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© 2025 Estefańıa Belén Olivares Zamora

Se autoriza la reproducción total o parcial, con fines
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acompañándonos y espero que siga aśı por muchos años más. A Araceli y Samantha, o como

yo les digo siempre, Jazmı́n y Denisse, las niñas de mis ojos. Todo lo que pase de aqúı en
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Abstract

We consider the coupled Navier-Stokes/advection-diffusion equations, with nonlinear con-

ditions across a semi-permeable membrane. This system of partial differential equations arises

from reverse osmosis modeling in water desalination processes. To solve the Navier-Stokes

equations, we use a conservative hybridizable discontinuous Galerkin (HDG) scheme in primal

form. For the advection-diffusion equation, we also employ an HDG method in the primal form.

The main advantage of our formulation, in addition to the conservative property, is the fact

that the size of the global linear system to solve is smaller compared to non-hybrid schemes for

high-order approximations. We show that the scheme is well-posed under smallness assump-

tions on the data, obtain error estimates and present numerical experiments illustrating the

performance of the scheme.

ix



CHAPTER 1

Introduction

Membrane-based desalination methods have gained attention during the last decade due to

their low energy consumption compared to thermal-based techniques. In particular, the reverse

osmosis process is nowadays one of the most widely used techniques in water desalination

plants [8]. Seawater flows into a channel (called the feed channel) at high pressure, and passes

through the pores of a semi-permeable membrane. The membrane is capable of retaining

colloidal matter and dissolved particles larger than 0.1 − 1.0 nm. Then, after passing through

the membrane, the “almost” pure water is collected in another channel (called the permeate

channel).

The mathematical model includes the Navier-Stokes equations for fluid flow along with

an advection-diffusion equation for salt concentration. In addition, the feed and permeate

channels are coupled by an interface (the semi-permeate membrane) with nonlinear transmission

conditions. Solving this nonlinear coupled system is computationally expensive and therefore

simulations that consider a single channel are preferred. To be more precise, let Ω be a bounded

polygonal domain in R2 with boundary ∂Ω as shown in Figure 1.1 and suppose the boundary
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can be partitioned into an input Γin, an output Γout, and two portions describing the membrane,

denoted by Σ, i.e., ∂Ω = Γin ∪ Γout ∪ Σ. In addition, we denote by n the outward unit normal

vector in ∂Ω and by mΣ the unit tangent vector in Σ with the orientation depicted in Figure

1.1.

Ω
ΓoutΓin

Σ

Σ

mΣ

mΣ

n

Figure 1.1: Depicting of a single desalination channel.

We consider the following coupled system of equations

−2µ∇ · ε(u) + ρ(∇u)u + ∇p = 0, ∇ · u = 0 in Ω,

−θ ∆ϕ + u · ∇ϕ = 0 in Ω,
(1.0.1a)

where u is the fluid velocity, ε(u) := 1
2(∇u+∇tu) is the deformation tensor, p the fluid pressure

and ϕ is the concentration of the salt occupying the domain Ω. The given data are the fluid

dynamic viscosity µ, the fluid density ρ and the solute diffusivity through the solvent θ. All

these parameters are positive constants.

Inlet and outlet boundaries At the inlet boundary Γin, we consider a given velocity profile

uin and a constant concentration ϕin. At the channel outlet, denoted by Γout, we consider a

do-nothing boundary condition and zero salt diffusion. That is,

u = uin, ϕ = ϕin on Γin and (2µε(u) − pI)n = 0, ∇ϕ · n = 0 on Γout. (1.0.1b)

2



Imperfect membrane boundary conditions. The semi-permeable membrane is located at

the horizontal boundaries of the domain, where the velocity and salt concentration are coupled

by the following conditions [3]:

u · mΣ = 0, u · n = c0 − c1 ϕ , (ϕu − θ∇ϕ) · n = c2ϕ on Σ,

where c0 := A∆P , c1 := AiRT and c2 := B are known positive constants. Here, B is the salt

permeability of the membrane, A the water permeability of the membrane, ∆P the hydrostatic

transmembrane pressure, T the temperature of the system, R the ideal gas constant and i

the number of ions in the salt solution. Examples of values for these parameters in realistic

simulations are given in Table 6.5 of the numerical experiments section. After some algebraic

manipulations, we conveniently rewrite these conditions as :

u · mΣ = 0, u · n = c0 − c1ϕ , θ∇ϕ · n + c1ϕ
2 + c3ϕ = 0 on Σ, (1.0.1c)

where c3 = c2 − c0.

This coupled system of partial differential equations is usually solved by CFD models, but in

the literature there is a lack of a theoretical stability and convergence analysis of the numerical

schemes. Recent publications have addressed this topic from the numerical analysis point of

view. For example, [3] proposed and analyzed a finite element scheme for a reverse osmosis

model using Nitsche’s technique. In addition, [2] proposed a conforming mixed finite element

method for a coupled Navier–Stokes/advection-diffusion system modeling reverse osmosis pro-

cesses. The analysis was based on a fixed-point strategy combined for nonlinear perturbations

of saddle-point problems. The main drawback of mixed methods is the large number of degrees

of freedom required to solve the system. This motivated us to consider a hybridizable scheme

in order to reduce the number of globally coupled degrees of freedom. For the Navier-Stokes

part, we consider the hybridizable discontinuous Galerkin (HDG) proposed by [16] and then

analyzed in [13]. This scheme produces a divergence-free and divergence-conforming approxima-

tion of the velocity. For the advection-diffusion equation, we consider the HDG method of [21].

In the literature, we can find conservative HDG schemes for Stokes/Darcy coupling [6, 10],

3



1.1. Preliminaries

Navier-Stokes/Darcy coupling [5]. To the best of our knowledge, HDG schemes for the coupled

Navier-Stokes/advection-diffusion equations with nonlinear boundary conditions have not been

developed, and this is one of the main contributions of our work.

1.1 Preliminaries

Sobolev spaces. Given a Lipschitz-continuous domain O of R2 with boundary Γ, we adopt

standard notations for Lebesgue spaces Lt(O) and Sobolev spaces W l,t(O), with l ≥ 0 and

t ∈ [1, +∞), whose corresponding norms, either for the scalar- and vector-valued case, are

denoted by ∥ · ∥0,t;O and ∥ · ∥l,t;O, respectively. Note that W 0,t(O) = Lt(O). If t = 2 we

write H l(O) instead of W l,2(O), with the corresponding norm and seminorm denoted by ∥ ·∥l,O

and | · |l,O, respectively. If l = 0, i.e., the L2(O) space, the inner product and the norm will

be denoted by (·, ·)O and ∥ · ∥O, resp. Similarly, for functions defined in L2(∂O), we write

⟨·, ·⟩∂O and ∥ · ∥∂O. H1/2(Γ) denotes the space of traces of H1(O) and H−1/2(Γ) its dual space,

provided with the duality pairing ⟨·, ·⟩Γ. Also, given Γ̃ ⊆ Γ, H1/2(Γ̃) denotes the restriction to

Γ̃ of H1(O)-functions.

Variational formulation. Given a portion Γ̃ of the boundary and a function g defined on

Γ̃, we define the following spaces.

H1
Γ̃(Ω) := {v ∈ H1(Ω) : v|Γ̃ = 0} and H1

g (Ω) := {v ∈ H1(Ω) : v|Γ̃ = g}.

Let

gϕ :=


(c0 − c1ϕ)n on Σ,

uin on Γin

and ΓD := Γin ∪ Σ. We consider the following variational formulation for(1.0.1): Find (u, p) ∈

[H1
gϕ

(Ω)]2 × L2
0(Ω) and ϕ ∈ H1

ϕin(Ω), such that

(ν, ε(u), ε(v))Ω + (u · ∇v,v)Ω − (p, ∇ · v)Ω = 0 ∀v ∈ [H1
ΓD

(Ω)]2 (1.1.1a)

4



1.1. Preliminaries

(q, ∇ · v)Ω = 0 ∀q ∈ L2
0(Ω) (1.1.1b)

(θ∇ϕ, ∇r)Ω + (u · ∇ϕ, r)Ω = 0 ∀r ∈ H1
Γin(Ω). (1.1.1c)

Showing well-posedeness of (1.1.1) is not trivial due to the nonlinearities and the boundary

condition on Σ. This is out of the scope of this thesis, and will be addressed in a future work.

Domain discretization and mesh-dependent inner products We denote by {T } a

family of shape-regular triangulations of Ω made of triangles. For simplicity we assume that it

is free of hanging-nodes. Given K ∈ T , we denote by hK its diameter and nK its unit outward

normal. If there is no confusion, we will write n instead of nK . Moreover, the set of interior

and boundary edges of T will be denoted by E i and E∂, resp., and set E := E i ∪ E∂. Also, if Γ

is part of the boundary ∂Ω, EΓ will denote the partition of Γ induced by T . We define by ∂T

the union of the boundaries of the elements K ∈ T . The diameter of an element e ∈ E will be

denoted by he.

We also define

(·, ·)T :=
∑

K∈T
(·, ·)K , ⟨·, ·⟩∂T :=

∑
K∈T

⟨·, ·⟩∂K and ⟨·, ·⟩E :=
∑
e∈E

⟨·, ·⟩e .

where (·, ·)K , ⟨·, ·⟩∂K and ⟨·, ·⟩e are the standard L2- inner products over an element K, its

boundary ∂K and face e, respectively.

We denote the trace operator by γ : Hs(Ω) → Hs−1/2(∂T ) to restrict functions in Hs(Ω) to

∂T . The trace operator is applied component-wise for functions in [Hs(Ω)]2. We also denote

by γn : H(div, T ) → H−1/2(∂T ) the normal trace operator.

Finally, given k ∈ N ∪ {0}, we denote by Pk(K) and Pk(e) the spaces of the polynomials of

degree at most k defined on K ∈ T and e ∈ E , resp.

L2-projections. In this thesis, we will work with the following finite-dimensional spaces de-

fined locally over elements of the triangualtion T (for k ≥ 1):

Vh := {vh ∈ [L2(Ω)]2: vh ∈ [Pk(K)]2, ∀ K ∈ T },

5



1.1. Preliminaries

Qh := {qh ∈ L2(Ω) : qh ∈ Pk−1(K), ∀ K ∈ T },

Ch := {rh ∈ L2(Ω) : rh ∈ Pk(K), ∀ K ∈ T },

where the subscript h stands for the meshsize h := max
K∈T

hK . Let W ∈ {Vh, Qh, Ch}. Given a

function v defined in W , we denote ΠW its L2-projetion over W . It is well-known that [7], for

all K ∈ T , there exists a constant C > 0, independent of h, such that

∥v − ΠW v∥K ≤ Chs
K∥v∥s,K (1.1.2)

for s ∈ {0, ..., l + 1}, where l is the polynomial degree of the local spaces that define W .

In addition, for the discretization of the traces, we will consider the finite-dimensional spaces

defined on the skeleton E ,

V̄h := {v̄h ∈ [L2(E)]2: v̄h ∈ [Pk(e)]2 ∀ e ∈ E},

Q̄h := {q̄h ∈ L2(E) : q̄h ∈ Pk(e) ∀ e ∈ E}

C̄h := {r̄h ∈ L2(E) : r̄h ∈ Pk(e) ∀ e ∈ E}.

Let W̄ ∈ {V̄h, Q̄h, C̄h}. Given a function v̄ defined in W , we denote ΠW its L2-projetion over

W̄ . It also known that [7], for all e ∈ E , there exists a constant C > 0, independent of he, such

that

∥v̄ − ΠW v̄∥e ≤ Chs
e∥v̄∥s,e (1.1.3)

for s ∈ {0, ..., l + 1}, where l is the polynomial degree of the local spaces associated to W̄ .

We end this section by mentioning that we will use the same font to denote scalar-, vector-

and tensor-valued functions, depending on the context. Also, to avoid proliferation of unimpor-

tant constants, we use the notation a ≲ b when there exists a positive constant C, independent

of h, such that a ≤ C b.

6



CHAPTER 2

The advection-diffusion equations

In this section, we derive the HDG method for the advection-diffusion equation

∇ · (ϕw − θ∇ϕ) = 0 in Ω, (2.0.1a)

where w is a given divergence-free velocity field. The boundary ∂Ω is divided in three disjoint

parts: Γout, Σ and Γin. In addition, we consider the following boundary conditions

ϕ = ϕin on Γin, (2.0.1b)

∇ϕ · n = 0 on Γout, (2.0.1c)

(ϕw − θ∇ϕ) · n = c2ϕ on Σ, (2.0.1d)

where we recall that c2 is a positive parameter.

Remark 1. It is assumed that w · n ≥ 0 on the boundary Γout ∪ Σ. In our application, this is

actually the case since water flows out of the channel through the membrane. In fact, from

(1.0.1) u · n = c0 − c1ϕ. The magnitude of the constants c0 and c1 are of the order 106A and

7



2.1. An HDG scheme for the Advection-Diffusion Equation equation.

103A, respectively, where we recall that A is the water apermibility of the membrane. Moreover,

the magnitude of the inlet concentration ϕin can take values form 0 to 600.

2.1 An HDG scheme for the Advection-Diffusion Equa-

tion equation.

To discretize the advection-diffusion equation (2.0.1b), we consider the ‘cell’ function space

Ch := {rh ∈ L2(Ω) : rh ∈ Pk(K), ∀ K ∈ Th},

and the ‘trace’ function space

C̄g
h := {r̄h ∈ L2(E) : r̄h ∈ Pk(F ) , ∀ F ∈ Fh, r̄h = ΠCg on Γin},

where g is a given function at the boundary Γin and ΠCg is the L2-projection over C̄g restricted

to EΓin . We set Cg
h := Ch × C̄g

h. We also write r := (r, r̄) ∈ Cg
h.

Local equations. Given an element K ∈ T , the outflow (w · n ≥ 0) and inflow (w · n < 0)

portions of its boundary will be denoted by ∂K+ and ∂K−, respectively. We set T ± :=

∪K∈T ∂K±.

Let us denote by ϕh the approximation of ϕ. We define σϕ := ϕhw − θ∇ϕh and the corre-

sponding numerical flux

σ̂ϕ · n :=ϕhγn(w) − ζγn(w)(ϕh − ϕ̄h) − θ∇ϕh + θβc

hK

(ϕh − ϕ̄h) (2.1.1)

=σϕ · n − ζγn(w)(ϕh − ϕ̄h) + θβc

hK

(ϕh − ϕ̄h)

where βc > 0 is a penalty parameter, ϕ̄h is the approximation of the trace of ϕ at the skeleton,

ζ = 0 on ∂T + and ζ = 1 on ∂T −. We also recall that γn(w) denotes the normal trace of w over

∂T .

8



2.1. An HDG scheme for the Advection-Diffusion Equation equation.

Then, we discretize (2.0.1) as follows:

−
∑

K∈T

∫
K

σϕ · ∇rh dx +
∑

K∈T

∫
∂K

σ̂ϕ · nrhds = 0 ∀rh ∈ Ch. (2.1.2)

Global equations. Imposing normal continuity on the numerical flux (2.1.1) and using

(2.0.1b), we find for all r̄h ∈ C̄h,

∑
K∈T

∫
∂K

σ̂ϕ · nr̄h ds =
∫

Γin
σϕ · nr̄h ds +

∫
Γout

σϕ · nr̄hds +
∫

Σ
σϕ · nr̄hds

But, r̄h = 0 on Γin, and σϕ · n = ϕγn(w) on Γout and σϕ · n = c2ϕ on Σ so that

∑
K∈T

∫
∂K

σ̂ϕ · nr̄hds −
∫

Γout
γn(w)ϕ̄r̄hds −

∫
Σ

c2ϕ̄r̄hds = 0.

Combining this expression and (2.1.2),

−
∑

K∈T

∫
K

σϕ∇rh dx +
∑

K∈T

∫
∂K

σ̂ϕn(rh − r̄h) ds +
∫

Γout
γn(w)ϕ̄ r̄h ds +

∫
Σ

c2ϕ̄ r̄h ds = 0.

Now, using the definitions of the fluxes, we obtain

−
∑

K∈T

∫
K

ϕw · ∇rh dx +
∑

K∈T

∫
K

θ∇ϕ · ∇rh dx

+
∑

K∈T

∫
∂K

(ϕ − ζ(ϕ − ϕ̄))γn(w)(rh − r̄h) ds +
∑

K∈T

∫
∂K

θβc

hK

(ϕ − ϕ̄)(rh − r̄h) ds

−
∑

K∈T

∫
∂K

θ∇ϕ · n(rh − r̄h) ds −
∑

K∈T

∫
∂K

θ∇rh · n(ϕ − ϕ̄) ds

+
∫

Γout
γn(w)ϕ̄ r̄h ds +

∫
Σ

c2ϕ̄ r̄h ds = 0.

Let us introduce the forms

oc
h(w;ϕ, r) := − (ϕw, ∇r)T + ⟨(ϕ − ζ(ϕ − ϕ̄)) γn(w), r − r̄⟩∂T + ⟨ϕ̄γn(w), r̄⟩Γout , (2.1.3a)

ac
h(ϕ, r) := (θ∇ϕ, ∇r)T + ⟨θβch−1

K (ϕ − ϕ̄), r − r̄⟩∂T

− ⟨θ∇ϕ · n, r − r̄⟩∂T − ⟨θ∇r · n, ϕ − ϕ̄⟩∂T . (2.1.3b)
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2.1. An HDG scheme for the Advection-Diffusion Equation equation.

The HDG scheme to discretize (2.0.1) reads: Find ϕh ∈ Cϕin
h such that, for all rh ∈ C0

h,

oc
h(w;ϕh, rh) + ac

h(ϕh, rh) + ⟨c2ϕ̄h, r̄h⟩Σ = 0. (2.1.4)

Lemma 2.1.1 (Consistency). Let ϕ = (ϕ, γ(ϕ)), with ϕ ∈ H2(Ω), a solution of (2.0.1) then

oc
h(w;ϕ, rh) + ac

h(ϕ, rh) + ⟨c2γ(ϕ), r̄h⟩Σ = 0 ∀rh ∈ C0
h.

Proof. Let ϕ = (ϕ, γ(ϕ)) with ϕ ∈ H2(Ω) a solution of (1.0.1a). Then, by (2.1.4) we obtain

oc
h(w;ϕ, rh) + ac

h(ϕ, rh) + ⟨c2γ(ϕ), r̄h⟩Σ = −
∑

K∈T

∫
K

ϕw · ∇rh dx +
∑

K∈T

∫
K

θ∇ϕ · ∇rh dx

+
∑

K∈T

∫
∂K

ϕγn(w)(rh − r̄h) ds −
∑

K∈T

∫
∂K

θ∇ϕ · n(rh − r̄h) ds +
∫

Σ
c2ϕ̄r̄h ds

+
∫

Γout
γn(w)ϕ̄r̄h ds.

We now analyze the case rh = (rh, 0). Integrating by parts we have that

oc
h(w;ϕ, (rh, 0))) + ac

h(ϕ, (rh, 0)) = −
∑
K

∫
K

ϕw · ∇rh dx +
∑
K

∫
∂K

ϕγn(w)rh ds −
∑
K

∫
K

θ∇ · (∇ϕ)rh dx.

Integrating by parts the first term,

oc
h(w;ϕ, (rh, 0))) + ac

h(ϕ, (rh, 0)) =
∑
K

∫
K

∇ · (ϕw)rh dx −
∑
K

∫
K

θ∇ · (∇ϕ)rh dx = 0.

On the other hand, for the case rh = (0, r̄h), we have that

−
∑

K∈T

∫
∂K

ϕγn(w)r̄h ds +
∑

K∈T

∫
∂K

θ∇ϕ · nr̄h ds +
∫

Σ
c2ϕr̄h ds +

∫
Γout

γn(w)ϕr̄h ds

= −
∫

Γout
ϕγn(w)r̄h ds −

∫
Σ

ϕγn(w)r̄h ds +
∑

K∈T

∫
∂K

θ∇ϕ · nr̄h ds +
∫

Σ
c2ϕr̄h ds +

∫
Γout

γn(w)ϕr̄h ds

= −
∫

Σ
ϕγn(w)r̄h ds +

∫
Σ

θ∇ϕ · nr̄h ds +
∫

Γout
θ∇ϕ · nr̄h ds +

∫
Σ

c2ϕr̄h ds = 0.

Finally, we conclude that the scheme is consistent after combining both cases.
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2.2. Well-posedness.

In order to deal with homogeneous Dirichlet boundary conditions, and considering the fact

that ϕin is constant, we define zc := ϕh − ϕin, where ϕin := (ϕin, ϕin).

Then we can write (2.1.4) as: Find zc ∈ C0
h such that:

Ac(zc, r) = F (r) ∀r ∈ C0
h, (2.1.5)

where F (r) := −oc
h(w;ϕin, r) − ac

h(ϕin, r) − ⟨c2ϕin, r̄h⟩Σ = ⟨ϕin(c2 − γn(w)), r̄⟩Σ.

2.2 Well-posedness.

Our analysis will be based on the arguments provided in [21]. Let us introduce the spaces

C∗(h) := Ch + H1
Γin(Ω), C̄∗(h) := C̄0

h + H
3/2
Γin (∂Th) (2.2.1)

and C∗(h) := C∗(h) × C̄∗(h), where H1
Γin(Ω) is the space of H1(Ω)-functions with zero trace on

Γin and H
3/2
Γin (∂Th) is the trace space of H1

Γin(Ω) ∩ H2(Ω). We also consider the following norms

for a function r = (r, r̄) ∈ C∗(h):

|||r|||D :=
(
∥θ1/2∇r∥2

T + ∥θ1/2h
−1/2
K (r − r̄)∥2

∂T

)1/2

|||r|||t :=
(
|||r|||2D + ∥|γn(w)|1/2(r − r̄)∥2

∂T + ∥|γn(w)|1/2r̄∥2
Γout + c2∥r̄∥2

Σ∪Γout

)1/2
,

|||r|||A :=
(

|||r|||2t +
∑

K∈T
hK∥w · ∇r∥2

0,K

)1/2

,

|||r|||A′ :=
(

|||r|||2A +
∑

K∈T
h−1

K ∥w · ∇r∥2
0,K +

∑
K∈T

∥|γn(w)|1/2r̄∥2
0,∂K− +

∑
K∈T

∥|γn(w)|1/2r∥2
0,∂K+

)1/2

,

where w is a given velocity. Furthermore, the following discrete Poincaré inequality holds [7,

Theorem 5.3]:

∥r∥T ≤ cp∥r∥1,h ≤ cp|||r|||s ∀r ∈ C0
h, (2.2.2)
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2.2. Well-posedness.

where cp is a constant independent of hK . In addition, according to [12, Theorem 4.4], there

exists ctr > 0, independent of the meshsize, such that

∥r∥0,r,Σ ≤ ctr|||r|||D ∀r ∈ C0
h (2.2.3)

and r ≥ 2.

Lemma 2.2.1. Let w ∈ Vh ∩ H(div; Ω). There exist positive constants Mo, Ma, MA and M4,

independent of h, such that,

oc
h(w;v, r) ≤M4∥w∥0,4,Ω|||v|||D|||r|||D ∀v ∈ [H1(Th)]2 × [L2(E)]2, ∀r ∈ C0

h (2.2.4a)

ac
h(v, r) ≤Ma|||v|||D′ |||r|||D ∀v ∈ C∗(h), ∀r ∈ C0

h, (2.2.4b)

Ac(v, r) ≤MA|||v|||D |||r|||D ∀v, r ∈ C∗(h). (2.2.4c)

where MA = max{M4∥w∥0,4,Ω + Ma, 1} and

Ac(v, r) := oc
h(w; r,v) + ac

h(v, r) + ⟨c2v̄, r̄⟩Σ.

In addition, if w ∈ Vh ∩ H(div, Ω) and w|Γin = 0, then

oc
h(w;v, r) ≤Mo∥w∥1,h|||v|||D|||r|||D ∀v ∈ [H1(Th)]2 × [L2(E)]2, ∀r ∈ C0

h, (2.2.4d)

where ∥w∥1,h := |||(w, {w})|||D.

Proof. Inequalities (2.2.4a) and (2.2.4d) can be obtained by the same arguments as in the proof

of Proposition 3.4 in [4], but now considering that r̄ vanishes in part of the boundary. Estimate

(2.2.4b) has been shown in Lemma 4.3 of [14]. The last inequality is a consequence of the other

two.
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2.2. Well-posedness.

Lemma 2.2.2. Let w ∈ H(div, Ω) be divergence-free and r ∈ H1(T ) × L2(E). It holds

oc
h(w; r, r) = 1

2∥|γn(w)|1/2(r − r̄)∥2
∂T − 1

2⟨γn(w), r̄2⟩∂Ω + ⟨γn(w), r̄2⟩Γout . (2.2.5a)

Moreover, if βc is sufficiently large, there exists Ct
a > 0, independent of h, such that

ac
h(r, r) ≥ Ct

a|||r|||2D ∀r ∈ C0
h. (2.2.5b)

In addition, if ∥γn(w)∥Σ ≤ Ct
a/(2cst), with cst a positive constant independent of h appearing

in the proof, then

Ac(r, r) ≥ C†|||r|||2D ∀r ∈ C0
h, (2.2.5c)

where C† := Ct
a/2.

Proof. Let w ∈ H(div, Ω) be divergence-free and r ∈ H1(T ) × L2(E). We have (rw, ∇r)T =
1
2⟨γn(w) r, r⟩T ; and recalling that ζ = 0 on T + and ζ = 1 on T −, we have

oc
h(w; r, r) = − 1

2⟨r γn(w), r⟩∂T + ⟨r γn(w), r − r̄⟩∂T + + ⟨r̄ γn(w), r − r̄⟩∂T − + ⟨r̄γn(w), r̄⟩Γout

= − 1
2⟨γn(w), r2⟩∂T + − 1

2⟨γn(w), r2⟩∂T − + ⟨γn(w), r2 − r̄r⟩∂T +

+ ⟨γn(w), r̄r − r̄2⟩∂T − + ∥|γn(w)|1/2r̄∥2
Γout

= 1
2⟨γn(w), r2 − 2r̄r⟩∂T + − 1

2⟨γn(w), −2r̄r + 2r̄2 + r2⟩∂T − + ∥|γn(w)|1/2r̄∥2
Γout

= 1
2⟨γn(w), (r − r̄)2⟩∂T + − 1

2⟨γn(w), r̄2⟩∂T + − 1
2⟨γn(w), (r − r̄)2)⟩∂T −

− 1
2⟨γn(w), r̄2⟩∂T − + ∥|γn(w)|1/2r̄∥2

Γout

= 1
2∥|γn(w)|1/2(r − r̄)∥2

∂T − 1
2⟨γn(w), r̄2⟩∂T + ∥|γn(w)|1/2r̄∥2

Γout .

Since w ∈ H(div, Ω) and r̄ is single-valued and vanishes in Γin, we obtain (2.2.5a).

On the other hand, let r ∈ C0
h. We have that

ac
h(r, r) = ∥θ1/2∇r∥2

T + ∥(θβc)1/2h
−1/2
K (r − r̄)∥2

∂T − 2⟨θ∇r · n, r − r̄⟩∂T .
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2.2. Well-posedness.

By the discrete trace inequality, there exists Ctr > 0, such that

|2⟨θ∇r · n, r − r̄⟩∂T | ≤ 2
∑
T ∈T

θ∥∇r · n∥0,∂T ∥r − r̄∥0,∂T

≤ 2Ctr

∑
T ∈T

∥θ1/2∇r · n∥0,T ∥θ1/2h
−1/2
K (r − r̄)∥0,∂T

≤
∑
T ∈T

1
2∥θ1/2∇r∥2

0,T + κ
∑
T ∈T

∥θ1/2h
−1/2
K (r − r̄)∥2

0,∂T

≤ 1
2∥θ1/2∇r∥2

T + C2
tr∥θ1/2h

−1/2
K (r − r̄)∥2

0,∂T .

Then,

ac
h(r, r) ≥ 1

2∥θ1/2∇r∥2
T + ∥θ1/2((βc)1/2 − Ctr)h−1/2

K (r − r̄)∥2
∂T ,

which implies (2.2.5b).

Finally, since Ac(r, r) = ac
h(r, r) + oc

h(w; r, r) + ∥|γn(w)|1/2r̄∥2
Γout + c2∥r̄∥2

Σ,

Ac(r, r) =ac
h(r, r) + oc

h(w; r, r) + ∥|γn(w)|1/2r̄∥2
Γout + c2∥r̄∥2

Σ

=ac
h(r, r) + 1

2∥|γn(w)|1/2r̄∥2
Γout − 1

2∥|γn(w)|1/2r̄∥2
Σ + c2∥r̄∥2

Σ

≥Ct
a|||r|||2D + 1

2∥|γn(w)|1/2r̄∥2
Γout − 1

2∥|γn(w)|1/2r̄∥2
Σ + c2∥r̄∥2

Σ

≥Ct
a|||r|||2D − 1

2∥|γn(w)|1/2r̄∥2
Σ, (2.2.6)

where we have used (2.2.5a) and (2.2.5b).

Now, following the arguments in the proof of Lemma 6 of [5], we have that

∥|γn(w)|1/2r̄∥2
Σ ≤2∥|γn(w)|1/2(r − r̄)∥2

Σ + 2∥|γn(w)|1/2r∥2
Σ

=2
∑

e∈EΣ

∫
e
|γn(w)|(r − r̄)2 + 2

∑
e∈EΣ

∫
e
|γn(w)|r2

≤2
∑

e∈EΣ

∥γn(w)∥e∥r − r̄∥2
0,4,e + 2

∑
e∈EΣ

∥γn(w)∥e∥r∥2
0,4,e.

By a scaling argument, it is possible to show that there exists ce
sc,1 > 0, independent of h, such
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2.2. Well-posedness.

that ∥µ∥0,4,e ≤ ce
sc,1 h−1/4

e ∥µ∥0,e, for all µ in finite dimension. Then,

∥|γn(w)|1/2r̄∥2
Σ ≤2

∑
e∈EΣ

(ce
sc,1)2∥γn(w)∥eh

−1/2
e ∥r − r̄∥2

0,e + 2
∑

e∈EΣ

∥γn(w)∥e∥r∥2
0,4,e

≤2c2
sc,1∥γn(w)∥Σ |||r|||2D + 2∥γn(w)∥Σ ∥r∥2

0,4,Σ,

where csc,1 = max
e⊂Σ

ce
sc,1. To bound the last term we use (2.2.3), and obtain

∥|γn(w)|1/2r̄∥2
Σ ≤ 2(c2

sc,1 + c2
tr)∥γn(w)∥Σ |||r|||2D. (2.2.7)

Thus, replacing this inequality in (2.2.6), we have

Ac(r, r) ≥
(
Ct

a − csc∥γn(w)∥Σ
)

|||r|||2D

with csc = 2(c2
sc,1 + c2

tr). The result is derived from the fact that ∥γn(w)∥Σ is small enough.

Theorem 2.2.3. If ∥γn(w)∥Σ ≤ Ct
a/(2cst), then the HDG scheme (2.1.5) (equivalently (2.1.4))

is well-posed. Moreover,

|||ϕh|||D ≤ CT ∥ϕin(c2 − γn(w))∥Σ. (2.2.8a)

and

∥ϕ̄h∥Σ ≤ ĈT ∥ϕin(c2 − γn(w))∥Σ + ∥ϕin∥Σ. (2.2.8b)

with CT := (C†)−1 max{θ−1/2h1/2, ctr} and ĈT := (C†)−1 max{θ−1/2h1/2, ctr}2.

Proof. The bilinear form Ac is bounded and coercive according to Lemma 2.2.1 and (2.2.5a).

Moreover, the functional F is bounded. In fact, let r ∈ C0
h.

F (r) :=⟨ϕin(c2 − γn(w)), r̄⟩Σ ≤ ∥ϕin(c2 − γn(w))∥Σ∥r̄∥Σ.
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2.2. Well-posedness.

Now, according to [12, Theorem 4.4], there exists ctr > 0, independent of h, such that

∥r∥Σ ≤ ctr|||r|||D ∀r ∈ C0
h. (2.2.9)

Then,

∥r̄∥Σ ≤ ∥r − r̄∥Σ + ∥r∥Σ ≤ max{θ−1/2h1/2, ctr}|||r|||D ∀r ∈ C0
h (2.2.10)

and

F (r) ≤ max{θ−1/2h1/2, ctr}∥ϕin(c2 − γn(w))∥Σ|||r|||D.

Therefore, by the Lax-Milgram lemma, we conclude that the HDG scheme (2.1.5) has a unique

solution. In addition, by the ellipticity property (2.2.5c), we have that

C†|||zc|||2D ≤ Ac(zc, zc) = F (zc) ≤ max{θ−1/2h1/2, ctr}∥ϕin(c2 − γn(w))∥Σ∥Γin|||zc|||D.

Then,

|||zc|||D ≤ (C†)−1 max{θ−1/2h1/2, ctr}∥ϕin(c2 − γn(w))∥Σ.

The first statement follows after noting that |||ϕh|||D = |||zc|||D. Finally, by (2.2.10) and the

previous estimate,

∥ϕ̄h∥Σ ≤∥ϕ̄h − ϕin∥Σ + ∥ϕin∥Σ

≤ max{θ−1/2h1/2, ctr}|||zc|||D + ∥ϕin∥Σ

≤(C†)−1 max{θ−1/2h1/2, ctr}2∥ϕin(c2 − γn(w))∥Σ + ∥ϕin∥Σ,

which implies the last statement.
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CHAPTER 3

The Navier-Stokes equations

This chapter is devoted to the introduction of the HDG scheme used to approximate the solution

of the incompressible Navier-Stokes equations in a domain Ω ⊂ R2, that is,

∇ · σ = f in Ω, (3.0.1a)

∇ · u = 0 in Ω, (3.0.1b)

where σ := σa + σd, σa := u ⊗ u, σd := pI − 2νε(u), f ∈ L2(Ω) is a source term, ν := µ/ρ > 0

with µ the fluid dynamic viscosity and ρ the fluid density. We split the boundary ∂Ω into

Dirichlet (ΓD) and Neumann (Γout) parts, and consider the following conditions:

u = gD on ΓD, (3.0.1c)

σd n = 0 on Γout, (3.0.1d)

where gD is a given function.
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3.1. An HDG scheme for the Navier-Stokes equations.

3.1 An HDG scheme for the Navier-Stokes equations.

For the discretization of the Navier-Stokes equations, we introduce the ‘cell’ function spaces

Vh := {vh ∈ [L2(Ω)]2 : vh ∈ [Pk(K)]2, ∀ K ∈ T },

Qh := {qh ∈ L2(Ω) : qh ∈ Pk−1(K), ∀ K ∈ T },

and the ‘trace’ function spaces

V̄ g
h := {v̄h ∈ [L2(E)]2 : v̄h ∈ [Pk(e)]2 ∀ e ∈ E , v̄h = ΠV g on ΓD},

Q̄h := {q̄h ∈ L2(E) : q̄h ∈ Pk(e) ∀ e ∈ E},

where g is a given function at the boundary ΓD and ΠV g is understood as the L2(E)-projection

ΠV restricted to EΓD . We set V g
h := Vh × V̄ g

h and Qh := Qh × Q̄h.

Given functions v ∈ Vh and v̄ ∈ V̄ g
h , we denote v := (v, v̄) ∈ V g

h . Similarly, q := (q, q̄) ∈ Qh

when q ∈ Qh and q̄ ∈ Q̄h.

3.1.1 Derivation of the discrete momentum equation.

The local problems. Let us denote by σh and uh the approximations to σ and u, and also

set σh := σa,h + σd,h, σa,h := uh ⊗ uh, σd,h := phI − 2νε(uh).

Considering (3.0.1a) in an element K, multiplying by a test function vh|K ∈ Pk(K), inte-

grating by parts over K and adding over all the elements, we have the following:

∑
K∈T

∫
K

(−σh : ∇vh) dx +
∑

K∈T

∫
∂K

vh · σ̂hn ds

−
∑

K∈T

∫
∂K

2νε(vh)n · (uh − ūh) ds =
∑

K∈T

∫
K

f · vh dx, (3.1.1)

where the third term on the left-hand side is a consistent symmetrizing term for the diffusive

part, ūh is an approximation of the trace of u at the skeleton, and σ̂h is a numerical flux on the

cell facets to be defined properly. In particular, we set σ̂hn := σ̂a,hn + σ̂d,hn with the advective
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3.1. An HDG scheme for the Navier-Stokes equations.

part given by

σ̂a,hn = (uh · n)ūh + λu(uh − ūh),

with λu a stabilization parameter to be determined, and the diffusive part defined as

σ̂d,h := p̄hI − 2νε(uh) + 2να

hK

(uh − ūh) ⊗ n,

where α > 0 is a sufficiently large penalty parameter. Replacing these definitions of the fluxes

(3.1.1), we obtain the following.

∑
K∈T

∫
K

2νε(uh) : ε(vh) dx −
∑

K∈T

∫
K

uh ⊗ uh : ∇vh dx −
∑

K∈T

∫
K

p∇vh dx

+
∑

K∈T

∫
∂K

vhp̄ ds −
∑

K∈T

∫
∂K

2νε(uh)n · vh ds −
∑

K∈T

∫
∂K

2να

hK

vh(uh − ūh) ds

+
∑

K∈T

∫
∂K

vh((uh · n)ūh + λu(uh − ūh))n ds −
∑

K∈T

∫
∂K

2νε(vh)n · (uh − ūh) ds

=
∑

K∈T

∫
K

fvh dx,

(3.1.2)

where λu := uh · n


1 if uh · n > 0

0 if uh · n ≤ 0
.

The global problem. To impose continuity of the normal flux, considering the Neumann

boundary condition, for all v̄h ∈ V̄ 0
h , we have the following.

∑
K∈T

∫
∂K

σ̂hn · v̄h ds =
∫

Γout
σ̂a,hn · v̄h,

because σd n = 0 on Γout. Moreover, since u · n > on Γout, from the above expression we have

∑
K∈T

∫
∂K

σ̂hn · v̄h ds =
∫

Γout
(uh · n)ūhv̄h ds,

Writing out the definition of the numerical flux σ̂h, we obtain
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3.1. An HDG scheme for the Navier-Stokes equations.

∫
Γout

(uh · n)ūh(−v̄h) ds =
∑

K∈T

∫
∂K

p̄hn · (−v̄h) ds −
∑

K∈T

∫
∂K

2νε(uh) · (−v̄h) ds

+
∑

K∈T

∫
∂K

2να

hK

(uh − ūh) · (−v̄h) ds

+
∑

K∈T

∫
∂K

((uh · n)ūh + λu(uh − ūh))n(−v̄h) ds

(3.1.3)

3.1.2 Derivation of the discrete mass equation.

The local problems. Mass conservation (3.0.1b) is imposed by

∑
K∈T

∫
K

qh∇ · uh dx = 0 ∀qh ∈ Qh. (3.1.4)

The global problem. The following equation imposes the continuity of the normal compo-

nent of the velocity field:

0 =
∑

K∈T

∫
∂K

q̄h(uh − ūh) · n ds ∀q̄h ∈ Q̄h. (3.1.5)

We end this section by summarizing the equations obtained and writing the HDG scheme

in a compact form by introducing the following forms:

ans
h (u,v) :=(2νε(u), ε(v))T + ⟨2ναh−1

K (u − ū), (v − v̄)⟩∂T

− ⟨2ν(u − ū), ε(v)n⟩∂T − ⟨2νε(u)n, (v − v̄)⟩∂T

ons
h (w;u,v) := − (u ⊗ w, ∇v)T + ⟨((w · n)ū + λw(u − ū))n, v − v̄⟩∂T + ⟨(w · n)ū, v̄⟩Γout

bns
h (q,v) := − (q, ∇ · v)T + ⟨q̄, (v − v̄) · n⟩∂T

Lns
h (v) :=(f, vh)T ,

where we recall that u = (u, ū),v = (v, v̄), q = (q, q̄). Then, adding (3.1.3) and (3.1.2), and

subtracting (3.1.4) from (3.1.5), the HDG method reads as follows: Find (uh,ph) ∈ V uD
h ×Qh
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3.1. An HDG scheme for the Navier-Stokes equations.

such that

ans
h (uh,vh) + ons

h (uh;uh,vh) + bns
h (ph,vh) = Lns

h (vh) ∀vh ∈ V 0
h , (3.1.6a)

bns
h (qh,uh) = 0 ∀qh ∈ Qh. (3.1.6b)

This scheme has the following mass conservation property [16, Proposition 1]:

∇ · uh = 0 ∀K ∈ T , (3.1.7a)

(u+
h · n+ + u−

h · n−)|e = 0 ∀e ∈ E i, (3.1.7b)

uh · n = ūh · n ∀e ∈ E∂, (3.1.7c)

where, for an interior facet e shared by two elements K− and K+, v± denotes the trace over

∂K± of a function v.

The HDG scheme (3.1.6) has been analyzed in [13] for the case of a homogeneous Dirichlet

boundary value problem. In our context, we have mixed boundary conditions with nonhomo-

geneous Dirichlet part. Then, to adapt the results provided in [13], we will make a change of

variable. Let z := uh − φ, with φ := (0, φ̄) and

φ̄ :=


ΠV uD , ΓD

0 , ∂Ω\ΓD

.

Then, (3.1.6) is equivalent: Find (z,ph) ∈ V 0
h × Qh such that:

ans
h (z,vh) + ons

h (zh; z,vh) + bns
h (ph,vh) = F (vh) ∀vh ∈ V 0

h , (3.1.8a)

bns
h (qh,uh) = 0 ∀qh ∈ Qh. (3.1.8b)

where F (vh) = Lns
h (vh) − ans

h (φ,vh) − ons
h (z;φ,vh).

Notice that ons
h (uh;φ,vh) = ⟨uh · nφ̄, vh⟩Γin = ⟨uh · n ΠV uD, vh⟩Γin = ⟨ΠV uD · n ΠV uD, vh⟩Γin ,
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3.2. Well-posedness.

thanks to (3.1.7c), and

ans
h (φ,vh) = ⟨2ναh−1

K ΠV uD, v − v̄⟩ΓD
+ ⟨2νΠV uD, ε(v) · n⟩ΓD

− ⟨2νε(ΠV uD) · n, v − v̄⟩ΓD
.

3.2 Well-posedness.

The following result states the consistency of the HDG scheme (3.1.6). It can be deduced from

the arguments in [13] and [14].

Lemma 3.2.1 (Consistency). Let H1
uD

:= {v ∈ [H1(Ω)]2 : γ(v)|ΓD
= uD}. If (u, p) ∈

[H1
uD

(Ω)]2 ∩ [H2(Ω)]2 × L2
0(Ω) ∩ H1(Ω) is solution to (3.0.1), then

ans
h (u,vh) + ons

h (u;u,vh) + bns
h (p,vh) = Lns

h (vh) ∀vh ∈ V 0
h , (3.2.1a)

bns
h (qh,u) = 0 ∀q ∈ Qh, (3.2.1b)

where u = (u, γ(u)) and p = (p, γ(p)).

We now present stability and boundedness results that can be deduced from [13]. We define

the spaces

V (h) := Vh + [H1
ΓD

(Ω)]2 ∩ [H2(Ω)]2, Q(h) := Qh + L2
0(Ω) ∩ H1(Ω)

V̄ (h) := V̄ 0
h + [H3/2

ΓD
(∂T )]2, Q̄(h) := Q̄h + H

1/2
0 (∂T ),

where H1
ΓD

(Ω) is the space of H1(Ω)-functions with zero trace on ΓD, H
3/2
ΓD

(∂Th) is the trace

space of H1
ΓD

(Ω) ∩ H2(Ω) and H
1/2
0 (∂T ) is the trace space of L2

0(Ω) ∩ H1(Ω). Let V ⋆(h) :=

V (h) × V̄ (h) , Q⋆(h) := Q(h) × Q̄(h) and X⋆(h) := V ⋆(h) × Q⋆(h). Frequent use will also be

made of functions in the following space:

V div
h := {vh ∈ Vh : bns

h (qh,vh) = 0 ∀qh ∈ Qh}.
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3.2. Well-posedness.

We introduce the following mesh-dependent inner-products and norms:

(u,v)s := (ε(u), ε(v))T +
∑

K∈T
h−1

K ⟨ū − u, v̄ − v⟩∂K u,v ∈ V ⋆(h), (3.2.2a)

|||v|||s :=
∑

K∈T
∥ε(v)∥2

K +
∑

K∈T
h−1

K ∥v̄ − v∥2
∂K v ∈ V ⋆(h), (3.2.2b)

|||v|||2s′ := |||v|||2s +
∑

K∈T
hK

∥∥∥∥∥∂v

∂n

∥∥∥∥∥
2

∂K

v ∈ V ⋆(h), (3.2.2c)

|||q|||2p := ∥q∥2 +
∑

K∈T
hK∥q̄∥2

∂K q ∈ Q⋆(h), (3.2.2d)

where we note that |||·|||s and |||·|||s′ are equivalent in V 0
h , thanks to the discrete trace inequality.

We also define

|||(v, q)|||2s,p := ν|||v|||2s + ν−1|||q|||2p (v, q) ∈ X⋆(h),

|||(v, q)|||2s′,p′ := |||(v, q)|||2s,p +
∑

K∈T
νhK

∥∥∥∥∥∂v

∂n

∥∥∥∥∥
2

∂K

= ν|||v|||2s′ + ν−1|||q|||2p (v, q) ∈ X⋆(h).

The standard discrete H1-norm for v ∈ V (h) is defined as ∥v∥1,h := |||(v, {v})|||s, where

{v} := 1
2(v+ + v−) is the average operator, and v± denotes the trace of v from the interior of

K±. Furthermore, we will make use of the following discrete Poincaré inequality:

∥vh∥T ≤ cp∥vh∥1,h ≤ cp|||vh|||s ∀vh ∈ V 0
h , (3.2.3)

where cp is a constant independent of hK [7, Theorem 5.3]. In addition, according to [12,

Theorem 4.4], there exists ctr > 0, independent of the meshsize, such that

∥vh∥0,r,ΓD
≤ ctr|||v|||s ∀vh ∈ V 0

h (3.2.4)

and r ≥ 2. Also, for e ∈ E ,there exists ceq > 0, independent of h, such that

∥vh∥0,4,e ≤ ceq∥h−1/4
e v∥0,2,e ∀vk ∈ Pk(e). (3.2.5)
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3.2. Well-posedness.

For a sufficiently large stabilization parameter α, it was shown [15, Lemmas 4.2 and 4.3]

that the bilinear form ans
h (·, ·) is coercive and bounded, i.e., there exist constants cs

a > 0 and

cb
a > 0 independent of h such that for all vh ∈ V 0

h and u ∈ V ⋆(h)

ans
h (vh,vh) ≥ νcs

a|||vh|||2s and |ans
h (u,vh)| ≤ νcb

a|||u|||s′ |||vh|||s. (3.2.6)

The bilinear form bns
h (·, ·) is also bounded [15, Lemma 4.8], that is, there exists a constant

cb
b > 0, independent of h, such that for all qh ∈ Qh and v ∈ V ∗(h),

|bns
h (qh,v)| ≤ cb

b|||v|||s′ |||qh|||p, (3.2.7)

while the following inf-sup condition was proven in [17, Lemma 1]. There exists a constant

βp > 0, independent of h, such that for all qh ∈ Q⋆
h

βp|||qh|||p ≤ sup
vh∈V ⋆

h

bns
h (qh,vh)

|||vh|||s
.

Therefore, (3.2.6) and (3.2.7) imply the following discrete inf-sup condition. There exists a

constant Cs > 0, independent of h ν, such that for all, (vh, qh) ∈ V ⋆
h × Q⋆

h

Cs|||(vh, qh)|||s,p ≤ sup
(wh,rh)∈V ⋆

h
×Q⋆

h

ans
h (vh,wh) + bns

h (qh,wh) − bns
h (rh,vh)

|||(wh, rh)|||s,p

. (3.2.8)

In addition, by Proposition 3.4 in [4], there exists Mns
o > 0 such that, for all w ∈ V (h),

u ∈ [H1(Th)]2 × [L2(E)]2 and v ∈ V 0
h ,

ons
h (w;u,v) ≤ Mns

o ∥w∥1,h|||u|||s|||v|||s. (3.2.9)

Moreover, from the proof of Proposition 3.4 in [4], we can deduce that, there exists Mns
4 > 0

such that, for all w ∈ Vh ∩ H(div, Ω), u ∈ [H1(Th)]2 × [L2(E)]2 and v ∈ V 0
h ,

ons
h (w;u,v) ≤ Mns

4 ∥w∥0,4,Ω|||u|||s|||v|||s. (3.2.10)
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3.2. Well-posedness.

The following identity will also be useful. Let w ∈ H(div, Ω) and v ∈ [H1(T )]2 × [L2(E)]2.

It holds

ons
h (w;v,v) = −1

2⟨w · n v̄, v̄⟩∂Ω + 1
2⟨|w · n| (v − v̄), (v − v̄)⟩∂T + ⟨|w · n|v̄, v̄⟩Γout (3.2.11)

and its proof follows from [4, Proposition 3.5].

Theorem 3.2.2. Let C(f, uD) := ∥f∥Ω + νcs
a∥h−1/2ΠV uD∥ΓD

+ ctr∥ΠV uD∥2
0,4,ΓD

. The HDG

scheme (3.1.8) has at least one solution uh and satisfies

|||uh|||s ≤ dnsC(f, uD), (3.2.12)

with dns > 0, independent of h. Moreover, if

C(f, uD) ≤ (νcs
a)2

cs
0cp

,

then the solution is unique.

Proof. Let vh ∈ V 0
h . By (3.2.6), We have that

∥F (vh)∥T ≤∥f(vh)∥T + νcs
a|||φ|||s|||vh|||s + |⟨ΠV uD · n ΠV uD, vh⟩ΓD

|

≤∥f∥Ω∥vh∥T + νcs
a|||φ|||s|||vh|||s + ∥ΠV uD∥2

0,4,ΓD
∥vh∥0,2,ΓD

≤∥f∥Ω∥vh∥T + νcs
a|||φ|||s|||vh|||s + ctr∥ΠV uD∥2

0,4,ΓD
|||vh|||s,

where we have used (3.2.4). Since |||φ|||s = ∥h−1/2ΠV uD∥ΓD
, we obtain

∥F∥T ≤ ∥f∥Ω + νcs
a∥h−1/2ΠV uD∥ΓD

+ ctr∥ΠV uD∥2
0,4,ΓD

=: C(f, uD).

Since C(f, uD) ≤ (νcs
a)2

cs
0cp

, by following the same steps of the proof of Lemma 1 in [13] adapted

to our context, we can deduce that (3.1.8) has a solution and satisfies

|||z|||s ≤ cp

νcs
a

C(f, uD).
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3.2. Well-posedness.

The estimate in (3.2.12) follows after noticing that |||uh|||s ≤ |||z|||s + |||φ|||s and setting dns :=
cp

νcs
a

+ 1.

Finally, assuming C(f, uD) ≤ (νcs
a)2

cs
0cp

, from the same steps of the proof of Lemma 1 in [13]

we can deduce uniqueness.
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CHAPTER 4

The Coupled Problem.

Taking into account the HDG schemes in Sections 3.1.2 and 2.1, the HDG scheme to discretize

(1.0.1) reads: Find (uh,ph) ∈ V
gϕh

h × Qh and ϕh ∈ Cϕin
h such that:

ans
h (uh,vh) + ons

h (uh;uh,vh) + bns
h (ph,vh) = Lns

h (vh) ∀vh ∈ V 0
h , (4.0.1a)

bns
h (qh,uh) = 0 ∀qh ∈ Qh, (4.0.1b)

oc
h(uh;ϕh, rh) + ac

h(ϕh, rh) + ⟨c2ϕ̄h, r̄h⟩Σ = 0. ∀rh ∈ C0
h, (4.0.1c)

where, for the Navier-Stokes part, ΓD = Γin ∪ Σ and

gϕh
=


(c0 − c1ϕ̄h)n on Σ,

uin on Γin.

(4.0.1d)

Remark 2. We observe in (1.0.1) that f = 0, but we will keep it to cover the case of non-zero

sources.
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The following result is a consequence of Lemmas 3.2.1 and 2.1.1

Lemma 4.0.1 (Consistency). Let (u, p) ∈ [H1
gϕ

(Ω)]2∩[H2(Ω)]2×L2
0(Ω)∩H1(Ω) and ϕ ∈ H2(Ω)

solution of (1.0.1a). We have

ans
h (u,vh) + ons

h (u;u,vh) + bns
h (p,vh) = Lns

h (vh) ∀vh ∈ V 0
h , (4.0.2a)

bns
h (qh,u) = 0 ∀qh ∈ Qh, (4.0.2b)

oc
h(u;ϕ, rh) + ac

h(ϕ, rh) + ⟨c2γ(ϕ), r̄h⟩Σ = 0. ∀rh ∈ C0
h, (4.0.2c)

where u = (u, γ(u)), p = (p, γ(p)), ϕ = (ϕ, γ(ϕ)) and we recall that

H1
gϕ

(Ω) := {v ∈ H1(Ω) : γ(v)|ΓD
= gϕ}.

To analyze the well-posedness of the HDG scheme (4.0.1), we will use a fixed-point strategy.

To that end, we define the following operators associated with the Navier-Stokes and advection-

diffusion solvers. More precisely, let

S : C̄ϕin
h −→ V div

h

µ̄ 7−→ S(µ̄) = uµ,

where V div
h := {vh ∈ Vh : bns

h (qh,vh) = 0 , ∀qh ∈ Qh} and uµ is such that (uµ,pµ) ∈ V
gµ

h × Qh

is the only solution (Theorem 3.2.2) to

ans
h (uµ,vh) + ons

h (uµ;uµ,vh) + bns
h (pµ,vh) = Lns

h (vh) ∀vh ∈ V 0
h , (4.0.3a)

bns
h (qh,uµ) = 0 ∀qh ∈ Qh, (4.0.3b)

where we recall that the Dirichlet data is given by

gµ =


(c0 − c1µ̄)n on Σ,

uin on Γin.
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In addition, let

T : V div
h −→ C̄ϕin

h

w 7−→ T (w) = µ̄w,

where µ̄w is such that µw = (µw, ¯̄µw) ∈ Cϕin
h is the solution to

oc
h(w;µw, rh) + ac

h(µw, rh) + ⟨c2µ̄
w, r̄h⟩Σ = 0, (4.0.4)

for all rh ∈ C0
h. According to Theorem 2.2.3, if ∥γn(w)∥Σ ≤ 2R, this problem is well-posed. In

addition,

|||µ|||D ≤ CT ∥ϕin(c2 − γn(w))∥Σ,

and

∥µ̄∥Σ ≤ ĈT ∥ϕin(c2 − γn(w))∥Σ + ∥ϕin∥Σ. (4.0.5)

Showing well-posedness of the HDG scheme (4.0.1), is equivalent to finding a fixed-point of

the following operator:

J : Cϕin
h −→ Cϕin

h

µ 7−→ J(µ) = (µ, (T ◦ S)µ̄).

Let us define the convex set B := {µ ∈ Cϕin
h : c

1/2
1 ∥µ̄∥Σ ≤ R} where R = Ct

a

4cst

. We recall that

Ct
a > 0 and cst are the constants defined in Lemma 2.2.2.

Lemma 4.0.2. Let us assume the following conditions on the given coefficients c0, c1 and c2,

and the given inlet concentration ϕin:

c
1/2
1 ϕinĈT ≤ 1

4R, c
1/2
1 c2ϕinĈT |Σ|≤1

4R, c0|Σ| ≤R , c1 ≤ 1,
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c0ϕin|Σ|ĈT ≤ 1
4R, c

1/2
1 ϕinĈT ≤1

4 , c
1/2
1 ϕin|Σ|≤1

4R,

where we recall that ĈT is the constant defined in Theorem 2.2.3. Then J(B) ⊂ B.

Remark 3. In practice, the above assumptions are satisfied since c0, c1 and c2 are small, as we

can deduce from Table 6.5.

Proof. Let µ ∈ B, uµ := S(µ̄) and φ̄ := (T ◦ S)µ̄ = T (uµ). We have

∥uµ · n∥Σ = ∥(c0 − c1µ̄)n∥Σ ≤ c0|Σ| + c1∥µ̄∥Σ ≤ 2R = Ct
a

2cst

, (4.0.6)

since c
1/2
1 ≤ c1. Then, by Theorem 2.2.3,

c
1/2
1 ∥(T ◦ S)(µ̄)∥Σ =c

1/2
1 ∥φ̄∥Σ ≤ c

1/2
1 ĈT ∥ϕin(c2 − γn(uµ))∥Σ + c

1/2
1 ∥ϕin∥Σ

≤c
1/2
1 ĈT ϕinc2|Σ| + c

1/2
1 ϕinĈT ∥uµ · n∥Σ + c

1/2
1 ϕin|Σ|

≤1
2R + 1

4∥uµ · n∥Σ.

Hence, by (4.0.6), c
1/2
1 ∥(T ◦ S)(µ̄)∥Σ ≤ R, i.e., J(B) ⊂ B.

Lemma 4.0.3. If there exists a positive constant Mc1, independent of h and c1, such that

(c1h
−1
e )1/2 ≤ Mc1 for all e ⊂ Σ, then J : B → B is a continuous operator, i.e, there exists

LJ > 0, independent of h, such that.

|||J(µ1) − J(µ2)|||D ≤LJ |||µ1 − µ2|||D ∀µ1,µ2 ∈ B,

Remark 4. The assumption (c1h
−1
e )1/2 ≤ Mc1 for all e ⊂ Σ is very strong. This is due to the

continuous dependence result (3.2.12) and the presence of non-homogeneous Dirichlet boundary

conditions. In practice, c1 is of the order of 10−8m4/(mol s) (see Table 6.5).

Proof. Let µ1,µ2 ∈ B. We set ui := S(µi) and φi := T (ui) = J(µi), for i ∈ {1, 2}. By

(2.1.4), we have

oc
h(ui;φi, rh) + ac

h(φi, rh) + ⟨c2φ̄i, r̄h⟩Σ = 0 ∀rh ∈ C0
h ∀i ∈ {1, 2}.
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Adding over i ∈ {1, 2}, this implies that

oc
h(u1;φ1, rh) − oc

h(u2;φ2, rh) + ac
h(φ, rh) + ⟨c2φ̄, r̄h⟩Σ = 0 ∀rh ∈ C0

h,

with φ := φ1 − φ2 ∈ C0
h. Then, rearranging terms,

oc
h(u1;φ1, rh) − oc

h(u2;φ1, rh) + oc
h(u2;φ, rh) + ac

h(φ, rh) + ⟨c2φ̄, r̄h⟩Σ = 0, ∀rh ∈ C0
h.

Since φ ∈ C0
h, we can take rh = φ and obtain

oc
h(u1;φ1,φ) − oc

h(u2;φ1,φ) + oc
h(u2;φ,φ) + ac

h(φ,φ) + ⟨c2φ̄, φ̄⟩Σ = 0.

By (2.2.5a) and (2.2.5b), we deduce that

Ct
a|||φ|||2D + c2∥φ̄∥2

Σ ≤ − oc
h(u1;φ1,φ) + oc

h(u2;φ1,φ) − oc
h(u2;φ,φ)

=oc
h(u2 − u1;φ1,φ) − 1

2∥|u2 · n|1/2(φ − φ̄)∥2
∂T + 1

2⟨u2 · n, r̄2⟩Σ − 1
2⟨u2 · n, r̄2⟩Γout

≤oc
h(u2 − u1;φ1,φ) + 1

2⟨u2 · n, φ̄2⟩Σ.

Now, by the same arguments that led to (2.2.7), we can deduce that

1
2⟨u2 · n, φ̄2⟩Σ ≤ csc∥u2 · n∥Σ |||φ|||2D.

Therefore,

(
Ct

a − csc∥u2 · n∥Σ
)

|||φ|||2D ≤ oc
h(u2 − u1;φ1,φ) ≤Mo∥u1 − u2∥1,h|||φ1|||D|||φ|||D.

where we have used (2.2.4d). Since u1 −u2 vanishes on Γin, by the discrete Poincaré inequality

[7, Theorem 5.4 ], there exists cp > 0 such that ∥u1 − u2∥1,h ≤ cp|||u1 − u2|||s. Thus,

(
Ct

a − csc∥u2 · n∥Σ
)

|||φ|||D ≤Mo|||u1 − u2|||s|||φ1|||D. (4.0.7)
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Now, according to(3.2.12),

|||u1 − u2|||s ≤ dnsC(0, gµ).

with

gµ =


−c1µ̄n on Σ,

0 on Γin,

(4.0.8)

µ̄ := µ̄1 − µ̄2 and

C(0, gµ) =νcs
ac1∥h−1/2µ̄∥Σ + ctrc1∥µ̄∥2

0,4,Σ.

Replacing this expression in (4.0.7),

(
Ct

a − csc∥u2 · n∥Σ
)

|||φ|||D ≤ModnsC(0, gµ)|||φ1|||D. (4.0.9)

Since, for i ∈ {1, 2}, µi ∈ B, by (4.0.6) we have ∥ui · n∥Σ ≤ Ct
a/(2cst) = 2R and, by

Theorem 2.2.3, we know that

|||φ1|||D ≤CT ∥ϕin(c2 − γn(u1))∥Σ = CT ∥ϕin(c2 − c0 + c0µ̄)∥Σ

≤CT ϕin|c2 − c0||Σ| + CT c1ϕin∥µ̄∥Σ (4.0.10)

≤CT ϕin|c2 − c0||Σ| + CT c
1/2
1 ϕinR,

and (4.0.9) implies

Ct
a

2 |||φ|||D ≤MoCT dnsC(0, gµ) ϕin
(
|c2 − c0||Σ| + c

1/2
1 R

)
. (4.0.11)

Now, by (3.2.5) and the assumption that (c1h
−1
e )1/2 ≤ Mc1 for all e ⊂ Σ, then

C(0, gµ) ≤νcs
ac1∥h−1/2µ̄∥Σ + ctrc1c

2
eq∥h−1/4µ̄∥2

Σ
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≤νcs
ac

1/2
1 Mc1∥µ̄∥Σ + ctrc

1/2
1 Mc1c2

eq∥µ̄∥2
Σ

≤
(
νcs

aMc1ctr + c2
trc

1/2
1 Mc1c2

eq∥µ̄∥Σ
)

|||µ|||D.

where we have used (2.2.3). Since µ ∈ B, then c
1/2
1 ∥µ̄∥Σ ≤ R. Therefore,

C(0, gµ) ≤
(
νcs

aMc1ctr + c2
trMc1c2

eqR
)

|||µ|||D.

Thus, replacing this expression in (4.0.11), we obtain

Ct
a

2 |||φ|||D ≤MoCT dns

(
νcs

aMc1ctr + c2
trMc1c2

eqR
)

ϕin
(
|c2 − c0||Σ| + c

1/2
1 R

)
|||µ|||D. (4.0.12)

This implies the result with

LJ := 2
Ct

a

MoCT dns

(
νcs

aMc1ctr + c2
trMc1c2

eqR
)

ϕin
(
|c2 − c0||Σ| + c

1/2
1 R

)
. (4.0.13)

Corollary 4.0.1. If c1 are sufficiently small, then J has a fixed point. Moreover, if c0, c1 and

c2 are small enough, then J is a contraction and therefore has a unique fixed point.

Proof. Existence follows from Brouwer fixed-point theorem and Lemmas 4.0.2 and 4.0.3. In

addition, f c0, c1 and c2 are small enough, then LJ < 1 and therefore J has a unique fixed-point.
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CHAPTER 5

Error analysis.

Let (u, p) ∈ [H1
gϕ

(Ω)]2×L2
0(Ω) and ϕ ∈ H1

ϕin(Ω) the solution to (1.1.1), and (uh,ph) ∈ V
gϕh

h ×Qh

and ϕh ∈ Cϕin
h the solution to (4.0.1). We introduce the interpolation errors

Iϕ := ϕ − ΠCϕ Iϕ̄ := γ(ϕ) − ΠCγ(ϕ)

Iu := u − ΠBDMu Iū := γ(u) − ΠV γ(u),

where ΠBDM : [H1(Ω)]d → Vh be the usual Brezzi-Douglas-Marini (BDM) interpolation op-

erator (see, for example, [13, Lemma 2]) and ΠC is the standard L2-projection onto Ch. We

recall that ΠV and Π are the L2-projection over V̄h and C̄h, resp. We set Iϕ := (Iϕ, Iϕ̄) and

Iu := (Iu, Iū).

The approximation errors are defined as follows.

εϕ := ΠCϕ − ϕh, εϕ̄ := ΠCγ(ϕ) − ϕh,

εu := ΠBDMu − uh, εū := ΠV u − ūh.
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We define εϕ := (εϕ, εϕ̄) and εu := (εu, εū).

For convenience, we also write ϕ := (ϕ, γ(ϕ)) and u := (uγ(u)). In this way, we can

decompose the errors as

ϕ − ϕh = εϕ + Iϕ and u − uh = εu + Iu.

Now, by (4.0.1) and consistency (4.0.2a), we have

ans
h (u − uh,vh) + ons

h (u;u,vh) − ons
h (uh;uh,vh) + bns

h (p − ph,vh) = 0 ∀vh ∈ V 0
h , (5.0.1a)

bns
h (qh,u − uh) = 0 ∀qh ∈ Qh, (5.0.1b)

oc
h(u;ϕ, rh) − oc

h(uh;ϕh, rh) + ac
h(ϕ − ϕh, rh) + ⟨c2γ(ϕ) − ϕ̄h, r̄h⟩Σ = 0. ∀rh ∈ C0

h. (5.0.1c)

We now proceed with the error bound for the approximation error associated with the

concentration. As we will see, the first error bound depends on the approximation error of the

velocity.

Lemma 5.0.1. Let Cc := CT ϕin|c2 − c0||Σ| + CT c
1/2
1 ϕinR. It holds

(
Ct

a − 1
2csc∥|u · n|1/2∥Σ

)
|||εϕ|||D ≤ (Ma + Mo∥u∥1,h)|||Iϕ|||D′ + c2 csc∥Iϕ̄∥Σ

+ CcMo(cp|||εu|||s + ∥Iu∥1,h).

Proof. Since εϕ ∈ C0
h, by (2.2.5b) and using (5.0.1c), we deduce that

Ct
a|||εϕ|||2D ≤ ac

h(εϕ, εϕ) = − ac
h(Iϕ, εϕ) + ac

h(ϕ − ϕh, εϕ)

= − ac
h(Iϕ, εϕ) − c2⟨γ(ϕ) − ϕ̄h, εϕ̄⟩Σ + T,

where T := −oc
h(u;ϕ, εϕ) + oc

h(uh;ϕh, εϕ). We can decompose T as

T = −oc
h(u, εϕ, εϕ) − oc

h(εu;ϕh, εϕ) − oc
h(u; Iϕ, εϕ) − oc

h(Iu;ϕh, εϕ)
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and by (2.2.5a),

T = − 1
2∥|γn(u)|1/2(εϕ − εϕ̄)∥2

∂T + 1
2⟨γn(u), ε2

ϕ̄⟩Σ − 1
2⟨γn(u), ε2

ϕ̄⟩Γout

− oc
h(εu;ϕh, εϕ) − oc

h(u; Iϕ, εϕ) − oc
h(Iu;ϕh, εϕ)

≤ 1
2⟨γn(u), ε2

ϕ̄⟩Σ − oc
h(εu;ϕh, εϕ) − oc

h(u; Iϕ, εϕ) − oc
h(Iu;ϕh, εϕ).

Now, by (2.2.4d),

T ≤ 1
2⟨γn(u), ε2

ϕ̄⟩Σ + Mo∥εu∥1,h|||ϕh|||D|||εϕ|||D

+ Mo∥u∥1,h|||Iϕ|||D′ |||εϕ|||D + Mo∥Iu∥1,h|||ϕh|||D|||εϕ|||D.

Thus,

Ct
a|||εϕ|||2D ≤ ac

h(Iϕ, εϕ) − c2⟨γ(ϕ) − ϕ̄h, εϕ̄⟩Σ + 1
2⟨γn(w), ε2

ϕ̄⟩Σ + Mo∥εu∥1,h|||ϕh|||D|||εϕ|||D

+ Mo∥u∥1,h|||Iϕ|||D′|||εϕ|||D + Mo∥Iu∥1,h|||ϕh|||D|||εϕ|||D

≤ Ma|||Iϕ|||D′ |||εϕ|||D − c2⟨Iϕ̄ + εϕ̄, εϕ̄⟩Σ + 1
2⟨γn(u), ε2

ϕ̄⟩Σ + Mo∥εu∥1,h|||ϕh|||D|||εϕ|||D

+ Mo∥u∥1,h|||Iϕ|||D′|||εϕ|||D + Mo∥Iu∥1,h|||ϕh|||D|||εϕ|||D,

where we have used (2.2.4b).

Now, we observe that

−c2⟨Iϕ̄ + εϕ̄, εϕ̄⟩Σ ≤ −c2⟨Iϕ̄, εϕ̄⟩Σ ≤ c2 csc∥Iϕ̄∥Σ|||εϕ|||D,

by the same arguments used to prove (2.2.7). Similarly, we have

1
2⟨γn(u), ε2

ϕ̄⟩Σ ≤ 1
2csc∥|u · n|1/2∥Σ |||εϕ|||D.

Therefore,

(
Ct

a − 1
2csc∥|u · n|1/2∥Σ

)
|||εϕ|||2D ≤ Ma|||Iϕ|||D′|||εϕ|||D + c2 csc∥Iϕ̄∥Σ|||εϕ|||D + Mo∥εu∥1,h|||ϕh|||D|||εϕ|||D
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+ Mo∥u∥1,h|||Iϕ|||D′|||εϕ|||D + Mo∥Iu∥1,h|||ϕh|||D|||εϕ|||D.

Since the Poincaré inequality (3.2.3) is also valid for functions that vanish in part of the bound-

ary, ∥εu∥1,h ≤ cp|||εu|||s, we have

(
Ct

a − 1
2csc∥|u · n|1/2∥Σ

)
|||εϕ|||D ≤ (Ma + Mo∥u∥1,h)|||Iϕ|||D′ + c2 csc∥Iϕ̄∥Σ

+ Mo(cp|||εu|||s + ∥Iu∥1,h)|||ϕh|||D.

Finally, by the same arguments that led to (4.0.10), we obtain

|||ϕh|||D ≤CT ϕin|c2 − c0||Σ| + CT c
1/2
1 ϕinR := Cc, (5.0.2)

and the result follows.

On the other hand, to bound the approximation error of the velocity, from (5.0.1a) with

vh = εu,

ans
h (u − uh, εu) + ons

h (u;u, εu) − ons
h (uh;uh, εu) + bns

h (p − ph, εu) = 0.

By the properties of the BDM projection (cf. [13, Lemma 2])and using that uh is pointwise

divergence-free and divergence-conforming (3.1.7), we observe that bns
h (p − ph, εu) = 0. Then,

after rearranging terms and using the error decomposition, we have

ans
h (εu, εu) = −ans

h (εu, Iu) − ons
h (u; εu, εu) − ons

h (εu; ,uh, εu) − ons
h (u; Iu, εu) − ons

h (Iu,uh, εu).

Then, by coercivity of ans
h (3.2.6), we obtain

νcs
a|||εu|||2s ≤ − ans

h (Iu, εu) − ons
h (u; εu, εu) − ons

h (εu;uh, εu)

− ons
h (u; Iu, εu) − ons

h (Iu;uh, εu).

37



Furthermore, by (3.2.11),

ons
h (u; εu, εu) ≥ −1

2⟨(u · n)εū, εū⟩Σ + 1
2⟨(u · n)εū, εū⟩Γout ≥ −1

2⟨(u · n)εū, εū⟩Σ.

Then,

νcs
a|||εu|||2s ≤ − ans

h (Iu, εu) + 1
2⟨(u · n)εū, εū⟩Σ

− ons
h (εu;uh, εu) − ons

h (u; Iu, εu) − ons
h (Iu;uh, εu)

≤νcb
a|||Iu|||s′ |||εu|||s + 2(c2

sc,1 + c2
sc,2)∥u · n∥Σ |||εu|||2s

− ons
h (εu;uh, εu) − ons

h (u; Iu, εu) − ons
h (Iu;uh, εu), (5.0.3)

where we used (3.2.6) and the same arguments that led to (2.2.7). We next bound each of the

last three terms in the right-hand side separately. For the first, since εu vanishes on Γin, by

(3.2.9) we have

ons
h (εu;uh, εu) ≤Mns

o ∥εu∥1,h|||uh|||s|||εu|||s. (5.0.4)

For the second term, by (3.2.10), we obtain

ons
h (u; Iu, εu) ≤Mns

4 ∥u∥0,4,Ω|||Iu|||s|||εu|||s. (5.0.5)

Now, for the last term,

ons
h (Iu;uh, εu) ≤Mns

4 ∥Iu∥0,4,Ω|||uh|||s|||εu|||s. (5.0.6)

Finally, after combining (5.0.3)-(5.0.6), we conclude that

(νcs
a − ∥u · n∥Σ)|||εu|||s ≤νcb

a|||Iu|||s′ + Mns
o ∥εu∥1,h|||uh|||s

+ Mns
4 ∥u∥0,4,Ω|||Iu|||s + Mns

4 ∥Iu∥0,4,Ω|||uh|||s|||εu|||s.

Now, the Poincaré inequality (3.2.3) is also valid for functions that vanish in part of the bound-
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ary, then ∥εu∥1,h ≤ cp|||εu|||s. Thus,

νcs
a|||εu|||s ≤νcb

a|||Iu|||s′ + Mns
o cp|||εu|||s|||uh|||s + Mns

4 ∥u∥L4(Ω)|||Iu|||s + Mns
4 ∥Iu∥0,4,Ω|||uh|||s.

In other words, we have proved the following result.

Lemma 5.0.2. There holds

(νcs
a − ∥u · n∥Σ − Mns

o cp|||uh|||s) |||εu|||s ≤ νcb
a|||Iu|||s′ + Mns

4 ∥u∥L4(Ω)|||Iu|||s + Mns
4 ∥Iu∥0,4,Ω|||uh|||s.

Combining Corollaries 5.0.1 and 5.0.2, we obtain the following estimates.

Corollary 5.0.1. If

∥u · n∥Σ + Mns
o cp|||uh|||s ≤ νcs

a/2 (5.0.7)

and ∥|u · n|1/2∥Σ ≤ Ct
a/ssc, we have

|||εu|||s ≲ |||Iu|||s′ + ∥u∥L4(Ω)|||Iu|||s + Mns
4 ∥Iu∥0,4,Ω.

and

|||εϕ|||D ≲ (1 + M∥u∥1,h)|||Iϕ|||D′ + c2∥Iϕ̄∥Σ + Cc(|||εu|||s + ∥Iu∥1,h).

Remark 5. Unfortunately, we were unable to prove (5.0.7). Now, according to Remark 1, u · n

is small in practice. On the other hand, from (3.2.12),

|||uh|||s ≤dns

(
∥f∥Ω + νcs

a∥h−1/2uin∥Γin + νcs
a∥h−1/2(c0 − c1ϕ)∥Σ

+ ctr∥uin∥2
0,4,Γin + ctr∥c0 − c1ϕ∥2

0,4,Σ

)
.

In other words, due to the non-homogeneous boundary condition, the continuous dependence

result (3.2.12) provides a negative power of h accompanying the functions at the boundary,
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and this is why we were unable to show a uniform bound for |||uh|||s. How to obtain a more

convenient continuous dependence result is the subject of ongoing work.

Proposition 5.0.1. Let us assume that u ∈ [Hk+1(Ω)]2 and ϕ ∈ Hk+1(Ω). There hold

|||Iu|||s′ ≲hk|u|k+1,Ω,

|||Iϕ|||D′ ≲hk|ϕ|k+1,Ω,

∥Iu∥1,4 ≲hk|u|k+1,Ω,

∥Iu∥0,4,Ω ≲hk+3/2|u|k+1,4,Ω.

Proof. The first three estimates follow from Lemma 2 in [13] and the properties of the L2-

projection over faces. Now, for the last estimate,

∥Iu∥4
0,4,Ω =

∑
K∈T

∥Iu∥4
0,4,K ≲

∑
K∈T

h2
K∥Îu∥4

0,4,K̂

≲
∑

K∈T
h2

K∥û∥4
k+1,4,K̂

≲
∑

K∈T
h2

Kh
4(k+1)
K ∥u∥4

k+1,4,K ,

by an scaling argument, Bramble-Hilbert ( [9, Lemma B.68 ]). Thus, ∥Iu∥0,4,Ω ≲ hk+3/2∥u∥k+1,4,Ω.

Finally, from Corollary 5.0.1 and previous proposition, we conclude the following result

Theorem 5.0.3. Let us assume that u ∈ [Hk+1(Ω)]2 ∩ [W k+1
4 (Ω)]2, p ∈ Hk+1(Ω) and ϕ ∈

Hk+1(Ω). Suppose that the assumption of Corollary 5.0.1 hold. We have that

|||u − uh|||s ≲hk|u|k+1,Ω + hk+3/2|u|k+1,4,Ω,

|||ϕ − ϕh|||s ≲hk|ϕ|k+1,Ω,

∥p − ph∥ ≲hk (|p|k+1,Ω + |u|k+1,Ω) .
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CHAPTER 6

Numerical simulations

This chapter is devoted to test the performance of the scheme (4.0.1). we will first consider

manufactured solutions to compute the experimental order of convergence, and then simulate

real scenarios in desalination channels. We implemented (4.0.1) in NGsolve [18].

The algorithm is based on the fixed-point iteration described in Chapter 4.

Picard’s iterarion. Given ϕ and w, we compute Pϕ(w) := uh, where (uh,ph) ∈ V
gϕ

h × Qh

is such that

ans
h (uh,vh) + ons

h (w;uh,vh) + bns
h (ph,vh) = Lns

h (vh) ∀vh ∈ V 0
h , (6.0.1a)

bns
h (qh,uh) = 0 ∀qh ∈ Qh, (6.0.1b)
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6.1. Manufactured solutions.

where we recall that the Dirichlet data is given by

gϕ =


(c0 − c1ϕ)n on Σ,

uin on Γin.

Algorithm 1 Navier-Stokes(ϕ̄,w0)
Give a concentration ϕ̄, a velocity w0 and atolerance tolNS.
Set w1 =NaN.
itNS = 1
while tolNS <diff do

uh = Pϕ(w0), solution to (6.0.1).
w1 = uh

diff = ∥w1 − w0∥Ω
w0 = w1
itNS = itNS + 1

end while
Return uh

Algorithm 2 Fixed-point algorithm
Give the inlet concentration ϕin and velocity uin.
Give an initial concentration ϕ̄(0) and a tolerance tol.
ϕ(1) =NaN.
itT = 1
while tol <diff do

uh = Navier-Stokes(ϕ̄(0), uin)
ϕ(1) = T (uh) the solution to (4.0.4) with inlet boundary condition ϕin.
diff = ∥ϕ(1) − ϕ(0)∥Ω
ϕ(0) = ϕ(1)

itT = itT + 1
end while
Return ϕ(1)

6.1 Manufactured solutions.

In this section, we test our scheme with manufactured solutions. For a variable v, we denote

by ev the errors in L2-norm associated to v. The experimental rate of convergence is defined
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6.1. Manufactured solutions.

as:

rv := log(ev/e′
v)

log(h/h′) .

where ev and e′
v are the errors computed by two consecutive meshsizes h and h′.

Example 1. We consider the domain Ω as the unit square with boundaries Γin, Γout and Σ

as shown in Figure 6.1.

Ω

ΓoutΓin

Γin

Σ

u · mΣ

n

Figure 6.1: Example 1. Domain Ω := (0, 1) × (0, 1).

For the numerical test, we consider the exact velocity

u(x, y) =
(

y(2 + cos(2πx) sin(2πy)), −1
2π

sin(2πx)(2πy cos(2πy) − sin(2πy)) − 0.1
)

,

pressure

p(x, y) = sin(πx) cos(πy)

and concentration

ϕ(x, y) = cos(πy) sin(πx).

We set

c0 = 0.1 + sin(πx) , c1 = 1 , c2 = 0.1 , θ = 0.1 , ν = 0.01.

43



6.1. Manufactured solutions.

Table 6.1 shows the history of convergence for k = 2. We observe that the errors in u and

ϕ decay with order k + 1, while the order of convergence of the pressure is k.

h eu ru ep rp eϕ rϕ itNS+itT

0.4 1.0e − 01 - 7.6e − 02 - 5.7e − 02 - 24
0.2 1.1e − 02 3.1 1.5e − 02 2.3 2.0e − 03 4.8 22
0.1 1.1e − 03 3.3 2.7e − 03 2.4 1.3e − 04 3.9 22
0.05 1.2e − 04 3.2 6.1e − 04 2.1 1.3e − 05 3.3 21
0.025 1.5e − 05 3.0 1.5e − 04 2.0 1.5e − 06 3.1 23
0.0125 1.8e − 06 3.0 3.7e − 05 2.0 2.4e − 07 2.7 23

Table 6.1: Example 1: Errors and experimental convergence rates, k = 2.

In the last column, we display the total number of iterations counting Piccard’s iteration of

Algorithm 1 and the fixed-point Algorithm 2.

In turn, we can visualize the concentration obtained in Figure 6.2.

Figure 6.2: Concentration with h = 0.0125 and k = 2. Example 1.
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6.1. Manufactured solutions.

Example 2. We now consider a case of two membranes. The domain is the square (0.1, 0.4)×

(0.0, 0.4) as shown in Figure 6.3. For the manufactured solution, we consider

u(x, y) =
(

y(2 + cos(2πx) sin(2πy)), −1
2π

sin(2πx)(2πy cos(2πy) − sin(2πy)) − 0.1
)

,

p(x, y) = sin(πx) cos(πy)

and

ϕ(x, y) = cos(πy) sin(πx).

In Tables 6.2-6.4 we display the history of convergence considering different meshsizes a

polinomial degree k ∈ {1, 2, 3}. The experimental orders of convergence are k + 1 for the

velocity and concentration, and k for the pressure.

Ω

ΓoutΓin

Σ

Σ

u · mΣ

n

Figure 6.3: Example 2. Ω = (0.1, 0.4) × (0.0, 0.4).

h eu ru ep rp eϕ rϕ itNS+itT

0.4 3.4e − 02 - 9.5e − 02 - 4.6e − 02 - 37
0.2 8.1e − 03 2.02 3.5e − 02 3.7 8.4e − 03 2.4 31
0.1 3.3e − 03 1.3 2.2e − 02 0.66 2.4e − 03 1.8 24
0.05 5.7e − 04 2.5 9.5e − 03 1.2 4.4e − 04 2.4 26
0.025 1.3e − 04 2.1 4.5e − 03 1.07 1.0e − 04 2.1 22
0.0125 3.2e − 05 2.0 2.2e − 03 1.03 2.5e − 05 2.0 20

Table 6.2: Example 2: Errors and experimental convergence rates, k = 1.
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6.1. Manufactured solutions.

h eu ru ep rp eϕ rϕ itNS+itT

0.4 2.2e − 02 - 2.6e − 02 - 1.1e − 02 - 26
0.2 2.6e − 03 2.5 4.1e − 03 1.3 1.5e − 03 2.8 25
0.1 4.1e − 04 2.6 1.3e − 03 1.6 2.5e − 04 2.5 23
0.05 3.4e − 05 3.5 2.1e − 04 2.6 8.1e − 06 4.9 19
0.025 3.7e − 06 3.2 5.3e − 05 1.9 7.6e − 07 3.4 18
0.0125 4.3e − 07 3.1 1.3e − 05 2.0 1.2e − 07 2.6 21

Table 6.3: Example 2: Errors and experimental convergence rates, k = 2.

h eu ru ep rp eϕ rϕ itNS+itT

0.4 1.0e − 02 - 7.8e − 03 - 1.1e − 02 - 28
0.2 2.1e − 04 5.5 3.2e − 04 4.6 5.2e − 05 7.7 25
0.1 2.8e − 05 2.9 8.8e − 05 1.8 4.2e − 06 3.6 24
0.05 8.3e − 07 5.0 5.5e − 06 4.0 9.5e − 08 5.4 18

Table 6.4: Example 2: Errors and experimental convergence rates, k = 3.

We can visualize the computed concentration obtained in Figure 6.4:

Figure 6.4: Concentration with h = 0.0125 and order k = 3
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6.1. Manufactured solutions.

6.1.1 Simulations in a desalination channel.

The computational domain associated with a desalination channel is Ω = (0, L) × (0, d), where

L = 15mm and d = 0.74mm. We compared the solution obtained by our scheme with the

simulations performed in [1] on a single feed channel. We consider the physical parameters in

Table 6.5 [3, 20]. We recall that c0 := A∆P , c1 := AiRT y c2 := B.

Parameter Meaning Value Units
T System temperature 298 K
R Ideal gas constant 8.314 Jmol−1K−1

i Number of ions from salt solution 2 −

∆P Hydrostatic transmembrane pressure ∆P1 := 4053000
Pa∆P2 := 5575875

ρ Feed/permeate fluid density 1027.2 kg m−3

κ Feed/permeate diffusivity of salt in water 1.611 × 10−9 m2s−1

µ Feed/permeate fluid dynamic viscosity 8.9 × 10−4 kg m−1s−1

A Membrane water permeability 2.5 × 10−12 ms−1 Pa−1

B Membrane salt permeability 2.5 × 10−8 m s−1

Table 6.5: global physical parameters

The inlet velocity profile is set as follows.

uin :=
(

6uin
y

d

(
1 − y

d

)
, 2(c0 − c1ϕin)y

d
− (c0 − c1ϕin)

)t

, y ∈ [0, d]

Simulation 1. A feed channel without salt concentration. We consider a channel

without explicit spacers and the numerical method is validated by comparing it with classical

analytical models of momentum transport in membrane moduli, i.e., Poiseuille and Berman

flow models, by comparing the pressure drop, denoted as ∆p := p(0, d/2) − p(x, d/2). This

validation involves the simulation of a uniform permeation of a pure solvent (ϕf = 0), and then

the pressure drop is obtained by solving the equations of motion with the following boundary

conditions:

u · n = c0 (for Berman flow) on Σ and u · n = 0 (for Poiseuille flow) on Σ.
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6.1. Manufactured solutions.

Figure 6.5: Comparison of exact vs. approximate pressure drop (bottom) and axial velocity
(top) for a single channel. Simulation conditions: uin = 0.2 m/s, ∆P = ∆P2 and clean water,
h = 4, 8e − 4 and k = 2

In this case,

∆p(x, d/2) :=
(1

2ρu2
in

)( 24
Re

)(2x

d

)
,

48



6.1. Manufactured solutions.

where Re := 2 ρ d uin

µ
.

In Figure 6.5 we show the first component of the velocity along y = d/2 and the pressure

drop. Because there is no salt concentration, the velocity in the entire channel is the same as

the inlet velocity. Moreover, since uin is quadratic and we are using k = 2, the HDG scheme

computes the exact velocity, as we can see in Figure 6.5. Similarly, since ∆p is linear, the

pressure drop is computed exactly by the scheme as we can observe in Figure 6.5.

Simulation 2. We now consider uin := 0.1 m/s ϕin = 600 mol/m3 and ∆P = ∆P1 =

4053000 Pa. In Figure 6.7 we plot the approximation of the concentration. As expected, we

observe accumulation of salt along the membranes. To make this clearer, in Figure 6.6 we

show the concentration values along the bottom membrane Σ. Starting in ϕin = 600 mol, salt

accumulates along the membrane, which also agrees with Figure 3.4 in [1].

Figure 6.6: Concentration profile at the membrane. Simulation conditions: uin = 0.1m/s,
∆P = ∆P1 .
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6.1. Manufactured solutions.

Figure 6.7: Zoom on the concentration field for a single channel. Simulation conditions: uin =
0.1m/s, ∆P = ∆P1.
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CHAPTER 7

Conclusions and future work

7.1 Conclusions.

In this thesis, a numerical method based on the Hybridizable Discontinuous Galerkin (HDG)

scheme was developed and analyzed to solve a coupled system of Navier-Stokes and advection-

diffusion equations, which models the reverse osmosis process in desalination channels. The

proposed formulation stands out for its conservative nature and its ability to significantly re-

duce the size of the overall linear system compared to non-hybrid methods, which is especially

advantageous in applications with high-order approximations. The validity of the scheme was

verified under certain assumptions on the smallness of the data. Well-posedness of the proposed

HDG scheme was analyzed using the following procedure. First, introduce a fixed-point oper-

ator to decouple the nonlinear scheme and obtain separate schemes for the Navier-Stokes and

advection-diffusion equations. Second, well-posedness of each of these schemes was analyzed.

Finally, Brouwer and Banach fixed-point theorems were employed to prove the existence and

uniqueness of solution of the coupled scheme, under certain assumptions on the data.
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7.2. Future work.

In addition, error estimates were derived, showing that the proposed scheme provides op-

timal orders of convergence. Finally, numerical simulations were presented that demonstrated

the good performance of the method compared to manufactured solutions and in realistic de-

salination scenarios.

7.2 Future work.

This work leaves several interesting possibilities for further exploration. One of them is to relax

one of the assumptions in the well-posedness analysis. In particular, the assumption c1h
−1
e

bounded, even though c1 is very small in reverse osmosis applications, it does not hold when h

goes to zero. We believe that it is possible to relax this restriction and obtain valid results in

more general contexts. It would also be interesting to extend the model to the time-dependent

case. Incorporating temporal evolution would allow for a more realistic analysis of the dynamic

behavior of the system, especially in non-stationary desalination processes.

Finally, a natural step would be to perform a posteriori error analysis. This would help to

automatically identify areas where the method needs higher resolution, in particular near the

membrane, which is useful for optimizing the use of computational resources and improving

the accuracy of simulations.
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