T (y o 002)2 — Do
1
and O(z,y) = EREE

where py € R is a constant chosen in such a way (p,1)q = 0. Notice that the
pressure and temperature exhibit high gradients near the origin and the line y =
—1.1, respectively.

Tables 4.5.3-4.5.6 along with Figure 4.5.3, summarizes the convergence history
of the method applied to a sequence of quasi-uniformly and adaptively refined tri-
angulation of the domain. Suboptimal rates are observed in the first case, whereas
adaptive refinement according to the a posteriori error indicator © yield optimal
convergence and stable effectivity indexes. Notice how the adaptive algorithms
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improves the efficiency of the method by delivering quality solutions at a lower
computational cost, to the point that it is possible to get a better one (in terms
of e(t)) with approximately only the 1.8% of the degrees of freedom of the last
quasi-uniform mesh for the mixed scheme in both cases £ = 0 and £ = 1. In
addition, and similarly to [30, Remark 4.6], we observe that our Galerkin scheme
(4.2.13) satisfies the properties 0,g + dive, = P¥(f,) and div p, = PF(f.) in Q,
where PF is the L?(Q2)-orthogonal projection onto discontinuous piecewise poly-
nomials of degree k and PF is its vectorial version. In this way, using the fact
that neither f, nor f, live in My and Q, (cf. (4.2.12)), respectively, we illustrate
the conservation of momentum and thermal energy in an approximate sense by
computing the ¢*-norm for F, := g+ divey, — P¥(f,) and T, := div p — Pr(f.),
with £ = 0,1. As expected, these values are close to zero.

On the other hand, approximate solutions builded using the RT;—-P;—RT;—P;
scheme with 811,911 degree of freedom (33, 717 triangles), via the indicator O, are
shown in Figure 4.5.2. In particular, we observe that computed pressure and
temperature exhibit high gradients near the contraction region and at the bottom
boundary of the L-shape domain, respectively. In turn, examples of some adapted
meshes generates using © for k£ = 0 and k = 1 are collected in Figure 4.5.1. We
can observe a clear clustering of elements around the vertex (0,0) and the line
y = —1.1, which illustrate again how the method is able to identify the regions in
which the accuracy of the numerical approximation is deteriorated.

Example 3: Adaptivity in a 3D L-shape domain

Finally, in our third example we turn to the testing of the scheme and the
adaptive algorithm in a three-dimensional scenario. More precisely, we consider
the 3D L-shape domain © := (—0.5,0.5) x (0,0.5) x (=0.5,0.5) \ (0,0.5)3, the
boundary I' = T'p UT, with Ty = {—0.5} x [0,0.5] x [~0.5,0.5] and I'p = I'\ I'y.
We consider the external force g = (0,0, —1)%, and the terms on the right-hand
side are adjusted so that the exact solution is given by the functions

sin(mx) cos(my) cos(mz)
u(x,y,z) ;== | —2cos(nzx)sin(ry) cos(nz) |,
cos(mx) cos(my) sin(mz)

10z
x — 0.005)2 + (y — 0.005)?

p(x,y, Z) = ( Po

and 6(z,y, z) := cos(my) sin(m(x + 2)),

where py € R is a constant chosen in such a way (p,1)q = 0. Notice that the
pressure exhibit high gradients near the contraction region of the 3D L-shape
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domain. The latter is illustrated in Figure 4.5.4 where the initial mesh and the
last two adapted meshes according to the indicator © for k£ = 0 show a clear
clustering of elements in the contraction region as we expected. Moreover, in
Figure 4.5.5 we compare the exact magnitude of the velocity, the temperature
field and the pressure field with their approximate counterparts after four mesh
adaptive refinement steps. There we can observe that the approximate solution

captures satisfactorily the behavior of the exact solution.

Table 4.5.1:

refinement.

N |

e(o)

| r(o) |

c(u)

| r(u)

294
1173
4701

18312
72729
293163

6.55e+00
3.12e-+00
1.50e+00
7.75e-01
3.82e-01
1.91e-01

- 1.17e-01

1.071
1.058
0.970
1.025
0.996

4.44e-02
1.67e-02
7.76e-03
3.92e-03
1.88e-03

1.402
1.411
1.124
0.990
1.053

e(p)

| 7(p) |

e(0)

[ (@) |

e(p)

| r(p)

6.02e-01
2.99e-01
1.42e-01
7.01e-02
3.53e-02
1.74e-02

- 6.58e-02 -

1.011
1.073
1.038
0.993
1.015

3.58e-02
1.59¢-02
7.86e-03
4.02e-03
1.97e-03

0.879
1.167
1.040
0.971
1.023

1.61e+00 -

6.83e-01
2.97¢-01
1.50e-01
7.09e-02
3.52e-02

1.237
1.202
1.003
1.088
1.006

e(t)

[ r(®) ]

S)

| eff(©) | iter

7.34e+00
3.50e+00
1.67e+00
8.61e-01
4.26e-01
2.12e-01

1.069
1.065
0.978
1.021
0.999

1.25e-+01
6.51e+00
3.37e+00
1.78e+00
8.99e-01
4.61e-01

0.586
0.538
0.500
0.483
0.474
0.461

4

N

ExampLE 1: RT, — Py — RTy — Py scheme with quasi-uniform
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N |

e(o) | r(o) |

e(w) | r(u)

912 || 7.
2184 || 3.
2880 || 1.

19128 || 3.
65400 || 9.
247320 || 2.

81le-01

10e-01 | 2.117
10e-01 | 2.091
26e-02 | 2.064
78e-03 | 1.957
29e-03 | 1.997

1.68e-02
6.29e-03
2.27e-03
6.42e-04
2.03e-04
5.28e-05

2.245
2.055
2.143
1.876
2.024

e(p)

| r(p)

|_e(9)

| r(0)

| elp)

|

r(p)

7.35e-02
2.86e-02
1.12e-02
3.29e-03
1.01e-03
2.68e-04

2.164
1.889
2.080
1.927
1.989

8.11e-03
2.67e-03
1.14e-03
3.01e-04
9.31e-05
2.47e-05

2.546
1.727
2.250
1.910
1.997

1.42¢-01
5.95e-02
2.13e-02
6.29e-03
1.88e-03
5.04e-04

1.995
2.072
2.070
1.961
1.982

e(t) |

r(€)

S)

‘ eff(©) H iter

8.79e-01
3.47e-01
1.25e-01
3.68e-02
1.11e-02
2.94e-03

- 2.62e+00
2.127 || 1.04e+00
2.070 || 3.82e-01
2.068 || 1.15e-01
1.953 || 3.56e-02
1.997 || 9.75e-03

0.336
0.333
0.326
0.321
0.312
0.301

4

S S S

Table 4.5.2: ExamMpPLE 1: RT; — P; — RT; — P; scheme with quasi-uniform

refinement.
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N H e(o) \ r(o) \ e(u) \ r(u)
858 || 6.72e+02 - 4.77e+00 -
3411 || 7.38e+02 - 3.46e+00 | 0.468

13167 || 6.91e+02 | 0.098 | 2.08e+00 | 0.752
52029 || 4.43e+02 | 0.648 | 1.02e+00 | 1.037
209343 || 2.56e+02 | 0.788 | 3.50e-01 | 1.538
833151 || 1.39e+02 | 0.879 | 1.23e-01 | 1.516

ep) [rp) | e®) [r(O) | e | rlp)
1.72e+02 [ - [310e+00| - [3.32+01] -
1.15e+02 | 0.583 | 1.45¢+00 | 1.103 | 3.47e+01 | -
6.70e+01 | 0.800 | 7.15e-01 | 1.042 | 2.86e+01 | 0.284
3.46e+01 | 0.963 | 3.51e-01 | 1.035 | 1.75e+01 | 0.717
1.70e+01 | 1.023 | 1.70e-01 | 1.041 | 9.48¢+00 | 0.880
8.62e+00 | 0.981 | 8.66e-02 | 0.978 | 5.36e+00 | 0.824

et) [ r@®) || © | eff(©) || I[Fallee | [ITolle=e [ iter
8.52e+02 [ — [ 1.02e+03 ] 0.836 [[ 9.09e-13 | 2.27e-13 || 5
8.58¢+02 | — | 1.02e+03| 0.841 || 1.82e-12 | 4.55¢-13 | 5
7.61e+02 | 0.178 || 8.95¢+02 | 0.850 || 3.64e-12 | 6.82¢-13 | 4
4.79e+02 | 0.674 || 5.82e+02 | 0.823 || 1.46e-11 | 2.05¢-12 || 4
2.73e+02 | 0.806 || 3.33¢+02 | 0.820 || 7.28¢-11 | 4.55¢-12 || 4
1.48¢+02 | 0.886 || 1.83e+02 | 0.812 || 1.46e-10 | 1.23e-11 || 4

Table 4.5.3: ExXaAMPLE 2: RTy — Py — RTy — Py scheme with quasi-uniform
refinement.
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N\ e(o) \ r(o) \ e(u) \ r(u)
2688 | 5.12e+02 - 2.25e+00 -
6144 | 5.36e+02 — 1.86e+4-00 | 0.465
16080 | 5.21e+02 | 0.059 | 1.31e+00 | 0.724
52176 | 3.79e+02 | 0.541 | 4.54e-01 | 1.801

190080 | 1.78e+02 | 1.168 | 1.53e-01 | 1.679
706704 | 6.35e+01 | 1.571 | 3.40e-02 | 2.296

ep) [rlp) | e®) [r®) | ep) | rlp)
757101 | — [580e01] - [21let01| -
5.21e+01 | 0.904 | 3.11e-01 | 1.509 | 2.01e+01 | 0.121
3.06e+01 | 1.106 | 1.60e-01 | 1.379 | 1.73e+01 | 0.303
1.21e+01 | 1.581 | 5.86e-02 | 1.710 | 1.06e+01 | 0.830
3.40e+00 | 1.962 | 1.62e-02 | 1.984 | 4.75¢+00 | 1.247
9.73e-01 | 1.905 | 4.85¢-03 | 1.842 | 1.59¢+00 | 1.663

=

e(E) ‘ r(t) H C) ‘ eff(0) H || Fa ] g ‘ | Te | g H iter
5.90e+02 - 6.85e+03 | 0.086 || 9.09e-13 | 2.27e-13 5
5.90e+02 - 4.45e+03 | 0.132 || 3.64e-12 | 6.82e-13 4
5.53e+02 | 0.135 || 2.06e+03 | 0.268 || 1.09e-11 | 1.82e-12 4
3.91e+02 | 0.587 || 7.85e+02 | 0.498 || 1.46e-11 | 2.50e-12 4
1.82e+02 | 1.188 || 4.78¢+02 | 0.380 || 4.37e-11 | 6.37¢-12 4
6.45e+01 | 1.577 || 1.64e+02 | 0.392 || 1.53e-10 | 1.75e-11 4

Table 4.5.4: ExamMpPLE 2: RT; — P; — RT; — P; scheme with quasi-uniform
refinement.
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N‘ e(o) ‘ r(o) ‘

c(w) [ r(u)

858 | 6.72e+02 - 4.77e+00 -
1494 | 6.59e+02 | 0.064 | 2.29e+00 | 2.386
2562 | 4.01e402 | 2.557 | 7.64e-01 | 5.633
4203 | 1.78e+02 | 3.674 | 2.54e-01 | 4.972
6627 | 9.90e+01 | 2.059 | 2.47e-01 | 0.094

10776 | 7.61e+01 | 0.917 | 2.40e-01 | 0.111
17610 | 5.85e+01 | 1.083 | 2.02e-01 | 0.709
28650 | 4.55e+01 | 0.883 | 1.39e-01 | 1.319
47085 | 3.30e+01 | 1.118 | 1.
77445 | 2.58e+01 | 0.850 | 7.26e-02 | 1.440
124623 | 1.88e+01 | 1.050 | 5.67e-02 | 0.830
200520 | 1.45e+01 | 0.877 | 3.66e-02 | 1.449

10e-01 | 0.795

elp) [ rlp) |

e(0) | r(9)

| elp) | rp

1.72e+02 -

1.16e+02 | 1.274
9.35e+01 | 1.117
7.0le+01 | 1.301
5.59e+-01 | 0.796
3.57e+01 | 1.557
2.88e+01 | 0.892
2.03e+01 | 1.230
1.60e+01 | 0.828
1.12e+01 | 1.232
8.58e+-00 | 0.886
6.00e+-00 | 1.191

3.10e+-00 -

1.50e+00 | 2.344
1.10e+00 | 1.598
7.46e-01 | 1.758
5.91e-01 | 0.828
3.67e-01 | 1.661
2.91e-01 | 0.956
2.06e-01 | 1.211
1.58e-01 | 0.928
1.12e-01 | 1.170
8.44e-02 | 0.957
5.97e-02 | 1.151

3.32e+01 -

2.64e+01 | 0.744
1.46e+01 | 3.047
6.29e+00 | 3.799
3.72e+00 | 1.857
2.80e+00 | 0.989
2.16e+00 | 1.064
1.66e+-00 | 0.917
1.20e+00 | 1.149
9.33e-01 | 0.857
6.82e-01 | 1.047
5.22e-01 | 0.890

e® [ r® ]

© [ eff(0) [ [Falle | [[Tell || iter

8.52e+-02 - 1.02e+03 | 0.836 || 9.09e-13 | 2.27e-13
7.79e4+02 | 0.291 || 9.24e402 | 0.842 || 3.64e-12 | 4.55e-13
4.96e+02 | 2.320 || 5.90e+02 | 0.841 || 1.46e-11 | 6.82e-13
2.49e+02 | 3.118 || 2.96e+02 | 0.839 || 6.18e-11 | 1.14e-12
1.56e+02 | 1.649 || 1.89e+02 | 0.826 || 3.75e-10 | 2.05e-12
1.12e402 | 1.135 || 1.36e+02 | 0.827 || 7.75e-10 | 3.41e-12
8.78e+01 | 1.020 || 1.06e+02 | 0.824 || 9.02e-10 | 5.46e-12
6.62e+01 | 0.995 || 8.03e+01 | 0.824 || 1.63e-09 | 7.28e-12
4.93e+01 | 1.025 || 6.00e+01 | 0.821 || 1.80e-09 | 8.64e-12
3.71e+01 | 0.972 || 4.53e+01 | 0.819 || 3.09e-09 | 1.57e-11
2.76e+01 | 0.999 || 3.38e+01 | 0.814 || 3.71e-09 | 1.77e-11
2.06e+01 | 0.974 || 2.53e+01 | 0.811 || 6.47e-09 | 2.98e-11

5

N S N S S N N A
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Table 4.5.5: EXAMPLE 2: RTy — Po— RTy— Pj scheme with adaptive refinement.
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N

(o)

| r(o) |

e(u)

| r(w)

2688
4134
8067
12489
24567
21774
130833
309630
811911

5.12e+02
4.09e+02
1.65e-+02
3.22e+01
1.15e+01
5.17e+00
2.29e+00
8.81e-01

3.84e-01

1.043
2.713
7.477
3.050
2.139
1.754
2.223
1.724

2.25e+00
7.63e-01
1.09e-01
2.88e-02
2.71e-02
2.60e-02
3.50e-03
3.33e-03
5.75e-04

5.022
0.812
6.105
0.184
0.110
4.326
0.112
3.644

elp) |

r(p) |

e(0)

| @) |

e(p)

| r(p)

7.57e+01
7.59e+01
2.69e+01
1.55e+01
5.78e+-00
3.33e+00
1.16e+4-00
5.80e-01
1.86¢e-01

3.101
2.512
2.926
1.478
2.269
1.617
2.363

5.80e-01
5.72e-01
1.41e-01
7.63e-02
2.98e-02
1.82e-02
6.19e-03
2.84e-03
9.87¢-04

0.069
4.193
2.801
2.782
1.323
2.327
1.811
2.190

2.11e+01
8.81e+00
4.11e+00
7.66e-01
3.23e-01
1.38e-01
6.25e-02
2.31e-02
1.03e-02

4.055
2.280
7.692
2.554
2.274
1.711
2.308
1.671

e(t) [ r(t)

[_®

[ eff(©) [ [IFallee [ [ITefle || iter

5.90e-+02 -
4.86e+02
1.92e+02
4.79e+01
1.73e+01
8.55e+00
3.47e+00
1.47e+00
5.71e-01

0.902
2.775
6.362
3.006
1.894
1.947
1.998
1.958

6.85e+03
1.51e+03
2.69e+02
1.32e-+02
4.68e+01
2.33e+01
9.19e+00
3.98e+-00
1.51e+00

0.086
0.322
0.338
0.363
0.370
0.367
0.377
0.368
0.379

9.09e-13
3.64e-12
8.73e-11
1.75e-10
8.15e-10
2.71e-09
3.06e-09
8.79e-09
1.05e-08

2.27e-13
3.41e-13
1.36e-12
2.27e-12
7.28e-12
1.46e-11
2.27e-11
2.68e-11
6.41e-11

5

L S

Table 4.5.6: EXAMPLE 2: RT; — P; — RT; — P; scheme with adaptive refinement

via ©.
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Th(l) Th(4)

Th(ﬁ) 7;1(8)

7,0

Figure 4.5.1: EXAMPLE 2: Four snapshots of adapted meshes according to the
indicator © for £k = 0 and k£ = 1 (top and bottom plots, respectively).

Junl

11e0302 04 06 0810e+00 O 23601 2 4 6 B8990 Pp  -13e:01 1000 1500 25e+03
— i | o— — [—— — | —

Figure 4.5.2: EXAMPLE 2: Initial mesh, computed magnitude of the velocity,
temperature field and post-processed pressure field (from left to right).
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[—0—quasi-uniform refinement (k=0)
- v-adaptive refinement (k=0)
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Figure 4.5.3: EXAMPLE 2: Log

4.5. Numerical results
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“log plot of e(t) vs. N for quasi-uniform /adaptative

refinements for £ = 0 and k£ = 1 (left and right plots, respectively).
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Chapter 5

A three-field Banach spaces-based
mixed formulation for the unsteady
Brinkman—Forchheimer equations

5.1 Introduction

The phenomenon of fast flows in highly porous media is a challenging multi-
physics problem that has a wide range of applications, among which we highlight
predicting and controlling processes arising in chemical, petroleum and environ-
mental engineering, to name a few areas of interest. In particular, subsurface
applications include groundwater remediation and oil and gas extraction, where
fast flow may occur in fractured or vuggy aquifers or reservoirs, as well as near in-
jection and production wells. In this regard, we remark that in the last years, most
of the research efforts have been focused on the use of Darcy’s law. However, this
constitutive equation becomes unreliable to model the flow of fluids through highly
porous media with Reynolds numbers greater than one, as in the above applica-
tions. To overcome this limitation, a first alternative is to employ the Forchheimer
law [69], which accounts for faster flows by including a nonlinear inertial term.
Another possible option is the Brinkman model [22], which describes Stokes flows
through a set of obstacles, and therefore can be applied precisely to that kind of
media. According to the above, the Brinkman—Forchheimer equation (see, e.g.,
[102, 44, 61, 95| and [43|), which combines the advantages of both models, has
been used to model fast flows in highly porous media.

In this context, and up to the authors’ knowledge, one of the first works in
analyzing the unsteady Brinkman—Forchheimer equations is [102|. There, the au-
thors prove stability of solutions of the Brinkman—Forchheimer equations on the
Brinkman and Forchheimer coefficients in the L?-norm, which is later extended to
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138 5.1. Introduction

the H'-norm in [44]. Later on, in [61], well-posedness of solution for a velocity-
pressure variational formulation is established by combining the Faedo—Galerkin
approach with a suitable regularization, whereas, a perturbed compressible system
that approximates the Brinkman—Forchheimer equations is proposed and analyzed
in [95]. The corresponding time discretization of the perturbed system is defined by
a semi-implicit Euler scheme and the lowest-order Raviart—Thomas element is em-
ployed for the spatial discretization. More recently, a mixed pseudostress-velocity
formulation was analyzed in [43|, where the existence and uniqueness of solution
were established for the weak formulation in a Banach space framework. As for the
numerical discretization, semidiscrete continuous-in-time and fully discrete finite
element approximations are introduced which converge with sub-optimal rate of
convergence. In turn, in [38], the coupling of the steady Brinkman—Forchheimer
and double-diffusion equations is analyzed. There, the velocity gradient, the pseu-
dostress tensor, and a pair of vectors involving the temperature/concentration, its
gradient and the velocity, are introduced as further unknowns. As a consequence,
a fully mixed variational formulation presenting a Banach spaces framework in
each set of equations is obtained. Well-posedness of solution of the continuous and
discrete problems are proved by employing a fixed-point approach combined with
classical results on nonlinear monotone operators and Babuska-Brezzi’s theory in
Banach spaces.

The purpose of the present Chapter is to develop and analyze a new three-field
mixed formulation of the unsteady Brinkman—Forchheimer problem and study
a suitable conforming numerical discretization. To that end, unlike to previous
works, we proceed as in [49] and [38|, and introduce, besides the fluid velocity,
the velocity gradient and a pseudostress tensor as further unknowns. The pressure
is eliminated from the system which can be easily recovered through a simple
postprocess of the pseudostress. There are several advantages of this new approach,
including the direct and accurate approximation of another unknowns of physical
interest such as the velocity gradient and pseudostress tensors. Moreover, our
approach improves the suboptimal theoretical rates of convergence obtained in [43|
for the pseudostress-velocity formulation under a quasi-uniformity assumption on
the mesh. In addition, two of the numerical examples illustrate the capability of
the method to resolve sharp velocity gradients in the presence of discontinuous
spatially varying parameters in more realistic and complex geometries.

Employing techniques from [106], [37], and [49], we combine the classical mono-
tone operator theory and suitable theoretical results in a Banach space setting to
establish existence and uniqueness of solution of the continuous weak formulation.
Stability for the weak solution is obtained by means of an energy estimate. We then
consider semidiscrete continuous-in-time and fully discrete finite element approx-
imations. The pseudostress tensor is approximated by Raviart-Thomas elements
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of order k > 0, whereas, discontinuous piecewise polynomials of degree k are em-
ployed to approximate the velocity and velocity gradient tensor, and we make use
of a backward Euler method for the discretization in time. Adapting the tools em-
ployed for the analysis of the continuous problem, we prove well-posedness of the
discrete scheme and derive the corresponding stability estimates. We further per-
form an error analysis for the semidiscrete and fully discrete schemes, establishing
rates of convergence in space and time of the numerical method.

The rest of this Chapter is organized as follows. The remainder of this section
describes standard notations and functional spaces to be employed throughout the
Chapter. In Section 5.2, we introduce the model problem and derive its three-field
mixed variational formulation. Next, in Section 5.3 we establish the well-posedness
of the weak formulation. The semidiscrete continuous-in-time scheme is introduced
and analyzed in Section 5.4. Error estimates and rates of convergence are also de-
rived. In Section 5.5, the fully discrete approximation is developed and analyzed
employing similar arguments to the semidiscrete formulation. Finally, the perfor-
mance of the method is illustrated in Section 3.6 with several numerical examples
in 2D and 3D, thus confirming the aforementioned rates of convergence, as well as
its flexibility to handle spatially varying parameters in complex geometries.

Preliminaries

In addition to the notation introduced in Section 1.1, given T > 0 and a
separable Banach space V endowed with the norm || - ||y, we let LP(0,7"; V) be the
space of classes of functions f : (0,7) — V that are Bochner measurable and such
that HfHLP(O,T;V) < 00, with

T
11 (0,709 1=/ IFOIR dt, | =z = esssup [[f(@)]v-
0

te(0,7)

In turn, in the sequel we will make use of the well-known Young’s inequality, for
a,b>0,1/p+1/q=1, and § > 0,

§p/2 > 1 .
ab < 5 a +q5q/2b' (5.1.1)

5.2 Continuous formulation

In this section we introduce the model problem and derive the corresponding
weak formulation.
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5.2.1 Model problem

In this Chapter we are interested in approximating the solution of the un-
steady Brinkman—Forchheimer equations (see for instance [44, 61, 95, 96, 43]).
More precisely, given the body force term f and a suitable initial data ug, the
aforementioned system of equations is given by

%—?—VAu+au+F\u\p2u+Vp:f, div(u) =0 in Qx (0,77,
u=0 on I'x(0,7], u(0) =uy in 2, (p,l)o =0 in (0,77,

(5.2.1)
where the unknowns are the velocity field u and the scalar pressure p. In addition,
the constant ¥ > 0 is the Brinkman coefficient, @ > 0 is the Darcy coefficient,
F > 0 is the Forchheimer coefficient and p € [3,4] is given.

Now, in order to derive our weak formulation, we first rewrite (5.2.1) as an
equivalent first-order set of equations. To that end, unlike [43] and inspired by [49]
and [38], we introduce the velocity gradient and pseudostress tensors as further
unknowns, that is

t:=Vu, o:=vt—plI in Qx(0,7]. (5.2.2)

In this way, applying the trace operator to t and o, and utilizing the incompress-
ibility condition div (u) = 0 in € x (0,77, one arrives at tr(t) = 0 in Q x (0,7
and ]

p=—7 tr(o) in Qx(0,7]. (5.2.3)
Hence, replacing back (5.2.3) in the second equation of (5.2.2), we find that our
model problem (5.2.1) can be rewritten, equivalently, as the set of equations with
unknowns u,t and o, given by

t = Vu, o' =rt, g—?+au+F|u|p_2u—div(U):f in Qx(0,7],
u=0 on I'x(0,7], u0) =uy in Q, (tr(e),l)oq =0 in (0,77].

(5.2.4)
At this point we stress that, as suggested by (5.2.3), p is eliminated from the for-
mulation (5.2.4) and computed afterwards in terms of o by using identity (5.2.3).
This fact, justifies the last equation in (5.2.4), which is equivalent to impose that
(p,1)o =01in (0,77

5.2.2 Variational formulation

In this section we derive our three-field Banach mixed variational formulation
for the system (5.2.4). To that end, we proceed as in [38, Section 2.2| (see also
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[49, 33, 30] for similar approaches) and extend the analysis derived there to our
current unsteady regime and considering a generalized version of the inertial term
lu|P~2u, with p € [3,4]. In fact, multiplying the first, second and third equations
of (5.2.4) by suitable test functions 7, r, and v, respectively, integrating by parts
and using the Dirichlet boundary condition u =0 on T" x (0,7, we get

(t, 7)o+ (u,div(T))g =0, (5.2.5)
v(t,r)g — (6%, 1) =0, (5.2.6)
(0w, v)g +a(u,v)g +F(Juf?u,v)q — (div(e),v)e = (f,v)a, (5.2.7)

for all (7,r,v) in X x Q x M, where X, Q and M are spaces to be derived below.
We begin by noting that the first term in (5.2.6) is well defined for t,r € L?(),
but due to the incompressibility condition div u = tr(t) = 0, it makes sense to
look for t, and consequently the test function r, in

Q = {r cL2(Q): tr(r)=0 in Q} (5.2.8)
This implies that (5.2.6) can be rewritten equivalently as
vit,r)g— (o,r)g =0 VreQ. (5.2.9)

In addition, we note that the first and second terms in (5.2.5) and (5.2.6) (or
(5.2.9)), respectively, are well defined if o, 7 € L?(Q2). In turn, if u,v € LP(f),
with p € [3,4], then the first, second, and third terms in (5.2.7) are clearly well
defined, which forces both div(e) and div(7) to live in L4(Q2), with q € [4/3,3/2]
satisfying 1/p + 1/q = 1. According to this, we introduce the Banach space

H(divy; Q) == {7’ e L2(Q): div(r) € Lq(Q)},
equipped with the norm

HTHH(divq;Q) = H7'||0,Q + ||diV(7')HLq(Q)7
and deduce that the equations (5.2.5)—(5.2.7) and (5.2.9) are well defined if we
choose the spaces Q as in (5.2.8) and

M = LP(Q) and X := H(divy; Q)

with their respective norms: || - [|g = || - [Jo,, || - M == || - [lLe(), and || - [|x =

| - [[m@ivy:e)-
Now, for convenience of the subsequent analysis and similarly as in [30] (see
also |72, 49, 38|) we consider the decomposition:

X =Xy ®RI,
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where

Xo = {T € H(divg Q) (tr(7),1)o =0}

that is, R1 is a topological supplement for X,. More precisely, each 7 € X can be
decomposed uniquely as:

T=7y+cl with 7 €X, and c:

= 70 (tr(7),1)q € R.

Then, noticing that div(7) = div(7y) and employing the last equation of (5.2.4),
we deduce that both o and 7 can be considered hereafter in Xy. Next, in order to
write the above formulation in a more suitable way for the analysis to be developed
below, we now set the notations

u:=(ut), v:=(v,r)eMxQ,
with corresponding norm given by
vl = [vlm+ e VveMxQ.

Hence, the weak formulation associated with the unsteady Brinkman—Forchheimer
system (5.2.4) reads: Given f : [0,T] — L*(Q) and uy € M, find (u, o) : [0,7] —
(M x Q) x Xy, such that u(0) = ug and, for a.e. t € (0,7,
0
57 [E®) v+ [AQu®)), v] + [B(e(t),v] = [F(t),v] YveMxQ,
— [B(u(t)), 7] =0 V1 eXo,
(5.2.10)

where, the operators £, A4 : (M x Q) - (M x Q), and B: (M x Q) — X, are
defined, respectively, as

[E(),v] = (u,v)q, (5.2.11)
[A),v] = a(u,v)q+F(JuP?u,v)q+v(t,r), (5.2.12)
B(v), 7] = —(v,div(1))q— (r,7)q, (5.2.13)

and F' is the bounded linear functional given by
[F,v] == (f,v)q. (5.2.14)

In all the terms above, [-, -] denotes the duality pairing induced by the correspond-
ing operators. In addition, we let B’ : Xy — (1\/[ X @), be the adjoint of B, which
satisfies [B'(1),v] = [B(v), 7] for all v € M x Q and 7 € X,.
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5.3 Well-posedness of the model

In this section we establish the solvability of (5.2.10). To that end we first
collect some previous results that will be used in the forthcoming analysis.

5.3.1 Preliminary results

We begin by recalling the key result [106, Theorem IV.6.1(b)|, which will be
used to establish the existence of a solution to (5.2.10).

Theorem 5.3.1. Let the linear, symmetric and monotone operator N be given
for the real vector space E to its algebraic dual E*, and let E; be the Hilbert space
which is the dual of E with the seminorm

|z, = (N:c(x))l/Q r€FE.

Let M C E x Ej be a relation with domain D = {x el M(z) # (Z)}. Assume
M is monotone and Rg(N + M) = E}. Then, for each f € WHY(0,T; E}) and for

each uy € D, there is a solution u of

%(Nu(t)) + M(u(t)) > f(t) ae 0<t<T, (5.3.1)
with
Nue Whe(0,T; E), u(t)eD, forall 0<t<T, and Nu(0)=Nu.

In addition, in order to provide the range condition in Theorem 5.3.1 we will
require the following abstract result (see [37, Theorem 3.1] for details).

Theorem 5.3.2. Let X1, X5 and Y be separable and reflexive Banach spaces, being
X1 and X5 uniformly convex, and set X = X1 x X,. Leta : X — X’ be a nonlinear
operator, b: L(X,Y"), and let V be the kernel of b, that is,

V= {UEX: [b(v),q] =0 VqGY}.

Assume that

(i) a is hemi-continuous, that is, for each u, v € X the real mapping
JR=>R, t— J(t)=[a(u+ tv),v]

18 continuous.
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(i) there exist constants L > 0 and py,ps > 2, such that
2
—2
la(u) —a(v)[|x < LZ {||Uj =i, + (gl + ol )™l —UJHXJ}>
j=1
for all u = (uy,uz),v = (v1,v2) € X.

(iii) the family of operators {a(- +t): V-V te X} is uniformly strictly
monotone, that is there exist v > 0 and p1,p2 > 2, such that

fa(u+) = a(+),u—v] > 3 {llur = vi|§, + llus — 2R, },
for allt € X, and for all u = (uy,us2),v = (v1,v2) € V, and
(iv) there exist B > 0 such that

b [b(v), q]

vex [lvllx
v#£0

> Blally VaeY.

Then, for each (f,g) € X' x Y’ there exists a unique (u,p) € X XY such that
[a(u),v] + [b(v),p] = [f,v] VveX,

[b(u), q] = [g,q] VqeY.

Next, we establish the stability properties of the operators involved in (5.2.10).
We begin by observing that the operators £, B and the functional F' are linear.
In turn, from (5.2.11), (5.2.13) and (5.2.14), and employing Holder’s and Cauchy—
Schwarz inequalities, there hold

1Bew),7)| < IvllI7llx V(v 7)€ (MxQ)xXo, (53.2)
Y]] < [flloallvion < QP2 fgalvl YveMxQ, (53.3)
and

€@, V)| < 1Oyl lvll, [E@).Y] = [v[Za YuveMxQ, (534)

which implies that B and F' are bounded and continuous, and £ is bounded, con-
tinuous, and monotone. In addition, employing the Cauchy—Schwarz and Holder
inequalities, it is readily seen that, the nonlinear operator A (cf. (5.2.12)) is
bounded, that is

[A@), V]| < (o@D fule+Fulis + v ltlo) vl (5:35)
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Finally, recalling the definition of the operators &£, .4, and B (cf. (5.2.11)-
(5.2.13)), we stress that problem (5.2.10) can be written in the form of (5.3.1)
with

E::(MX@)XXm U3:(5>’ N::(g 8)’ M::<j3 13/)

(5.3.6)
Let Ef be the Hilbert space that is the dual of M xQ with the seminorm induced by

the operator £ := (é o) (cf. (5.2.11)), which is ||v[ls = (V,V);{Q = |[v]oo Vve€

M x Q. Note that E, = L*(Q2) x {0}. Then we define the spaces

B, = (LA(Q)x{0})x{0}, D = {(g,a) e (MxQ)xXo: M(uo)e E;}.
(5.3.7)

In the next section we prove the hypotheses of Theorem 5.3.1 to establish the
well-posedness of (5.2.10).

5.3.2 Range and initial conditions

We begin with the verification of the range condition in Theorem 5.3.1. Let us
consider the resolvent system associated with (5.2.10): Find (u, o) € (M xQ) x X,
such that

(€ +A)(),v]+ [B(o).v] = [Fv] YveMxQ,

(5.3.8)
[B(u), 7] =0 V1 e X,

where F' € L2(Q) x {0} € M’ x {0} is a functional given by F(v) := (f,v)q for
some f € L?(Q). Next, a unique solution to (5.3.8) is established by employing
Theorem 5.3.2. We stress that alternatively to Theorem 5.3.2, similar arguments
developed in [38, Section 3.3| can be employed to stablish the well-posedness of
(5.3.8). We begin by observing that, thanks to the uniform convexity and sepa-
rability of LP(§2) for p € (1,400), the spaces M, Q, and X, are uniformly convex
and separable as well.

We continue our analysis by proving that the nonlinear operator £ 4+ A satisfies
hypothesis (ii) of Theorem 5.3.2 with p; = p € [3,4] and py = 2.

Lemma 5.3.3. Let p € [3,4]. Then, there exists Lgr > 0, depending on v,F, and
a, such that

1€+ A)(u) — (€ + A)(v)]
(5.3.9)
p—2
< Lo {Jlu—vlia + 1t =l + (lall + [vIne) "l = Vil }

for allu = (u,t),v = (v,r) e M x Q.
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Proof. Let u = (u,t),v = (v,r) € M x Q. Then, according to the definition of
the operators £, A (cf. (5.2.11), (5.2.12)), similar to the boundedness estimates
(5.3.4) and (5.3.5), using Holder’s and Cauchy—Schwarz inequalities, we find that

1€+ A)(u) — (€ + A) )]l

< (14 QP2 u — Vg + F [l 20— V2]l + vt — g
(5.3.10)
In turn, applying [17, Lemma 2.1, eq. (2.1a)|] to bound the second term on the
right hand side of (5.3.10), we deduce that there exists ¢, > 0, depending only on
|©2| and p such that

a2 = VP2V < e ([l + [1v]n) " fla = Vi (5.3.11)
Thus, using (5.3.11) and (5.3.10), we obtain (5.3.9) with
Ler = max {(1+ Q)|QP=D/P Fe v},
which ends the proof. n

Next, the following lemma shows that the operator £ + A satisfies hypothesis
(iii) of Theorem 5.3.2 with p; = p € [3,4] and ps = 2.

Lemma 5.3.4. Let p € [3,4]. The family of operators {(5+A)(- +2z): MxQ —

MxQ): zeMx Q} 1s uniformly strictly monotone, that is, there exists
~vgr > 0, such that

[(E+A+2)—(E+ A +2),u-v] > ger {la— v+l —xl3 ), (5:312)

forallz = (z,s) € M x Q, and for allu = (u,t),v = (v,r) € M x Q.

Proof. Let z = (z,s) € M x Q and u = (u,t),v = (v,r) € M x Q. Then, from
the definition of the operators £, A (cf. (5.2.11), (5.2.12)), we get

[(E+Au+z)—(E+A)(v+2z),u—y]
= (1+a)\|u—ngﬁ—|—F(|u—|—z|p’2(u—|—z) (5.3.13)
—|lv+zP?(v+z),u—v)g+r|t—rlf,

where, employing [17, Lemma 2.1, eq. (2.1b)] to bound the second term in (5.3.13),
we deduce that there exists C}, > 0 depending only on |2 and p such that

(ju+tzP?(u+z)— |[v+zP 2 (v+z),u—v)g > Cllu—v|}y. (5.3.14)
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Thus, replacing (5.3.14) back into (5.3.13), and bounding below the first term on
the right-hand side of (5.3.13) by 0, we obtain

[(E+A)(u+z) - (E+AN+z),u-v] > CF|u—v|}+rt—rl3,
which gives (5.3.12) with vgz = min {C, F, v} O

Remark 5.3.1. We observe that, using similar arqguments to [49, eq. (3.50)], the
kernel of the operator B (cf. (5.2.13)) can be written as

V:{X:(V,r)EMxQ: Vv=r and VEH%(Q)}. (5.3.15)

In turn, since the strict monotonicity bound (5.3.12) holds on M xQ, it is clear that
it also holds on V. Notice also that alternatively to Lemma 5.3.4, and similarly to

/38, Lemma 3.5/, it is possible to prove that the family of operators {(€+A)(-+g) :

V-V . zeMx Q} 1s uniformly strongly monotone, that is, there exists
Yer > 0, such that

(E+Au+z)— (E+AV+z),u—v] > Fer|lu—v|?,
for allz = (z,8) € M x Q, and for allu = (u,t),v = (v,r) € V.

We end the verification of the hypotheses of Theorem 5.3.2, with the corre-
sponding inf-sup condition for the operator B.

Lemma 5.3.5. There exists a constant § > 0 such that

sup 1Bly). 7] > Blrllx VT eXo. (5.3.16)
XGI\;ISQ vl

Proof. For the case p = 4 and q = 4/3 we refer the reader to [49, eq. (3.44),
Lemma 3.3|, whose proof can be easily extended to the case p € [3,4] and q €
[4/3,3/2] satisfying 1/p + 1/q = 1. Further details are omitted. ]

Now, we are in a position of establishing the solvability of the resolvent system

(5.3.8).

Lemma 5.3.6. Given I = (f,0) € L2(Q) x {0}, there exists a unique solution
(u,0) =((u,t),0) € (M x Q) x Xy of the resolvent system (5.3.8).
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Proof. First, we recall from (5.3.2) and (5.3.3) that B and F are linear and
bounded. In turn, we note that Lemma 5.3.3 implies, in particular, that the
nonlinear operator £ + A is hemi-continuous, that is, for each u,v € M x Q, the

mapping
J:R=R, 2z Jz)=[(E+A)u+:zv),V]|

is continuous. In this way, as a consequence of Lemmas 5.3.3, 5.3.4, and 5.3.5, and
a straightforward application of Theorem 5.3.2, we conclude the result. O

We end this section establishing a suitable initial condition result, which is
necessary to apply Theorem 5.3.1 to our context.

Lemma 5.3.7. Assume the initial condition ug € M N H, where
H = {V cH{(Q): AveL?*Q) and div(v)=0 in Q} (5.3.17)

Then, there exists (to,00) € Q x Xy such that u, = (ug, to) and

(o]

( —é’ 1(3)/ > < o > € (L*(Q) x {0}) x {0} (5.3.18)

Proof. 1t proceeds similarly to the proof of [43, Lemma 3.6]. In fact, given uy €
M N H, we can define t; := Vuy and o := v t(, such that

tr(ty) = 0, div(eg) = vAuy, and tr(op) =0 in Q. (5.3.19)
Notice that to € Q and oy € Hy(div;Q2) C X, with Hy(div;Q?) = {7 €
H(div; Q) : (tr(r),1)q = 0}. Next, integrating by parts the identity to = Vuy
and proceeding similarly to (5.2.5), we obtain

—[B(uy), 7] =0 V1TeX.
Hence, given ug € M NH (cf. (5.3.17)), multiplying the identity vty = oy and

the second equation in (5.3.19) by r € Q and v € M, respectively, and after minor
algebraic manipulation we deduce that

(% 0) ()= (%) o

(fo, V)Q = (—V Allo + a Ug +F |110|p_21107 V)Q ,

where, Fy = (fy,0) and
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which together with the additional regularity of ug, and the continuous injection
of HY(Q) into L2®~1)(Q), with p € [3,4], implies that

|(fo, v)a| < {V [Augllo.0 + a |[uglloo +F ||110||i§<;1>(9)} [vlo.
(5.3.21)

< ¢ {18u0log + olloe + a7} IVloe-

Thus, Fy € L?(Q) x {0} so then (5.3.18) holds, completing the proof. ]

Remark 5.3.2. The assumption on the initial condition uy in (5.3.17) is not
necessary for all the results that follow but we shall assume it from now on for
simplicity. A similar assumption to ug is also made in [43, Lemma 3.6] (see also
[61, eq. (2.2)]). Note also that (u,, o) satisfying (5.3.18) is not unique.

5.3.3 Main result
We now establish the well-posedness of problem (5.2.10).

Theorem 5.3.8. For each compatible initial data (u,,00) = ((ug,to),00) con-
structed in Lemma 5.3.7 and each £ € WV1(0, T;L?(Q)), there exists a unique
(w,0) = ((u,t),0) : [0,7] - (M x Q) x Xy solution to (5.2.10), such that
u e Whe(0,T;L2(Q)) and (u(0),t(0),54(0)) = (uy, to, ad).

Proof. We recall that (5.2.10) fits the framework of Theorem 5.3.1 with the defi-
nitions (5.3.6) and (5.3.7). Note that A is linear, symmetric and monotone since
€ is (cf. (5.3.4)). In addition, since A is strictly monotone, it is not difficult to see
that M is monotone. On the other hand, from Lemma 5.3.6 we know that given
(F,0) € E; with F' = (f,0), there is a unique (u, o) = ((u,t), o) € (M X Q) x X,
such that (F,0) = (N+M)(u, &) which implies Rg(N+M) = EJ. Finally, consid-
ering ug € MNH (cf. (5.3.17)), from a straightforward application of Lemma 5.3.7
we are able to find (tg, o) € QxXq such that (u,, o¢) = ((up, to), o9) € D. There-
fore, applying Theorem 5.3.1 to our context, we conclude the existence of a solution
(u,0) = ((u,t),0) to (5.2.10), with u € WH>(0, T; L*(2)) and u(0) = uy.

We next show that the solution of (5.2.10) is unique. To that end, let (u;, o),
with i € {1,2}, be two solutions corresponding to the same data. Then, taking
(5.2.10) with (v, 7) = (u; — uy, 01 — 03) € (M x Q) x Xy, we deduce that

1
2 O [lug — u2||3,Q + A1) — A(ay),u; —wy] = 0,

which together with the strict monotonicity bound of A (cf. (5.3.12)), yields

1
3 O lur —wollf o + o fluy —wel§ g + Co F fluy — o[}y + v [t — 623, < 0.
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Integrating in time from 0 to t € (0,77, and using u;(0) = uz(0), we obtain

t
fas(t) =)o+ [ (sl s — sl e~ ol ) ds < 0. (5:3:22)
0

Therefore, it follows from (5.3.22) that u;(t) = us(t) and t,(t) = to(t) for all
€ (0,7]. Next, from the inf-sup condition of the operator B (cf. (5.3.16)) and
the first equation of (5.2.10), we get

Bllor —oalx < sup

veMxQ vl
v#0
- — sup [0 E(uy — u,), v] + [A(wy) — A(uy), v] —0,
vEMXQ vl
v#0

which implies that o(t) = o(t) for all ¢t € (0,7], and therefore (5.2.10) has a
unique solution.
Finally, since Theorem 5.3.1 implies that M(u) € L>(0,T; E}), we can take
t — 0 in all equations without time derivatives in (5.2.10). Using that the initial
data (uy,09) = ((ug, to), 00) satisfies the same equations at ¢ = 0 (cf. (5.3.20)),
and that u(0) = ug, we obtain
I/(t(O) - t07r>Q - <0<O) - o-Oar)Q = 0 Vre @7
(5.3.23)
(t(O) — to,T)Q = 0 VTe XO .

Thus, taking r = t(0) —tg and 7 = (0) — o in (5.3.23) we deduce that t(0) = t.
In addition, from the latter and testing the first equation in (5.3.23) with r =
(0(0) — 0¢)? € Q implies that 04(0) = o, completing the proof. O

We conclude this section with the corresponding stability bounds for the solu-
tion of (5.2.10).

Theorem 5.3.9. Assume that f € Wh1(0,T; L3(Q)) N L2°P=1(0, T; L3(%)), and
uy € M N H satisfying (5.3.18), with p € [3,4].. Then, there exist constants
Cer.1, Cero > 0 only depending on |Q|, v, a,F, and 3, such that

[ullLe 0,2 + [l + [ItlLz0.r0) + lollLzorx)

2
< CBF,l{HfHLQ(p oz T Loz e) + luoll3y” + [uo 5 + [y, Q}
(5.3.24)

and

HuHL‘X’ (0,7;M) < CYBFQ {”f”i/QPOTLQ -+ HUOHM + HUOHZ/p} . (5325)
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Proof. We follow an analogous reasoning to the proof of [43, Theorem 3.3]. In
fact, we begin choosing (v, 7) = (u, o) in (5.2.10) to get

1
SO0 i3+ [A(w), u] = (£,u)g.

Next, from the definition of the operator A (cf. (5.2.12)), using Cauchy—Schwarz
and Young’s inequalities (cf. (5.1.1)), we obtain

1 5 1
5 Ollullga +alulge +Fllult + v el < 5 Ifl6e + 55 lullia.  (5:3.26)

In turn, noting from the second row of (5.2.10) that u = (u,t) belong to V (cf.
(5.3.15)), we know that t = Vu and u € H}(Q2), which combined with the Sobolev
embedding from H!(Q) into LP(Q), with p € [3, 4], implies

o 9 v 9 min{a,y} 9 9 min {a,y} 9
5 Il + S el = === (Iulo+ IVulia) = =5 ks,
which combined with (5.3.26) and choosing § = 1/«, yields
min {04,1/} 1
O [l o + TTE lallas +vIIelg < ~flloe- (5.3.27)
P

Notice that, in order to simplify the stability bound, we have neglected the term
F|lu|]}; in the left hand side of (5.3.26). Integrating (5.3.27) from 0 to ¢ € (0,77,
we obtain

t t
o+ [ (haoo+1e13) ds < €] [ IRads+ la@Za} . (5325)

with C; > 0 depending only on |, v, and «.

On the other hand, from the inf-sup condition of B (cf. (5.3.16)), the first
equation of (5.2.10), and the stability bounds of F, &, A (cf. (5.3.4), (5.3.3) and
(5.3.5)), we deduce that

Bllofy < sup BV _ (o FY] - [0£W).v] - [Aw),y]
v Ml e Iv] 5.5

-1
< Co (IIfloe + lullae + lall%" + o + 10, ullos)

with Cy > 0 depending on |Q|, v, «, and F. In turn, using (5.3.27), the Sobolev
embedding of LP(Q) into L?(Q), with p € [3,4], the Young inequality (cf. (5.1.1)),
and simple algebraic computations, we are able to find that

2(p—1 2(p—1 2(p—2 2(p—2
O ulle S + a3 = (0 — Va3~ o, [ulZ o + [ul3e ™ ull3s

~ 2 (p—2 ~ 2(p—1 1 2(p—1
< Gallfllo ™™ < Collfll™ + 5 Il
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which, similarly to (5.3.28), implies

t t
|m@mﬁ$”+l|mﬁ?*wssck{l|m58”dywmmw%$”},@ssm

with C3 > 0 depending on ||, v, and a. Then, taking square in (5.3.29), integrat-
ing from 0 to ¢t € (0,77, using (5.3.28) and (5.3.30), we get

t t
[tzas < cod [ (e + R ) ds

. (5.3.31)
2(p—1
+wmmm$>+wmmmﬂ+é|@umﬂw},

with Cy > 0 depending on ||, v, a,F, and 5. Next, in order to bound the last
term in (5.3.31), we differentiate in time the second equation of (5.2.10), choose
(v, 7) = ((Oyu, 0, t), ), and employ Cauchy—Schwarz and Young’s inequalities, to
obtain

1 2F 1 1
2 0 (@l + - Tl + v 615) + 100 ulie < 5 IE1Ea + 5 19wl

Integrating from 0 to ¢ € (0,T], we get

2F t
gwmmm+/n@w%
’ (5.3.32)

t
< Cs {/0 1160 ds + [[a(0) I3 + [[(0)[I5.0 + Ht(O)Hé} ,

with C5 := max {1, @, 2F/p,v}. Then, combining (5.3.32) with (5.3.31), yields

t t
[leizas < cof [ (181587 + Ie1ga) a

(5.3.33)
+nuwnm1+numnﬁ%”>+nuwnﬁg+|wwn@},

which, combined with (5.3.28) and the fact that (u(0),t(0)) = (uo, to), with ty =
Vup in Q (cf. Lemma 5.3.7 and Theorem 5.3.8), implies (5.3.24). In addition,
(5.3.32) yields (5.3.25) with

2F 1/p
Cro = <2£F max{l,a,?,y}) ,

concluding the proof. O]
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Remark 5.3.3. The stability bound (5.3.24) can be derived alternatively without
the using the fact that u = (u,t) belongs to V (cf. (5.3.15)), but in that case the
expression on the right-hand side of (5.3.24) would be more complicated involving
other terms related to p € [3,4]. We also note that (5.3.25) will be employed in
the next section to deal with the nonlinear term associated to the operator A (cf.
(5.2.12) ), which is necessary to obtain the corresponding error estimate.

Remark 5.3.4. The analysis developed in this section can be easily extended to
the problem (5.2.4) with non-homogeneous Dirichlet boundary condition, u = up
on I' x (0,T]. To that end, (5.2.10) has to be rewritten as follows: given f :
[0, 7] — L%Q),up : [0,7] — HYAT) and up € M NH (c¢f (5.3.17)), find
(u,0) = ((u,t),0) : [0,7] = (M x Q) x Xo, such that u(0) = uy and, for a.c.
te(0,7),

9 (e, v] + [A®). V] + [Blo®).y] = [Ft).y] YyeMxQ,

t
— [B(u(t)), 7] = [G(t),7] VT eX,,

where the functional G € X is given by [G,T] = (Tn,up)p, with (-, )p denoting
the duality between H=Y/2(T') and HY/?(T'). We refer the reader to [30, Lemma 3.5]
for the proof that Tn € H™Y2(T') for all T € Xq in the case p = 4 and q = 4/3.
The proof can be extended to the case p € [3,4] and q € [4/3,3/2] satisfying
1/p+1/q = 1, after slight adaptations. Then, we reformulate the problem as a
parabolic problem for u, and proceed as in [14, eq. (4.14), Section 4.1].

5.4 Semidiscrete continuous-in-time
approximation

In this section we introduce and analyze the semidiscrete continuous-in-time
approximation of (5.2.10). We analyze its solvability by employing the strategy
developed in Section 5.3. Finally, we derive the error estimates and obtain the
corresponding rates of convergence.

5.4.1 Existence and uniqueness of a solution

Let Ty, be a shape-regular triangulation of € consisting of triangles K (when
d = 2) or tetrahedra K (when d = 3) of diameter hg, and define the mesh-size
h = max{hK K € ﬁ}. In turn, given an integer [ > 0 and a subset S of
R4, we denote by P;(S) the space of polynomials of total degree at most [ defined
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on S. Hence, for each integer £ > 0 and for each K € 7T, we define the local
Raviart—Thomas space of order k as

RT,(K) = Pu(K) @ Py(K)x,

where x := (x1,...,24)" is a generic vector of RY, ﬁk(K) is the space of polynomials
of total degree equal to k defined on K, and, according to the convention in Section
5.1, we set Pp(K) := [Pr(K)]? and Py(K) := [P(K)]¥*?. In this way, introducing
the finite element subspaces:

M, = {vieM: wilx €PyK) YK T},

Q) = {rhe(@: rulic € Pi(K) VKeTh},

Xy = {Th€X2 ¢yl € RTy(K) Ve eR" VKeTh}, Xon = X5 NXo,

(5.4.1)
and denoting from now on

u, = (up,tp), v, = (Vi,rn) € My x Qp,

the semidiscrete continuous-in-time problem associated with (5.2.10) reads: Find
(w,,00) : [0,T] = (M), x Q4) x Xy, such that, for a.e. t € (0,T),

9
ot
— [B(uy,), 7] = 0 Vo, € Xop .

[E(uy), vi] + [A(w,), v, ] + [B(vy), 00 = [Fv,] Vv, € My x Qp,

(5.4.2)
As initial condition we take (w,,040) = ((Uno,tn0), Ono) to be a suitable ap-
proximations of (ug,09), the solution of (5.3.20), that is, we chose (u,,4,0050)
solving

[A(Hh,o)a!h] +[B(¥vy), 0n0] = [Fo,v,] Vv, € My xQp, (5.43)
- [B(Hh,o)»Th] =0 Vi, € Xopn, h

with Fy € L*(Q2) x {0} being the right-hand side of (5.3.20). This choice is
necessary to guarantee that the discrete initial datum is compatible in the sense
of Lemma 5.3.7, which is needed for the application of Theorem 5.3.1. Notice that
the well-posedness of problem (5.4.3) follows from similar arguments to the proof
of Lemma 5.3.6. In addition, taking (v,, ™) = (u,,04) in (5.4.3), we deduce from
the definition of the operator A (cf. (5.2.12)) and the continuity bound of Fj (cf.
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(5.3.21)) that, there exists a constant Cy > 0, depending only on ||, v, o, and F,
and hence independent of h, such that

2(p—1
lunolRe + lnollie + lenollh < Co{Iuolli%™ + AuollEg + uol3a } - (5.4.4)

In this way, the well-posedness of (5.4.2) follows analogously to its continuous
counterpart provided in Theorem 5.3.8. More precisely, we begin introducing the
discrete kernel of the operator B, that is,

Vh = {Xh = (Vh,I‘h) € Mh X Qh : (Vh,diV(Th))Q + (I‘h,Th)Q =0 V’Th < X07h}.
(5.4.5)
Then, we derive from [49, Section 5| the following two properties, the first one

being the discrete inf-sup condition of B and the second one an auxiliary result
that will be used to obtain the stability bound (5.4.10) below.

Lemma 5.4.1. There exist positive constants 5 and Cy, such that

B(v,), T ~
sup 1Bva), 7] > Bllmnllx V€ Xop (5.4.6)
v, €M}, xQy vl
v, #0
and
HthQ > Oy HVhHM V(Vh,I‘h) €eVy,. (547)

Proof. For the case p = 3 and q = 3/2 we refer the reader to |38, Lemma 4.1],
whose proof can be easily extended to the case p € [3,4] and q € [4/3,3/2]
satisfying 1/p + 1/q = 1. In what follows we provide some details just for sake of
completeness. We begin by introducing the discrete space Z, defined by

Zoni={m €Xon: [B(vi,0),7] = (Vi div(mi))a =0 Vvi € My},
which, according to the fact that div(Xg ) € My, becomes
ZO,h = {Th € XO,h : diV(Th) =0 in Q} .

Next, by using the abstract equivalence result provided by [49, Lemma 5.1 with
the setting X =M, Y =Y; = Qy, Yo = {0}, V =V, Z =Xq, and Zy = Zy,
where X,Y,Y1,Y5, V. Z, and Z, correspond to the notations employed there, we
deduce that (5.4.6) and (5.4.7) are jointly equivalent to the existence of positive
constants 1 and s, independent of A, such that there hold

sup [B(Vh,O),Th] — su (Vh,diV(Th))Q

ThE€Xo,h HThHX B ThE€Xo,h ||)7-h||X
Th#0 Th#0

> ﬁl HVhHM VV}L S Mh (548)
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and
B(0
sup [B(0,r4), 7] _ sup (tn, Th)o > Byllmullx Y7 € Zon (5.4.9)
meQ,  |IThllo e, Tallo
I‘h;ﬁO rp 0

Then, we observe that (5.4.8) follows from a slight adaptation of [30, Lemma 4.3|
(see also [49, eq. (5.45)]). Furthermore, recalling from [72, Lemma 2.3] that there
exists a constant ¢; > 0, depending only on €2, such that

alrlie < 1m0 + Idiv(T) 5 V7 € Ho(div;Q),
and using the fact that 78 € Qy, for each 7, € Zy,, (see part of the proof of 72,
Theorem 3.3| for details), we easily get (5.4.9) with 8y = ci/z. O

Next, we address the discrete counterparts of Lemmas 5.3.3 and 5.3.4, whose
proofs, being almost verbatim of the continuous ones, are omitted.

Lemma 5.4.2. Letp € [3,4]. The family of operators {(5+A)('+Zh) : M, xQp —

(M, x Q) 2z, € M, x Qh} s uniformly strongly monotone with the same
constant vgr > 0 from (5.3.12), that is, there holds

(& +A) (s +23) = (E+ AN +20), 3, = v, = e { 1w = Vil + 16— ml3}

for each z, = (zp,sp) € My, X Qp, and for all u, = (up,t), v, = (vp, 1) €
M}, x Qy,. In addition, the operator E+ A : (M xQp) — (M, xQy,)" is continuous
in the sense of (5.3.9), with the same constant Lgg.

We are now in position of establishing the semi-discrete continuous in time
analogue of Theorems 5.3.8 and 5.3.9.

Theorem 5.4.3. Let p € [3,4]. For each compatible initial data (w,,0n0) =
(w0, tho), ono) satisfying (5.4.3) and £ € WH1(0,T;L2(R2)), there exists a unique
(wy,00) = ((wp, t),00) : [0, 7] = (M, x Q) x Xo, solution to (5.4.2), satis-
fying w, € WH=(0,T; My,) and (u,(0),t,(0)) = (uno,tho). Moreover, assuming
that ug € M NH satisfies (5.3.18) and that f € L2®P~1(0,T;L3(Y)), there ewist
constants 631.31, GBF,Q > 0 depending only on |Q|,v,a, F, and B, such that

”uhHLOO(O,T;LQ(Q)) + HUhHL2(0,T;M) + chHL2(0,T;Q) + lon L2 0.1:x)
{Hf”L2(p 1(0,T;L2(R)) + HfHLQ(O,T;LQ(Q)) (5410)

+||uo|r§m+uuo| o+ 180023, + | Auollzao) + [[vollzn }
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and

~ 2 2(p—1 2 2
lunlleorag < Cara{ €150 gz + IoliEa) ™ + | Aualli &g, + luolli e }
(5.4.11)

Proof. According to Lemma 5.4.2, the discrete inf-sup condition for B provided
by (5.4.6) (cf. Lemma 5.4.1), and considering that (u, o, 04,0) satisfies (5.4.3), the
proof of existence and uniqueness of solution of (5.4.2) with u;, € Wh>(0,T; M},)
and u,(0) = uy, follows similarly to the proof of Theorem 5.3.8 by applying
Theorem 5.3.1. Moreover, from the discrete version of (5.3.23), we deduce that
t,(0) = tno. Notice that, it is not possible to prove that o (0) = o7}, since
(o1,(0) — 10)? does not belong to Q.

On the other hand, noticing from the second row of (5.4.2) that u,, := (up, tp) :
0,7] — Vy (cf. (5.4.5)), employing (5.4.7) to obtain the discrete version of
(5.3.28), using the fact that (ux(0),tn(0)) = (uno,tro) and estimate (5.4.4) to
bound the discrete versions of (5.3.28)—(5.3.33), we proceed as in the proof of
Theorem 5.3.9 and derive (5.4.10) and (5.4.11), thus completing the proof. O

5.4.2 Error analysis

Now we derive suitable error estimates for the semidiscrete scheme (5.4.2). To
that end, in what follows we assume that {7,},>0 is a family of quasi-uniform
triangulations, which implies that the following inverse inequality holds (see, for
instance,|63, Corollary 1.141]):

1_1
1€llLeie) < CRUGPI€ Loy, (5.4.12)

for all piecewise polynomial functions £ and C' > 0 independent of h.

Now we introduce some notations and state a couple of previous results. First,
we recall the discrete inf-sup condition of B (cf. (5.4.6)), and a classical result
on mixed methods (see, for instance |72, eq. (2.89) in Theorem 2.6]) ensure the
existence of a constant C' > 0, independent of h, such that:

mf [|lu—v, || <C inf u-—v,|l. 5.4.13
Jnf fu-wl <O it u- (54.13)

Now, in order to obtain the theoretical rates of convergence for the discrete
scheme (5.4.2), we recall the approximation properties of the finite element sub-
spaces My, Qp, and X, (cf. (5.4.1)), that can be found in [21], [63], [72], and [33,
Section 3.1] (see also [49, Section 5|).

(AP} For each [ € [0,k + 1] and for each v € W'P(Q), there holds

: l
it v = Vil < O [Vliwese)
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(AP}) For each | € [0,k + 1] and for each t € H'(2) N Q, there holds

inf llr — < CH :
inf v —rpllg < 7| ee ()
(AP{) For each I € (0,k-+1] and for each T € H'(2) NX, with div(r) € Wi(Q),
there holds

inf | —7llx < OB {7 ) + [div(m) e |-
Th€Xo,n

Owing to (5.4.13) and (AP}), (AP}) and (APY), it follows that, under an
extra regularity assumption on the exact solution (to be specified below in Theorem
5.4.4), there exist positive constants C'(u), C'(0;u), C(o), and C(0; o), depending
on u,t and o, respectively, such that

. . l . . 1
Jinf -y, < C@h it ou -y, < COWI,

inf |lo—7x < C(a)ht, and inf ||0,0 —T|x < C(0o)R'.

Th€Xo,n Th€Xo,n
(5.4.14)
In turn, in order to simplify the subsequent analysis, we write e, = (ey, e¢) =
(u—up, t—ty), and e, = o—o7,. Next, given arbitrary v, := (Vp,,T5) : [0,7] = V,,
(cf. (5.4.5)) and 7, : [0,T] — Xo, as usual, we shall then decompose the errors
into
ey = Oy + Nu = (0u, 0¢) + (Mu, M), €5 =05 + N0, (5.4.15)
with
éu:u—if\h, 5t:t—?h, 60':0'_:’:h7
(5.4.16)
Mu=Vp— W, M=Th—ty, No=Th— 0.
In addition, we stress for later use that 0, v, : [0,7] — V,, for each v, (t) € V,,
(cf. (5.4.5)). In fact, given (v,, ) : [0,7] — Vj x Xy, after simply algebraic
computations, we obtain

B(0:vy), 1] = 0¢([B(v), Tn]) — [B(v), 0 a] = 0, (5.4.17)

where, the latter is obtained by observing that 0; 7, (t) € X .
In this way, by subtracting the discrete and continuous problems (5.4.2) and
(5.2.10), respectively, we obtain the following system:

16 ew). vl + [A) — Aly), v, + [Blv,) o] = 0 Yy, € My x @y,
[B(ew), 7] = 0 V7, € Xop

(5.4.18)
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We now establish the main result of this section, namely, the theoretical rate of
convergence of the discrete scheme (5.4.2). Notice that, optimal and sub-optimal
rates of convergences of order O(h') and O(h!=¥P=2/(2P)) are confirmed for (u,t)
and o, respectively.

Theorem 5.4.4. Let ((u,t),0) : [0,7] — (M x Q) x X, with u € W">=(0, T}
L2(Q)) and ((uh,th),ah) . [O,T] — (Mh X @h) X XQJL with uy, € WLOO(O,T; Mh),
be the unique solutions of the continuous and semidiscrete problems (5.2.10) and
(5.4.2), respectively. Assume further that {Tp}n=0 is a family of quasi-uniform
triangulations and that there exists | € (0,k + 1], such that u € W'P(Q), t €
H'(Q), o € HY(Q), and div(o) € WH(Q), with p € [3,4] and q € [4/3,3/2]
satisfying 1/p+ 1/q = 1. Then, there exist C1(u, o), Cy(u, o) > 0 depending only

on C(u), C(0,u), C(o), C(0, ), ||, v, , F, 8, and data, such that

||eu||Loo(07T;L2(Q)) —|— ||eu||L2(07T;M) + ||et||L2(07T;Q) S Ol (1_1, O') <hl + hl (P_1)> (5419)

and
HeUHLQ(O,T;X) S 02 (H, 0') h*d(pr)/(Zp) (hl + hl (p71)> . (5420)

Proof. First, adding and subtracting suitable terms in (5.4.18) with v, = n, =
(M) [0, 7] = Vy, (cf. (5.4.5)) and 73, = 0o : [0, 7] — Xo,, and employing the
strict monotonicity bound of A (cf. (5.3.12)) and the fact that nu(t) € Vy, thus
[B(Mu), Mo = 0, we deduce that

1
5 Olmallie +allnallse +F Co lImullie + v Inelly < =(9: du, mu)e

—a(du, Mu)e — F(ulP 0 — [Vi[P V0, mu)e — v(8¢, ) — [B(nw), 6o]
(5.4.21)
Next, using again the fact that n,(t) = (Mu, 7t)(t) € Vi, we deduce from (5.4.7)
that Cq||nulln < ||m¢]|@- Thus, using (5.3.11), the continuity bound of the operator
B (cf. (5.3.2)), the Cauchy—Schwarz, Holder and Young’s inequalities (cf. (5.1.1)),
and neglecting the term ||ny]|3; in (5.4.21) to obtain a simplified error estimate,

we obtain
2

1 Csv v
5 Oullmallia + o + L Il + & el
< (|0 bullo.allnullon + o (|0ullo.cllnullo.o
—2
+Fcp ([[6ullnr + 2 [allng)™ 7 10alln 17allne + v 18¢ llgllellg + 100 x| 7l

2 (p—1 2 (p—2
< C1 (1190 8ullir + I8ulT ™ + (1 + Il Iulia + 19613 + 16,13

1 C2v v
5 (@limallie + =2 Imalids + 5 limel3)
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where (] is a positive constant depending on |2, v, a, F, and Cy, which yields

C?vy v
0 mull3e + o lmallde + <27 il + % il

2 (p— 2(p—2
< 201 (1190 8ullde + 18ulld®™ + (L4 IulZ ) 18ulids + 1813 + 1861 ) -
(5.4.22)

Integrating (5.4.22) from 0 to t € (0,77, recalling that ||ul|re(0,r;m) is bounded by
data (cf. (5.3.25)), we find that

t
ma(®lia+ | (Imulfe+ Imalia+ Imcl) < Co {Ima()lR
(5.4.23)

t
+ / (16 8ullix + I18ullrg®™ + 18ullia + 186li3 + 10413 ) }

with Cy > 0 depending only on |Q|, v, o, F, Cyq, and data.

Next, in order to bound the last term in (5.4.23), we subtract the continuous
and discrete initial condition problems (5.3.20) and (5.4.3), to obtain the error
system:

[A(u, — Eh,o)vlh] + [B(vy),00 —onol = 0 Vv, € My, x Qp,
_[B(EO_Hh,O)vTh] = 0 Vmy EXO,h.

Then, proceeding as in (5.4.22), recalling from Theorems 5.3.8 and 5.4.3 that
(u(0),t(0)) = (uo, to) and (un(0),t,(0)) = (uno, tro), respectively, we get

1O+ IO < Co (Nl + 100, 2+ 160 2) . (54.28)
where, similarly to (5.4.16), we denote dy, = (8y,, t,) = (Wo — Vi(0),to — T4(0))
and d,, = o9 — T,(0), with arbitrary (v,(0),7,(0)) € V;, and 7,(0) € X, and

Cy is a positive constant depending only on ||, v, o, F, and Cy. Thus, combining
(5.4.23) and (5.4.24), and using the error decomposition (5.4.15), there holds

t
et + [ (lealka-+llec) ds < W), (5.4.2)
where
t
U(u,o) = (6L + / (1100 8all? + 1812 ®70 + 1812 + 18, 1%) ds

+ 1180, 127+ 1180, |12 + 11067 [
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Then, using the fact that v, : [0,7] — V,, and 7, : [0,T] — Xo, are arbitrary,
taking infimum in (5.4.25) over the corresponding discrete subspaces V;, and X p,
and applying the approximation properties (5.4.14), we obtain (5.4.19).

On the other hand, to get the estimate (5.4.20), we observe that from the
discrete inf-sup condition of B (cf. (5.4.6)), the first equation of (5.4.18), and the
continuity bounds of £, A, B (cf. (5.3.4) (5.3.9), (5.3.2)), there holds

Bllmolls < sup Bkl
v, EM;, xQp th”
X}ﬁ’éo
L Dl w] AW — Aw). ) + [Blw,) 8]
XhEMhX@h ||Xh||
v, #0

=~ —2
< Cs (101 eullo + llewllna + (ullva + funling) " llewllae + llecllo + 1412,

with 53 > 0 depending only on |Q2], v, a, and F. Then, taking square in the above
inequality, integrating from 0 to ¢ € (0,7, recalling that both ||ul[re(0,r;m) and
l|ag||Lee (0,7;m) are bounded by data (cf. (5.3.25), (5.4.11)), and employing (5.4.25),
we deduce that

t t
[ el s < Os{wu,aw / ||amu||§,9ds}, (5.4.26)
0 0

with C3 > 0 depending on |Q], V,oz,F,g, and data. Next, in order to bound the
last term in (5.4.26), we choose v}, = 0; Ny = (0: M, Or M) in the first equation of
(5.4.18), to find that

1
5 (om0 + v Imeli3) + 10imall
= ~(0,8u,0mu)e — & (8 Orma)a — F (" — [y, 0o

(0 M, div(ds))a — v (8¢, 0 M) + (Or e, 05 )2 -

Notice that [B(0; 1), Ny = 0 since ny(t) € Vi, (cf. (5.4.17)). Then, using the
identities

(Jtaatnt>ﬂ = 0, (Jtant)ﬂ_(at(stﬂ?t)ﬁ and (3t77t750)9 = 0 (m,da)ﬂ—(mﬁt 5a)97

in combination with the Cauchy—Schwarz, Holder and Young’s inequalities, the
continuity bound of A (cf. (5.3.9)), and the inverse inequality ||0; Nu|lm < ¢ h=4P=2/CP) |9, ny || L2 (q)
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(cf. (5.4.12)), with n,(t) € My, we obtain

1
5 0 (e lmalld o+ v lmel3) + 19 mall3 o

< ™20 Ou, ) (1 8allia + 18allia + lleallie + 1811%)

1
+ 3 10: nullf.0 + O ((Uta 0c)a — v (6, ﬂt)Q) + v (0 0¢, M) — (M, 01 00 )ar
with
2(p—2 2(p—2
Clu,wp) =1+ ufif ™ + [~

and Cy > 0 depending on |Q|,V,OC,F,B, and data. Thus, integrating from 0 to
t € (0,T], we find that

1

t
5 (0l + v I + [ 10l 0ds)

t
< Cat v [ ) (1008l + 18l + lealla + 13012) ds
0

+ ((m(0).8,0)0 = B0 m(0)) + | (v @r8ma — (00918, ds

+ 5 IOl g + 5 1013 = ((100), 5(0))e = v (8:(0), m(0))a) -

Then, using Cauchy-Schwarz and Young’s inequalities, recalling that |[u ||y oz
and ||up|Ler;m) are bounded by data (cf. (5.3.25) and (5.4.11)), employing
estimates (5.4.23), (5.4.24) and (5.4.25), and some algebraic manipulations, we
deduce that

t
ma(®lfe + IO + [ 10l < @{h—d@—”/wm, o)
t
SO + 116, (1)1 + / (1, 0ul + 10, 0,130 ) ds

t
2(p—1 2 (p—1
[ (IBIRE™ + 18l + 18012) ds + 6wl >+||6uo||2+||6ao||§},
0

(5.4.27)
with C5 > 0 depending on ||, v, o, F, 5, and data. Thus, combining (5.4.26) and
(5.4.27), using the error decomposition (5.4.15) and considering sufficiently small
values of h, yields

t t
/ les|% ds < Oﬁh—d<P—2>/P{\1/(g,a)+||5g(t)||§+/ H@tdgﬂéds}. (5.4.28)
0 0
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Finally, using again the fact that ¥, : [0,7] — V, and 73, : [0,7] — Xg,, are
arbitrary, taking infimum in (5.4.28) over the corresponding discrete subspaces V,
and X, 5, and applying the approximation properties (5.4.14), we derive (5.4.20)
and conclude the proof. O

Remark 5.4.1. The rates of convergences obtained in (5.4.19)—(5.4.20) improve
the ones obtained in [43, Theorem 4.4] for the pseudostress-velocity formulation.
More precisely, an additional order of convergence h'®=2/20=1) s gained, which
illustrate one of the advantage of our three-field mized formulation (5.4.2). We also
note that in the steady state case of (5.2.4) the error estimate (5.4.20) does not
include the term h=4P=2/p) becquse the global inverse inequality is not necessary
to bound |ne||x (see [38, Section 5] for details of the case p = 3).

5.5 Fully discrete approximation

In this section we introduce and analyze a fully discrete approximation of
(5.2.10) (cf. (5.4.2)). To that end, for the time discretization we employ the
backward Euler method. Let At be the time step, T' = NAt, and let t,, = nAt,
n = 0,...,N. More precisely, we let du” = (At)~1(u™ — u"!) be the first order
(backward) discrete time derivative, where u" := w(t,). Then the fully discrete
method reads: given f” € L*(Q) and (u}, o) = (u,, o) satisfying (5.4.3) find
(uy, o) = ((up,ty),op) € (Mh X Qh) X Xon, n=1,..., N, such that

di [E(up), vp] + [A(uy), v, ] + [B(vy),04] = [F",v,] Vv, € My xQy,
— [B(uy), 7] = 0 V7€ Xon,
(5.5.1)
where [F",v,] = (", vp)a.

In what follows, given a separable Banach space V endowed with the norm
|| - v, we make use of the following discrete in time norms

lullz 0.v) —AlellunHv and - lullexzy) = max flullv.  (5.5.2)

Next, we state the main results for method (5.5.1).

Theorem 5.5.1. Let p € [3,4]. For each (u),0?) = ((un0,tn0), ono) satisfying
(5.4.3) and £ € L*(Q), n = 1,..., N, there exists a unique solution (ul,o)) =
((up, t7), o) € (M, x Qh) X XOh to (5.5.1). Moreover, under a suitable extra

reqularity assumption on the data, there exist constants CBF 1, CBFQ > 0 depending
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only on |Q],v,a,F, and 5, such that
[Wh e 0,702 (0)) + At [|dean|| 20,0120 + [Wnlleornn + 1trlleoro)
-1
+Ha-h||52(0TX < CBF 1 {Hf‘ 2(p— 1)(0TL2 () + ||fH€2(0,T;L2(Q)) + ||u0||§1,)ﬂ )

Hluol g + |Aug|l5g + [[Augllog + [luollo, Q}

(5.5.3)
and
~ 1) 2 2
lunllesoran < Cora {IEIE 72 + Iuollfib) ™ + 1Ao7, + ol |
(5.5.4)

Proof. First, we note that at each time step the well-posedness of the fully discrete
problem (5.5.1), with n = 1, ..., N, follows from similar arguments to the proof of
Lemma 5.3.6 (see also [38, Section 3.3] for the case p = 3).

On the other hand, the derivation of (5.5.3) and (5.5.4) can be obtained sim-
ilarly as in the proof of Theorem 5.3.9. In fact, we choose (v, ) = (u}, o}) in
(5.5.1), use the identity

1 n
§At HdtuhHi?(Q)a (5.5.5)

the definition of the operator A (cf. (5.2.12)), and the Cauchy-Schwarz and
Young’s inequalities (Cf. (5.1.1)), to obtain

n ..n 1 n
(dyuy,up)g = B dy HuhHiQ(Q) +

dt”“h”og+ At||dtuh||0(2+a||uh”09+F||uh||p + vty ||Q
(5.5.6)

<3 Hf”H%,Q + 2—5 [ur 5 -
In turn, noting from the second row of (5.5.1) that uj = (u},t}) € Vy, (cf. (5.4.5)),
1
with n =1,..., N, using the estimate (5.4.7), and choosing § = 2o Ve obtain
a
1

4a

Notice that, in order to simplify the stability bound, we have neglected the term
|u}||3 in the left-hand side of (5.5.6). Thus summing up over the time index
n=1,...m,withm=1,..., N, in (5.5.7) and multiplying by At, we get

de|[uplls.o + At dallge + Caviluilyg + v 671G < — If"[6e-  (55.7)

lup 3+ (A82 S Idagldo + At 3 (I3 + 1:12)
= n (5.5.8)

SRCAEND SRS

n=1
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with C; depending only on v, «, and Cjy.
On the other hand, from the discrete inf-sup condition of B (cf. (5.4.6)) and
the first equation of (5.5.1), we deduce that

lohllx < Ca{l!f”Ho,s2+I\UZIIO,Q+|IUZ!\ 6 H@Hldtuhlloa} (5.5.9)

with Cy > 0 depending on |Q|,v, o, F, and E In turn, using Young’s inequality
(cf. (5.1.1)), we readily obtain

2(p-1)

- 1
o< RS+ B s,

0,0 > —p | uy,

[y

which, together with (5.5.7), the fact that LP(2) is continuously embedded into
L?(Q), with p € [3,4], the Young inequality (cf. (5.1.1)), and simple algebraic
computations, imply

n 2 m-1 n 2 (P-1 n 2 (@ 2(p—2 n
do g la %Y + gl < o = DIl d [up |2 o + luplae ) uplii
~ n n 2(p—-2 ~ n 2(p—1 n 2(p—1
< Gl B lfIRF < G135 + 2 g3,
which, similarly to (5.5.8), yields
2 1) 1) 112 1 1
[ 280 4 Ar S Jup20Y < og{mznf 26D 4 ul)2e- >},

n=1
(5.5.10)
with C3 > 0 depending on |Q],v, and «. Then, taking square in (5.5.9), using
(5.5.8) and (5.5.10), we deduce the analogous estimate of (5.3.31), that is

At Z ol < e {ae 3 (IR + 18715

n=1

n=1

N (5.5.11)
2 (p—1 n .
IS + Il + A6 D o | with m=1....,,

n=1

with Cy > 0 depending on ||, v, a, F, and 5 . Next, in order to bound the last term
n (5.5.11), we choose (v, ) = ((d; u}, d; t}}), o) in (5.5.1), apply some algebraic
manipulation, and employ the Cauchy-Schwarz and Young’s inequalities, to obtain

e+ 5 e (a0 20+ v 16530 ) -+ F (g2, doug)e
(5.5.12)

TN (a||dtu;;||ag+ur|dttznag) < IR + 3l o
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In turn, employing Holder and Young’s inequalities, we have

p—1
| ([P, wy e < THUZHM 5” n IR

which implies

. (A

1
(It AOR (e = I~ Re) = e R (5513

Thus, combining (5.5.12) with (5.5.13), summing up over the time index n =
1,...,m, with m =1,..., N and multiplying by At, we get

9F
?Huh I8y + At Z [rAtH
=t (5.5.14)

< Cs {At D IE 5.0 + [luRlIRs }
n=1

with C5 depending on v, o, and F. Then, combining (5.5.11) and (5.5.14) yields

n n n 2 —1
Y o < cﬁ{mz (1130 + £71257)
n=1 n=1

Dl + a2 o + I ||@}, with m—1,..., N

with Cg > 0 depending on |Q|,7/,04,F,§, and p, which combined with (5.5.8),
the fact that (u)),t)) = (upo,tno) and the estimate (5.4.4), implies (5.5.3). In
addition, (5.5.14) and (5.4.4) yields (5.5.4), which concludes the proof. O

Now, we proceed by establishing the corresponding rates of convergence for
the fully discrete scheme (5.5.1). To that end, as in Section 5.4.2 we assume that
{Th}n>o is a family of quasi-uniform triangulations and write e}, = (e}, ef') =
(u" —up, t" —t}), and e = 6" — o. Next, given arbitrary v := (V},T}}) € V,,
(cf. (5.4.5)) and 7} € Xop, with n =1,..., N, we decompose the errors into

ey = Oy + My = (05,00) + (M, me) . €5 =05 +1g (5.5.15)

with
op=u"—-vy, o6 =t"-1;, oL =0"-7,

n __ n n n __on n
Me=V,—w, m =1,—t,, n,=T,—0.
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Thus, subtracting the fully discrete problem (5.5.1) from the continuous counter-
parts (5.2.10) at each time step n = 1, ..., N, we obtain the following error system:

di [E(en), vp] + [AU") — A(up), v,,] + [B(vy,),e;] = (ra(u), vi)a,
[B(eﬁ),‘rh] = 0.

(5.5.16)

for all v, € M, x Q,, and 7, € Xy, where r,(u) denotes the difference between
the time derivative and its discrete analog, that is

rp(u) = dpa” — opu(t,) .

In addition, we recall from [23, Lemma 4| that for sufficiently smooth u, there
holds

N
At Z ||Tn(u>||(2),9 S C(@ttu)(At)Q, with C(@ttu) = C||attu||iQ(O7T;L2(Q)) .
n=1
(5.5.17)

Then, using discrete-in-time arguments as in the proof of Theorem 5.5.1 and the
estimate (5.5.17), the derivation of the theoretical rate of convergence of the fully
discrete scheme (5.5.1) follows similarly to the proof of Theorem 5.4.4,.

We stress for later use that d;vj € Vj,, when v} € V;, (cf. (5.4.5)), for each
n=1,...,N. In fact, given v! € V;, with n = 1,..., N, assuming v! € V;, and
using the linearity of the operator B, we obtain

1

Bl vi).ml = 3

(1B, 7~ (B ),7m]) =0 V€K (55.18)

We now establish the aforementioned result.

Theorem 5.5.2. Let the assumptions of Theorem 5.4.4 hold, withp € [3,4]. Then,
for the solution of the fully discrete problem (5.5.1) there exist Cy(u, &), Ca(u, o) >
0 depending only on C(u), C(d,u), C(dym), C(a), C(8,0), |9, v, o, F, B, and
data, such that

Heu||é°°(0,T;L2(Q)) + At ||dteuH€2(0,T;L2(Q)) + Heu||e2(o,T;M) + ||et||e2(o,T;Q)
. (5.5.19)
< Ci(u, o) (hl + Rt At)

and

~

||ea||g2(0,T;X) < Cg (g, G') h—d(p—Q)/(Qp) (hl + hl (p—1) + At) . (5520)
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Proof. Similarly as in the proof of Theorem 5.4.4, adding and subtracting suitable
terms in (5.5.16) with v, = 0y = (3, ny) € Vi, and 7, = 0} € Xgp, with
n=1,...,N, and employing the strict monotonicity of A (cf. (5.3.14)), we deduce
that

(dem, mi)e + e [[nillo.o + F Co lImgllRe + v 107115
< —(di oy, mi)e — o (85, my)e — F ([u"P72u" — [VRP7595, o

—v (8¢, m¢)e — [B(ny), 65] + (ra(u), ny)a

Notice that [B(ny),ny] = 0 since n; € Vi, n = 1,..., N. In addition, using the
identity (5.5.5), the fact that (n,ny) € V,, (cf. (5.4.7)), the continuity bound of
B (cf. (5.3.2)), and similar arguments employed to derive (5.4.22), we obtain

dy 151160 + At ldemallo.o + 1761160 + 1761k + e 1lg < Cy {Hdt duliaa

HISHIRS Y + (1 IR 102l + 15713 + 18205 + Ira()l3a }
(5.5.21)
with C7 > 0 depending on ||, v, o, F, and C4q. Thus summing up over the time
index n =1,...,m, with m =1,..., N, in (5.5.21) and multiplying by At, we get

Im 30+ (A0% 3 ldmilide + At S (Imkll3e + lmils + i 13)
n=1 n=1
n nn2(p—1 n12(p—2 n
<Gty {||dt5u||fw+ 1l + (L+ IR ) 8alRe (5:5:22)
n=1

+ 1108115 + 10511 + Hrn(U)IIS,n} +lmallge

with Cy > 0 depending on ||, v, a, F, and Cy4. Thus, using (5.4.24) and the error
decomposition (5.5.15) to bound [[ng|72 () noting that |[ul|e= (o) is bounded
by ||u|Lee(0,7::m), which is bounded by data (cf. (5.3.25)), we find that

e B +(A02 3 [deltar At S (lekliet letl) < CFu o), (5523)
n=1 n=1
with m =1,..., N, where
U(u, o)
8+ (A [ddl e + A {ndt 522 + |62 ]2e) + ||5;;||2}
n=1 n=1

m

Ay {H&ZH% ; ||rn<u>u3,9} 82D - 822 + 18212

n=1
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Then, proceeding as in (5.4.25), using the fact that v, € V;, and 7' € Xq,, with
n =0,1,...,N, are arbitrary, taking infimum in (5.5.23) over the corresponding
discrete subspaces V), and Xgp,, using (5.5.17) and the approximation properties
(5.4.14), we obtain (5.5.19).

On the other hand, to get the estimate (5.5.20), we observe that from the
discrete inf-sup condition of B (cf. (5.4.6)), the first equation of (5.5.16), and the
continuity bound of £, 4, B (cf. (5.3.4), (5.3.9), (5.3.2)), there holds

Blnille < sup  B0n):7e]
vieMx @ ([l
X}L7£0
gy B vi] AW — AW, v,) — [B(3,), 8] + (ra(w). Vi)
XhEMhXQh ||Xh||
v, 7#0

n n n -2 n n n
=< Cs(Hdt ellloe + (lu™lln + llupline) ™ lewllne + legll + 116z )1 + Hrn(u)||07g> :

Then, taking square in the above inequality, summing up over the time index
n =1,..,m, with m = 1,..., N, multiplying by At, noting that ||u||se(o,rm) is
bounded by ||| (0,7;m), which in turn is bounded by data, as well as ||up || (0,7;m)
(cf. (5.3.25) and (5.5.3)), and employing (5.5.23), we deduce that

ALY gz < Ca {\T’(g, o)+ At |ld; nﬁH%,n} : (5.5.24)

n=1 n=1

with Cy > 0 depending on ||, v, «, F, E, and data. Next, in order to bound the
last term in the right-hand side of (5.5.24), we choose v, = (d;n!,d;m;) in the
first equation of (5.5.16) and use the identity (5.5.5), and the fact that o], € V,
(cf. (5.5.18)), which implies [B(d; my), ng] = 0, to find that
1 n||2 2 1 n||2 ni|2 n||2
S di(almillt o +vliml3) + 5 At (alldamli o+ v Idml3 ) + 1wl
= —(di 83, dymi)e — a (0, demy)e — F ([u"P7%u" — [uh[P~*ug, dymy)e
+(demy, div(dg))a + (ru(u), dmg)a — v (67, ding)a + (deni, 65)a -
Then, using the identities
(6?7 dy 7"?)9 = dy (5‘?7 n?)g - (dt 6?7 77‘?_1)9?

and  (diny',05)0 = di (0, 05), — (n{ ™", di dg)a,
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with n =1,..., N, in combination with Cauchy—Schwarz, Hélder and Young’s in-
equalities (cf. (5.1.1)), the continuity bound (5.3.11), and the fact that ||d; n}||m <
ch=4P=2/P) || d, n?||.q, with n € M, (cf. (5.4.12)), we obtain

1 n n 1 n n n
5 e (o lmillg + viml13 ) + 5 At (@lldamyl3 o+ vidimi|3) + Idi il

< Csh~ 020 C(ut, up) (I1de 833 + 116513 + leali3a + 10313 + Ira(w) 3.0

1 - n— n
+§||dt 773”(2),9 + dt <<77‘?7 62)9 -V (5‘?7 77:)9> +v (dt 6‘?”'7‘? I)Q - (nt 1’ dt 50-)9 )

where
ANl ooon ni2(p—2 ni12(p—2
Cu™,u}) == 1+ [0 7f ™ + [[u [y

and Cj is a positive constant depending on ||, « and F. Thus, summing up over
the time index n = 1,...,m, with m = 1,..., N, and multiplying by At, using
Cauchy—-Schwarz and Young’s inequalities, and minor algebraic manipulations, we
get

I3+ 13+ (A02 S (ldemilE + ldmg 113 ) + At 3 lldenl3 g
n=1

n=1

< Cgh™ ALY " Clu", ) (Hdt Sullna + 110alng + llewling + 1105115

n=1
m

ira(wa) + Cr {H&Z”H%,Q 1071 + At 3 (11 671 0 + i)

n=1

m—1
+ 182050 + 10215 + At > Inglls + Im2lg e + (1+ At) Hn?llé} :

n=1
(5.5.25)
with Cg, C7 > 0 depending on |2, v, & and F. Thus, using the error decomposition
(5.5.15), combining (5.5.25) and (5.5.22), employing (5.4.24) to bound the terms
Imallog, 78 ]l@, noting again that |lul[e~(,r) is bounded by [[uf|Le(o:n), which
together with ||ug||s,r;m) are bounded by data (cf. (5.3.25) and (5.5.3)), and
considering sufficiently small values of A, there holds

At Y flel2 < O oD {@m, o)+ 1871 + A S |1 6:||§} . (5.5.26)
n=1 n=1

with m = 1,..., N. Finally, noting again that v, € V,, and 77 € Xg,, with
n =0,1,...,N, are arbitrary, taking infimum in (5.5.26) over the corresponding
discrete subspaces V}, and X5, using (5.5.17) and the approximation properties
(5.4.14), we derive (5.5.20) and conclude the proof. O
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5.6 Numerical results

In this section we present four numerical results that illustrate the performance
of the fully discrete method (5.5.1) on a set of quasi-uniform triangulations of the
respective domains, considering the finite element subspaces defined by (5.4.1)
(cf. Section 5.4.1). In what follows, we refer to the corresponding sets of finite
element subspaces generated by £ = 0 and £ = 1, as simply Py — Py — RT)
and P; — Py — RTy, respectively. Our implementation is based on a FreeFem++
code [85], in conjunction with the direct linear solver UMFPACK [60]. We handle
the nonlinearly using a Newton-Raphson algorithm with a fixed tolerance tol =
1E —06. As usual, the iterative method is finished when the relative error between
two consecutive iterations of the complete coefficient vector, namely coeff™ " and
coeff™, is sufficiently small, that is,

|coeff™™ — coeff™|| |
Jeoofr T = O

where || - || stands for the usual Euclidean norm in RY, with N denoting the total
number of degrees of freedom defined by the finite element subspaces My, Q) and
Xon (cf. (5.4.1)).

We stress that according to the notation used for the fully discrete norm (5.5.2),
and besides the unknowns u,t, and o, we are also able to compute the pressure
eITor:

N 1/2
||ep||e2(o,T;L2(Q)) - {At Z " — pZH?),Q} 5

n=1
where, p} stands for the post-processed pressure suggested by the identity (5.2.3),
that is

1
Py = —3 tr(e;) with n=1,...,N. (5.6.1)

It follows that

1 1
HepHﬂ(o,T;LQ(Q)) = p Htl” (U - U'h)HEQ(O,T;LQ(Q)) < ﬁ HO' - o'hHZQ(O,T;X)>

which shows that the rate of convergence for p is at least the one for o, which is
indeed confirmed below by the numerical results reported below.

The examples considered in this section are described next. In all of them,
and for the sake of simplicity, we choose ¥ = 1. In addition, the condition
(tr (o)), 1) = 0 is implemented using a scalar Lagrange multiplier (adding one
row and one column to the matrix system that solves (5.5.1) for uf,t}, and o7}).

Examples 1 and 2 are used to corroborate the rate of convergence in two and
three dimensional domains, respectively. The total simulation time for these ex-
amples is T = 0.01s and the time step is At = 1073 s. The time step is sufficiently
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small, so that the time discretization error does not affect the convergence rates.
On the other hand, Examples 3 and 4 are used to analyze the behavior of the
method when different Darcy and Forchheimer coefficients are considered in dif-
ferent scenarios. For these cases, the total simulation time and the time step are
considered as T' = 1s and At = 1072s, respectively.

Example 1: 2D domain with different values of the parameter
p

In this test we corroborate the convergence for the space discretization using an
analytical solution and also study the performance of the numerical method with
respect to the total error and differents values of the power p in the inertial term
lulP~2u (cf. (5.2.4)). The domain is the square Q = (0,1)?. First, we consider
p =4, a =1F = 10, and the data f and the initial condition uy are defined by
means of the exact solution given by the smooth functions

sin(mzx) cos(my)
— cos(mz) sin(my

u = exp(t) ( >> . p = exp(t) cos(nz) sin (@)

2
Notice that the given exact solution u is non-homogeneous on the boundary so
that the right-hand side must be adjusted properly as described in Remark ?7.
In Figure 5.6.1 we display the solution obtained with the mixed Py —P; —RT,
approximation with meshsize h = 0.0128 and 39, 146 triangle elements (actually
representing 979,674 N) at time 7' = 0.01. Note that we are able to compute not
only the original unknowns, but also the pressure field through the formula (5.6.1).
Tables 5.6.1 and 5.6.2 show the convergence history for a sequence of quasi-uniform
mesh refinements, including the average number of Newton iterations. The results
illustrate that the optimal and sub-optimal spatial rates of convergence O(h**1)
and O(R**+1/2) for (u,t) and &, respectively, provided by Theorem 5.5.2 (see also
Theorem 5.4.4) are attained for d = 2,p = 4, and kK = 0,1. Moreover, the
numerical results suggest optimal rate of convergence O(h**1) for all the unknowns.
The Newton’s method exhibits a behavior independent of the mesh size, converging
in average of 2.2 iterations in all cases. On the other hand, in Table 5.6.3 we show
the behavior of our method respect to the total error:

/
€total = (HequQ(O,T;M) + ||et||§2(O,T;Q) + ||ecr||?2(0,T;X)> ;

considering @ = 1,F = 10, and different powers p € {3.0, 3.2,3.4,3.6,3.8,4.0}
in the inertial term |u[P~2u (cf. (5.2.4)), polynomial degree k = 0, and different
meshsizes h. Here we observe that the method provides optimal rate of convergence
independently of p.
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Example 2: Convergence against smooth exact solutions in a
3D domain

In our second example, we consider the cube domain Q = (0,1)3 and the exact
solution:

sin(m x) cos(m y) cos(m 2)
u = exp(t) | —2cos(ra)sin(ry)cos(rz) |, p = exp(t)(x—0.5)7>sin(y+2).
cos(m x) cos(m y) sin(7 2)

Similarly to the first example, we consider the parameters p = 4, = 1, and
F = 10, whereas the right-hand side function f is computed from (5.2.1) using
the above solution. In addition, the model problem is complemented with the
appropriate Dirichlet boundary condition and initial data.

The numerical solutions at time 7" = 0.01 are shown in Figure 5.6.2, which
were built using the fully-mixed Py — Py — RTy approximation with meshsize
h = 0.0786 and 34,992 tetrahedral elements (actually representing 600,696 N).
The convergence history for a set of quasi-uniform mesh refinements using k =
0 is shown in Table 5.6.4. Again, the mixed finite element method converges
optimally with order O(h) for all the unknowns, which, in particular, is better
than the theoretical suboptimal rate of convergence O(h'/*) provided by (5.5.20)
in Theorem 5.5.2 (see also Theorem 5.4.4) for o with d = 3,p =4, and k = 0.

Example 3: Flow through porous media with channel network

In our third example, inspired by [15, Section 5.2.4], we focus on a flow through
a porous medium with a channel network. We consider the square domain 2 =
(—1,1)? with an internal channel network denoted as 2., which is described in
the first plot of Figure 5.6.3. First, we consider the Brinkman—Forchheimer model
(5.2.4) in the whole domain €2, with inertial power p = 4 but with different values
of the parameters o and F for the interior and the exterior of the channel, that is,

B 1 in Q. 4 F — 10 in €.
“T 11000 in Q\Q M 1 1 in Q\Q

The parameter choice corresponds to a high permeability (aw = 1) in the channel
and increased inertial effect (F = 10), compared to low permeability (o = 1000)
in the porous medium and reduced inertial effect (F = 1). In addition, the body
force term is f = 0, the initial condition is zero, and the boundaries conditions are

un=02 u-t=0 on [y, on=0 on I\,

which corresponds to inflow on the left boundary and zero stress outflow on the
rest of the boundary.
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In Figure 5.6.3 we display the computed magnitude of the velocity, velocity
gradient tensor, and pseudostress tensor at times 7' = 0.01 and 7" = 1, which
were built using the fully-mixed Py — Py — RT, approximation on a mesh with
27,287 triangle elements (actually representing 218,561 V). As expected, we ob-
serve faster low through the channel network, with a significant velocity gradient
across the interface between the channel and the porous medium. The pseudostress
is more diffused, since it includes the pressure field. This example illustrates the
ability of the Brinkman—Forchheimer model to handle heterogeneous media using
spatially varying parameters, as well as the ability of our three-field mixed finite
element method to resolve sharp velocity gradients in the presence of strong jump
discontinuity of the parameters. On the other hand, in Figure 5.6.4 we display the
computed magnitude of the velocity by considering the setting o = 1000,F = 1 in
the porous medium, and the parameters p = 3, F € {10, 100, 1000, 10000}, with
a = 10 and 100 (first a second rows in Figure 5.6.4, respectively) in the channel.
Analogously, in the third and fourth rows of Figure 5.6.4, we display the setting in
the channel p = 4, F € {10,100, 1000, 10000}, with & = 10 and 100, respectively.
We observe that in both cases with p = 3 or p = 4 the inertial term F |u[P~?u has
more effect due the faster flow.

Example 4: Flow through porous media with fracture net-
work

In our last example, inspired by [15, Section 5.2.5], we focus on flows through
porous media with fracture network. We consider the square domain = (—1,1)?2
with an internal network of thin fractures denoted as €); that intersect at sharp
angles, which is described in the first plot of Figure 5.6.5. Similarly to Example
3, we consider the Brinkman-Forchheimer model (5.2.4) in the whole domain (2,
with inertial power p = 4 but with different values of the parameters a and F for
the interior and the exterior of the fracture, that is,

“ = { 100(1) E %\ o md F= { 1(1) E %\ Q (56.2)
In turn, the body force term is f = 0, the initial condition is zero, and the bound-
aries conditions are
(—=0.5(y —1),0) on Dy,
on=1< (0, =0.5(x—1)) on Tyottom (5.6.3)
(0, 0) on I'ygne UT'op,

which drives the flow in a diagonal direction from the left-bottom corner to the
right-top corner of the square (2.
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In Figure 5.6.5 we display the computed magnitude of the velocity, velocity
gradient tensor, and pseudostress tensor at times 7" = 0.01 and 7" = 1, which
were built using the fully-mixed P; — Py — RT; approximation on a mesh with
48,891 triangle elements (actually representing 1,222,689 N). We note that the
velocity in the fractures is higher than the velocity in the porous medium, due to
smaller fractures thickness and the parameter setting (5.6.2). Also, the velocity
is higher in branches of the network where the fluid enters from the left-bottom
corner and goes decreasing to the right-top corner of the cavity. In addition, we
observe a significant velocity gradient across the interface between the fracture and
the porous medium. The pseudostress is consistent with the boundary conditions
(5.6.3) and similarly to the channel network it is more diffused, since it includes
the pressure field.

leu ||€°°(O,T;L2(Q)) [eal]e (0,7;M)
N h error rate error rate
304 | 0.3727 2.02E-01 — 2.51E-02 —
1248 | 0.1964 8.73E-02 1.3069 1.09E-02 1.2964
4896 | 0.0970 4.38E-02 0.9772 5.48E-03 0.9806
19456 | 0.0478 2.13E-02 1.0183 2.65E-03 1.0294
77648 | 0.0245 1.08E-02 1.0188 1.35E-03 1.0115
313680 | 0.0128 5.35E-03 1.0755 6.67E-04 1.0769
lecllez0,1,0) lecllez(0,7:x) lepllez0,:L20))
error rate error rate error rate iter
9.23E-02 — 4.99E-01 - 4.31E-02 - 2.3
4.48E-02 1.1299 1.88E-01 1.5214 1.88E-02 1.2980 || 2.2
2.24E-02 0.9782 8.60E-02 1.1116 8.30E-03 1.1563 || 2.2
1.14E-02 0.9617 3.96E-02 1.0954 3.46E-03 1.2360 || 2.2
5.66E-03 1.0427 1.96E-02 1.0539 1.76E-03 1.0131 || 2.2
2.80E-03 1.0790 9.65E-03 1.0865 8.44E-04 1.1264 || 2.2

Table 5.6.1: EXAMPLE 1, Number of degrees of freedom, mesh sizes, errors, rates
of convergences, and average number of Newton iterations for the Py — Py — RT
approximation of the Brinkman-Forchheimer model with p = 4 and F = 10.
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leulles (0,120 leulle20,7m)

N h error rate error rate

932 | 0.3727 5.71E-02 — 5.53E-03 -
3864 | 0.1964 1.39E-02 2.2117 1.31E-03 2.2546
15228 | 0.0970 3.46E-03 1.9675 3.23E-04 1.9787
60656 | 0.0478 8.76E-04 1.9398 8.10E-05 1.9561
242362 | 0.0245 2.20E-04 2.0693 2.04E-05 2.0646
979674 | 0.0128 5.35E-05 2.1671 4.91E-06 2.1801
o [le20.7:%) leplleo.rez@) letll .70 _
error rate error rate error rate iter
3.56E-02 - 6.52E-01 - 6.34E-02 - 2.7
8.44E-03 2.2489 1.83E-01 1.9865 1.14E-02  2.6740 || 2.3
2.07E-03 1.9902 4.98E-02 1.8416 1.85E-03  2.5816 || 2.2
5.24E-04 1.9431 1.31E-02 1.8874 | 3.99E-04 2.1684 | 2.2
1.29E-04  2.0955 3.38E-03 2.0269 | 6.53E-05  2.7076 || 2.2
3.07E-05 2.2019 8.10E-04 2.1911 1.23E-05  2.5544 || 2.2

Table 5.6.2: EXAMPLE 1, Number of degrees of freedom, mesh sizes, errors, rates
of convergences, and average number of Newton iterations for the P; — P; — RT,
approximation of the Brinkman-Forchheimer model with p = 4 and F = 10.

34 0()7

0h | i o 11 e . 01, it Ph ot

Figure 5.6.1: EXAMPLE 1: Computed magnitude of the velocity, velocity gradient
component, pseudostress tensor component, and pressure field.
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N h

p=3.0

€total

rate

iter

p=3.2

€total

rate

iter

304 | 0.3727
1248 | 0.1964
4896 | 0.0970

19456 | 0.0478
77648 | 0.0245
313680 | 0.0128

5.20E-01
1.99E-01
9.18E-02
4.26E-02
2.11E-02
1.04E-02

1.4991
1.0978
1.0834
1.0500
1.0846

2.1
2.1
2.1
2.1
2.1
2.1

5.17E-01
1.98E-01
9.11E-02
4.23E-02
2.10E-02
1.03E-02

1.5005
1.0992
1.0839
1.0507
1.0849

2.2
2.1
2.1
2.1
2.1
2.1

p=34

€total

rate

iter

p=356

€total

rate

iter

5.14E-01
1.97E-01
9.05E-02
4.20E-02
2.08E-02
1.02E-02

1.5017
1.1004
1.0844
1.0514
1.0852

2.3
2.2
2.2
2.2
2.2
2.2

5.12E-01
1.96E-01
8.99E-02
4.17E-02
2.07E-02
1.02E-02

1.5027
1.1015
1.0849
1.0519
1.0854

2.3
2.2
2.2
2.2
2.2
2.2

p=338

€total

rate

iter

p=4.0

€total

rate

iter

5.10E-01
1.95E-01
8.95E-02
4.15E-02
2.05E-02
1.01E-02

1.5035
1.1025
1.0854
1.0524
1.0857

2.3
2.2
2.2
2.2
2.2
2.2

5.08E-01
1.94E-01
8.91E-02
4.13E-02
2.04E-02
1.01E-02

1.5042
1.1034
1.0859
1.0529
1.0859

2.3
2.2
2.2
2.2
2.2
2.2

177

Table 5.6.3: EXAMPLE 1, Number of degrees of freedom, mesh sizes, total errors,
rates of convergences, and average number of Newton iterations for the Py —

Py — RT, approximation of the Brinkman-Forchheimer model, considering p €
{3.0,3.2,3.4,3.6,3.8,4.0} and F = 10.
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leulle=o.r12(0) leulle20,mm)
N h error rate error rate
888 | 0.7071 4.50E-01 — 5.73E-02 —

2916 | 0.4714 3.11E-01 1.2964 3.96E-02 0.9106

22680 | 0.2357 1.60E-01 0.9806 2.06E-02 0.9394

137940 | 0.1286 8.81E-02 1.0294 1.14E-02 0.9831

600696 | 0.0786 5.39E-02 1.0115 6.97E-03 0.9943

letllez0.7,0) lecllezo,7:x) leplle2(0,7:12(02))

error rate error rate error rate iter
2.93E-01 — 2.70E-00 — 1.98E-01 — 3.1

1.93E-01  1.0284 | 1.40E-00  1.6237 1.14E-01 1.3593 || 2.8
9.54E-02  1.0179 | 5.49E-01  1.3470 5.03E-02 1.1810 || 2.3
5.18E-02  1.0068 | 2.67E-01  1.1900 2.26E-02 1.3220 || 2.2
3.16E-02  1.0020 | 1.54E-01  1.1178 1.10E-02 1.4654 || 2.2

Table 5.6.4: EXAMPLE 2, Number of degrees of freedom, mesh sizes, errors, rates of
convergences, and average number of Newton iterations for the mixed Py—Py—RT
approximation of the Brinkman-Forchheimer model with p = 4 and F = 10.

— . A N
0 0.67 13 2 t -3.2 -1.1 1.1 3.2 -3.1 -1.0 1.
[0h | i ki C11p | 012w i Ph

0 31 -0.12 -0.027 0.066 0.16
il

Figure 5.6.2: EXAMPLE 2: Computed magnitude of the velocity, velocity gradient
component, pseudostress tensor component, and pressure field.
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0.01 4.1 83 12 02 86.9 130
L7 R R ™ L

0.11 0.21 03 0. 435
[0 bt (73]

0.

U | it [t | i 10, | b
Figure 5.6.3: EXAMPLE 3: Domain configuration, computed magnitude of the
velocity, velocity gradient tensor, and pseudostress tensor at time 7" = 0.01 (top

plots), and at time T'=1 (bottom plots).
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0.11 0.21 03 0.02 0.11 021 0.3
|

o

0.02 0.11 021 0.3
L LU

— A

0.02 0.11 0.21 03
I

. 0.1
[0 | ettt e (W | e i

021 0.3
INEl

e

Figure 5.6.4: EXAMPLE 3: Computed magnitude of the velocity with p = 3 and
channel setting F € {10,100, 1000,10000} and o € {10,100} (first and second
rows, respectively), and p = 4 with channel setting F € {10, 100, 1000, 10000} and
a € {10,100} (third and fourth rows, respectively).
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0.00018 O‘vUOOAD 0.00062 0.00084 t 1.3e-05 0“0027 0.0054 0.008
e U b e

0002 L™ o,

| 0.0011 0.33 0.67 1
(e
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|
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13005 00027 00054 0008
|
e

e |0,

00011 033 0.67
[, | '

Figure 5.6.5: EXAMPLE 4: Domain configuration, computed magnitude of the
velocity, velocity gradient tensor, and pseudostress tensor at time 7" = 0.01 (top
plots), and at time T'=1 (bottom plots).






Chapter 6

Conclusions and future work

6.1 Concluding remarks

The purpose of this thesis is to extend the analysis developed in the works
[30] and [43], more precisely, we develop mixed finite element methods for dif-
ferent models of partial differential equations, these are, the stationary Navier-
Stokes problem, the stationary Boussinesq model and the unsteady Brinkman—
Forchheimer equations, specifically:

In Chapter 2 we established the a posteriori error analysis for the momentum
conservative mixed finite element method associated to the stationary Navier-
Stokes problem, developed in [30]. Extending standard techniques commonly used
on Hilbert spaces to the case of Banach spaces, we derive a reliable and efficient
residual-based a posteriori error estimator for that scheme. In addition, several
numerical results were provided in order to illustrate the reliability and efficiency
of the estimator, together with the expected behavior of the associated adaptive
algorithm.

Next, in Chapter 3 we have derived and analyzed a new mixed finite element
method for the stationary Boussinesq equations based on the introduction of a
modified pseudostress tensor depending on the pressure, and the diffusive and
convective terms of the Navier—Stokes equations for the fluid and a vector un-
known involving the temperature, its gradient and the velocity. The introduction
of these further unknowns lead to a mixed formulation in a Banach space frame-
work for both fluid and convection-diffusion equations, where the aforementioned
pseudostress tensor and vector unknown, together with the velocity and temper-
ature, are the main unknowns of the system. We have shown that the method is
well posed and optimal convergent. Our approach improves the previous works
[50, 51, 52, 6] in the sense that, on the one hand, it allows conservation of momen-
tum and thermal energy when Raviart—Thomas elements of degree k are employed

183
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for approximating the pseudostress tensor and the vector unknown, and discontin-
uous piece-wise polynomial elements of degree k for the velocity and temperature,
and on the other hand, it avoids the introduction of additional redundant Galerkin
terms into the formulation, thus the method is less expensive. In addition, it allow
to recover through post-processing formulae the fluid pressure, the shear-stress
tensor, the fluid vorticity, the fluid velocity gradient, and the heat-flux in terms of
the discrete solution, conserving the same rates of convergence. These advantages
are illustrated by means of numerical experiments.

Later, in Chapter 4, using the techniques and results obtained in Chapter 2, we
extended the analysis developed in Chapter 3, and we established the a posteriori
error analysis for the corresponding Galerkin scheme. We derive a reliable and
efficient residual-based a posteriori error estimator for that scheme. Finally, to
illustrate the performance of the adaptive algorithm based on the proposed a
posteriort error indicator and to corroborate the theoretical results, we provide
some numerical examples.

Finally, in Chapter 5, we proposed and analyzed a mixed formulation for the
Brinkman—Forchheimer equations for unsteady flows. Our approach introduces the
velocity gradient and the pseudostress tensors, as further unknowns. The intro-
duction of these further unknowns lead to a mixed formulation where the velocity
together with its gradient and the pseudostress tensor, are the main unknowns
of the system. Employing classical results on nonlinear monotone operators, we
established existence and uniqueness of a solution to the weak formulation in
a Banach space setting. We then present well-posedness and error analysis for
semidiscrete continuous-in-time and fully discrete finite element approximations
using discontinuous piecewise polynomials of degree k for the velocity and the ve-
locity gradient tensor, and Raviart—Thomas spaces of order k for the pseudostress
tensor, and backward Euler time discretization.

6.2 Future works

The development of this thesis and the results obtained have motivated us to
new works, some of them are detailed below:

A numerical method for the Navier-Stokes/Darcy problem.

A future goal is to analyse the Navier-Stokes/Darcy problem. In the free fluid
domain €)g, we consider the incompressible Navier-Stokes equations:

Og = —psH+ ZMQ(US) in Qs,
—div og + p(lls : V)US = fs in Qs,
div Us = 0 in Qs,



6.2. Future works 185

where g > 0 is the dynamic viscosity of the fluid, p is its density, ug is the fluid
velocity, ps the pressure, og is the Cauchy stress tensor, fg is a given external
force, and e is the strain tensor:

1
e(ug) = 5 (Vus + (Vus)t).
In the porous medium 2 we consider the following Darcy model:

KﬁluD = —VpD + fD in QD,
diVllD =0 in QD,

where up is the Darcy velocity, pp is the pressure, and K € L*°({)p) is a symmetric
and uniformly positive definite tensor in {2p and fp is a given external force.
Finally, we consider appropriate transmission and boundary conditions.

We propose to extend the works [30] and [78] to the Navier-Stokes/Darcy cou-
pled problem. Our approach consists in coupling the pseudostress-based method
proposed in [30] for the Navier-Stokes problem with the standard dual-mixed for-
mulation for the Darcy model, and using the techniques of chapters 2, 3 and 4
develop an a priori and a posteriori error analysis for the weak formulation.

A posteriori error analysis of the mixed formulation for the
unsteady Brinkman—Forchheimer equations.

As a natural continuation, we are interested in carrying out an a posteriori error
analysis for the unsteady Brinkman-Forchheimer problem studied in Chapter 5.
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