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Abstract

We consider the coupled Navier-Stokes/advection-diffusion equations, with nonlinear con-
ditions across a semi-permeable membrane. This system of partial differential equations arises
from reverse osmosis modeling in water desalination processes. To solve the Navier-Stokes
equations, we use a conservative hybridizable discontinuous Galerkin (HDG) scheme in primal
form. For the advection-diffusion equation, we also employ an HDG method in the primal form.
The main advantage of our formulation, in addition to the conservative property, is the fact
that the size of the global linear system to solve is smaller compared to non-hybrid schemes for
high-order approximations. We show that the scheme is well-posed under smallness assump-
tions on the data, obtain error estimates and present numerical experiments illustrating the

performance of the scheme.
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CHAPTER 1

Introduction

Membrane-based desalination methods have gained attention during the last decade due to
their low energy consumption compared to thermal-based techniques. In particular, the reverse
osmosis process is nowadays one of the most widely used techniques in water desalination
plants [8]. Seawater flows into a channel (called the feed channel) at high pressure, and passes
through the pores of a semi-permeable membrane. The membrane is capable of retaining
colloidal matter and dissolved particles larger than 0.1 — 1.0 nm. Then, after passing through
the membrane, the “almost” pure water is collected in another channel (called the permeate

channel).

The mathematical model includes the Navier-Stokes equations for fluid flow along with
an advection-diffusion equation for salt concentration. In addition, the feed and permeate
channels are coupled by an interface (the semi-permeate membrane) with nonlinear transmission
conditions. Solving this nonlinear coupled system is computationally expensive and therefore
simulations that consider a single channel are preferred. To be more precise, let €2 be a bounded

polygonal domain in R? with boundary 9 as shown in Figure 1.1 and suppose the boundary



can be partitioned into an input I';,, an output I'yy, and two portions describing the membrane,
denoted by ¥, i.e., 9Q = I, U Ty U X. In addition, we denote by n the outward unit normal

vector in 0S) and by my the unit tangent vector in ¥ with the orientation depicted in Figure

1.1.

Fout

by

Figure 1.1: Depicting of a single desalination channel.

We consider the following coupled system of equations

—2uV-e(u)+p(Vu)u+Vp=0, V-u=0 in Q,
(1.0.1a)
—0Ap+u-Vop=0 in €

where w is the fluid velocity, e(u) := 1 (Vu+V'u) is the deformation tensor, p the fluid pressure
and ¢ is the concentration of the salt occupying the domain €2. The given data are the fluid
dynamic viscosity u, the fluid density p and the solute diffusivity through the solvent 6. All

these parameters are positive constants.

Inlet and outlet boundaries At the inlet boundary I'y,, we consider a given velocity profile
u;, and a constant concentration ¢;,. At the channel outlet, denoted by I'yy:, we consider a

do-nothing boundary condition and zero salt diffusion. That is,

U=1Uy, ¢=0¢n on Iy and (2ue(u) —plln=0, Vé-n=0 on Ty (1.0.1b)



Imperfect membrane boundary conditions. The semi-permeable membrane is located at
the horizontal boundaries of the domain, where the velocity and salt concentration are coupled

by the following conditions [3]:

u-my=0, u-n=c—co, (pu—0Vep)-n = c¢p on X,

where ¢y := AAP, ¢, := AiRT and ¢y := B are known positive constants. Here, B is the salt
permeability of the membrane, A the water permeability of the membrane, AP the hydrostatic
transmembrane pressure, 1" the temperature of the system, R the ideal gas constant and ¢
the number of ions in the salt solution. Examples of values for these parameters in realistic
simulations are given in Table 6.5 of the numerical experiments section. After some algebraic

manipulations, we conveniently rewrite these conditions as :

u-my=0 wu-n=cy—cp, OV n+c¢>+c30 =0 on X, (1.0.1c)

where c3 = ¢o — .

This coupled system of partial differential equations is usually solved by CFD models, but in
the literature there is a lack of a theoretical stability and convergence analysis of the numerical
schemes. Recent publications have addressed this topic from the numerical analysis point of
view. For example, [3] proposed and analyzed a finite element scheme for a reverse osmosis
model using Nitsche’s technique. In addition, [2] proposed a conforming mixed finite element
method for a coupled Navier—Stokes/advection-diffusion system modeling reverse osmosis pro-
cesses. The analysis was based on a fixed-point strategy combined for nonlinear perturbations
of saddle-point problems. The main drawback of mixed methods is the large number of degrees
of freedom required to solve the system. This motivated us to consider a hybridizable scheme
in order to reduce the number of globally coupled degrees of freedom. For the Navier-Stokes
part, we consider the hybridizable discontinuous Galerkin (HDG) proposed by [16] and then
analyzed in [13]. This scheme produces a divergence-free and divergence-conforming approxima-
tion of the velocity. For the advection-diffusion equation, we consider the HDG method of [21].

In the literature, we can find conservative HDG schemes for Stokes/Darcy coupling [6, 10],
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Navier-Stokes/Darcy coupling [5]. To the best of our knowledge, HDG schemes for the coupled
Navier-Stokes/advection-diffusion equations with nonlinear boundary conditions have not been

developed, and this is one of the main contributions of our work.

1.1 Preliminaries

Sobolev spaces. Given a Lipschitz-continuous domain O of R? with boundary I', we adopt
standard notations for Lebesgue spaces L!(O) and Sobolev spaces Wh(0), with [ > 0 and
t € [1,400), whose corresponding norms, either for the scalar- and vector-valued case, are
denoted by || - [or.0 and || - [|i.0, respectively. Note that W'(O) = LYO). If t = 2 we
write H'(O) instead of W?(0), with the corresponding norm and seminorm denoted by || - ||1.0
and | - |0, respectively. If [ = 0, i.e., the L?(O) space, the inner product and the norm will
be denoted by (-,-)o and || - ||o, resp. Similarly, for functions defined in L?*(00), we write
;o0 and || - ||lso. HY?(I') denotes the space of traces of H'(O) and H~'/2(T") its dual space,
provided with the duality pairing (-, -)r. Also, given rcr, HY 2(IN“) denotes the restriction to
T of H'(O)-functions.

Variational formulation. Given a portion T of the boundary and a function g defined on
T, we define the following spaces.

H%(Q) ={ve H'(Q):v[z =0} and H,(Q):={ve H'(Q): vz =g}

Let

(co —c1¢)n on X,
9o =
Uin on 1-‘in

and I'p := TNy, U 3. We consider the following variational formulation for(1.0.1): Find (u,p) €
[H} (Q)]? x L3(Q) and ¢ € H} (©), such that

(v,e(u),e(v)o+ (u-Vo,v)g— (p,V-v)o =0 Yo e [Hf ()] (1.1.1a)
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(¢,V-v)q=0 Vqe LQ) (1.1.1b)
OV, Vr)g+ (u-Vo,r)o=0 Vre H. (Q). (1.1.1c)

Showing well-posedeness of (1.1.1) is not trivial due to the nonlinearities and the boundary

condition on Y. This is out of the scope of this thesis, and will be addressed in a future work.

Domain discretization and mesh-dependent inner products We denote by {7} a
family of shape-regular triangulations of €2 made of triangles. For simplicity we assume that it
is free of hanging-nodes. Given K € T, we denote by hk its diameter and ng its unit outward
normal. If there is no confusion, we will write n instead of nx. Moreover, the set of interior
and boundary edges of 7~ will be denoted by £ and £?, resp., and set £ := £ U E?. Also, if T’
is part of the boundary 0, ' will denote the partition of I" induced by 7. We define by 07T
the union of the boundaries of the elements K € 7. The diameter of an element e € £ will be

denoted by h,.
We also define

('7 ')T = Z ('7 )K ) <'7 '>a’7’ = Z <'7 '>6K and <'7 '>€ = Z <'7 '>e :

KeT KeT ecl

where (-, )k, (-,")ox and (-,-), are the standard L* inner products over an element K, its

boundary 0K and face e, respectively.

We denote the trace operator by v : H*(Q) — H*~'/2(9T) to restrict functions in H*() to
OT. The trace operator is applied component-wise for functions in [H*(2)]2. We also denote

by v, @ H(div,T) — H~Y/2(9T) the normal trace operator.

Finally, given k € NU {0}, we denote by P;(K) and Py(e) the spaces of the polynomials of
degree at most k defined on K € T and e € &, resp.

L?-projections. In this thesis, we will work with the following finite-dimensional spaces de-

fined locally over elements of the triangualtion 7 (for k£ > 1):

Vi = {vn € [L2()]*: vy, € [P(K))?, VK €T},

5



1.1. Preliminaries

Qh = {qh€L2(Q) thepkfl(K),VKET},
Chp={r, € L*(Q) :r, € P(K),YK €T},

where the subscript h stands for the meshsize h := max hi. Let W € {Vj,Qp,Cr}. Given a
function v defined in W, we denote Ily, its L:-projetion over W. It is well-known that [7], for

all K € T, there exists a constant C' > 0, independent of A, such that
lv — Owolx < Chillv]s.x (1.1.2)

for s € {0,...,1 + 1}, where [ is the polynomial degree of the local spaces that define W.

In addition, for the discretization of the traces, we will consider the finite-dimensional spaces

defined on the skeleton &,

Vh = {’ljh - [LQ(g)]Q vy, € [Pk(e)]2 Vece g},
Qn:=1{@pm € L*(&) :q, € Pe)Vec&}
C’h = {fh ELQ(E) : fhePk(e)Veeé'}.

Let W € {V},Qn, Cy}. Given a function © defined in W, we denote Iy its L2-projetion over
W. It also known that [7], for all e € &, there exists a constant C' > 0, independent of h,, such
that

1o = Twolle < Che[[0]ls.e (1.1.3)

for s € {0,...,1 + 1}, where [ is the polynomial degree of the local spaces associated to w.

We end this section by mentioning that we will use the same font to denote scalar-, vector-
and tensor-valued functions, depending on the context. Also, to avoid proliferation of unimpor-
tant constants, we use the notation a < b when there exists a positive constant C, independent

of h, such that a < C'b.



CHAPTER 2

The advection-diffusion equations

In this section, we derive the HDG method for the advection-diffusion equation

V-(pw—-60Vep)=0 in (), (2.0.1a)

where w is a given divergence-free velocity field. The boundary 02 is divided in three disjoint

parts: I'ow, X and I'y,. In addition, we consider the following boundary conditions

¢= ¢ on L, (2.0.1b)
Vo-n=0 on [ou, (2.0.1c)
(pw —OV@) -n=cop on X, (2.0.1d)

where we recall that ¢y is a positive parameter.

Remark 1. It is assumed that w - n > 0 on the boundary I'y,y U 3. In our application, this is
actually the case since water flows out of the channel through the membrane. In fact, from

(1.0.1) u-n = ¢y — ¢;¢. The magnitude of the constants ¢y and ¢; are of the order 10A and

7



2.1. An HDG scheme for the Advection-Diffusion Equation equation.

103 A, respectively, where we recall that A is the water apermibility of the membrane. Moreover,

the magnitude of the inlet concentration ¢y, can take values form 0 to 600.

2.1 An HDG scheme for the Advection-Diffusion Equa-

tion equation.

To discretize the advection-diffusion equation (2.0.1b), we consider the ‘cell’ function space
Cpi={rne L*(Q): r, € P(K), VK €T},
and the ‘trace’ function space
C_',g ={r, € L*(&): 7, € P(F) ,Y F € F,, ©, =Igg on Iy},

where g is a given function at the boundary I, and II¢g is the L2-projection over C_'g restricted

to EMm. We set Cf := O}, x Cf. We also write r := (r,7) € CY.

Local equations. Given an element K € T, the outflow (w-n > 0) and inflow (w-n < 0)
portions of its boundary will be denoted by 9K+ and 0K, respectively. We set T+ :=
UgerOK®.

Let us denote by ¢, the approximation of ¢. We define o4 := ¢p,w — V¢, and the corre-
sponding numerical flux
03¢
hi
(én — on)

Gy - n =p (W) — Cyn(w) (e — &h) — OV + (én — &h) (2.1.1)
03¢
hy

=0y -1 = CYa(w)(Pn — ) +

where 5¢ > 0 is a penalty parameter, ¢y, is the approximation of the trace of ¢ at the skeleton,
(=00on0d7" and ( =1 on 9T . We also recall that ~,(w) denotes the normal trace of w over
aT.
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Then, we discretize (2.0.1) as follows:

— Z / o4 Vry doe + Z / Gy -nrpds =0 Vry, € CY,. (2.1.2)

KeT KeT

Global equations. Imposing normal continuity on the numerical flux (2.1.1) and using

(2.0.1b), we find for all 7, € C,

Oy - NTpds + / Oy - nrpds
o

Z/ Gg - m“hdS—/ oy - nry ds +

KeT i Tout

But, 7, = 0 on I'y,, and 04 - n = ¢y, (w) on I'oye and o4 - n = ca¢p on 3 so that

Z/ O - nrhds—/

KeT out

Y (W) Prpds — / codprpds = 0.
)
Combining this expression and (2.1.2),

— Z / oV dr + Z/ Gon(ry, — ds+/ (W (brhds—i—/cg¢rhd3—0.

KeT KeT Tout

Now, using the definitions of the fluxes, we obtain

- Z/qﬁw Vry dz + Z/evqs Vry dz

KeT KeT
660
+I§T/ ($=-Llo- qb))’yn( ) =T d8+g7/1< hx (¢ — ¢ (rn — 7Tn) ds

= [ 6Vo-n(ra—r)ds— 3 / OVry, - n(d — ) ds
KeT

KeT

+/F ’7n(w)¢§77h ds + /Z CQQE'F}Z ds = 0.
Let us introduce the forms

05, (w; ¢, 1) == — (pw, Vr)r + (¢ = ((¢ — 8)) v (W), 7 = T)or + (D (w), F)res  (2.1.38)
CLZ(¢, T) = (9V¢7 VT)T + <966hl_(1 (¢ - d_))a r— 77)87’
— (V¢ -n,r —P)or — (OVTr -1, — @)or. (2.1.3Db)



2.1. An HDG scheme for the Advection-Diffusion Equation equation.

The HDG scheme to discretize (2.0.1) reads: Find ¢, € C;™ such that, for all v, € C},
0 (w; @, Th) + a5 (P, Th) + (Catbn, Ta)s = 0. (2.1.4)
Lemma 2.1.1 (Consistency). Let ¢ = (¢,v(9)), with ¢ € H*(2), a solution of (2.0.1) then
of (w; @, v1) + a5, (P, 1) + (c2v(9), )z =0 Vry € Cp.

Proof. Let ¢ = (¢,v(¢)) with ¢ € H*(Q2) a solution of (1.0.1a). Then, by (2.1.4) we obtain

0h (w; @, 71) + ag (@, mh) + (c2V(9), Th)s = — D /quw-whdx+ 3 /KQVQS-Vrhdx

KeT KeT

+ 2 /8K On(w)(rn —Ta)ds = 3 /aK ONG - n(rn —7n) ds + /EC2<Z_577h ds

KeT KeT

+ /F Vo (W) 7, ds.

We now analyze the case 7, = (r3,0). Integrating by parts we have that

0 (w3 6, (1, 0))) + a5(6, (. 0) = = X [ ow - Vmdr +3 [ ona(wirnds = [ 0V (Vo da.

Integrating by parts the first term,
of,(w; @, (1, 0))) + aj (¢, (14,0)) :Z/K V- (opw)ry dx — Z/KQV (V@)rpdx = 0.
K K
On the other hand, for the case 7, = (0,7}), we have that

-y /BK oY (w)rpds + >

KeT KeT

/ OV ¢ - nry, ds+/ CoTy, ds+/ Yn(w)ory, ds
0K = Tout

=~ [ om)inds = [ om(w)mds+ Y

Tout KeT

/ OV & - niry ds + / Codin ds + / () b7 ds
aK by l_‘out

:—/ ¢%(w)fhd8+/ 9V¢'nfhd8+/ QV¢‘n77hd3+/ cogpry, ds = 0.
) by Fout >

Finally, we conclude that the scheme is consistent after combining both cases. O

10



2.2. Well-posedness.

In order to deal with homogeneous Dirichlet boundary conditions, and considering the fact

that ¢y, is constant, we define z¢ := ¢y, — @i, where ¢y, := (Gin, Oin)-

Then we can write (2.1.4) as: Find 2¢ € C} such that:
Az r) = F(r) vr € C), (2.1.5)

where F(r) := =0}, (w; @in, ) — af(Pin, ) — (C2¢in, Th)x = (Pin(C2 — Wm(w)), 7).

2.2 Well-posedness.
Our analysis will be based on the arguments provided in [21]. Let us introduce the spaces
C*(h) == C, + HE (Q),  C*(h) == CY + HY*(9T;) (2.2.1)

and C*(h) := C*(h) x C*(h), where H} () is the space of H'(Q)-functions with zero trace on
Iy, and Hﬁ{f((‘?’ﬁl) is the trace space of Hf. (Q) N H?(2). We also consider the following norms

for a function r = (r,7) € C*(h):

Irllp = (16"29r |3+ [162h ! (r = 7)II37)
_ _ _ 1/2
Il == (Il + ()20 = D37+ ()27, + llFEor,.,)
1/2
Illa = (Nrl? + 32 hK|rw-w||3,K) ,
KeT

1/2
[l := <|||'r|||i+ > htllw - VrllE s+ 3 (@) F ox- + D ||I%(w)|1/27“||3,az<+> :
KeT KeT KeT

where w is a given velocity. Furthermore, the following discrete Poincaré inequality holds [7,

Theorem 5.3]:

Irllr < ellrllun < cllrlls vr € Cy, (2.2.2)

11
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where ¢, is a constant independent of hy. In addition, according to [12, Theorem 4.4}, there

exists ¢, > 0, independent of the meshsize, such that
Irllops < cullrllp Vr e C} (2.2.3)

and r > 2.

Lemma 2.2.1. Let w € V;, N H(div;2). There exist positive constants M,, M,, My and My,
independent of h, such that,

of(wiv,v) <Mllwllaalvlolrlo Yo € [H(T)? x [L2E)¥reC)  (224a)
a5 (v, 7) <M [Jollolrlo Vo € C*(h), ¥r € CY, (2.2.4b)
A(w, ) <Ml vl Vo,r € C*(h). (2.2.40)

where My = max{M,||w|os.0 + M., 1} and

A(v,r) = of,(w;r,v) + aj (v, ) + (20,T)s.

In addition, if w € V;, N H(div,Q) and w|r,, =0, then
of(w; v, 1) <Molwllipllvlplrllo Vo € [H(Tp))* x [L*(€)], Vr € Cy, (2.2.4d)
where ||wl|1p := [|(w, {w})]p.

Proof. Inequalities (2.2.4a) and (2.2.4d) can be obtained by the same arguments as in the proof
of Proposition 3.4 in [4], but now considering that 7 vanishes in part of the boundary. Estimate
(2.2.4b) has been shown in Lemma 4.3 of [14]. The last inequality is a consequence of the other

two.
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2.2. Well-posedness.

Lemma 2.2.2. Let w € H(div,Q) be divergence-free and » € H*(T) x L*(E). It holds

1

op(w; T, 7) = ;IH%(W)I”Q(T‘ = Mlor = 5 0m(w), )oa + (n(w), P)rou.- (2.2.5a)

Moreover, if 3¢ is sufficiently large, there exists C% > 0, independent of h, such that
as(r,r) > Ctlrl3 VreCp. (2.2.5Db)

In addition, if ||y.(w)||s < C%/(2¢s), with cg a positive constant independent of h appearing
in the proof, then

A(r,r) > CT||r|% vr e C}, (2.2.5¢)

where CT:= C? /2.

Proof. Let w € H(div,) be divergence-free and » € H'(T) x L*(€). We have (rw,Vr)y =
+{((w) r,7)7; and recalling that ¢ =0 on 7+ and ( =1 on 7, we have

of(w;r,r) = — ;<r Yo(W), )or + (ryn(w),r — o+ + (Fyn(w),r — For— + (Fya(w), Fr,.
1

= = S 0mw), Pors = 5 (), 2)ar- + (), =)o
1/2=

+ (W), 7 = 7)o + |1 (W) V7L,

1 _ 1 _ _ _
= S On(),r = 2 )ars = S(aw), =2 + 27 + )7 + ()7,
1 _ 1 _ 1 _
= S On(), (0= ars = SOn(w),Pare = 5 (lw), (0 = 7)o
1 _ _
— S (@), Phar- + (@) PAIR,,

1 _ 1 _ _
= Slha(@) 26 = Dy = 50(0), o7 + | a(w) 7R,

Since w € H(div,{2) and 7 is single-valued and vanishes in I'j,, we obtain (2.2.5a).

On the other hand, let » € CJ. We have that

ai,(r,m) = |02V |5+ [[(658) 2 hi (r = 7) |57 = 206V - n, v = For.
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2.2. Well-posedness.

By the discrete trace inequality, there exists Cy,. > 0, such that

12(0Vr -n,r —For| < 2D 0|Vr-nlloorlr — Flloor

TeT
< 20, Y672V 0o |0 2h P (r — F)llo.or
TeT
<3 ||01/2V7~||0T+n S0V (= 7))12 o
TGT TET

< 102Vl + G0 it 2 = 7R o
Then,
a5 () > 10V + 16252 ~ Cdhi 2 = 7).

which implies (2.2.5b).

1/2

Finally, since A°(7,r) = aj,(r, ) + of (w; r,r) + |||, (w)[*7|}. . + 2| 7|3,

A(r,r) =ay(r,7) + op(wir, 7) + ||| n(w )I”erlrom + o713
c 1 =
=ap(r,7) + §|||%(w)|1/27“!\%out - QHI%( w)| 273 + o713
1 _ 1
>Collrlln + il\l%(w)!”?r\l%m = 5w w)| 273 + e 713

1
>Callrly = 5l (w)[727E, (2.2.6)

where we have used (2.2.5a) and (2.2.5b).

Now, following the arguments in the proof of Lemma 6 of [5], we have that

() 2711 <21 (w )|1/2(7‘—f)||2z+2||l%(w)ll/27“ll22

=23 [ @) (r =7 +2 3" [ Jy(w

ece> ’ € ece= " °
<2 > m)llellr = 75 ae +2 D Im(w)llel7 /15 4.
ec&™ ecE™

By a scaling argument, it is possible to show that there exists c¢f.; > 0, independent of h, such

14



2.2. Well-posedness.

that [[ulo4.e < ceq hZY4 | ulo.e, for all p in finite dimension. Then,

(w2718 <2 37 (o) Im(w)lleh 2l = 7l +2 32 Im()llelirlg e

ec&® ecEE

<2¢ic 1l (@)l IrlD + 2l (W)l 1711645

where cg.1 = max ¢5.1- To bound the last term we use (2.2.3), and obtain
eC ’

v ()| 27]1% < 2(cEey + et ) (W) |5 13- (2.2.7)
Thus, replacing this inequality in (2.2.6), we have

A(r,r) = (Cf = cocllm(@)]ls) IrllD

with ¢, = 2(c2, | +¢;.). The result is derived from the fact that ||, (w)|s is small enough. [

Theorem 2.2.3. If ||y, (w)||s < C%/(2¢4), then the HDG scheme (2.1.5) (equivalently (2.1.4))

is well-posed. Moreover,

lonllo < Crlidm(ca = m(w))]s. (2.2.8a)

and

16nlls: < Crligm(cs = yn(w)ls + | dlls- (2.2.8)

with Cp := (CY) ' max{0~2n'/2 ¢,,} and Cp = (C1) "' max{0~/2h/2 ¢, }2.

Proof. The bilinear form A° is bounded and coercive according to Lemma 2.2.1 and (2.2.5a).

Moreover, the functional F' is bounded. In fact, let r € C}.

F(r) :=(dm(ca = m(w)), T)s < [lPim(ca =y (w))|[2[l7]ls-
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2.2. Well-posedness.

Now, according to [12, Theorem 4.4], there exists ¢;. > 0, independent of h, such that
Irlls < cullrllo Vr € Cy. (2.2.9)
Then,
17lls < llr = 7lls + Irlls < max{6~2h'%, ¢, }rlp Vr € C (2.2.10)
and
F(r) < max{Q_l/zhl/Q, Cir }|Pin(c2 — n(w)) ||z |7 o-

Therefore, by the Lax-Milgram lemma, we conclude that the HDG scheme (2.1.5) has a unique
solution. In addition, by the ellipticity property (2.2.5¢), we have that

CHl=°lp < A%(2°, 2°) = F(2°) < max{07'2h"2, i} dun(c2 — a(w)) s

[0s 120 -

Then,
Iz°lp < (CT) "' max{6~12h'2, ¢y Y| pin(c2 — Y (w)) |-

The first statement follows after noting that |¢n|lp = ||z°|p. Finally, by (2.2.10) and the

previous estimate,

¢nlls: <llén — Ginlls + | Sinlls
<max {0702, ey H|2p + | il

<(C1) " max{072012, ¢} | din(cz — (W) 2 + [ funlls,

which implies the last statement. [
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CHAPTER 3

The Navier-Stokes equations

This chapter is devoted to the introduction of the HDG scheme used to approximate the solution

of the incompressible Navier-Stokes equations in a domain Q0 C R?, that is,

Veo=f in €, (3.0.1a)
Vou=0 in Q, (3.0.1b)

where 0 := 0, + 04, 04 == uQ®u, o4 := pl — 2ve(u), f € L*(Q) is a source term, v := pu/p > 0
with p the fluid dynamic viscosity and p the fluid density. We split the boundary 02 into

Dirichlet (I'p) and Neumann (I'yy) parts, and consider the following conditions:

u=gp on I'p, (3.0.1c)

ogn=20 on oy, (3.0.1d)

where gp is a given function.

17



3.1. An HDG scheme for the Navier-Stokes equations.

3.1 An HDG scheme for the Navier-Stokes equations.

For the discretization of the Navier-Stokes equations, we introduce the ‘cell’” function spaces

Vh = {Uh - [L2(Q)]2 v € [Pk<K)]2, VK€ 7-},

Qh = {qh c LZ(Q) D gp € P]{;fl(K)’v K € T},

and the ‘trace’ function spaces

th = {’ljh S [LQ((C:)]Q DUy € [Pk(e)]2 Vee g, vy = ﬁvg on FD},
Qn={G € L*&): Gy € Pule) Veeck},

where g is a given function at the boundary I'p and Iy g is understood as the L?(&)-projection
Iy restricted to £, We set V)Y :=Vj, x V) and Q), := Qp, x Q.

Given functions v € V}, and © € V}?, we denote v := (v, v) € V7. Similarly, q := (¢,q) € Qx
when ¢ € Qp, and g € Q.

3.1.1 Derivation of the discrete momentum equation.

The local problems. Let us denote by o;, and u; the approximations to ¢ and wu, and also
set o := Oup + Odp, Oap = Up @ Up, 0qp = ppll — 2ve(up).
Considering (3.0.1a) in an element K, multiplying by a test function v,|x € Pi(K), inte-

grating by parts over K and adding over all the elements, we have the following:

3 Jlcons Vo dot S [ oo ds
- Z /KQVg(Uh)”'(Uh —up) ds = Z /Kf-vh dr, (3.1.1)

Ker 79 KeT

where the third term on the left-hand side is a consistent symmetrizing term for the diffusive
part, uy, is an approximation of the trace of v at the skeleton, and &3, is a numerical flux on the

cell facets to be defined properly. In particular, we set 6,n := 6,51 4 04,n With the advective
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3.1. An HDG scheme for the Navier-Stokes equations.

part given by

&a,hn = (uh . n)ﬂh + )\u(uh — ?_Lh),
with A\, a stabilization parameter to be determined, and the diffusive part defined as

2V
6d7h = ppll — 2y5(uh) + T(uh — ﬂh) Xn,
K

where o > 0 is a sufficiently large penalty parameter. Replacing these definitions of the fluxes

(3.1.1), we obtain the following.

Z 2ue(uy) : e(vy) do — Z /Kuh ® up : Vo, dx — Z /Kvah dx

KeT 7K KeT KeT
_ 2V _

+ Z / vpp ds — Z / 2ve(up)n - vy, ds — Z / —vp(up — up) ds

ier oK Ker /oK e Jo e (3.1.2)
+ > / o ((up - n)p 4+ Ao (up — wp))n ds — > / 2ve(vp)n - (up — up) ds

ket 7K oo Jox
=% [ fondz,

KeT 7K

1 if up-n>0
where A\, == up - n

0 if u,-n<0

The global problem. To impose continuity of the normal flux, considering the Neumann

boundary condition, for all o, € V}?, we have the following.

Z / 6hn-17h ds :/ 5'(17}171-@;“
0K

KeT Tout

because o4n = 0 on I'yy. Moreover, since u - n > on 'y, from the above expression we have

Z /{m onpn - vy, ds :/ (up, - n)upvy ds,

KeT Fout

Writing out the definition of the numerical flux 6;,, we obtain
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3.1. An HDG scheme for the Navier-Stokes equations.

/Fom(uh -n)up(—vp) ds =Y /aKﬁhn (=) ds — ) /BK we(up) - (—vp) ds

KeT KeT
2o
+ —(up, — uy) - (—vy) ds
KEGT: - hK( h— Un) - (—0p)

3.1.2 Derivation of the discrete mass equation.

The local problems. Mass conservation (3.0.1b) is imposed by

Z/thv-uhdxzo Yan € Q.
KeT

(3.1.3)

(3.1.4)

The global problem. The following equation imposes the continuity of the normal compo-

nent of the velocity field:

OZZ/ath(Uh_ﬂh)'ndS \V/(_?hGQh.

KeT

(3.1.5)

We end this section by summarizing the equations obtained and writing the HDG scheme

in a compact form by introducing the following forms:

ay(u,v) :=2ve(u),e(v))r + Quahg (u — 4), (v —0))ar

— Q2u(u—1u),e(v)n)or — 2ve(u)n, (v —0))or

op*(w;u,v) :=— (u@w,Vu)r + ((w-n)u+ A\p(u — u))n, v — 0)or + ((w - n)u, v)r,,,

bZS(Qa ’U) = (Q7 A U)T + <q_7 (U - 1_}) : n>8T

Ly () :=(f, vn)T,

where we recall that u = (u,u),v = (v,0), ¢ = (¢,¢). Then, adding (3.1.3) and (3.1.2), and
subtracting (3.1.4) from (3.1.5), the HDG method reads as follows: Find (us, pn) € V,'2 X Qp,
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3.1. An HDG scheme for the Navier-Stokes equations.

such that

CLZS(’U,h, ’Uh) + ozs(uh; up, ’Uh) + bzs(ph, ’Uh) = Lzs(vh) V’Uh c ‘/hO’ (3.1.6&)

sz(qh,uh) =0 Vg, € Q. (316b)

This scheme has the following mass conservation property [16, Proposition 1]:

V-u,=0 VK €T, (3.1.7a)
(ujf -nt +uy n)e=0 Ve € &, (3.1.7Db)
up-n=u,-n VYeeé&?, (3.1.7¢)

where, for an interior facet e shared by two elements K~ and KT, v* denotes the trace over

OK=* of a function v.

The HDG scheme (3.1.6) has been analyzed in [13] for the case of a homogeneous Dirichlet
boundary value problem. In our context, we have mixed boundary conditions with nonhomo-
geneous Dirichlet part. Then, to adapt the results provided in [13], we will make a change of

variable. Let z := u; — ¢, with ¢ := (0, ¢) and

ﬁqu I'p

A
i

0 OO\ p

Then, (3.1.6) is equivalent: Find (z,py) € V; x Q) such that:

ap’(z,vp) + 0% (2n; 2, v5) + b3 (Pr, vn) = F(vp) Yo, € V), (3.1.8a)

bzs(qh,uh) =0 Vaq, € Q.. (318]3)

where F(vy,) = L} (vy,) — ap*(p,vn) — 07 (2; ¢, vp).

Notice that of*(un; @, vp) = (up - NG, vp)r,, = <Uh'nﬁqu,’l)h>1“in = (ﬁqu-nﬁqu,vh>p

in?
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3.2. Well-posedness.

thanks to (3.1.7c), and

ay (e, vn) = uah M yup, v — 0)r, + 2ullyup,e(v) - n)r, — (ue(lyup) - n,v — V)r,.

3.2 Well-posedness.

The following result states the consistency of the HDG scheme (3.1.6). It can be deduced from

the arguments in [13] and [14].

Lemma 3.2.1 (Consistency). Let H, = {v € [HY(Q)]* : v(v)lr, = up}. If (u,p) €
[H (Q)]> N [H*(Q)]* x L§(Q) N H'(Q) is solution to (3.0.1), then

ap’(w,vp) + op®(u; w, vy) + 03°(p, vi) = L (vn) Yo, € V), (3.2.1a)

by (gn,u) =0 Vg € Qy, (3.2.1b)

where u = (u,y(u)) and p = (p,v(p)).

We now present stability and boundedness results that can be deduced from [13]. We define

the spaces
V(h) = Vi + [HE (P N [HX Q) Q(h) := Qp + LA(Q) N HY(R)
V(h) =V + [HZ2 (0T, Q(h) := Q) + Hy*(T),

where Hf (1) is the space of H'(Q)-functions with zero trace on I'p, H?f(@’ﬁb) is the trace
space of Hp () N H?*(Q) and Hy?(OT) is the trace space of L2(Q) N HY(Q). Let V*(h) :=
V(h) x V(h) , Q*(h) := Q(h) x Q(h) and X*(h) := V*(h) x Q*(h). Frequent use will also be

made of functions in the following space:

‘/hdiv ={v, € V;, : b (qn,vn) =0 Vaq, € Qu}.
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3.2. Well-posedness.

We introduce the following mesh-dependent inner-products and norms:

(u,v), := (e(u),e(v))7+ D hx'(u—u, v — v)ox u,v € V*(h), (3.2.2a)
KeT
lolls == >~ lle)lik + > Ao = vli5k v e V*(h), (3.2.2b)
KeT KeT
2
IollZ = llvll2 + > he @ v e V*(h), (3.2.2¢)
KeT oK
lall; = llall* + >_ hxllalidx q € Q*(h), (3.2.2d)
KeT

where we note that ||-||s and ||-]|¢ are equivalent in V;?, thanks to the discrete trace inequality.

We also define

(v, @I, = vilvls + v llall, (v,q) € X*(h),
2
(0, @z = (v, @IE, + X vhue| 5o =vllolls + v llally (v ) € X*(h).
KeT 0K
The standard discrete H'-norm for v € V(h) is defined as ||v|;n = ||(v, {v})]s, where
{v} := 1(v" +v7) is the average operator, and v* denotes the trace of v from the interior of

K*. Furthermore, we will make use of the following discrete Poincaré inequality:
[onllT < epllonllin < cpllonlls Yo, €V, (3.2.3)

where ¢, is a constant independent of hy [7, Theorem 5.3]. In addition, according to [12,

Theorem 4.4], there exists ¢, > 0, independent of the meshsize, such that
lvnllosrs < collvlls VYou € V! (3.2.4)
and r > 2. Also, for e € £ there exists ¢, > 0, independent of h, such that

vnlloae < Cegllhc*v]l02e Vor € Prle). (3.2.5)
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3.2. Well-posedness.

For a sufficiently large stabilization parameter «, it was shown [15, Lemmas 4.2 and 4.3]
that the bilinear form a}*(-,-) is coercive and bounded, i.e., there exist constants ¢ > 0 and

c® > 0 independent of h such that for all v, € V;¥ and u € V*(h)
ay’(vn, vn) > vegllonlls and  Jag(w, vn)| < veglulls flonlls. (3.2.6)

The bilinear form b}*(-,-) is also bounded [15, Lemma 4.8], that is, there exists a constant

¢} > 0, independent of h, such that for all g, € Q, and v € V*(h),

163" (@, )] < cpllolllgnl,, (3.2.7)

while the following inf-sup condition was proven in [17, Lemma 1]. There exists a constant

Bp > 0, independent of h, such that for all g, € Q5

b7* (g, v,
Byllanll, < sup - (dn:2n),
onevy  llvalls

Therefore, (3.2.6) and (3.2.7) imply the following discrete inf-sup condition. There exists a
constant C* > 0, independent of h v, such that for all, (vi, qn) € V) x Q;,

s a}®(vp, wy) + 07%(qp, wy) — 03%(ry, v
Clomallp < sup (O Wn) TG wn) = b, on) (3.2.8)

(wn, ) €Vy %@, [l Cwn, ) llsp

In addition, by Proposition 3.4 in [4], there exists M® > 0 such that, for all w € V(h),
u € [HY(T,))? x [L*(€))* and v € V},

oh” (w; u,v) < Mg=[[w]|pllulls[lv]ls. (3.2.9)

Moreover, from the proof of Proposition 3.4 in [4], we can deduce that, there exists M} > 0

such that, for all w € Vj, N H(div,Q), w € [H(T3)]* x [L*(€)]? and v € V}?,

oh” (w; w, v) < Mi®|[wlloaollwllslvlls. (3.2.10)
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3.2. Well-posedness.

The following identity will also be useful. Let w € H(div,Q) and v € [H'(T)]* x [L*(&)])*.
It holds

1 _ 1 _ _ _
op*(w;v,v) = —i(w "NV, V) o0 + §<|w ‘n|(v—="2),(v—20))ar + (Jw-nlv,v)r,,, (3.2.11)

and its proof follows from [4, Proposition 3.5].

Theorem 3.2.2. Let C(f,up) := | flla + vei|h " Myuplr, + ¢l yup|isr,- The HDG

scheme (3.1.8) has at least one solution w, and satisfies
lunlls < dnsC(f, up), (3.2.12)

with d,s > 0, independent of h. Moreover, if

C(f? uD) <

then the solution is unique.

Proof. Let vy, € V2. By (3.2.6), We have that

IE (wn)llr <ILf (wn)ll7 + vesllelsllonlls + [(Myup - nTvup, vn)r,|
<lIflellvallr + vesllelsllonlls + ITvunlig o, lvallozrs,

<lIflellvallr + vezlllsllvnlls + co ITvuplg o r, lonls,

where we have used (3.2.4). Since ||| = ||h~/*TIyupl|r,,, we obtain

1El7 < I flle +vellh™*Myup|r, + el Myvupllgar, =: C(f up)-

Since C'(f,up) < (Vcif, by following the same steps of the proof of Lemma 1 in [13] adapted

S
)

to our context, we can deduce that (3.1.8) has a solution and satisfies

C
I2lls < -ZC(f,up)

S
a
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3.2. Well-posedness.

The estimate in (3.2.12) follows after noticing that |u|s < ||z||s + [|¢|ls and setting d,.s :=

Finally, assuming C'(f,up) < (252)2, from the same steps of the proof of Lemma 1 in [13]
o-P
we can deduce uniqueness.

]
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CHAPTER 4

The Coupled Problem.

Taking into account the HDG schemes in Sections 3.1.2 and 2.1, the HDG scheme to discretize

(1.0.1) reads: Find (ws, pp) € Vi x Q) and ¢, € C™ such that:

ap’(wp, vy) + 0p° (up; wp, vy) + by (pr,vn) = Ly (vp) Yo, € V}lo,
by*(gn, up) =0 Van € Qn,
05 (up; dn, 1) + a5 (dn, ) + (cadn, Th)s = 0. vr, € C},

where, for the Navier-Stokes part, I'p = I';, U X and

(Co - Clﬁgh)” on X,
9, =
Uin on I'y,.

(4.0.1a)
(4.0.1b)
(4.0.1c)

(4.0.1d)

Remark 2. We observe in (1.0.1) that f = 0, but we will keep it to cover the case of non-zero

sources.
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The following result is a consequence of Lemmas 3.2.1 and 2.1.1

Lemma 4.0.1 (Consistency). Let (u,p) € [H;¢(Q)]2O[H2(Q)]2 x L3A(Q)NHY(Q) and ¢ € H*(Q)
solution of (1.0.1a). We have

ap’(w,vp) + op®(u; w, vy) + bp%(p, vr) = L (vh) Yo, € V)2, (4.0.2a)
by’ (gn,w) =0 Van € Qn, (4.0.2b)
o (u; @, 1) + aj(d,mh) + (c2v(9), Th)s = 0. vr, € Cy, (4.0.2¢)

where u = (u,y(u)), p= (p,v(p)), & = (p,7(¢)) and we recall that

H,, (Q) = {ve H(Q) :v(v)lr, = g4}

To analyze the well-posedness of the HDG scheme (4.0.1), we will use a fixed-point strategy.
To that end, we define the following operators associated with the Navier-Stokes and advection-

diffusion solvers. More precisely, let

S - C_r;fin N ‘/hdiv

fr— S(p) = u,

where VAV := {v;, € V}, : b%(qn, vi) = 0,VYq, € Qp} and u” is such that (u”, p*) € V;'* x Q,

is the only solution (Theorem 3.2.2) to

ap’(u”,vp) + op (u*; u?, vy) + 0% (P, vn) = Ly (vp) Vo, € VY, (4.0.3a)

bﬁs(qh,u“) =0 Vaq; € Qh, (403b)
where we recall that the Dirichlet data is given by

(co —cip)n on X,
u =
Uin on I'j,.
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In addition, let

T - ‘/hdiv N C_rhin

w s T(w) = ji",
where i is such that p* = (u¥, %) € C;™ is the solution to
oy (w; ", r) 4 aj (", ) + (et Th)s = 0, (4.0.4)

for all 7, € Cp. According to Theorem 2.2.3, if ||y, (w)||s < 2R, this problem is well-posed. In
addition,

lello < Crligin(ca = vn(w))lls,

and
I2lls < Crllém(ca — vu(w) s + | Gimlls- (4.0.5)

Showing well-posedness of the HDG scheme (4.0.1), is equivalent to finding a fixed-point of

the following operator:

J:Cr— "
p—s T () = (1, (T 0 7).

A Ct
Let us define the convex set B := {u € C;™ : oi”?||ills < R} where R = 1 “. We recall that

Cst

C! > 0 and ¢y are the constants defined in Lemma 2.2.2.

Lemma 4.0.2. Let us assume the following conditions on the given coefficients cq, ¢1 and co,

and the given inlet concentration ¢y, :

~ 1 ~ 1
ci%mOTgZR, c%/zcmchrmsZR, WS <R, o<1,
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~ 1 ~ 1 1
ulSICr < R, o0ulr <, a”oulBI<iR

where we recall that Cr is the constant defined in Theorem 2.2.3. Then J(B) C B.

Remark 3. In practice, the above assumptions are satisfied since ¢y, ¢; and ¢, are small, as we

can deduce from Table 6.5.

Proof. Let p € B, u" := S(p) and ¢ := (T 0 S)iu = T(ut). We have

_ _ Ct
[u" - nlls = ||(co — crpp)nlls < colX| +eif|plls < 2R = 5 (4.0.6)

st

since ci/z < ¢q. Then, by Theorem 2.2.3,

1/2 — 1/2 = 1/2 A 1/2
AT 0 9)(@)ls =" [|@lls < & *Crlldin(cs — @) ls + &’ ||inlls
<cPCrémes|S| + A2 dinCrllu - nls + i *¢in| 2|

1 1
§§R + EHu“ -nls.

Hence, by (4.0.6), ci/*|[(T o S)(f)||s < R, i.e., J(B) C B. O

Lemma 4.0.3. If there exists a positive constant M., , independent of h and cy, such that
(cth;D)Y2 < M., for alle C %, then J : B — B is a continuous operalor, i.e, there exists

Ly >0, independent of h, such that.

7 (1) = J(p2)llp <Ll — p2llp Vi, 2 € B,

Remark 4. The assumption (c;h;1)/2 < M, for all e C ¥ is very strong. This is due to the
continuous dependence result (3.2.12) and the presence of non-homogeneous Dirichlet boundary

conditions. In practice, ¢; is of the order of 107®m?*/(mol s) (see Table 6.5).
Proof. Let py, o € B. We set u; := S(p;) and ¢; := T(uw;) = J(w;), for i € {1,2}. By
(2.1.4), we have

oy (us; i, Tn) + a5, (@i, ) + (C205, Th)s = 0 Vr, € C}? Vi € {1,2}.
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Adding over i € {1,2}, this implies that
O (ur; 1, mh) — 0f (us; o, 1) + ai(p,70) + (2@, 7n)2 =0 Vry, € CY,
with ¢ := ¢ — ¢y € CP. Then, rearranging terms,
o (ur; 1, 7n) — 0f (us; o1, 7) + 0f (ua; @, 1) + ag, (@, n) + (29, 7h)s = 0, vry, € Cy.
Since ¢ € C}, we can take r, = ¢ and obtain
o (u1; 1, ) — 04 (u2; 1, ) + 0 (u2; ¢, ) + aj (. @) + (29, )5 = 0.

By (2.2.5a) and (2.2.5b), we deduce that

Callelly + 2l 2l < = of (urs 1, @) + 0 (uzs 1, @) — 0f, (uz; @, @)

1 B 1 ~ 1 _
=0}, (U — u1; 1, p) — §|||U2 : n|1/2(¢ - <P)||§T + §<U2 : ”77”2>2 - §<U2 : ”7T2>Fouc

1 _
SOZ(W — Uu1; L1, 90) + 5(“2 -n, <P2>2-

Now, by the same arguments that led to (2.2.7), we can deduce that
1 ) 2
luz -1, 9% < coelluz - nlls: )l
Therefore,

(CL = caclluz - nlls) ol < 0 (uz — urs @1, ) <Myllus — walls aller [ pllell -

where we have used (2.2.4d). Since u; — uo vanishes on I'y,, by the discrete Poincaré inequality

[7, Theorem 5.4 |, there exists ¢, > 0 such that ||u; — ua||1n < ¢pf|s — uz||s. Thus,

(Ct = cuclluz - nlls:) pllp <Mollwr = wzllsllerll- (4.0.7)
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Now, according to(3.2.12),
|||u1 - ’u,2|||5 < dnsc(07gu)'
with

—ciin on X,
9u =
0 on 'y,

fi= g — fig and
C(0,g,) =veser|h 2 fills + coer | llg a5

Replacing this expression in (4.0.7),

(CL = caelluz - nlls) Illp <ModnsC(0, g)lp1llp-

(4.0.8)

(4.0.9)

Since, for i € {1,2}, p; € B, by (4.0.6) we have |[u’ - n|ls < C!/(2¢y) = 2R and, by

Theorem 2.2.3, we know that

leillo <Crll¢in(cz — Yu(uwr))lls = Crl|dinlca — co + coft)||s
SCroinlca — ol |X] + Crer1um || ]| s
<Croilca — col|Z| + CTC}/%inR,

and (4.0.9) implies
ct 1/2
- llellp <MoCrdasC(0, g) $in (lea = col = + 1 R) .

Now, by (3.2.5) and the assumption that (c;h;1)/2 < M,, for all e C ¥, then

C(0,g) <veser||hhlls + ererc, [Pl
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<veser Mo ||iills + cirer* Me,c2, | ]2

C1~eq

— C1~eq

s 1/2 _
< (vesMeyerr + et Me, 2, | lls) sl -
where we have used (2.2.3). Since p € B, then ci/QHﬁHE < R. Therefore,

C(0,9.) < (vei My i + M, 2 R) [l p.

C1~eq

Thus, replacing this expression in (4.0.11), we obtain

Ch :
Sl <MoCrs (vesMeycr + ¢ M, c2yR) dun (e = col|S] + & R) sllp. (4.0.12)

C1~eq

This implies the result with

2
L; = ﬁMOCTdnS (VCZMclctr + CfTMclcqu) Pin (102 — ¢ol |Z] + C}/ZR) - (4.0.13)

a

]

Corollary 4.0.1. If ¢; are sufficiently small, then J has a fixed point. Moreover, if ¢y, ¢1 and

co are small enough, then J is a contraction and therefore has a unique fixed point.

Proof. Existence follows from Brouwer fixed-point theorem and Lemmas 4.0.2 and 4.0.3. In

addition, f ¢y, ¢; and ¢y are small enough, then L; < 1 and therefore J has a unique fixed-point.

]
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CHAPTER b

Error analysis.

Let (u,p) € [Hy, (Q)]*x L§(Q2) and ¢ € Hy, () the solution to (1.1.1), and (us, py) € V% Qn
and ¢y, € C’,(f‘“ the solution to (4.0.1). We introduce the interpolation errors

Iy = ¢ —Tco 15 :=7(¢) — e (o)

I, :=u—Hgpyu Iy :=v(u) — Myy(u),

where [gpy : [H'(Q2)]¢ — Vi be the usual Brezzi-Douglas-Marini (BDM) interpolation op-
erator (see, for example, [13, Lemma 2|) and Il is the standard L2-projection onto Cj. We
recall that IIy and II are the L*projection over V, and Cj, resp. We set I, := (Iy,I5) and
I, = (1, 1I).

The approximation errors are defined as follows.

gy = llcp — o, ey = ey () — oy,

Ey = HBDMU — Up, Ey = Hvu — ’L_Lh.
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We define €4 := (g4,£5) and €, = (ey, €a).
For convenience, we also write ¢ = (¢,7(¢)) and w := (uy(u)). In this way, we can

decompose the errors as
¢—¢n=€p+1y and u—u=-¢e,+1I,.
Now, by (4.0.1) and consistency (4.0.2a), we have

ays(u — wup, vy) + o (u; w, vy,) — 0 (up; wp, vp) + Ui (p — pr,vp) =0 Vo, € V2, (5.0.1a)
b’ (qn,w —up) =0 Vg, € Qp, (5.0.1b)

o5, (w; @, r1,) — 0 (un; @n, ) + a5, (@ — Gn, 1) + (c27(9) — b, Ta)s = 0. Vry € Cp. (5.0.1c)

We now proceed with the error bound for the approximation error associated with the
concentration. As we will see, the first error bound depends on the approximation error of the

velocity.

Lemma 5.0.1. Let C, := Croulcs — col|S| + Cret*¢umR. Tt holds

1
(€t = Sesell- 02l ) Neallo < (Ma+ Mollull )M pllor + 2 cucl gl

+ CeMo(cpllewlls + [ Lull1n)-

Proof. Since g4 € C}, by (2.2.5b) and using (5.0.1c), we deduce that

Cilleolls < afi(eg,e9) = — ai(I,€0) + ai (¢ — @, €4)

= —a§(I4,e4) — c2(7(¢) — o, egs+ T,

where T := —of (u; ¢, €¢) + 0, (un; P, €4). We can decompose T as

T = —0},(u,e¢,€¢) — 0}, (Eu; Pns €¢) — 04 (u; L, €¢) — 05, (Lu; Phs €g)
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and by (2.2.5a),

1 1 1
T=- §|||7n(u)|1/2(5¢ - E(E)H??T + §<7n(u)>5q2£>2 - §<’Yn(u)7€3§>l“ouc
— 0, (€u; Pny€¢) — 0 (u; I, €4) — 04 (1u; Py €9)
1

< 5w, e3)s = 05 (cus Pnr €0) — 04 (s Iy, €4) — 0f (L P,y €6)-

Now, by (2.2.4d),
1 2
s S0m(w)5)s + Molleullinllgnlpllesl o

+ M[[ulli il Tsllollesllo + Mol Lullnll@nllnlles] -

Thus,

. . 1
Calleolls < a5 (Ip, £4) — 2{7(0) — bn.5)s + §<%(w)76§;>2 + Molleullirll@nllpllesll o

+ MollullsnllTollollesllo + Mol Lullnllénllnllesll o

1

< MallIslolleglin = ea(ls +25.25)s + 5 (m(w), )0 + Molleullial énllnlleqln
+ Mollulliwll Tollollesllo + Mol Lull1nll Prllnlles o,

where we have used (2.2.4b).

Now, we observe that

—c(lg+ege5)x < —0allg,e5)s < crcoc| Iglsllesllp,

by the same arguments used to prove (2.2.7). Similarly, we have

1
5 (), €5)s < Seelllu- 1|l llello-

DO —

Therefore,

(Cé = 5selllu- n\”sz) leolls < MallIgllprlleslln + ezl I5llslesllo + Molleulliallpnllnleslln
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+ MollullinllZsllorllepllo + Mol Lullll@nllplles ] o

Since the Poincaré inequality (3.2.3) is also valid for functions that vanish in part of the bound-

ary, ||€ullin < cllewls, we have

1
(€t = Sesellte nl2ls ) Neallp < (Ma+ Mollull )M pllor + e cucl gl

+ Mo(cpllewlls + [ 1ullrn)ll@nllp-
Finally, by the same arguments that led to (4.0.10), we obtain
Iénllp <Croulez — col| S| + Cret*ouR = C.. (5.02)

and the result follows. O

On the other hand, to bound the approximation error of the velocity, from (5.0.1a) with

Uy = €u7
ap’(u — up, €y) + 03 (u; w, €,) — 0 (up; Up, €4) + 01 (P — Piy€w) = 0.

By the properties of the BDM projection (cf. [13, Lemma 2])and using that wy is pointwise
divergence-free and divergence-conforming (3.1.7), we observe that b}*(p — pp, €,) = 0. Then,

after rearranging terms and using the error decomposition, we have

ns ns ns . ns . ns . ns
ah, (euy Eu) - _ah (eua Iu) - Oh (U, €'u,7 eu) - Oh (E’Im 7’u’ha Eu) - Oh (ua Iu7 €u) - Oh (Iua ’u’ha eu)-
Then, by coercivity of a}® (3.2.6), we obtain

VCZ|||€u|||§ < = ay (L, €u) — 0,7 (U; €u, Eu) — 017 (Eus Un, €w)

— 0y (u; Iy, €4) — 03° (L3 Upy, E4s).
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Furthermore, by (3.2.11),

1 1 1
05 (U3 €y €u) = —§<(U “N)eq, €a)s + 5((“ “N)Ea, €a) s = —§<(U “N)Eq, Ea)s-

Then,

1
veslleall? < — ap*(Lu, €u) + Su-n)ea, ea)s
- Ozs(&h Up, €u) - OZS(U; Iu; su) - OZS(IM Up, eu)
<veo | Lullvllells + 2(cy + o) llu - nlls el

— 03 (Eu; Un,y €4) — 037 (U Iy, €4) — 037 (L Up, €4), (5.0.3)

where we used (3.2.6) and the same arguments that led to (2.2.7). We next bound each of the

last three terms in the right-hand side separately. For the first, since ¢, vanishes on I'y,, by

(3.2.9) we have
Oh” (€us Un, €u) SM®||ew]|nllunllsllewlls- (5.0.4)
For the second term, by (3.2.10), we obtain
0h” (5 Ty, €) M [[ulloa ol Tullsllwl]s (5.0.5)
Now, for the last term,
Oh” (Lu; wn, €u) <Mi”|[Lulloacllunllsleulls (5.0.6)
Finally, after combining (5.0.3)-(5.0.6), we conclude that

(ves = llu-nlls)leulls <veallTully + Mg leullinllunlls

+ M [[ulloa ol Lulls + M| Lulloacllwnllslewlls

Now, the Poincaré inequality (3.2.3) is also valid for functions that vanish in part of the bound-
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ary, then ||e,||1n < ¢pfl€u]|s. Thus,

vesllealls <vepllully + M cpllewllsllunlls + Mi*llullpa@) I Lulls + Mi* [ Lulloae

[wnlls-

In other words, we have proved the following result.

Lemma 5.0.2. There holds

(vey = llu-nlls = Mycpllunlls) lewlls < veallTulls + M [lull o 1 Zulls + M Lullo acllunls.
Combining Corollaries 5.0.1 and 5.0.2, we obtain the following estimates.
Corollary 5.0.1. If
[w-nlls + MPeplunlls < vei/2 (5.0.7)

and |||u - n|*?||s < C! /s, we have
lewlls < Mulls + llullzs@ [ ulls + My Hullo,.0-
and
leglln < (1 + Mllullu ) Zsllor + callTglls + Celllewlls + [ ull1,n)-

Remark 5. Unfortunately, we were unable to prove (5.0.7). Now, according to Remark 1, u - n

is small in practice. On the other hand, from (3.2.12),
flenls Sdns<|!f||ﬂ +veg|h P ey, +veg B2 (co — a19)lls
anlunlRar, + arllo = ol s,

In other words, due to the non-homogeneous boundary condition, the continuous dependence

result (3.2.12) provides a negative power of h accompanying the functions at the boundary,
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and this is why we were unable to show a uniform bound for ||u|s. How to obtain a more

convenient continuous dependence result is the subject of ongoing work.

Proposition 5.0.1. Let us assume that u € [H**1(Q)]? and ¢ € H**1(Q). There hold

I Lulls SH*fulisr 0,
AP

[ Lul|14 SE*|ulisr 0,

HIu”OA,Q 5hk+3/2fu|k+1,4,§z-

Proof. The first three estimates follow from Lemma 2 in [13] and the properties of the L2-

projection over faces. Now, for the last estimate,

||IU| 3,4,9 = Z H]u“éA,K 5 Z hiHIuHéAg
KeT KeT
<3l -
KeT
k
S BT ull e
KeT

by an scaling argument, Bramble-Hilbert ( [9, Lemma B.68 ]). Thus, ||L/lo4.0 < A2k 4.0-
[

Finally, from Corollary 5.0.1 and previous proposition, we conclude the following result
Theorem 5.0.3. Let us assume that u € [HFY(Q)]2 N [WHQ))?, p € HFYQ) and ¢ €

HM1(Q). Suppose that the assumption of Corollary 5.0.1 hold. We have that

lw — wnlls SHFuliiro + 2l a0,

ld — dulls Sh |l

1P — pall SE" (|plesio + uler10) -
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CHAPTER 6

Numerical simulations

This chapter is devoted to test the performance of the scheme (4.0.1). we will first consider
manufactured solutions to compute the experimental order of convergence, and then simulate

real scenarios in desalination channels. We implemented (4.0.1) in NGsolve [18].

The algorithm is based on the fixed-point iteration described in Chapter 4.

Picard’s iterarion. Given ¢ and w, we compute Py(w) := uy,, where (up, pr) € V7% x Q,

is such that

CLZS(uh, ’Uh) + OZS(’UJ; Up, ’Uh) + bzs(ph, ’Uh) = LZS('Uh) V’Uh € ‘/ho, (601&)

bzs(qh, Uh) =0 VQ}L c Qh, (601b)
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6.1. Manufactured solutions.

where we recall that the Dirichlet data is given by

(co—c1¢)n on X,
9o =
Uin on Fin-

Algorithm 1 Navier-Stokes(¢,wy)

Give a concentration ¢, a velocity wy and atolerance tolyg.
Set w; =NaN.
ityg = 1
while tolys <diff do
uy, = Py(wy), solution to (6.0.1).
W1 = Up
diff = [lwy — wolla
Wy = W1
ityg = ityg + 1
end while
Return uy,

Algorithm 2 Fixed-point algorithm

Give the inlet concentration ¢;, and velocity w;,.

Give an initial concentration ¢(© and a tolerance tol.

o) =NaN.

itr =1

while tol <diff do
uy, = Navier-Stokes(¢®, uy,)
@Y = T(uy,) the solution to (4.0.4) with inlet boundary condition ¢y,.
diff = 61 ~ 6

¢(0) - ¢(1)
itp = itp + 1
end while

Return ¢

6.1 Manufactured solutions.

In this section, we test our scheme with manufactured solutions. For a variable v, we denote

by e, the errors in L?norm associated to v. The experimental rate of convergence is defined
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6.1. Manufactured solutions.

as:

_log(en/e)
7 log(h/W)

where e, and €] are the errors computed by two consecutive meshsizes h and h'.

Example 1. We consider the domain €2 as the unit square with boundaries I';,, I'oys and X

as shown in Figure 6.1.

1—‘out

by

Figure 6.1: Example 1. Domain Q := (0,1) x (0,1).

For the numerical test, we consider the exact velocity
. -1 . .
u(z,y) = (y(2 + cos(2mx) sin(27y)), 5 sin(27rz)(2my cos(2my) — sin(27y)) — O.l) ,
T
pressure

p(z,y) = sin(mx) cos(my)

and concentration

¢(z,y) = cos(my) sin(mz).

We set
co=01+sin(rz) , =1, =01, =01, v=0.01.
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6.1. Manufactured solutions.

Table 6.1 shows the history of convergence for k = 2. We observe that the errors in u and

¢ decay with order k + 1, while the order of convergence of the pressure is k.

h €u Tu €p Tp €4 re | itns+ity
0.4 1.0e—01| - [ 76e—02| - |b57e—02| - 24
0.2 1.1e—02 | 3.1 | 1.5e—02 | 2.3 | 2.0e — 03 | 4.8 22
0.1 1.1e—03 3.3 |27e—03 24| 1.3e—04|3.9 22
0.05 |[1.2¢e—04|32|6.1e—04|21]|13c—05]|3.3 21

0.025 || 1.5e — 05| 3.0 | 1.be—04 | 2.0 | 1.5e — 06 | 3.1 23
0.0125 | 1.8¢—06 | 3.0 | 3.7e — 05 | 2.0 | 2.4e — 07 | 2.7 23

Table 6.1: Example 1: Errors and experimental convergence rates, k = 2.

In the last column, we display the total number of iterations counting Piccard’s iteration of

Algorithm 1 and the fixed-point Algorithm 2.

In turn, we can visualize the concentration obtained in Figure 6.2.

4.893e-05 2.500e-01 4.999e-01 7.498e-01 9.997e-01

Figure 6.2: Concentration with A = 0.0125 and k = 2. Example 1.
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6.1. Manufactured solutions.

Example 2. We now consider a case of two membranes. The domain is the square (0.1,0.4) x

(0.0,0.4) as shown in Figure 6.3. For the manufactured solution, we consider
: -1 .
u(z,y) = (y(2 + cos(2mx) sin(27y)), o sin(2rz)(2my cos(2my) — sin(27y)) — O.l) ,
T

p(z,y) = sin(mx) cos(my)
and

o(x,y) = cos(my) sin(mz).

In Tables 6.2-6.4 we display the history of convergence considering different meshsizes a
polinomial degree k € {1,2,3}. The experimental orders of convergence are k + 1 for the

velocity and concentration, and k for the pressure.

> n

I‘out

Y
Figure 6.3: Example 2. Q = (0.1,0.4) x (0.0,0.4).

h €u Tu €p Tp s re | itng+ity
0.4 34 —02| - [95e—02]| - |46e—02]| - 37
0.2 8.1le—03|2.02|35e—02]| 3.7 | 84e—03 | 2.4 31
0.1 3.3¢—03| 1.3 |22e—02]0.66 | 2.4e—03 | 1.8 24
0.05 ||5.7¢e—04| 25 [9.5e—03] 1.2 |44e—04 | 2.4 26

0.025 || 1.3e—04 | 2.1 | 4.5e—03 | 1.07|1.0e—04| 2.1 22
0.0125 || 3.2e — 05| 2.0 | 2.2¢e—03 | 1.03 | 2.5e — 05 | 2.0 20

Table 6.2: Example 2: Errors and experimental convergence rates, k = 1.
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6.1. Manufactured solutions.

h ey T €p Tp (9 re | itns+ity
0.4 22e—02 | - [26e—02| - |1.1le—02]| - 26
0.2 2.6e—03 |25 |41e—03|1.3|1.5e—03 ]| 28 25
0.1 4.1e —04 [ 2.6 | 1.3e—03 | 1.6 | 2.5e — 04 | 2.5 23
0.05 | 34e—05|35|21le—04|26|81e—06 |4.9 19

0.025 || 3.7e —06 | 3.2 | 53¢ — 05| 1.9 | 7.6e — 07 | 3.4 18
0.0125 || 4.3 —07 | 3.1 | 1.3e — 05| 2.0 | 1.2e — 07 | 2.6 21
Table 6.3: Example 2: Errors and experimental convergence rates, k = 2.

h ey Tu ep Tp e re || itns+ity
04 || 1.0e—02| - | 7.8¢—03| - | 11le—02]| - 28
0.2 ||21e—04 |55 |32e—04 |46 |52e—05]|7.7 25
0.1 ||2.8¢6—05(29 |88 —05|18]|42c—06]| 3.6 24
0.05 || 8.3e —07 | 5.0 | 5.5e — 06 | 4.0 | 9.5¢e — 08 | 5.4 18

Table 6.4: Example 2: Errors and experimental convergence rates, k = 3.

We can visualize the computed concentration obtained in Figure 6.4:

1.004e+00

/NN
{VAVAVAVA

7\

<
§
5
<]

‘gp;

v
P;%

Ay
\
>
< 4;’

VAVAVAVA
TAVAVAVAY,

NN

1.948e+00

Figure 6.4: Concentration with A = 0.0125 and order k = 3
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6.1. Manufactured solutions.

6.1.1 Simulations in a desalination channel.

The computational domain associated with a desalination channel is 2 = (0, L) x (0, d), where
L = 15mm and d = 0.74mm. We compared the solution obtained by our scheme with the
simulations performed in [1] on a single feed channel. We consider the physical parameters in

Table 6.5 [3,20]. We recall that co := AAP, ¢; := AiRT y ¢ := B.

Parameter H Meaning H Value H Units

T System temperature 298 K

R Ideal gas constant 8.314 Jmol 1K1
i Number of ions from salt solution 2 —

AP Hydrostatic transmembrane pressure 22 ; gg?gggg Pa

p Feed/permeate fluid density 1027.2 kgm=3

K Feed /permeate diffusivity of salt in water || 1.611 x 10~° m?s~1

1 Feed /permeate fluid dynamic viscosity 8.9 x 1074 kgm™=ts™1
A Membrane water permeability 2.5 x 10712 ms ' Pa™1
B Membrane salt permeability 2.5 x 1078 ms!

Table 6.5: global physical parameters

The inlet velocity profile is set as follows.

Uip = (6uinZ (1 - Z) ,2(00 - Cl¢in)% - (Co - Cl¢in))t, y e [07 d]
Simulation 1. A feed channel without salt concentration. We consider a channel
without explicit spacers and the numerical method is validated by comparing it with classical
analytical models of momentum transport in membrane moduli, i.e., Poiseuille and Berman
flow models, by comparing the pressure drop, denoted as Ap := p(0,d/2) — p(x,d/2). This
validation involves the simulation of a uniform permeation of a pure solvent (¢ = 0), and then
the pressure drop is obtained by solving the equations of motion with the following boundary

conditions:

u-n=cy (for Berman flow) on ¥ and wu-n=0 (for Poiseuille low) on X.
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Figure 6.5: Comparison of exact vs. approximate pressure drop (bottom) and axial velocity
(top) for a single channel. Simulation conditions: uy, = 0.2 m/s, AP = AP, and clean water,
h=4,8c—4and k=2

In this case,

e = (o) () %),
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2 P d Uin
o
In Figure 6.5 we show the first component of the velocity along y = d/2 and the pressure

where Re :=

drop. Because there is no salt concentration, the velocity in the entire channel is the same as
the inlet velocity. Moreover, since u;, is quadratic and we are using k£ = 2, the HDG scheme
computes the exact velocity, as we can see in Figure 6.5. Similarly, since Ap is linear, the

pressure drop is computed exactly by the scheme as we can observe in Figure 6.5.

Simulation 2. We now consider uy, := 0.1 m/s ¢y, = 600 mol/m> and AP = AP, =
4053000 Pa. In Figure 6.7 we plot the approximation of the concentration. As expected, we
observe accumulation of salt along the membranes. To make this clearer, in Figure 6.6 we
show the concentration values along the bottom membrane Y. Starting in ¢, = 600 mol, salt

accumulates along the membrane, which also agrees with Figure 3.4 in [1].

Concentration of salt (mol/m3 )

0.0070 00080
Distance from inlet (m)

Figure 6.6: Concentration profile at the membrane. Simulation conditions: wu;, = 0.1m/s,
AP =AP1.

49



6.1. Manufactured solutions.
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Figure 6.7: Zoom on the concentration field for a single channel. Simulation conditions: wu;, =
0.lm/s, AP = AP1I.



CHAPTER [/

Conclusions and future work

7.1 Conclusions.

In this thesis, a numerical method based on the Hybridizable Discontinuous Galerkin (HDG)
scheme was developed and analyzed to solve a coupled system of Navier-Stokes and advection-
diffusion equations, which models the reverse osmosis process in desalination channels. The
proposed formulation stands out for its conservative nature and its ability to significantly re-
duce the size of the overall linear system compared to non-hybrid methods, which is especially
advantageous in applications with high-order approximations. The validity of the scheme was
verified under certain assumptions on the smallness of the data. Well-posedness of the proposed
HDG scheme was analyzed using the following procedure. First, introduce a fixed-point oper-
ator to decouple the nonlinear scheme and obtain separate schemes for the Navier-Stokes and
advection-diffusion equations. Second, well-posedness of each of these schemes was analyzed.
Finally, Brouwer and Banach fixed-point theorems were employed to prove the existence and

uniqueness of solution of the coupled scheme, under certain assumptions on the data.

51



7.2. Future work.

In addition, error estimates were derived, showing that the proposed scheme provides op-
timal orders of convergence. Finally, numerical simulations were presented that demonstrated
the good performance of the method compared to manufactured solutions and in realistic de-

salination scenarios.

7.2 Future work.

This work leaves several interesting possibilities for further exploration. One of them is to relax
one of the assumptions in the well-posedness analysis. In particular, the assumption c;h?
bounded, even though ¢; is very small in reverse osmosis applications, it does not hold when h
goes to zero. We believe that it is possible to relax this restriction and obtain valid results in
more general contexts. It would also be interesting to extend the model to the time-dependent
case. Incorporating temporal evolution would allow for a more realistic analysis of the dynamic

behavior of the system, especially in non-stationary desalination processes.

Finally, a natural step would be to perform a posteriori error analysis. This would help to
automatically identify areas where the method needs higher resolution, in particular near the
membrane, which is useful for optimizing the use of computational resources and improving

the accuracy of simulations.
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