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Abstract

In this thesis we introduce and analyze new Banach spaces-based mixed finite element meth-
ods for the stationary nonlinear problem arising from the coupling of the convective Brinkman-
Forchheimer equations with a double diffusion phenomenon. Besides the velocity and pressure
variables, the symmetric stress and the skew-symmetric vorticity tensors are introduced as
auxiliary unknowns of the fluid. Thus, the incompressibility condition allows to eliminate the
pressure, which, along with the velocity gradient and the shear stress, can be computed af-
terwards via postprocessing formulae depending on the velocity and the aforementioned new
tensors. Regarding the diffusive part of the coupled model, and additionally to the tempera-
ture and concentration of the solute, their gradients and pseudoheat/pseudodiffusion vectors
are incorporated as further unknowns as well. The resulting mixed variational formulation,
settled within a Banach spaces framework, consists of a nonlinear perturbation of, in turn, a
nonlinearly perturbed saddle-point scheme, coupled with a usual saddle-point system. A fixed-
point strategy, combined with classical and recent solvability results for suitable linearizations
of the decoupled problems, including in particular, the Banach-Necas-Babuska theorem and the
Babuska-Brezzi theory, are employed to prove, jointly with the Banach fixed-point theorem, the
well-posedness of the continuous and discrete formulations. Both PEERS and AFW elements
of order ¢ > 0 for the fluid variables, and piecewise polynomials of degree < ¢ together with
Raviart-Thomas elements of order ¢ for the unknowns of the diffusion equations, constitute
feasible choices for the Galerkin scheme. In turn, optimal a priori error estimates, including
those for the postprocessed unknowns, are derived, and corresponding rates of convergence are
established. Finally, several numerical experiments confirming the latter and illustrating the

good performance of the proposed methods, are reported.
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Resumen

En esta tesis introducimos y analizamos nuevos métodos de elementos finitos mixtos basados
en espacios de Banach para el problema estacionario no lineal que surge del acoplamiento de las
ecuaciones de Brinkman-Forchheimer convectivas con el fenémeno de doble diffusion. Ademas
de la velocidad y la presion, los tensores de esfuerzo y de vorticidad, los cuales son simétrico
y antisimétrico respectivamente, se introducen como incognitas auxiliares del fluido. Asi, la
condicién de incompresibilidad permite eliminar la presiéon, la cual, junto con el gradiente de
velocidad y el esfuerzo de corte, pueden ser calculadas posteriormente mediante féormulas de
postprocesado que dependen de la velocidad y de los nuevos tensores anteriormente menciona-
dos. En cuanto a la parte difusiva del modelo acoplado, y adicionalmente a la temperatura y
concentracion del soluto, sus gradientes y vectores de pseudocalor/pseudodifusion se incorporan
también como incognitas extra. La formulacion variacional mixta resultante, en un marco de
espacios de Banach, consiste en una perturbacion no lineal de, a su vez, un esquema de punto
de silla con una perturbacion no lineal, acoplado con un esquema de punto de silla usual. Una
estrategia de punto fijo, combinado con resultados de solubilidad clasicas y recientes para lin-
ealizaciones adecuadas de los problemas desacoplados, incluyendo en particular, el teorema de
Banach-Necas-Babuska y la teoria de Babuska-Brezzi, se emplean para probar, junto con el teo-
rema de punto fijo de Banach, el buen planteamiento de las formulaciones continua y discreta.
Tanto los elementos PEERS como AFW de orden ¢ > 0 para las variables correspondientes
al fluido, y polinomios a trozos de grado < ¢, junto con los elementos de Raviart-Thomas de
orden / para las incognitas de las ecuaciones de difusion, constituyen opciones factibles para el
esquema de Galerkin. A su vez, se derivan estimaciones éptimas del error a priori, incluyendo
las de las incognitas postprocesadas, y se establecen las tasas de convergencia correspondientes.
Por 1ltimo, varios experimentos numéricos confirman e ilustran el buen funcionamineto de los

métodos propuestos.
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CHAPTER 1

Introduction

The multiphysics problem of double-diffusive convection in which two scalar fields, such as
heat and concentration of a solute, affect the density distribution in a fluid-saturated highly
porous medium, has been intensively studied in recent years (see, e.g., [30], [33], [34], [15],
[13], and references therein). Applications include predicting and controlling processes arising
in geophysics, oceanography, chemical engineering, and energy technology, to name a few. In
particular, some of them includes groundwater system in karst aquifers, fast flows in fractured
or vuggy aquifers or reservoirs, chemical processing, convective flow of carbon nanotubes, and
propagation of biological fluids (see, for instance, [2], [6], [22], and [36]). In this regard, we
remark that much of the research in porous medium has been focused on the use of Darcy’s
law. However, this fundamental equation may be inaccurate for modeling fluid flow through
porous media with high Reynolds numbers or through media with high porosity. To overcome
this limitation, it is possible to consider the convective Brinkman—Forchheimer equations (see,
e.g., [17], [35], [31], [11], and [12]), where terms are added to Darcy’s equation in order to

take into account the above described physical aspects. Moreover, this fact has motivated the



introduction of the corresponding coupling with a system of advection-diffusion equations (also

called double-diffusion equations), through convective terms and the body force.

Concerning literature devoted to studying the coupling of the Brinkman—Forchheimer and
double-diffusion equations, we first highlight that, up to the authors’ knowledge, [30] con-
stitutes one of the first works in analyzing the well-posedness and regularity of solution for
a velocity-pressure-temperature-concentration variational formulation. Later on, a finite vol-
ume method to solve the coupling of the time-dependent Brinkman—Forchheimer and double-
diffusion equations was adopted in [34]. The focus of this work was on the validity of the
Brinkman—Forchheimer model when various combinations of the thermal Rayleigh number,
permeability ratio, inclination angle, thermal conductivity and buoyancy ratio are considered.
More recently, an augmented fully-mixed formulation based on the introduction of the fluid
pseudostress tensor, and the pseudoheat and pseudodiffusive vectors (besides the velocity, tem-
perature and concentration fields) was analyzed in [15]. Meanwhile, a non-augmented Banach
spaces-based fully-mixed formulation was proposed and analyzed in [13]. In particular, this
latter scheme is written equivalently as a fixed-point equation, so that the well-known Banach
theorem, combined with classical results on nonlinear monotone operators and Babuska-Brezzi’s
theory in Banach spaces, are applied to prove the unique solvability of the continuous and dis-

crete systems.

Regarding literature focused on the analysis of the convective Brinkman-Forchheimer (CBF)
equations, we start referring to [17], where the authors analyze the continuous dependence of
solutions of the CBF equations written in velocity-pressure formulation on the Forchheimer
coefficient in H! norm. In turn, an approximation of solutions for the incompressible CBF
equations via the artificial compressibility method was proposed and developed in [35], where
a family of perturbed compressible CBF equations that approximate the incompressible CBF
equations is introduced. Furthermore, the well-posedness of the corresponding velocity-pressure
variational formulation of the two-dimensional stationary CBF equations was analyzed in [31].
In addition, error estimates for a mixed finite element approximation were obtained, and a
one-step Newton iteration algorithm initialized using a fixed-point iteration, was proposed.

Recently, an augmented mixed pseudostress-velocity formulation was analyzed in [11]. In there,



the well-posedness of the problem is achieved by combining a fixed-point strategy, the Lax—
Milgram theorem, and the well-known Schauder and Banach fixed-point theorems. We also
mention [12], where a Banach spaces-based mixed formulation was proposed and analyzed
for the CBF problem, but differently from the techniques previously developed in [11], no
augmentation procedure was needed for the formulation nor for the solvability analysis. The
resulting non-augmented scheme is then written equivalently as a fixed-point equation, so that
results recently established in [19] for perturbed saddle-point problems in Banach spaces, along
with the well-known Banach—Necas—-Babuska and Banach theorems, are applied to prove the

well-posedness of the continuous and discrete systems.

We point out that the motivation of employing an augmented approach, as in [15] and [11],
is originated by the wish of performing the respective solvability analysis of the equations within
a Hilbertian framework. However, it is well known that the introduction of additional terms
into the formulation, while having some advantages, also leads to much more expensive schemes
in terms of complexity and computational implementation. In order to overcome this, in recent
years there has arisen an increasing development on Banach spaces-based mixed finite element
methods to solve a wide family of single and coupled nonlinear problems in continuum mechan-
ics. In particular, we refer to [9], [8], [16], [18], [5], [25], and [10], for the analysis of mixed for-
mulations within a Banach framework of the Poisson, Navier—Stokes, Brinkman—Forchheimer,
Boussinesq, coupled flow-transport, Navier—Stokes—Brinkman, and chemotaxis-Navier—Stokes
equations. This kind of procedures shows two advantages at least: no augmentation is re-
quired, and the spaces to which the unknowns belong are the natural ones arising from the
application of the Cauchy—Schwarz and Holder inequalities to the terms resulting from the
testing and integration by parts of the equations of the model. As a consequence, simpler and

closer to the original physical model formulations are obtained.

According to the previous discussion, and aiming to continue extending the applicability
of the aforementioned framework, the goal of the present paper is to develop and analyze a
new Banach spaces-based fully-mixed formulation, augmentation free, for the coupling of the
convective Brinkman—Forchheimer and double-difusion equations, and study its numerical ap-

proximation by the associated mixed finite element method. To this end, and unlike [11] and



[12], where only the pseudostress is employed, here we introduce the symmetric stress and
the skew-symmetric vorticity tensors as auxiliary unknowns in the CBF equations, and sub-
sequently eliminate the pressure unknown using the incompressibility condition. In turn, we
follow [13, 18] and adopt a dual-mixed formulation for the double-difussion equations making
use of the temperature/concentration gradients and the pseudoheat/pseudodiffusion vectors
as further unknowns. The resulting mixed formulation is written as a nonlinear perturbation
of, in turn, a nonlinearly perturbed saddle-point scheme, coupled with a usual saddle-point
system. Then, similarly to [13], [20], [25], and [10], we combine a fixed-point argument, the
abstract results provided in [19], the Banach-Nec¢as—Babuska theorem, Babuska-Brezzi’s theory
in Banach spaces, sufficiently small data assumptions, and the Banach theorem, to establish
existence and uniqueness of solution of both the continuous and discrete formulations. In this
regard, and since the formulation is similar to the ones considered in [13], [19], and [20], our
present analysis certainly makes use of the corresponding results available there. In addition,
applying an ad-hoc Strang-type lemma in Banach spaces established in [15], we are able to
derive the corresponding a priori error estimates for arbitrary discrete subspaces. Next, em-
ploying PEERS and AFW elements of order ¢ > 0 for approximating the fluid variables, and
piecewise polynomials of degree < ¢ together with Raviart-Thomas elements of order ¢ for the
unknowns of the double-diffusion equations, we prove that the corresponding discrete methods

are convergent with optimal rates.

The paper is organized as follows. The remainder of this section describes standard notation
and functional spaces to be employed throughout the paper. The model problem is introduced
in Chapter 2, and all the auxiliary variables to be employed in the setting of the formulation are
defined there. Next, in Chapter 3 we derive the corresponding fully-mixed variational formu-
lation in Banach spaces, whereas, the well-posedness of this continuous scheme is established
in Chapter 4. The corresponding Galerkin system is introduced and analyzed in Chapter 5,
where the discrete analogue of the theory used in the continuous case is employed to prove exis-
tence and uniqueness of solution. A priori error estimates for arbitrary finite element subspaces
are also obtained there. In Chapter 6 we establish the corresponding rates of convergence for

specific discrete subspaces. Finally, the performance of the method is illustrated in Chapter 7
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throughout several numerical examples in 2D and 3D, with and without manufactured solu-

tions, which confirm the accuracy and flexibility of our fully-mixed finite element method.

1.1 Preliminary notations

Let Q < R™ n € {2,3}, be a bounded domain with polyhedral boundary I', and let v be the
outward unit normal vector on I'. Standard notation will be adopted for Lebesgue spaces LP(£2)
and Sobolev spaces W*P(Q), with s € R and p > 1, whose corresponding norms, either for the
scalar, vectorial, or tensorial case, are denoted by || o p:2 and |- | s p.q, respectively. In particular,
given a non-negative integer m, W™2(0) is also denoted by H™(2), and the notations of its
norm and seminorm are simplified to || - ||,n.0 and | - |,,.q, respectively. In addition, HY?(T) is
the space of traces of functions of H*(2), and H~'/2(I') denotes its dual. On the other hand,
given any generic scalar functional space S, we let S and S be the corresponding vectorial and
tensorial counterparts, whereas | - ||, with no subscripts, will be employed for the norm of any
element or operator whenever there is no confusion about the space to which they belong. Also,
| - | denotes the Euclidean norm in both R™ and R"*", and as usual, I stands for the identity
tensor in R™". In turn, for any vector fields v = (v;)i—1, and w = (w;)i=1,, We set the

gradient, divergence, and tensor product operators, as

p5)

61;@» . - ov;
Vv = (a$j)i7j_17n7 div(v) := ]; xj-’ and v W := (v;w;)ij=1n,

whereas for any tensor fields 7 = (7;5); j=1.» and ¢ = ((;j)i j=1.n, we let div(7) be the divergence
operator div acting along the rows of 7, and define the transpose, the trace, the deviatoric

tensor, and the tensor inner product, respectively, as

n 1 n
T4 i= (Tji)ijeim, tr(7T):= Z Ty, TYi=T - - tr(r7)I, and 7T:(¢:= Z Tij Gij -
i=1 ij=1

Furthermore, for each ¢ € [1, +00) we introduce the Banach spaces

H(div,; Q) := {T ceL(Q): div(r)e Lt(Q)} , and
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Hmwggyz{rem%m: dwwﬁeyan}

equipped with the natural norms
|7 lavie = |7loe + ldiv(T)ose V7 € H(divy;©),  and

ITlaivese = [Tloq + [div(T)|ose V7 € H(div,; Q).

Additionally, we recall that, proceeding as in [23, eq. (1.43), Section 1.3.4] (see also [9, Section

(1, +o0] in R%,
4.1] and [18, Section 3.1]), one can prove that for ¢t € there holds
[g, +0o0] in R3,

(T-v,v) = JQ {‘r -V + vdiv(r)} Y (7,v) € H(div,; Q) x HY(Q), (1.1)

and

(tv,v) = L {’T Vv +v: diV(T)} Y (7,v) e H(div;; Q) x HY(Q), (1.2)

where (-,-) denotes in (1.1) (resp. (1.2)) the duality pairing between H'/?(T") (resp. HY?(T"))
and H™Y2(T) (vesp. HY2(I)).



CHAPTER 2

The model problem

In what follows we consider the steady convective Brinkman—Forchheimer equations introduced
in [31] (see also [35, 12, 11]) coupled with double-diffusion equations, similarly as done in [13].
More precisely, we focus on finding a velocity field u, a pressure field p, a temperature field ¢,

and a concentration field ¢, the latter two defining a vector unknown ¢ := (¢1, ¢2), such that

—div(pe(u)) + (Vu)u + Du + Flu?u+ Vp = f(¢) in Q,
div(u) = 0 in Q,

—div(Q1 V¢1) + Riu-V¢; = ¢ in Q, (2.1)
—div(QaVes) + Rou-Voy = ¢ in Q,

u = up, ¢1=¢1,D, and ¢y = ¢2,D on I,



where 1 is the Brinkman coefficient (or effective viscosity), which is assumed to be eventually

variable, and bounded, that is there exist constants pg, 1 > 0, such that
po < p(x) < VxeQ. (2.2)

In addition, e(u) := 1 (Vu+(Vu)*) is the symmetric part of Vu, also named strain rate tensor,
D > 0 is the Darcy coefficient, F > 0 is the Forchheimer coefficient, p is a given number in [3, 4],

and f(¢) is an external force defined by

£() = — (¢1— dun)g + ; (63— 022 8. (2.3)

where g represents the potential type gravitational acceleration, ¢, , and ¢, , are the reference
temperature and concentration of a solute, respectively, and o is a parameter experimentally
valued that can be assumed to be = 1 (see [30, Section 2| for details). The spaces to which
¢1r and @9, belong will be specified later on. In turn, Q; and Q2 denote the thermal and
concentration diffusion tensors, respectively, which are assumed to belong to L*(2), whereas
R; is the thermal Rayleigh number and R is the solute Rayleigh number. In addition, Q; and
Q- are assumed to be uniformly positive definite tensors, which means that there exist positive

constants C7 and (', such that
v Q(x)v = Cj|v]* YveR", VxeQ, je{l,2}, (2.4)

and ¢g; and g9 are given source terms in suitable spaces to be specified later on. Finally,

up € HY2(T') and ¢;p € HY4(I'), i € {1,2}, are given Dirichlet data.
Owing to the incompressibility of the fluid and the Dirichlet boundary condition for u, the

datum up must satisfy the compatibility condition

LuD-u:o. (2.5)

In addition, due to the pressure gradient in (2.1), and in order to guarantee uniqueness of this



unknown, p will be sought in the space
L2(Q) = {q e L2(9) : f q= o}.
Q

Now, in order to derive a fully mixed formulation for (2.1), thus yielding the Dirichlet
boundary conditions to become natural, we proceed similarly to [25] (see also [8] for related

approaches), and introduce as a further unknown the symmetric tensor o defined by
o :=pe(u) — (u®u) — pl. (2.6)
In this way, the first equation of (2.1) can be rewritten as
Du + Fluf/?u — div(e) = f(¢p) in Q, (2.7)

whereas applying the trace operator to o and utilizing the incompressibility condition div(u) =
0 in §2, we obtain

1
p=— Etr(a + (u®u)). (2.8)
Moreover, applying the deviatoric operator to (2.6) and dividing by p, we find that

1 1
ﬁad—kp(u@u)d:e(u) = Vu — v, (2.9)

where the vorticity

(Vu - (Vu)') (2.10)

DN | —

v =

is introduced as a further unknown.

Next, for the double-diffusion equations we consider for each j € {1, 2} the temperature
(or concentration) gradient t;, and the corresponding pseudoheat (or pseudodiffusion) 9;, as

auxiliary unknowns, which are defined, respectively, by

1
tj = v¢ja 'l9j = thj - §Rj ¢j u, \V/]E {1,2}, in Q, (211)
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whence the third and fourth equations of (2.1) can be rewritten as

1
SRiu-t; - div(¥;) = ¢g; in Q, je{1,2}. (2.12)

Consequently, gathering (2.7), (2.9), (2.11), and (2.12), and incorporating the Dirichlet
boundary conditions, we find that (2.1) can be rewritten, equivalently, as follows: Find (o, u,~)

and (¢;,t;,19;), 7 € {1,2}, in suitable spaces to be indicated below, such that

1 1
o'+ - (u®u'+y = Vu in Q,

I Iz
Du+Fluf/?u—div(e) = f(¢) in Q,
t; = V¢; in Q, je{l,2},
thj—;aquju — 9, in Q, je{1,2}, (2.13)
;ijtj—div(ﬁj) = gj in Q, je{1,2},

u = up, ¢1=¢1,D, and ¢y = ¢2,D on I,

Jtr(a+(u®u)) =0 in Q.

We stress here that, as suggested by (2.8), p is eliminated from the present formulation and
computed afterwards in terms of o and u by using that identity. This fact justifies the last
equation in (2.13), which aims to ensure that the resulting p does belong to L(£2). Notice also
that further variables of interest, such as the velocity gradient Vu, and the shear stress tensor

~

o = pe(u) — pl, can be easily computed, respectively, as follows

1 1
Vu=;0d+;(u®u)d+7 and o =0 + (U®u). (2.14)



CHAPTER 3

The continuous formulation

In this chapter we follow [8] and [18] (see also [12, 13, 25, 26, 27]) to derive a mixed formulation
for (2.13) within a Banach spaces framework. We begin by testing the first equation of (2.13)
against a tensor T associated with the unknown o, so that, using the identity ¢ : 7 = 9 : 79,

we formally get

f1Ud:Td+J1(u®u)d:‘r+f7:‘r=JVu:T. (3.1)
QM QM Q Q

We observe that the first and third expressions on the left hand side of (3.1) make sense for
o, T,v € L*Q). In turn, seeking originally u € H*(2), which is in line with the condition
that up € HY?(T'), and assuming that 7 is taken in H(div,; ), with ¢ fitting the ranges for
the validity of (1.1) and (1.2), we can apply the latter, and employ the Dirichlet boundary

condition on u, to obtain

L Vu:t = — L u-div(t) + (tv,up)r. (3.2)

11
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In this way, replacing (3.2) back into (3.1), we arrive at

L;ad:Td+Lu‘div(7)+Li(u®u)d:T+L'7:T = (Tv,up)r (3.3)

for all 7 € H(divy; Q). Now, knowing that div(7) € L*(2), and using Holder’s inequality, we
conclude from the second term in (3.3) that it suffices to look for u in L¥(Q2) instead of H!(),
where ¢, t' € (1, +00) are conjugate to each other. In addition, employing the Cauchy—Schwarz
and Holder inequalities, we readily deduce that the convective nonlinear term is well defined if
u € L*(Q), which yields to choose ¢’ = 4, and thus t = 4/3, whence the test space for 7 becomes
H(divys; ).

On the other hand, linking the spaces to which the unknown o and its test functions 7
belong, we impose to look for o in H(divys;(2) as well. Hence, testing the second equation of

(2.13) against v € L*(Q), formally yields

L v-div(o) — D L u-v-F L v = — L £(g) - v (3.4)

for all v € L*(2), from which the first term is bounded thanks to the fact that div(e) € LY3(Q).
Next, noting that for p € [3,4] there holds 2(p — 2) < 4, we consider the continuous injection
ia(p—2) : L*(Q) — L2=2(Q) and observe that [ig,_o)|| < [Q]4=?/4=2 In this way, applying
the Cauchy—Schwarz and Hoélder inequalities to the third term on the left-hand side of (3.4),
we find that

U lw|’~?u - v
Q

which proves that the aforementioned term is well-defined for u, w, v € L4(2). In turn, being

-2
< w5 2-

- -2
o [tloag [Vioaa < 194 [wlg iy [uloas [Vose

L*(Q) certainly contained in L?(Q2) guarantees that the second term in (3.4) is bounded as well,
whereas the right hand side of (3.4) becomes well defined if f(¢) (cf. (2.3)) belongs to L¥3(9),

which is assumed from now on. We will refer again to this issue later on.
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Finally, the symmetry of o (cf. (2.6)) is imposed weakly as

Jé:a:() v e L2, (Q), (3.5)

skew

where

2
H"skew

Q) = {5eL2(Q): 5 = —5}.

According to the previous analysis, the weak formulation of the convective Brinkman—
Forchheimer problem (2.13) reduces at first instance to: Find (o,7v,u) € H(divys;Q) x
L2, () x L*(Q) such that (3.3), (3.4) and (3.5) hold for all (7,48, v) € H(divys; Q) x L2, (Q2) x

skew skew

L*(2). However, similarly as in [8] (see also [12], [18]), we consider the decomposition
where

Ho(divys; ) = {T € H(divy3; Q) : J tr(r) = O},
Q

which means that each 7 € H(divy/s;€2) can be uniquely decomposed as
. . 1
T :To—i-do]l with TQEHQ(le4/3;Q) and do = Q|f tI'(T) € R.
n Q
In particular, using the last equation of (2.13), we obtain

1
o =0yt C()]I with Og € Ho(diV4/3; Q) and Cy = —W tr(u®u) s (37)
n Q

which says that ¢q is know explicitly in terms of u. Therefore, in order to fully determine o, it
only remains to find its Ho(divy/s; 2)-component o, which is renamed from now on simply as

o.

Next, using the compatibility condition (2.5), we observe that both sides of (3.3) vanish

when 7 = I, and hence testing against 7 € H(divys;(2) is equivalent to doing it against
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7 € Hy(divys; €2). Therefore, bearing in mind the foregoing discussion, denoting
H := Ho(diV4/3; Q) ) Q = L4(Q> X szeW(Q) )

and setting

u=(u,v), v=(v,98), z=(z,%x) € Q,

we arrive at the following mixed formulation for the convective Brinkman—Forchheimer equa-

tions: Find (o,d) € H x Q such that

a(o, )+ b(T,u) + b(u;u,7) = G(1) VreH,

(3.8)
b(o, V) — c(u;u, v) = Fu(V) Vv e Q,
where the bilinear forms ¢ : Hx H — R and b: H x Q — R are defined as
1
a(, ) = J — ¢4 V(¢, 7)) e Hx H, (3.9)
oM
and
b(r,V) = f v-div(T) + J o:7 V(r,v) e HxQ, (3.10)
Q Q

whereas, for each w € L*(€), the bilinear forms b(w; -, -) : L*(Q) x Hy(divy/3; Q) — R and
c(w;-, ) : Q x Q — R are given by

b(w;v,T) = L le (wv):7  V(v,7) e LYQ) x Hy(divy; Q), (3.11)

and

c(w;d, V) := Df

u-V+FJ|W|p_2U_‘V V(u,v) e Qx Q. (3.12)
Q Q

Finally, the linear and bounded functionals G : H — R and Fg : Q — R reduce to
G(r) = (rvoup)  VreH and Fu¥) = J @) -v ¥veQ.  (313)
Q

On the other hand, for the double diffusion equations, which are described by the third up
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to the fifth rows of (2.13), we proceed similarly as for the convective Brinkman-Forchheimer
equations, and look originally for ¢; € H'(Q2), which, besides yielding t; € L?(f2), is in line as
well with the fact that the data ¢;p € HY2(T), i e {1, 2}. Then, testing the aforementioned
third equation against m; € H(div,;2), with ¢ as before, applying now (1.1), and using the

Dirichlet boundary condition on ¢;, we get

[ eom [ opaivm) =y von) g = 12y, (3.14)
Q Q

In this way, knowing that div(n;) € L*(Q2), we realize from the second term of (3.14) and
Holder’s inequality that it suffices to look for ¢; in Lt/(Q). Needless to say, it is clear that the
first term makes sense since both t; and n; belong to L?(Q2). Next, letting L*($2) be as well the
space of test functions associated with the unknown t;, the corresponding testing of the fourth

row of (2.13) formally gives

1
Lthj-rj—2ijﬂ¢j(u-rj)—fgfz9j-rj=0 (3.15)

for all r; € L*(Q), so that the third term of (3.15) is well-defined if ¥; € L*(Q). In turn,
regarding the second term, and bearing in mind that from the analysis of the Brinkman—
Forchheimer equations we know that u must be sought in L*(2), direct applications of the

Cauchy—Schwarz and Holder inequalities imply

| 6w < 19slosn ulnsa Irslos. (3.16)

from which it is natural to fix the seeking space for ¢; as L*(Q), that is ¢’ = 4, which yields
= 4/3. In this way, letting H(divy3; Q) and L*(Q) be as well the spaces where ¥; is sought
and where the test functions associated with ¢; belong to, respectively, we can test the fifth

row of (2.13) against ¢; € L*(2) to obtain

;Rj L Y (u-t;) — L Y, div(d;) = L g5 ;- (3.17)

Note that the first and second terms of (3.17) are well-defined thanks to the analogue estimate
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(3.16) and the fact that div(d9;) € L¥3(Q), whereas the expression on the right-hand side makes

sense if g; € L*3(2), which we assume from now on. Therefore, introducing the spaces

~

H = LYQ) x L2(Q) and Q := H(divys:Q),
/

setting the variables

— —

6 = (65,t5), ¥ = (Wyr), & = (&,s;) € H,

and grouping conveniently (3.14), (3.15), and (3.17), we arrive at the weak formulation: Find
(Q;jv'ﬂj) e H x Q, j € {1,2}, such that

(5, 05) + T(w gy vy) + by, 9;) = Fj(dy) Wiy e H, (318
(4. my) = Gj(ny) ¥ € Q,

where, for j € {1,2}, the bilinear forms @ : HxH > R, b H x Q — R, and the linear and

bounded functionals ﬁ] :H— R and CNJj : Q — R are defined, respectively, as:

BED) = | Qs V(G € A, (3.19)
WG =~ [ som - | Ganim) VG e FxQ, (3.20)
F@) = | gty vijeH, and (3.21)
Gi(my) == — (- v.dip)  Ym e Q, (3.22)

whereas, given w € L*(Q), the bilinear form ¢;(w;-,-) : Hx H— R is given by
- - - 1 > P
W) = ghd | wwes) - [ G} vELGeE G
Q Q

Summarizing, the fully mixed formulation of the Brinkman—Forchheimer equations coupled



17

with double diffusion equations (cf. (2.13)) reads: Find (o, d) € H x Q and (¢;,9;) € Hx Q,
j € {1,2}, such that

a(lo, )+ b(T,d) + b(u;u, 7) = G(7) VreH,

b(o, V) — c(u; U, v) = Fy(¥) Vv e Q,
o o L N . N (3.24)
aj(5,05) + (s 05,¢;) + b(y;,9;) = Fi(d;) Vi, € H,

b(b5,m;) = Gijm) Vm e Q.



CHAPTER 4

Analysis of the coupled problem

In this chapter we combine classical and new results on the solvability of variational formulations

in Banach spaces to establish the well-posedness of (3.24).

4.1 Preliminaries

The stability properties of the operators and functionals involved in (3.24) are provided first. In
fact, direct applications of the Cauchy-Schwarz and Holder inequalities, along with the upper
bounds of y (cf. (2.2)), the continuity of the normal trace operator in H(divy/;(2), and the

continuity of the injection i4 : H(2) — L4(Q) and its vectorial version 44, yield the existence

18
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of positive constants, denoted and given as:

1

la| == —, bl := 1, |a;] := |1Qjllom, [0] := 2,
Ho
|G| := llupllir 2], [Fel = Hg”o,ﬂ{”SOHOA;QJF H@HM;Q}’ (4.1)
IF5| = |gjlloasa, and |Gyl := ||éjplier |4,

where j € {1,2} and ¢ = (1, ps) € L*(Q) x L*(), such that there hold

a¢, 7)< la| [¢lalrle  ¥¢,T e H,
b, ¥)| < (o] |7]u Vg V(r,¥) e HxQ,

@565 0l < 1G] 15l 105le Vo5, ¥y € H,

by m)l < 0]l Inile Y (@5my) € HxQ, 4
G| < |G| |r]u VreH,

Fo(¥) < [Fel[¥lq vV e Q,
F@) < 1E s Vi e H, and

Gyl < 1G5l Imslq Vn e Q.

In turn, given w € L*(Q2), we apply the Cauchy-Schwarz and Hélder inequalities, similarly
as we did in (4.1) - (4.2), and previously in (3.16), to derive the following bounds for b (cf.
(3.11)), ¢ (cf. (3.12)), and & (cf. (3.23))

1 .
b(w;v, )l < - [Wloae [Viose [7law, 0 V(v 7) € LH(Q) x Ho(divas; Q) ,

le(w;v,2)] < [QY*(D + F|wli.o) [VlelZle ¥V.ZeQ, and

5 (w; 5, 05)] < Ry [wloae &5l |44 ¥y, ;e H.
(4.3)

Moreover, noting from the definition of ¢; (cf. (3.23)) that ¢;(-; ¢7j, JJ) is linear, we readily
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deduce from the third row of (4.3) that
1&(w; &5, 45) = & (2 65, 05)| < By |w = 2llo.n0 |65 195 (4.4)
for all w,z € L*(Q) and for all ¢?j ,sz e H, and it is also clear from (3.23) that there holds
&i(wi ) = 0 (4.5)

for all w e L*(Q) and for all ¢; € H.

4.2 A fixed point strategy

In what follows, we proceed similarly to [13] (see also [12]) and adopt a fixed-point strategy to
address the well-posedness of (3.24). We begin by letting S : L*(Q) x (L*(Q2) x L4(Q)) — L*(Q)
be the operator defined as

S(w,p) :=u  Y(w,p) e LYQ) x (LYQ) x L*(Q)), (4.6)

where (o,ud) := (o,(u,7)) € H x Q is the unique solution (to be confirmed below) of the
problem arising from the first two rows of (3.24) after replacing b(u;-,-), c(u;-, ), and Fg by
b(w;-,-), ¢(w;-,-), and Fp, respectively, that is

a(o,T) +b(T,d) + b(w;u,7) = G(1) VT e H, wn
4.7
b(o, V) — c(w; U, V) = Fp(V) VveQ.

Equivalently, introducing the bilinear form Ay : (H x Q) x (H x Q) — R given by

Ay ((o,1),(T,V)) = a(o,T) + b(T,u) + b(o, V) — ¢(w; U, V) (4.8)
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for all (o, d), (7,V) € H x Q, the uncoupled problem (4.7) can be rewritten as
Ay ((o,1),(T,V)) + b(w;u,7) = G(1) + Fp(V) V(r,v) e Hx Q. (4.9)
In turn, for each j € {1,2} we define the operator S; : L*() — L*(Q) given by

Sj(w) == ¢; VweLQ),

where (ggj,ﬁj) = ((¢;,t;),9;) € H x Q is the unique solution (to be confirmed below) of
the problem arising from the third and fourth rows of (3.24) after replacing ¢;(u; gj, J]) by

Ej (W7 ¢j7 %‘)7 that is

0,(65.05) + G(widpdy) + bW 95) = Fi(y) ¥ e H, (4.10)
i = Gj(m)  ¥m e Q.

b(¢j,m;)

Similarly as for (4.9), for each j € {1,2} we define the bilinear form @y : Hx H - R as

Uiw(65:05) = Wi(d.05) + H(Wid585) Yy 4y € HL (4.11)
which allows us to restate (4.10) as
Ui (05, 05) + D(5,9,) = Fi(y) Yoy e H,
- N R (4.12)
b(5,m;) = Gj(n;)  Vm; € Q,
Hence, defining S : L*(Q) — (L4(Q) x L4(Q)) as
S(w) == (Si(w),Ss(w))  VweLYQ), (4.13)
and letting T : L(2) — L*(22) be the operator defined by
T(w) := S(w,S(w)) Vw e LYQ), (4.14)
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we see that solving (3.24) is equivalent to seeking a fixed-point of T, that is u € L*(Q) such
that
T(u) = u. (4.15)

4.3 Well posedness of the uncoupled problems

In this section we utilize the Banach-Nec¢as-Babuska Theorem (cf. [21, Theorem 2.6]), along
with recent solvability results for perturbed saddle-point problems in Banach spaces (cf. [19],
[20]), and the Banach version of the Babuska-Brezzi theory (cf. [21, Theorem 2.34]), to show
that the uncoupled problems (4.7) (or (4.9)) and (4.12) are well-posed, which means, equiv-
alently, that the operators S (cf. (4.6)) and S (cf. (4.13)) are well-defined. We begin by
remarking that, being LP(Q) reflexive for each p € (1, 4+00), all the spaces involved in the formu-

lations (4.9) and (4.12), namely L?(Q), L*(Q), L2, (Q), H(divys;Q), and Hy(divys; Q), are

skew
easily shown to be reflexive as well.

In what follows we address the solvability of (4.7), for which we first show that the bilinear
forms a (cf. (3.9)), b (cf. (3.10)), and c(w;-,-) (cf. (3.12)), for each w € L*(Q), which define
the bilinear form A, (cf. (4.8)), satisfy the hypotheses of [19, Theorem 3.4]. In fact, it is clear
from their respective definitions that a and ¢(w; -, ) are symmetric and positive semi-definite,
which confirms the hypothesis i) of [19, Theorem 3.4]. Now, letting V be the null space of the

linear and bounded operator induced by b, we readily see (cf. (3.10)) that
- {ceH: ¢ =¢ and div(¢) = o}. (4.16)

In addition, it is already well-known that a slight modification of [23, Lemma 2.3] (see also [7,
Proposition IV.3.1], [24, Lemma 3.3], and [8, Lemma 3.1]) allows to prove the existence of a
positive constant ¢;, depending on € and the norm of the continuous injection iy : H'(Q) —

L*(Q), such that

cr[Cloe < 1¢%oe + ldiv(Qloase ¢ € Ho(divys: Q). (4.17)
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Thus, thanks to the boundedness of p (cf. (2.2)) and the inequality (4.17), we deduce that
1
a(¢.¢) = I\\Cdllg,g >alCliz  V¢eV, (4.18)

with a = ;il, which easily implies the verification of the continuous inf-sup condition for a
required by the hypothesis ii) of [19, Theorem 3.4]. On the other hand, letting cp be the positive
constant yielding Poincaré’s inequality, that is such that [v[q, < cp|v]iq Vv e Hy(Q), and
recalling that 4, is the continuous injection of H*(Q2) into L*(f2), it can be proved (cf. [27,

Lemma 3.5]) that there exists a positive constant 3, depending only on cp and |4, such that

b(T,V)

7€V ||T||H
T#0

> fBvlq VVeQ,

which accomplishes the hypothesis iii) of [19, Theorem 3.4]. Furthermore, letting § > 0 be an

arbitrary radius, we introduce the ball
W) = {w e L(Q):  [Wlosa < 0}, (4.19)
so that for each w € W(J§) the boundedness estimate for ¢(w;-, -) becomes (cf. (4.3))
c(w; ¥,Z)| < Q]2 (D + F&2) |[V|qlZlq YV.Ze Q. (4.20)

Hence, bearing also in mind the expression for |a| (cf. (4.1)), a straightforward application of
[19, Theorem 3.4] ensures the existence of a positive constant aa, depending only on puyg, €2,

D, F, 0, p, o, and f3, such that for each w € W(4) there holds

A9, (¢.2)

¢aeaxq  |I(€ 2)|laxq
(¢,2)#0

> aa ||(7,V)|axq V(r,v) e Hx Q. (4.21)

Then, combining (4.21) with the boundedness estimate for b(w; -, -) (cf. (4.3)), we arrive at

wp Awl(r9).(€.2) + b(wiv.Q)

(¢.2)eHxQ 1(¢,Z)|uxq
(¢,Z)#0

1 —
> {aA - = ||WH0,4;Q} I(7, V)|l ezxq
Ho
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for all (7,v) € H x Q, from which, under the additional assumption that |w(oso < Ho54,

we conclude that

Aw((T9). () + bwiv,C) _ aa

sup - > 7,V)|lmxq (4.22)
(¢,7)eHxQ 1(¢, Z)|lrxq

(¢,2)#0

for all (7,v) € H x Q. Similarly, noting that A, is symmetric (since a and c are), using again

the boundedness estimate for b(w;-,-) (cf. (4.3)), and under the same assumption on w, we

obtain
Ay((T,v),(£,Z)) + b(w;v,¢ A .
(T(,‘?)E)HXQ (T, V) |mxq
T,V)#0

for all (¢,Zz) € H x Q.

We are now in position of establishing next the well-posedness of (4.9), thanks to which

the operator S is well-defined.

Theorem 4.1. Given ¢ > 0, let r € (0,7¢], with

Ho O‘A} . (4.24)

ro := min {5,
Then, for each (w, ) € L*(Q) x (L*(Q) x L*(Q2)) such that |wloso < 7, (4.9) (equivalently,
(4.7)) has a unique solution (o, W) := (o, (u,7)) € HxQ, and hence one can define S(w, ¢) :=
u. Moreover, there exists a positive constant Cg, depending only on |24, ||g[lo.o, and aa, such

that

IS, @)lose = Iulose < I(o,)luxq < Cs {lupliar + [$elose + [losn}.  (4.25)

Proof. 1t is clear from (4.22) and (4.23) that the bilinear form Ay + b(w;-, -) satisfies the as-
sumptions of the Banach-Necas-Babuska Theorem (cf. [21, Theorem 2.6]), and hence, knowing
from (4.1) and (4.2) that G € H and F, € Q’, the proof reduces to a straightforward applica-

tion of that theorem. In particular, the a priori estimate (4.25) follows from [21, Theorem 2.6,

eq. (2.5)] and the upper bounds for |G|y and |Fepllg (cf. (4.1)). O



4.3. WELL POSEDNESS OF THE UNCOUPLED PROBLEMS 25

On the other hand, in order to derive the well-posedness of (4.12), equivalently (4.10), we
aim to prove that the bilinear forms @, (cf. (4.11)) and b (cf. (3.20)) satisfy the hypotheses of
[21, Theorem 2.34|. In this way, letting V be the null space of the linear and bounded operator
induced by the bilinear form b, we first observe that (cf. [13, eq. (3.35)])

V- {y=@refl: venl(@ ad r- vy}

Next, according to the definition of @, (cf. (4.11)), with a given w € L*(Q2), and employing
(4.5) and (2.4), we obtain, similarly as in the proof of [13, Lemma 3.2], that for each 1/7] =
(j,r;) € V there holds

Gl 5) = W05) = | @l > 51 (4.26)
where @&; is a positive constant depending only on C; (cf. (2.4)), |i4], and c¢p. Then, it is easily
seen that (4.26) implies the hypotheses on @;y required in [21, Theorem 2.34, eq. (2.28)].
Furthermore, we recall from [18, Lemma 3.3] that b satisfies the continuous inf-sup condition
required in [21, Theorem 2.34, eq. (2.29)], that is, there exists a positive constant 5 , depending
only on |Q|, such that

’52/7777 x5 I~
sup W) Blnlg VmeQ.
jen |[Vlg

P#0

Consequently, the well-posedness of (4.12), and thus the well-definedness of the operator S
(cf. (4.13)), is stated as follows.

Theorem 4.2. For each w € L*(€2), and for each j € {1,2}, there exists a unique ((5]-, 9;) =
((¢5,t5),9;) € H x Q solution to (4.12) (equivalently, (4.10)), and hence one can define

~

S;(w) := ¢;. Moreover, there exists a positive constant Cg, depending only on &;, B, 1Q; 0,505,

|i4], and Ry, j € {1, 2}, such that

||§(W) ||0,4;Q = (§1(w), §2(W)) \|0,4;Q
9 (4.27)

{lafloysa + (1+ IWlose) 165012}
1

<C§

J
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Proof. Bearing in mind the previous discussion on @, and 3, for each w € L*(€2) and for each
j € {1,2}, and recalling from (4.1) and (4.2) that ﬁj e H' and CN?J- e Q', the proof follows from
a direct application of [21, Theorem 2.34]. In this way, the corresponding a priori estimate (cf.

[21, Theorem 2.34, eq. (2.30)]) yields

5 SRS PR WA
B Wlose = Iososn < 1l < 215+ 5 (1+ ) 161,

so that, noting from (4.1) and (4.3) that [, w| < |Q;llo.c:0 + Ry [|W/o4:0, and employing the

expressions for |Fj|| and |G;| provided in (4.1), the foregoing estimate becomes

IS;(W)loae < [ojlg < Cj {ngHoA/?);Q + (1 + [wloue) H¢j,DH1/2,F}7 (4.28)

where CN’]- is a positive constant depending on @&, B, 1Q,ll0,00:025 4], and R;. Finally, summing

up in (4.28) over j € {1,2}, we arrive at (4.27) with Cg = Cy + Cs. O

For sake of completeness, we provide next the upper bound for the component ¥; of the
solution of (4.12). In fact, according now to the second inequality in [21, Theorem 2.34, eq.
(2.30)], we find that

1 1 [ [
19,4 < N(u: 1B+ el (1wl ey
B Q; 5 O‘J
which yields

[9ilg < M5 (1 + [Wloae) {lgslosse + (1 + Wlo) spliarf, — (429)

with a positive constant ]\7[/3 depending as well on &;, 3, 1Q;ll0,00:025 [24], and R;.

4.4 Solvability analysis of the fixed—point equation

Having proved the well-posedness of the uncoupled problems (4.7) and (4.10), in particular the

former under the assumption on w specified in Theorem 4.1, thus ensuring that the operators
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~

S (cf. (4.6)), S (cf. (4.13)), and hence T (cf. (4.14)), are well-defined, our next goal is to
establish the existence of a unique fixed—point of T. For this purpose, in what follows we aim
to verify the hypotheses of the Banach theorem, starting by providing a suitable condition
guaranteeing that T maps a ball into itself. Indeed, given r € (0,ry], with ry as in (4.24), we
let, as in (4.19),

W(r) = {w e LYQ):  |wloun < 7’}, (4.30)

and observe, thanks to the a priori estimates (4.25) and (4.27), that for each w € W(r) there
holds

ITW) oo = [S(w, 5(W))loso < Cs {[uplyor + [¢:losn + 50w) oo}

2 (4.31)
< Cr {!UDM/M + [ Beloan + ) {ngHo,4/3;Q +(1+7) Hébj,Dul/ZF}} :
j=1
where C'tr := (g max {1, Cg}. Then, we have the following result.
Lemma 4.1. Given r € (0,7¢], with 7 as in (4.24), assume that the data satisfy
2
Cr {||11D1/2,F + [ Belloan + D {ngHUA/?’;Q +(1+7) ||¢j,D|1/2,F}} <. (4.32)
j=1
Then, there holds T(W(r)) = W(r).
Proof. 1t is a direct consequence of the estimate (4.31). O

Next, we aim to show that the operator T is Lipschitz continuous, for which, according
to (4.14), it suffices to prove suitable continuity properties for S and S. In order to derive
the corresponding result for S, we need the technical estimate for ¢ provided by the following

lemma.

Lemma 4.2. For each p € [3,4] there exists a positive constant L., depending only on F, ||,

and p, such that

—

p—3
le(witd, V) — (24, V)| < LC{HWHo,m + HZHOA;Q} Iw = 2zfosaalose [viowa  (4.33)
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for all w, z € L*(Q), and for all 4, v € Q.

Proof. We begin by noticing from the definition of ¢ (cf. (3.12)) that, given w, z € L*(€), and
u:= (u,v), v:= (v,d) € Q, there holds

le(w; d, V) — ¢(z; 14, V)| < FJ [w|*=? — [2]P7||u - v|. (4.34)
Q
Next, defining w := (\W|,O), 7 = (|z|,0) e R", with 0 € R"!, we observe that

~

wlP 2 = Jafe 2] = || & — [P

, (4.35)

and recall from [28, Lemma 5.3] that for each ¢t > 2 there exists a positive constant C; such
that
- _ -2 n
< x = |y[*y] < (x| +Iyl) " x-yl  V¥x yeR",

so that applying the foregoing inequality with ¢ = p—1, and denoting C(p) := C,_;, we deduce
that

WP w — 272 < Clp) (W] + \%’|)p_3 W — Z|. (4.36)

Thus, replacing (4.36) back into (4.35), and then the resulting estimate back into (4.34), re-
turning to the original variables, and using, in particular, that [W — Z| = ||w|—|z|| < |w—z|,

we arrive at
Wit ¥) — om0, 9)| < COIF [ (] + f2)" fw — ol fu-v],
Q

from which, applying Cauchy-Schwarz’s inequality, we deduce that

—

= RN —3
e(wi 6,9) — e(z:8,9)] < CO)F| (1wl + [2])" [y 0 IW — 2loso [ulose [VIose . (437)

It remains to estimate the expression H (|W| + |z|)p73H04.Q. The case p = 3 is straightforward

since | (|w] + |z|)” becomes |Q|"/4, which yields (4.33) with L. := C(p)F |Q|"/*. In turn,

-3
H 0,4;Q2

= lwl + lzl fose <

when p = 4, we get by triangle inequality that [(|w| + |z])p_3H074;Q
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[Wloa0 + 2040, which implies (4.33) with L. := C(p)F. Finally, if p € (3,4), we apply

Holder’s inequality with r := 4%/) € (1, +o0) and its conjugate 1’ := p%?)’ to obtain

—3 - _ _ P
[l + 12)" |y < 121 1w] + 2] 5% < 1904 (IWlose + Izlosn)

which, along with (4.37), gives (4.33) with L, := C(p) F |Q2|#=?/4 Summarizing, (4.33) holds
with this latter value of L. for all p € [3,4]. O

The announced property for S is established next.

Lemma 4.3. Let r € (0,7¢], with ry as in (4.24). Then, there exists a positive constant Lg,

depending only on aa, |glo.q, o, L., and 7, such that

IS(w. ) — 8. &)losa < Ls {I — Elown + ISt E)losa I —zlosa}  (439)

for all (w, ), (z,€) € W(r) x (L*(2) x L*(2)).

Proof. Let (w, ), (z,€) € W(r) x (L*(Q) x L*(Q)) such that S(w,¢) = u; and S(z,£) = u.,
where, for each ¢ € {1,2}, (o,0;) = (O'i, (ui,'yi)) € H x Q is the corresponding unique

solution of (4.9) (equivalently, (4.7)), that is

AW((Jl,ﬁl),(T,\_f')) + b(w;u,7) = Fp(V) + G(1) V(r,v) e Hx Q,

(4.39)
Az((02>ﬁ2>7(77‘7>) + b(Z;UQ,T) = Fﬁ({;) + G(T) V<T7‘_;) € H x Q
Then, applying (4.22) to (o1,U;) — (02, Us) € H x Q, we obtain

IS(w, ) = S(z,8) o0 = | —w2fou0 < [(o1,U1) — (02, U2)[Hxq

_ 2 Ay ((01, 1) = (o2, Tia), (7, %)) + b(w;u — up,7) (4.40)

< —  sup — .

QA (7,¥)eHxQ (T, V)| uxq
(7,v)#0

Now, adding and subtracting A, ((os, Us), (7,V)), and using (4.39) and the fact that there

holds (A, — Ay) ((02,Us), (T,V)) = c(w;Uy, V) — c(z; Uz, V), we get after some algebraic
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manipulations

Aw((Ul,ﬁl) — (O'Q,ﬁg), (T,\?)) + b(w;u1 — 112,7')
(4.41)
= (Fp —F¢)(V) + b(z — wiup, 7) + ¢(w; U, V) — ¢(z; tp, V) .

Next, it readily follows from the definitions of the function f (cf. (2.3)) and the functional F
(cf. (3.13)) that

(Fp —Fe)(¥) < [glole —Elose [Viosea, (4.42)

whereas it is clear from the first row of (4.3) that

1
b(z — wiuy, T) < m Iw — 2llo.40 [uz]os0 [Tlldiv, 0 - (4.43)
0

In turn, applying Lemma 4.2, and using that both |w|o 4.0 and ||z/o4.q are bounded by r, we

find that

p—3
e(Witiz, ¥) — o(z; 102, ¥) < Le{ IWloae + [zlosa}  |w = zloa fuslose Voo
(4.44)

< L (QT)p_3 lw — Z||0,4;Q \|112H0,4;Q HVHOA;Q‘

Finally, replacing (4.41) back into (4.40), employing the upper bounds provided by (4.42),
(4.43), and (4.44), and recalling that uy, = S(z, &), we arrive a the required inequality (4.38)

with a positive constant Lg as indicated. [

The following lemma proves the Lipschitz continuity of the operator S.

Lemma 4.4. Let 7 € (0,7¢], with ry as in (4.24). Then, there exists a positive constant Lg,

depending only on 6’]- (cf. (4.28)), R;, and &, j € {1, 2}, such that

IS(wW) = S(@) o0 < Lg Y, {HQJ'HOA/B;Q + (14 | Wloan) ||¢j,DH1/2,r} W —=2fos0  (445)

7j=1
for all w, ze W(r).

Proof. We proceed similarly to the proof of [13, Lemma 3.11]. Indeed, given r € (0,ry] and
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w, z € W(r), we let S(w) = (¢1,2) € LH(Q) x L4(Q) and S(z) = (&,&) € LAQ) x LY(Q),
where, for each j € {1, 2}, ((Ej,ﬂj) = ((qu,tj),ﬂj) e HxQ and (gj,cj) = ((gj,sj),cj) e HxQ
are the unique solutions of (4.10) (equivalently, (4.12)) with ¢;(w; -, -) and ¢;(z; -, -) (equivalently,
with @, and @), respectively. It follows from the subtraction of the corresponding second
equations of (4.10) that 53- — EJ e V. In addition, testing the first equations of (4.10) against
Jj = ggj — Ej, and then subtracting them, we deduce that

(6 — &b — &) = (2§05 — &) — T(wi by b5 — &),

from which, subtracting and adding qgj in the second component of the first term on the right

hand-side, and using the identity (4.5), we get
(95 — &0 — &) = C(Z 05,05 — &) — &(Wi 05,05 — &)

In this way, employing now the ellipticity of @; (cf. (4.26)), the foregoing identity, and the
continuity property for ¢; provided by (4.4), we find that

ajlo; — &l < (05 — &, 05 — &) = (205,05 — &) — (Wi b, 05 — &)
< Rj[w —z]oaa |¢ilg |65 — &ila

which, along with the a priori estimate for H@Hﬁ given by (4.28), yields

1S;(w) = 8@ owa = 65— &loae < 165 = &Gla < & Ry |6l |w — zlose
(4.46)

< &'R;C {HQJ‘HOA/&Q + (1 + [wlloun) H¢J',DH1/2,F} W —z]o40-

Finally, summing up in (4.46) over j € {1,2}, we get (4.45) with Ly := IIE%(} {&j_l R; 6']} O
]6 b

As a consequence of Lemmas 4.3 and 4.4, we are able now to prove the Lipschitz continuity

of T.

Lemma 4.5. Let r € (0,r0], with 7 as in (4.24). Then, there exists a positive constant L,
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depending only on Lg, Lg, Cs, and Cg, such that

|T(wW) = T(2)]o0.5:0
) (4.47)
< Lo {luplyar + 16cdosn + X {loslosaa + (147) [630lyar I = 2l
j=1
for all w, z € W(r).
Proof. Given w, z € W(r), we first deduce from the definition of T (cf. (4.14)) and the
continuity property of S (cf. Lemma 4.3) that

IT(W) = T(2)|oae = IS(W,S(w)) —S(2,5(2)) 010

(4.48)
< Ls {I8(W) = 8(@)lo.s0 + 1(2.8(2)) fo.s0 Iw — Zlo0}
In turn, the Lipschitz-continuity of S (cf. Lemma 4.4) yields
R R 2
8w) = 8@loaa < Ls Y {losloana + (L+7) [6ilar | [w=zlose,  (449)
j=1
whereas the a priori estimates for S (cf. (4.25)) and S (cf. (4.27)) imply
S(2.5(2))l0.40
(4.50)

—~

2
< Cs {!UDHl/z,F + |pxlosa + Cs D, 3 gilloaza + (1+7) Hébj,Dul/ZF}} :
j=1

where the fact that both w40 and |z[o 4.0 are bounded by 7 has been utilized in (4.49) and
(4.50), respectively. Finally, replacing the latter estimates back into (4.48), and performing

simple algebraic manipulations, we arrive at (4.47) and end the proof. O

The main result of this section, which refers to the solvability of (4.15) (equivalently, (3.24)),

is stated as follows.

Theorem 4.6. Given r € (0, ro], with ry as in (4.24), assume that, in addition to the hypothesis
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of Lemma 4.1 (cf. (4.32)), the data satisfy

2
Lt {!UD||1/2,F + [peloae + {HQJ'HOA/EE;Q +(1+7) |¢j,D||1/2,r}} < 1. (4.51)
j=1
Then, there exists a unique u € W(r) (cf. (4.30)) fixed point of T (cf. (4.15)). Equivalently,
(3.24) has a unique solution (o, d) := (a', (u,’y)) e Hx Q and (gj,ﬁj) = ((qﬁj,tj),ﬁj) €
H x Q, j € {1,2}, with u € W(r). Moreover, there exist positive constants C, C;, and C,
depending on &1, &s, B, |Qilowa, |1Qzloseas lial, Ri, Ra, 7, 4], [glog, and aa, such that

there hold the following a priori bounds

2
lio-@lia < € {luplar +[8cdon+ X {Iosloana + [oioliar} @52
j=1
and for each j € {1,2}
1659 ey < G5 {lgsloasma + 165l } (4.53)

Proof. 1t is clear from Lemma 4.1 and the assumption (4.51) that T is a contraction that
maps the ball W(r) into itself, and hence a straightforward application of the classical Banach
fixed—point theorem implies the indicated solvabilities of (4.15) and (3.24). Furthermore, since
u = T(u) = S(u,g(u)), we deduce that ¢ := (¢1,¢2) = S(u), whence (4.53) follows
from (4.28) and (4.29), whereas (4.52) is consequence of (4.25) and (4.53). We omit further
details. O



CHAPTER b

The Galerkin scheme

The Galerkin scheme of the fully-mixed formulation (3.24) is introduced and analyzed in this
chapter. In particular, regarding the solvability analyses of the discrete versions of the decoupled
problems studied in Section 4.3, we now apply [19, Theorem 3.5], [21, Theorem 2.22|, and [21,
Proposition 2.42], which correspond to the discrete analogues of [19, Theorem 3.4], 21, Theorem
2.6], and [21, Theorem 2.34], respectively.

5.1 Preliminaries

We begin by letting {ﬁl}h
K (when n = 2) or tetrahedra K (when n = 3) of diameter hg, and set h := max{hK :
K e ’771}. Then, we let ]ﬁlg, H} H), Hﬁ, Ht, and H? be arbitrary finite element subpaces of
H(divys; ), LH(Q), L2, (), L*(©), L*(Q2), and H(divy/s; ), respectively. Specific choices of

be a regular family of triangulations of Q made up of triangles
>0

skew

them, satisfying suitable hypotheses to be introduced along the discussion, will be described

later on in Chapter 6. Note that h stands for both, the size of the triangulation 7, and the

34
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sub-index of each subspace. Then, defining
H), = HY ~ Ho(divys;Q), Q= H} xHY, H,:= H xH, Q,:= H, (5.1
and setting the notations
Up = (un,vn), Vo = (Vi 0n),  Zn = (zn,Cn) € Qn,
and for j € {1,2}
Gin = (Dimtin) s Cin = Wynerin)s Gn = Ensin) € Ha,

the Galerkin scheme associated with (3.24) reads: Find (o7, U) € Hy x Qj and (é'j’h, 9,5 €
H), x Qy, j € {1,2}, such that

a(on, ) + b(Th, Uy) + b(up; up, ) = G(m) V1, € Hy,
b(on, Vi) — c(up; dp, Vi) = Fy,(Vi) VVy e Qu,
5j(<5j,h71;j,h> + 5j(uh;€gj,hﬂ/7j,h) + E(Jj,ha'ﬂj,h) = E(%h) Vdjj,h € ﬁh,

~ ~

b(qgj,h, Nj.h) =

(5.2)

Q

j(nj,h) Vnn € Qn,

where ¢y, 1= (d14, P2n) € Hi X HZ

5.2 Discrete fixed point strategy

In order to address the solvability of (5.2), we adopt the discrete analogue of the fixed point
strategy employed in Section 4.2. Indeed, we start by introducing the operator S; : H}! x (Hf X
H;’f) — H} defined by

Sh(Wh, ) == u, YV (wp,e,) € Hp X (H(}i X HZ), (5.3)
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where (o, uy) = (O'h, (uh,'yh)) € H;, x Q, is the unique solution (to be confirmed below)
of the problem arising from the first two rows of (5.2) when b(uy;-,-), c(us;-, ), and Fg,, are

replaced by b(wy; -, ), c(wp; -, ), and Fyp , respectively, that is

a(on, Th) + b(Th, Up) + b(Whsup, 1) = G(10) V1, € Hy, (5.4)
5.4

b(on, Vi) — c(Wp; Up, Va) = Fp,(Vn)  VVh e Qu,

or, equivalently, as the discrete analogue of (4.9)
Awh ((O'h, ﬁh), (’Th, \7h)) + b(Wh; Uy, Th) = G(Th) + F(ph (\7h) V (’Th, Vh) € Hh X Qh , (55)

where, given wj, € HY, Ay, : (H), x Q) x (Hj, x Qi) — R is defined according to (4.8).

On the other hand, for each j € {1, 2} we introduce the operator §j,h Hp — Hi defined by
g]‘,h(wh) = gbj,h VWh € H;Ll,

where (ng,ha Yjp) = ((gbj,h, tin) 19j7h) e H), x Qh is the unique solution (to be confirmed below)
of the problem that arises from the third and fourth rows of (5.2) when ¢;(uy;-,-) is replaced

by ¢;(wy; -, ), that is

G(Gjnsin) + G(Waibin Vi) + 0 950) = Ej(W50)  Vibyu € Hy,

(B> Mjn) = Gi(min)  Vmin € Qu.

(5.6)

Equivalently, defining @, , : H, x H, — R, for each w, € Hy, as in (4.11), we can restate
(5.6) as
Ao (Ggs Vj) + Dy, 050) = Fj(hin)  Vibyu € Hy,

~

(i n, Min) = Gi(min)  Vmin e Qu.

In this way, defining S, : H® — (Hi X Hi) as

(5.7)

Sh(Wh) = (Sl,h(wh)ys2,h(wh>) VWh € H;Zl, (58)
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and letting T}, : Hi — HJ}' be the operator given by
Ty(wp) = Sh(whagh(wh)) Vw;, € Hy, (5.9)

we realize that solving (5.2) is equivalent to seeking a fixed-point of T, that is u, € H}' such
that
Th(llh) = Uy . (510)

5.3 Discrete solvability analysis

In this section we address the solvability of (5.2) via the corresponding analysis of the equivalent
fixed—point equation (5.10), which previously requires to prove that the operators S, (cf. (5.3))
and S, (cf. (5.8)), and hence Ty, are well-defined. Equivalently, that the uncoupled problems
(5.5) (or (5.4)) and (5.7) (or (5.6)) are well-posed.

We begin with the analysis of (5.5), for which we aim to prove that the bilinear forms a, b,
and c(wp; -, -), for each wj, € H}!, when restricted to the corresponding finite element subspaces,
satisfy the assumptions of [19, Theorem 3.5]. In fact, being the hypothesis i) of [19, Theorem
3.5] basically the same as the one of [19, Theorem 3.4], namely the symmetry and positive
semi-definedness of a and ¢(wy,; -, -), which was already clarified in Section 4.3, we only need to
concentrate here on ii) and iii) of [19, Theorem 3.5]. To this end, we first consider the following

hypotheses on ]ﬁ[g and H}':
(H.1) H contains the multiplies of the identity tensor I, and
(H.2) div(H7) < H}.

It follows from (H.1) and the decomposition (3.6) that Hj, (cf. (5.1)) can be redefined as

H, = {ch - (n|19| Ltr(())]l: e Jﬁlg}.

In turn, letting V), be the kernel of b|g, «q,, we readily deduce, thanks to the definition of b
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(cf. (3.10)) and (H.2), that

V, = {cheHh: div(¢y) = 0 and f&h:ch—o vaheHg}.
Q

Consequently, while V}, is not necessarily contained in V (cf. (4.16)), the fact that the elements
of V}, are still divergence—free, along with the inequality (4.17), suffice to conclude the discrete

analogue of (4.18), and with the same constant, namely

a(Ch,Cn) = aa Sl VEh € Vi, (5.11)

with oy := % Similarly as for the continuous case, it is easily seen that (5.11) yields the

discrete inf-sup condition for a required by the hypothesis ii) of [19, Theorem 3.5].

Furthermore, in order to continue the analysis, we introduce the discrete inf-sup condition

for b as a third hypothesis, that is:
(H.3) there exists a positive constant 35, independent of h, such that

b(Th, Vi, . .
sip ATV 5 G e € Q.
TheHp HThHH
7,70

Next, proceeding analogously to the continuous case, we consider the same radius § employed

in (4.19), and introduce now the discrete ball
Wi(0) = {wh € Hi s |wiloaa < 4}, (5.12)
so that the boundedness for ¢(wy; -, )|q, xq, becomes exactly as in (4.20), that is
(Wi Vi, Zn)| < |QY2 (D + F6"?) [ValqlZnlq Y ¥i.Zh € Qu.

Hence, having satisfied all the hypotheses of [19, Theorem 3.5], a straightforward application
of this result implies the existence of a positive constant ap 4, depending only on puyg, |2, D, F,

d, p, g, and [y, such that for each w;, € W(d) there holds the discrete analogue of (4.21),
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that is
AW Th, \_;h ) Chu Zh N N
sup h(( - ) ( )) = QA 4 H(Thavh)”HXQ V(’Th,vh) € Hh X Qh- (513)
(Ch Zn)EH, xQy, |(Chs Zn) [ q
(¢h,Zn)#0

Thus, using (5.13) and the boundedness property of b(w;-,-) (cf. (4.3)), similarly as for the
derivation of (4.22), we deduce that for each w;, € W,(8) such that |wy|osa < 22522, there

2
holds

A' ) v ) b Z, + b ; ) —
sup Wh((Th Vh) (Ch Eh)) (Wh Vh Ch) > QA4 H(Th7vh>HH><Q
(Cn,Zn)eHL X Qp H(C}M Zh)”HXQ 2
(ChyZn)#0

for all (74,vy) € Hy x Q.

Therefore, the well-posedness of (5.5) is established as follows.

Theorem 5.1. Given § > 0, let r € (0,7¢4], with

Ho%ad } . (5.14)

Tod ‘= min{é, 5

Then, for each (wy, ;) € H! x (Hfz X Hf) such that |wp[o4.0 <7, (5.5) (equivalently, (5.4)) has
a unique solution (o, dy,) = (a’h, (uh,'yh)) € H;, x Qy, and hence one can define Sy (wy, ¢},)
:= u,. Moreover, there exists a positive constant Cs 4, depending only on |4, |g/oq, and
a4, such that

ISKh(Wh, @n)lloase = [wnfose < [(oh, Un)llExq
(5.15)

< Csa{lunhor + [$:losn + lealose

Proof. Similarly as for the proof of Theorem 4.1, we observe now that the bilinear form Ay, +
b(wp; -, ) satisfies the hypotheses of [21, Theorem 2.22|, so that, noting in this case that

Glu, € Hj, and Fy |q, € Qj,, an application of that theorem proves the present result. O

On the other hand, in order to establish the well-posedness of (5.7) (equivalently, (5.6)), in
what follows we show that the bilinear forms Zij7wh|ﬁh><ﬁh and g‘ﬁhxéh satisfy the hypotheses
of [21, Proposition 2.42]. To this end, we proceed as in [18, Section 5.5] (see also [5, Section
4.3, Lemma 4.2] and [13, Section 4.2, Lemmas 4.1 and 4.5]), and introduce first the kernel of
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aﬁhxéh’ that is
V), = {Jh = (Y, 1) € H, : 5(7Zh>"7h) =0 Vmy € Qh}7

and

Zop = {nh e Qu: 5(&h77lh) =0 Vi = (¥n,0) € ﬁh},

which become, respectively,

V, = {ﬁh = (¢p, 1) € Hy : Lrh-nhthwhdiv(nh) =0 VY, € H}?},
and
Zon = {nh c HY . fgd)hdiv(nh) —0 Ve Hﬁ}. (5.16)
Next, we consider the following assumptions on the subspaces Hf, Ht, and HY:
(H.4) div(H?) < HY,
(H.5) Zo, < HE, and

(H.6) there exists a positive constant f3; 4, independent of h, such that

J Uy, div(np)
sup > BralUnloge  Vin € HY.
mer?  [Mhlg
nn#0

As a consequence of (H.4) we easily deduce from (5.16) that
Zon = {nh e HY: div(ng) = 0 in Q} (5.17)

and thus, given 1, € Zyj, and using (H.5), we bound the supremum by below with r;, :=
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1, € HY, to deduce that

f ry - M

ert  [Thfo
rh;éO

> Imloss = Boalmle Y € Zon, (5.18)

with B24 = 1. Consequently, invoking [18, Lemma 5.1] with local notation there given by
X=H),Y=Y,=H, Y, ={0},V =V, Z=HY, and Z, = Zy, we conclude that (H.6)

and (5.18) are equivalent to the existence of positive constants Ed and C’d such that

E(Jh, "7h)

Sup e 2 Ed thHQ vV, € Qn. (5.19)
YneHp HwthI
Py #0
and
Irifoo = éd |¢ml0,450 V?/?h = (¢Yp,1p) € V,,. (5.20)

Note that (5.19) constitutes the discrete inf-sup condition for b required in [21, Proposition
2.42, eq. (2.36)]. In turn, given QZM = (Yjn,Tjn) € V., we use (4.5) and (2.4), similarly to the
first part of the derivation of (4.26), but then, differently from there, employ (5.20) to conclude

that
G (T Fia) = (i Fia) = | Qilrsal’ > G Il
(5.21)
O' ~ ~ —
> O Wil + Inalda} > Ea il
with &4 = % min {(73, 1}. Then, analogously to the continuous case, it is readily seen that

(5.21) yields the discrete inf-sup condition for @; w, required in [21, Proposition 2.42, eq. (2.35)].

We are now in position to state the discrete analogue of Theorem 4.2.

Theorem 5.2. For each wj, € H}!, and for each j € {1, 2}, (5.7) (equivalently, (5.6)) has a unique
solution ((Ej,h, V) = ((¢j7h, tin), 19j7h) € ﬁh X Qh, and hence one can define gjyh(wh) = Qi

Moreover, there exists a positive constant Cyg ,, depending only on &; 4, Ba, 1Q;lo,c052, 74, and
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Rj, j€ {1,2}, such that

1Sk (W) loae == (SLa(wn), San(wa))oa
2 (5.22)
< Ca ) {lgiloama + (1 + IWallose) I650lar} -
j=1

Proof. According to the previous discussion on b and G w,, for each wj, € H}}, and bearing in
mind that @;w, g, ., ’5|ﬁhxéh’ ﬁ’j]ﬁh, and éj|éh are all bounded, the existence of a unique
solution of (5.7), for each j € {1,2}, follows from a direct application of [21, Proposition 2.42].
In turn, employing the discrete version of the first inequality in [21, Theorem 2.34, eq. (2.30)],
we get the a priori estimate for H§j7h(wh)||074;g, from which, summing up over j € {1,2}, we

arrive at (5.22). O

At this point we remark that, similarly as for the continuous case, the component 4, of
the solution of (5.7) can be bounded employing the discrete version of the second inequality in

[21, Theorem 2.34, eq. (2.30)], which yields

[Wialg < Mia (1 + IWilose) {lgsloase + (1 + [Wulowo) [éinliarf, (523

where M, 4 is a positive constant depending on &4, Ba; Qo0 4], and R;.

Having established, thanks to Theorems 5.1 and 5.2, that S, (cf. (5.3)), S, (cf. (5.8)), and
hence T}, (cf. (5.9)), are well-defined, we now aim to show that T}, has a unique fixed-point.
More precisely, analogously to the continuous case, in what follows we prove that T) verifies
the hypotheses of the Banach theorem. For this purpose, given r € (0,704], with 794 as in

(5.14), we first follow (5.12) and define
Wi(r) = {wh e H': [waloso < r}. (5.24)

Then, using now the a priori estimates (5.15) and (5.22), we easily deduce the existence of a

positive constant Cr 4, depending only on Cs 4 and Cy 4, such that for each wj, € W, (r) there
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holds

2
ITh(Wh)loa0 < Cra {UD||1/2,1“ + |@:]o0.40 + Z {”93’”0,4/3;9 + (1 + 7”) ¢j,D|1/2,F}} )

7j=1

which constitutes the discrete version of (4.31). Hence, we are able to state next the discrete

analogue of Lemma 4.1

Lemma 5.3. Given r € (0,794], with 794 as in (5.14), assume that the data satisfy

2
Craflunlyar + [@cdose + Y {Iofoana + (L4 ) losoliar}f < v (629

j=1
Then, there holds T),(Wy(r)) = Wy (r).

In turn, employing similar arguments to those yielding Lemmas 4.3, 4.4, and 4.5, we are
able to show their discrete counterparts, that is the continuity properties of S, gh, and T},
However, being the respective proofs almost verbatim to the continuous ones, we omit the

details and just state the corresponding results as follows.

Lemma 5.4. Let r € (0,704], with 794 as in (5.14). Then, there exists a positive constant Lg 4,

depending only on aa 4, |g[0,0, fto, Le (cf. Lemma 4.2), and r, such that
[Sh(Whs @n) = Sn(zn &n)loae < Lsa {Hsoh —&nlloae + [Sn(zn, &n)loae [wn — Zh||0,4;ﬂ}
for all (wy,, ), (zn,&n) € Wi(r) x (Hi X Hi)

Lemma 5.5. Let r € (0,704], with 794 as in (5.14). Then, there exists a positive constant Lg ,,

depending only on 6’]- (cf. (4.28)), R;, and &4, j € {1, 2}, such that
1Sh(wn) = Sa(2n) lo.a

2
< Lo 2 {lgiloame + (1+ IWaloae) 165002} IWe = Zallo.se
j=1

for all wy,, z, € Wy (r).
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Thanks to Lemmas 5.4 and 5.5, the Lipschitz continuity of T}, (cf. (5.9)) is stated as follows.

Lemma 5.6. Let r € (0,794], with ro4 as in (5.14). Then, there exists a positive constant

L4, depending only on Lg g4, Lg 4, Csq, and Cy ,, such that

ITrh(wr) — Th(zn)lloa0

2
< Lne{ luolyar + Iilosn + 3 {loslasaa + (14 7) [0s0liar} Hw ~ 2o

7j=1
for all wy,, z, € Wp(r).

We end this section with the solvability result for (5.10) (and hence for (5.2)).

Theorem 5.7. Given r € (0,794], wWith 794 as in (5.14), assume that, in addition to the

hypothesis of Lemma 5.3 (cf. (5.25)), the data satisfy

2

Ina{ luolyar +Idulosa + 3 {lolossa + (14 ) losnlar} | < 1. (520
j=1

Then, there exists a unique u, € Wy(r) (cf. (5.24)) fixed point of T}, (cf. (5.10)). Equiv-

alently, (5.2) has a unique solution (o, uy) = (ah, (uh,'yh)) e H, x Q;, and (ggm,z?j,h) =

((gbj,h,tj,h),'ﬂm) e H), x Qh, j € {1,2}, with u, € Wy,(r). Moreover, there exist positive con-

stants Ca, C1q, and Caq, depending on &4, daa, Ba, |Qulocmsos |Qellosmsas [ial, R, Ray 7, 4,

|gllo.q, and aa 4, such that there hold the following a priori bounds

2
lion @licq < Ca{luolyar + Idilosn + 3 {loslosaa + losoliec} b G20
j=1
and for each j € {1,2}
[(@jn:050) [mxgy < Cia {HQJ'HOA/&Q + H%DHUZF}- (5.28)

Proof. Tt proceeds analogously to the proof of Theorem 4.6. Indeed, since T}, is a contraction

that maps the ball W, (r) into itself, which is consequence of Lemma 5.3 and assumption (5.26),
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a direct application of the Banach fixed-point theorem confirms the solvabilities of (5.10) and
(5.2). In turn, noting that u, = Tp(u,) = Sh(uh,gh(uh)) and @, = (P, Pon) = §h(uh),
the a priori estimates (5.27) and (5.28) follow from (5.15), (5.22), and (5.23). O

5.4 A priori error analysis

In this section we consider arbitrary finite element subspaces satisfying the hypotheses (H.1)

up to (H.6) introduced in Section 5.3, and derive the Céa estimate for the global error

2
(o, 1) = (o, Un)[Hxq + Z 1(05,95) = (Djn, Fjn) |7k qy »

j=1
where ((o,d), (9;,9;)) :== ((, (0,7)), (¢;,t;),9;)) € (Hx Q) x (HxQ), j € {1,2}, withu e
W (r), is the unique solution of (3.24), and ((o, Uy), (ngm 9in)) = ((n, (@r, V), (Djn, tin), D50)) €
(Hj, x Qp) x (ﬁh X Qh), 7 € {1,2}, with u;, € Wy,(r), is the unique solution of (5.2). To this
end, in what follows we apply known Strang-type estimates to the pairs of associated continu-
ous and discrete schemes arising from (3.24) and (5.2), once they are split according to the two
decoupled problems. Hereafter, given a subspace X}, of an arbitrary Banach space (X, | - |x),
we set

dist(x, Xp,) = leel)f( |z — xpllx -
h h

We begin the analysis with the first two equations of (3.24) and (5.2), which can be rewritten

A((e, 1), (T,v)) = F((r,V)) V(r,v)eHxQ, and

Ah((o'h,ﬁh), (Th7vh)) = fh((Th,Vh)) Y (Th, Vi) € Hy x Qu,



5.4. A PRIORI ERROR ANALYSIS 46

where

A((C, W), (1,¥)) == Au((¢, W), (T,¥)) + b(w;w, T),

An((Chy W), (Th, V1)) = A, ((Chs Wa), (Th, Vi) + b(up; Wi, 71)
F(m,V)) = G(7) + Fg(¥), and
Fiu(mh,¥0)) = G(m) + Fg, (),

for all (¢, w), (7,V) € H x Q, for all (Cx, W), (Th,Vr) € Hp x Qp. Then, applying the a
priori error bound provided by [15, Lemma 5.1], and then suitably bounding the resulting

consistency estimate, which is given by | A((e, d), (-,-)) —An((o, @), (-, -)) ) we deduce

” (Hh xQp
the existence of a positive constant Csy, depending only on | A|, [|A[, and aa 4, and thus, easily

shown to be independent of A, such that

(o, 1) = (o, W) it < Cor {dlist (o, Ha) + dist (6, Qu) + |Fy ~ F, |
(5.29)
+ b, ) = blww g+ Je(us ) — (w9l }

Note, in particular, that |.A| depends proportionally on [a| = %, 1] = 1, |b(u,-,)| =
i |ufoa0, and [e(w-, )| = [2[Y2 (D + Flu|52%), with |u]ose bounded by r. An analogue

remark is valid for ||.4,|. Next, proceeding as for the derivation of (4.42), we readily obtain

|[Fo —Fo,lq, < lgloqld— @nllose- (5.30)

In turn, bearing in mind the definition of b (cf. (3.11)), we find that for each 7, € H;, there
holds

b(u;u, 7,) — b(up;u, 7)) = b(u—uy;u,m),
from which, employing the boundedness property of b (cf. first row of (4.3)), we conclude that

1
[blusu, ) =blupiu, g, < “=ufosofu = unosa. (5.31)
0



5.4. A PRIORI ERROR ANALYSIS 47

Similarly, using the continuity property of ¢ provided by (4.33) (cf. Lemma 4.2), we get

Je(w 0, ) = e(wni i, Ny, < Le {luloe + [undose} oo = wilos0
(5.32)

-3
< Le (27")p [allos0 [u —upfos0-

In this way, replacing the bounds given by (5.30), (5.31), and (5.32), back into (5.29), we arrive

at
(o, d) — (o, Un) [axq < Cor {diSt (o, Hy,) + dist (d, Q)
(5.33)

16 = @uloe + oo u—unlosa}
where Cgr is a positive constant depending only on Csr, ||gllo.q, o, Le, 7, and p.

On the other hand, proceeding analogously with the third and fourth equations of (3.24) and
(5.2), but using now the particular Strang-type estimate provided by [18, Lemma 6.1] (see also

[5, Lemma 5.1] for a slightly more general result), we deduce, for each j € {1, 2}, the existence of

a positive constant C;sr depending only on &; 4, Bd, ;]| = |Qjlom0, [E(us-, )| = Rj[ufosn,
I€;(ap; -, )| = Ry |unloaq, and |b]] = 2, and hence, easily shown to be independent of &, such
that

[(65:95) = (G109 |ixe < Cisn {dist (5, Hy) + dist (9;, Q)
(5.34)

1055 65, ) = 2w 65,y | -

Now, bearing in mind the definition of ¢; (cf. (3.23)), we obtain for each Jj,h e H,
¢j(u; (Ejv &j,h) — Cj(up; djjj Jj,h) = ¢j(u—uy; G;j, &j,h) )

from which, using the boundedness property of ¢; (cf. third row of (4.3)), we deduce that
185005 65, -) = &(wni &, iy, < By |5 [u = wnloss

so that (5.34) becomes

1(65:9) — (83 5 liivgy < Crsr {diSt (5, H) +dist (9, Qu) + 16 Hu_uhHOA;Q}, (5.35)
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where é\j,ST is a positive constant depending only on C;sr and R;.

We now proceed to suitably combine (5.33) and (5.35) to derive the final Céa estimate.

Indeed, multiplying (5.33) (5.35) over j € {1 2} adding the resulting

inequalities, bounding [t 4.0 and Hgﬁ]Hﬁ by the right hand sides of (4.52) and (4.53), respec-
tively, and then performing some algebraic manipulations, we find that
2
1 . - - 1
2C [, @) = (0, W) [xq + D 1(65,95) = (D5 05 gy < 5 lo = drloae
ST

7j=1

{dlSt (o, Hy) + dist (d }

Mw

{dlst (67, 1) + dlist (19J,Qh)} (5.36)

I\DM—A

7=1

2
¢{Iuplyar + [#closn + X {lolusan + w)j,Dul/z,r}} fu = o
j=1

where C is a positive constant depending only on C (cf. (4.52)), C; (cf. (4.53)), and CALST,
je{1,2}.

Having established (5.36), the announced Céa estimate is stated as follows.

Theorem 5.1. Assume that the data satisfy

1
4Cqr

2
E{Iuolyar + 16closn + X {lossaa + [os0luee} | < (5.37)

j=1

Then, there exists a positive constant C , depending only on CAST and @,ST, jE {1, 2}, and hence,

independent of h, such that

2

[(o, @) = (o, Tn) [rxq + ) (5, 95) — (S5 95 iy
i=1 ) (5.38)
<C {dist (o, Hy) + dist (@, Qu) + . {dist (¢;, Hy) + dist (9, Qh)}} .

Proof. 1t follows directly from (5.36) after realizing that the first term on its right hand side
can be subtracted from the second one on the left hand side, whereas, under (5.37), a similar

procedure applies to the corresponding last and first terms. [
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Furthermore, as suggested by (2.8), (2.14), and (3.7), we can approximate the pressure

p, the velocity gradient Vu, and the shear stress tensor o, by the following postprocessing

formulae:
1 1
ph =~ r(on + (mEW)) + WL (@ ) (5.39)
L 41 d
(Vu), = m o), + " (u, ®up)® + 5, and (5.40)
- 1
o = o) — (J tf(“h@“h)>ﬂ + (0, ®uy) . (5.41)

Thus, is is not difficult to show that there exists a positive constant ¢, independent of h, though
depending either on r or the data providing the a priori bounds for |u/jp4.0 and |up|o 4.0, such

that

[p = pallog + [Vu—(Vu),loo + |6 — &nloe
(5.42)

< c{lo — ol + [u—wlosa + Iy = oo,

which, certainly, is bounded by the right hand side of (5.38) as well.



CHAPTER 6

Specific finite element subspaces

In this chapter we resort to [27, Section 4.4] and [26, Section 4.5] to specify two examples of
finite element subspaces ]ﬁlg, H} H), Hf, Ht, and HY satisfying the hypotheses (H.1) up
to (H.6) stated in Section 5.3, and then establish the associated rates of convergence for the
Galerkin scheme (5.2). Although it will become clear below, we remark in advance that the
two aforementioned examples are actually determined by two possible choices for the first three

subspaces since the remaining three are kept the same in both cases.

6.1 Preliminaries

Given an integer £ > 0 and K € T, we let Pi(K) be the space of polynomials of degree at
most k defined on K with vector and tensorial counterparts Py (K) := [Py (K)]" and P(K) :=
[Pr(K)]™™, respectively. In addition, we let RT;(K) := Py (K) + P (K )x be the local Raviart—
Thomas space of order k defined on K, where x stands for a generic vector in R"™. Furthermore,

denoting by bx the bubble function on K, which is given by the product of its n + 1 barycentric

50
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coordinates, we set the local bubble space of order k as

Bi(K) := curl(bg Pp(K)) if n =2, and
(6.1)
Bk(K) = curl(bK Pk(K)) if n= 3,

where curl(v) := (22, ~2)if p = 2 and v : K — R, and curl(v) = V x v if n = 3 and

oxo o1

v : K — R3. Next, we introduce the global spaces

PL(Q) = {Uh € L2(Q):  wlx € Pu(K), VK e Th},
P.(Q) = {vh e L2(Q): vilx € Pu(K), VK e n},
Py(Q) = {5h e L2(Q): Oulx e Pu(K), VK e Th},
RT,(Q) = {m < H(diviQ): il € RT4(K), VK € T},
RT,(Q) = {Th e H(div;Q) :  milx € RTL(K), Vie{l,....n},VK e 7;},
Bi(Q) = {Th e H(div;Q): Thlx € B(K), Vie{l,...,n},VK e Th}

where 7,; denotes the ith-row of 7,. It is clear that P(£2) and P.(f2) are also subspaces
of L*(Q) and L*(Q), respectively. In addition, being H(div; Q) and H(div;Q) contained in
H(divys; ) and H(divys; ), respectively, we notice that the spaces RTj(£2) and B (S2) are
both subspaces of H(divys; 2) as well, whereas RT(12) is contained in H(divys; €2).

6.2 Two examples

To begin with, we proceed as in [25, Section 4.4] and [26, Section 4.5], and employ the stable
triplets for linear elasticity derived in [27, Section 4.4], to define two examples of finite element
subspaces HZ, H?, and H, satisfying (H.1) up to (H.3). In what follows, ¢ is a non-negative
integer.

The first example for ]ﬁl", H}! and H, is PEERS,, the plane elasticity element with reduced

symmetry of order ¢ > 0, whose stability for the mixed finite element formulation of the linear
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elasticity problem, within the classical Hilbertian framework, was originally established in [3]
for £ = 0 and n = 2, and later on proved for £ > 0 and n € {2, 3} in [32]. The corresponding

subspaces are defined as follows:

H? := RT,(Q) @ B,(Q), H" := P,(Q), and

H) = [C(Q)]™" n L2

skew(Q) N ]P)f-‘rl(Q)'

The second example for Jﬁlg, H}, and H}, is AFW,, the Arnold-Falk-Winther element of
order ¢ > 0, whose corresponding aforementioned stability can be found in [4]. In this case, the
subspaces are given by:

H? = Pp(Q) ~ H(div;Q),  HY := Py(Q), and H) := L% _.(Q) n Py(Q). (6.3)

skew

Regarding the verification of the hypotheses by the subspaces specified in (6.2) and (6.3),
we first observe that (H.1) is clearly satisfied in both cases. The same holds with (H.2) since
div(RT,(2)) and div(P,1(€2)) are contained in P,(), which coincides with H}! in the two
examples, whereas, according to (6.1), the tensors in B,(2) are divergence-free. In turn, we
recall that the discrete inf-sup condition for b required in the assumption (H.3), was proved
in [27, Lemma 4.8] for PEERS, as well as for AFW,. We omit further details and refer to the

analysis developed in [27, Section 4.4.2].

On the other hand, specific finite element subspaces Hf, Ht, and HY, are set as follows:
HY := Py(Q), HY := Py(Q), and HY := RT,(Q). (6.4)

Similarly as a previous remark, the fact that div(RT,()) is contained in Py(Q) = HY, guar-
antees that (H.4) is satisfied. In addition, knowing from (5.17) that, besides being contained
in H? = RT,(Q), the vector functions of Zg, are divergence-free, we deduce, from a particular
argument provided in the proof of [23, Theorem 3.3|, that Zy, < P,(2), which confirms (H.5).
Finally, the discrete inf-sup condition required by (H.6), which coincides with [18, eq. (5.64)],
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is basically proved in the last part of [18, Section 5.5] by realizing that it reduces to the vector
version of [18, Lemma 5.5, eq. (5.45)].

6.3 The rates of convergence

In this section we first collect the approximation properties of the finite element spaces defined
in Section 6.2, and then establish the associated rates of convergence of the Galerkin scheme
(5.2).

We begin with the approximation properties of PEERS, (cf. (6.2)) and AFW, (cf. (6.3)),
which basically follow from the analogue properties of the Raviart—Thomas and AFW interpola-
tion operators, and of the orthogonal projectors P} : L'(Q) — P(Q) and Py : L}(Q) — Py(Q)
(cf. [21, Proposition 1.135]), along with the use of the commuting diagram properties and of
the interpolation estimates of Sobolev spaces. They read as follows (cf. [27, Section 4.4.3], [25,
Section 4.4.4]):

(APY) there exists a positive constant C, independent of h, such that for each s € (0,4 + 1],
and for each 7 € H*(Q) n Ho(divyys; ), with div(7) € W*#3(Q), there holds

dist (7, Hp) < C* {70 + |Aiv(T)], a0

(AP}) there exists a positive constant C', independent of h, such that for each s € [0,¢ + 1],
and for each v e W*4(Q), there holds

dist (v, H}}) < Ch*|v]sa0, and

(AP}) there exists a positive constant C', independent of h, such that for each s € [0, ¢ + 1],
and for each & € H*(Q) n L2 (), there holds

skew

dist (6,H7) < Ch* 8]0
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Furthermore, regarding the approximation properties of the subspaces defined in (6.4), they

are given as indicated next:

(APY) there exists a positive constant €', independent of h, such that for each s € [0, ¢ + 1],
and for each ¢ € W*4(Q), there holds

dist (¢, Hy) < Ch* Y] s,

(AP}) there exists a positive constant C, independent of h, such that for each s € [0, ¢ + 1],
and for each r € H*(2), there holds

dist (r, HY) < Ch*|r|.q, and

(AP?) there exists a positive constant C, independent of h, such that for each s € (0, ¢ + 1],
and for each n € H*(Q) n H(divys; ), with div(n) € W*3(Q), there holds

dist (1, HJ) < CB* {nlon + |div(m)]saso}

In this way, as a consequence of Theorem 5.1, (5.42), and the approximation properties
(AP9), (APY), (AP)), (APY), (AP%), and (AP?), we conclude the rates of convergence
of the Galerkin Scheme (5.2) with the finite element subspaces defined in Section 6.2. More

precisely, we have the following result.

Theorem 6.1. In addition to the hypotheses of Theorems 4.6, 5.7, and 5.1, assume that there
exists s € (0,¢ + 1] such that o € H*(Q) n Hoy(divys; Q), div(o) € WH3(Q), u e W*4(Q2),
v € HS<Q) N L2 (Q), ¢] € WS’4(Q), t] € HS<Q), ’l9] € HS<Q) N H(le4/3,Q), and le(ﬁj) €

skew
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WA/ 3(Q), j € {1, 2}. Then, there exists a positive constant ', independent of h such that

2

(o, @) — (o, Un)|Exq + Z [(6;,95) — (gj,h>ﬁj,h)\|ﬁxé

7=1

+ lp=pilloa + IVa— (Vu),loq + |6 = &nlon
(6.5)

< Oh° {Huﬂs,m + oloe + |div(o)|sase + [7]sa

i

2
J=1

(I9sllsae + Itslse + 185la0 + Idiv(9:)sys0) } -



CHAPTER [/

Numerical results

In this chapter we consider the two pairs of finite element subspaces detailed in Chapter 6
to present three examples illustrating the performance of the mixed finite element method
(5.2) on a set of quasi-uniform triangulations of the respective domains. In what follows, we
refer to the corresponding sets of finite element subspaces generated by ¢ = {0,1} as simply
PEERS, — P, — P, — RT, and AFW, — P, — P, — RT,. The numerical methods have been
implemented using open source finite element libraries: FEniCS [1] and FreeFem++ [29]. We
have used FEniCS for Examples 1 and 2, and FreeFem++ for the Example 3. A Newton—Raphson
algorithm with a fixed tolerance tol = 1E—06 is used for the resolution of the nonlinear problem
(5.2). As usual, the iterative method is finished when the relative error between two consecutive

iterations of the complete coefficient vector, namely coeff™ and coeff™ !, is sufficiently small,

that is,
lcoeff™ ™! — coeff™||pge
m+1 < tol )
Hcoeff ||DOF
where | - [por stands for the usual Euclidean norm in R"™ with DOF denoting the total number

of degrees of freedom defining the finite element subspaces IF]IZ, u HY HY HE, and HY (cf.

56
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(6.2)(6.4)).

We now introduce some additional notation. The individual errors are denoted by

e(0) :=|lo — onlldivy 0. &) = [u—wlose, €)=y —mlon,
e(p) == [p—pulon, e(Vu):=|Vu—(Vuloa,

e(¢;) = lloj — djn

0.0, e(d;) = [9; — I

040, e(ty):=[t; =t divysi2,  J€1{1,2},

where p, and (Vu), stand for the post-processed pressure and velocity gradient suggested
by (5.39) and (5.40), respectively. We stress here that we are also able to recover the shear
stress tensor o by the post-processing formula (5.41). However, for the sake of simplicity,
in the numerical essays below we will focus only on the pressure field and velocity gradient
tensor. Moreover, for each x € {a, u,v,p,Vu, ¢, t;, 19j} we let r(x) be the experimental rate of
convergence given by r(x) := log (e(*)/@(*))/log(h/?z), where h and  denote two consecutive
meshsizes with errors e and e, respectively.

The examples to be considered in this section are described next. In all of them, we take
0=1,R = 1,Ry =1, and ¢, = (0,0). In turn, in the first two examples the tensors Q; and
Q2 are taken as the identity matrix I, which satisfy (2.4). In addition, the null mean value of

tr(oy,) over Q is fixed via a real Lagrange multiplier strategy.

Example 1: Convergence against smooth exact solutions

in a 2D domain

In this test we corroborate the rates of convergence in a two-dimensional domain. The domain
is the square Q2 = (0, 1)%2. We consider the inertial power p = 3, the potential type gravitational

acceleration g = (0, —1)", the effective viscosity p(x1,x9) = exp(—z1z2), and adjust the data
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f, g1, and go in (2.13) such that the exact solution is given by

sin(mxy) cos(mxs) .
u(xy, z9) = , plx,x9) = cos(may) sin(0.5 7a,)
— cos(mxy) sin(mwzsy)

¢1(x1,22) = 0.5+ 0.5cos(z122), and ¢o(xy,22) = 0.1 + 0.3 exp(x12) .

The model problem is then complemented with the appropriate Dirichlet boundary conditions.
Tables 7.1 and 7.2 show the convergence history for a sequence of quasi-uniform mesh re-
finements, including the number of Newton iterations when D = 1 and F = 10. As already
announced, we stress that we are able not only to approximate the original unknowns but also
the pressure field and the velocity gradient through the formulae (5.39)-(5.40). The results
confirm that the optimal rates of convergence O(h‘™!) predicted by Theorem 6.1 are attained
for ¢ = {0, 1} for both PEERS, and AFW, based schemes. The Newton method exhibits a be-
havior independent of the meshsize, converging in five iterations in almost all cases. In Figure
7.1 we display some solutions obtained with the mixed PEERS; — P; — P; —RT; approximation
with meshsize h = 0.013 and 24, 200 triangle elements (actually representing 1,260, 602 DOF).

Example 2: Convergence against smooth exact solutions

in a 3D domain

In the second example we consider the cube domain = (0,1)3, the model parameter p =
3.5,D = 1, F = 10, u(xy,z9,23) = exp(—xix9x3), and g = (0,0,—1). The manufactured

solution is given by

sin(mxy) cos(mxy) cos(mas)
u(r1, T2, 73) = | —2cos(wxy)sin(wxy) cos(mws) |, (w1, 72, 23) = cos(mry) exp(wy + x3),
cos(mxy) cos(mas) sin(mxs)

o1(x1, k9, 23) = 0.5 + 0.5 cos(xywams), and ¢o(xy, o, 23) = 0.1 4+ 0.3 exp(zix273) .
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Similarly to the first example, the data f, g1, g2 and up, ¢1 p, P2 p are computed from (2.13) using
the above solution. The convergence history for a set of quasi-uniform mesh refinements using
¢ = 0 is shown in Table 7.3. Again, the mixed finite element method converges optimally with
order O(h), as it was proved by Theorem 6.1. In addition, some components of the numerical
solution are displayed in Figure 7.2, which were built using the mixed PEERS) — Py —Py—RT
approximation with meshsize h = 0.087 and 48,000 tetrahedral elements (actually representing

1,479, 784 DOF).

Example 3: Flow through a 2D porous media with frac-

ture network.

Inspired by [16, Example 4, Section 6], we finally focus on a flow through a porous medium
with a fracture network considering strong jump discontinuities of the parameters D and F
across the two regions. We consider the square domain 2 = (—1,1)? with an internal fracture
network denoted as € (see the first plot in Figure 7.3), and boundary I', whose left, right,
upper and lower parts are given by D = {—1} x (=1,1), Tygne = {1} x (=1,1), I'op =
(—=1,1) x {1}, and T'pottom = (—1,1) x {—1}, respectively. Note that the boundary of the internal
fracture network is defined as a union of segments. The prescribed mesh file is available in
https://github.com/scaucao/Fracture network-mesh CBF-DD. We consider the coupling
of the convective Brinkman-Forchheimer and double-diffusion equations (2.13) in the whole
domain €2 with inertial power p =4, p =1, Q; = 0.1Tand Q2 = 0.21, but with different values

of the parameters D and F for the interior and the exterior of the fracture, namely

10 in Qf 1 in Qf
F = B and D= B . (7.1)
1 in Q\Qf 1000 in Q\Qf

The parameter choice corresponds to increased inertial effect (F = 10) in the fracture and a
high permeability (D = 1), compared to reduced inertial effect (F = 1) in the porous medium

and low permeability (D = 1000). In addition, g = (0, —1), the source terms are g; = 0 and


https://github.com/scaucao/Fracture_network-mesh_CBF-DD
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g2 = 0, and the boundaries conditions are

(—100 (1’2 — 1), 0)t on I‘lef‘cv
oV = oV = (07 O)t on Fright U Fbottomy

0, =100 (z1 —1))* on Ty,
(0, ~100(z ~1))" on T, )

¢1 = 0.3 on 1—‘bottoma ¢1 =0 on 1—‘topa 191 -v=0 on I‘left o I_‘righm

¢2 =0.2 on I-‘bottoma ¢2 =0 on Ftopa 792 v=0 on Fleft Y I—‘rightv

which drives the flow in a diagonal direction from the left-top corner to the right-bottom corner
of the square domain 2. We remark that the analysis developed in the previous sections can
be extended, with minor modifications, to the case of mixed boundary conditions considered

in this example.

In Figure 7.3, we display the computed magnitude of the pseudostress tensor, velocity,
velocity gradient, and gradients of the temperature and concentration, and the temperature
and concentration fields, which were built using the fully-mixed AFWy— Py — Py — RT{ scheme
on a mesh with A = 0.029 and 31, 932 triangle elements (actually representing 576,216 DOF). As
we expected, the velocity in the fractures is higher than the velocity in the porous medium, due
to smaller fractures thickness and the parameter setting (7.1). In addition, the velocity is higher
in branches of the network where the fluid enters from the left-top corner and decreases toward
the right-bottom corner of the domain. In turn, we observe a sharp velocity gradient across the
interfaces between the fractures and the porous medium. The pseudostress is consistent with
the boundary conditions (7.2) and it is more diffused since it includes the pressure field. In
turn, the temperature and concentration are zero on the top of the domain and go increasing
towards the bottom of it, which is consistent with the behavior observed in the magnitude of the
temperature and concentration gradients. This example illustrates the ability of the method
to provide accurate resolution and numerically stable results for heterogeneous inclusions with
high aspect ratio and complex geometry, as presented in the network of thin fractures. We
notice that the mesh used in this example was built by considering a quasi-uniform refinement.
Nevertheless, this refinement can be improved and automatized by employing a suitable a

posteriori error indicator, as in [14] and [11], that captures the aforementioned discontinuity of
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the parameters and localize the refinement where it is needed. The corresponding a posteriori

error analysis and numerical implementation will be addressed in a future work.

PEERS, — Py — Py — RT\ approximation
DOF| h | elo) [ro)]| e [r(u) | e(v) [r(y) [ e [ rlp) | e(Vu) [r(Vu)
570 | 0.354 || 2.2E+00 - 2.3E-01 - 1.6E-01 - 2.8E-01 — 8.6E-01 -
2194 | 0.177 || 1.1E+00 | 0.988 | 1.2E-01 | 1.003 | 5.1E-02 | 1.666 | 1.4E-01 | 0.948 | 4.5E-01 | 0.927
8610 | 0.088 || 5.5E-01 | 1.003 | 5.8E-02 | 1.063 | 2.1E-02 | 1.304 | 6.9E-02 | 1.039 | 2.3E-01 | 0.973
30002 | 0.047 || 2.9E-01 | 1.004 | 3.1E-02 | 1.057 | 9.2E-03 | 1.301 | 3.6E-02 | 1.037 | 1.2E-01 | 0.993
119402 | 0.024 | 1.5E-01 | 1.002 | 1.6E-02 | 1.111 | 3.4E-03 | 1.422 | 1.8E-02 | 1.015 | 6.2E-02 | 1.000
400402 | 0.013 || 8.0E-02 | 1.001 | 8.5E-03 | 1.059 | 1.4E-03 | 1.479 | 9.7E-03 | 1.005 | 3.4E-02 | 1.001

e(¢1) r(¢1) e(tl) ‘ r(tl) ‘ e(ﬁl) ‘ I’(’l91) ‘ e(qug) ‘ r(¢2) ‘ e(tg) ‘ r(t2) ‘ 6(192) ‘ I’(’l92) ‘ it
2.2E-02 - 8.4E-02 - 1.6E-01 - 4.2E-02 - 7.6E-02 - 1.5E-01 -

1.1E-02 | 0.979 | 5.0E-02 | 0.736 | 8.9E-02 | 0.883 | 2.1E-02 | 0.981 | 4.1E-02 | 0.904 | 7.8E-02 | 0.946
5.5E-03 | 0.997 | 2.7E-02 | 0.916 | 4.6E-02 | 0.961 | 1.1E-02 | 0.995 | 2.1E-02 | 0.962 | 3.9E-02 | 0.980
2.9E-03 | 1.000 | 1.4E-02 | 0.973 | 2.5E-02 | 0.988 | 5.7E-03 | 0.999 | 1.1E-02 | 0.987 | 2.1E-02 | 0.993
1.5E-03 | 1.000 | 7.3E-03 | 0.991 | 1.2E-02 | 0.996 | 2.8E-03 | 1.000 | 5.6E-03 | 0.996 | 1.1E-02 | 0.998
8.0E-04 | 1.000 | 4.0E-03 | 0.997 | 6.7E-03 | 0.999 | 1.6E-03 | 1.000 | 3.1E-03 | 0.999 | 5.8E-03 | 0.999

UL Ot Ot Ot O D

AFW, — Py — Py — RT\ approximation
DOF| h [ efo) [rlo) | e(w) [rw) [ e(y) [r(v) ]| elp) [ rlp) [ e(Vu) [r(Vu)
625 | 0.354 || 2.0E+00 - 2.3E-01 - 4.0E-01 - 1.5E-01 - 8.2E-01 -
2401 | 0.177 || 9.8E-01 | 1.027 | 1.2E-01 | 0.965 | 2.1E-01 | 0.944 | 6.7TE-02 | 1.164 | 4.2E-01 | 0.943
9409 | 0.088 || 4.9E-01 | 1.010 | 5.8E-02 | 0.991 | 1.0E-01 | 0.986 | 3.2E-02 | 1.078 | 2.1E-01 | 0.987
32761 | 0.047 || 2.6E-01 | 1.003 | 3.1E-02 | 0.998 | 5.6E-02 | 0.996 | 1.7TE-02 | 1.024 | 1.1E-01 | 0.997
130321 | 0.024 | 1.3E-01 | 1.001 | 1.6E-02 | 0.999 | 2.8E-02 | 0.999 | 8.2E-03 | 1.007 | 5.7E-02 | 0.999
436921 | 0.013 || 7.0E-02 | 1.000 | 8.5E-03 | 1.000 | 1.5E-02 | 1.000 | 4.5E-03 | 1.002 | 3.1E-02 | 1.000

e(gr) [r(gn) | elty) [r(ty) [ e(®) [r(@) [ elga) [r(g2) | elta) [ rt) [ e(¥s) [r(d) it
2.2E-02 - 8.3E-02 - 1.6E-01 - 4.2E-02 — 7.6E-02 — 1.5E-01 — 5
1.1E-02 | 0.978 | 5.0E-02 | 0.731 | 8.9E-02 | 0.883 | 2.1E-02 | 0.981 | 4.1E-02 | 0.905 | 7.8E-02 | 0.947 | 5
5.5E-03 | 0.997 | 2.7E-02 | 0.915 | 4.6E-02 | 0.960 | 1.1E-02 | 0.996 | 2.1E-02 | 0.963 | 3.9E-02 | 0.980 | 5
2.9E-03 | 1.000 | 1.4E-02 | 0.973 | 2.5E-02 | 0.987 | 5.7E-03 | 0.999 | 1.1E-02 | 0.987 | 2.1E-02 | 0.993 | 5
1.5E-03 | 1.000 | 7.3E-03 | 0.991 | 1.2E-02 | 0.996 | 2.8E-03 | 1.000 | 5.6E-03 | 0.996 | 1.1E-02 | 0.998 | 5
8.0E-04 | 1.000 | 4.0E-03 | 0.997 | 6.7E-03 | 0.999 | 1.6E-03 | 1.000 | 3.1E-03 | 0.999 | 5.8E-03 | 0.999 | 5

Table 7.1: [Example 1, ¢ = 0] Number of degrees of freedom, meshsizes, errors, rates of conver-
gence, and Newton iteration count for the fully-mixed approximations with p = 3, D = 1, and
F=10.
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PEERS; — P; — P; — RT; approximation

DOF| h [ elo) [rla) | e(w) [r(w) [ e(y) [r(v) [ elp) | rlp) [ e(Vu) [r(Vu)
1746 | 0.354 || 3.4E-01 - 4.1E-02 - 5.7E-02 - 3.4E-02 - 1.3E-01 —
6818 | 0.177 || 8.8E-02 | 1.959 | 1.1E-02 | 1.969 | 1.7E-02 | 1.733 | 9.4E-03 | 1.836 | 3.6E-02 | 1.867
26946 | 0.088 || 2.3E-02 | 1.964 | 2.6E-03 | 1.992 | 5.4E-03 | 1.674 | 2.6E-03 | 1.851 | 1.0E-02 | 1.861
94202 | 0.047 || 6.5E-03 | 1.979 | 7.5E-04 | 1.998 | 1.7E-03 | 1.817 | 7.9E-04 | 1.912 | 3.0E-03 | 1.905
375602 | 0.024 || 1.6E-03 | 1.991 | 1.9E-04 | 1.999 | 4.5E-04 | 1.926 | 2.0E-04 | 1.960 | 7.8E-04 | 1.954
1260602 | 0.013 || 4.9E-04 | 1.996 | 5.6E-05 | 2.000 | 1.4E-04 | 1.973 | 6.1E-05 | 1.983 | 2.3E-04 | 1.980

e(pr) [r(g) | elt) [rlt) [ e(@r) [r(91) | e(ds) [r(d2) | elts) [ r(ta) [ e(@) [r(¥)] it
2.0E-03 — 1.3E-02 — 2.2E-02 — 3.4E-03 — 7.9E-03 — 1.7E-02 —

5.1E-04 | 2.006 | 3.7E-03 | 1.792 | 6.1E-03 | 1.878 | 8.9E-04 | 1.971 | 2.2E-03 | 1.827 | 4.5E-03 | 1.926
1.3E-04 | 2.002 | 9.8E-04 | 1.919 | 1.6E-03 | 1.950 | 2.2E-04 | 1.994 | 5.9E-04 | 1.929 | 1.2E-03 | 1.969
3.6E-05 | 2.001 | 2.9E-04 | 1.965 | 4.5E-04 | 1.978 | 6.1E-05 | 1.999 | 1.7E-04 | 1.967 | 3.3E-04 | 1.985
9.0E-06 | 2.000 | 7.2E-05 | 1.984 | 1.1E-04 | 1.990 | 1.5E-05 | 2.000 | 4.3E-05 | 1.984 | 8.3E-05 | 1.993
2.7E-06 | 2.000 | 2.2E-05 | 1.992 | 3.4E-05 | 1.995 | 4.5E-06 | 2.000 | 1.3E-05 | 1.992 | 2.5E-05 | 1.996

Gt Ot Ot Ot O O

AFW; — P, — P; — RT; approximation

boF | | o) | (o) | e [rw | e() | () | ew) | ) | e(Va) [r(Vu)

1745 | 0.354 || 3.1E-01 - 4.1E-02 - 6.4E-02 - 1.8E-02 - 1.3E-01 -

6817 | 0.177 || 7.6E-02 | 2.010 | 1.1E-02 | 1.959 | 1.7TE-02 | 1.949 | 4.3E-03 | 2.042 | 3.3E-02 | 1.958
26945 | 0.088 || 1.9E-02 | 2.006 | 2.6E-03 | 1.989 | 4.2E-03 | 1.980 | 1.1E-03 | 1.963 | 8.4E-03 | 1.986
94201 | 0.047 || 5.3E-03 | 2.003 | 7.5E-04 | 1.997 | 1.2E-03 | 1.992 | 3.2E-04 | 1.972 | 2.4E-03 | 1.995
375601 | 0.024 || 1.3E-03 | 2.001 | 1.9E-04 | 1.999 | 3.0E-04 | 1.997 | 8.1E-05 | 1.984 | 6.0E-04 | 1.998
1260601 | 0.013 || 4.0E-04 | 2.001 | 5.6E-05 | 2.000 | 8.9E-03 | 1.998 | 2.4E-05 | 1.992 | 1.8E-04 | 1.999

e(¢) [r(@) | e(ty) [r(t) [ e®) [r(01) | elda) [r(da) [ elta) [ r(ta) | e(dy) |r(9) | it
2.0E-03 — 1.3E-02 — 2.2E-02 — 3.4E-03 — 7.9E-03 — 1.7E-02 — 6
5.1E-04 | 2.006 | 3.7E-03 | 1.783 | 6.1E-03 | 1.877 | 8.6E-04 | 1.971 | 2.2E-03 | 1.820 | 4.5E-03 | 1.926
1.3E-04 | 2.002 | 9.8E-04 | 1.918 | 1.6E-03 | 1.950 | 2.2E-04 | 1.994 | 5.9E-04 | 1.928 | 1.2E-03 | 1.969
3.6E-05 | 2.001 | 2.9E-04 | 1.965 | 4.5E-04 | 1.978 | 6.1E-05 | 1.999 | 1.7E-04 | 1.968 | 3.3E-04 | 1.985
9.0E-06 | 2.000 | 7.2E-05 | 1.984 | 1.1E-04 | 1.990 | 1.5E-05 | 2.000 | 4.3E-05 | 1.984 | 8.3E-05 | 1.993
2.7E-06 | 2.000 | 2.2E-05 | 1.992 | 3.4E-05 | 1.995 | 4.5E-06 | 2.000 | 1.3E-05 | 1.992 | 2.5E-05 | 1.996

ot Ot Ot Ot Ot

Table 7.2: [Example 1, ¢ = 1] Number of degrees of freedom, meshsizes, errors, rates of conver-
gence, and Newton iteration count for the fully-mixed approximations with p = 3, D = 1, and
F=10.



PEERS, — Py — Py — RT{ approximation

DOF[ h [ elo) [rlo) ] e(w) [rw) [ evy) [r(v) [ e [rp) | e(Vu) [r(Vu)
1642 | 0.866 | 9.2E+00 - 5.7E-01 - 1.2E+00 - 1.2E+00 - 2.4E4-00 -
12376 | 0.433 | 4.8E+00 | 0.953 | 3.1E-01 | 0.898 | 4.3E-01 | 1.477 | 6.3E-01 | 0.881 | 1.4E+00 | 0.721
96268 | 0.217 || 2.4E+00 | 1.002 | 1.6E-01 | 0.971 | 1.2E-01 | 1.793 | 3.1E-01 | 1.054 | 7.6E-01 | 0.910
509926 | 0.124 | 1.4E+00 | 1.015 | 8.9E-02 | 0.994 | 5.0E-02 | 1.604 | 1.6E-01 | 1.104 | 4.4E-01 | 0.968
1479784 | 0.087 || 9.4E-01 | 1.012 | 6.3E-02 | 0.998 | 2.9E-02 | 1.577 | 1.1E-01 | 1.084 | 3.1E-01 | 0.987
e(0) [r(¢n) [ e(t) [r(t) | e(®) [r(®) ] e(ga) [r(de) | elta) [r(ts) [ e(@2) [r(d) it
2.9E-02 - 1.0E-01 - 3.2E-01 - 6.0E-02 - 1.1E-01 - 2.3E-01 - 6
1.6E-02 | 0.868 | 8.2E-02 | 0.295 | 1.9E-01 | 0.760 | 3.1E-02 | 0.931 | 6.3E-02 | 0.849 | 1.3E-01 | 0.864 | 6
8.0E-03 | 0.971 | 4.8E-02 | 0.788 | 9.9E-02 | 0.926 | 1.6E-02 | 0.982 | 3.3E-02 | 0.918 | 6.6E-02 | 0.957 | 6
4.6E-03 | 0.994 | 2.8E-02 | 0.925 | 5.7E-02 | 0.975 | 9.1E-03 | 0.995 | 1.9E-02 | 0.966 | 3.8E-02 | 0.986 | 6
3.2E-03 | 0.998 | 2.0E-02 | 0.965 | 4.0E-02 | 0.989 | 6.4E-03 | 0.998 | 1.4E-02 | 0.983 | 2.7E-02 | 0.994 | 6
AFW, — Py — Py — RT( approximation
b0F | h | eo) [rlo) | etw) [rw [ e(y) [rv) | ) [ o) [ (V) [r(Vu)
1993 | 0.866 || 8.7E+00 - 5.6E-01 - 1.1E+00 - 1.0E4-00 - 2.1E+400 -
14881 | 0.433 | 4.3E+00 | 1.032 | 3.0E-01 | 0.903 | 6.4E-01 | 0.727 | 4.9E-01 | 1.093 | 1.3E+00 | 0.712
114817 | 0.217 || 2.1E400 | 1.045 | 1.6E-01 | 0.959 | 3.4E-01 | 0.928 | 2.2E-01 | 1.119 | 6.8E-01 | 0.922
605641 | 0.124 | 1.2E+00 | 1.019 | 8.9E-02 | 0.988 | 1.9E-01 | 0.980 | 1.3E-01 | 1.050 | 3.9E-01 | 0.978
1754401 | 0.087 || 8.1E-01 | 1.008 | 6.2E-02 | 0.995 | 1.4E-01 | 0.992 | 8.7E-02 | 1.021 | 2.7E-01 | 0.992
e(r) [r(¢n) [ e(t) [r(t) | e(®) [r(®) ] elds) |r(ge) | elta) [ r(ta) | e(@s) |r(d) it
2.9E-02 - 9.9E-02 - 3.1E-01 - 6.0E-02 - 1.1E-01 - 2.3E-01 - 5
1.6E-02 | 0.869 | 8.1E-02 | 0.275 | 1.9E-01 | 0.747 | 3.1E-02 | 0.934 | 6.3E-02 | 0.846 | 1.3E-02 | 0.863 | 5
8.0E-03 | 0.972 | 4.8E-02 | 0.775 | 9.8E-02 | 0.917 | 1.6E-02 | 0.984 | 3.3E-02 | 0.915 | 6.6E-02 | 0.954 | 5
4.6E-03 | 0.995 | 2.8E-02 | 0.922 | 5.7E-02 | 0.970 | 9.1E-03 | 0.996 | 1.9E-02 | 0.965 | 3.8E-02 | 0.983 | 5
3.2E-03 | 0.998 | 2.0E-02 | 0.964 | 4.0E-02 | 0.986 | 6.4E-03 | 0.998 | 1.4E-02 | 0.983 | 2.7E-02 | 0.992 | 5
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Table 7.3: [Example 2] Number of degrees of freedom, meshsizes, errors, rates of convergence,

and Newton iteration count for the fully-mixed approximations with p = 3.5, D =

F=10.

1, and
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Figure 7.1: [Example 1, ¢ = 1] Computed pseudostress tensor component, magnitude of the
velocity, vorticity component, and pressure field (top plots); temperature field, magnitude of the
pseudoheat vector, concentration field, and magnitude of the pseudodiffusion vector (bottom
plots).
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Figure 7.2: [Example 2] Computed pseudostress tensor component, magnitude of the velocity,
vorticity component, and pressure field (top plots); temperature field, magnitude of the pseu-
doheat vector, concentration field, and magnitude of the pseudodiffusion vector (bottom plots).
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Figure 7.3: [Example 3] Domain configuration, computed magnitude of the pseudostress tensor,
velocity, and velocity gradient tensor (top plots); concentration field, magnitude of the tem-
perature gradient, concentration field, and magnitude of the concentration gradient (bottom
plots).



CHAPTER 8

Conclusions and Future Works

In this chapter we summarize the main contributions of this work and give a brief description

of eventual future works.

8.1 Conclusions

Upon the results presented in this thesis, we can extract the following conclusions:

o We developed a new mixed formulation for the convective Brinkman-Forchheimer equa-

tions, whose analysis made use of diverse tools and abstract results in Banach spaces.

o We showed that the pressure field, the velocity gradient and the shear stress tensor can

be obtained by using a post-processing formula based on the computed variables.

o We proved that both configurations of finite element spaces proposed for fluid variables

achieve optimal convergence, which is confirmed by numerical examples.

67



8.2. FUTURE WORKS 68

8.2 Future Works

The methods developed and the results obtained here have motivated some posibilities of future

work, which are described below:

o To extend the analysis of the coupled convective Brinkman-Forchheimer and double-
diffusion equations to the case in which the viscosity p depends on the module of the

strain tensor e(u), namely

—div(u(le(u)])e(u)) + (Vu)u + Du + Flul’?u+ Vp = f in Q,

diviu) =0 in Q, u=up on T, fp = 0.
Q
e To couple the convective Brinkman-Forchheimer equations with other models of interest,
such as Darcy’s equation, and analyze it in a Banach spaces framework.
o To develop the corresponding a posteriori error analyses of some of the above models.

o To extend the analysis and results to the unsteady state case of some of the above models.
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